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Abstract

We study boundary value problems for a linear evolution equation with spatial
derivatives of arbitrary order, on the domain 0 < z < L, 0 < t < T, with L and
T positive finite constants. We present a general method for identifying well-posed
problems, as well as for constructing an explicit representation of the solution of
such problems. This representation has explicit z and ¢ dependence, and it consists
of an integral in the k-complex plane and of a discrete sum. As illustrative examples
we solve some two-point boundary value problems for the equations ig; + ¢, = 0
and q; + Gpze = 0.

1. Introduction

A new method for solving boundary value problems for linear and for integrable
nonlinear PDEs in two dimensions has been recently introduced (see review [4]). In
this paper we apply this method, and in particular the results of [7], to solve two-
point boundary value problems for a general linear dispersive evolution equation.
Let the scalar function ¢(z,t) satisfy

(at + iZaj(—iax)J) gz, t)=0, 0<z<L, 0<t<T, (1-1)
=0

where «; are real constants, a,, # 0, and L, T' are positive constants. Let g(x,t) also
satisfy the initial condition

q(z,0) = go(x), O0<z <L, (1-2)
where gy(z) is a sufficiently smooth function.
The dispersion relation of equation (1-1) is given by

w(k) = a;k’. (1-3)
j=1

The method we present identifies the set of boundary conditions that must be
prescribed at x = 0 and at * = L in order for the resulting initial boundary value
problem for equation (1-1) to be well posed. This method also yields the construction
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of an explicit representation of the solution of such problems. This representation
has explicit z and ¢t dependence, and it consists of an integral in the k-complex plane,
and of a discrete sum.

In order to describe the results proved in this paper,we define the following con-
tours and domains in the k-complex plane.

Definition 1-1. Let D, D, and D_ be the domains in the k-complex plane defined
by

D={keC:Imwk) >0}, D.,=DNC', D_=DNC, (1-4)
where C* and C~ indicate the upper and lower half plane, respectively.
0D, OD_ are the oriented boundaries of D., D_, (1-5)

where the orientation is such that D is on the left-hand side of the increasing direction

of 0D.

It is shown in [7] that the components of D are simply connected and unbounded,
and that there exists an R > 0 such that, outside the curve |w(k)| = R, 0D is the
union of smooth disjoint simple contours that approach asymptotically, as k£ — oo,
the rays of the variety Im(k+a)™ = 0, where a = v, /(nay,). Moreover, the following
lemma holds [7].

LemMaA 1-1. Let Dg be defined by
Dgr ={k € D: |w(k)| > R}. (1-6)
Let D and Dy, _ denote the part of Dg in C* and C™ respectively, i.e.
Dr.=DrNC", Dgr_=DrNC".

If R is sufficiently large, Dg has n components, Dg y has N components, and D _ has
n — N components, where N is given by

n/2 n even,
N={ (n+1)/2 nodd, a,>0, (1-7)
(n—1)/2 nodd, «,<0O0.

Definition 1-2. We denote by Dpr 1, Dgys,..., Drn the N components of Dp ;.
We denote by Dr n+1. Dr n+2,..., Dry the n — N components of Dp _.

The method discussed here has as its starting point the observation that any linear
PDE in two dimensions, with constant coefficients, can be written as the condition
that a certain differential 1-form w(x,t,k), k € C, is closed. Its implementation
involves the following three steps.

Step 1. Assume the existence of a solution ¢(z,t) of (1-1), which is sufficiently
smooth up to the boundary of the domain. By performing the spectral analysis of
the 1-form associated with equation (1-1):

(1-a) Construct an integral representation of the solution ¢(z,t) in terms of certain
functions of k called the spectral functions. This is an immediate consequence
of the closure of w(z, t, k). For the case of equation (1-1), the spectral functions
are defined in terms of gy(x) = ¢(z,0), 37¢(0,t) and dIq(L,t),0 < j<n— L.

(1-b) Obtain the global relation satisfied by the spectral functions.
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For equation (1-1), the implementation of this step yields (see Section 2):

ProrosiTioN 1-1 (Representation of solutions of equation (1-1)). Assume that
q(z,t) is a sufficiently smooth solution of (1-1). Then q(x,t) is given by

1 o
q(@,t) = 5 { / ethr=iw bt g (k) dk
m

+/ eikziw(k)tQ(O,k)dk‘F/ eik(me)fiw(k)tQA(L’ k)dk , (18)
aD. 9D—
where

L
@.(k):/ e~ %y (x)dx, k€ C, (1-9)
0

N A

and the spectral functions Q(0, k), Q(L, k) are defined by

n

Qla, k) = a;(Qj-1(e k) + kQj e, k) + -+ + k7' Qula, k),

J=1

T
Qj(a,k)Z/ e“Mt—i0 ) q(a, t)dt, j=0,...,n—1, keC, (1-10)

0

with a = 0, L.
Moreover, the boundary values of q(x,t) salisfy the global relation
Q0. k) — e QL. k) = —Go(k) + €T qr(k), keC, (1-11)
where
L .
r(h) = [ e q(a, Ty (1-12)
0

Step 2. Given gy(x) € C™[0, L], assume the existence of an admissible set of func-
tions {f;(t), g,(t) ?:_01, with respect to go. A set is called admissible if the associated
spectral functions, defined in terms of gy, f;, and g;, 0 < j < n—1, satisfy the global
relation of Step (1-b).

Define q(x,1) in terms of these spectral functions by the formula of Step (1-a). Prove
that g(z,t) satisfies the given PDE, and that g(x,0) = qo(x), (—i0.)7q(0,t) = f;(t),
(—i0:)7q(L,t) = gj(t), 0 < j<n—1.

For equation (1-1), the precise definition of admissible functions is given below.

Definition 1-3 (Admissible functions). Let gy(z) € C*[0,L], and let w(k) be
defined by equation (1-3). Let {fo(t),..., fu—1(t),90(t),... ,gn_1(t)} be a set of
2n sufficiently smooth functions such that (—id,)7q(0) = f;(0), (—id.) qo(L) =
9;(0),5=0,...,n—1.

Let
F(k) =" oy (fimi(k) + kf_a(k) + -+ B fo(k)), (1-13)
j=1
Gk) = a;(§-1(k) + kgj_a(k) + -+ k" go(k)), (1-14)



524 A. S. Fokas anDp B. PELLONI

T
ﬂ%ri/ewmﬁmﬁ,jzmnwn—L kecC, (1-15)

0
T
Qwﬁi/eww%mﬁ,jzmuwn—L ke C. (1-16)

The set of smooth functions {fo(t), ..., fa_1(t), go(t), ... gn_1(t)} is called admissible
with respect to qo(x) if and only if the functions F'(k) and G(k) satisfy the following
relation:

P(k) — e *EG(k) = —Go(k) + =BT a(k), ke C, (1-17)

where

L
&(k):/ e~k g (z)du,

0

and a(x) is some function belonging to the space C>|0, L].
For equation (1-1), the implementation of Step 2 yields (see Section 3):

THeEOREM 1-1 (Existence of solutions associated with an admissible set). Assume
that gy(z) € C>[0, L], and that the set of smooth functions { f;(t),g;(t)}, 0 < j<n—1,
s admissible with respect to qy(x), see Definition 1-3.

Let §o(k) be defined by equation (1-9), and let F(k) and G(k) be defined by equations
(1-13) and (1-14), respectively.

Define q(x,t) as follows:

T
q(SE‘,t) — 27 {/ ezkmfzw(k)tqo(k)dk
™

— 00

+/ eikxiw(k)tﬁ(k)dk+/ eik(rfL)fiw(k)té(k)dk ’ (118)
oD oD_

where w(k) is given by (1-3), and Dy and D_ are defined by (1-4).
Then:
(1) g(x,t) is the unique solution of equation (1-1) such that t — q(-,t) is a C* map
Jrom [0,T] into C>[0, L];
(i) q(z,0) = quo):
(iii) (=i0:)7q(0,1) = f;(t), 0<j<n—1
(iv) (—i0:)q(L,t) = g;(t), 0<j<n-—L

Step 3. Given an appropriate set of boundary conditions at z = 0 and x = L, prove
the existence of an admissible set, and compute F'(k) and G(k) in terms of the given
initial and boundary conditions.

As a particular concrete example, we prove in Section 4 the existence of an admis-
sible set if the following set of boundary conditions are given:

(—i0.)q(0,t) =wu,(t), 0<t<T, 0<j<N-—1,
(—idy)q(L,t) =wu(t), 0<t<T, 0<I<n—N-—1,

with N given by (1-7).
In order to state our result, we give some definitions.

(1-19)
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Definition 1-4. The map A .: Dr.m — Dgy is the biholomorphic map defined by
WA (k) = w(k),Vk € Dgm: (1-20)

the polynomials w,_;(k), j = 0,...,n, are defined by
Wnj(k) = aj + kagyuy + - + o, k" (1-21)

If 1 <m < N then A, (k) satisfies the following:

AMim(k) € Dy if 1 <IN,
< < . ’ .96
1\m\N'{)\l,m(k:)eD_ if N+1<l<n. (1-22)
The definition of \; ,, implies
Fitk) = fium(k)), G5(k) = G;(Aim (K)):
>\l,m(>\m,j(k‘)) = )\l,j(k); )\l,m(k) ~ ei(l—m)?w/nk7 k — 00.
In order to state the main theorem, we need one further definition.
Definition 1-5. The n x n matrix A is defined by
Elwanfl()\l,m> cee E1W0(>\1,m) 7WN71()\1,m) ce *wo()n,m)
Ezwanq()\z,m) cee EQW()(AQ,m) _wal()\Q,m) ce _w()()\Z,m)
Enwn-n_1(ANm) - Enwo(Anm) —wWN_1(ANm) o —wo(AN,m)
WoeN—1(AN+1,m) -+ WolAN+1,m) —EX;IHWNA()\NH,m) —Eﬁilw()()wﬂ,m)
wanfl()\n,m) s w()()\n,m) _E;]wal()\n,m) C _E;]wﬂ()\n,m)
(1-23)

where E; = e L and \;,, = A\, (k) is the map given by (1-20).

THEOREM 1-2 (Representation of the solution of the problem (1-1)—(1-2)—(1-19)).
Let q(z,t) satisfy equation (1-1), the initial condition (1-2) and the boundary
conditions (1-19). Assume that gy(x) € C*[0, L], uj, v; € C*[0,T| and moreover that
(=02 qo(0) = u;(0), 5 = 0,... ,N —1, and (—idy)'qo(L) = v;(0), 1 = 0,... ,n— N —1.

Then q(z,t) is given by equation (1-18), where §o(k) is given by (1-9), and the spectral
Junctions E(k). G(k) are defined by the formulas (1-13) and (1-14), in which fj(k) g;(k)
are constructed as follows:

fitk)y =a;(k), 0<j<N-—1, keC, } (1:24)

gl(k) :i}l(k)a Oglganila ke(cv

where (k) and 0(k) are given by

T T
a;(k) = / e Flhy s (t)dt, (k) = / ety (t)dt.
0 0

N

fi(k). for N <j<n—1,and §(k). forn—N—1<I<n—1, are given for k € Dp .
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1<m <N, by

. et By At (B)s - A (B)) = ez det Bipm(Bn), - -+ s Anon(Kn))
fnvj—1(k) =
At (), -+ A (k)
1<j<n—N, (1-25)
o (k) — detB](Alm(k)v 7>\n,m(k)) - Z}LEZ detBJ()\l,m(kh), 7)\n,m(kh))
9i-1 ACim(®), -+ A (k)
n—N+1<j<n. (1-26)

In the above formulas, R > 0 is sufficiently large, so that Dg « has N components;
the map )\lm:m — Dp, is defined by (1-20); the polynomials w,,_;(k) are defined
by (1-21); Bj(Aim, -+, An,m) @8 the malriz oblained by replacing the jth column of the
n x n matriz A, defined by (1-23), by the vector b(Ay m, ... , Anm). whose lth component
s given by

S i )1 (k) = @ [ 2w )1 (F) + o)
1 <IN,

e_i)\l’mL Z;L;]N wnfj()\l,m)@jfl(k) - Zjvq wnfj(Al,m)ﬁ'jfl(k) + q\()()‘l,m%
N+1<I<n;
(1-27)

A'is the determinant of the n x n matrix A, and ky, are the zeros of A in the region Dy .

Remarks

1. In order to minimize technical difficulties, we have assumed that the given
functions go(z), u;(t) and v;(t) are C> functions. Actually the formulae presented
in Proposition 1-2 are valid even if the above functions belong to the functional
Sobolev spaces discussed in [7]. The analysis for such spaces is substantially more
complicated but it is similar to that presented in [7].

2. The important requirement for well posedness is that N boundary conditions
are prescribed at z = 0 and n — N boundary conditions are prescribed at z = L. In
this paper, for the sake of concreteness, we have assumed that 82¢(0,¢),0 < j < N—1,
and aiq(L,t), 0 <l <n— N —1, are given. It is straigchtforward to derive similar
formulas for any other N different values of j and n— N different values of [. It is also
possible to derive similar formulas if linear combinations with constant coefficients
of 92q(0,t) and of 8.q(L,t) are given (see Example 5-1-2).

3. We recall that the method reviewed in [4] can also be applied to integrable
nonlinear PDEs. Indeed, the method presented here, appropriately extended, can
be applied to the nonlinear Schrédinger equation in 0 < z < L, 0 < t < T. It
is interesting that the classical result of the initial value problem of the nonlinear
Schrodinger equation with periodic boundary conditions is reproduced as a particular
case of this analysis [6].

4. It is straightforward to generalise the formulas presented here to the case of
forced equations, i.e. to the case that the right-hand side of equation (1-1) is replaced
by a given function F'(z,t), see [7] for the case of 0 < z < o0o. Thus the results
presented here can be useful for the investigation of nonlinear non-integrable PDEs.
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Indeed, in this case the nonlinear terms can be thought of as a forcing and hence
at least for short time, or small data, it should be possible to obtain well posedness
results.

5. The main difference between the results obtained here and those obtained for
0 < x < oo appears in the analysis of the global relation satisfied by the boundary
values of g(z,t) and of its derivatives. In our case, this analysis yields a system
involving the matrix A which, in contrast to the case of 0 < z < 0o, can be singular.
This gives rise to a contribution in the integral representation of ¢(x,t) which takes
the form of sums over the relevant singular points. This can be interpreted as the
contribution of the discrete spectrum. The explicit representation of ¢(x, 1) in terms
of integrals and of sums is given in Proposition 4-1.

6. It can be shown that the solution representation is independent of T". Indeed,
all formulae are valid, if T' is replaced by t in the definition of Q(k) (the proof is
analogous to the one given in [7]).

2. The spectral analysis

In this section we prove Proposition 1-1.
Equation (1-1) is the compatibility condition of

(,u(x, t, k.)e7z‘l’~cgc+iw(l~c)t)rC — efik:pﬂw(k)tq(x’ t), (21)
(U(x; t, k)e—ikw+iw(l~c)t>t — 7e—ikm+iw(k)tq* (l‘, t, k’),
where
i@t k) = 3 oy (10, k(—id,) R+ KT gl t).
j=1
Equation 2-1 can be written in the form
dle™™ W) = w(z, b k), wiw,t, k) = e gdr — qudt], (2:2)

where the differential 1-form w is closed. Step (1-a) of the method of [4] is to perform
the spectral analysis of equation (2-2). This means finding a solution u(x,t,k) of
equation (2-1) bounded in k € C for all (z,t) in [0, L] x [0,T].

Proof of Proposition 1-1. We start by showing that a solution of (2-1) bounded in
k € C has the form

M1, ke E+
_ /,LQ, k e .D+ 9.¢
H7\ s, keD_ 23)
M4, ke E—?
where
E={k:Imwk) <0}, E.=ENC*, (2-4)

and p;(x,t, k) are defined below in equation (2-5).

Let z = t+iz. If 2 is an arbitrary constant, then by fj’ we denote the line integral
from z, to z. The function

/ eik(r—z’)—iw(k)(t—t’)[q(x/’t/)dx/ o q*(m/,t’, k)dtlj,

0
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is a particular solution of equation (2-1). Moreover, since w is a closed form, this
solution does not depend on the choice of the smooth curve between 2, and z.

It is shown in [5] that there exists a canonical way of choosing zy, namely, the
corners of the polygon. Thus we define the following ‘canonical” particular solutions

[S]:

p1(x,t, k) = / ehla=a=iw®=t g/ )da' — qu(a/, ', k)], j=1,....4, (2:5)
where 2z =0, 20 =T, z3 = T'+iL and 24 = iL. The functions p; are entire functions of
k; the general theory presented in [5] implies that these functions are also bounded
as k — oo provided that as k — oo, p; are defined in the domains indicated in (2-3).
This also follows from computing the integrals in (2-5) along paths parallel to the z
and ¢t axis:

x t
L :/ eik(xfz')q(l,/’t)dml o eikm/ efiw(k)(tft’)q*(()’t/)dt/’
0 0

T T
o = / eik(w—wl)q(x/ t)dx/ + 6ik$/ G_iw(k)<t_t/)q*(07t/)dt/,
t

T (2-6)
Ly = / ik x t)dx + ezk(z—L)/ e—iw(k)(t—t’)q*(L t')dt’,
t
. t . ’
y = / ik .’L’ ,t)dl‘/ _ ezk(fo) / efzw(k)(tft )q*(L,t')dt/.
0
Equation (2-5) implies
pi — pj = e w(k)tpij(k‘), i F J. (27)
pij(k) = [0 em Wl gz, tyde — q.(x, t, k)dt].

Computing the integrals in (2-7) along paths parallel to the x and ¢ axes, we find

py — py = etkrmio®itg (k) ke E:NE_,
fo — [y = eisziw(k;)t@( ), k), ke D+ﬂE+,
p2 — piy = €T TR Q(0, k) — R e QL k) + go(k)|, ke D.ND_, (2:8)
pz — puy = €W Gy (k) + Q(0, k)], ke D:NE_,
[y — iy = eik;c—iw(}’c)te—ikLQ(L7 k), ke D_N E,,
piz — i = €W —Go (k) + e FEQ(L, k)], ke D_NE;,

where Go(k). Q(0,k) Q(L, k) are given by equations (1-9)—(1-10). The expression for
w(x,t, k) yields the estimate

n=0(1/k), k— oco. (2-9)

In addition, p is a sectionally holomorphic function of k, as each of its representa-
tions p; is holomorphic. Equation (2-8) represents the jumps of p along the curve
separating the domains of analyticity of the various p;. Thus these equations and
the asymptotic estimate (2:9) determine a well defined RH problem for x; the unique
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solution of this problem is given by [1]

1 > ik’ z—iw(k’)t Q()(k ) 1
w(x,t, k) = 27m{/ooe = kdk

e QO k) / ix QLK)
+ ik’ z—iw(k !+ ik’ (x—L)— "t / )
/8D+ e e — dk -~ e E— ———dk

Since ¢ = p, — tku, differentiating the above expression for p, with respect to z,
yields equation (1-8).

Since w is a closed form, its integral along the boundary of the polygon vanishes.
Writing this relation explicitly for the polygon with vertices 2y, ... ,z,, we obtain
equation (1-11).

3. Proof of Theorem 1-1
We start by making a few technical simplifications, which we summarise in the
following lemma. The proof is similar to the one presented in |7].

Lemya 3-1. Given a set of functions { f;(t), g; ()}’ L admissible with respect to qo(z),
let fj( ). 9;(k) be defined as in equations (1-15), (1-16).

(b) Fork € Dppm, 1 <I<n,and 1 <m < N,

an ] )‘lm fj l 7ZAZMLZW'@ _] )\lm (k)_oy

while for N +1 < m < n,

mmLan S Om) i1 an i Aum)Gi—1(k) =

j=1

(a) There is no loss of generality in studying the reduced initial boundary value
problem oblained when (1-2) is replaced by

q(z,0) =0, x € [0,L],

and when it is asswmed that the admissible functions f;(t), g;(t),. 0 < j < n—1,
vanish to all orders at t = 0.

(c) There is no loss of generality in extending f;(t). g;(t) to belong to the space
C>[0,T + 1], and to vanish to all orders at t =T + 1.

(d) If each of the functions f;(t), g;(t) is in C>*[0,T|, and vanishes to all order at
t=0andt =T, then the functions k*(d°F; /dkP), k*(d’G;/dkP) are bounded as
k — oo for all o, B positive integers, j =0,... ,n— 1.

Proof of Theorem 1-1. Given the set of admissible functions { f;(t), g;(t)} = ', define

F(k). G(k) by equations (1-13), (1-14). Using the polynomials defined by (1-21), we
can write F'(k) and G(k) as

=Y wn (B fia k), Gk) = wn (k)G (k). (3-1)
j=1 Jj=1
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Define the function g(x,t) as

n

q(z,1) :iz

J=1

x{ /8 e () fi (k) + /a eik(f—”—w’f“wnﬂk)gj1</~c>dk}.
DR,+ DR,*

1. q(x, t) solves the equation
The verification that g(x,t) is in C*>[0, L] x C*°[0,T'] and that it satisfies equation
(1-1) follows immediately from the results of Lemma 3-1.

2. The initial value
From (3-2) we obtain

X {/E)Dﬁﬁe "wy—i(k )fJ i (k )dk+/8DR, eik@=D),, (k)95 (k)dk}

and since the exponential terms are analytic and bounded in Dr + and Dg, _ respec-
tively, it follows that g(z,0) = 0.

3. The boundary values
We show that (—i9,)7q(0,t) = f;(t), 0 < j < n—1; the verification for the boundary
values at © = L is analogous. Evaluating the representation (3-2) at x = 0, we find

n

1
0,1) = —
q(0,1) %Z

J=1

X / e Ry, ik )f] ((k )dk+/ e By (k)G (K)dE & .
ODR,+ ODr, -
(3:3)

Using the property (a) of Lemma 3-1 we can show that

o—ikL an,j(k?)gjq(k) — anfj(k)fj,l(k) =0, keDp_.
j=1 J=1

Thus equation (3-3) becomes

q(0,t) Z/d ekt (k) fioi (k)dk.

Computing its derivatives with respect to x, we obtain

(—i0.)'q(0, t) Z / e wmt gLy, (k) i1 (k)dk
oD
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The same argument used in [7] now yields that
3 j 1 —itz f .
(—i0,)Yq(0,t) = — | e ™ fi(2)dz, 0<j<n—1,
2 Jen

where fj(z) = fOTH e’ f;(t)dt, C, is the contour in the z complex plane, oriented
from right to left, given by

C.={z€R, |z| > R}U{Rez >0, |2| = R},

and k(z) is the solution of the equation z = w(k) which, for z € Cg, lies in 0Dg .
The Fourier inversion formula yields the claim.

4. Uniqueness

Suppose g, and ¢ are two solutions as in the statement of the theorem. Let v =
g1 — @2. As in [7], it is easy to show that

d L

— | |uz,t)Pdt <0, 0<t<T.
dt J,

Thus u =0 and ¢; = ¢s.

4. Proof of Theorem 1-2 and an alternative representation

We now use the definition and properties of an admissible set to show that, if the
boundary conditions (1-19) are prescribed, then it is possible to compute explicitly
the spectral functions F'(k) and G(k). Once these spectral functions are known,the
solution ¢(z,t) can be defined by equation (1-18).

ProrosiTioN 4-1. Let

with u;(t), vi(t) as in (1-19).
Then there exist smooth functions {f;(t)}. j = N,... ,n—1and {g/(t)}. | =n— N,
. n—1, such that the set { f;(t), gj(t)};?;{)l s a set of admissible functions with respect
to qo(zx). Associated with these admissible functions, there exist the following spectral
Junctions:

T
fj(k):/ e“®tftydt, j=0,...,n—1, keC, (4-1)

0

T
gj(k):/ e“Wlg.tydt, j=0,...,n—1, keC. (4-2)

0

The solution q(x,t) admits the representation (1-18), where the functions fj and §;
are given by equations (1-24)—(1-26). Alternatively, this representation can be written in
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the form
1 oo .
q I‘,t) - / ezk::cfzw(k)tqf\ k dk+/ ’LkCE Tw( W dk
( 27 { —o0 olk) dDp + Z -4 (k)
n—N
+ / eik(w—L)—iw(k:)t Z wn_J(k)g]_l(k)dk}
ODg, =
N n—N
oo let Bj(A1m(k)y. .. s Anm(k))
+ ezkx zw(k)t( J ) ) dk
S5 |, e e el
. . . detB()\l m(k‘h),... ,)\nm(k’h))
+ —3 ezkhz iw(kp)t J s s
Z AN AL (Br)s - s A (kr))
. - wdet Bi(Ai(k), ..., Ana(k))
+ ezk(w L)— dk
>y L e
—ZZe”“’”” py iy et BiOalhn). - A (Fn)) 43)
ANk Aaalkn)) |
where:
(1) f] 0 < N,and §;. 0 <1 <n— N, are given by equation (1-24);
(il) B; ()\],m, o /\mm) s the matrix obtained by replacing the jth column of
A s oo s Anym) by the vector by, ...y Ay defined in (1-27);

(111) A is the determinant of the n x n matrix A defined below by (1-23);
§ {k:h} are the zeros of A in the region Dy

)
(V) kn = Am(kn):
(vi) A’ denotes the derivative of A with respect to k.

v
A

Proof. We start by observing that, by deforming the contours D_ and 0D,
equation (1-18) can be rewritten in the form

O
q(l‘,t) — > {/ ezkmfzw(k)tqo(k)dk,
™

+ / ikx—iw(k)tﬁv(k)dk+ / ezk(ac L)— G( ) }’ (4_4)
Z ODR,m l:zN;rl DR,

with £, G given by (1-13) and (1-14), respectively. Thus it is enough to determine the
spectral functions F(k), G(k) for k € Dy, where Dpg is the domain defined in (1-6).
Write (k) and G(k) in the form (3-1). Equation (1-17) can be written in the form

LB (k) — G(k) = —e™ gy (k) + e* W a (k). (4-5)

We observe that every term of equation (1-17) is bounded in the closure of the domain
D_, which we denote by D_; similarly, every term of equation (4-5) is bounded if
ke D,. Let Am(k): Drm — Dpr, be defined by equation (1-20). Using the definition
of the spectral functions £ and G, the evaluation of global relation (4-5) in D, and
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of (1-17) in D_ yields

ek S w s Nn) fi-1 (k) = 7y W Am) 81 ()
= —e'D‘lme@)()\l’m) + €i)\l'mL+iw(k)T€l()\l,m), 1 < l < N)

n R iy n . (4-6)
ijl W (Am) fi—1 (k) — e7PAmb ijl Wn—j(A,m)Gj—1(k)
= —Goim) + e PTa(N ), (N +1) <I<n.
Equation (4-6) relates the 2n functions f(,(k), e, fn,l(kz), Go(k), ..., Gn-1(k); how-

ever, they also contain the arbitrary function a(k).

Moving to the right-hand side the terms containing the known data fj,l(k), Jj=
1,...,N, and g;—(k), 7 = 1,...,n — N, we obtain the following system for the
spectral functions f;, j = N,... ,n—1and g(k), =N —n,... ,n—1:

el et Was i An) fim1 (B) = 200y Wi (Mm@t (K)
= by + eMumErwRTay, Y 1 <1< N,

St WA fi i (k) = e BT w5 (A )81 ()
=b +ePTa(N ), (N+1)<I<n,

(47)

where {b;}]-, is given by equation (1-27). It is important to note that all terms in
this system are holomorphic functions, bounded for k € Dg ,,,, 1 <m < N.

We now write the system (4-7) in matrix form as

A+ ) (FB) o Fa (8. G (B, G l))

= DAty - > Anm) T I Am).
Here:
(i) Ais the n x n matrix defined by (1-23);
(i) b = (by,... ,bn,bN+1,...,by)7 is the n-vector whose components are defined
in (1-27);
(iii) ¢(Aims--- 5 An,m) 18 an n-vector whose Ith component is given by

eMmLriw®Ta o\ ) 1 <1< N,
¢ = ; . ’
I ezw(k)Ta()\l’m)’ N+1<Il<n;

(iv) (-)7 denotes transposition.

Let A = det (A). By induction, one can show that this determinant is always of the
form

p(E17E27"' 7EN7E]T/‘-1+-]7"' 7Er:1)+r(k)7

where p is a polynomial in the exponentials Ey, ... , Ey, EX,]H, E; ' with coefficients
depending on k, and r(k) is a polynomial function of k of degree at most n(n +1)/2,
with zero-th order term 7y # 0. Since the exponentials Fy, ..., Ey, E’;,'H, E; ! are
analytic, bounded and decay as k — oo, for k € Dg p,, 1 < m < N, the term 1/A is
bounded for k € Dpg ,,, except possibly for poles. We can use Cramer’s rule, to solve
this system explicitly for the functions fx (k). ... . fae1(k), Gnn(K). ... . §n_i(k), for
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ke DR’mZ
det Bj(Aimy -5 Anm) 4 det Ci( A my -+ 5 Am)
k ) ) ) + iw(k)T J M ’ )
Frvssah) = At em) Aims )
1<j<n-N, (+9)
let Bi(MAimy--- 5 Am . det Ci(Aimyevv s A
g]il(k) — (eA ]( 1, 5 )_,r_ezw(k)T € ]( 1, 5 )’
(Atmse e Anm) AA iy s Anm)
n—N+1<j<n, (4-10)
where Bj(A{ m,... ;A\, m) I8 the matrix obtained by replacing the jth column of
AMimy o s Anm) by the vector b(Aim, ..., Aum), and Cj( Ay .. s Ay ) is the
matrix obtained by replacing the jth column of A(A( ., ..., Aym) by the vector

C(/\l,m; e a/\n,m>-

The spectral functions fN+j_|(k) and §;_(k) on the left-hand side of equations
(4-9)—(4-10) are holomorphic, bounded functions in Dpg ,,; moreover, since they are
the Fourier transform of C* functions, they must have at least O(|k|™7) decay as
k — oco. Equations (4-9) and (4-10) define these functions as the unique solution
of the well defined system (4:7); thus the right-hand side of both equations (4-9)
and (4-10) must have the same analyticity and boundedness properties. However
the determinant A(k) may have zeroes in Dg,,, 1 < m < N. For equations (4-9)—
(4-10) to be meaningful, we must subtract the contribution of the associated poles.
Namely, suppose that A(A; . (ko), .- s Anm(ko)) = 0, ko € Dg . Since AfN+j_1 =
det B; + ew kT det C;, and similarly for §;_, it must be that, for 1 <j <n

det Bi(Aim(Ko)s -y Apm (ko)) + e FIT det Ci(Mim(ko)y - s Anm (ko)) = 0.

As the function a(k) in the definition of the matrix C' is unspecified, we can choose
it in such a way that the latter equation is satisfied. Hence, we can subtract the
resulting zero term, divided by A, from the expressions (4-9) and (4-10), and obtain

fN+J (k) = det Bj(Aim(k),... m(k)) — det Bj(Aim(ko)s .- s A (ko))
(Alm(/f), - Anm(K))
o7 det Ci(Aim(k), ..., An m (k) — det Cj(Aim(Ko), - - ., An m (ko))
Atm (K)o s A (R)) ’
léjgn—N, (4-11)
G51(k) = det Bj(Am(k),... m(k)) — det Bi( A m(ko), - s An,m(ko))
()‘lm(k)a m(K))
4 eie)T det Cj(Arm(k),. .. ,)\n,m(k:)) —det (A1 m(ko), ..., Anm(Ko))
Arm (K)o Anm () ’
n—N+1<j<n (4-12)

The terms appearing on the right-hand side of equations (4-11)—(4-12) are non-
singular at £ = ky, and define holomorphic functions in Dy ,,, 1 < m < N; moreover,
because of the presence of the nonzero polynomial term (k) in the expression of the
determinant A(k), all these terms are also bounded and decaying. Hence equations
(4-11)—(4-12) are compatible with the known properties of the spectral functions.
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We now show that the terms containing a(k) do not contribute to the representa-
tion of ¢(x,t). Indeed, the exponential term e**“®(T= js hounded and analytic
for k € Dgr ., 1 <m < N; thus it follows that the integral

/ eikw—iw(k)twnij(k)eiw(k)T det C( A, .- ,)\n,m)dk
3DR,m A()\l,n’w R )\n,m)

vanishes, except if the function A has zeroes inside the domain Dpg ., and the inte-
gration of the terms containing the exponential e?**=®(=T) js zero. Thus the term
containing the function a(k) can be dropped from the system (4:7), and we can write
the representation of the solution in the form (1-18).

We also note that computing explicitly in the integral representation (1-18) the
contribution of the poles of 1/A, we obtain the explicit representation (4-3). Namely,
consider the integral along 0Dg ,,, 1 < m < N, of the function fNﬂ-,l(k) multiplied
by the exponential e**+w®(T=. for | < j < n — N, we obtain

N

— A o let Bj(Am(k), ... Anm(k))
ezk:c iw(k)t - (kdk = |:/ ezkm iw(k)t C J ’ ’ dk.
/L)R,+ fra Bk =3 e AN (B)s - A ()

(ko)t det Bj()\l,m(k())a o ey )\n’m(lﬂ)))
N (A m(ko)s - Apm(Ko))

m=1

— 27 eik(,xfiw

]. (4-13)

Similarly, forn — N + 1 < j < n, if kj is a zero of A in Dpg,
o ) - s det B;(Aq1(k), ..., Ani(K))
ik(x—L)—iw(k)t — ik(x—L)—iw(k)t J 5 ’ ) 5
e _(k)dk = / e dk
/D 9i=1(8) ZEN:[ - A1 R)s- o Aa ()

iko(o—L)—iw(ke)t €0 Bji(Ai(ko), - - - )\n,l(k‘o))]
A Ako), - Ana(ko)) |

—2mi e
(4-14)

The generalization of this case to any finite number of poles in straightforward.
This representation is valid also in the case of infinitely many poles, provided that
the relevant sums converge.

Remark 4-1. Tt is important to stress that the proof given above depends crucially
on the fact that the term 1/det (A) is bounded for k € Dg ,,. This is not the case for
all sets of n given boundary conditions (see Remark 5-2-2 below for an example).

5. Examples

We compute explicitly the representation of the solution of some illustrative bound-
ary value problems for a second and a third order equation.

Example 5-1.
i+ Qe =0, O0<zx<L, 0<t<T. (5-1)
The closed 1-form associated to this equation is given by

w(x, t,k) = e gda + (ig, + kq)dt]



536 A. S. Fokas anDp B. PELLONI

D,

A
Y

Fig. 1. The domains D+ = Dy and D_ = D, for the equation iq; + gzz = 0.

Thus w(k) = k*, and Dy = Dy, D_ = D, are the domains shown in Fig. 1 and defined
by

D, = {kz: 0 < arg(k) < 2}, D, = {kz: m < arg(k) < ?;}

The biholomorphic maps A; ,,(k) are given by
/\171(l€) = k’, )\271(]6) = —k.

A set of admissible functions with respect with the given initial data gy(x) = ¢(x, 0)
contains four functions, fy(t), fi(t), go(t), and g,(t). The spectral functions are given
by

T , N “
Pk = / UL (0) + folt)]dE = Fu(k) + kfa(k),

0

T
G(k) = / eikzt[gl(t) + kgo(t)]|dt = g1(k) + ko (k).

0

Hence, for £ € Dy, the global relation yields

ik L [f1<k) + kﬁ,(k)} —[g1(k) + kgo(k)] = —eRLGo(k) + e THkLy k),

. . ) 52
[Futk) = kfoll)] = € 19,(k) = k()] = —dul—k) + € Ta(—h). i
These are two equations for the four functions ﬁ,(k), do(k), ﬁ(kz) and §g,(k). By
assigning appropriately two boundary conditions, these equations yield a system
of two equations for two unknowns, admitting a unique solution.

Although we have only shown this for the particular case that the value of the
equation is given as boundary condition both at x = 0 and = = L, the same holds for
other sets of boundary conditions (see Example 5-1-2 below).
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5-1-1 The boundary value problem for equation (5-1) defined by the initial and
boundary conditions

q(z,0) = qy(x), O<z<L, (5-3)
q(0,8) = uo(t),  q(L,t) =wo(t) 0<t<T, (5-4)

where qy(z), up(t) and vy(t) are smooth functions, compatible at * = ¢t = 0 and at
x =L, t=0,is well posed. Its unique solution is given by

1 o e ) 2
q(m’w:? {/ ikx—ik’t 5 (l{i)dk +/ ezszzk: tk?ﬁ()(k)dk? +/ 62k(x7L)*zk tk@()(kﬁ)dk}}
T \J-oo aD1 dD,

12 b (k) zkLbl bQ kh) — GZkhLbl(k’h)
+ ikx—ik~t dk + zk;,:r: ’Lk? t
/6D(|3 27 (1 ehkL ; 2L eszL
+ / eik(sz)fikzte_lkLbQ(_k)_bl(_k)dk
oDy 271—(1 _ —QikL)

knL
o3 et elhn) = b«km}, (55)

ZL eQ’LkhL
h€EZ

where §y(k) is defined by (1-9), the functions @y(k), 0y(k), b1 (k), ba(k) are given by

T T
fio(k) = / Wty (t)dt,  Do(k) = / Rty (t)dt, (5-6)

0 0
by = —e* gy (k) — k e*Eag(k) + kdo(k), by = —Go(—k) + kiig(k) — e Lkdy(k), (5-7)
and kj, are given by
kp = hmw/L, he€Z. (5-8)
Indeed, let E = e*Z. The known functions fy(k) and §o(k). are given by
folky = ag(k),  du(k) = (k).
For k € Dy, the system (5-2) can be used to define f;(k) and g, (k)
(V=) G )= () ()
1 —-FE g1 (k) bs as )’
where b((k), ba(k) are given by (5:7), and
ai = E e*Ta(k), a»=e*Ta(—k). (5-9)
The determinant A of this system is given by
A(k)=1— E*=1— ¥*E, (5-10)
and its solution is given by

g = e

gl(kj) _ E(bz + GQ)A— (bl + 011)7

The terms containing a; and a, can be used to subtract the contribution of the poles
arising from the zeros kj, of 1 — E*, given by (5-8). Indeed, choose a; and ay such

k € Dy.
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that a;(kn) = —b;(kp), ¢ = 1,2; then fl and §; can be written as

Fu(k) = by +ay — E(by +ay) — H’A2 +ax — E(by +ay)] (kn)

gl(k) _ E(bz + (12) — (b] + a|> — [f(bz + (12) — (b] + a|>] (k:h)’ k c Dl,

The expressions (5-11) now represent two bounded holomorphic functions.

Multiplying fi(k) by k=Kt and integrating along 0D, and similarly, multiply-
ing g (k) by (L) =ikt and integrating along 0D,, it is easy to show that the terms
containing a; and a, give no contribution, as the overall exponential is bounded in
the whole of the region. We can also compute explicitly the residues due to the poles
in the remaining terms; this gives

— E(kn)bi(kn) o~ i)k 01 (kn) — E(kp)ba(Kn)
A/ () i e A'(ky)

o0
i Z eikhx—ikit bl(kh)

h=—o00 h=—o0

(5-12)

Replacing the above functions in the representation (4-3), we obtain (5-5). Note that
the two sums in (5-12) can be rewritten as

1 = imhx/L—i(m 2 hﬂ- - imhx/L—i(m 2 h,’/T
57 l Z gimha/L=i(mh/L)"ty, <L> _ Z gimha/L—i( h/L)t(_l)hbl <L>1 ’

h=—o00 h=—o00
and
1 [i fmh(fo)/LfiMrh/L)ztb <h7r> iefiﬂ'h(sz)/Lfi(ﬂ'h/L)zt( 1)hb <h7f)]
o7 € 1\ 5 | — — o | — .
ZL h=—o00 L h=—oc0 L

Since the functions by (k), b2(k) depend only on the Fourier coefficients Gy (k), do(k?),
Do(k?), if the given data qy(x), uo(t), ug(t) are sufficiently smooth both the trigono-
metric series in (5-12) converge.

5-1-2 The boundary value problem for equation (5-1) defined by the initial con-
dition (5-3) and by the boundary condition

QJJ(Oa t) + ﬁQ(Oa t) = u()(t)a

qz(L,t) + Bq(L,t) =vo(t), 0<t<T, } (5-13)

where [ is a constant, is well posed. The solution, for the case that u, = vy = 0, is
given by

_ 1 e ikz—ik’t 4 k\dk + Qﬁelﬂgt —Bz 5 ; Bx+2BL ~
qlx,t) = 5 e Go(k) T [e™7%qy(—if) — e o(if)]

—00

L3 i [ LG (kn) = (i3 + kn /i3 — kn)do(—Fn)]

97, e2iknL
hez

-y o—ikna—2r) =ik [Qo(—Fn) — (16 — ’f@k/iLﬁ + kh)(jt)(kh)], (5-14)
hez 2L et

where §y(k) is defined by (1-9) and k;, are given by (5-8). A similar expression is found
when u, v # 0.
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Let E be defined as in 5-1-1. The boundary condition implies that
Filk) = i folk) + (), gi(k) = iBgu(k) + 0o(k):

thus the system (5-2) becomes
<E(iﬁ+kr) — (i + k) ><ﬁ)<k>):(bl>+<al>
(i6—k) —E@f—Fk) Go(k) by ax )’

bi(k) = (k) — Eto(k) — Eqo(k), ba(k) = Ebo(—k) — do(—k) — Go(—F),

where

ay, as are given by equation (5-9), and §y(k) is given by (1-9). The determinant of
this system is given by

A = (E*(k) — 1) (3 + k?).
Since limg_, o, 1/A = 0, the system can be solved uniquely; its solution is given by
A 1. )
fotk) = 1 [(8 + k)(by + az) — B — K)(bi + i),
1
(k) = 1 [EGB + k) (b2 + a2) — (if — k)(by + ai)], K € Dy

Substituting these spectral functions in the general representation (1-18), and drop-
ping the terms containing a; or as, we find that the integrand of the integral along

8D1 18

eik:cfikzt , )
1= k) [E (k)(Go(k) — (k) — Ety(k)
::g i ]; (E?AJ()( k) — ’&(}(*k‘) — (’]\“(k)):| + eikw—ikztao(k)’

while the integrand of the integral along 0D; is

eik(fo)fikzt R R A
m [E(_k)(%(k) — Gy(—k)) — Do(—F)
+§§ TR Byl —) (k) — do(—h) | + B g ),

The zeros of the functions E? — 1 and ia—k inside D; occur at the points k = kj,, with
kp, given by (5-8), and at the point k£ = ia. Computing the contribution due to these
zeros, and simplifying the result when u, = vy = 0, we obtain the representation
(5-14).
Example 5-2.
QG+ Qe =0, O<ax<L, 0<t<T. (5-15)

The closed 1-form associated to this equation is given by

w(z, t, k) = e*ikm*ikxt[qdaz — (Qua + ikq, — K*q)dt].
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arg(k) = 2w /3 arg(k) = m/3

D,

arg(k) = 4w /3 arg(k) = 57 /3

Fig. 2. The domains D+ = Dy and D_ = D» U D; for the equation ¢ + @zzz = 0.

Thus w(k) = —k*, and D, = Dy, D_ = D, U Dj are the domains shown in Fig. 2 and
defined by

:1

27
Dn—{k §<arg(k)< 3},

4 5
D, = {k m < arg(k) < ‘;—}, D, = {k: ?ﬂ- < arg(k) < 27?}.
The biholomorphic maps A, ., (k) are given by
Malk) =k, Xoi(k)=Ck, Mga(k)=Ch;s (=e7™/5

A set of admissible functions with respect with the given initial data gy(z) = ¢(x, 0)
contains six functions, fo(t), fi(t), fa(t), go(t), gi(t) and g»(t). The spectral functions
are given by

A~ T .3 .
F(k) = / e~ fy() + Tk (1) — K folt)]dt
fo(k) + kfi (k) — B fo(k),
/ g (1) — ik (1) — K gu(t)dt
= 0o(k) + kg1 (k) — K*go(k).
Hence for k € Dy, the global relation yields
e | otk + kfi k) + B folk)| = [3a(k) + ki 4) * 50 0]
8 Q()(k') + e—tk T+Lk}La(k.)’
2 (k) + Ckgi (k) + Ck*go (k)]
Go (Ck) + e~ Ta(Ck),

k) + kg (k) + Ck*go(k)]
Q(C?k) + e~ FTa(C%k).

(1) + Chfs )+ R )] —emees

[fatk) + Chfi(k) + R o) —emiCE

[9:
[9:(
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This is a system of three equations for six unknowns. Assigning appropriately three
boundary conditions, this becomes a system of three equations for three unknowns,
admitting a unique solution. Although we have only proved this claim for the par-
ticular case that the boundary conditions ¢(0,t), q(L,t) and ¢, (L,t) are assigned,
the same holds true for other sets of boundary conditions, but not all set of three
boundary conditions will yield a well defined system (see Example 5-2-2).

~

5-2-1 The boundary value problem for equation (5-15) defined by the initial and
boundary conditions

q(z,0) = qo(z), O0<z <L, (5-17)

q(0,t) = u(t), vo(t), qu(L,t) =wv((t), 0<t<T, (5-18)

=

=

=
I

where qy(x), uo(t), vo(t) and v((t) are smooth functions, compatible at x = ¢ = 0 and
at x = L, t = 0, is well posed. The unique solution q(z,t) € C*[0, L] x C'[0,T] is
given by

1 o P 13,
q(l’,t) % {/ kaﬂk tq()(k‘)dk'

+ /8 e R () + /6 o eik“—””’“”f<—k@1<k>—k%«k»dk}

1kx+zk t kBl( ) — (k) dk ik(fo)nk?*t*BS(Ck)dk
/aDl A< ) +/8Df 2rA(CH)
) —
)

3 kne(_ B (kh
+ ik(x—L)+ik*t — o ikyt 6 h
/aDg ‘ 27rA dk ' Z A (ke

i3 et €8I Bylhn)) ¢ b (= Ba(kn))
A'(kn) ’

+

By (k)

(5-19)
where §y(k) is defined by (1-9),

T
o (k) = / e~ by (t)dt,

0

do(k) = / : e ®lyy(tydt, 0y (k) = / : e (—iu, (1)) dt,
0 0
the functions B, (k), Bs(k) and By(k) are explicitly expressed in terms of the given
data, see equations (5-22) and (5-24), the determinant A(k) is given by
A= (¢ —22)esz F(e—ikl + Cze—igsz + (e lkLy ¢ = em2mi/3 (5-20)
ky are the zeros of A in the region Dy, and A’(k) denotes the derivative with respect
to k.

Indeed, let E, Es, E5 be defined by

E = esz Ez — e*iCkL’ E;g — e*iCZkL7 (521)
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with ¢ given in (5-:20). For k € D, the system (5-16) can be used to define the
unknown functions fi(k), fo(k) and g»(k):

FEk E -1 (0, k) by a
Ck 1 —Ez "2(07 k) = b2 + 5 ’
¢k 1 —Ey QQ(L, k) bs as
where
bi = Eqy(k) — K2Efo(k) + k2§ (k) + kg (k),
by = Go(Ck) — Gk folk) + B (Ck*go(k) + §k§1(k)) ) (5-22)
by = 4o(CPk) — CK2 fo(k) + By (CkG0(k) + (kg (k)
and

— e—ik*Tﬂ‘kL&(k)
)
as = e~ *Ta(Ck), (5-23)
21,3 <
as = e FTa(C%k).
The determinant A of this system is given by equation (5-20), and its unique
solution is given by

Qo =20,

Bi(k) = (by+ay)(Bs — Es) + (bs + a2)(EEs — 1) — (by + a3)(EE, — 1),

Q0. =2,

Bo(k) = (by + a))Ck(E;y — CEs) + by + an)k(C? — EE3) + (bs + a3)k(EEs — (),
Qutr. k) = 50,

By(k) = (by + ay)Ch(1 — ) + by + a) Ek(C? — 1) — (by + ay) Ek(C — 1).

The determinant A(k) vanishes at k = 0 and at the roots of the equation
e~ kL 4 CQe—i§2kL + Ce—igkL =0.

The convergence of the series corresponding to these zeros depends as before on the
smoothness of the given data.

Remark 5-2-2. Tt is noted in [8] that if in Example 5-2-1, the conditions (5-18) are
replaced by

q(07 t) = U(}(t), qz(“? t) = ul(t)v Q(La t) = ’U()(t), 0<t< T7

the resulting initial boundary value problem appears not to be well posed. This is
due to the fact that, in this case, the determinant of the resulting system is such

that 1/A is not bounded at infinity inside the region D;, i = 1,2, 3; hence the system
cannot be solved.
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