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Abstract

It is a well known result that for 8 € (1, 1+2\/g) and z € (0, ﬁ) there exists uncountably

many (¢;)52, € {0,1}" such that z = 37°, ¢;4~%. When 8 € (145 2] there exists
z € (0, 727) for which there exists a unique (€;)%2; € {0,1}" such thatz = >";°, ;87"

» B—1
In this paper we consider the more general case when our sequences are elements of
{0,...,m}. We show that an analogue of the golden ratio exists and give an explicit

formula for it.

1. Introduction

Letm e N, 8 € (1,m+ 1] and I, = [0, %] Each x € I3 ,,, has an expansion of the

form
oo
€;
=35
i=1

for some (¢;)%2; € {0,...,m}". We call such a sequence a 3-expansion for z. For z €
I » we denote the set of S-expansions for « by X5 ,,,(2), i.e.,

Sgm() = {(ei)fil e{o,...,m}": i ;T — x}

In [6] the authors consider the case when m = 1, they show that for 8 € (1, 1+2\/g) the set

Sg,1(x) is uncountable for every = € (0, 527). The endpoints of [0, 52| trivially have a
unique 3-expansion. In [5] it is shown that for 8 € (%, 2] there exists z € (0, ﬁ)
with a unique 3-expansion.

For m € N we define G(m) € R to be a generalized golden ratio for m if for 5 €
(1,G(m)) the set ¥, (x) is uncountable for every z € (0, 3™7), and for every § €

(G(m), m + 1] there exists z € (0, 577 ) for which [Xg,m, ()] = 1.
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In [11] the authors consider a similar setup. They consider the case where 5-expansions
are elements of {ay, as, az}", for some ay,as, az € R. They show that for each ternary al-
phabet there exists a constant G € R such that, there exists nontrivial unique /3-expansions
if and only if 8 > G. Moreover they give an explicit formula for G.

Our main result is the following.

Theorem 1.1. For each m € N a generalized golden ratio exists and is equal to:

k+1 ifm=2k
G(m) = EALEVITEGRES iy — 9% 4 1. M

Remark 1.2. G(m) is a Pisot number for all m € N. Recall a Pisot number is a real
algebraic integer greater than 1 whose Galois conjugates are of modulus strictly less than
1.

In section 6 we include a table of values for G(m). We prove Theorem 1.1 in section 3.
In section 4 we consider the set of points with unique S-expansion for 8 € (G(m), m + 1],
and in section 5 we study the growth rate and dimension theory of the set of S-expansions

for 8 € (1,G(m)).

2. Preliminaries

Before proving Theorem 1.1 we require the following preliminary results and theory. Let
m € Nbe fixed and § € (1,m + 1]. Foreach i € {0,...,m} we fix T ;(z) = fz —i.
The proof of the following lemma is trivial and therefore omitted.

Lemma 2.1. The map Tg ; satisfies the following:

o T} ; has a unique fixed point equal to

ﬁil‘

o T3(x) >z forallx > BL;l’

o T () <zforallz < ﬁ’

o |Tjs,(z) — Tﬁz(ﬁ)‘ = Blz — ﬁ ,forall x € R, that is Tp ; scales the distance

between the fixed point ﬁil and an arbitrary point by a factor [3.

Understanding where in I3 ,, these fixed points are will be important in our later analy-
sis.
We let

Qg m(z) = {(ai);’il e {Ts.,0,--- ,Tg’m}N t(apoan_10...0a1)(z) € Igm

foralln € N}.
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Similarly we define
Qg mn(x) = {(ai)?zl €{Ts0,---,Im}" : (apoan_10...0a1)(x) € Igﬁm}.

Typically we will denote an element of 3 ,,, () or any finite sequence of maps by a.
When we want to emphasise the length of @ we will use the notation a(™. We also adopt
the notation a("™ (z) to mean (a,, © a,_1 0...0a1)(x).

Remark 2.2. It is important to note that if for some finite sequence of maps a, a(x) & Ig.m,
then we cannot concatenate a by any finite sequence of maps b, such that b(a(z)) € I3 m,.

Remark 2.3. Let 5 € (1,m + 1]. For any x € Ig, there always exists i € {0,...,m}
such that Tg ;(x) € Ig . For B > m + 1 such an i does not always exist.

Lemma 2.4. X3, (z)] = [Qg.m(x)].

Proof. Itis a simple exercise to show that

Ygm(x) = {(Gz)fil c{0,....m"N: 2~ ;% € [0, ﬁ] foralln € N}.

Following [8] we observe that
_ \o© N._._ & m_
Ygm(x) = {(61)1:1 e{0,....,m}" :z Z 5 € [O, 575 = 1)] foralln € N}

= {(ei)fil c{0,....,m}"N: gz — Z €B" " € Ig,, foralln € N}

=1

- {(q);ﬁl €{0,...,m}"N: (The, 0...0Ts.,)(x) € Igm foralln € N}.
Our result follows immediately. O

By Lemma 2.4 we can rephrase the definition of a generalized golden ratio in terms of
the set Q2 ,,, (). This equivalent definition will be more suitable for our purposes. The set
Q5 m.n () will be useful when we study the growth rate and dimension theory of the set of
[B-expansions.

For a point € I ,,, we can take 7 to be the first digit in a 3-expansion for z if and only
if Bx — i € Ig . This is equivalent to
i B+m—i
B pB-1) I’
as such we refer to the interval [é, ’g &”f;)i] as the i-th digit interval. Generally speaking
we can take 4 to be the j-th digit in a S-expansion for x if and only if there exists a €

Qg.m,j—1(x) such that, a(z) € [é, ig;g’_l;)i]. When x or an image of z is contained in

v
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the intersection of two digit intervals we have a choice of digit in our S-expansion for x.
Generally speaking any two digit intervals may intersect for 3 sufficiently small, however
for our purposes we need only consider the case when the ¢-th digit interval intersects the
adjacent (i — 1)-th or (¢ + 1)-th digit intervals, for some ¢ € {0,...,m}. Any intersection
of this type is of the form

[l (i—l)ﬁ—f—m—(i—l)}
B’ BB-1) ’
for some i € {1,...,m}. In what follows we refer to the interval [, %] as
the i-th choice interval. Both Tg ;1 and T3 ; map the i-th choice interval into I ,,,. These
intervals always exist and are nontrivial for 8 € (1,m + 1).

Proposition 2.5. Suppose for any x € (0, %) there always exists a finite sequence of
maps that map x into the interior of a choice interval, then Qg ,, () is uncountable.

The proof of this proposition is essentially contained in the proof of Theorem 1 in [17].

Proof. Let x € (0, 5%7). Suppose there exists n € N and a € Qg mn(z) such that

a(z) € (é, %), for some ¢ € {1,...,m}. As a(x) is an element of the
interior of a choice interval both Tj;—1(a(z)) € (0, 5"7) and T i(a(z)) € (0, 5%7).

As such our hypothesis applies to both T ;_;(a(x)) and T ;(a(x)), and we can assert
that there exists a finite sequence of maps that map these two distinct images of x into the
interior of another choice interval. Repeating this procedure arbitrarily many times it is
clear that 3 ,,, (x) is uncountable. O

By Proposition 2.5, to prove Theorem 1.1 it suffices to show that for 5 € (1,G(m))

every ¢ € (0, ﬁ) can be mapped into the interior of a choice interval, and for 8 €
(G(m), m + 1] there exists « € (0, 3”7 ) that never maps into a choice interval.

We define the switch region to be the interval

1 (m—1)8+1

B B(B-1)
The significance of this interval is that if a point = has a choice of digit in the j-th entry of
a $-expansion, then there exists ¢ € g, j—1(x) such that a(z) € [%, %] The
following lemmas are useful in understanding the dynamics of the maps Tz ; around the
switch region, understanding these dynamics will be important in our proof of Theorem
1.1.

Lemma 2.6. For 3 € (1, +tvn+4 V2m2+4) and xz € (0, 5—’5) there exists a finite sequence of
maps that map x into the interior of our switch region.
Proof. If z is contained within the interior of the switch region we are done, let us suppose

otherwise. By the monotonicity of the maps T3 g and T} ,,, it suffices to show that

Tho(5) < (mﬁ(_ﬁl)—ﬁJ " and T‘*m((mﬁ?ﬂl)—ﬁg Dy
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Both of these inequalities are equivalent to 32 — mB3 — 1 < 0, applying the quadratic
formula we can conclude our result. O

Remark 2.7. When m = 1 the switch region is a choice interval. An application of Lemma
2.4, Proposition 2.5 and Lemma 2.6 yields the result stated in [6], i.e, for 5 € (1, 1+2\/5)
and x € (0, ﬁ) the set Y3 1(x) is uncountable.

Lemma 2.8. For 8 € (1, ’"T"’z) every x in the interior of the switch region is contained in
the interior of a choice interval.

Proof. 1t suffices to show that for each ¢ € {1,2,...,m — 1} the ( — 1)-th and (¢ + 1)-th
digit intervals intersect in a nontrivial interval. This is equivalent to

i+l _(i-DB+m—(i-1)
B8 B(B-1) ’

a simple manipulation yields that this is equivalent to 5 < mT“ O

We refer the reader to Figure 1 for a diagram depicting the case where § < mTJ“Q For
i€{1,2,...,m—1} and 8 > "2 the interval

[(i—l)ﬁ—&-m—(z’—l) i1
BB —-1) C B

is well defined. We refer to this interval as the ¢-th fixed digit interval. The significance
of this interval is that if a point z is contained in the interior of the ¢-th fixed digit interval
only T ; maps x into Ig ,,,. Similarly we define the 0-th fixed digit interval to be [0, %}

and the m-th fixed digit interval to be [%, %] Understanding how the different

T,;’s behave on these intervals will be important when it comes to constructing generalized
golden ratios in the case where m is odd.

3. Proof of Theorem 1.1

We are now in a position to prove Theorem 1.1, for ease of exposition we reduce our
analysis to two cases, when m is even and when m is odd.

3.1. Case where m is even

In what follows we assume m = 2k for some k € N.

Proposition 3.1. For 8 € (1,k + 1) every x € (0, 5%1) has uncountably many [3-
expansions.
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(m=1)B+1 o
B(B—1) p-1

=

Figure 1: The case where 3 € (1, L; 2)

Proof. By Lemma 2.4 and Proposition 2.5 it suffices to show that every z € (0, 7%7)
can be mapped into the interior of a choice interval. It is a simple exercise to show that
mi2 o miVmIH for ]l m € N, therefore for 3 € (1,k + 1) we can apply Lemma 2.6,
therefore there exists a sequence of maps that map x into the interior of the switch region.
By Lemma 2.8 every point in the interior of our switch region is contained in the interior

of a choice interval. O

Proposition 3.2. For § € (k + 1,m + 1] there exists x € (0, 5™7) with a unique [3-
expansion.

Proof. 1t suffices to show that there exists z € (0, 5”7) that never maps into a choice
interval. We consider the point %, we will show that this point has a unique 3-expansion.
This point is contained in the k-th digit interval and is the fixed point under the map T3 .
To show that it has a unique $-expansion it suffices to show that it is not contained within

the (k — 1)-th or (k 4 1)-th digit intervals, this is equivalent to

E-DB+m—(k-1)  k  k+l
BB—1) SE-1° g

Both of these inequalities are equivalent to 3 > k + 1. [
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_m_

EE p1

Figure 2: A point with unique S-expansion for 5 € (k4 1,m + 1].

Figure 2 describes the construction of our point with unique S-expansion for 8 € (k +
1, m+ 1]. By Proposition 3.1 and Proposition 3.2 we can conclude Theorem 1.1 in the case
where m is even.

3.2. Case where m is odd

The analysis of the case where m is odd is somewhat more intricate. In what follows we
assume m = 2k + 1 for some k£ € N. Before finishing our proof of Theorem 1.1 we require
the following technical results.

Lemma 3.3. For § € (1,k + 2) the fixed point of Ty ; is contained in the interior of the

choice infewa{ [é, %] fori € {1,...,k}, and in the interior of the choice
interval [%, lg('gfl_)l]fori ef{k+1,...,m—1}

Proof. Leti € {1,...,k}. To show that the fixed point ﬁ is contained in the interior of
the interval [é7 %] it suffices to show that

i _(i-1)ftm—(i-1)
p—1 BB -1)
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This is equivalent to 8 < m + 1 — ¢, which for 8 € (1,k+2) istrue foralli € {1,...,k}.
The case where i € {k +1,...,m — 1} is proved similarly. O

Corollary 3.4. For 3 € [2253 |+ 2) the map Tj ; satisfies T ;(x) — ﬁ = Bz — z57)
for all x contained in the i-th fixed digit interval for i € {1,...,k}, and T~ Ts(x) =

5(ﬂil — x) for all x contained in the i-th fixed digit interval fori € {k+1,...,m— 1}.

Proof. Leti € {1,...,k}. By Lemma 3.3 the i-th fixed digit interval is to the right of
the fixed point of T} ;, our result follows from Lemma 2.1. The case where i € {k +
1,...,m — 1} is proved similarly. O

Lemma 3.5. Suppose 5 € [2'“;3, ktlty l§2+6k+5) and x is an element of the i-th fixed

digit interval for some i € {1,...,m —1}. Fori € {1,...,k}
kB+m—k
Tsi(x) < ————

andforie {k+1,...,m—1}

k41
Tyi(z) > %.

Proof. By the monotonicity of the maps T} ; it is sufficient to show that

Tﬁ,i<i—gl) - kg(—;njl—)k

fori e {1,...,k}, and

Tﬁ,i((i_ DNB+m—(i— 1)) - k:+17

B(B—-1) B
fori € {k+1,...,m — 1}. Each of these inequalties are equivalent to 32 — (k + 1)3 —
(k + 1) < 0. Our result follows by an application of the quadratic formula. O

Proposition 3.6. For § € (1, kHlEvk2+6k45 V’;Q*W’) every x € (0, 3™7) has uncountably many
B-expansions.

Proof. The proof where § € (1, Lj?’) is analogous to that given in the even case. As such,
in what follows we assume 3 € [2553 E+LEVAZEORED ) We remark that

E+14+Vk2+6k+5 < m+vm?+4
2 - 2

and
k+1++vVk2+6k+5
5 <k

+ 2,
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1 k+1  kB+m—k  (m—1)B+1 Ll
B B B(B-1) B(A-1) h-

Figure 3: A diagram of the case where m = 2k + 1 and 3 € [2553 | AtltvVh246kE5 )

for all k& € N. We can therefore use Lemma 2.6 and Corollary 3.4. Let x € (0, %)
We will show that there exists a sequence of maps that map z into the interior of a choice
interval, by Lemma 2.4 and Proposition 2.5 our result follows. By Lemma 2.6 there exist
a finite sequence of maps that map z into the interior of the switch region. Suppose the
image of x is not contained in the interior of a choice interval, then it must be contained in
the i-th fixed digit interval for some ¢ € {1,...,m — 1}. By repeatedly applying Corollary
3.4 and Lemma 3.5 the image of x must eventually be mapped into the interior of a choice

interval. O

We refer the reader to Figure 3 for a diagram illustrating the case where m = 2k + 1
and 3 € [21@;3 k+1+\//;2+6k+5).

Proposition 3.7. For § € (EHLEvVAZ£6kE5 W, m + 1] there exists x € (0, %) that has a
unique [3-expansion.
Proof. We will show that the points

kB + (k+1 k+1)B+k
ﬂ2(—1 )and( 52)_1
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have a unique [3-expansion. The significance of these points is that

kB + (k+1) (k+1)B+k
Tﬂ,k( 2 _ ) - 2 _
Bz -1 p?—1
and
T (k+1)B+k\  kB+(k+1)
ﬁ”"“( B2 -1 )_ gz-1
To show that these points have a unique S-expansion it suffices to show that %ﬁl) and
% belong to the k-th and (k + 1)-th fixed digit intervals, respectively, i.e.
k—1 — (k-1 k kE+1 k+1
(k=15 tm—(h=1) kS+(E+1)  ktl o
B(B-1) =1 g
and k k k+1 k. k+2
B+ (m— )<( +2)5+ < + . 3)
B(B-1) pz—-1 5
The left hand side of (2) is equivalent to 0 < 32 — k3 — (k + 2) which is equivalent to
k+Vk*+4k+38
> <8,

in the same time

k+vVk?+4k +38 k+1++Vk%2+6k+5
<
2 2
for all £ € N, therefore the left hand side of (2) holds. The right hand side of (2) is
equivalent to 0 < 32 — (k + 1)3 — (k + 1). So (2) holds by the quadratic formula.
The right hand side of (3) is equivalent to 0 < 32—k~ (k+2) which we know to be true
by the above. Similarly the left hand side of (3) is equivalent to 0 < 3% — (k+1)8— (k+1),

which we also know to be true. It follows that both 22 EQ(EJ{D and (kgi)_ﬂ ;rk are never

mapped into a choice interval and have a unique S-expansion for 3 € (A1t v/k2+6k+5 W, m+
1. 0

We refer the reader to Figure 4 for a diagram describing the points we constructed with
unique (-expansion for 3 € (EHLEVAZL6kES W, m + 1]. By Proposition 3.6 and Proposition
3.7 we can conclude Theorem 1.1.

4. The set of points with unique 5-expansion

In this section we study the set of points whose 3-expansion is unique for 5 € (G(m), m+
1]. Let

Upm = { € Ip.ml [Zam(a) =1}
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0 kB+(k+1) (k+1)B+k B—1
B2-1 571

Figure 4: A point with unique 3-expansion for € (A1 vVkZ+6k+5 W’7 m+ 1].

and )
Wm = {a € (%71—5 )] [Ssm@)] =1},

The significance of the set Wp , is that if x € Ug,,y, then it maps to W3, ,,, under a finite
sequence of T ;’s. In [9] the authors study the case where m = 1, they show that the
following theorems hold.

Theorem 4.1. The set Ug 1 satisfies the following:

=Nofor B € (25, 8.)

= 2% for f = f,

3. Ug,1 is a set of positive Hausdorff dimension for 3 € (5., 2].

1. |Uga
2. |U571

Theorem 4.2. The set Wy 1 satisfies the following:

1. [Wga| =2forp e (1+2\/37 Br], where By is the root of the equation

¥ — 2% 2 —1=0, By = 1.75487...
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2. [Wga| =R for B € (By, Be)
3. |W/371| = 2N0f0r/6 =B
4. Wpg 1 is a set of positive Hausdorff dimension for 5 € (B, 2].

Here (3. ~ 1.78723 is the Komornik-Loreti constant introduced in [12]. It is the smallest
value of 3 for which 1 € Ug ;. Moreover 3, is the unique solution of the equation

> Gi=1
i=1 p
where (\;)$2, is the Thue-Morse sequence (see [3]), i.e. A\g = 0 and if \; is already defined
for some i > 0 then Ag; = A; and Ag;41 = 1 — \;. The sequence ();)5°, begins
(M), = 0110 1001 1001 0110 1001 ...

In [2] it was shown that 3. is transcendental. For m > 2 we define the sequence (A;(m))$2, €
{0,...,m}" as follows:

AL N W ifm =2k + 1.

We define 3.(m) to be the unique solution of

— Ai(m)
; 5 =1.

In [13] the authors proved that 5.(m) is transcendental and the smallest value of § for
which 1 € Ug,y,. In section 6 we include a table of values for 3.(m). We begin our study
of the sets Ug ,,, and W ,,, by showing that the following proposition holds.

Proposition 4.3. Ifm > 2, then |Ug | > N for § € (G(m), m + 1].

In [14] the following statements were shown to hold: if 8 € (1, 8.(m)) then Ug,,, is
countable, Ug,_ (,n),m has cardinality equal to that of the continuum, and for 3 € (8.(m), m+
1] the Hausdorff dimension of Ug,, is strictly positive. Combining these results with
Proposition 4.3 the following analogue of Theorem 4.1 is immediate.

Theorem 4.4. For m > 2 the set Ug , satisfies the following:
1. |U5,m‘ =N for B € (g(m)vﬂc(m))
2. |Up,m| = 2% for B = B(m)

3. Ug,m is a set of positive Hausdorff dimension for € (B.(m), m + 1].
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Proof of Proposition 4.3. To begin with let us assume m = 2k for some k € N, in this case
G(m) = k + 1. It is a simple exercise to show that for 5 € (k + 1, m + 1]

ol kN K 1
135 (5—1) - FB-1) "8 @

for all n € N. By the proof of Proposition 3.2 we know that % has a unique (-expansion.

It follows from (4) that T} g(%) is never mapped into a choice interval and therefore
has a unique [-expansion. As n was arbitrary we can conclude our result. The case where
m = 2k + 1 is proved similarly, in this case we can consider preimages of % O

We also show that the following analogue of Theorem 4.2 holds.
Theorem 4.5. If m = 2k the set Wy ,,, satisfies the following:

1. [Wgm| =1for g € (G(m), Bs(m)], where B5(m) is the root of the equation

Ck+1+VEZ 6k +1

2 —(k+1)x— k=0, Bs(m) 5

2. [Wam| =R for B € (Bs(m), Be(m))

3. [Wam| = 2% for B = B.(m)

4. W3, is a set of positive Hausdorff dimension for 5 € (8.(m), m + 1].
If m = 2k + 1 the set Wy, satisfies the following:

1. |Wg,m| =2 for B € (G(m), Bs(m)], where B (m) is the root of the equation

2 —(k+2)2* +z—(k+1)=0

2. |Wg,m| = Rg for B € (B7(m), Bc(m))

3. [Wgm| = 2% for B = B.(m)

4. W3, is a set of positive Hausdorff dimension for 5 € (8.(m), m + 1].
Remark 4.6. 37(m) is a Pisot number for all m € N.

Using Theorem 4.4, to prove Theorem 4.5 it suffices to show that statement 1 holds in
both the odd and even cases and |W3 ,,,| > R for 8 > S;(m) in both the odd and even
cases. In section 6 we include a table of values for 3¢(m).
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4.1. Proof of Theorem 4.5

The proof of Theorem 4.5 is more involved than Theorem 4.4 and as we will see requires
more technical results. The following is taken from [14]. Firstly let us define the lexico-
graphic order on {0,...,m}" : we say that (z;)2, < (y;)32, with respect to the lexico-
graphic order if there exists n € N such that z; = y; for all ¢ < n and z,, < y, or if
w1 < y;. For a sequence (7;)%°; € {0,...,m}" we define (z;)22; = (m — 2;)$2,. We
also adopt the notation (e1, . . ., €;)°° to denote the element of {0, ..., m}¥ obtained by the
infinite concatenation of the finite sequence (€1, .. .,€;). Let the sequence (d;(m))2; €
{0,...,m}" be defined as follows: let d;(m) be the largest element of {0,...,m} such
that % < 1, and if d;(m) is defined for i < n then d,,(m) is defined to be the largest

element of {0, ..., m} such that )", d'iéln) < 1. The sequence (d;(m))2, is called the
quasi-greedy expansion of 1 with respect to (; it is trivially a S-expansion for 1 and the
largest infinite S-expansion of 1 with respect to the lexicographic order not ending with

(0)>°. We let

Sgm = {(ez)fil e{0,....,m}"N: ; % € Wg,m},

it follows from the definition of Wg ,, that [Wpg .| = |S5,m| and to prove Theorem 4.5 it
suffices to show that equivalent statements hold for Sg ,,. The following lemma which is
essentially due to Parry [15] provides a useful characterisation of Sg .

Lemma 4.7.
Spm = {(q);zl € {0,...,m}V: (e, €ir1s...) < (dim,dom,...) and
(Jl,m, Jg,m, o) < (€4, €i41,...) foralli € N}

Remark 4.8. If 8 < (3’ then the quasi-greedy expansion of 1 with respect to 3 is lexi-
cographically strictly less than the quasi-greedy expansion of 1 with respect to . As a
corollary of this we have Sg ., C Sgr m for f < B’

Proposition 4.9. For 3 € (G(m), B(m)] |S8,m| = 1 when m is even,
m is odd and |Sg | > Vo for € (By(m), m + 1].

S3,m| = 2 when

By the remarks following Theorem 4.5 this will allow us to conclude our result.

Proof. We begin by considering the case where m = 2k. When 8 = ((m) we have
(di(m))2y = (k+ 1,k —1)* and by Lemma 4.7

Sﬁf(m),m = {(61),?21 € {0, Ce ,m}N : (6i76i+1, . ) < (]f +1,k— 1)00 and
(k—1,k+1)® < (&, ¢€41,...) forall i € N}.

By our previous analysis we know that for 5 € (G(m), m + 1] the point % has a unique
B-expansion, the S-expansion of this point is the sequence (k)°°. By Remark 4.8, to prove
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|Sgm| = 1 for B € (G(m),Bs(m)] it suffices to show that Sy, (1), = {(k)<}. If
(€i)721 € Sg;(m),m, then clearly ¢; must equal k — 1,k or k + 1. If ¢; = k + 1 then
by Lemma 4.7 ¢;41 = k — 1, similarly if ¢, = k — 1 then ¢;41 = k + 1. Therefore if
€; # k for some i, then (¢;, €;41,...) mustequal (k — 1,k +1)>® or (k+ 1,k — 1)>. By
Lemma 4.7 this cannot happen and we can conclude that Sz, (;n),m = {(k)>}. For 8 €
(Bf(m), m + 1], we can construct a countable subset of Sz ,,,; for example all sequences
of the form (k)7 (k + 1,k — 1)° where j € N.

We now consider the case where m = 2k + 1, when 8 = 8¢(m) we have (d;(m))2, =
(k+1,k+ 1,k k) and

S5, (mym = {(ei)fil € {0,...,m}V: (e, €eip1,...) < (k+1,k+1,k k)™ and
(k,k,k+1,k+ 1) < (€,€i41,...) foralli € N}.

By our earlier analysis we know that {(k, k+1)*°, (k+1,k)>} C Ss., for 8 € (G(m), m+
1]. By Remark 4.8 to prove |Sg | = 2 for 8 € (G(m), 5¢(m)] it suffices to show that
Sgs(mym = {(k,k +1)°°,(k + 1,k)°°}. By an analogous argument to that given in [9]
we can show that if (¢;)52; € Sg, (m),m then ¢; = k implies €;41 =k +1,and ¢; = k + 1
implies €;11 = k. Clearly any element of Sg (), must begin with & or £+ 1 and we may
therefore conclude that Sg; (1n)m = {(k, &+ 1), (k +1,k)>}. To see that [Wp ,,,| > N

for 8 > B(m) we observe that (k + 1,k)7 (k+ 1,k +1,k, k)™ € Sg , forall j € N, for
8> ,@f(m) [
4.2. The growth rate of G(m), 87(m) and S.(m)

In this section we study the growth rate of the sequences (G(m))5e_, (B7(m))5o_; and
(Be(m))2°_,. The following theorem summarises the growth rate of each of these se-
quences.

Theorem 4.10. 1. G(2k) =k + 1 forall k € N.
2. B;(2k) — (k+2) = O(}).
3. Be(2k) — (k+2) —» 0as k — oo.
4. G2k +1) — (k+2) = O(3).
5. Bf(2k+1) = (k+2) = 0ask — oo.
6. Be(2k +1) — (k+2) — 0as k — oc.

The proof of this theorem is somewhat trivial but we include it for completion. To prove
this result we firstly require the following lemma.

Be(m)
m</2) =1

Lemma 4.11. The sequence (3.(m) is asymptotic to g, i.e., lim, oo
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Proof. Suppose m = 2k. It is a direct consequence of the definition of A;(m) and S.(m)
that the following inequalties hold

i k—1 o
i=0 Be(m) i=0
which is equivalent to
S < hm <
Be(m) Be(m)

Dividing through by m /2 and using the fact that S.(m) — oo we can conclude our result.
The case where m = 2k + 1 is proved similarly. O

We are now in a position to prove Theorem 4.10.

Proof of Theorem 4.10. Statements 1,2 and 4 are an immediate consequence of Theorem
1.1 and Theorem 4.5. It remains to show statements 3 and 6 hold; statement 5 will follow
from the fact that G(2k+1) < 5;(2k+1) < B.(2k+1). It is immediate from the definition
of \;(m) that if m = 2k then

Bem) =k +1+ 3 +Z ’“

C

It is a straighforward consequence of 1 € Ug, () m that | %, )‘éJ’(]m)l

< 1, for all

j,m € N. Therefore ) .o, ’\é:(lrfgf-) — 0 as m — oo, combining this statement with

Lemma 4.11 we may conclude our result when m = 2k. The case where m = 2k + 1 is
proved similarly.
O

5. The growth rate and dimension theory of X3 ,,, ()

To describe the growth rate of S-expansions we consider the following. Let
Eooman(@) = {(e1, - en) € {0, o m} " Hensr ensa, ) € {0, ,m}"
> 5=e)
=0
We define an element of £, », () to be a n-prefix for x. Moreover, we let

Namn (@) = 1Es.m.n ()]
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and define the growth rate of N, () to be

lim 10gm+1 Nﬂ,m,n (37)

n—00 n

)

when this limit exists. When this limit does not exist we can consider the lower and upper
growth rates of Ng . (), these are defined to be

1 Ng,m,n 1 Nimn
lim inf O8m+1/V8m, (J}) and lim sup O8m+1/VB,m, (33)

n—o00 n n—o00 n

respectively.
In this paper we also consider ¥ ,,, () from a dimension theory perspective. We endow
{0, ..., m} with the metric d(-, -) defined as follows:

m+ 1)@y if g , where n(x,y) = inf{i : z; i
d(x,y)Z{ (() ) ifgpiz_ (z,9) { #Yi}

We will consider the Hausdorff dimension of X3 ,,, () with respect to this metric. It is a
simple exercise to show that the following inequalities hold:

1 Nsm.n 1 Ngmn
dimy (Xg,m(z)) < liminf 08m-+1 N6.m.n (2) < lim sup %8mt1 X pm, (x) 3)

n—00 n n—o00 n

The case where m = 1 is studied in [4], [8] and [10]. In [4] and [8] the authors show that
1

for g € (1, 1+T\/5) and = € (0, m) we can bound the lower growth rate and Hausdorff
dimension of X3 1(x) below by some strictly positive function depending only on 3, in
[10] the growth rate is studied from a measure theoretic perspective. Our main result is the
following.
Theorem 5.1. For 3 € (1,G(m)) and x € (0, 57) the Hausdorff dimension of ¥ m ()
can be bounded below by some strictly positive constant depending only on 3.

By (5) a similar statement holds for both the lower and upper growth rates of Nz ,,, ().

Replicating the proof of Lemma 2.4 it can be shown that the following result holds.
Proposition 5.2. N3 . . (2) = [Qg,mn(2)]

By Proposition 5.2 we can identify elements of Qg ,, ,, () with elements of £3 ,, ,, (),
as such we also define an element of 23 ,,, ,(2) to be a n-prefix for z. To prove Theorem
5.1 we will use a method analogous to that given if [4]. We construct an interval Zg C
I3 such that, for each © € Zg we can generate multiple prefixes for z of a fixed length
depending on /3 that map = back into Zg. As we will see Theorem 5.1 will then follow
by a counting argument. As was the case in our previous analysis we reduce the proof of
Theorem 5.1 to two cases.
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5.1. Case where m is even

In what follows we assume m = 2k for some k£ € N. To prove Theorem 5.1 we require the
following technical lemma.

Lemma 5.3. For each 8 € (1,k + 1) there exists €g(8) > 0 such that, if x € [%, % +
€0(B)) then Tz o(x) € [% +eo(B), o LBEL ()], and similarly if w € ({RBEL

Dot B(B-1) 3 B(B-1)
co(8), g5t then Ty (@) € [5 + €0(B), U525 — eo(B))-
Proof. This follows from Lemma 2.6 and a continuity argument. O
Foreachi € {1,...,m—1} welete;(8) = %(%—%).Ifﬁ € (1,k+1)
then ¢;(8) > 0 foreach ¢ € {1,...,m — 1}. We define the interval Zg = [L(8), R(5)]

where L(3) and R(/3) are defined as follows:

L(B) = min{T[M(l +eo(ﬂ)), min  Tg 41 (ﬂ +€z(ﬂ))}

B i€{l,....m—1} B
and
= (m-1)B+1
Fif) = mex {TB”’” (W - o(ﬁ)),
1+ 1
ie{m—1) Toi- (7 + Ei(ﬂ)) }

We refer to Figure 5 for a diagram illustrating the interval Zg in the case where m = 2 and

B € (1,2).

Proposition 5.4. Let 5 € (1,k + 1). There exists n(3) € N such that, for each v € I
there exists two elements a,b € Qg p, sy () such that a(x) € Tg and b(x) € L.

Proof. Let © € Ig. Without loss of generality we may assume that €y () is sufficiently
small such that Zg contains the switch region. By Lemma 2.6 there exists a sequence of
maps a that map z into the interior of our switch region. By Lemma 5.3 we may assume

that a(z) € [§ + eo(8), Bzt — eo(B)).

The distance between the endpoints of Zg and the endpoints of Ig ,, (the fixed points
of the maps Tg ¢ and T3 ,,,,) can be bounded below by some positive constant, by Lemma
2.1 T3, and T} ,, both scale the distance between their fixed points and a general point by
a factor 3, therefore we can bound the length of our sequence a above by some constant
ns(B) € N that does not depend on x. We will show that we can take n(3) = ns(8) + 1.

We remark that:
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L(B) Fted)  Ftald) gEon-«B)  RE)

Figure 5: The interval Z in the case where m = 2 and 8 € (1,2).

1 (m—1)8+1 L 2
[E +€0(5)7W —60(5)} ~13 + €0 (B), 3
r(m—2)+2 (m—1)+1
U5 - @)
M= DB +m—(i—1) i+2
L:Jl BB —-1) T B }
"l (= D)B+m—(i—1)
i_Ul{ CRE RSN

We now proceed via a case analysis.

o Ifa(z) € [} + eo(B), 3] then Tj o(a(x)) € Zg and T 1 (a(x)) € Zp.

o Ifa(z) € U202, I8 il — e (8)] then T 1 (a(2)) € Zg and Ty pm(a(x)) €
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5.

o Ifa(x) € [%, %2] forsome i € {1,...,m—2} then T ;(a(z)) € Zg

and T ;+1(a(z)) € Zs.

e We reduce the case where a(z) € [1 5 %] forsome i € {1,...,m —
1} to two subcases. If a(z) € [%, £l 4 ¢;(B)] then by the monotonicity of our
maps, both T3 ;_1(a(z)) € Zg and Tp ;(a(z)) € Zg. Similarly, in the case where
a(z) € [ +e(B), %] both Ts;(a(x)) € Zs and T ;41 (a(z)) € Zs.

We have shown that for any = € Z3 there exists n(z) < ny(8) + 1 such that two distinct
elements of Q3 ,, () () map z into Zg. If n(z) < ns(3) + 1 then we can concatenate our
two elements of Qg ,,, »(z) () by an arbitrary choice of maps of length ns(3) + 1 — n(x)
that map the image of « into Zg. This ensures that we can take our sequences of maps to be
of length ns(3) + 1. O

For 8 € (1,k +1) and = € (0, 5™7) we may assume that there exists a sequence of
maps a that maps « into Zg. We denote the minimum number of maps required to do this
by j(z). Replicating arguments given in [4] we can use Proposition 5.4 to construct an
algorithm by which we can generate two prefixes of length n(f) for al/(*)), Repeatedly
applying this algorithm to succesive images of a/(*)) we can generate a closed subset of
Y3.m(x). We denote this set by 0, (x) and the set of n-prefixes for x generated by this
algorithm by wg m » (). Replicating the proofs given in [4] we can show that the following
lemmas hold.

Lemma 5.5. Let x € (0, 2-). Assume n > j(x) then

B—1

n—j(x)
W mon ()] 2 2770 1.

Lemma 5.6. Let z € (0, 571). Assume | > j(x) and b € wp,m,(x), then forn =1

Ha = (a;)j=; €wgmmn(z) 1a; =bfor1 <i<lIl} < Q%H.

With these lemmas we are now in a position to prove Theorem 5.1 in the case where
m is even. The argument used is analogous to the one given in [4], which is based upon
Example 2.7 of [7].

Proof of Theorem 5.1 when m = 2k. By the monotonicity of Hausdorff dimension with
respect to inclusion it suffices to show that dimg (0, (x)) can be bounded below by a
strictly positive constant depending only on 3. It is a simple exercise to show that o5 ,,, ()
is a compact set; by this result we may restrict to finite covers of o3, (). Let {U,, }]__; be
a finite cover of og ,, (). Without loss of generality we may assume that all elements of
our cover satisfy Diam(U,,) < (m + 1)77(*). For each U,, there exists [(n) € N such that

(m + 1)~ < Diam(U,,) < (m + 1)71),
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It follows that there exists 2™ € {0,...,m}"™) such that, y; = zi(”) for1 < i < l(n),
for all y € U,,. We may assume that z(") ¢ Wg,m,i(n) (), if we supposed otherwise then
ogm(z)NU, = () and we can remove U,, from our cover. We denote by C,, the set of
sequences in {0, ..., m}" whose first /(n) entries agree with 2(™), i.e.

Co=1(e)2, e10,....mW:ie=2:2"for1<i<in)l.
=1 i

Clearly U,, C C,, and therefore the set {C, }_; is a cover of g , (7).
Since there are only finitely many elements in our cover there exists .J such that (m +

1)~/ < Diam(U,,) for all n. We consider the set wg s (). Since {C,,}2_, is a cover of
(n)

08,m(x) each a € wg ,, j(x) satisfies a; = z;~ for 1 < ¢ <I(n), for some n. Therefore

N
lwg,m,s(z)] < Z ’{a € wgm, () 1 a; = zi(") forl1 <i<lI(n)} .

n=1
By counting elements of wg ., s(x) and Lemmas 5.5 and 5.6 we observe the following;

J—j(x)
25 1 < |wg . (@)

N
< Z ‘{a € wam, () a; = zl-(n) forl <i<l(n)}
n=1

IN

N s
E 25w T2
n=1

N
JE1 4o () +1)
27n(B) E 27 n(B
n=1

logm 41 2

N
J+1 2 .
2nm T § Diam(U,,) "
n=1

IN

c g JHL 4o .
Dividing through by 273 ™ yields

logm41 2 —j(z)—3n(8)—1
n(B)

N
ZDiam(Un) B > 2
n=1

the right hand side is a positive constant greater than zero that does not depend on our

choice of cover. It follows that dimg (og,m(2)) > 1oi,?§)1 2 , our result follows. O

5.2. Case where m is odd

In what follows we assume m = 2k + 1 for some k € N. For 8 € (1, 2’“2—”) the proof of
Theorem 5.1 is analogous to the even case for 3 € (1,k + 1). As such, in what follows
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2k+3 k+1+\/k:2+6k+5) 2k+3 k+1+\/k2+6k+5)
2 2 2 2

we assume 3 € | . The significance of 3 € |
is that for ¢ € {1,...,m — 1} the i-th fixed digit interval is well defined.
Before defining the interval Zg we require the following. We let

l(—“*”ﬁ*m*“*” i) fie{l,... k)

6(6): 2 B(B-1) B-1
Vo - %) fie b+l m—1}

By Lemma 3.3, ¢;,(8) > O foralli € {1,...,m — 1} for 8 € (1,k + 2). Before proving
an analogue of Proposition 5.4 we require the following technical lemmas. It is a simple
exercise to show that the following analogue of Lemma 5.3 holds.

Lemma 5.7. For each 3 € [253, ALty §2+6k+5) there exists €o(8) > 0 such that, if

T € 1,1+ e(B)) then Tso(w) € [ + eo(B), S — €0(B)], and similarly if

v e (WIS — eo(8), U0 then T (2) € [5 + e0(8), U5?5 — e0(B)].

Lemma 5.8. Let § € [2k53 ktliy §2+6k+5). For each i € {1,...,k — 1} there exists

€X(B) > 0 such that, if v € [% —€i(B), 5t + € (B)] then Ty 4(x) < % +

€x+1. Similarly for i € {k + 2,...,m — 1} there exists ¢{(3) > 0 such that, if v €

i—1)B+m—(i—1 « i k—1)8+m—(k—1
[% — e (B), %1 + €;(B)] then T ;(z) > % .
Proof. By the analysis given in the proof of Lemma 3.5 for ¢ € {1,...,k — 1}, we have
Tﬂ,i(%) < kg('gfl_)k for B € (1, kLt vA2H6kt5 §2+6k+5). However, for 3 € [2553 | Lty §2+6k+5)
kg&’f;)k < % The existence of €} (/3) then follows by a continuity argument and the
monotonicity of the maps T ;. The case where ¢ € {k + 2,...,m — 1} is proved simi-

larly. O

We are now in a position to define the interval Zg. Let Zg = [L(8), R(3)] where

kﬁ—i—k—&-1>7

L(B) = min{TB,1 (l + €0(ﬂ)) T8 k41 (W

B

ze{glmk} {T'B’i (% * éf,l(ﬁ)) }’ z'e{kr-g-,r-l--m} {Tm (% * €i71<ﬁ)) }}

and

R(B) = max {Tm (B2 T (w —eo(A))

_max {T@H ( (i — 1)@(;77_% 1—) (i-1) q(ﬁ))

sy (N )y
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L(B) R(p)

T+aB) spm-—aB s B i+eald) a5 —e)
Figure 6: The interval Z3 in the case where m = 3 and € [g, 1+3).
For ease of exposition in Figure 6 we give a diagram illustrating the interval Zg, in the case
where m = 3and 8 € [3,1+ V/3).

Proposition 5.9. Let 5 € [2’“;3, ktlty §2+6k+5). There exists n(f) € N such that, for
each x € TIg there exists two elements a,b € Qg , n(p)(x) such that a(x) € Iz and
b(fE) S Ig.

Proof. Without loss of generality we may assume that €y(3) is sufficiently small such that
1z contains the switch region. By Lemma 2.6 there exists a sequence of maps a that map
z into the switch region. As the endpoints of Zg are bounded away from the endpoints of
I m we can bound the length of a above by some ns(5) € N. Moreover, by Lemma 5.7

we may assume that a(x) € [% +e0(B), % —€0(B)]- As in the even case it is useful
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to treat [% + eo(P), % — €o(/8)] as the union of subintervals. We observe that
5+ @) T ()] =[5+ B 5~ ald)

m m—1)+1

U[E + em—1(8), (W)—l) - 60(5)]
(k=1)B4+m—(k—1) k+2

U[ 36 —1) —Gk(5)77+6k+1(5)}

B i~ Df+m—(i—1

U5+, =5 s =D o)

Dl [ +ad), (-Dftm—(i-D _ < (8)]

imi2 P B(B—1)

k—1 . . ‘
(=DB+m=(i=1) i+l .
72_1[ B(B—1) —«(B), 5T 1(5)}

(VT Gl VSN IS
i:Lk{Q B(B—1) & (8), 3 + 1(&)]

*

Without loss of generality we may assume that ey(3), €;(5), €5 (5) are all sufficiently small

such that each of the above intervals in our union are well defined and nontrivial. We now
proceed via a case analysis.

o Ifa(z) € [% +eo(B), 505y — €1(B)] then Tz o(a(z)) € Zg and Tp 1 (a(x)) € Ls.

o Ifa(x) € [B+en1(8), U5 T —eo(8)] then Ty 11 (a(x)) € Zg and T, (a(z)) €
Zs.

e Supposca(r) € [BTSEm_lil) ¢, (3) k2 e (8)]. Ifa(x) € [MFhHL (D)

then Tj (a(z)) € Ty and T i1(a(z)) € Ty If a(w) € [P=H0tmo(=l)

ex(8), k%ﬁf‘l"l] then we are a bounded distance away from the fixed point of the

map T3 1, by Lemma 2.1 we know that T ;, scales the distance between a(x) and

the fixed point of Tz ;. by a factor 3, therefore we can bound the number of maps

kB+k+1 (k+1)B+k
BZ-1 BZ-1

required to map a(z) into [ ]. By a similar argument, if a(xz) €

[(k+1)ﬁ+k k42

+ €+1(8)] we can bound the number of maps required to map a(x)

7T 0 B
into [k%'ﬂ‘fl , (k;;)_51+k]. By the above we can assert that when a(z) € [% —

ex(8), % + er4+1(/)] there exists two distinct sequences of maps whose length we
can bound above by some n.(5) € N that map a(z) into Zg.

o Ifa(z) € [ +e_1(8), % —€;(B)] for some i € {2,...,k — 1} then

Tg,i_l(a(:c)) S Ig and T/gﬂv(a(x)) € Iﬁ.
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o Ifa(z) € [% +ei(ﬁ),% —¢ef(B)] forsomei € {k+2,....,m—1}

then Tz ;1 (a(x)) € Zg and T ;(a(z)) € Zg.

o Ifa(z) € [% —€i(B), 5t + € ()] forsome i € {1,...,k — 1} then

a(z) is a bounded distance away from the fixed point of the map T3 ;, by Lemma 2.1
we know that T ; scales the distance between a(z) and its fixed point by a factor
3, therefore we can bound the number of maps required to map a(z) outside of the
interval [% —€(0), % +¢;(8)] by some n; () € N. If a(x) has been
mapped into an interval covered by one of the above cases we are done, if not it has to
be mapped into another interval of the form [% —¢€;(B), % +€5(B)]-
By Corollary 3.4 and Lemma 5.8 we know that ¢ < j < k+1. Repeating the previous
step as many times as is necessary we can ensure that within Z 1 n;(8) maps, a(x)

has to be mapped into an interval that was addressed in one of our previous cases.

e The case where a(r) € [% —€(8), 5 + ()] for some i € {k +
2...,m— 1} is analogous to the case where a(z) € [% —€(6), % +

ef(B)] forsomei € {1,...,k—1}.

We have shown that for any © € Zg there exists n(z) € N such that, two distinct
elements of Qg ,, ,(z) () map x into Zg, moreover n(x) < ny(B3) +nc(B8) + 27 L ni(B).
We take n(53) to equal ns(8) + n.(8) + ZZ 1 ' n:(8). If n(z) < n(B) then as in the even
case we concatenate our image of x by an arbitrary sequence of maps of length n(8) —n(x)
that map x into Z, this ensures our sequences of maps are of length n(/3).

O

Repeating the analysis given in the case where m is even we can conclude Theorem 5.1
in the case where m is odd.

6. Open questions and a table of values for G(m), 3¢(m) and 5.(m)
We conclude with a few open questions and a table of values for G(m), 5;(m) and B.(m).

e In [1] the authors study the order in which periodic orbits appear in the set of unique-
ness. When m = 1 they show that as 5 2 the order in which periodic orbits appear
in the set of uniqueness is intimately related to the classical Sharkovskii ordering. It
is natural to ask whether a similar result holds in our general case.

e In [18] it is shown that when m = 1 and 8 = 1+2‘/‘F’ the set of numbers: x =
%(mod 1) for some n € N have countably many (-expansions, while the
other elements of (0, % A1 7) have uncountably many -expansions. Does an analogue
of this statement hold in the case of general m?
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e Let py,...,px be points in R? such that the polyhedra II with these vertices is con-
vex. Let {f;}¥_, be the one parameter family of maps given by

filx) = Az + (1 — AN)py,

where A € (0,1) is our parameter. As is well know there exists a unique compact
non-empty Sy such that Sy = U¥_, £;(Sy). We say that (¢;)52, € {1,...,k}Nisan
address for x € Sy iflimy,_yo0 (fe, ©. . .0 f¢, )(0) = z. We ask whether an analogue of
the golden ratio exists in this case, i.e, does there exists \* such that for A € (A*,1)
every © € S\ \ {p1,...,pr} has uncountably many addresses, but for A € (0, \*)
there exists € Sy \ {p1,-..,pr} with a unique address. In [16] the author shows
that an analogue of the golden ratio exists in the case when d = 2 and k = 3.

Table 1: Table of values for G(m), B¢(m) and B.(m)

m G(m) Br(m) fe(m)

1 Y5~ 1.61803. .. 1.75488.... 1.78723...
2 2 142 =241421... 247098...
3 1+44/3~273205... 2.89329... 2.90330...
4 3 3VIT — 356155...  3.66607. ..
5 321 £ 379129, 3.93947 3.94583. ..
6 4 2+ Y28 = 4.64575... 4.75180...
7 2+2V2~4.82843... 4.96095. .. 4.96496 . . .
8 5 SHVAL — 5.70156...  5.80171...
9 Y5~ 5.85410. .. 5.97273. .. 5.97537...
10 6 34+ V14 =6.74166... 6.83469...
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