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Recent experiments involving generation of a hydraulic jump in liquid flows have led to a number of
disputes about the role of surface tension in the process. This in turn instigated a revision of the main
mechanisms and criteria of the jump formation. To clarify the issue of the surface tension effects, we
have analysed liquid flows with a hydraulic jump region in the framework of a full depth-averaged
thin film model (DAM). After benchmarking the model, we have performed broad parametric analysis

of the problem. It has been established that while there is excellent agreement with the laminar flow
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observations, the surface tension effects only contribute to the shape of the transition region, but do not
affect the position of the jump, that is, they are practically negligible. The results have repercussions on
further developments of the jump formation theory, in particular, on the role of turbulence effects.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The phenomenon of a hydraulic jump, which is commonly ob-
served in free surface flows, is well known to the research com-
munity. However, despite of almost a century of intensive research
[1-31], the phenomenon itself and its mechanisms are still the
subject of hot debates [21-31].

In general, hydraulic jumps could be of many different forms
[14,16], but the most studied are circular jumps, which are com-
monly observed in jet flows impinging on solid walls, and pla-
nar hydraulic jumps, which are usually observed in channel flows
[8,12,16,21,26].

Recent debates have been instigated by new experimental evi-
dence indicating that the position of a hydraulic jump is practically
independent of the gravity field direction to the substrate where
the flow with a jump takes place [17,18,20-22]. That is when a
liquid jet of certain intensity impinges on solid walls oriented at
different angles to the gravity force, the hydraulic jump radius
measures almost the same at a fixed value of the total liquid flux
in the jet.

These observations in line with the previously reported data
obtained in low gravity conditions [10,13] inspired a revision of
the main mechanisms involved in the jump formation, emphasis-
ing the role of the surface tension, and the subsequent polemic
[21-25,27,29].
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Indeed, the role of gravity in the formation of a hydraulic jump
is well known. Continuity of mass and momentum fluxes across
the jump region treated as a discontinuity implies on average that
at that point

Y(1+Y) hy 1

2F 2 + ROYWe =1, (1)
which can be used to estimate the position of the jump and
its magnitude if somehow the free surface profiles are provided
[11,15]. Here Y = ’,;—3 is the ratio of the interface height hp in
the downstream region, straight after the jump, to that in the up-
stream region hy, just before the jump, Rg is the jump radius,

2 2
Fr? = Qq—% and We = 829 are the local values of the Froude
5 goh 5 yhy

and Weberunumbers defined through the upstream height hy, qo
is the volumetric flux density per the unit length of the jump, y is
surface tension and go is the acceleration of gravity.

As the aspect ratio of the layer height to the jump radius Rg
(in the case of a circular jump geometry), ’;—’; <« 1, is usually very
small or zero in the case of a planar jump, contribution of the
surface tension could be neglected leading to the classical Bélanger
equation [32]

/14 8Fr? —1
Y=——"— (2)
2
In a simplified approach, the position of the jump can be
roughly estimated as the critical point of the average velocity gra-

dient [15] leading to a local condition
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Fr=1. (3)

Criterion (3) is approximate and can not in principle distinguish
different far-field conditions, as it was rightly noticed in [25], while
the far-field can dramatically affect the flow and the development
of a hydraulic jump [15].

Both conditions (2) and (3) imply that the main mechanism of
the hydraulic jump formation is supposed to be due to gravity.
Somehow, the opposite was observed in recent experiments [17,
18,20-22].

Based on the experimental observations [17,18,20-22], the local
condition (3) was revisited and modified to [21,22]

We '+ Fr?=1, (4)

which is supposed to be fulfilled in the case of an arbitrary jump
geometry.

The modified criterion (4) is still local and lacks information
from the downstream conditions. But, it mitigates the effect of
gravity while amplifying the role of the surface tension. As a re-
sult, other (different) trends are expected with the change of the
controlling parameters of the flow (such as the total flux) and
the liquid properties (such as surface tension) [22]. Condition (4)
has been the subject of a polemic in the subsequent publica-
tions [23-31].

The authors of [23], using the full system of the Navier-Stokes
equations, though in simplifying assumptions of laminar flow con-
ditions, have concluded that there are possibly two typical scenar-
ios, capillary-dominant and gravity-dominant regimes.

On the other hand, the authors of [24], also using the full
Navier-Stokes model in the laminar flow regime, have come to
a conclusion that gravity still plays the dominant role, but the
flow becomes oscillatory unstable, when the coefficient of surface
tension exceeds some critical value, which turned out to be well
below the real values of the surface tension for such liquids as wa-
ter. So that, the surface tension was found to be a destabilising
factor in numerical simulations.

At the same time, in a recent study [29], the authors have
demonstrated that there is compelling experimental evidence to
doubt that the role of the surface tension is negligible, and the
gravity dominates in the observed effects, as it would follow from
(2) and (3).

One can summarise that at the moment the opinions are po-
larised about the contribution of surface tension and gravity effects
to the process of the jump formation. Moreover, no air-tight expla-
nation for the effect of the invariance to the gravity force direction
has been proposed. The role of the surface tension, as a destabil-
ising factor, also requires some further clarification to understand
the extent that this mechanism can affect the formation of the
transition region between the two separated zones, the upstream
and the downstream regions. One needs to note that similar oscil-
latory behaviour has been reported in numerical simulations [26],
while in their experimental observations such a feature was not
clearly presented or identified.

The purpose of the current study is to clarify the role of the
surface tension in the formation of a hydraulic jump. To eliminate
all doubts about the surface tension contribution, we concentrate
on the analysis of a generic case with a planar hydraulic jump in
laminar conditions, such that any overshadowing effects of turbu-
lence [3,16,20] can be safely ruled out.

The generation of a hydraulic jump is analysed theoretically us-
ing an advanced numerical scheme and a depth-averaged model
(DAM), which is widely accepted as a reasonable approximation in
many practical applications in the absence of turbulence effects.
One needs to note here that all aforementioned criteria (2), (3) or
(4), widely used in interpretation of experimental data in various
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Fig. 1. Illustration of the thin film flow geometry.

conditions, have been obtained using in fact the same layer aver-
aging as that used in the derivation of the full DAM.

The advantage of this practical approach in comparison to the
full system of the Navier-Stokes equations is its computational ef-
ficiency in view of Courant-Friedrichs-Lewy stability restrictions.
Applications of more detailed models, which might be more gen-
eral in terms of the parameter range, are always hindered by the
high computational costs. In that case, the spatial resolution is
bound to be rather limited, leading to as a consequence to either
focusing on simulations in strictly laminar conditions or to numer-
ical artifacts associated with small scale vortex motion, which are
obviously absent in the applications of the DAMs.

As we will demonstrate further, even in simple geometries, high
spatial resolution is required to adequately describe the transition
region if surface tension effects are to be included in full.

In contrast to the common trend [23,24], when the DAM is used
neglecting high order terms, associated with surface tension ef-
fects, to obtain analytical though discontinuous solutions, we em-
ploy the full DAM, which is supposed to have continuous solutions
throughout the transition region. This should be sufficient to es-
tablish the role played by surface tension without any doubts. We
demonstrate, by comparison with experiments, that the DAMs can
always provide a regular weak solution continuously linking the
two regions of the flow, which carries, in fact, all the features avail-
able in the more detailed models or approximations, including the
effects of surface tension.

In what follows, we first briefly provide a mathematical model
relevant to the DAM approximation and revisit previous analytical
results mostly involving discontinuous solutions, and then turn our
attention to continuous solutions relevant to laminar flow regimes
and parametric dependencies, including the effects of surface ten-
sion.

2. The mathematical model

The utilised mathematical model is relatively well understood,
so that details can be found elsewhere [33]. This is a three-
dimensional viscous flow of a Newtonian liquid at a solid wall
located at x3 = B(x1,X2) with a free surface parametrised accord-
ingly x3 = h(x1, x2,t) + B(x1, x2), Fig. 1.

The problem is characterised by two different length scales H
and L in the vertical, x3, and the horizontal x1, x, directions re-
spectively. Angle 6 characterises the inclination of the flow plane
to the direction of the gravity field gg, Fig. 1. In the thin film ap-
proximation taken in the study H/L =§ <« 1 is assumed to be a
small parameter.

The non-dimensional formulation is achieved by introducing
reduced variables, that is the coordinates x; = X1/L, Xy = X2/L,
x3 = X3/H, velocities vi = V1 /U, vy = V3/U, v3 = v3/8U, time t/tg
and pressure p = p/po. Here U is characteristic velocity, to = L/U
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is the timescale, pg = pU? is the characteristic pressure in the in-
ertial range, p is the liquid density.

The system of the governing equations in the thin film ap-
proximation is obtained by introducing averaged (over the layer)
quantities

h+-B

qi2 = / V1,2 dxs.

B
As a result of the averaging procedure

oh 0 0
oh a1 042 -
ot 0xq 0X2
31 6 0 (qi\ 6 9 [q1q2
LI I3 Z 7 (L) 6
8t+53x1<h +58x2(h) (6)
. op 3 q

h{Kaysing — —{ — =21

{a”sm 8x1} Re h?2
and
32 6 9 (qqz\ 6 8 (a3
ey - (14e — 2] = 7
8t+53x1(h>+58xz h 7)
_p9p_ 3@

dx,  Re h?

where pressure p is given in the hydrostatic approximation by

p=pqg+ Kacosd (h+ B — x3)— (8)
1 92(h+B) 9%th+B)
CaRe ax? )

Here p, is external gas pressure. The non-dimensional parameters
of the problem are the Reynolds number, Re = 6#, the Kapitza

numbers, Ka) = ‘% and Ka = g{}—f and Ca = Cas~3, which is a
renormalised Capillary number Ca = ‘;—U where y and p are sur-
face tension and dynamic viscosity of the liquid respectively.

To understand the functionality of the thin film system of equa-
tions (5)-(8) and the admissible solutions, we further simplify the
problem to a one-dimensional case on a flat substrate, B = 0, when

a planar hydraulic jump is regularly observed.
2.1. One-dimensional steady state problem

On a flat substrate, B =0, and in a one-dimensional Cartesian
case

oh  aq
—_— —:0’ 9
at + ax ©)
g 69 [q> 3 q
— - (=) === 10
ot +58x<h Re h? (10)
dh . 1 9°h
h{ Kacos¢ — — Kasinf — ——|.
dx CaRe 9x°

In a steady state g = const, and

h3 93h 8h(6

0 ng - I(ac059h3>

N C:\GREB? 0x (11)

3
+h? Ka sing — >4
Re

There are, in general, four non-dimensional parameters in the
model reflecting the roles of gravity (Ka and Kay), surface tension
(fa), viscosity and inertia (Re). The non-dimensional parameter Ka
is actually the inverse Froude number Fr? = £Ka™~'.
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Fig. 2. Illustration of the two branches of the steady state solutions, (13) and (16),
at Re =26, Ka =0.0013, Ca =108 and [y = 100. The arrow is the jump position
according to (2).

2.2. Hydraulic jump as a discontinuity

If CaRe > 1 (as in many experiments), the higher order term
in (11), which is solely due to surface tension, can be formally
neglected. This widely-used approximation in the case § =0, when
the gravity is perpendicular to the liquid layer, leads to

oh [6 3
— =g —Kah®} = hach (12)
dax | 5 Re
which has discontinuous solutions.

Solving equation (12) with h(0) =1 and q =1 (if one chooses
H = hg), one gets

6 Ka 3
—(h—1)— —(h*—1)= —x. 13
5( ) 1 ( ) Re (13)
The obtained solution has a critical point at

6

h= _— 14

¢ 5Ka (14)
and covers the range

6 Ka 4

Xfxc = g(hc - 1) - T(hc - ])

This is the upstream branch, see Fig. 2.

The second solution, the downstream branch, Fig. 2, can be ob-
tained from the far-field condition at x =I; in a similar way as
in [15,16] by placing the critical point at x =g, that is

h=he, x=I. (15)

Boundary condition (15) mimics overflow at the end of the sub-
strate. The downstream profile then is described by

Ka
7 (

The obtained discontinuous solution cannot connect the up-
stream region to the downstream far-field. The discontinuity is
inherent to this approximation due to the low order of the dif-
ferential equation with a critical point. Neither the approximate
solution can describe the shape of the jump itself and inform us
about the position of the jump, which may occur anywhere x < xc,
subject to an additional condition of the mass and momentum flux
continuity [11,15].

In what follows, we consider the full DAM including the higher
order term to obtain continuous solutions and analyse the effects
of the surface tension. The results, obtained numerically, are com-
pared with the experimental profiles observed in laminar flow
conditions serving to provide a benchmark case and inform us

Sh_ny - KOs _pay— 3
2 (h—ho) h =) = —(x—1). (16)
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Fig. 3. Illustration of the experimental free surface profile (symbols) in a laminar
regime from [26] at 6 = 0°, o = 1.25-10~4m?/s, Re =12.5, Ca =6.9 and Ka =
0.0098. The dashed lines are analytical solutions (13) and (16), the solid line is the
numerical solution of (9) - (10) after reaching a steady state. The vertical arrows are
the positions of the inflection points of the experimental and numerical profiles, Xg
and Xy, respectively, and the jump according to (2). The dimensional parameters
ho =0.25mm and [; = 90 mm.

about the accuracy of the approach. Then the model is used to
analyse parametric dependencies. We will focus on recent experi-
mental observations [26].

3. Continuous solutions and experiment in laminar flow regimes

The main, input and output, dimensional parameters of the
flows with a jump are the volumetric flux density qg, the initial
film thickness hg at the entrance of the flow and the position of
the jump X with respect to the entry point. The jump position is
defined in this study as the inflection point of the continuous free
surface profiles.

The formation of a planar hydraulic jump in a laminar flow
regime has been recently studied in detail with free surface pro-
files observed at different inclination angles —0.6° <6 < 1.5° [26].

The dimensional volumetric flux density in the experiments qo
spans

5.10°m?s ' <qp<2-10"*m?s7!,

while hg = 0.25 mm.

Accordingly, the range of the non-dimensional parameters of
the problem based on the upstream conditions and water as the
experimental liquid then suggest, 5 < Re < 20, 3 < Ca < 11 and
4.1073 < Ka<6-1072, if we define H = hg, the characteristic
velocity by means of qo = Uhg, so that non-dimensional quantity
q = 1. The horizontal length scale L is chosen on the basis of hy by
setting 8§ = 0.1, so that 4- 1072 < Kaj < 6-10~". This choice of the
parameter & corresponds to the minimal horizontal length scale of
the free surface variations observed.

In a particular case of 6§ = 0°, the profile is demonstrated in
Fig. 3, where the branches of the analytical solutions (13) and (16)
are shown for comparison. The analytical solutions were generated
using the far field condition (15) at the channel end at [y = 90 mm
(non-dimensional channel length [; = 36) and the initial film thick-
ness hg = 0.25mm (non-dimensional h(0) = 1) at x =0 at the flow
inlet. The use of the overflow condition is justified as, according to
(14), he = 1.24mm, while the last experimental point at the sub-
strate end is at h(ls) =1.2 £ 0.2 mm.

As one can observe, the solutions match the experimental pro-
file very well away from the jump region. In particular, one can see
the typical linear dependence in the upstream part as is expected
from (13). The location of the hydraulic jump according to (2) is
practically at the point where the experimental profile starts to
deviate from the upstream branch of the solution, which is shown
by the dashed arrow in the figure. The subsequent values of the
local non-dimensional parameters at that point are Fr? ~ 7 and
We=~04 (1<Fr?<120,02<We <1, 0<x<xc), so that nei-
ther (3) nor (4) are fulfilled at that point or further downstream at
the inflection point.

Consider now numerical solutions of the DAM (9)-(10). The
third order partial differential equation has sufficient degrees of
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Fig. 4. Free surface profiles calculated numerically at 6 = 0°, Re = 26, Ca =108
and Ka =0.0013 and at different spatial resolutions Ax = 100/N, where N is the
number of intervals.

freedom to satisfy boundary conditions at the inlet and the out-
let of the flow. Problem (9)-(10) is solved numerically with two
boundary conditions at each end of the interval x € [0, [s] to reach
a steady state in time. That is,

h@©,t)=1, q(0,t)=1 (17)

at the inlet at x =0, and

h(157t)=hC! q(137t)=1 (18)

at the outlet at x =I;. The details of the numerical method can be
found in Appendix.

To verify the method converges we fix parameters Re =
26, Ca= 108, Ka = 0.0013 and simulate solutions over a family of
mesh sizes until a steady state is achieved. The numerical profiles
are shown in Fig. 4 at Ax € [0.00625, 0.05].

As one can readily observe, the requirements for minimal spa-
tial resolution are quite demanding. In case the full Navier-Stokes
model would be applied, this kind of refinement may be very
computationally expensive. On the other hand, if the resolution is
insufficient numerical artifacts may appear. To ensure physically
accurate results, all our experiments henceforth were obtained us-
ing Ax =0.00625.

In the comparison, we have numerically generated a profile ob-
served at & = 0° and qg = 1.25 - 10~4m?2/s, which corresponds to
non-dimensional parameters Re = 12.5, Ca = 6.9 and Ka = 0.0098,
Fig. 3, using the boundary conditions (17)-(18) at the flow inlet,
where h(0,t) =1, and at the flow outlet at x =I; = 36 correspond-
ing to the dimensional channel length Iy =90 mm.

Note that no adjustment of the parameters used for the simula-
tions was involved in this case, while in some other cases (used for
the comparison), where the mismatch between h. and h(ls) (ob-
served in the experiments) was larger, the actual value h(ls) was
used instead of h. in (18), as is demonstrated in Fig. 6.

As one can observe, Fig. 3, the numerical solution (which is a
typical example) provides a very good approximation to the ex-
perimental dependence within the experimental error involved.
It closely follows the asymptotic solution in the upstream region
till the point where the jump starts developing. In the down-
stream region, the numerical solution follows the asymptotic so-
lution straight after the maximum is achieved, as is expected.

Remarkably, the inflection points of the experimental and nu-
merical profiles, Xg and Xy, corresponding to the midpoints of
the jump region were found to be very close to each other.

In the second set of simulations in the comparison, we mim-
icked the change of the flow rate qg in the experiments at different
inclination angles 6 and followed the position of the jump using
the same approach to the far field conditions.

The non-dimensional parameters were scaled from reference
values R©®, €O, ka© and Kal(lo) at different inclination angles



E. Calver, T. Pryer and A.V. Lukyanov

60 T
T O Experiment 6=0.3°
E Numerical 6=0.3° A
X 404 J
c
K]
‘®
o
Y
o
g 20 A Experiment 0=0"
- —  Numerical 6=0°

A/
0 v
3x10” 6x10”
qzls (mzls)

Fig. 5. Hydraulic jump position X as a function of the flow rate qu in the experi-
ments [26] (symbols) and numerical simulations at # = 0° (the dashed line) and at
6 = 0.3° (the solid line). The dimensional parameters hg = 0.25mm and Iy = 90 mm.
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Fig. 6. (a) Illustration of the experimental free surface profile (symbols) in a laminar
regime from [26] at go = 12.5- 1075 m?/s, Re = 12.5, Ca = 6.9, Ka = 0.0098, Ka; =
0.098 and 6 = —0.3°. The solid line is the numerical solution of (9) - (10) after
reaching a steady state with the far field condition set using observed values of
h(ls). The arrow is the position of the inflection point of the numerical profile Xy.
(b) Similar to part (a) but at & = —0.6°. (c¢) Similar to part (a) but at go = 7.5 -
10->m?/s, Re = 7.5, Ca = 4.14, Ka = 0.027, Ka; = 0.27 and 6 = 0°. (d) Similar to
part (c) but at & = 0.3°. The dimensional parameters hg = 0.25 mm and Iy = 90 mm.
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Fig. 7. Free surface profiles calculated numerically in the parameter range relevant
to the experiments [16] at & = 0°. The non-dimensional parameters were scaled up

and down from the reference values Re® =26, Ca” = 108 and Ka©® =1.3.1073
to mimic variations of the flux according to Re = Sc Re(@, Ca=sc fa(o) and Ka =
Ka©®/sc?, where 0.5 < Sc < 1.1.

according to Re = ScR©@, Ca=5cC@, Ka=Ka®/Sc? and Ka =
Kal(lo) /Sc? where Sc was the scaling factor.

One can observe the trend found in experiments that the jump
position follows X o qg/ 3, Fig. 5. Variations of the inclination an-
gles in the numerical solutions also demonstrated the trends ob-
served in the experiments, Figs. 5 and 6. The inflection point was
moving closer to the inlet at the negative inclination angles (when
the absolute value of 6 increases) and in the opposite direction at
the positive values of 6.

One can conclude that the full DAM provides adequate descrip-
tion of laminar flows generating regular solutions with smooth,
continuous free surface profiles.

We note, even though the model parameters in the simulations
were taken at real surface tension values for water, there was no
transient oscillatory behaviour observed, but a steady-state. So, the
transient features observed in the Navier-Stokes laminar flow sim-
ulations [24] were either averaged out in the DAM or could be
computational artifacts of the numerical scheme due to insufficient
spatial resolution. Note that possibly similar oscillatory features
were observed in numerical simulations presented in [26], while,
as one can see in Figs. 10 and 11 of [26], the experimental profiles
demonstrated smoother variations.

4. Parametric dependencies of the full DAM

Consider now how variations of the main parameters of the
system affect the flow and the formation of the jump transition
region. As a reference point, for demonstration, we choose 6 = 0°
and slightly larger values of the Reynolds and capillary numbers,
Re =26, Ca=108, and Ka=0.0013 to test the parameter range.

Variations of the surface profiles corresponding to variations of
the flow rate qo are shown in Fig. 7. The observed trend is ex-
pected, that is the jump region moves away from the entry point
with increasing flux rate, that is, with increasing the Reynolds
number.

One can also observe the effect of the far-field conditions by
changing the size of the flow domain but keeping all other param-
eters fixed, as is demonstrated in Fig. 8, inset. The larger domains
provide stronger resistance to the flow so that the jump regions
move closer to the entry point. It is worth noting that the far-field
conditions do not affect the upstream profiles, but the transition
point. So that the local criteria are indeed insensitive to the far-
field conditions contrary to experimental observations.

At the same time, the effect of the capillary numbers in a wide
parameter range was very weak and practically negligible, Fig. 8.
That is variations of the surface tension over more than a decade
do not have any effect on the flow itself and the developing jump
region. Also, we have not found so far any capillary-dominant flow
regime, as in [23].

These findings are the main results of the study. The observed
trends are typical, that is they have been present in the numerical
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Fig. 8. Free surface profiles ca}culated numerically at 6 = 0°, Re =26 and Ka =
0.0013 at different values of Ca. The insert shows simulations with all parameters
fixed at 6 =0°, Re =26, Ca =108, Ka =0.0013, but in different domains.

solutions at different parameters within the parameter range in
this study.

5. Conclusions

It has been demonstrated that the full DAM possesses continu-
ous, regular solutions manifesting formation of a steady hydraulic
jump, and thus continuously linking the two regions, the upstream
and the downstream of the flow. A comparison with experimental
data has shown that the numerical solution can adequately de-
scribe flows with hydraulic jumps in a laminar flow regime, though
rather fine resolution of the transition region was required, which
might be computationally demanding in case the full Navier-Stokes
model would be used.

The obtained numerical solutions demonstrate anticipated
trends with variations of the volumetric flux density, and the non-
dimensional parameters of the problem. At the same time, the
effect of the surface tension was found to be negligible in the
formation of a hydraulic jump in the laminar flow regime. This
implies that the observed invariance effects [17,18,20-22], which
might be initially attributed to the surface tension contribution
alone, could be in fact a result of a complex interplay in turbulent
flows when, at the same time, the effect of the gravity field was
somehow shadowed. Note, the flow turbulisation has been identi-
fied as a factor of the jump formation process [3,16,20], but the
results imply, fundamentally, that this could be the main factor in
the process.

We have observed no transient features present in laminar flow
simulations with a hydraulic jump developed using the full system
of the Navier-Stokes equations [24,26] and have not identified so
far the capillary-dominant laminar flow regime with a hydraulic
jump developed.
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Appendix A. Numerical discretisation and benchmarking

We discretise (9) - (10) through a method of lines approach
utilising a finite volume spatial discretisation with a Lax-Friedrichs
flux type.

Let 7 = {x;} be a partition of the domain [0, L] into cells K; =
(Xi—1/2. Xi+1/2). Here x; = %(xiﬂ/z + Xi_1,2) denotes the midpoint
of a cell K;. Let AX; =Xi11/2 —Xi—_1,2 denote the length of the cell.
We only consider the case Ax; = Ax for all i, however note that
various adaptive strategies exist for this class of problems [34] that
may be able to provide better resolution at the jump interface.

For exposition, we reformulate (9) - (10) in a conservative form

oh 9q
at  oax
(A1)
aq 0 9 3 q
—+ —F@,h)— —Gh) =———=
8t+8x @h ax ®) Re h?’
where
6q Ka ,
F(@,h)y=-—— —
(q.h = h 5
1 (18202 3 /9h\? (A2)
Ghh=——z——=|— .
CaRe \ 2 dx2 2\ 0x

Let xk; denote the indicator function over the cell K;, we then
define our numerical approximation

Hx,0) = Hi®) X1, (%)

(A3)
Q. ) =Y Qi) xx, X),
i
where Hj, Q; solve the following system of ODEs:
d H; + 1 [Q Q; ] =0
dt i Ax i+1/2 i—1/2| =
d Qi+ L[J’"zurl/z — Fic12] + L[Qz‘+1/2 —Gi—12] (A4)
dt Ax AX
-3
Re H?
and F, G represent approximations to F and G respectively.
For our experiments we chose a Lax-Friedrichs flux
1
Fir12= E(F(Ui) + F(Ui+1)
—max(VFU;), VF(Uit1)) -(Uiy1 — Ui) (A5)
Wi + Wi
Giv12 = — s

where VF is the vector valued gradient of F, U; = (Q;, H;) and W;
represents a standard central approximation to G. This is formally
a first order scheme in space, note that higher order schemes are
available including MUSCL and WENO schemes.

For the temporal discretisation, we use a third-order strong sta-
bility preserving scheme. To ensure the method remains stable we
make use of an adaptive time-step chosen to ensure the Courant-
Friedrichs-Lewy condition is always met.

To test the method converges we fix parameters Re = 26, Ca=
108, Ka = 0.0013 and simulate solutions over a family of mesh
sizes until a steady state is found. We select Ax € [0.00625, 0.05]
and plot specific numerical profiles in Fig. 4. Notice that the
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method is quite diffuse for coarse mesh-scale and the position and
profile of the jump is mesh-dependent. To ensure physically accu-
rate results, all our experiments henceforth were obtained using
Ax =0.00625.
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