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ABSTRACT

The assumed relationship between ice particle mass and size is profoundly important in radar retrievals of
ice clouds, but, for millimeter-wave radars, shape and preferred orientation are important as well. In this
paper the authors Þrst examine the consequences of the fact that the widely used ÔÔBrown and FrancisÕÕ massÐ
size relationship has often been applied to maximum particle dimension observed by aircraftDmax rather than
to the mean of the particle dimensions in two orthogonal directions Dmean, which was originally used by
Brown and Francis. Analysis of particle images reveals thatDmax • 1.25Dmean, and therefore, for clouds for
which this massÐsize relationship holds, the consequences are overestimates of ice water content by around
53% and of Rayleigh-scattering radar reßectivity factor by 3.7 dB. Simultaneous radar and aircraft mea-
surements demonstrate that much better agreement in reßectivity factor is provided by using this massÐsize
relationship with Dmean. The authors then examine the importance of particle shape and fall orientation for
millimeter-wave radars. Simultaneous radar measurements and aircraft calculations of differential reßectivity
and dual-wavelength ratio are presented to demonstrate that ice particles may usually be treated as hori-
zontally aligned oblate spheroids with an axial ratio of 0.6, consistent with them being aggregates. An accurate
formula is presented for the backscatter cross section apparent to a vertically pointing millimeter-wave radar
on the basis of a modiÞed version of RayleighÐGans theory. It is then shown that the consequence of treating
ice particles as Mie-scattering spheres is to substantially underestimate millimeter-wave reßectivity factor
when millimeter-sized particles are present, which can lead to retrieved ice water content being overestimated
by a factor of 4.

1. Introduction

Millimeter-wave radars are an excellent tool for prob-
ing the properties of ice clouds and hence for evaluating
their representation in weather and climate models (e.g.,
Stokes and Schwartz 1994; Illingworth et al. 2007). The
wide range of possible ice particle shapes therefore poses
a problem, since their scattering behavior at the radar

wavelength must be modeled if cloud properties are to
be retrieved accurately from such measurements. In
general, scattered signals are insensitive to structure
within the particle that is at a scale much smaller than the
wavelength. Most ground-based cloud radars operate at
a wavelength of 8.6 mm (35 GHz), for which ice particles
tend to be small enough to scatter in the Rayleigh regime.
From space, however, the requirement for high sensitiv-
ity, a narrow beamwidth, and a small antenna size meant
that a wavelength of 3.2 mm (94 GHz) was the only vi-
able choice for CloudSat (Stephens et al. 2002). At this
wavelength the particles are often large enough that the
Rayleigh approximation no longer applies and more-
sophisticated scattering calculations are required.

By far the most common assumption in developing
94-GHz radar retrieval methods is to treat ice particles
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as spheres consisting of a homogeneous mixture of ice
and air and to apply Mie theory (e.g., Brown et al. 1995;
Hogan and Illingworth 1999; Donovan et al. 2001;
Hogan et al. 2006; Delanoe¬ and Hogan 2008; Austin
et al. 2009). The appropriate massÐsize relationship is
then sometimes reformulated in terms of the effective
density of these equivalent spheres (HeymsÞeld et al.
2004). For radar scattering, however, the question arises
as to which is the appropriate diameter to use: is it the
diameter of the smallest sphere that completely encloses
the particle, the diameter of the sphere with the same
geometric cross section as the particle (e.g., as observed
by an aircraft probe), or something else? While the Þrst
assumption is the most common, Donovan et al. (2004)
found that the equivalent-area sphere gave a better
approximation to 94-GHz backscatter calculated using
the discrete dipole approximation (DDA) for selected
pristine crystal habits, although orientation was also
found to be important. OÕBrien and Goedecke (1988)
and Schneider and Stephens (1995) performed DDA
calculations on hexagonal columns, plates, and dendritic
snowßakes and found that approximating the ice parti-
cle by its equivalent oblate or prolate spheroid led to
an error in general of less than 15% (0.6 dB), provided
maximum dimension, axial ratio, total ice mass, and
orientation were maintained. Hogan et al. (2000) argued
that because deviations from Rayleigh scattering arise
as a result of destructive interference from radiation
scattered from the near and far sides of the particle, it is
actually the dimension of the particle in the direction
that the radar is looking that is important (usually the
vertical dimension for cloud radars).

Given these Þndings, we need to know the dominant
particle shape and orientation in ice clouds. In terms of
shape, large datasets of aircraft images have revealed
that most of the time the size distribution is dominated
by irregular particles (Korolev et al. 1999, 2000)Ñin
particular, well away from the cores of convective clouds
or mixed-phase regions. Irregular particles larger than
around 70 mm typically have an axial ratio of 0.6Ð0.65
(Korolev and Isaac 2003). Theoretical and modeling
studies of the aggregation process by Westbrook et al.
(2004) not only support this range of axial ratio but also
have shown that the observed tendency for particle mass
to be approximately proportional to the square of par-
ticle size in ice clouds spanning a wide range of tem-
peratures is characteristic of aggregation. Furthermore,
in individual clouds the rate of increase of radar re-
ßectivity factor with time as particles fall from cloud top
to cloud base is consistent with the process of aggrega-
tion (Westbrook et al. 2007).

Aircraft observations unfortunately cannot be used to
infer the natural fall orientation of ice particles, since

turbulence around the probe inlets and the distorted
ßow around the aircraft fuselage tend to reorient them
(e.g., King 1985, 1986). Particles that fall with a Rey-
nolds number between 1 and around 100 are known to
fall with their largest dimension in the horizontal plane
(Pruppacher and Klett 1997), however, and almost all
ice particles in natural clouds have Reynolds numbers
in this range (except for the largest centimeter-sized
aggregates near the melting layer). This has been con-
Þrmed by lidar from the difference between the back-
scatter when pointing directly at zenith and when pointing
a few degrees from zenith (Sassen 1977; Platt et al. 1978;
Thomas et al. 1990; Westbrook et al. 2010), at least in
the clouds that the lidar can penetrate. It is also conÞrmed
by differential reßectivity observations by horizontally
pointing radar that show that stratiform ice clouds have
a larger reßectivity factor when measured at horizontal
polarization than at vertical polarization (Hall et al. 1984;
Bader et al. 1987; Hogan et al. 2002, 2003). Matrosov et al.
(2005b) went further, using the linear depolarization ratio
observed by radar at a range of elevation angles to
demonstrate that ice dendrites fall with a predominantly
horizontal orientation but ÔÔßutterÕÕ with a standard
deviation of only approximately 9 8. A similar picture
was found for particles with less-extreme aspect ratio
(Matrosov et al. 2001). This deviation from horizontal
orientation is small enough to be neglected in scattering
calculations. These Þndings suggest that a better model
for radar scattering than spheres would be horizontally
aligned oblate or prolate spheroids, but any approxima-
tion made in calculating their scattering properties needs
to be tested by comparing real radar observations with
calculations performed on ice particle size distributions
observed simultaneously by aircraft.

In section 2 of this paper, the importance of using
consistent deÞnitions of particle size for interpreting
aircraft-measured size distributions is demonstrated in
the context of the fact that the widely used Brown and
Francis (1995) massÐsize relationship has often been
applied to a different measure of particle size than was
used by Brown and Francis. In section 3, we use particle
imagery from aircraft to hypothesize that, for radar
scattering, ice particles may be treated as horizontally
aligned oblate spheroids with an axial ratio of 0.6Ña
model originally proposed by Matrosov et al. (2005a).
We test this model in sections 4 and 5 using coincident
radar and aircraft observations, Þrst in its ability to
predict differential reßecti vity observations, and then
in its ability to predict the difference in reßectivity
factor measured by 10- and 94-GHz radars. Then in
section 6, the implications of this scattering model for
retrievals of ice water content (IWC) are explored by
recalculating the empirical relationships of Hogan et al.
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(2006) for estimating IWC from radar reßectivity factor
and temperature.

2. Measures of ice particle size

Most studies of aircraft-measured particle size distri-
butions use the ÔÔmaximum dimensionÕÕDmax to char-
acterize the size of each particle. For an imaging probe
such as the 2D cloud probe (2D-C; size range 25Ð
800 mm) or 2D precipitation probe (2D-P; size range
0.2Ð6.4 mm) (Knollenberg 1970), the simplest way to
deÞne this is as the maximum distance between the
centers of two pixels in a 2D particle image, plus the
width of one pixel. (Note that another deÞnition is
the diameter of the smallest circle that completely
circumscribes the image, but usually this is the same.)
The left image in Fig. 1 shows a circle of diameterD max

surrounding an ice particle imaged by the 2D-C probe;
all pixels in the image lie within the circle.

For the 2D probes on the U.K. meteorological re-
search aircraft (Þrst the C-130 Hercules and now the
BAe-146), the standard processing involves analysis of
the particle images to calculate their dimensions in the
directions parallel and perpendicular to the photodiode

array: Dx and Dy. Because the probes are conÞgured to
look down on the particles from above, these are the
dimensions of the particle perpendicular and parallel
to the direction in which the aircraft is traveling. Ice
particle size spectra are then generated in terms of the
ÔÔmeanÕÕ dimension, deÞned as

Dmean 5 (Dx 1 Dy)/2. (1)

The resulting spectra have been used to estimate re-
lationships between particle mass and size. For example,
the following relationship between massm and Dmean

was found by Brown and Francis (1995) to give the best
agreement between the IWC inferred from 2D probes
and that from an independent evaporative technique
when applied to a dataset of midlatitude ice cloud ob-
servations mostly in the temperature range from2 208
to 2 308C:

m 5 480D3
mean; Dmean , 9:7 3 102 5 m,

m 5 0:0185D1:9
mean; Dmean $ 9:7 3 102 5 m, (2)

where m is in kilograms and Dmean is in meters. The Þrst
part of this relationship ensures that at small sizes the

FIG . 1. Sample ice particle image from the 2D-C probe, which has 25-mm pixels. Super-
imposed on the left version are circles with diameters equal to the maximum dimensionDmax,
the mean dimensionDmean, and the equivalent-area diameterDarea. The two most-separated
pixels in the image are shown in dark gray and were used to calculateDmax; this circle has its
center half way between these two pixels. The other two circles are centered on the center-of-
mass of the image. Superimposed on the right version of the same image is an ellipse with its
major and minor axes having dimensionsDlong and Dshort (deÞned in the appendix). Each
measure of size is listed to the nearest micrometer below the image.
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density does not exceed the value of a solid ice sphere
with diameter Dmean. It was found by Hogan et al. (2006)
to give a very good match between radar reßectivity
factor measured by 9.75-cm-wavelength radar and that
calculated by aircraft when applied to Dmean, in single-
phase midlatitude ice clouds. At this wavelength, ice
particles are small enough that Rayleigh scattering can
be assumed, for which reßectivity factor is proportional
to the square of the particle mass but for a given mass
is approximately independent of particle size. There-
fore, the fact that Hogan et al. (2006) found that the
reßectivity-factor bias from individual aircraft runs was
no more than 1 dB suggests that (2) is accurate to 12%,
at least for the larger particles in the distribution to
which the radar is sensitive.

BecauseDx and Dy must be equal to or smaller than
Dmax, Dmean must be systematically smaller thanDmax.
An issue of concern is that (2) has sometimes been ap-
plied to particle distributions with the size characterized
by Dmax, with the implicit assumption that Dmax •
Dmean. As just one example, three of the authors of the
present paper have applied it to aircraft data from the
Central Equatorial PaciÞc Experiment, which was binned
by D max (Brown et al. 1995; Hogan and Illingworth
1999). Because in realityDmax . Dmean, this implies that
both IWC and Rayleigh-scattering reßectivity factor
would be overestimated. It was pointed out by HeymsÞeld
et al. (2010) that (2) was originally taken from the ex-
pression for ÔÔaggregates of unrimed bullets, columns and
side-planesÕÕ of Locatelli and Hobbs (1974), who used the
equivalent-area diameter Darea rather than Dmean. The
left image of Fig. 1 illustrates that these two measures are
not the same, although in this case they are much more
similar to each other than they are to Dmax. In any case,
Locatelli and Hobbs (1974) derived this particular ex-
pression as a Þt through only 19 particles measured at the
ground, and therefore the heritage of the expression does
not in itself provide strong support for the use of Darea

rather than Dmean in the widespread application of (2).
So how different are Dmean and Dmax? The ice particle

image that is shown in Fig. 1 measures 22 pixels in the
horizontal and 16 pixels in the vertical directions so that,
given that the pixel size is 25mm, Dmean is 475mm. For
this particular particle, Dmax is 23% larger. To investigate
the relationship betweenDmeanandDmax more generally,
we have analyzed particle images from the four runs of
the C-130 aircraft in single-phase ice clouds shown by
Hogan et al. (2006) plus two other images, spanning the
temperature range from 2 328to 2 98C. The sample rate
of the 2D probes on the C-130 aircraft was slaved to the
true airspeed to ensure that the pixel spacing in the
across- and along-track directions was equal, but for true
airspeed greater than 125 m s2 1 the sample rate was Þxed

at the value for 125 m s2 1. Therefore, for the two runs
above 6 km when the true airspeed was greater than this
value, it has been necessary to account for this asymmetry
in calculating Dmax and Dmean.

Figure 2 shows the distribution of the ratio Dmax/
Dmean for over 85 000 2D-C images and over 55 000
2D-P images. Only size ranges for which this ratio can be
inferred unambiguously have been shown. We wish to
calculate a mean ratio between these two measures of
size such that massÐsize relationships such as the one
shown by (2) may be rewritten in terms of Dmax. The
usual situation in such relationships is that the mass of
complex polycrystals and aggregates larger than 100mm
is proportional to particle size to the power of approxi-
mately 2 (e.g., Mitchell 1996). Therefore, the appropri-
ate average ratio is given by (D2

max/D2
mean)

1/2. This is
shown versusDmax by the thick solid line in Fig. 2. Note
that this line is only moved by 0.05% if a power of 1.9 is
used as in (2), that is, if we calculate (D1:9

max/D1:9
mean)

1/1:9.
This insensitivity is fortunate given the range of exponents
that have been Þtted to aircraft data (e.g., HeymsÞeld
et al. 2007). There is a weak increasing trend withDmax,
but for particles smaller than around 3 mm the ratio is
1.256 0.05. Therefore, throughout this paper we make
the approximation that

FIG . 2. The ratio Dmax/Dmeanfor individual ice particles vs Dmax for
images measured by the probes on the U.K. meteorological research
aircraft from six straight and level runs on four different days, corre-
sponding to the runs shown in Figs. 1, 2, 4, and 5 of Hogan et al. (2006)
plus an additional run on 20 Oct 1998, and a run on 8 Oct 1997 (shown
in Fig. 6a, described below). The shaded contours indicate the prob-
ability density normalized by the peak value at that particular value of
Dmax. The distribution is not shown for images with aDmax that cor-
responds to fewer than eight pixels, because in that case the image is
judged not to be sufÞciently resolved for this ratio to be inferred re-
liably. Because the widths of the photodiode arrays are only 32 pixels,
particles with Dmax larger than this are not shown to avoid preferential
sampling of particles with extreme axial ratios. Too few particles of
Dmax . 4 mm are present in this sample to yield reliable statistics for
these sizes. The thick solid line indicates (D2

max/D2
mean)

1/2.
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Dmax • 1:25Dmean. (3)

In section 3 it will be shown that this approximation is
consistent with the mean iceparticle axial ratio found in
this aircraft dataset and reported by other authors, which
in turn is consistent with the radar observations that are
described later in this paper. We do not exclude the possi-
bility that future work (e.g., with higher-resolution probes)
will Þnd a slightly better ÞtÑfor example, to represent a
slight increase of this coefÞcient at larger sizes.

If we wish to use the Brown and Francis (1995) re-
lationship to aircraft ice particle size distributions that
are reported in terms of Dmax, then it is necessary to use
(3) to convert to Dmean before applying (2). Otherwise,
the mass of each particle, and hence the IWC, will be
overestimated by a factor of (1.256 0.05)1.9 5 1.536
0.12. This overestimate is consistent with that shown in
Fig. 1a of HeymsÞeld et al. (2010).

The consequences for radar reßectivity factor (which
is the main subject of this paper) are even more dramatic,
because the fact that in the Rayleigh regime it is pro-
portional to mass squared implies that it would be over-
estimated by a factor of (1.256 0.05)3.85 2.336 0.35, or
3.67 6 0.65 dB. An error of this magnitude is certainly
not consistent with the comparison of reßectivity factor
measured by radar and calculated by aircraft using (2)
applied to Dmean (Hogan et al. 2006). For convenience,
we present the Brown and Francis (1995) relationship
in terms of Dmax by performing this scaling to mass:

m 5 480D3
max; Dmax , 6:6 3 102 5 m,

m 5 0:0121D1:9
max; Dmax $ 6:6 3 102 5 m, (4)

and we recommend that this expression be used when
radar reßectivity factor is required and particle size distri-
butions are expressed in terms ofDmax. Note that in the
absence of accurate measurements ofDmean and Dmax for
particles smaller than approximately 100mm, this expres-
sion assumes the particles to be quasi spherical (Dmax 5
Dmean) for Dmax , 66 mm, with the ratio Dmax/Dmeanthen

increasing linearly with D max up to D max 5 97 mm,
whereafter (3) applies.

3. The axial ratio of ice particles

We now use the same data as in the previous section to
estimate the axial ratio of ice particles. If free-falling ice
particles have a preferentially horizontal orientation,
then their axial ratio is important for calculating their
scattering properties correctlyÑin particular, for verti-
cally pointing millimeter-wave radar. The appendix
describes a method for Þnding the major axis of a parti-
cle image and then estimating the length of its longest
and shortest dimensions,D long and D short, in perpen-
dicular directions; we then deÞne axial ratio asa 5
D short/D long. The right-hand image in Fig. 1 indicates
that the corresponding ellipse can provide a much
better approximation to the shape of the particle than
can a circle, and in this casea 5 0.61. Figure 3 shows
circles and ellipses Þtted to ice aggregates observed by
both the 2D-C and 2D-P probes, and again the ellipses
provide visibly better Þts to the images.

The same data as used in the previous section have been
used to characterize the relationship between Dlong,
Dshort, and other measures of particle size. It has been
found that Dmax is larger thanDlong but by only 1.5%Ð2%,
on average. Therefore, for the purposes of this paper, we
shall assume them to be equal. Figure 4 depicts the dis-
tribution of a for the same data as used in Fig. 2. The thick
solid line in Fig. 4 shows the logarithmic mean axial ratio,
that is, exp(lna) versusDmax (this is used in preference to
the linear mean, since the value of the linear mean ofa is
different from the equally valid reciprocal of the linear
mean of 1/a). It can be seen that there is a tendency for
larger particles to exhibit more-extreme axial ratios, al-
though the variation in the mean is less than the spread in
axial ratios of individual particles. Analysis of a larger
sample of aircraft data in frontal ice clouds between
08and 2 408C by Korolev and Isaac (2003) corroborates
the Þnding that mean axial ratio typically lies between 0.6
and 0.65, which are shown by the dashed lines in Fig. 4.

FIG . 3. Sample images from (top) the 2D-C probe in a midlatitude ice cloud on 21 Nov 2000 and (bottom) the 2D-P probe in a mid-
latitude ice cloud on 20 Oct 1998. Over each particle image, a solid circle with a diameter ofDmax and a dashed ellipse with major
dimension Dlong and minor dimension Dshort (deÞned in the appendix) have been drawn. Note that the orientation of the particles is
randomized when they enter the probe.
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This axial ratio is consistent with the relationship be-
tween Dmax and Dmean given by (3). Consider a particle
whose shadow consists of an ellipse withDmax 5 1 (ar-
bitrary units) and an axial ratio of 0.6. If this ellipse is
rotated through 3608(representing random orientation
within the probe) then it can be shown numerically that
the value of Dmean given by (1) will oscillate between 0.8
and 0.825, with a mean of 0.8125. ThusDmax • 1.23Dmean,
which is very close to (3).

The observational studies discussed in the introduction
suggest that ice particles naturally fall with their longest
dimension in the horizontal plane, which is not detectable
by aircraft given that the probe observes the particles from
above and that they have been reoriented by turbulence
in the vicinity of the probes and by the ßow around the
aircraft fuselage. We are really interested in the true axial
ratio of freely falling particles, but it is likely in both this
study and the study of Korolev and Isaac (2003) that
particles will tend to look more circular, on average, since
they will rarely be viewed ÔÔedge onÕÕ (i.e., rarely will the
shortest dimension be exactly perpendicular to the view-
ing direction), and perhaps the true mean axial ratio is less
than 0.6. Modeling of the process of aggregation by
Westbrook et al. (2004) also Þnds axial ratios in the range
0.6Ð0.65, however, and therefore we are motivated to
choose the value at the lower end of this range.

Given this evidence, we make the hypothesis that for
radar scattering applications it is reasonable to approximate
ice particles in single-phase clouds as horizontally aligned
oblate spheroids with a major-axis dimension ofDmax and
an axial ratio of 0.6, consisting of a homogeneous mixture
of ice and air with a mass given by (4). The test of our
hypothesis is in its ability to Þt radar observations, and in
the next two sections it is evaluated using coincident ra-
dar and aircraft data.

4. Application to polarimetric centimeter-
wavelength radar observations

Hogan et al. (2006) compared radar reßectivity factor
calculated from aircraft in situ sampling with the values
measured directly by the scanning 3-GHz (wavelength
l 5 9.75 cm) radar at Chilbolton, southern England, in
single-phase ice clouds. They found that the Brown and
Francis (1995) massÐsize relationship, applied to aircraft
size distributions binned byDmean, performed very well.
In this section we extend their analysis to compare also
the differential reßectivity, deÞned as

Zdr 5 10 log10(Zh/Zy); (5)

the Chilbolton radar transmits alternate horizontally and
vertically polarized pulses, andZh and Zy are the corre-
sponding radar reßectivity factors measured at the two
polarizations. For spheres,Zh 5 Zy and so Zdr 5 0 dB,
but for particles with a larger extension in the horizontal
than the vertical (e.g., horizontally aligned oblate spher-
oids), the horizontally polarized beam from the radar
induces a larger dipole moment than the vertically po-
larized beam, resulting in Zh . Zy, and Zdr is positive.

Reßectivity factor (or strictly ÔÔeffectiveÕÕ reßectivity
factor) may be deÞned as the summation of the back-
scatter cross sections of the individual particles in a unit
volume of air V:

Zh 5
l 4

p 5jKr j
2 �

V
s h, (6)

and similarly for Zy, where jKrj
2 is a reference dielectric

factor that deÞnes the calibration convention. Hogan
et al. (2006) used a value of 0.93, which ensures that
a millimeter-wavelength radar will measure the same
reßectivity factor as a centimeter-wavelength radar in
Rayleigh scattering ice cloud, thereby allowing the com-
bination to be used to estimate particle size. TheCloud-
Satradar (Stephens et al. 2002) uses a value of 0.75.

a. Dependence of differential reßectivity on density
and axial ratio

At a wavelength of 9.75 cm, we may assume the ice
particles to be much smaller than the wavelength and
use the Gans (1912) extension to Rayleigh theory (van
de Hulst 1957), which provides a simple analytical de-
scription of the polarized backscattering from homo-
geneous oblate spheroids. Seliga and Bringi (1976)
used this to calculate the Zdr from oblate raindrops,
whereas Hogan et al. (2002) used it to calculate theZdr

of oblate and prolate ellipsoidal approximations to
pristine ice plates and columns. In this approach, the

FIG . 4. As in Fig. 2 but for axial ratio a 5 Dshort/D long. The thick
solid line indicates the logarithmic mean, and the dashed lines
correspond to ratios of 0.6 and 0.65.
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backscatter cross section in (6), and in the equivalent
equation for Zy, is given by

s h 5
p 5D6

vol

l 4

�
�
�
�

(« 2 1)/3
1 1 (« 2 1)L 9

�
�
�
�

2

and (7)

s y 5
p 5D6

vol

l 4

�
�
�
�

(« 2 1)/3
1 1 (« 2 1)L

�
�
�
�

2

, (8)

where Dvol is the volumetric equivalent diameter, which
for an oblate spheroid is given by

Dvol 5 D1/3
shortD

2/3
max 5 a1/3Dmax, (9)

and « is the dielectric constant of the iceÐair mixture.
The mass and volume of the spheroid are used to work
out the density of this mixture, and then the Maxwell-
Garnet (1904) mixing rule is used to calculate«. The
terms L and L 9are geometric factors given by

L 5
1 2 L 9

2
5

1
e2 1 2

a sin2 1e
e

 !

, (10)

where the eccentricity is given bye 5 (1 2 a2)1/2. For
oblate spheroids with an axial ratio of a 5 0.6, L 5
0.478 andL 9 5 0.262. For spheres,L 5 L 9 5 1/3, and the
terms in the vertical bars in (7) reduce to the ClausiusÐ
Mossotti factor

K 5 (« 2 1)/(« 1 2). (11)

Figure 5 depicts the differential reßectivity of indivi-
dual particles as a function of axial ratio a and the frac-
tion of the volume containing ice, calculated using the
Gans (1912) theory. It can be seen thatZdr increases ap-
proximately linearly as a function of each of these factors.
This relationship is valid for particles much smaller than
the radar wavelength, in which limit Zdr is independent of
particle size (keeping axial ratio Þxed).

b. Case studies

We now use the Gans (1912) method to estimateZdr

from distributions of particles sampled in situ by the
U.K. meteorological aircraft and compare it with values
measured simultaneously by the Chilbolton radar. Ice
particle images from the 2D-C and 2D-P probes have
been characterized by their mean dimensionDmean and
axial ratio a using the method described in sections 2
and 3. Mass has been calculated using (2). It is assumed
that the apparent random orientation of the particles in
Fig. 3 is purely due to turbulence as the particles are
drawn into the probe, and under natural conditions the
particles are oriented with their longest dimension in the

horizontal. With the assumption that the particles scat-
ter as oblate spheroids, bothZh and Zdr may be calcu-
lated to compare with the radar.

Figure 6 depicts three coincident scans of the Chil-
bolton radar and in situ sampling from the U.K. aircraft,
in each case with a cloud top colder than2 408C. The
radar reßectivity factor was calibrated to 0.5 dB using
the redundancy of the polarimetric variables in heavy
rain (Goddard et al. 1994; Gourley et al. 2009). Figures
6c,g,k show the same as was found by Hogan et al.
(2006): that Zh calculated using the Brown and Francis
(1995) relationship applied to aircraft-measured size
spectra agrees well with radar measurements over three
orders of magnitude of Zh. Because Rayleigh-scattering
Zh is simply proportional to the mass of the particles
squared, this conÞrms the validity of this relationship for
stratiform ice clouds, at least for the larger particles in
the distribution to which the radar is sensitive. A reliable
independent measure of bulk IWC was unfortunately
not available on the aircraft for comparison. The dotted
lines correspond to changing the mass of each particle by
a factor of 2, but the radar measurements are nearly
always much closer to the line corresponding to the
Brown and Francis (1995) relationship.

Figures 6b,f,j show the corresponding Þelds ofZdr

from the radar. Typical values in these clouds are around
0.5 dB, indicating the presence of low-density ice ag-
gregates but that are nonetheless horizontally oriented.
The particles clearly cannot be randomly oriented, since

FIG . 5. Differential reßectivity vs ice fraction for individual
horizontally aligned oblate spheroids composed of a homogeneous
mixture of ice and air, where ÔÔice fractionÕÕ is simply the actual
particle mass divided by the mass of an oblate spheroid of the same
size but composed of solid ice. Each line corresponds to a different
axial ratio a as indicated. The calculations were performed using
the Gans (1912) theory described in the text and are only valid for
particles that are much smaller than the radar wavelength.
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Typewritten Text
(Eq. 10 is wrong: should be L = 1 - 2L' =...)
























