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1. Introduction

Stability estimates of variational solutions to PDE’s with stability constants which
are explicit in some of the characteristic parameters are important in the theoreti-
cal analysis, and then in the design, of discretization methods. Often, discretization
parameters have to be chosen in relation to the physical ones, in order to design ac-
curate, robust, and efficient numerical methods. This is the case for time-harmonic
wave propagation problems, where the choice of the discretization parameters in
relation to the wavenumber is crucial. There, fundamental model problems con-
sider bounded domains with piecewise smooth boundary and first order absorbing
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boundary conditions (impedance boundary conditions, IBC).

For the Helmholtz problem with IBC, stability estimates in weighted H'-norm
with explicit dependence on the wavenumber were derived in Proposition 8.1.4
of [17] in the 2D case, then extended to the 3D case, with a similar argument, in [7]
and [11]; in the latter reference, the case of mixed boundary conditions was also
considered. In these results, in order to use Rellich identities, the problem domain
is assumed to be star-shaped with respect to a ball; a key ingredient in the proof is
the fact that the weak solution is smoother than merely H!, which holds true for
polygonal /polyhedral domains.

For the time-harmonic Maxwell equations with IBC, stability estimates were
derived with a Fredholm-type argument in [18, Theorem 4.17]. Unfortunately, this
analysis does not allow to establish how the stability constant depends on the
wavenumber. The main obstacle to extending the argument of [17] to the Maxwell
case consists in the poor regularity of the analytical solutions, even in the case of
constant material coefficients. In fact, while for Dirichlet boundary conditions, the
solution always has H'-regularity in convex domains, for IBC, H!'-regularity is
guaranteed only for smooth domains (see [8]).

In this paper, we consider the time-harmonic Maxwell equations with constant
coefficients in bounded, uniformly star-shaped domains. In Section B stability esti-
mates in a weighted H (curl)-norm are derived. For smooth domains, relying upon
the regularity results established in [8], we extend the argument of [17] and prove
stability with constants independent of the wavenumber (see Theorem BIl). Then,
with a technique similar to that of [10, Thm. 3.2.1.3], we extend this result to
polyhedral domains (see Theorem B2).

For the analysis of numerical approximations of Maxwell solutions, which relies
on duality arguments, it is also interesting to derive elliptic regularity results. For
this reason, in Section B (see Theorem EEAl), we prove that, provided that the bound-
ary data are in HY 0<s < 1/2, the solutions reach a regularity H'/2%¢, for some
0 < s < s’ <1/2, in polyhedral domains. In a convex polyhedron, the regularity is
always optimal: s = s’ < 1/2. The constant in the stability estimates in stronger
norms (H' for smooth domains, H 1/2+s for polyhedral domains) linearly depends
on the wavenumber.

Our main reason of interest in these stability and regularity results was their
application in the error analysis of Trefftz-discontinuous Galerkin approximations
of the time-harmonic Maxwell equations. In fact, in [13], we are extending to the
Maxwell case the theory developed in [14] for the Helmholtz problem, where uniform
stability with respect to the wavenumber, together with elliptic regularity, played
an essential role. Another potential application is the extension to electromagnetic
waves of the norm and stability bounds of boundary integral operators for acoustic
scattering derived in [6] and [23].

We conclude this introduction by setting some notation used throughout this
paper. If D is a domain in R? or R?, we denote by H*(D)?, d = 1,2,3, the Sobolev
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space with integer or fractional regularity index k and values in C¢, and by (RIPs
the corresponding Sobolev norm; we denote by Hg(D) the closure in HY(D) of
C§°(D) and set L?(D) = H(D).
For D C R3, we introduce the following Hilbert spaces, see also [9, Ch. 1],
H(curl; D) = {v € L*(D)*: V x v € L*(D)*},
H(div; D) = {v € L*(D)*: V-v € L*(D)},
H(div’; D) = {v € L}*(D)?: V-v =0in D},
L3(0D) := {v € L*(dD)* : v-n =0},
endowed with the corresponding graph norms.

If D is a Lipschitz domain in R? and n is the exterior unit normal vector field to
0D, the following integration by parts formula holds true for functions in H(curl; D):

/VXF-édV:/F.vXde+/ nxF-GdS,
D D oD

provided that the second integral on the right-hand side is intended as a duality
product between the appropriate trace spaces (see [3]). If D is a vector-valued
function defined in D, we denote its normal and tangential components on 9D by
Dy := (D -n)n and Dr := (n x D) x n, respectively.

Finally, we write B,.(xq) for the (open) ball of radius r centered at &y and by
S? = {x € R?: |x| = 1} the unit sphere.

2. The Maxwell boundary value problem

Let Q C R? be an open bounded domain, which is either has a C? boundary or is
a polyhedron. We assume that

there exist a point @y € © and a real number v > 0 for which € is
star-shaped with respect to all points in B, (o).

For each point & € 99, the open cone with vertex x, height | — x| and opening
angle 0 = arctan(y/|x — xo|) > arctan(y/ diam(€2)) is contained in . This means
that the domain satisfies the uniform cone condition; therefore, by [10, Thm. 1.2.2.2],
Q is Lipschitz.

We consider the following frequency-domain formulation of the Maxwell equa-
tions in terms of electric field E and magnetic field H with impedance boundary
conditions in the domain Q:

—iwe E -V x H =—J/iw inQ,
—iwu H+V X E=0 inQ, (2.1)
Hxn—-AnxE)xn=g/iw onodQ,

where w > 0 is a fixed wave number, J € H(div’; Q) is related to a given current
density, and g € L%(99). The material coefficients
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€, 14, A € R are assumed to be constant

with €, u > 0 and A # 0.
By expressing H in terms of E using the second equation of (1) and replacing
into the first equation and into the boundary condition, we obtain

(2.2)

Vx(pVxE)-w?E=J in Q,
(W VxE)xn—iw\nxE)xn=g ondQ.

Introducing the “energy space” (equipped with graph norm)
Hipp(curl; Q) = {v € H(curl; Q) : vy € LA4(0Q)},

the variational formulation of the Maxwell problem [Z) reads as follows: find
E € Himp(curl; ) such that, for all £ € Himp(curl; ), it holds

A(E,g):/QJ-E dv+/mg-ET ds, (2.3)
where

A(E,§) := / (W'VXE)- (Vx€ —w?(cE) €] dV —iw | AEr-&; dS.
Q r9)
Well-posedness of problem (Z3) in Himp(curl; Q) is proved in [18, Thm. 4.17]
that we report here.

Theorem 2.1. Under the assumptions made on ), J, g and on the material coef-
ficients, there exists a unique E € Hpy,y(curl; Q) with V- (eE) = 0 solution to Z3).

3. Stability estimates

In this section, we prove stability estimates in energy-norm for problem Z3), with
stability constants independent of the wave number w.

We use the argument developed in [17, Sect. 8.1] (see also [7] and [11]) for
the Helmholtz problem. In order to do that, we have to choose a particular test
functions, the admissibility of which requires some smoothness of the Maxwell solu-
tion. Therefore, we will proceed in two steps: in Section Bl following [17, Proof of
Prop. 8.1.4] and [11], we prove stability estimates for problem ([Z3) for C?>~domains
(see Theorem BTl). Then, in Section B2l we extend this result to non-smooth do-
mains (see Theorem BZ). Before doing that, we establish the following geometric
equivalence.

Lemma 3.1. Let Q C R? be a bounded, either C? or polyhedral domain. Then
is star-shaped with respect to B, (xo) if and only if, for all x € 0Q for which n(x)
is defined, (x — xo) - n(x) > 7.

Proof. Set I := {x € 90 : n(x) is defined}; our assumptions on € imply that
O\ T has zero 2-measure.
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If Q is star-shaped with respect to B, (z) then, for all € T', the tangent plane
in & to 092 does not intersects the (open) tangential cone to 9B, (xg) with vertex
x. Since (x —x) - n(x) is equal to the signed distance of xp from the tangent plane
in « to 99, then (z — o) - n(xz) > 7.

Fig. 1. Geometric considerations in the proof of Lemma Bl

We prove the converse by contradiction; see Fig. I Assume that there exist
x € Q and y € B,(xo) such that the segment (x,y) is not contained in . Then,
there exists z € (x, y)NIN such that the open segment (x, z) is contained in Q. (i) If
z €T then (z—xp) n(z) = (z—y) n(z)+(y—xo) n(z); since (z—y)-n(z) < 0and
(y—x0) -n(z) <~v-1, then (z —xp) -n(z) <, which contradicts the assumption.
(i1) If z ¢ T', there exists 7 > 0 such that the (open, infinite) cylinder C, with
axis through x and y, and radius 7 is such that its orthogonal sections Sx and Sy
through « and y, respectively, are contained in € and B (@), respectively. Since
C,, NT is an open dense subset of Cp, N 9Q, let 2’ be one of its points such that,
defined &’ and y’ as the orthogonal projections of 2’ onto Sx and Sy, respectively,
the points «’, ¥’ and z’ are in the same situation as the points «, y and z in case
(i). Then we conclude that (2’ — xg) - n(z’) < ~, which contradicts the assumptioir

The assertion of Lemma Bl amounts to the identity

sup {'y € R: Q is star-shaped with respect to Bv(wo)}
=inf {(z — o) - n(x) : * € 0N and n(x) is defined} .
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3.1. Stability for smooth domains

In this section, we consider the case of C2~domains. This ensures that all the Sobolev
spaces H*(02), —2 < s < 2, and their tangential vectorial counterparts H.(0%) :=
{p € H*(0Q)?: ¢ -n =0} are well defined (see [1, p. 825]).

In order to prove stability estimates for problem (Z3), we need the following
regularity result proved in [8, Sect. 4.5.d]E. We report here the proof for the sake of
completeness.

Lemma 3.2. Let Q C R3 be a bounded C%-domain. In addition to the assump-

tions made on J, g and on the material coefficients in Section @, we assume
g € H%/Q(aﬁ). Then, the solution E to problem E3)) belongs to H'(curl; ) :=
{fve H'(Q)3: Vxv e HY(Q)3}.

Proof. Decompose E as
E=8"+Vy,
where ®° € H'(Q) N H(div%; Q) and ¢ € HY(Q) (see [12, Lemma 2.4]); clearly,

Ay = 0 in . By using this decomposition, we can write the boundary condition in
problem (Z3)) by

(17'V x E) x n — iw @y — iwAVrY =g on 91,
where V1) is the tangential gradient of ¥, i.e., V) := (n x Vi) X n.

Using the results of [3] (see also [18, eq. (3.52)]), the tangential divergence
divy of (11V x E) x n is well-defined, belongs to H~/2(8Q). Moreover, ®%., g €
H'Y2(90)3, and thus divy(A®% + g) € H~Y/2(dQ). Tt follows that divy AV €
H~'/2(0Q) and, by an elliptic lifting theorem for the Laplace-Beltrami operator on
smooth surfaces, we find ¢ € H3/2(9Q); this, together with Ay = 0 in Q, gives
¥ € H%(Q), due to the smoothness of 9, which implies E € H*(Q)3.

Similarly, we prove the smoothness of V x E: decompose V x E as

VxE=9"1vV¢

where ¥° € HY(Q)? N H(div’;Q), and ¢ € H'(Q); again, A¢ = 0 in Q. The
boundary condition in problem (Z3]) can be written as

p O xn+ T Vo xn—iw Er=g on 99 .

The tangential curl curly E is well-defined and belongs to H~/2(9£2). Moreover,
¥’ x n, g € Hy/*(99). Thus, curly(u~'8° x n — g) € H='/2(9Q). Thus, since

curlp (™ 'Ve x n) = —divy (n x (u7'Vé x n)) = —divy p ' Vg

(see [18, Formula (3.15), p. 49]), we have that divy u= V¢ € H™1/2(9Q). Again,
the regularity results for the Laplace-Beltrami operator confirm ¢ € H?3/2(9Q),
which, together with A¢ = 0, gives ¢ € H%(Q), and thus V x E € H'(Q)3. O

aThe authors wish to thank Monique Dauge for pointing to Ref. [8] and for related discussions.
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We are now ready to prove our stability result for smooth domains.

Theorem 3.1. Let Q C R3 be a bounded C%-domain which is star-shaped with
respect to By (o), and let J, g and the material coefficients satisfy the assumptions
made in Section[d. Then, there exist two positive constants Cy,Co independent of
w, but depending on d := diam(Q), v, A\, € and p, such that, if E is the solution

to E3),
0,9

dPE| <o+ Coliglose - (B

Moreover, there exist two positive constants Cs and Cy independent of w, but de-
pending on d, v, A, € and p, such that

w|N2Br| < CallTlloq+Calgloon - (3:2)

Proof. It is enough to prove the result in the case g € H%/ 2(89), then the general
case g € L%(09Q)? will follow by a density argument.

We assume, with no loss of generality, that £y = 0. Taking the imaginary part
of A(E, E) and using the Young inequality give

2 _ -1 2 2
wH)\mETH < /J.E av]+ ¥ — H;\—Ung T H)\UQETH 7
0,09 Q 2 0,00 2 0,08
from which
2 — 2
W2HA1/2ETH < 2w /J-E dV‘+HA1/2gH . (3.3)
0,08 Q 0,00

We proceed along the lines of the proof of [17, Prop. 8.1.4], and set £ = (V x
E) x x, which is an admissible test function, since, thanks to Lemma B2 E €
H'(curl; Q).

In order to compute Re[A(E, )], observe that the identity

Vx(axb)=a(V-b)—bV-a)+(b-V)a—(a-V)b,
together with V - & = 3, gives
Vx€E=3VXE+(x-V)VXE—-(VXE-V)z,;
this, along with the identities

2Re[w - (z - VW] = x - V(|w|?) (3.4
(w-V)r=w, .
gives
Re[A(E, £)] =2 H,rl/?v x EHEQ + %/Qw V(p~V2V x E?) v
_Re {w /Q(GE) (VX E) x ) dV] (3.5)

—Re {iw AEr - ((Vx E)xx)r dS] :

o0
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Integrating by parts and recalling that V - & = 3, we get

1
—/ z V(|u Y < BP) av =2 |
Q 2

1/2v E 2
- X
2 H HO,Q

+ 1/ (z-n)|p~ V2V x E|? dV .
2 Jog
Using the identity

Via-b)=(a-V)b+ (b-V)a+ax (Vxb)+bx(Vxa),

and taking into account that V x & = 0, we obtain
Re [Lﬁ /Q (¢B)- (V x E) x z) dV}
=Re {wQ / [(eE)-(E-V)x + (¢E)-(z-V)E — (¢E) - V(E - z)] dV]
Q
:wQHel/QEH2 +“’—/ 2z V(|/2E|?) dV - Re {wQ/Q(eE)-V(E-w)]

2
:__H 1/2EH Y (@-n)|e/2E[2dS — Re {wQ/ (eE)-n(E-w)dS],
o [o19)
(3.6)

where the second identity is a consequence of the two formulas in ([B4)), and the third
one has been obtained integrating by parts and taking into account that V-ax =3
and V- (eE) =0.

Then (FH) becomes

2
—1/2 1/2
T R LI T eS
where
2 2 _
T1i= -2 | (2-n)|¢/2E| dS+Re [Lﬁ/ (¢E)-n(E - x) dS} ,
2 Jan 89
1 2 —
T9 ;:_/ (x-n) },u_l/QVxE} dS — Re {iw AE7 - ((V x E) xa:)TdS} .
2 Joq o0

The term T'1 can be estimated by using the splitting of vector-valued functions
on 02 into their normal and tangential components and the Young inequality with

weight /x - n:
2 2 2 2
T1=—% (m-n)‘el/zET‘ d5+w—/ (w-n)‘el/QEN‘ ds
2 Joa 2 Joq

+ Re {wQ /me(E -n)(zr 'ET)]

2

2 2 1
z—% (z - n) 61/2ET] dS—%/ — Jar|? 61/2ET\ s
a0 TN
w? El

2
Y m—‘el/QET‘ ds .
2 agw'n
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In order to estimate the term T2, we replace iwAEr on 0f) by its expression
given by the boundary condition, i.e.,

iWAEr = —nx (u'VxE)—g ondQ, (3.8)

and get

1 ~1/2 2
T2 = (x-n)|u/*Vx E|l dS
2 Joa

+ Re / [nx (u 'V xE)+g]-(VxE)xx)r dS}
L/ oq

1

:_5/ (w-n)‘,u_l/QVxE‘Q ds
o0

+ Re / (W V2V x E) -n)(u"?V x E) - z) dS]
o9

+ Re _/{mg-((VxE)xsc)T dS} ,

where in the last step we have used n x (1 !V x E)- (VX E)xx)r = nx (u71V x
E)-((V x E) x ) and the identity

(axb) - (exd)=(a-c)(b-d)—(b-c)(a-d).

We proceed like in the estimate of T'1 and obtain

1 2 2 —
T22——/ ﬂ‘(/fl/QVxE)T’ dS + Re / g-(VXE)xx)r dS
2 Joggx-mn 20

By taking into account (23]), B1) and the obtained estimates of T'1 and T2, we
obtain

w2

1 H;ﬂ/?v x EH2 +
2 0,9 2

wz/ el
2 M ILr-Mn

+Re[/agg-((V><F)xw)T dS}

172 gl
e/EH
0,Q

12 g ‘2 4 1/ Els ‘( “1/2g « ) ‘2 ds
€ _Z i
r 2 LN H r

gReUQJ-((vXE)m) dV}—i—Re[/mg-((VxE)xw)T dS} ,
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and thus, taking into account Lemma Bl

~1/2 2 2 || 172 |2
Iz Vx E +w’|le’/“E
0,2 0,0
2 |ar;|2 1/2 2 |:c|2 1/2 ?
Sw/ —‘e/ET‘ d5+/ —‘(,LL_/VXE)T‘ s
d

QLN o LN

42 /J-((VXE)xx) av
Q
d2

_ 2 d? 2
<Lt 2HAV?E H 'V x E
< 7€| | w T 0789+ 7/‘||(/‘ )THo,aQ

42 /J-((VXE)xx) av
Q

From BR) and B3), we have

2 2

-1 2 2{[y1/2 —1/2
VxE <2\ HA EH 2)\H)\ H
(| (1w X )THo,an Al w T 0769"" Al 9 0,50
_ 2
§4|/\|w’/ J-E 4V +4|)\|H/\‘1/29H ,
o 0,02
which, together with B3), gives
2 2
H;Fl/?V X EH +w? 61/2EH
0,2 0,0
d? _ —
<= (e|)\| 1+2u|/\|)2w /J-E dV‘
Q

2

d? _1
e + 4 Hxl/Q H
+ 2 (AT ) al, ..

+2

/J-((Vxﬁ)xm) dV’ .
Q
Set, for convenience,
d? _
z.=2 <e|)\| 1+4u|>\|) ;
v
the weighted Cauchy-Schwarz inequality gives

2 2
72w < B+ 2]
0,Q 0,92

<7 (2 112 q+me ' |2
N m ’ 0,2

+Z Hxl/QgHQ + L2+ mdp H,fl/?v X EH2 .
0,00 12 0,0 0.
We choose
_ 1 B 1
M=59ze1 T 94,
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and obtain

1 —1/2 ? Lz |azg|
1 B| 450
2 HN VX 0,0 + 2“ | 0,2
2
< (272%¢ ' +2dp) | oo+ 2 H/\_l/QQHO o0’

1.e.,
O,Q O,Q

< (ze 2+ a2 ) | o0+ (Z 1N llgllo oo -

from which gives the stability bound (BI).
The bound (B2 is obtained from [B3) using the weighted Cauchy-Schwarz
inequality and the bound @BI). O

The proof of the previous theorem hinges on the identities ([B3) and &), ob-
tained form the integration by parts of the two volume terms of the bilinear form
A(E,€) with the special test function & = (V x E) x x. These equalities are a
generalization to the vector field setting of the so-called “Rellich-type identity”
(see [23, Sect. 1.2 and Sect. 2], [6, Lemma 2.2, eq. (2.20)] and [7, Prop. 1]), and they
have been used to prove analogous stability results, in the case of the Helmholtz
equation, in [7,11,17].

3.2. Stability for polyhedral domains

In order to prove the same result of Theorem Bl without assuming €2 to be of class
C?, we need to state some preliminary results.

Lemma 3.3. Let Q C R3 be a bounded polyhedral domain which is star-shaped with
respect to B (xo), and let R > 0 be such that Q C Br(xg). Set D := Br(zo) \ Q.
Then, if z : D — R is the continuous, harmonic function in Q, with z = 0 on
00 and z =1 on OBr(xo), then the radial derivative of z is strictly positive at all

points of D and, for all 6 € (0,1), the domains
Qs :=QU{z e R?: 2(x) < 0}
are C* and star-shaped with respect to B (x). Moreover,
%ir% dist(092,0905) =0 .
Proof. See [22, Thm. 2.2]. O
Lemma 3.4. Let 2 and Qs, 0 < § < 1, be as in Lemma [Z3 Then, for every

§ € (0,1), there exists a homeomorphism ®s : R® — R3, bijective from Q to Qs,
such that:
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i) there exists dg € (0,1) such that

[ DPs]| e (325 < C, |(D®s s <C V3 €(0,6),

)_1HL°°(§)
where D®s is the Jacobian matriz of ®5 and the constant C > 0 is independent
of 4;

it) denoting by Ids the 3 x 3 identily matriz, it holds

}irr(l) Dds(x) = gir%(beg(w))*l =1Ids for a.e.x € Q and a.e. x € ANN.

Proof. We assume, with no loss of generality, that &y = 0. For every point x €
R3\ {0} we denote its direction by & = x/|z| € S°.

Since both € and Qs are open and star-shaped with respect to a neighborhood
of 0, they can be described as follows:

Q={xeR*\{0}: |z| <vo(z)} U{O},
Qs = {z e R*\ {0} : |z| < ¥s(2)} U {0},
where 1y € C°(S?) and 5 € C°°(S?) are positive functions

o, s : S* — [v, R]. (3.9)

Notice that g is piecewise C°, but globally only continuous. (If Q were star-shaped
with respect to the origin only, then ¢ could be discontinuous.)
We define the homeomorphism ®5 by

vs(@)
(I)(;(:B) = 1!10(56)
0 x = 0.

x € R\ {0},

This map is bijective and bicontinuous from R? to itself, from Q to €5 and from
09 to 0Q25. Thanks to Lemma B3 we conclude that, for § — 0,

s — 1o uniformly on S?

and, thus, ®5 converges uniformly in € to the identity.
In spherical coordinates (r, &), * = r&, the mapping ®; reads

vs(E)
Os(r,2) = | Yo(@)

xr

Hence, the expressions of the Jacobian of ®5 and of its inverse in spherical coordi-

nates are
8)/15(2) —o()/1s(Z) 55 (Vs(@)/ o (4 (3.10)
(DDs(x)) ' = <¢o(w)é¢5(w) o(®)/15(2) %zwa(m)/wo(m)) )

9_ : 2
for x € '\ {0}, where % is the surface gradient on S°.
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Thanks to ), we have the following uniform bounds (with respect to & and

0):
vs(®)| _ R Yo(2) 2
— | < — —| <1 Ve eSS §e(0,1);
W@ =5 [e@ 01
therefore, in order to prove assertion i), we only need to prove a uniform bound on
a5 (Vs(&)/to(&)).

Temporarily, fix & € S? such that 1o(2) lies inside a face of Q. The surface
gradient % (¥s(2)/1po()) lies in a plane II containing the origin and &. We call 6
the angular polar coordinate in II; then the derivative of the ratio is

D s(@)] _| 9 ws(@)| _ |vo(@) Fvs(@) —vs(&) Fvo(d)
0% o(2) 90 o (2) V3(z) (3.11)
_ ’¢0(§c) tan as — 1s(2) tan ag
V(@) ’

for every & € S? such that 1o(2)& belongs to the interior of one of the face of
the polyhedron Q. Here as is the (acute) angle between the tangent to the circle
IIN%s(2)S? and the line tangent to IINALs in the point 15(2)&; ap is the analogous
angle for Q, see Figure B (left).

Fig. 2. A planar cross section of € and 5 with the angles ag and a5 (left); the geometric argument
that provides the upper bound on |eg| (right).

Since Qs is star-shaped with respect to B,(0) and it is contained in Bg(0),
|as| and |a| are bounded from above by arccos(y/R) < 7/2, as shown in Figure
(right). This implies that

/R2 — A2
tan oy < tan arccos(y/R) = v ;
~
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the same holds for . This in turns implies that the angular gradient of
¥5(&)/vo(2) is uniformly bounded, with respect to 6 and &, for almost every &
(only the points corresponding to edges and vertices of Q) are excluded, because the
gradient is not defined there). Finally, using the expression (M) of the Jacobians
proves assertion i).

Let us consider y € 02 such that it belongs to the interior of one of the faces
of Q. Thanks to [2, Theorem 4.12], the harmonic function z defined in Lemma B3
can be extended in a neighborhood of y to a harmonic function z’. This implies
that 2z’ is C* in a neighborhood of y.

Identifying Q with Qg, we notice that

00 ={x € Br(0)\ Q: 2/(x) =6} = {vs(2)z, £ € S*}  6€]0,0%).

Thanks to the smoothness of 2/, we can apply the implicit function theorem (in
polar coordinates) and prove that the function

T: §?x[0,0°) =R
(Z,0) — ¢5(Z)
is smooth in a neighborhood of (¢,0). This implies the convergence

8 A — 8 N "
—=s(9) 229, 8@1!10(,1;) for a.e. iy € S?.

oy
We see from [BI0) and (BIT) that assertion i) follows from this result and from
the uniform convergence in S? of 5 to 1. O

We can now prove the main result of this section.

Theorem 3.2. Let Q C R3 be a bounded polyhedral domain which is star-shaped
with respect to B (xo). Under the assumptions made on J, g and on the material
coefficients in Section @, the result of Theorem [Tl holds true.

Proof. Inspired by the proof of [10, Thm. 3.2.1.3], we harness the §-uniform sta-
bility result of Theorem Bl for the smooth domains Qs introduced in Lemma
Temporarily, fix § € (0,1). First we map the data J and g in 1) to Qs by
suitable pullbacks w.r.t. <I>gl: for almost all T := ®5(x) € Q5 we define
J5(x) := (det D®(x)) "' DO (x)J (x) ,
95(®) = Do(x) "g(z) .

Note that this ensures V - J5 = 0, if J is divergence freeE. In addition, g5 will
be a tangential vector field on 99, provided that g is tangential to 92, see the

2The operator V indicates differentiation w.r.t. & € Q5.
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discussion of pullbacks in [12, Sect. 2.2]. From the defining formulas and Lemma B4
we immediately infer that, for all 0 < d < dg,
C M oo < Msllo0, < Clldlog

. (3.12)
¢ ||9||0,69 < ”96”0,895 < C”QHO,@Q :

Next, we introduce E; € Himp(curl; Qs) as solution of the variational problem

As(Bs )= [ J5EaV+ [ g€ dS VEE Humpleuhi D), (313)
Q,s BQS
where the bilinear form Aj(-,-) is the counterpart of A(-,-) from 3) in the do-
main s. Theorem BTl guarantees existence and uniqueness of Eg. Further, from
Theorem Bl together with (BI2), we conclude the d-uniform bound
o429 x4

+wH61/2E5H + H)\1/2E5,TH

0,25 0,95 07896

< O lo + llgllo,00) > (3.14)

with a constant C' > 0 depending only on the coefficients €, 1, A and the geometry
parameters v and diam(f2). Note that the d-uniform bound on C' is a consequence
of the information on the shape of the Qs’s gleaned from Lemma

We pull E; back to Q2

E;s(x) := DOY(2)Es(Z), ae.x e, (3.15)
with the special property [12, (2.15)]
(V x Ej)(x) = det D®s(z)DPs(x) " (V x Es)(T), €. (3.16)

We easily find Es e Himp(curl; ), since, thanks to Lemma B4

Moo = 1Es]l0.05 - Moo
0,2 0, 0,2
*Tllo00 = 1E5]l0,00; - *lo.00

for all 0 < § < dp. We can even conclude a counterpart of (1)

2w < B+ 2B+ 3B
0,0 0,0 0,00

<C(Mllg.0+ lgllo.o0) - (3:17)
Using (BTIH) and BIH) we can transform the variational equation [BI3) to Q and
find

As(B5,8) = / 1 As(@)(V % Es)(x) - (V % E)(a)
Q



November 11, 2010 10:24 WSPC/INSTRUCTION FILE mainM3AS

16 R. Hiptmair, A. Moiola, I. Perugia

— w2%Bs(z)Es(z) - €(x) dV () — iw / ACs(x)Es () - €p(x) dS(x)

= (B &) " [ J(@) () /C'zs 2)gr(x) - Er(x) dS(z) , (3.18)

Q

with matrix-valued functions on 2 and 052, respectively,

As(x) := (det D®s(x)) ' D®s(x)" DPs(x) for almost all z €
Bs(x) := det D®s(x)DPs(x) ' DPs(x)~7 for almost all z € Q ,
Cs(x) := DOs(x) ' D®s(x) " TGs(x) for almost all x € 9N,

where G5 € L™(99) is the Gram determinant ({¢1,¢2} is any orthonormal basis of
the tangent space to 992 at x)

Gs(x) = |[D®sty x DOs(x)ta| , x €.

We remark that, thanks to Lemma4] part i), the matrix functions As, Bs and C
are L2—convergent to the 3 x 3 identity matrix Ids, for  — 0. Eventually, in @IX)
the test function € is obtained from & € Himp(curl; ) by the transformation (BIH).
However, since the transformation Himp(curl; Q5) — Himp(curl; Q), £ — €= DoT¢
is an isomorphism, BI8) holds for any £ € Hiyp(curl; ) in place of E

Owing to ([EIM), we can find a sequence (d,),,cy C (0,00), 6, — 0 for n — oo,
and a vector field E* € Hjyp(curl; ), such that, with En = Egn,

En "2 B* weakly in Himp(curl; Q) .

Observe that the weak limit E™ also complies with the bound &ID). To finish the
proof, we have to show that E* is the unique solution of the Maxwell variational
problem (Z3)).

The sequences (As, ), cn: (Bs,)pens (Cs,) ey converge to Ids, for n — oo, in
L? and almost everywhere in the respective domains; moreover, due to Lemma 4]
part i), they are also uniformly bounded with respect to d,,. Sinceg € Himp(curl; Q),
by the dominated convergence theorem, we have

ATV xE ¥ VxE,
n—oo =
(5n€ - E )
n—oo =
5,L§T —  &r,

strongly in the sense of L?. Consequently, since (En)n is weakly convergent in
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Himp(curl; ), the weak versus strong convergence gives, for instance,

/ i A, (2)(V % B)(@) - (V x &) () dV ()
Q

= / (Y % B (@) [As, ()7 (V x €)(x)] dV ()

Q weak strong

o / WY x B (@) - (V x &)(@)dV(x) ;

Q

the other integrals in the definition of Ay, (EW,E) (see (BIX)) are amenable to
similar arguments, and, thus, we conclude

lim As, (E,, &) = A(E*,£) V&€ Hypp(curl; Q) .

n—oo

Therefore,

AE*, &) "= tim / J(x) - E(x)dV () + / Cs, (@)gr (@) - Ex(@) dS(@)
Q o0

Q o0
(3.19)

by the dominated convergence theorem, because lims_.o Cs(x) = Ids a.e. on 992, and
Csll < (pysxs is d-uniformly bounded. From BIH) and ([BITZ) we finally conclude
the desired result. O

4. Regularity of solutions in polyhedral domains

In this section, we establish the regularity of the solutions to problem (3)) for
polyhedral domains, when g possesses extra smoothness.

The definition of Sobolev spaces on the polyhedral boundary requires care. De-
noting by I';, j = 1,...,m, the flat faces of 0, following [4, Section 2.3] we set

{oeH(09): ¢, € H(Ly),j=1,...,m} ifs>1,
H?(00) :=
{0 € L?(0Q) : p = @pq for some ® € HF/2(Q)} if |s| <1,

and

H3(0Q) :={p € LA(0Q) : o € HT;)?, j=1,...,m Vs>0;
IT; J
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notice that in [3,4] the space H3.(0) was denoted H? (0N2). The spaces H*(9f)
are endowed with the norms

2 m 2 \/2 |
(lell} oo+ Siea Ielr, ) ifs>1,

||‘P||s,aQ =

inf P if |s|<1.
<I>eH3+1/2(Q):<I>‘aQ:@” H5+1/2,Q s

Thanks to Corollary 1.4.4.5 of [10] and the standard Sobolev trace theorem (see
for instance [19, Thm. 3.9]), for 0 < s < 1/2 the spaces H*(9) can be defined
piecewise, i.e.,

H¥(09Q) ={p € L*(0Q) : ¢, € H'(Ty), j=1,....,m}, 0<s<1/2, (4.2)
with an equivalence between the two intrinsic norms; therefore we can identify the
spaces

HE(09) = H*(092)> N L2 (09), 0<s<1/2 (4.3)

From [3, Thm. 3.9 and Thm. 3.10] (see also [5, Thm. 4.1]), we learn that, if
U € H(curl, ), then

divp (U xn) € HY2(0Q),  curlp(Ur) € H-Y2(09) ,
ldive(@ x w1200 < C (Wloo + 19 % Ullog) + (a4)

Jewrlr @)y /00 < € (1log + IV x Ullog) -

where curly and divy are the surface curl and the surface divergence on 0, respec-
tively, and the constant C' > 0 is independent of U.

The identifications [3) and {Z) imply the continuity of the surface differential
operators:

divy, curly : H5(0Q) — H*1(092), 0<s<1/2. (4.5)

Eventually, the standard trace theorem for Sobolev spaces yields the continuity
of the tangential traces (see [3, p. 11])

HY(Q)? — HY*(09) HY(Q)3 — HY*(09) (46)
U ~Ur ’ U —~Uxn

The following lemma provides a simple regularity result for the Laplace equation
in the context of the spaces defined in (). As a by-product, we obtain embeddings
between the Sobolev spaces on 0f2 defined piecewise as above and the ones defined
as traces of functions in (2, as in [19]; see Remark below.

Lemma 4.1. Let Q) be a Lipschitz polyhedron. Then there exists sq depending only
on Q, 0 < sq < 1/2, such that if ¢ satisfies

—Ap=0o0nQ,
Plon € H*(0%),
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for some 1 < s < 1+ sq, then ¢ belongs to H**/2(Q). Moreover the following
bound holds

1ells41/2.0 < Cllels o0 - (4.7)

Proof. We know from the definition (BZI]) that the trace operator from H!(Q2) to
H*=1/2(99) is continuous and surjective for any 1/2 < t < 1. This, together with
(E3), implies that Proposition 3.7 in [1] (see also [19, Thm. 3.50]) can be slightly
generalized as follows: given

v € H(curl; Q) N H(div; ) such that wvr € H;_l/Q(aﬂ), 1/2<t<1, (4.8)

then v € H™r{1/2+s2.t}(Q) for some positive sq depending only on €. Also the
bound in [19, Thm. 3.50] can be generalized as

vl < C(lIvllg 0 + IV x vlgq+ IV -vlgq+Ivli—1j200),  (4.9)

for every 1/2 <t <1/2+sq < 1.

We define the vector field w = Ve, it satisfies the condition (EX) since
Vxw =0,V -w=0 and its tangential trace is wr = Vrp € H*71(9Q)* N
L2(09Q) = H31(9Q) thanks to ([3); therefore w belongs to H*~/2(Q) and finally
e HS+1/2(Q).

The bound ) follows from

[ellsy1/2.0 < Clellog + l[wll—1/2,0)

(a2}
< C(l#l

o0 T lwloo + IVrell,_1 o)

= Ui
< Cllelli 2,00 + Z IVreolly_yr,)

j=1
<C|¢l

5,00

where we have used the usual H!'-stability of the Laplace problem for u, see for
instance [19, Thm. 3.12]. |

Remark 4.1. From the proof of the previous lemma, it is clear that the parameter
sq is equal to the one called s in [1, Prop. 3.7].

Whenever the domain is convex, Theorem 2.17 of [1] applies and Lemma ET
holds for every 1 < s < 3/2.

Remark 4.2. Lemma BTl provides the embedding
H*(09) C {p € L*(0Q) : ¢ = ®|pq for some & € HS+1/2(Q)},
for 1 < s < 1+ sg; moreover the immersion is continuous, i.e.,

inf P <C . 4.10
s 10 < C el n (4.10)
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The opposite inclusion
H*(0Q) 2 {p € L*(0Q) : ¢ = ®|pq for some & € HS“/Z(Q)}

holds in the larger range 1 < s < 3/2 and it is a simple consequence of the definition
ETD): for every & € H*t1/2(Q), 1 < s < 3/2,

111, 56 < C(18llg,00 + V@l 00 + DIVl r, )
j=1

2
< (120,00 + IVl 00 )

é C ||(I)||s+l/2,ﬂ .

Notice that in the limit case s = 3/2, [ZI0) does not hold: Theorem 3.4 of [3] shows
that the traces of functions in H?(£2) can not be defined piecewise on the faces of
a polyhedron, but tangential continuity is required along the edges.

Remark 4.3. Lemma () implies Theorem 3.18 of [19]. Notice that the definition
of H*(99Q) for s > 1 given in [19, (3.12)] is different from the one used in this paper.

A last elliptic regularity result will be instrumental in the treatment of Maxwell
solutions: it concerns the Laplace-Beltrami operator Ar = divy Vg, where Vr
denotes the tangential gradient, and is stated in [4, Thm. 8]; we report it here, for
the sake of completeness.

Lemma 4.2. For any bounded Lipschitz polyhedral domain, there is a 0 < s* <1
depending only on the shape of Q) in neighborhoods of vertices, such that

Aryp € H15(09Q) for some s > 0
= wGHlJrSLB(aQ) VO<srp <s, SLB<S*.

The case sp,p = s, when s < s*, can be deduced from the proof of [4, Thm. §].
Moreover, formula (57) in [4] shows that, whenever € is convex, it is possible to
choose s* = 1.

We are now ready to prove the main theorem of this section, namely, a regularity
result for the solutions of the Maxwell equations.

Theorem 4.4. Let Q C R3 be a bounded polyhedral domain which is star-shaped
with respect to By(xo). In addition to the assumptions made on J, g and on the
material coefficients in Section @, we assume g € H;*(09Q), with 0 < s, < 1/2.
Then the solution E to problem ([Z3) satisfies

Ec H'*(Q)* and V x E € H'/?T(Q)?
for all the real parameters s such that

0 < s <min{sg,sq} and s<s",

where sq 1is defined in Lemma [1] (or in [1, Prop. 3.7]), and s* is defined in
Lemma -4 (or in [{, Thm. §]).
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Moreover, we have the following stability estimate: there is a positive constant
C independent of w, but depending on s, 2, v, A, € and p, such that

IV % Bllyjsss0+ @ 1Bl jarp0 < C (1 +0) (I llo0 + I9llo.00) + gl 00 )
(4.11)

Proof. In this proof, we denote by C' a positive constant independent of w, but
depending on A, €2, € and u, whose value might change at each occurrence.

We start by by proving the regularity of E, following the reasoning of [8,
Sect. 4.5.d].

Decompose E as

E=8"1Vy,
where ®° € H'(Q) N H(div";Q), ¥ € H'(Q) and
12°]l, o + Il 0 < CUENgq + IV X Ellgq) (4.12)

(see [12, Lemma 2.4]); clearly, Ay =0 in Q.
By using this decomposition, we can write the boundary condition in prob-

lem (Z2) by
(1 'V x E) x n — iw @y — iwAVr =g on 9N , (4.13)

where V1) is the tangential gradient of ¥ on 99, i.e., Vi := (n x Vi) X n.
Using [@3), the tangential divergence divy of (u=1V x E) x n is well-defined,
belongs to H~1/2(9) and

[|dive ((u™'V x E) x n)H_l/z,aQ

N » (4.14)
<C (1Y X By o+ [V X (07V x B o) -

Since g € H;? (09), D) gives divy g € H*s~1(0). Moreover, ([fEH) and #H) imply
divy ®% € H=1/2-1(9Q) for all n € (0,1/2], in particular, divy ®% € Hs~1(9Q);
they also imply the bounds

||divT‘I>2~ < CH(I)(T)“ CH(I)OHLBQ'

Hs_q—l,BQ ||sg—1,80 <

From the regularities of the tangential divergence of the terms in ([I3), it follows
that

divy A\V7ep € H5971(99).

Due to the smoothness of the solutions to the Laplace-Beltrami equation provided
by Lemma B2 we have that ¢ € HT55(9Q), for every 0 < spp < 54, spp < s%,
where s* is defined in Lemma Lemma Bl ensures that o € H3/2T5(Q), for
every 0 < s < min{sg,sa}, s < s*, where 0 < sg < 1/2 is given in Lemma .

bWhenever € is convex, the parameter L in [4, Thm. 8] is equal to 27, thus s* = 1. Moreover,
thanks to Remark Bl s can be chosen equal to sg. Therefore, if Q is convex, the only condition
on sis 0 < s < sy.



November 11, 2010 10:24 WSPC/INSTRUCTION FILE mainM3AS

22 R. Hiptmair, A. Moiola, I. Perugia

Moreover the previous steps give

(z3v) (15, eq. (2.2)] .
||¢||3/2+S7Q < C ||1/’||1+s,aﬂ < C|divy AVT¢||3_Q—1,BQ : (4.15)

From ®° € H'(Q)? and V¢ € H'/2+5(Q)3, we have that E € H'/2t5(Q)3,
We proceed by bounding ||E||1/2+S’Q. By the triangle inequality, we have

0
||E||1/2+S,Q < HQ H1/2+5,Q + va“1/2+s,ﬂ )
and we bound the two terms on the right-hand side separately.
From ([ET) and Theorem B2 (see (Bl)), we obtain

[2°]], o <CA+w) (CiLlTloq + C2lglloon) - (4.16)

Collecting the bounds proved so far, we obtain
((zsuss ) i
||V¢||1/2+s,9 < C ||divy /\VT¢||5971,89

ED3
< C (ufl [|dive ((™'V x E) x n)Hsgq,aQ

o+ {ldive A8, g+ Idivegl,, a0 )

2=
< C (w’l [divry ((1™'V x B) xn)||_, 5 50

+ ||¢%"3g7aﬂ + w_l ||g||sg,aﬂ)

@), @5 ) .
< C (W IV X Bllgg+w IV XV X Bllgq

@], + w7 gl 00)

@ 6 m .
< C(wTIVXBlog+wlBlog+w 17llg
+

1407 (Ml + C2 ligllon) + <" gl o0 )

< c

(

ED), Thm. B2
(Cr+wiar+w™) T lgq
(

+ (1 +w)C gl on +w gl 00 )
Therefore, we have the bound
@Bl o400 < € ((1+C1+C10) [Tl 0+ A+0)Cs lglly o0+ g, 00 ) - (417)
Similarly, we prove the smoothness of V x E. Decompose V x E as
VxE=%"+V¢,
where ¥° € H'(Q)? N H(div%; Q), and ¢ € H'(Q); again, A¢ = 0 in Q and

19°0, ¢ + 1610 < C (IV % Ellyq+ 19 x ¥ x Elg) s
<C (IV % Ellog+* 1Blogq + 1 l0q)
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where the second inequality follows from the first equation in Z2). The boundary
condition in problem ZZ) can be written as

p N xn+ T Ve xn—iwAEr =g on 99 . (4.19)
Thanks to (), the tangential curl curly of AEr is well-defined, belongs to
H~'/2(0Q) and

Jeurle ABx]l_y 500 < C (IElgq + IV % Ellgg) - (4.20)
Since g € H;?(00)°, @ED) gives curlrg € H*s~1(dQ). Moreover, ¥° x n ¢
H%/Q(GQP by (@), then curly (1% xn) € H-Y/2-1(99Q), for every 0 < n < 1/2,
by @), in particular, curly(u= 8% x n) € H*s~1(9Q). Thus, since
curlr (™ 'Ve x n) = —divy (n x (0™ 'Ve x n)) = —divp ' Vo
(see [18, Formula (3.15), p. 49]), we have that
divy p™ Ve € H971(0Q) .

Proceeding exactly as we did to prove (EIH), Lemmas BTl and ensure that the
harmonic function ¢ belongs to H3/2+$(Q) with the parameter s in the same range
as before (0 < s <min{sy, sa}, s < s*), and

& [15, eq. (2.2)] )
||¢||3/2+S,Q < ||¢||1+s,aQ < C[|divy AVT¢||S,,—1,89 : (4.21)

From ¥° € H'(Q)? and V¢ € HY/?+5(Q)3, we have that V x E € H'/2+5(Q)3.
For the bound of |V x E||1/2+S,Q, the triangle inequality gives
0
||v X E||1/2+S,Q é H‘Il H1/2_|_S,Q + ||V¢||1/2+S,Q .
Again as in the first part of this proof, from [IX) and Theorem (see (BD)), we
have

o), , <cC ((1 +C1+ Cw) [l + (1 +w)Cs ”9”0’69) '

For [[V@|; 250, by proceeding as in the first part of this proof, using EZI),
the boundary condition [EIJ), the bound ([Z), the continuity (EH), the stability
bound ([IH) and Theorem B2 (see BI))) we have

196012400 < € (14 C1 + Cr) Il + (1 +@)C2 ligllo g0 + g, 0 )

and consequently

I % Bl 100 < C (1€t C) 17l + (14 )Co lglly o + gl a0 )
(4.22)
The bounds [ETID) and E2Z) give the stability bound EII). O

Remark 4.5. In the case of convex polyhedral domains, the smoothness parame-
ters s reaches the regularity of the boundary datum s = s, < 1/2, since Lemma ET]
holds true for all 0 < sq < 1/2, and s* = 1 in Lemma E2 (see footnote 2).
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Remark 4.6. The regularity of solutions stated in Theorem EE4l guarantees that
the tangential traces of E and V x E are in L2(95).

Remark 4.7. For C?>-domains, under all the other assumptions made in Theo-
rem B4, the H!-regularity of both E and V x E was already established in [8,
Sect. 4.5.d] (see also Lemma in this paper); the stability estimate

IVxEl q+w|Elq<C ((1 + W)U Tlo.q + llgllo,00) + ||g||1/2,an)

can be obtained along the lines of the proof of Theorem EZl

5. Conclusion

In this paper, we have established some new regularity results and stability estimates
for solutions to the time-harmonic Maxwell equations with impedance boundary
conditions. More precisely, we have proved stability estimates with constant inde-
pendent of the wavenumber for smooth domains and for polyhedral domains (see
Theorem Bl and Theorem B2 respectively), and an elliptic regularity result for
polyhedral domains (see Theorem EZ]).

Possible applications of these results are the convergence analysis of numerical
methods for the approximation of Maxwell’s equations and the stability analysis of
electromagnetic boundary integral operators. For these applications, some extension
of Theorem Bl (stability for smooth domains) might be interesting: i) to non-star
shaped domains; in this case, in the definition of the test function &, @ should be
substituted by a more general vector field; ) to domains containing a (star-shaped)
hole and with mixed boundary conditions, in order to extend to the Maxwell case
the results proved in [11] for the Helmholtz problem; this would be the key point
to extend to this case also all the other results proved for polyhedral domains; i)
to non-constant or anisotropic material coefficients € and pu; the key tool for this
extension would be the use of more general Rellich identities, as the one introduced
by Payne and Weinberger in [21] (see also [20, Sect. 5.1.1] and [16, Lemma 4.22]).
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