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T E L L U S

Properties of singular vectors using convective available
potential energy as final time norm

By RO EL STA PPER S∗ and JA N BA R K M EIJER Royal Netherlands Meteorological Institute (KNMI),
3732 GK De Bilt, The Netherlands

(Manuscript received 25 March 2010; in final form 6 December 2010)

A B S T R A C T
We study the feasibility of using the singular vector technique to create initial condition perturbations for short-
range ensemble prediction systems (SREPS) focussing on predictability of severe local storms and in particular deep
convection. For this a new final time semi-norm based on the convective available potential energy (CAPE) is introduced.
We compare singular vectors using the CAPE-norm with SVs using the more common total energy (TE) norm for a
2-week summer period in 2007, which includes a case of mesoscale extreme rainfall in the south west of Finland.
The CAPE singular vectors perturb the CAPE field by increasing the specific humidity and temperature of the parcel and
increase the lapse rate above the parcel in the lower troposphere consistent with physical considerations. The CAPE-SVs
are situated in the lower troposphere. This in contrast to TE-SVs with short optimization times which predominantly
remain in the high troposphere. By examining the time evolution of the CAPE singular values we observe that the
convective event in the south west of Finland is clearly associated with high CAPE singular values.

1. Introduction

Due to the success of ensemble prediction systems (EPSs) for the
medium range several numerical weather prediction consortia
have developed, or are in the process of developing, EPSs for
the short range (SREPS) (see e.g. Hágel and Horányi, 2007;
Iversen et al., 2007; Du et al., 2009). The main goal of these
short-range ensemble prediction systems is to aid forecasters
especially in situations of severe weather. Almost all severe
local storms are associated with deep convection and require
three necessary ingredients (Doswell, 1987; Johns and Doswell,
1992; Schultz and Schumacher, 1999).

(i) A moist layer of sufficient depth
(ii) A steep enough lapse rate
(iii) Sufficient lifting of a parcel from the moist layer to allow

it to reach its level of free convection (LFC).

The requirement for moisture (i) and steep enough lapse rate
(ii) can be understood in terms of convective available poten-
tial energy (CAPE). In general the large-scale flow creates the
favourable thermodynamic environment while the mesoscale
provides the lift needed to initiate convection (Doswell, 1987).

In medium range EPS several methods are being used to cre-
ate initial condition perturbations. At the European Centre for
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Medium-Range Weather Forecasts (ECMWF) the initial condi-
tion perturbations are created by taking linear combination of
singular vectors. Singular vectors are norm dependent structures
and can therefore be designed to focus on particular forecast as-
pects. Given the requirement that the SREPS should inform
about predictability of severe local storms in general and deep
convection in particular, we investigate the properties of singular
vectors that have maximum impact on the 12 h CAPE forecasts.
We will refer to these singular vectors as CAPE-SVs.

Based on the fact that forecasters are able to improve nu-
merical weather predictions of mesoscale convective systems,
Xu et al. (2001) propose to let forecasters identify the area of
forecast concern and use the adjoint model to determine key at-
mospheric parameters influencing the forecast. The output from
these sensitivity experiments is then used to create initial condi-
tion perturbations for a short-range ensemble prediction system,
which is specifically designed to investigate the forecast concern
of the day. They introduced nine cost functions that are believed
to be important for deep convection. In their conclusions they
state that with the perturbation sizes they used their method
is superior in terms of the equitable threat scores and ranked
probability scores between 6 and 24 h to ensembles based on
physics perturbations or a certain Monte Carlo approach both
described in Stensrud et al. (2000). Homar et al. (2006) com-
pared an EPS using the method of Xu et al. (2001) to the National
Centers for Environmental Prediction (NCEP) operational Short
Range Ensemble Forecasting (SREF) system and the Eta model
for a 3-week period. They show that the adjoint based system
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374 R. J. J STAPPERS AND J. BARKMEIJER

improved the numerical forecasts of severe weather and pro-
duces better probabilistics scores of heavy precipitation than the
SREF. We show that by a suitable projection the CAPE-SVs are
equal to optimal perturbations and could therefore be used as a
cost function in the method of Xu et al. (2001).

One of the assumptions that has to be made in the SV calcu-
lation is that forecast errors are linearly related to initial condi-
tion errors. When going to higher resolutions and at the same
time focusing on mesoscale aspects of the forecast, such as in-
stantaneous convective precipitation, the linearity assumption
becomes increasingly problematic, see Mahfouf and Bilodeau
(2007), Hohenegger and Schär. (2007) and Errico et al. (2003).
As CAPE is associated with the large-scale flow and the CAPE-
field is a relatively smooth field compared to convective precipi-
tation it is plausible that the tangent linear assumption holds for
longer lead times compared to convective precipitation.

In Section 2, we introduce singular vectors and derive a norm
based on CAPE. We show how the CAPE-norm can be used
in adjoint sensitivity studies and for the creation of optimal
perturbations. In Section 3, we investigate the properties of the
CAPE-SVs for a 2-week summer period in 2007 and compare
them with TE-SVs. In Section 4, we discuss the validity of the
tangent linear assumption using twin experiments. Finally, in
Section 5 we end with conclusions.

2. Theory

2.1. Singular vectors

In the singular vector calculation it is assumed that forecast
errors ε(T ) are linearly related to errors ε(0) at analysis time

ε(T ) = M(T , 0)ε(0), (1)

where M (T , 0) is called the propagator or resolvent. The action
of M on a vector ε(0) is obtained by integrating the tangent
linear model

ε̇(t) = J [x(t)]ε(t) (2)

starting from the initial condition ε0 and where x(t) is the solution
of the non-linear forecast model

ẋ = F (x) (3)

starting from the initialized analysis x0. There are practical prob-
lems with obtaining the tangent linear model by linearizing the
non-linear atmospheric model such that J [x(t)] = ∂F

∂x

∣∣
x(t)

due to
the strong non-linearities in the physical parametrizations of the
models (Vukićević and Errico, 1993; Janisková, 2003; Fillion
and Bélair, 2004).

Singular vectors are vectors ε(0) that maximize the ratio

[Pε(T ), DPε(T )]

[ε(0), Eε(0)]
, (4)

where D is a positive semi-definite symmetric operator, E is a
positive definite symmetric operator w.r.t. the Euclidean inner
product (·, ·) and P is a projection operator (Barkmeijer et al.,
2001). By using Lagrange multipliers it is easy to show that
the solution to eq. (4) is equal to the leading eigenvector of the
following generalized eigenvector problem.

M∗P∗DPMε(0) = λEε(0). (5)

Here M∗ is the adjoint of the propagator M w.r.t. the inner prod-
uct (·, ·). This is a symmetric generalized eigenvalue problem
and therefore the eigenvalues are real and can be ordered λ1 ≥
λ2 ≥ . . . ≥ λN ≥ 0. The nth singular vector maximizes the ratio
in eq. (4) in a direction E-orthogonal to the space spanned by
the leading (n − 1) singular vectors. For each singular vector
the singular value is given by

√
λ.

2.2. CAPE norm

The convective available potential energy based on the virtual
temperature is defined as (Doswell and Rasmussen, 1994)

CAPE = g

∫ EL

LFC

Tv(z′) − T̄v(z′)
T̄v(z′)

dz′, (6)

where T v is the virtual temperature of the parcel rising adiabat-
ically from its source layer and T̄v is the virtual temperature of
the environment. The integral is only evaluated between heights
where the integrand is positive. These heights are called the level
of free convection (LFC) and the equilibrium level (EL). For
computation simplicity we derived the final time CAPE-norm
from a simplified CAPE calculation used in the post processing
of an earlier version of the operational ECMWF-model (Bech-
told, personal communication, 2008)

CAPE = g

∫ EL

LFC

θeup − θesat (z)

θesat (z)
dz′, (7)

where θeup is the equivalent potential temperature of a parcel
based on the average conditions in the lowest 50 hPa in the
model and θesat is the saturation equivalent potential tempera-
ture. The value of θeup is kept constant during the parcel ascent.
The CAPE values from eq. (7) are approximately 25% higher
than those computed using eq. (6) (Bechtold, personal communi-
cation). Note that multiplying the final time norm in the singular
vector calculation by a scalar has no impact on the structure
of the singular vector. From the Taylor expansion of the CAPE
calculation around a model state x we obtain

CAPE(x + δx) − CAPE(x) = ∂CAPE

∂x
δx + O(δx2). (8)

Therefore the impact of an infinitesimal perturbation δx of
the model state x on CAPE, measured in the Euclidean norm, is

||CAPE(x + δx) − CAPE(x)||2 = ||Cδx||2 = (δx, C∗Cδx).
(9)
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We will refer to C = ∂CAPE
∂x

as the CAPE-operator. This op-
erator maps three-dimensional perturbations of the model state
to two-dimensional CAPE perturbations. The operator C∗ C is
positive semi-definite and therefore defines a semi-norm on the
model states.

The eigenvalue problem (5) can now be written as

E−1/2M∗P∗C∗CPME−1/2v = λv, (10)

where we have assumed that E is a simple metric in the sense
that E−1/2 can easily be obtained, for example, the metric used in
the TE-norm (Errico et al., 2004). The solutions to the original
maximization problem are now given by ε =E−1/2v.

2.3. Squared mean versus mean squared SVs

Both positive and negative CAPE perturbations contribute to
the CAPE norm. This typically leads to nearby areas of nega-
tive and positive CAPE perturbations, similar to the wave train
structures when the TE-norm is used. In particular there is the
possibility that perturbations which are large in the CAPE-norm
have small impact on the mean CAPE value in a certain area.
This may prohibit the analysis of how CAPE perturbations are
associated with, for example, severe convective events. For this
reason we also computed perturbations that have maximum im-
pact on the square of the mean CAPE values as opposed to the
mean of squared CAPE values. We will refer to these SVs as
SCAPE-SVs. If we define a projection operator � on the CAPE
perturbations as

� =

⎡
⎢⎢⎢⎢⎢⎣

1 . . . 1

0 0 0
...

...
...

0 0 0

⎤
⎥⎥⎥⎥⎥⎦

. (11)

Then, maximizing the squared mean CAPE perturbation using
the total energy metric E at initial time is equivalent to solving
the eigenvector problem

E−1/2M∗P∗C∗�∗�CPME−1/2v = λv. (12)

The projection operator � is a rank 1 mapping. Therefore
there is only one singular vector with σ �= 0. This singular
vector is obtained up to a normalization by

ε = E−1M∗P∗C∗1. (13)

Here 1 denotes a vector of ones. In particular, there is no need
for a Lanczos scheme to determine this ‘leading’ SCAPE-SV.

Similar expressions are obtained in Mahfouf and Bilodeau
(2007) and Errico et al. (2003), where a cost function is max-
imized subject to constraints on the initial conditions. The re-
sulting structures are referred to as optimal perturbations. The
equivalence between their formulation and the squared mean
SVs given here can be demonstrated by defining a cost-function

as the sum of CAPE-values inside a projection domain

J = [
P̃CAPE(x), 1

]
. (14)

Here P̃ is a projection operator that sets CAPE-perturbations
outside the projection domain to zero. Small perturbations δx in
the model state lead to perturbations in CAPE

δCAPE = Cδx, (15)

where C is the CAPE operator. We get

δJ = (
P̃δCAPE, 1

) = (
CδxT , P̃1

) = (
δx0, M∗C∗P̃1

)
(16)

and by definition

δJ = (∇x0J , δx0

)
. (17)

So we conclude that the adjoint sensitivity of the sum of CAPE
is given by

∇x0J = M∗C∗P̃∗1. (18)

Maximization of the cost function under constraints on the
initial conditions and introducing a projection P such that P̃C =
CP leads to expression (13). The optimal pertubations maximize
the mean CAPE values while SCAPE-SVs maximize the square
of the mean CAPE values. Therefore the remark in Mahfouf and
Bilodeau (2007) that SVs are not equal to optimal perturbations
is true but only in the sense that the SVs do not necessarily
increase the mean CAPE values. The structures obtained using
both methods are equal. The CAPE cost function can now be
used in the method of Xu et al. (2001) to create initial condition
perturbation.

3. Case study

For all experiments we used HIRLAM 7.3beta1 with incremental
4DVAR using two outer loops and digital filtering initialization
(DFI) as a weak constraint. The domain is approximately equal
to the Euro-Atlantic region (≈40◦W–40◦E 35◦N–80◦N) with a
resolution of 0.5◦. The singular vectors are calculated every 6 h
with an optimization time of 12 h for a 2-week summer period
starting from August 15, 2008 at 00 UTC till August 30, 12 UTC.
This period is also used in the grand limited area model ensemble
prediction system (GLAMEPS) project (Iversen et al., 2007) to
test different short-range ensemble strategies. During this 2-
week period a severe mesoscale convective system developed
in the south west of Finland, which the operational Finnish
model failed to predict in any cycle verifying at the same time
(Iversen et al., 2007). We use analysis blending (Yang, 2005)
such that the large-scales are mixed with the ECMWF analysis.
For a detailed description of the HIRLAM system we refer to

Undén et al. (2002). We use the default settings for the tangent
linear model which only includes vertical diffusion of the Météo
France simplified physics package (Janisková et al., 1999). The
non-linear trajectory was updated every hour in the tangent linear
model. At final time we target the fields to the area defined by
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Fig. 1. Sum of CAPE values inside the projection domain for the 12 h
forecast as a function of the verification time.

55◦N–65◦N and 10◦E–30◦E. At initial time we use a dry total
energy norm similar to the computation of singular vectors used
in the EPS at ECMWF (Leutbecher and Palmer, 2008), that is,
we do not perturb the specific humidity field.

Figure 1 shows the sum of CAPE values inside the projection
domain for the 12 h forecast as a function of verification time
using the approximate CAPE calculation from which the CAPE
norm was derived. Around August 22, during the mesoscale
convective event, the CAPE values are relatively high and during
this period there is a clear diurnal cycle with lower CAPE values
for forecasts that verify at 00 and 06 UTC, likely due to the
cooler, stable boundary layer that develops at night.

3.1. Singular values

In all singular value plots we plot the average singular values
of the leading ten SVs for the TE-SVs and CAPE-SVs and the
singular value for leading SCAPE-SVs. We will refer to these as
the average singular value. Figure 2 shows the average singular
value using the final time TE-norm, CAPE-norm and SCAPE-
norm. Both the CAPE singular values and the SCAPE singular
values clearly indicate that the leading singular vectors have
a large impact on the CAPE in the background flow around
August 22. In the period around August 22 there is a daily
cycle in the CAPE singular values with lower singular values
for forecasts starting from 00 and 18 UTC.

By comparing the CAPE and SCAPE singular values with
Fig. 1 it is clear that the higher singular values around August

Fig. 2. Average singular value of the CAPE-SV (top left-hand panel), SCAPE-SV (top right-hand panel) and TE-SVs (bottom left-hand panel) as a
function of the analysis time. In the lower right-hand panel we show the average ‘singular value’ of the TE-SVs in the CAPE-norm.
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22 correspond to high CAPE values in the 12 h forecasts inside
the projection domain during this period. Note however that the
low CAPE values verifying at 00 UTC correspond to relatively
high singular values according to the SCAPE and CAPE singular
values starting from the 12 UTC analysis of the previous day.
These results should be contrasted with the singular values for
the TE-SVs. Here there is no increase in the singular values
around August 22 and no daily cycle. In Fig. 2 (lower right-hand
panel) we show the impact of the TE-SVs on CAPE, that is, we
measure the size of the evolved TE-SVs in the CAPE-norm. In
this case we do see a clear signal in the ‘singular values’. By
comparing with the singular values of the CAPE-SVs we see
that the CAPE-SVs are approximately 10 times more effective
at perturbing CAPE compared to TE-SVs around August 22.

3.2. SV structures for August 21 at 18 UTC

The mesoscale convective system in the south west of Finland
developed around August 22 at 6 UTC. Here we discuss the
properties of the SVs using the TE, CAPE and SCAPE norm
starting from the August 21 18 UTC analysis and verifying at
August 22 at 6 UTC. Figure 3 shows the structure at initial and
final time of the leading TE-SVs. At initial time the tempera-
ture perturbations show the typical tilted wave train structure
against the wind-shear. After 12 h the structures are untilted
and have propagated upward towards the jet-stream level. These
characteristics are well known features of TE-SVs (Palmer et al.,

1998). Due to the short optimization time used here the temper-
ature perturbations at initial time are high in the troposphere. At
initial time the energy is almost completely in the temperature
field which is converted to kinetic energy at final time. These are
consistent features of all the TE-SVs in the 2-week period (see
Fig. 6).

Figures 4 and 5 show the structure at initial and final time of
the leading CAPE-SV and the leading SCAPE-SV. Compared
with the leading TE-SV both types of CAPE-SVs are situated
much lower in the troposphere and the CAPE-SV is more lo-
calized in the horizontal. At final time the temperature field is
increased in the low troposphere and decreased in the mid tropo-
sphere for both the CAPE and SCAPE-SVs. The impact of the
evolved TE-SVs on CAPE is small compared to the CAPE-SVs.

For this particular day the leading CAPE-SVs increases CAPE
for almost all grid points inside the projection domain and there-
fore also increases the mean CAPE values, that is, we do not have
wave train structures in the evolved CAPE-field. As a result of
this the SCAPE-SV, which maximizes the mean CAPE, projects
strongly on the CAPE-SVs in the southwest of the projection
domain. More generally, using the sign ambiguity in the CAPE-
SVs, we can multiply all CAPE-SVs with the sign of the mean
evolved CAPE field inside the projection domain such that the
CAPE-SVs all have a non-negative impact on the mean CAPE-
field. When the SCAPE-SV is written as a linear combination of
these CAPE-SVs it will mainly project on those CAPE-SVs that
have a large positive bias in the mean CAPE field. Being linear

Fig. 3. Leading TE-SVs for August 21 at 18 UTC, initial temperature and background wind at model level 15 (top left-hand panel) cross section
initial temperature (bottom left-hand panel), evolved u-component wind at level 12 (top middle panel), cross section u-component wind (bottom
middle panel), Evolved CAPE (top right-hand panel) and cross section specific humidity (bottom right-hand panel). The vertical cross sections are
along the green line in the upper plot. The red box indicates the target area for the SVs. Positive perturbations (solid red), negative perturbations
(dashed blue). The evolved fields are valid at 12 h forecast time. The contour interval is given by the number above each panel.
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378 R. J. J STAPPERS AND J. BARKMEIJER

Fig. 4. Leading CAPE-SV for August 21 at 18 UTC, initial temperature and background wind at model level 33 (top left-hand panel) cross section
initial temperature (bottom left-hand panel), evolved temperature at level 35 (top middle panel), cross-section temperature (bottom middle panel),
Evolved CAPE (top right) and cross-section specific humidity (bottom right-hand panel). The vertical cross sections are along the green line in the
upper plot. The red box indicates the target area for the SVs. Positive perturbations (solid red), negative perturbations (dashed blue). The evolved
fields are valid at 12 h forecast time. The contour interval is given by the number above each panel.

Fig. 5. SCAPE-SVs for August 21 at 18 UTC, initial temperature and background wind at model level 33 (top left-hand panel) cross section initial
temperature (bottom left-hand panel), evolved temperature at level 35 (top middle panel), cross-section temperature (bottom middle panel), Evolved
CAPE (top right-hand panel) and cross section specific humidity (bottom right-hand panel). The vertical cross sections are along the green line in the
upper plot. The red box indicates the target area for the SVs. Positive perturbations (solid red), negative perturbations (dashed blue). The evolved
fields are valid at 12 h forecast time. The contour interval is given by the number above each panel.
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PROPERTIES OF SINGULAR VECTORS 379

combinations of CAPE-SVs that all have a positive bias in the
CAPE field the scale of the CAPE-field of the SCAPE-SVs is
larger than the CAPE-field of the CAPE-SVs.

3.3. Vertical structures

Figures 6–8 show the average vertical energy distribution inside
the projection domain of the TE-SVs, the CAPE-SVs and the
SCAPE-SV respectively. For the TE-SVs and the CAPE-SVs
the average vertical energy was based on the leading nine SVs.
For each day each average field is scaled such that the maximum
value is 1. The upper right-hand plots show the energy distribu-
tion inside the projection domain as a function of the analysis
time for temperature, kinetic energy and specific humidity in
terms of TE. For the TE-SVs on average 80% of the energy is in
the temperature field at initial time. The height where this initial
temperature maximum occurs varies between 250 and 450 hPa
(model levels 11–17). At evolved time almost all energy is in
the kinetic energy (note that the evolved kinetic energy values
are divided by 5 in the upper right-hand plot) between 250 and
350 hPa (model levels 11–15). We use a dry total energy norm at
initial and final time and so there is no role of the specific humid-
ity field in the SV computation. In the fields that contribute to

the total energy the TE-SVs show little variability as a function
of time.

For the CAPE-SV on average 70% of the energy is in the
temperature field at initial time with the remaining 30% in the
kinetic energy. These temperature perturbations are always be-
tween 850 and 950 hPa. For SCAPE-SVs these ratio’s are 80 and
20% for temperature and kinetic energy on average, respectively.
There is also much more variability in the height of the initial
temperature perturbation. Especially in periods with low singu-
lar values the initial temperature field of the SCAPE-SV tends
to be higher in the troposphere compared to the CAPE-SVs.

At evolved time the SCAPE-SVs have more energy in the
temperature field compared to the CAPE-SV. The energy in this
evolved temperature field is relatively constant as a function of
time compared to the energy in the evolved specific humidity
field and the evolved kinetic energy. Note that wind perturbations
at final time have no impact on the CAPE values. These wind
perturbations are however an effective way to create moisture
perturbations at final time, which is important in creating CAPE.
Both CAPE and SCAPE-SVs mainly affect the specific humidity
around 850 hPa (model level 30) with little variability in the
vertical structure compared to the evolved kinetic energy and
temperature.

Fig. 6. Scaled average energy distribution of the TE-SV as a function of analysis time. Initial temperature (top left-hand panel) initial kinetic (top
middle panel), evolved temperature (bottom left-hand panel), evolved kinetic (bottom middle panel) and evolved specific humidity (bottom
right-hand panel). Each field is scaled such that the maximum is 1. The total energy inside the projection domain for each field is shown in the upper
right-hand panel with temperature (red) kinetic energy (green) and specific humidity (blue). Values at initial time (dashed) values at evolved time
(solid). The evolved kinetic energy is divided by 5 in the upper right-hand plot.
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380 R. J. J STAPPERS AND J. BARKMEIJER

Fig. 7. Scaled average energy distribution of the CAPE-SV as a function of analysis time. See caption Fig. 6. The evolved specific humidity energy
is divided by 2 in the upper right-hand plot.

Fig. 8. Scaled energy distribution of the SCAPE-SV as a function of analysis time. See caption Fig. 6. The evolved specific humidity energy is
divided by 2 in the upper right-hand plot.

Tellus 63A (2011), 3
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Fig. 9. Horizontally averaged perturbation specific humidity field (left-hand panel) and perturbation temperature field (right-hand panel) inside the
projection domain for the SCAPE-SVs averaged over four time periods. Period 1: August 15, 06 UTC to August 17, 00 UTC (dash) period 2:
August 17, 06 UTC to August 19, 06 UTC (dash–dotted) period 3: August 21, 00 UTC to August 24, 06 UTC (solid) and period 4: August 27, 00
UTC to August 30, 6 UTC (dotted).

The results presented here all used a dry total energy norm at
initial time (no specific humidity perturbations). We performed
experiments with SVs with specific humidity perturbations in-
cluded at initial time using different values for the coefficient in
the TE-norm, which measures the energy content in the specific
humidity field (see Barkmeijer et al., 2001). What we observed
was that part of the energy was in the specific humidity field at
initial time, as expected, but the structures of the temperature
and wind field were equal to SVs computed without allowing
specific humidity perturbations. This is probably related to the
exclusion of important diabatic physics in the tangent linear
model.

We selected four time periods to examine in more detail the
large fluctuations in the evolved specific humidity and the verti-
cal extent of the evolved temperature field for the SCAPE-SVs
(see caption Fig. 9 for the definition of the four time periods).

In the first and third period the evolved specific humidity
field is dominant in terms of TE. In addition, this third period
is characterized by a large vertical extent in the evolved tem-
perature field and high singular values. The second and fourth
period are characterized by low values for the evolved specific
humidity field. Figure 9 shows the horizontally averaged evolved
perturbation of temperature and specific humidity inside the pro-
jection domain averaged over the four periods. For all periods
we observe that the CAPE-SVs increase the temperature and
specific humidity of the parcel, defined as the average condition
in the lowest 50 hPa (lowest 5 model levels). This effect is the
strongest for the third period with the highest singular values.
Furthermore, the specific humidity and lapse rate are increased
above the lowest 50 hPa. The height over which the lapse rate
is increased strongly depends on the synoptic situation. During
the second period the lapse rate is increased in a very shallow
region around 850 hPa while for the third period the lapse rate
over the entire layer from 950 and 400 hPa is increased. This

dependence of the vertical temperature profile on the synoptic
situation will be difficult to account for in cost functions defined
at single model levels or in the planetary boundary layer such
as used in Xu et al. (2001). The heating and moistening of the
parcel will, in most cases, reduce the convective inhibition and
will therefore decrease the lifting needed for a parcel to reach its
level of free convection. Therefore, the CAPE-SVs are beneficial
to all three necessary ingredients for deep convection mentioned
in the introduction.

From Fig. 8 we observe that the evolved specific humidity field
of the SCAPE-SVs in terms of TE have the largest impact around
850 hPa (model level 30), while in Fig. 9 the maximum occurs at
950 hPa (model level 35). The effect can be seen most clearly for
the third period in Fig. 9. This is caused partly because the model
levels represent less mass in the lower troposphere with the result
that perturbations at lower levels have less impact on the TE.
The same effect is observed in the evolved temperature field.
Furthermore at higher model levels there are regions with both
positive and negative contributions to the specific humidity field
such that the average specific humidity perturbation is smaller
while in terms of energy there is a maximum (see Fig. 5).

4. Linearity test twin experiments

To test the potential usefulness of the tangent linear model we
performed twin experiments for the ‘Finnish case’ similar to the
non-linear test in Vukićević and Errico (1993). A necessary con-
dition for the tangent linear model to be potentially useful is that
the error growth in the non-linear run behaves linearly according
to a predefined error measure. Figure 10 shows the CAPE per-
turbation at initial and final time using the leading CAPE-SV as
initial condition perturbation. The leading CAPE-SV was mul-
tiplied by 0.1 resulting in a perturbation with maximum values
for temperature of 0.58 K and for wind of 0.38 m s−1. As we
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Fig. 10. CAPE perturbations at initial time (top left-hand panel) and final time in the tangent linear model (top right-hand panel) and in the two
non-linear runs (bottom left- and bottom right-hand panels). The CAPE values in the (-) run are multiplied with −1 for ease of comparison. The
contour interval is 30 J kg−1 in all panels.

used a dry TE-norm to constrain the initial perturbations, the
CAPE perturbation over the north of Poland at initial time is de-
termined completely by the temperature field. At final time the
specific humidity is the dominant field in terms of energy and
the CAPE perturbation is now located over the Baltic sea. As
shown in Fig. 10 the result of adding or subtracting the CAPE-
SV gives very similar CAPE perturbations in the non-linear runs
indicating that the tangent linear assumption is valid if CAPE is
used as verification measure. The tangent linear model however
overestimates the amplitude of the CAPE perturbation.

Although these results look promising we noticed that already
after 1 h small scale noise with low amplitude is present in the
boundary layer for the entire integration domain in the twin ex-
periment runs for the temperature and wind field. We noticed
that vertical integrals such as CAPE are rather insensitive to
this small-scale noise for reasonably sized initial perturbations,
but similarity indices between the full three-dimensional fields
are low. When the amplitude of the initial condition perturba-
tion is decreased the noise starts to interfere too much with the
SV growth when twin experiments are performed leading to
lower similarity indices. Similar behaviour has been observed

by Vukićević and Errico (1993). They conclude that the dom-
inant mechanism for very small perturbation evolution is the
forcing of gravity waves for the regions and periods where the
convection is sensitive to 2	t oscillations. We will investigate
the loss of linearity of HIRLAM for these cases in a follow-up
paper. Note that the loss of linearity for the small amplitude
twin experiment does not imply that the results of the tangent
linear model presented here are invalid but might actually reveal
problems with the non-linear model itself.

5. Conclusions and discussion

The feasibility of using the singular vector technique to create
initial condition perturbations for short range ensemble predic-
tions has been investigated. For this a new final time norm based
on CAPE has been introduced. We have studied the properties of
two types of CAPE-SVs and compared their structure with TE-
SVs for a 2-week summer period in 2007 during which a severe
mesoscale convective system in the south west of Finland was
observed. Both types of CAPE-SVs show a clear increase in the
singular values indicating that small perturbations can give rise
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to large CAPE perturbations during the mesoscale convective
event. During this period there is a daily pattern in the singular
values with lower values for singular vectors starting from the 00
and 18 UTC analysis. TE-SVs show no increase in the singular
values for this period and there is no daily pattern.

During the 2-week period all SCAPE-SVs increase CAPE at
final time by increasing the specific humidity and temperature of
the parcel and at the same time increasing the lapse rate above
the parcel. The increase in moisture content and temperature
in the low troposphere will also decrease the absolute value of
CIN and therefore reduce the lift needed for parcels to reach
their LFC. So, although the CAPE-SVs do not provide the lift
needed to reach the LFC, most convection schemes will be easier
triggered in runs that are perturbed with CAPE-SVs. Therefore
adding CAPE-SVs to the initial condition is beneficial to all
three necessary ingredients for development of deep convection
mentioned in the introduction (Doswell, 1987). Another useful
property of both types of CAPE-SVs for short range EPS is that
their activity mainly takes place in the lower troposphere. This
in contrast to TE-SVs with OT = 12 h which predominantly re-
main in the high troposphere (above 500 hPa). Note that although
the specific humidity component has the largest contribution in
terms of TE in the evolved CAPE-SVs there is also perturbation
growth in the kinetic energy component. We plan to explore
the impact of this different behaviour in the context of a short-
range ensemble systems (GLAMEPS, Iversen et al., 2007) fo-
cussing particularly on the performance with respect to weather
parameters.

For certain vertical temperature and humidity profiles parcels
will never reach their LFC. In those case there are no infinites-
imal perturbations that will produce CAPE and therefore the
CAPE operator acts as a projection operator for these points. This
also happens for cost functions based on precipitation (Mahfouf
and Bilodeau, 2007) where only levels where supersaturation is
diagnosed in the background state contribute to the norm. One
solution to avoid this projection is to change the lower integra-
tion limit in the CAPE integral to the initial parcel height instead
of the LFC. This amounts to subtracting the energy needed to
reach the LFC (the convective inhibition) from the CAPE. Opti-
mal perturbation based on this norm will decrease the absolute
value of CIN for those specific humidity and temperature pro-
files with zero CAPE and both decrease the absolute value of
CIN and increase CAPE for profiles with positive CAPE values.

We have shown that the CAPE-norm can be used in the method
of Xu et al. (2001) to create optimal perturbations with a cost
function that measures the mean CAPE inside a projection do-
main. Short range (ensemble) forecasting has to deal with many
forecast aspects. Several indices have been developed to evaluate
the convective and severe weather potential of the atmosphere
such as the Showalter index, lifted index, total totals, total energy
index, severe weather threat, bulk Richardson number, helic-
ity index, vorticity generation potential, etc. (Blanchard, 1998;
Peppler, 1988). For indices that depend differentiably on the

model state the same method can be used to derive a norm and
create optimal perturbations. These optimal perturbations are
an interesting alternative for short range EPS based on singular
vectors. First of all, each ensemble member can be constructed
to focus on a particular forecast aspect by using a norm derived
from a related weather index. Note that we can easily adjust the
optimization time and the resolution in the adjoint integration,
for example, we can choose short optimization times and higher
resolutions when norms are used that focus on mesoscale aspects
of the forecasts. Secondly, when several indices are being used
to compute the optimal perturbations, the impact of each opti-
mal perturbation can be judged on their impact on ensemble skill
scores. This information could be used to gradually improve the
norms used to create the initial condition perturbations.
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