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ESSENTIAL POSITIVITY

A. PERALA AND J. A. VIRTANEN

ABSTRACT. We define essentially positive operators on Hilbert space as a class
of self-adjoint operators whose essential spectra is contained in the nonnegative
real numbers and describe their basic properties. Using Toeplitz operators and
the Berezin transform, we further illustrate the notion of essential positivity
in the Hardy space and the Bergman space.

1. ESSENTIALLY POSITIVE OPERATORS ON HILBERT SPACES

Given a Hilbert space H over the field of complex numbers C, denote by L(H)
the algebra of bounded operators on H and by K (H) the two-sided ideal of compact
operators in L(H). The spectrum o(T) of an operator T in L(H) is defined by

o(T) ={A € C: T — X is not invertible}.
Further, we write
kerT={ze€ H:Tx =0} and cokerT = H/T(H)

for the kernel and cokernel of T, respectively, and call an operator T € L(H)
Fredholm and write T € ®(H) if both ker T and coker T' are finite-dimensional. In
this case, T has a closed range and a well-defined Fredholm index:

indT = dimker T — dim coker T

It is well known that the property of T being a Fredholm operator is equivalent to
invertibility of [T] = T + K (H) in the Calkin algebra L(H)/K(H). The essential
spectrum oegs(T') of T is defined by

Gess(T) = {N € C: T — X ¢ O(H)}.

This concept is sometimes called the Wolf (or Calkin or Fredholm) essential spec-
trum of T', whereas
(| o(T+K)
KeK(X)

is called the Weyl essential spectrum. Notice that oess(T) = 0ess(T+K) C 0(T+K)
for all K € K(H), so the Wolf essential spectrum is always contained in the Weyl
essential spectrum. See [4] for further details.

We say that a self-adjoint operator T' on the Hilbert space H is positive and
write T' > 0 if

(1) o(T) C [0,0).
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2 A. PERALA AND J. A. VIRTANEN

Notice that there are operators that satisfy but are not self-adjoint. Further, it
is well known that T' > 0 if and only if

(2) (Tx,z) >0 forallz € H

which is often used as the definition of positive operators (see, e.g., [3]). Recall also
that T is a self-adjoint operator on H if and only if (Tx,x) is real for all z € H,
and hence, in particular, every operator satisfying is self-adjoint. We can now
present the main concept of this paper.

Definition 1. A self-adjoint operator T' € L(H) is said to be essentially positive if
chs(T) C [0,00)
In this case, we write T' 2 0.

Using the quotient algebra L(H)/K(H), known as the Calkin algebra, we can
easily reduce the previous definition to positivity of elements in a C*-algebra (i.e.,
of self-adjoint elements whose spectra are contained in [0,00)). More precisely,
for an element a in a C*-algebra A with identity, we define the spectrum of a
by o(a) = {A € C : a — X is not invertible}, which extends the definition of the
spectrum of an operator above. Further, we say that an element a € A is positive
if a* = a and o(a) C [0,00). For the fact that L(H)/K(H) is a C*-algebra, see
Theorem 5.38 of [3].

Proposition 2. Let H be a Hilbert space and T € L(H) be self-adjoint. Then T
is essentially positive if and only if T + K(H) is positive in L(H)/K(H).
Proof. Tt suffices to notice that (T + K(H)) = 0ess(T). O
Recall that a net (z,) in H is said to converge weakly to x € H if
lim(zq,y) = (z,y)

for all y € H. Bounded operators preserve weak convergence, and compact opera-
tors turn it into strong convergence; that is, if 2, — x weakly in H and K € K(H),
then Kz, — K.

The following result gives a characterization of essentially positive operators on
Hilbert spaces.

Theorem 3. Let H be a Hilbert space and T € L(H) be self-adjoint. The following
are equivalent:

(a) T is essentially positive;

(b) T+ K is positive for some K € K(H);

(¢) iminf,(Txq,xs) > 0 whenever x, are unit vectors and x, — 0 weakly.
Proof. We assume that T is self-adjoint, and prove (a) = (b) = (¢) = (a).

Assume that (a) holds. By Proposition |2} T + K (H) is positive and hence there
is some S € L(H) such that T+ K(H) = 5*S 4+ K(H). Thus, there is a compact
operator K on H such that
T+K=5"S>0,

that is, (b) holds.
Assume next that (b) holds, and let (z4) be a net of unit vectors with x, — 0
weakly. Then, for some K € K(H), we have

lminf(Tzy, 2o) = Uiminf ({(T + K)2a, Za) — (KT, Za)) > 0,
[0 [0
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that is, (c¢) holds.

Finally, assume that (c) holds, and let A\ € oess(T"). Then A also belongs to the
Weyl essential spectrum of T'. Recall that the numerical range of T is defined by

W(T) ={(Tz,z) : x € H,[lxf| = 1}
and the essential numerical range Wess(T) can be described as
KeK(H)
(see, e.g., page 187 of [M]). For every compact operator K, we have
Oess(T) = 0ess(T+ K)Co(T+ K) CW(T+ K)

(see Exercise 4.4 of [3] for the last inclusion), and 80 0ess(T) C Wess(T). By
Corollary to Theorem 5.1 of [4], it follows that

A= lim (Tx,, x,)

n—oo

for some sequence (z,) of unit vectors with z, — 0 weakly, which implies that
A €0, 00). O

We provide one more characterization of essential positivity for operators of the
canonical form.

Proposition 4. Let {e,} be an orthonormal basis in H and suppose that the op-
erator

Tx = Z Anlx,en)en, x € H,
n=1
is a bounded self-adjoint operator, so that each A\, € R. Then T is essentially
positive if and only if liminf, ., A, > 0.
Proof. Suppose first that liminf,, . A\, > 0. Let
A =max{)\,,0} and A, =\, -\,

for all n € N, and define
Tz = Z Mz, en)en
n=1

for ¥ € H. Then T is positive because A\ > 0 for all n, and T~ is compact
because A, — 0. Therefore, T =T+ + T~ is essentially positive by Theorem

Conversely, suppose that T+ K is positive for some compact operator K. No-
tice first that e,, — 0 weakly because {e,} is orthonormal, and hence Ke, — 0.
Therefore, since

((A+ K)ep,en) = A + (Kep,en) >0,
we have \,, > —(Ke,, e,) — 0 as n — oo, which shows that liminf,, ..o A\, > 0. O
In the subsequent sections, we will illustrate essential positivity in the context

of the Berezin transform and Toeplitz operators on the Hardy, Bergman and Fock
spaces.
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2. THE BEREZIN TRANSFORM

Let 2 be a set and suppose that H is a reproducing kernel Hilbert space on Q.
That is, for each z € €2, the point evaluation E, : H — C defined by E,(f) = f(2)
is bounded, and hence there is a unique vector K, € H such that for each f € H,

f(z) = {f, Kz).
We call K, the reproducing kernel for H. The normalized reproducing kernel k is
defined by k., = K. /||K.|. Given T € L(H), the Berezin transform T is defined by

T(2) = (Tks, k)
for z € Q). The Berezin transform can be used to obtain information about concrete
operators acting on various (analytic) function spaces.
We note a couple of simple but useful properties. If T is positive, then T'(z) >

0 for all z € Q. The following result is a consequence of the Cauchy-Schwarz
inequality.

Proposition 5. Let T' be compact on H and 2 C C be open. If k, — 0 weakly as
z — 0Q, then T(z) — 0 as z — 0.

Proposition 6. Let T be essentially positive on H and 2 C C be open. If k, — 0
weakly as z — OS2, then

lim inf T'(z) > 0.
z—0%)

Proof. If T is essentially positive, then there is a compact operator K such that
T+ K > 0. Thus,

liminf T'(z) > liminf(T 4+ K)(z) — lim |K(z)] >0
z— 00 z— 00 z—00

by the previous proposition. O

In Section 4], we will see that the converse of the preceding proposition is not
true in general for operators acting on the Bergman space.

3. TOEPLITZ OPERATORS ON THE HARDY SPACE

The Hardy space H? of the unit circle T is defined by
H? ={f € L*(T) : f,, = 0 for k < 0},

where fj denotes the kth Fourier coefficient of f. Denote by P the orthogonal
projection of L?(T) onto H?, and define the Toeplitz operator Ty with symbol f by

Tyg = P(f9)
for g € H2%. A theorem of Brown and Halmos shows that T} is bounded on H?
if and only if f € L (see, e.g., [2]). Notice that the adjoint T} is T, so T is
self-adjoint if and only if f is real almost everywhere.
Using well-known spectral results, it is easy to characterize essential positivity
of Toeplitz operators on H?2.

Proposition 7. Suppose that f € L*°(T) is real-valued. Then the following condi-
tions are equivalent:
(i) Ty is positive on H?;
(ii) Ty is essentially positive on H?;
(iii) f(¢) €[0,00) for almost everyt € T.
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Proof. Clearly (i) implies (ii). If f(¢) € [0,00) for a.e. t € T, then, according to a
theorem of Brown and Halmos (see, e.g., Theorem 2.33 of [2]), the spectrum o(T)
is contained in the convex hull of the essential range of f, so o(T) C [0,00). We
see that (iii) implies (i).

Finally, if T’ is essentially positive, then, by a theorem of Hartman and Wintner
(see, e.g., Theorem 2.30 of [2]), we have f(t) € gess(Ty) C [0, 00) for a.e. t € T. So
(ii) implies (iii). O

4. TOEPLITZ OPERATORS ON THE BERGMAN SPACE

Denote by H(D) the space of all analytic functions in the unit disk D. The
Bergman space A? is defined by

M:{femm:éuuﬂmua<w}

where dA(z) = dfrﬁ with z = x + ¢y is the normalized area measure.
Assume now that p is a complex-valued Borel measure on D. Then the Toeplitz
operator T, : A% — A? is given by

B T = [swRw ) = [ LD e,

where K, (w) = (1 — zw) ™2 is the reproducing kernel for A2. Notice that T),(g) is

well-defined for all polynomials g (complex-valued measures p are assumed to have

finite total variation |u|). It is easy to see that T), is self-adjoint if and only if p is

real-valued and that T}, is positive if p is non-negative. The converse of the latter

statement fails—see [I1]. As usual, if p is given in terms of an L' function f, that

is, du(z) = f(2)dA(z), then we write T for the corresponding Toeplitz operator.
The Berezin transform i is defined by

i) = [ e()Pdu(w). 2 €D,

If T, is bounded on A2, then the Berezin transform of 7}, is given by

(4) Tu(2) = fi(z)
for z € D (see page 165 of [13]).

It may be tempting to try to relate positivity of Toeplitz operators T}, on the
Bergman space to positivity of the Berezin transform of p, but this is known to
fail in general. More precisely, there are functions f such that f > 0 but T is not
positive, while, however, for harmonic symbols f, Ty > 0 if and only if f >0 (see
[11]). It would be of interest to determine a larger class of functions for which the
preceding characterization holds.

We next consider essential positivity. Recall first that, by Proposition [6]

T >0 = liminf T(2) > 0.
|z|—1

The converse is not true in general; for example, if

oo o0

n 2"

T E a2 :—E agnz” |
n=0 n=0
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then T(z) — 0 as |z| — 1 (see [I]), but for any compact operator K,
<(T —+ K)€2n762n> =—1 —+ <K62n,€2n> — —1

where e, = 2"/||z"||. However, we can characterize essentially positive Toeplitz
operators with real-valued radial symbols under a mild additional condition. A
measure g is said to be radial if u(E) = p(e’?E) for all § € R and Borel sets E.

We first recall the following Tauberian theorem (see Theorem I.11.1 of [6]).
Tauberian theorems were used for Toeplitz operators by Korenblum and Zhu in
[5]. Inspired by their work, we will use similar approach to prove the main result
of this section.

Theorem 8. Suppose that Y, a,z™ converges for |x| < 1 and let
flz)=(01—-2) Z anz™.
n=0

If f(x) = a as x — 1, then the Tauberian condition a, > —C' for some constant C

implies that
ag+ay+...a,

1
— a.
n+1 “

Observe that for a radial measure p as discussed above the Toeplitz operator T},
is diagonal with respect to the orthogonal monomial basis (e,)5,, where e, (z) =
vn+ 12", and the diagonal elements are given by

(5) Ay = 2n+ 1) /0 P20 ().

It is clear that the operator 7}, is bounded if and only if the numbers A,, form a
bounded sequence. However, we shall assume something slightly stronger, namely
that |p| is a Carleson measure.

Carleson measures have been characterized for all positive Borel measures, but
in the case of a radial measure the condition can be simplified. In what follows,
we will make use of the standard weighted Bergman spaces A2 (so that A? = A3),
consisting of analytic functions, which are square-integrable with respect to the
weighted measure (1 — |z|?)® dA, where o > —1. A positive radial Borel measure v
is a Carleson measure for A%, meaning that it satisfies

[1PEPaG) 5 [ PEPQ- R
D D
for all polynomials P, if and only if

1

1
sup ———— dv(s) < oco.
oerey (1—r2)%ta /'r (#)

This result is standard and can be found in [I3], for instance. In that reference it

is formulated in terms of disks in Bergman metric—the relation with the formulas

above is more evident from the characterization with Carleson boxes; see [§].
Observe that if |u| is a Carleson measure for A2, then it holds that

s [ i) < s [l

Indeed, just notice that with s on the interval [r, 1) it always holds (1—s2) < (1—72).
This reasoning shows that (1 — |z|?)|u| is a Carleson measure for AZ.
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Theorem 9. Let u be a radial real-valued Borel measure such that || is a Carleson
measure for A?. Suppose that the limit L = lim; 1 fi(2) exists. Then T), is
essentially positive on A? if and only if L > 0.

Proof. As above, we write
Tlt(g) = Z )\n<gv 6n>6n7
n=0

where )\, are given by . A direct computation shows that

o0

A(z) =2(1 = 2 Y (n + DAufz™"

n=0
=2(1— 2% (/\0 + Z (n+ 1A, — nAn_1)|z|2”> :
n=1
The sequence of numbers (n + 1)\, — n\,_; with n > 1 is bounded. Indeed,
(04 DA = nhncs = =0 [ 22721 = |2l (2
D
) [ [Prdlul(z),
D

The first term of the sum is bounded in n, because (1—|z|?)|u| is a Carleson measure
for A2, for then

ﬁAkW”@ﬂ%MM@S*éM”WPVWM@

1
= 2n2/ 21— r?)dr
0

1 1
=2 — —

2n  2n+2
_ 4n?
T An2 4+ 4n’

The boundedness of the second term follows from the assumption that |u| is a
Carleson measure for A? by a similar but easier calculation.
Observe now that if ag = Ag and a, = (n + 1)\, — nA,—1 for n > 1, then we

have
ag+ay+...+an

= An
n+1
for n > 0.
By Theorem [§]
: _4)2 no_
lim (1 — 1) ;(n + DAt" =L

if and only if A\, — L. Now Proposition [ shows that the condition L > 0 is
sufficient for T, to be essentially positive. That the condition is also necessary
follows from and Proposition @ O

The following corollary follows immediately from the preceding theorem.
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Corollar~y 10. Let f € L>(D) be real and radial, and suppose that the limit L =
limy ;1 f(2) ewists. Then Ty is essentially positive on A? if and only if L > 0.

Remark 11. We note that alternatively Corollary [10] follows easily from Theorem
2.2 of Axler and Zheng [I], which states that, for f € L>°(D), the Toeplitz operator
Ty is compact if and only if f(2) — 0 as |z| — 1. This theorem has also been
extended by Sudrez [I0] to characterize compactness of all operators in the Toeplitz
algebra.

After the first version of this paper appeared on arXiv, we were contacted by
Daniel Suédrez and Nina Zorboska, who drew our attention to their articles [9] and
[14]. Both of these papers imply that for x4 whose total variation is a Carleson mea-
sure, compactness of T}, is characterized by the vanishing of the Berezin transform
on the boundary. This leads to an easier proof of Theorem [J] for all such measures
whose Berezin transforms have continuous boundary values. The authors want to
express their gratitude to Professors Suarez and Zorboska for bringing these results
to their attention.

The virtue of the proof of Theorem [J]is that it suggests the following conjecture,
which is in fact similar in spirit to a compactness characterization for such symbols
in [5].

Conjecture 1. Let f € L>°(D) be real valued and radial. Then Ty : A% — A? is
essentially positive if and only if
(6) liminf f(z) > 0.
|z|—1

In [I1] Zhao and Zheng gave examples of symbols of the form f(z) = |z]? +alz|+
b, for which the Berezin transform is positive, while the corresponding Toeplitz
operator is not. These examples still obey the conjecture above. In fact, it is
immediate that the conjecture is satisfied by all symbols in either the Douglas
algebra C(D)+ H*(D) or in L>°(D)NVMO(D), because in these cases the essential
spectra can be described in terms of the Berezin transform, see [7, [12]. This suggest
that Conjecture [I] may hold true also for non-radial symbols.

Remark 12. Naturally a similar theory can be developed for Toeplitz operators
Tt acting on the Fock space of the complex plane and it is indeed easy to extend
Corollary |10] to this setting. However, we are not aware of a result, such as Theo-
rem [8] in the planar setting that could be used to prove the Fock space version of
Theorem [0} We still assume that Conjecture 1 with obvious modifications is true
also in the Fock space setting.
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