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Abstract Consider the supremal functional
Eoo(u, A) := ||Z(-,u, Du)|lL>a), A<, (D

applied to wloeo mapsu : 2 C R — RN, N > 1. Under certain assumptions on ., we
prove for any given boundary data the existence of a map which is:

(i) a vectorial Absolute Minimiser of (1) in the sense of Aronsson,
(ii) a generalised solution to the ODE system associated to (1) as the analogue of the Euler-
Lagrange equations,
(iii) a limit of minimisers of the respective L” functionals as p — oo for any ¢ > 1 in the
strong W14 topology and
(iv) partially C? on £ off an exceptional compact nowhere dense set.

Our method is based on L?” approximations and stable a priori partial regularity estimates.
For item ii) we utilise the recently proposed by the author notion of D-solutions in order to
characterise the limit as a generalised solution. Our results are motivated from and apply to
Data Assimilation in Meteorology.
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1 Introduction

Calculus of Variations in L* has a long history and was pioneered by Aronsson in the
1960s [4-8]. In the vector case and in one spatial dimension, the basic object of study is the
functional

Eso(u, A) i= | L u, D) jooiyy, u: QER—RY, ACQ. (1.1)

Here u € WIL’COO(Q, RY), N > 1, Q is an open interval, A is measurable and . € C*(Q x
RN x RV ) is a function which we call Lagrangian and whose arguments will be denoted by
(x, n, P). Aronsson who studied the case N = 1 was the first to note the locality problems
associated to this functional. By introducing the appropriate minimality notion in L°°, among
other things proved the equivalence between the so-called Absolute Minimisers and solutions
of the analogue of the Euler-Lagrange equation which is associated to the functional under
C? smoothness hypotheses. The minimality notion of Aronsson adapted to the vector case
of (1.1)is

Eeolt, Q) < Excu+6,9Q), ¥Q €Q, ¢ € Wy (@, R). (1.2)

The higher dimensional scalar analogue when u : @ € R"” — R is a real function has
also attracted considerable attention by the community and by now there is a vast literature,
for instance see Crandall [18], Barron-Evans-Jensen [9], and for a pedagogical introduction
see [31] and references therein. In particular, the Crandall-Ishii-Lions theory of Viscosity
solutions proved to be an indispensable tool in order to study the equations in L°° which
are non-divergence, highly nonlinear and degenerate. Even in the simplest case where the
Lagrangian is the Euclidean norm, i.e. Z(P) = | P 12, in general the solutions are non-smooth
and the corresponding PDE which is called co-Laplacian for smooth functions reads

n
Acott = Du®Du : D*u = »  DjuD;juD}ju = 0. (1.3)
i,j=1

However, until the early 2010s, the theory was essentially restricted to the scalar case
N = 1. A most notable exception is the early vectorial contributions of Barron—Jensen—
Wang [10,11]. Therein the authors among other far-reaching results studied the weak* lower
semicontinuity of general supremal functionals and proved under certain assumptions the
existence of Absolute Minimisers in the “rank-1" cases, i.e. when eithern = 1 or N = 1.

In a series of recent papers [32-40], the author has initiated the systematic study of
the vector-valued case, which except for its intrinsic mathematical interest, appears to be
important for many real-world applications (see also the joint contributions with Abugirda,
Croce, Pisante and Pryer [1,19,43,44]). In particular, the complete PDE system arising in L>°
was derived and studied in [32]. The results in the aforementioned papers include in particular
the study of the analytic properties of classical solutions to the fundamental equations and
their connection to the supremal functional. In the case of

Eoo(u, A) = HlDu|2HLw(A), u: QCR'—RN AcCQ, (1.4)

(where |Du| denotes the Euclidean norm of the gradient on RY*"), the respective co-Laplace
system written for smooth maps is

Apott = (Du ® Du + |Du|2[[Du]]J‘®I) D% = 0. (1.5)
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In (1.5), [Du(x)]* denotes the orthogonal projection on the orthogonal complement of the
range of the linear map Du(x) : R" — RY and in index form reads

N n
> > (Dite Djug + IDuP[Dulfy 6;) Dug = 0. a=1,... N,
p=1i,j=1

where [A]* = Proj R(A)L- An extra difficulty of (1.5) which is not present in the scalar
case of (1.3) is that the coefficients may be discontinuous along interfaces even for C*
solutions because the term involving [Du]* measures the dimension of the tangent space of
u(2) € R (see [32,33] and the numerical experiments in [43]). This is a general vectorial
phenomenon studied in some detail in [34]. The appropriate minimality notion allowing to
connect (1.5) to the functional (1.4) has been established in [35]. It is a remarkable fact that
when the rank of the gradient is greater than one, i.e. for maps u : @ € R* — RV such
that min{n, N} > 2, Absolute Minimimality for (1.4) is neither necessary nor sufficient for
solvability of (1.5) and the correct notion of co-Minimal maps is intrinsically different (see
[35]). In the case of the supremal functional (1.1), the associated equations written for smooth
maps 1 : @ € R — RY read

Foo(» u,Du,D*u) = 0, ong, (1.6)
where
Foolt,n, P, X) i= [ L., P)© Zo(x.n, P)
+ L0, PILLp e, P Zep (e, P)|X
+ (L P)- P+ Llen, P)) Zp(xn, P)
+ Lo PLLp G, PV (Lo, PYP
+ Lpix,n, P) = Zy(xon, P)). (1.7)

In (1.7), the notation of subscripts denotes derivatives with respect to the respective variables
and [.Zp (x, n, P)]* is the orthogonal projection

LZp(x,n, PYIE = 1 — sgn(Zp(x, 0, P)) @ sgn(Lp(x, 0, P)). (1.8)

The system (1.6)—(1.8) is a 2nd order ODE system which is quasilinear, non-divergence,
non-monotone and with discontinuous coefficients. Even in the scalar case of N = 1 in
which Fo simplifies to

Foolr,m, P.X) = (Zexon, P)’X + (L6 n PYP + Zox.n, P)) Z(x, . P)

it is known since the work of Aronsson that in general does not have solutions any more
regular than at best C!(€2, RY) and their “weak” interpretation is an issue. Let us also note
that, also inspired by Aronsson’s work, Sheffield-Smart [52] made a vectorial breakthrough
relevant to (1.5) and (1.4) which was simultaneous to [32]. They studied smooth vector-
valued optimal Lipschitz extensions of functions, deriving a different more singular version
of oo-Laplacian than (1.5), corresponding to (1.4) but when the matrix norm of Du is the
nonsmooth operator norm on RV ",

In this paper we study the functional (1.1), the associated nonlinear system (1.6)—(1.8) and
their connection. Our main result establishes for any given endpoint data on €2 the existence
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15 Page 4 of 25 N. Katzourakis

of a vectorial Absolute Minimiser u® € Wbl‘oo(Q, R™) of (1.1) which also is a generalised
solution to (1.6)—(1.8) in a certain new sense to be made precise below. We moreover glean
extra information about #°°; it a partially C?> map off a singular compact set and also is a
limit of minimisers of the respective L™ functionals

En(u, Q) := / LCou, D)™, u: QCR— RV, (1.9)
Q

in the strong W14 topology as m — oo for any ¢ > 1. Our results have been motivated
from and apply to variational Data Assimilation in the form used in the Earth Sciences and
in particular Weather Forecasting. Below we discuss the essential idea of our new notion of
generalised solution, our assumptions, state our main result and also draw connections to
Data Assimilation.

Motivated in part by the nonlinear systems arising in L, in the very recent paper [39] the
author proposed a new theory of generalised solutions which applies to fully nonlinear PDE
systems. In addition, this theory allows to interpret merely measurable general mappings
u:Q CR* — RN as solutions of PDE systems which may even be defined by discon-
tinuous nonlinearities and can be of any order. Our approach is duality-free and bypasses
the insufficiency of the standard duality ideas to apply to even linear non-divergence equa-
tions with rough coefficients. The standing idea of the use of integration-by-parts in order
to pass derivatives to test functions is replaced by a probabilistic description of the limiting
behaviour of the difference quotients. This builds on the use of Young measures valued into
compact tori, which is the compactification of the space wherein the derivatives are valued.
Background material on Young measures can be found e.g. in [16,23,27,28,47,48,55], but
for the convenience of the reader we recall herein the rudimentary properties we actually
utilise.

The essential idea of our new notion of solution for the case needed in this paper can be
briefly motivated as follows. Assume thatu : 2 € R —> RV isa strong a.e. solution of the
system

F(-ou,Du,D*u) = 0, on€, (1.10)

in Wli’coo(ﬁ, RM). We need a notion of solution which makes sense even if u is merely

Wli)‘coo (€2, RM). To this end we rewrite the above statement that u is a strong solution in the
following unconventional fashion

sup ‘]—'(x, u(x), Du(x), X)‘ =0, ae.xeQ. (1.11)

Xesupp(Sp2,, (1))

That is, we change from the classical viewpoint that the 2nd derivative is a map D%u : Q C
R — RY valued in R¥ to that it is a probability valued map given by the Dirac mass at
Du:

Sp2y : RCR — PRY), x> 5

u(x)

Obviously, “supp” denotes the support of the probability measure. Similarly, if D'* stands
for the difference quotient operator, it can be shown that we may rewrite the definition of
D%y as

Sptipy, = dp2,. ash — 0. (1.12)
The weak* convergence above is meant in the so-called Young measures into RY, that is the

probability-valued maps ¥ : 2 € R — 2 (R") which are weakly* measurable (for details
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see the Appendix, particularly Lemma 4.5). The rationale behind the reformulation (1.11)-
(1.12) is that we may allow more general probability-valued maps arising as “diffuse” 2nd
derivatives for maps classically differentiable only once. The latter of course may no longer
be the concentration measure-valued maps 8p2,,. This is indeed possible if we augment RN
and replace it by its 1-point compactification RN U {oo}. By considering Young measures
valued into spheres, we obtain the necessary compactness and the maps (8p1.np, )n0 always
have subsequential weak* limits

SpLhip, — Dzu, ash; — 0

in the space of sphere-valued Young measures 2 C R — ,@(RN u {oo}) (even when u is
merely once differentiable). The above ideas motivate the notion of D-solutions and diffuse
derivatives in the special case of W 1% solutions to (1.10) (see Definitions 4.6 and 4.7) and
will be taken as principal in this work. Notwithstanding, D-solutions do not play an essential
role until later in the paper, hence we give the formal definitions in the Appendix.

As a first application of this new approach, in the paper [39] among other things we proved
existence of D-solutions to the Dirichlet problem for (1.5) when n = N. Further results in
the context of D-solutions have been established in [40-42], including certain uniqueness
assertions. Herein we focus on (1.1) and (1.6)—(1.8). This is a non-trivial task even in the 1 D
case. In fact, it is not possible to work in the generality of (1.1), (1.6)—(1.8) without structural
conditions on .. The most important restriction is that the Lagrangian has to be radial in P.
This means that . can be written as

ZLx,n, P) = jf(x,n,%lP—“I/(x,nNz). (1.13)

for some mappings .7 : 2 x RN x [0, 00) — Rand ¥ : Q@ x R¥Y — R This condition
is justified by the results of [34] since as we proved therein it is both necessary and sufficient
for the ODE system to be degenerate elliptic. The extra bonus is that then the coefficients of
(1.7) match and become continuous. This is a special occurrence due to the 1D nature of the
problem and can not happen when n > 2. Anyhow, under the assumption (1.13), (1.7) after
a rescaling becomes

1 2
Foolr,n, P, X) = |P =V (x,m|* 7, (x, nS|P =7 n)|2> [X = %P
1 2
— Y(x, n)] + (P =7 (x,n), (x, U §|P =V (x,n)] )

1 2 1 2
[%jc (x,n,§|P—7/(x,n)f ) + P-%(x,n,§|P—“V(x,n)| >]
(1.14)

1 2 2
— A, (x,n, S|P =7 ) (!P—wx,n)! 1
1

—(P—“f/(x,n))®(P—“//(x,n))>[%iy (x,n,§|P—“//(x,n)|2>

1
— (P =70, ) Hy(x, m) A, (x, n, 5|P — ¥ (x, n)|2> ]
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The naturalness of our structural assumption (1.13) is also justified by Lagrangian models
arising in variational Data assimilation which we describe briefly after the statement of our
main result.

Theorem 1.1 Let Q2 C R be a bounded open interval and let also
H §><RN><[O,OO)—> [1,00), V¥ : QXRN—HRN,

be given maps with N € N. We suppose that

HisC?up to the boundary,

C(nl) = Hp(x,n, p) > co,

2Kpp(x,n, P)P + Hp(x, 0, p) > co, (1.15)
|, p)| + |40, p) < C(nhd + p),

| Ao (x. 0, P)| + |y (., p)| + | Hpa(x.m, p)| < CUnDA + p),

and also

ol
{”Vls Cup to the boundary, (1.16)

|7 Ge,m| < (A/eo)(d + ),

for some constants cy, « € (0, 1), some M € N, some positive continuous increasing function
C € C%([0, 00)) and all (x, n, p) € 2 x RN x [0, 00). Then, for any affine map b : R —>
RN, there exists a map u™ e Wbl’oo(Q, RN with the following properties:

1. u® is a vectorial Absolute Minimiser of the functional

Eoo(u, A) = ess sup & (x, u(x), %’Du(x) -7 (x, u(x))’z) , (1.17)

xeA

that is it satisfies (1.2).
2. u®™ is a D-solution (see Definitions 4.6 and 4.7) of the system

Foo( u,Du,D*u) = 0, onQ, (1.18)

where Foo is given by (1.14).
3. u®™ is a subsequential limit as m — oo in the strong W-4(Q, RY) topology of C?

minimisers {u™}>_, of the functionals
1 2\
En(u, A) = / A\ x, u(x), E|Du(x) — Y (x,u(x)|") dx, (1.19)
A

where each u™ minimises over the respective space wl2m (22, RM), forany q € [1, o).
(4) There is an open subset Qoo < Q2 such that u™ € C%(Qoo, RY). Moreover,

Q\ Qe = 0 ({Du™ =7(,u™)})
and hence Q\Q is compact and nowhere dense in SQ.

Item (4) above is a partial regularity assertion which differs from more classical results
in that the singular set 2\Qq is a relatively compact nowhere dense set (a topological
boundary) but not necessarily a Lebesgue nullset. This is a new type of partial regularity
which seems to arise in L°°. Item (3) indicates the fashion in which #®° is obtained, namely
via the well-established method of L™ approximations of L problems as m — o0, but also
includes a non-trivial fact, the strong convergence of the L™ minimisers u™ together with
their first derivatives to #®°. Note that Theorem 1.1 above does not state that (1) implies (2),
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but instead that there is an object ©* which satisfies both. In order to obtain solely (1), the
hypotheses (1.15)—(1.16) can be relaxed substantially (accordingly, see the paper [1]), but
since herein we are interested in the satisfaction of the equations as well we do not tackle this
problem separately. Finally, due to the dependence of .’ on the lower order terms (x, u(x)),
the Absolutely Minimising D-solution 14 is not in general unique, as shown by the example
L(x, P) = sin®x + |P|? of Yu [56] even whenn = N = 1 and ¥ = 0. Uniqueness is
a most delicate question already in the scalar case (see [30,46]). Let us also recall that (1)
above has been obtained in [10] but under different hypotheses on ¥ which in particular
require .Z(x, n,0) = 0 and ¥ = 0, a fact incompatible with “additive” Lagrangians like
those arising in Data Assimilation which we describe right next.

The motivation to study the present 1 D vectorial L°° variational problem comes from Data
Assimilation models arising in the Earth Sciences and especially in Meteorology. More pre-
cisely, following the terminology of [12], we are inspired by a continuous time generalisation
of what is known as weakly constrained four-dimensional variational assimilation (4D-Var)
in the geosciences. For more details we refer e.g. to [3,13,17,22,26,45,49-51,53,56].

Let us describe briefly the model in pure mathematical terms. Let ¥ : Q x RV — RV
be a time-dependent vector field describing the law of motion of a body moving along a
trajectory defined by the solution # : @ € R — R of Du = ¥(-, u) (e.g. Newtonian
forces, finite-dimensional Galerkin approximation of the Euler equations, etc.). Let also
k:Q € R — RM be some partial “measurements” in continuous time along the trajectory
and K : RY — R be a submersion which corresponds to some component of the
trajectory we are able to measure, for example some projection. Then, we wish to find a u
which should satisfy the law of motion and also be compatible with the measurements along
the trajectory:

Du(t) = 7 (r,u(t)) & K@) =k(@), t€Q.

However, this problem is in general overdetermined (due to errors in the measurements, etc.)
since we impose a pointwise constraint to the solution of the system. In standard variational
Data Assimilation (see [12, 14]), one instead seeks for approximate solutions by minimising
the “error” integral functional E; given by (1.9) for m = 1 and with Lagrangian given by

1 1
L. Py = 14 S|k = K [P+ 3|7 =7 e (1.20)

which describes the “error”. But if instead we choose to use the respective supremal functional
(1.1) with .Z as in (1.20), large “spikes” of the deviation from the actual solution with small
area are from the outset excluded. For the Lagrangian (1.20), the equations (1.6)—(1.14)
arising in Data Assimilation read

IDu — 7(, u)\z(Dzu — V(o) — V(s u)) — [Du— ¥t
(K@ =0 Ky = (7u) H0w) = [Ky ) (K@) — k)
®Du + (K — k) -k | (Du = 7.w)) = 0 (1.21)

Our main result applies in particular to (1.20)—(1.21). Although the L equations are more
complicated than the respective L? Euler-Lagrange equations, evidence obtained in [15]
suggests that they provide more accurate models.
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15 Page 8 of 25 N. Katzourakis

2 The fundamental equations arising in L*°

Basics Our notation is either standard (as e.g. in [24,25]) or self-explanatory. For example,
the Lebesgue measure on R will be denoted by | - |, the characteristic function of the set A
by x4, the standard Sobolev and L” spaces of maps u : R 2 @ — R by L?(Q, RY),
WP (Q, RV), etc. We will also follow the standard practice that while deriving estimates,
universal constants may change from line to line but will be denoted by the same letter.
N e N will always be the dimension of the range of our candidate solutionsu : R © Q —
RN Unless indicated otherwise, Greek indices a, B,V,...willrunin {1, ..., N} and the
summation convention will be employed in products of repeated indices. The standard basis
on RY will be denoted by {e!, ..., ¢"} and hence for the map u with components u,, we will
write u(x) = ug(x)e®. The norm symbol | - | will always indicate the Euclidean one and the
respective inner product will be denoted by “-”. Given £ € RV, we define for later use the
following orthogonal projections of RV :

[£1" := sgn(&) ®sgn(&), [EIF = I — sgn(§) ® sgn(&). 2.1)

Here “sgn” stands for the sign function: sgn(§) := &/|&| when & # 0 and sgn(0) := 0.

The equations We begin by deriving formally the fundamental equations (1.6)—(1.8) and in
particular (1.14) associated to L° variational problems for (1.1). The formal derivation of
(1.6)—(1.8) has been performed in [32], but we include it here because it provides insights
of the method of proof which makes the foregoing calculations rigorous. We obtain the L
equations in the limit of the Euler-Lagrange equations related to the L™ integral functional
(1.9) as m — oo. Here we suppose that m > 2. The Euler-Lagrange equation of (1.9) is the
ODE system

(2" (o, D)Zp (o, D)) = £, Du).Zy -, w, Du). 2.2)

By distributing derivatives and normalising, (2.2) gives

Z(-,u,Du)

D(Z(-,u, Du)).Zp (-, u, Du) + -

(D(Zp (. u, Dw) = 2., D)) =
2.3)

Then, by employing (2.1) applied to & = .Zp (-, u, Du) we expand the term in the bracket of
(2.3) and obtain

D(Z (-, u, Du)).Zp(-, u, Du)

21Dy g, D (DL, D)) — 2. D)
Z D
_ MM( u, Du)] ( (zp(-,u,Du))—.Z,,(-,u,Du)). 24

By mutual orthogonality of the projections in (2.1), the left and right hand side of (2.4) are
normal to each other. Hence, they both vanish and we may split the system to two components.
We renormalise the second half of (2.4) by multiplying by m — 1 to obtain

D(f( u, DU))iﬂP(yu,Du)
+ %HJP( u, Du)]]ll< (.ffp(-,u,Du)) —ffn(-,u,Du)> _

L0, DZp (DT (D(Zp(u, Dw) = Zy (o, D)) = 0. (2.5)
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As m — oo, we obtain the complete ODE system in L® which after an expansion of
derivatives and summation of the systems becomes (1.6)—(1.8).

The degenerate elliptic case of the equations in L°° Unfortunately, as we have already
explained it is not in general possible to go much further without imposing the structural
condition (1.13) on the hamiltonian .. The problem is that the system fails to be degenerate
elliptic in the sense needed for existence. In particular, the coefficient of (1.6)—(1.8) may
be discontinuous at points where £p (-, u, Du) = 0. Assumption (1.13) forces the matrices
[[,i”p]]l and Zp p to commute and also makes the coefficients continuous by allowing them
to match after a rescaling.

We now formally derive (1.14) and also the Euler-Lagrange equations of the L™ functional
(1.19) in the expanded form in which it will be used later, under the assumptions (1.15)—
(1.16). There is no loss of generality in assuming 5 > 1 since if it is bounded below,
we can always add a positive constant to .7 and the equations remain the same because
additive constants commute with the supremal functional (and this constant also regularises
the minimisers of the respective L™ functional). In order to derive the equations, we first
differentiate (1.13) and for the sake of brevity we suppress the argument (x, n, P) of ¥
and (x, n, %IP - ¥ (x, n)lz) of s and their respective derivatives. Recall now that (2.5)
comprises the Euler-Lagrange equations of (1.9) in expanded form. Since by assumption
7, > 0, we have the identities

LA (P— 7, ) = [P =¥ ., [1,(P — 7, m)I" = [P -7, nI.
(2.6)

By grouping terms, setting
Wu = Du—Y¥(,u) 2.7

and omitting the argument (-, u, %I“// u|2), after a calculation we obtain a system for the
parallel component. Similarly, by the identity (2.6) and since .7 > 0, we obtain a system
for the orthogonal component. In view of the identities (2.1), these systems can be matched
and the mutually orthogonal coefficients [ ull' and [# u]* add to the identity. Indeed, we

obtain
[%(%ﬂp + Hpp| W ul?)[# ull AN u]l

m—1

p— + (%)QWMRI]D(WM) +

.(—% + W) Yy u) + (A u +,9fpx)(m)>

+ oy (ot Ay DU W u= S W aPI (A=A W) Hy 1)) =0, (2.8)

The ODE system (2.8) is the Euler-Lagrange equation of the functional (1.19) in expanded
form where for sake of brevity we have defined (2.7) and suppressed the dependence on the
arguments (-, u, %|“//u|2) of 2, Ay, 5, H and ), 0y, Hpx. We also note that the
coefficients which are of order O ( ml—l ) are discontinuous, but this causes no problems since
the terms involving these will be annihilated as m — oo. By letting m — oo we obtain (1.6)
with Fo given by (1.14) and % u by (2.7). We finally rewrite the equations in a form which

is more malleable for our proofs later. By setting

F®(,u,Du) :=— %pp(%ﬁ + 4 ~Du)7/u

+ PPl (A — A W), 29)
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15 Page 10 of 25 N. Katzourakis

£ Du) = = Al (= o+ A0S w0

(Ao -+ Hp) Wu), (2.10)
A® (- u,Du) = H(Hy + Hpp|Wu)?) [ ull, (2.11)

(2.8) can be written as

A®(-, u, Du) 5 1 ) 2 ) f°°(, u, Du)
[ﬁ +'%0p ('v u, §|W’/t| )|WM| I D(//u) = F*®(,u,Du) + ﬁ
(2.12)
and (1.6) as
%2(- " 1|7/u|2)|%¢|2D(Wu) — F®(.,u, Du) (2.13)
p b 9 2 - 9 9 .

where F°°, f°°, A% are given by (2.9)-(2.11) and #u by (2.7).

3 Existence of vectorial Absolute Minimisers

In this section we establish item (1) of our main result Theorem 1.1 by proving existence of
a mapping u® € Wbl’OO(Q, RM) which satisfies (1.2) for (1.17).

Lemma 3.1 (Existence of minimisers and convergence) Let ¢, ¥, Q satisfy the assump-
tions of Theorem 1.1. Then, for any affine mapping b : R — RN and any m € N, the
functional (1.19) has a minimiser u"™ over the space Wb] 2m (2, RN). Moreover, we have the
estimate

1
el yramg) < C(Em(u,sz)ﬂ + max [b] + 1) 3.1)

forany u € Wb1 ’zm(Q, RN), where C > 0 depends only on the assumptions and the length

of Q. In addition, there is a subsequence (my){° and u> e Whl’oo(Q, RN such that for any
qg=>1

u" ——> u®,  in CY9Q,RY),
Du™ — Du®, inL7(Q2,RN),

as my — 00, and also
ey < C. (3.2)
Finally, forany A C Q measurable with |A| > 0, we have the lower semicontinuity inequality

Eoc(u™, A) < liminf E, ", Ay (3.3)

Proof of Lemma 3.1 Step 1 We begin with some elementary inequalities we use in the sequel.
Foranyt > 0,0 < o < 1 and ¢ > 0, Young’s inequality gives

< et + (%)ﬁ(l—a). (3.4)
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Moreover, for any P,V € RY and 0 < § < 1, we also have
1
(1=8|PP < |P-V)?+ 5|V|2. (3.5)

Finally, for any u € W'2" (22, RY), we have the following Poincaré inequality whose con-
stant is uniform inm € N:

lulln ey = 20820+ 1) (IDull 200y + max Jul). (3.6)

Indeed, in order to see (3.6), suppose u is smooth and since |u(x) — u(y)‘ < fQ |Du|, for
y € 02 by Holder inequality we have

2m
</ |Du| + max|u|)
Q Q2
2m
22m=1 {(/ |Du|> + max|u|2m:|
Q Q2

Qe+ 1) [/ IDu|*™ + max|u|2m],
Q IQ

Jua (x) |2

IA

IA

IA

which leads to (3.6).
Step 2 We now show that the functional E, is weakly lower semicontinuous in
wh2m (<, RN). Indeed, by setting

m

1
H(x,n, P) = %(x, n3lP = n)|2) (3.7

we have for the hessian with respect to P that (we suppress again the arguments of .# and
its derivatives)

Hpp :m%”"z[%"%l n (%%;,p ¥ (n— 1)(%;))2)
(P=7(w)e (P -7, u))].

By (1.15) and since the projection [P — #(-,u)]! satisfies the matrix inequality [P —
¥ (-, u)]l < I, we obtain

Hpp = ma™ 2 HA L + A Ay (P =¥ (0) @ (P = 7 w) |
= mAa" N Ayl + (o= H)[P = 7] (3.8)
= m(Hyl + (o= AP =V (w])

giving Hpp > mcol. The conclusion now follows by standard lower semicontinuity results
(e.g. [20,29]).

Step 3 Now we derive the energy estimate which guarantees the coercivity of E,,. By our
assumptions on 7, there is a p € [0, p] such that

H(x,n, p) = Hp(x,n, p)p + H#(x,n,0) = cop + 1.

Hence, by using (3.5) the above gives

1 2 o 2 €0 2
A (xS |P=r@mf) = Sa-spP = Ly 3.9
x5 |P=v@m) = Ta-9)IPP - e (3.9)
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15 Page 12 of 25 N. Katzourakis

Then, by (1.16) and (3.4)—(3.5), for 0 > 0 small we have

1
ji”(x,n, S|P - “//(x,n)|2>

v

co 2 1 N2
DA —sPE - —1 +
2( )| P 2008( 71%)

v

o o
—(1=8IPP? — —In* - CG,0,0),
2 cod

where C (8, o, o) denotes a constant depending only on the numbers 8, o, . We now select
8:=1/2,0 :=2cpe > 0to find
1 2 co
jf(x,r), S1P =7 ) = JIPP — el - Cle.o.

Hence, for any m € N by the Holder inequality and the above estimate, we have

1 g 1
s (3) 1P = (e P =@ nP) + el + Cle .

Consequently, for any u € W;Jm

(1.19), we deduce

3(%)’” /Q IDu| ™

(€2, RM), by integrating over € and by utilising (3.6) and

IA

En(u, Q) + s’"f ™ + C(e, a)*™|Q|
Q
En(u, Q) + C(e, @)™

+ sm(2(|Q|+1))2’" {H%?ZX b + / |Du|2m}.
0 Q

IA

Hence, we have obtained the estimate
{(i")m — (49l + 1)25)’”]/ Du?™ < En(u, Q) + C2m<max|b|2m 4 1)
12 Q Q2

where C above depends on &, &, 2. By choosing & := co/(323(|Q| + 1)?), we get

o ya ™ om 2m 2m
{5(1—2—,,,) } fQ|Du| < En@,Q) + C (n;gx|b| +1)

1/m

and since lim,; s oo (1 — 2””) = 1, the desired estimate (3.1) ensues.

Step 4 We show existence of minimisers and convergence by using ideas of [10]. We have
the a priori energy bounds (recall the notation (2.7))

1
2

. 1 1,2m N S
f{E L) W (R, R }< Q| 2m
inf 1 Ej, (-, 2) » o ( ) < 12 L)

jf( b, |”//b|2/2)

and E,, (v, Q) > 0,forany v € Wl}’2m (€2, RM). Hence, by standard results (see e.g. [20,29]),

there exists a minimiser " of the functional E,, in Wbl 2m (22, RN). Moreover, by (3.1) and
(3.11) we have the bound

1
lu™ [ly1.2mqy < C (supg%ﬂ(.,b, |Wb|2/2)2 + max |b] + 1). (3.10)
Q

Let C(£2, b) denote the right hand side of (3.10). Then, for any g € [2, m], we have

€1 1_ 1
||Mmllwl.2q(9) < |Q| 2m ||Mm||W1,2m(Q) < |Q|2r Z”IC(Q,[?). (311)

N
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Hence, for any ¢ > 1 fixed, the sequence (u™){° is bounded in Wbl’zq (2, RM). As such,
there exists ™ € ﬂ;olehl’zq(Q, RY) satisfying u” —— u™ in Wbl’zq (22, RY) along a
subsequence my — o0. By letting m — oo in (3.11) along the subsequence, the weak lower
semicontinuity of the L27(2, R) norm implies ||t || y1.24 () < |92 % C (R, b). By letting
now g — oo, we derive the desired bound for ©>°.

Step 5 We finally show (3.3) by using ideas of [10]. Fix A € €2 a measurable set with |A| > 0.
By recalling that u” — u® asm — oo along a subsequence in LY (A, RY) forany g > 1,
by weak lower semicontinuity we have

1
Eeo(u™, A) = qlin;o Eq(”ooa A)d

1
< liminf (nm inf E, (u™, A)a)
q—>00 m—00
1 1
< liminf (1iminf|A|Tﬁ Ep (™, A)%).
g—o0 \ m—oo
The lemma ensues. ]

Now we are ready to establish the existence of Absolute Minimisers.
Proof of (1) of Theorem 1.1 We continue from the proof of the previous lemma. Fix Q' € Q.
Since €' is a countable disjoint union of intervals, it suffices to assume that Q" = (a, b) € Q.
We fix ¢ € Wol’oo((a, b), RN) and set ¥ := u® 4 ¢. Hence, in order to show that u™ is
an Absolute Minimiser of (1.17) over £2 it suffices to show that

Eoo(u™, (@, b)) < Exo(¥™, (a,b)).

Note also that u®°(a) = ¥*°(a) and u*°(b) = ¥*°(b). We now fix 0 < y,8 < (b —a)/3
and define the following map:

(%) @) + (x ;“) Y®a+y). xe(@aty)
wm,y,é(x) — 1)[,oo(x)’ X € (a + v, b— 8),
(—b;x> Yoo (b — ) + (#) Wby, xeb—5.b),

where m € N U {o0}. Then, we have ¢"7 Wul;,f)o((a, b), R"Y) and

y>a+y)—u"(a)

, on(a,a+y)
14
Dwm,y,a(x) — DWOO, on (Cl + v, b —9)
b —8) —u™(D
v ( )8 “ (), on(b—24,b)
Note now that
Yrrd —s yord i W ((a,b), RY),as m — oo (3.12)

Indeed, since obviously ¥ 7% — 7% in L>((a, b), R"), it suffices to note that for
ae.x € (a,b)
[u>(a) —u™ (a)| (4> (b) — u™ (b)|
e

Dwm,y,ﬁ(x) _Dwoo,)/,(s(x)‘ = X(a,a_i_y)f + Xwb-s.b S

1 1
< (; + 3) lu™ — u™| Lo @)
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15 Page 14 of 25 N. Katzourakis

and hence [Dy"™7% — Dy 73| 0oy —> 0 as m — 00, along a subsequence. Since for
eachm € N ¢ is a minimiser of (1.19) over Whl’zm (2, RM), by recalling that PYmyd = ym
at {a, b}, minimality and Holder inequality give

En (™79, (a, b))
< (b—a)m Ex(¥™7, (@, b)). (3.13)

Ep(u™, (a, b))'"i

IA

A

On the other hand, since W’W"s =y*®on (a+y,b—3§), we have
Eoo (47, (a, b)) < max {EOO(WW, (@ a+7)). Ex(¥™. @b).
Eco(0™ 7%, (b= 8,1))]. (3.14)

By combining (3.12)—(3.14) and (3.3) for A = (a, b), we get along a subsequence (m;){°
that
Eoo(u*, (a,b)) < liminf (max {Eoo(wm"’y"s, (a,a+7v)), Es(¥™, (a, b)),
11— 00
Exo(y™ 7%, (b = 5,1))})
= max [ Exo (W@, 5), Esc (477, (@, a+ ),
Eoo($73, (b — 5, b))}).

Further, since Dy 7% = D74 (a) on (a,a + y) and Dyo7% = DLy (p) on
(b — 6, b), we have

Ex(¥™7? (a,a+y)) = max z(.,wows,D‘vyl//W(a)) (3.15)
[a,a+y]

and similarly for x = b. By (3.15), we see that it suffices to show that there exist infinitesimal
sequences (y;)7°, and (8;)7° | such that

Eoo(wc’o, (a, b)) > max { limsup max .,2”(-, woo’yi"s",Dl’y"t/foo(a)),

i—soo la,a+yil

limsup ma ]_S,ﬂ<~,1//°°'V""Si,D1’_5"1/f°°(b))]. (3.16)

i—00 is

The rest of the proof is devoted to establishing (3.16) and this will complete the proof. We
illustrate the idea of the proof of (3.16) by assuming first that Dy *° exists on [a, b]. In this
special case, we have

Eao(¥, (a, b)) = sup .Z(-, ww,Dw“)

la.b]
max {.Z (a, y*°(a), DYy *(a)), Z (b, ¥* 1), Dy>((b))}.
Further, since DY ¢ ®(a) —> Dy¥*°(a) and D%y (b) — Dy >(b) as y,8 — 0,
whilst

v

max |73 () =y (@)| — 0, asy =0 (3.17)
as<x=<a-+ty
we obtain
lim max Z(-,WW’V’B,DI’VW’O(@) - $<a,¢w(a),D¢w(a)),
y—0[a,a+y]
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and similarly for x = b. By putting these together we are led to (3.16). Now we return
to the general case. Fix u € WH®(Q,RV), x € [a,b] and ¢ > 0 and set A (x) :=
[x — &, x + €] N [a, b]. Then, we claim that there is an increasing modulus of continuity
w € C°(0, 00) with (0") = 0 such that

E (u, Ag(x)) > ess sup £ (x,u(x), Du(y)) — w(e). (3.18)
YEAL(x)

In order to see (3.18), note that for a.e. y € A.(x) we have [x — y| < ¢ and hence by the
continuity of . and the essential boundedness of Du, there is an w such that

Z(x.u@). Du(y) = 2(y,u(y).Duy)| = w).

for a.e. y € A;(x). Hence, (3.18) ensues. Now we claim that

1 2 1 2
sup (lim supf‘Dl”u A u)’ ) < ess supf’Du -7, . (3.19)
A \ 150 2 Asr) 2

In order to see (3.19), it suffices to apply the inequality

v(y +1) —v(y)

; < esssup|Dv|, y,y+1te€A:(x), t#0,

Ag(x)

to the Lipschitz map v(y) := u(y) — fa} ¥ (t, u(t)) dt and note the identities

Dv(y) = Du(y) — 7(y,u(y)), ae.y€ A:(x),
+t
D u(y) = DMu(y) — % ’ ¥ (t,u(t))dt
y
=D"u(y) — ¥y, u(y)) + o(l), ast —0, y € As(x).

Hence, (3.19) holds true. Now, we combine (1.13), (3.18) and (3.19) together with (1.15) to
find for fixed u € W1’°°(§2, ]RN), x € [a, b] and & > 0 small that

Eoo(u, (a, b)) = Eco(u, As(x))

1
> ess sup A <x, u(x), 7|Du -7, u(y))|2> — w(e)
ved:(x) 2

1
H (x, u(x), ess sup 5|Du(y) -7, u(y))’2> — w(e)
YEAL(x)

v

H (x, u(x), sup [lim sup %|D1”u(y) -7 (y, u(y))‘2i|> — w(e)

yEAL(X) t—0

= sup |:lim sup S <x, u(x), %|Dl'tu(y) -7, u(y))’z)] — w(e)

yEA(x) L =0

v

1
lim sup % (x, u(x), =DM ux) — 7 (x, u(x))|2> — w(e)
t—0 2
and by letting ¢ — 0, we get
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Eoo(u, (a,b)) = limsup%(x,u(x), %’Dl’tu(x) —7/(x,u(x))|2), (3.20)
t—0

for any fixed u € W'>(Q,R") and x € [a,b]. Note now that since |D"u(x)| <
IDullp=(q) for x € (a,b), t # 0, for any infinitesimal sequence (#;(x))72, there is a
subsequence denoted again by the same symbol such that

the limit lim D™y (x) exists in RY. (3.21)

1—>00

By (3.20)—(3.21) and the continuity of .7# we find that

Eoo(u, (a,b)) > limsup 2 <x, u(x), %|D1’t"(x)u(x) — ¥ (x, u(x))}z)

i—00
1 2
= (x, u(x), 5‘ Tim DMy (x) — 7 (x, u(x))‘ > (3.22)
1—>00

Now we apply (3.22) tou = ¥* and x = a, b to infer that there exist sequences (y;){2,
and (8;)72 such that
the limits lim D" >®(a) and lim D""%y>(b) existin RV (3.23)
1—> 00 1—> 00
and also

Eoo($. (a.)) = max {% (a, ¥*(a), 3| Jim DMy~ @) ~ ¥ (a, w°°(a)>\2>,

1 2
4 (b, P2b), 5| lim DM B) — 7 b,y )| ) }
11— 00
(3.24)
On the other hand, by (3.15), (3.17) and (3.23), for y = y; and § = §; we have

lim Eoo(y27% (@.a+yp)) = lim max 2(-,y=7% Dy ()
i—00 i—o00 [a.a+yi]

1 2
= <a, ¥ (a), 5] ilin;OD"”w“(a)— Y (a, w“(a))‘ )
(3.25)

and similarly for x = b. By putting together (3.24)-(3.25) we see that (3.16) ensues and so
does item (1) of Theorem 1.1. ]

4 Existence of D-solutions to the equations in L™

In this section we establish items (2)—(4) of Theorem 1.1. We begin by showing that the
minimisers obtained in the previous section actually are weak solutions of the respective
Euler-Lagrange equations.

Lemma 4.1 (Weak solutions of the L™ equations) Let 7€, V', Q, b satisfy the assumptions of
Theorem 1.1 and let (u™){° be the sequence of minimisers constructed in Lemma 3.1. Then,

each u™ is a weak solution in Wb]’zm(Q, RN) of the Euler-Lagrange equations of (1.19) on
Q:
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D (%m_l(-, u, %|7/u|2)%’;,(-, u, %’WMIZ) Wu)

— ;fm—l(.,u,%Wu\z)%p(,u,%ywﬁ)
(%ﬂ( Sy = Al %Wwf)(‘//u)%(-,w), (1)

where W u is given by (2.7).

Proof of Lemma 4.1 Let H be given by (3.7) and note that the ODE system (4.1) can be
written compactly as

D(Hp(-,u,Du)) = Hy(-,u,Du). 4.2)
By (1.15) and (1.16), one easily obtains the bounds

|Hp(x,n, P)|
|H'7(x7’7’ P)|

A

< C(nh(1 + PP, (4.3)
Cnh(L + |P*™). (4.4)

IA

By standard results (see e.g. [20]), (4.3)—-(4.4) imply that the functional is Gateaux differen-
tiable on Wb1 ,2m (€2, RY) and the lemma follows. ]

Now we show that the weak solutions u™ of the respective Euler-Lagrange equations
actually are smooth solutions. This will imply that the formal calculations of the previous
section in the derivation of (2.8) make rigorous sense.

Lemma 4.2 (C? regularity) Let W™)$° be the sequence of minimisers of Lemma 4.2. Then,
each u™ is a classical solution in C*(2, RN) of the Euler-Lagrange equation (4.1), and
hence of the expanded form (2.8) of the same equation.

Proof of Lemma 4.2 Fix m > 2 and let us drop the superscripts and denote u™ by just u. The
first step is to prove higher local integrability and then bound the difference quotients of Du

in L} (Q,RV). Letus fix ¢ € Nand ¢ € C2°(Q) with 0 < ¢ < 1. By recalling (2.7), we
set:

d(x) = C(x)/x cOrud | wu@yde, x e Q. 4.5)
inf Q
Then, ¢ € W' (2, RY) and
Do (x) = *@)|[#u)|" W u(x) + D;(x)/ O u@ | v u@)dt,
inf Q

fora.e. x € Q. Suppose now that g < 2m — 1. Then, since Du € L2m (2, ]RN), we have that
¢ e Wcl’zm (22, RY). By inserting the test function ¢ in the weak formulation of the system
(4.2) (i.e. (4.1)) and by suppressing again the arguments for the sake of brevity, we have

/ {%m*1%Wu-[gz|Wu|4Wu + D;/ gw/uw(%t)”
Q inf Q

+/ {%’"—1% (%ﬂ,, —%(WM)T‘I/,](-,M)) : [;/ ;WuWu” — 0.
Q inf

@ Springer



15 Page 18 of 25 N. Katzourakis

By (1.15)—(1.16), we have ¢, > co and 2h > col# ul*. By using the bounds (4.3), (4.4)
(where H is given by (3.7)), that { < 1 and the elementary inequalities

X
/ |f|§/|f|,x69,feL1(Q), Al <y s,
inf Q Q

we have

[ g SC</Q§|WMI"“>{/QIDCI(%’"_]% ul)

+
PR
Q

< C(llullze) (/Q §|7/u|q+l>
'/;2{|D§|(1+|WM|ZM_]) n C(l+|“//u|2m)],

Hence, we have obtained

/§2|7/u|2’"+q < C(llull=(e) (/ C|Wu|q+l>/ L+ W ul™. (4.6)
Q Q Q

In view (4.6), by taking ¢ + 1 = 2m we have #u € L™~ 1(Q,RV). Hence, we can

loc
iterate and choose ¢ + 1 = 4m — 1 to find that ¢ € WCI’4m71(Q, RY) which makes it
admissible and we can repeat the process. Hence, by applying the estimate again we infer
that #'u € L](’AZ*Z(Q, RY). By induction, the estimate holds for all integers of the form

g = (2m — 1)k, k € N and we obtain that #'u € ﬂf‘;l L’ (2, RM). In view of (2.7) and

i) loc
since u € CO(Q, RY), we conclude that Du € N LI (2, RY). The final step is to prove
that D''Du is bounded in L120c~ The idea is classical and consists of using as test functions in
the weak formulation ¢ = —D" (¢ DLy where ¢ € CX(R), so we refrain from giving

the details. The lemma follows. ]

Now we may prove the remaining assertions of our main result.
Proof of items (2)—(4) of Theorem 1.1 In view of Lemmas 3.1, 4.1, 4.2, let (u™){° denote
the sequence of minimisers in CO(Q, RY) N C3(Q2, RY) of the functionals (1.19) over the
spaces Whl’zm (22, RY). Then, along a subsequence

m [e¢) : 00 PN
{u — u®, inC"(2,RY), 4.7

Du™ — Du®, in L4(Q2,RY), forallg > 1,

as m — 00, and the limit satisfies u*° € Wb]’oo(Q, ]RN). Moreover, each u” is a classical
solution of the system (2.8), or equivalently of (2.12) with f*°, F°°, A% given by (2.9)—
(2.11). The goal is to show that the limit map u* is a D-solution of the system (1.6) with
Foo given by (1.14) (or equivalently (2.13)) and also that u>*° = b on Q2. We begin by
observing that the boundary condition is satisfied as a result of the uniform convergence on
Q. Moreover, by recalling (2.7) and by multiplying (2.12) with D(W u’"), we obtain

{A"O(-,u’”,Du’")
-1

+ jfpz(', u, %‘Wumyz)‘Wumyzl} : D(Wum)

£, u™, Du™)
m—1

@D(7u™) = ( +F°°(-,um,Dum)> -D(#u™)
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00 . m’D m
- ‘M”w(.,um,mm)

m—1

[D(7u™)). (4.8)

By (1.15) we have ¢, > c¢. In addition, by (2.11) the matrix map A is non-negative.
Hence (4.8) gives the estimate
1

2
€0

JoC,u™, Du™)

m2 m
“Wu ’D(#u )‘ < e

+ FOO('? va Dum)

. 4.9)

By using the elementary inequality |D(|f®)| < 3|IfI*Df
C'(Q,RN), (4.9) gives the estimate
3
2
€

, which holds for f €

JSC, u™, Du™)

+ FOO(’ uvaum)
m—1

D ()| < . (4.10)

By (4.10), (4.7) and the form of the right hand side given by (2.9), (2.10), we have that the
sequence

V= [P = [Du” = u™)| (4.11)

is bounded in WJ"I(Q), for any ¢ > 1. Hence, by the compactness of the imbedding
wha () e CY(Q), there is a continuous non-negative function v* such that v — v™®
in CO(Q) along perhaps a further subsequence as m — oco. We claim that

3

W u®P = [Du® — 7 (,u®)|’ < v™*, ae. onQ. (4.12)

Indeed, by (4.7) and the weak lower semi-continuity of the L3 norm, for every x €  and
r > 0 fixed we have that
1 x+r 1 x—+r 1 x—+r
— | < liminf—/ | = — v, (4.13)
2r Jy, m—00 2r Jo_, 2r Jer
By passing to the limit as r — 0 in (4.13), the Lebesgue differentiation theorem implies that
the inequality (4.12) is valid a.e. on 2. We now set Q® := {x € Q : v™®(x) > 0}. By the
continuity of v, Q% is open in €2, the set 2\ Q% is closed in 2 and Q\Q® = {x eQ :
v*®(x) =0 } By (4.12), we have

|[#u®| =0, ae onQ\Q. (4.14)

On the other hand, since v* — v*° in Co(ﬁ), for any U € Q°, there is a op > 0 and an
m(U) € N such that for all m > m(U), we have v > ¢ on U and by (4.11)

2
[#u™| > (09)3, onU. 4.15)
By (4.15), (4.13) and (4.10), we have
3 o) - u™, Du™
‘D(V/um)‘ < . SZCUTDUT) | oo ym pumy| . on€. (4.16)
(c0)2(00)3 m—1
By (4.16) and (4.7), D2u™ is bounded in LfOC(QOO, RM). Hence, we have that

u™ — u™®,  in CO(Q>,RV),
Du™ — Du®, in L] (Q® RY), forallg > 1,
DXy — D?u®, in L] (Q%,RY), forallg > 1.

3

Thus, by passing to the limit in the ODE system (2.8) as m — oo along a subsequence, we
have that the restriction of u°° over the open set Q™ is a strong a.e. solution of (2.13) on
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Q. By bootstrapping in the equation, we have that actually u® € C2(2*°, RY). On the
other hand, we have that | #u®°| = 0, a.e. on 2\ Q. Hence, if the set 2\ 2°° has non-trivial
topological interior, by differentiating the relation Du® = ¥ (-, u®) we have that D?y>
exists a.e. on the interior of the open set 2\Q* and by bootstrapping again we see that
u>® € Cz(int(Q\Q"o), RN). Putting the above together, we have that D4 exists and is
continuous on the open set 2., defined in the statement of the theorem which is the union
of 2% and of the interior of Q\Q%®: u® € C%(Qoo, RY) and Qoo = Q™ U int (Q\Q2).
We now show that # is a D-solution of (2.13) on  (Definitions 4.6-4.7). Let D1 Dy
be the first difference quotients of Du® along a sequence i; — 0 as i — oo and let D?u™>
be a diffuse 2nd derivative of u° arising from the subsequential weak* convergence of the
difference quotients, that is
8 1, s Dzuoo, in @(Q,@N),
D '/ Du*>®

as j — 00, in the space of Young measures from 2 C R into the 1-point compactification
RN = RY U{oc}. By the regularity of u> on 2, the restriction of any diffuse 2nd derivative
on 2 is the Dirac mass at the second derivatives:

DXu™(x) = Sy, forae. x € Q% (4.17)

Hence, u™ is D-solution on 2°°, since it is a strong solution on this subdomain. Consequently,
fora.e. x € Q° C Qand any X € supp, (D?u™(x)) we have

1
%”pz (x, u®(x), 5

2u @) [ru @[ X =D u)) )]
- F°°(x, U™ (), Du°°(x)). (4.18)

Thus, u®° is a D-solution of (1.6) with Foo given by (1.14) (i.e. (2.13)). On the other hand,
since [#u™| = 0, a.e. on Q\Q™, for a.e. x € Q\Q™ and any X € supp, (D?u™(x)) we
have we have

1
AR (x4 ), 5Wuoooc)\z)WMOO()C)\Q[X —D( )] =0 @19)

Also, by (2.9) we see that the right hand side of (2.13) essentially vanishes on Q\Q* as
well:

F®(,u®,Du™) = 0, ae.onQ\Q%. (4.20)

By putting (4.18), (4.19), (4.20) together, we conclude that #* is indeed a D-solution of
the Dirichlet problem for the fundamental equations in L°°, which is also a weak sequential
limit of minimisers of the respective L™ functionals as m — oo in the W14 topology for any
g > 1. In order to conclude it remains to establish the strong convergence of the derivatives
of the sequence of minimisers u™ to #*. On the open set 2°° we have Du™ — Du® in
L?OC(QOO, R™) and hence up to a further subsequence we have Du” (x) — Du™ (x) for
a.e. x € Q% as m — o0. On the closed set 2\Q2%, we have

[ pur e < 9(f DU — ¢ um[?
Q\Q® Q\Q®

+ / 7 Cou™y =¥ u™)[
Q\Q®

+ / 7 (u™) — Du°°|3),
2\Q%
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forany g € N. Since v —> v>® =0asm — oo in C*(Q\Q>, R") and also u™ —> u*
in C°(2, RY), we have that Du™ —> Du®™ in L3(Q\Q>, R") along a subsequence as
m — oo. Conclusively, Du™ (x) —> Du®°(x), for a.e. x € Q as m — oo along a sequence
and also ||Du"|ra@) < C(g), for a constant depending on ¢ € N. Hence, if E C Q is
measurable, we have the equi-integrability estimate

1 1
|Dum||Lq(E) < ||Dum||Lq+|(E)|E|q(q+1) < C(g + D|E|a@+D,

The conclusion of strong convergence now follows from the above and the Vitali convergence
theorem. Theorem 1.1 has been established. O

Acknowledgements The author is indebted to Jochen Brocker for the scientific discussions on the subject of
variational Data Assimilation as well as to the anonymous referee for their suggestions which improved the
quality of the presentation.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

Appendix: Young measures and D-solutions

Let E C R be a (Lebesgue) measurable set and consider the Alexandroff 1-point compact-
ification of the space R¥, that is RV := RN U {00}. Its topology will be the standard one
which makes it isometric to the N-sphere (via the stereographic projection which identifies
{oo} with the north pole). The space RY is considered equipped with the metric topology
induced by the embedding into its compactification R™ but balls, distances, etc. will be taken
with respect to its usual metric.

Definition 4.3 (Young Measures into the 1-point compactification of RY) The space of
Young Measures E € R — RY is denoted by & (E RN ) and is the set of probability-
valuedmaps R 2 E 5 x +—> 9(x) € Z(R") which are measurable in the following
sense: for any fixed open set U C RN, E 3 x —> [9(x)](U) € R is measurable. This is
called weak* measurability.

Theset % (E, RV) is a subset of the unit sphere of the space LS (E, M(RN)Y). This Banach
space consists of weakly* measurable maps valued in the signed Radon measures: £ 3> x —
Px) € M@N) The norm of the space is ||0||L§?*(E’M(ﬁN)) = eSS SUP,cf ”19()() H (@N)
where “|| - || (@N )” is the total variation. For more details about this and relevant spaces we
refer e.g. to [28] (and references therein). Hence, the Young Measures are the subset of the
unit sphere which consists of probability-valued weakly* measurable maps. It can be shown
(see e.g. [28]) that L. (E , M(@N )) is the dual space of the L' space of measurable maps
valued in the (separable) space C° (EN ) of real continuous functions over RY, in the standard
Bochner sense:

(L'(E.CO®Y)" = L (B M(RY).

The elements of this space are certain Carathéodory functions @ : E x @Ii — R endowed
with |1 g co@®yy) = fE HCD(x, ')HCO(@N) dx. The space Ll(E, CO(RN)) is separable
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and the duality pairing
() r L2(E,M@®R")) x L'(E,C°(R")) — R

w*

is given by
(9, ®) :://7 D (x, X)d[V(x)](X)dx.
E JRN

The unit ball of L (E , M (EN )) is sequentially weakly* compact. Hence, for any bounded
sequence (9™)5° € L% (E, M(R")), there is a limit map ¥ and a subsequence of m’s along
which 9" =~ as m — o0.

Remark 4.4 (Properties of % (E, RY)) The set of Young measures is convex and by the com-
pactness of R”, it can be proved that it is sequentially weakly* compactin L% (E, M(R"))
(see e.g. [16,27]). This property is essential in our setting. Moreover, the space of measurable
maps v : E € R — R¥ can be (nonlinearly) embedded into # (E,RV) by v —> §,,
(8y)(x) :==8y(x), x € E.

The following lemma is a small variant of a standard result about Young measures but it
plays an important role in our setting (for the proof see [16,27,39,55]).

Lemma 4.5 Let v, v® : E C R — R be measurable maps, m € N. Then, up to the
passage to subsequences, the following equivalence holds true as m — oco: v —> v™ a.e.
on E iff §m =~ 8y in @ (E,RV).

Now we give the main definitions of our notion of solution only in the special case which is
needed in this paper. For the general case and applications we refer to [39-42] and [19,43,44].

Definition 4.6 (Diffuse 2nd derivatives) Suppose that u : @ € R — RV is in
lej’coo (2, RY). For any h # 0, we consider the difference quotients of the derivative

I
DDy = Z(Du(mi—h)—Du) . QCR— RV

and Du is understood as being extended by zero on R\ 2. We define the diffuse 2nd derivatives
of u as the subsequential limits D?u of 8311, in the space of Young measures from 2 into
R¥ along infinitesimal sequences (hp)T° € R\{0}:

SDl,h, —~ D%y, in GJ(Q,@N), asi — oo.

J Du

The weak* compactness of % (€2, RY) implies that every u € W, (%2, RV) possesses
diffuse 2nd derivatives, in particular at least one for every choice of (%;){°. For our notion of
generalised solution, let us first introduce the following notation: if ¢ is a probability measure
on RY, we define its reduced support as

supp, () := supp(®)\{oc} < R".

Definition 4.7 (D-solutions of 2nd order ODE systems) Let 7 : (R 2 Q) x RN x RV x
RN — RY be a Borel measurable map with Q open. Consider the ODE

F(-,u,Du,D*u) = 0, on Q. 4.21)
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We say thatamapu : R O Q@ — RV inﬁWllo’coo(Q, RY) is a D-solution of (4.21) when for
any diffuse 2nd derivative D?u € % (Q, RY ) we have

sup ‘]—'(x, u(x), Du(x), X)‘ =0, ae xeqQ. (4.22)
X esupp, (D2u(x))

In general diffuse derivatives may not be unique for non-differentiable maps. Moreover,
(4.22) is trivially satisfied at certain points at which it may happen that D?u(x) = 8{c0)
and hence supp, (D2u(x)) = ¥ (see also the examples in [39,41,42]). It is an immediate
consequence of Lemma 4.5 that diffuse derivatives are compatible with classical derivatives,
in the sense that if u is twice differentiable a.e. on €2, then the diffuse 2nd derivative D?u
is unique in the sense that D*u = 8py,, a.e. on Q. The converse is true as well if D?u is
interpreted in the sense of Ambrosio-Maly as “derivative in measure” (see [2,39]). As a
direct consequence we have that D-solutions are compatible with a.e. twice differentiable
strong solutions.
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