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ABSTRACT

Upper-tropospheric Rossby wave packets have received increased attention recently. In most previous

studies wave packets have been detected by computing the envelope of the meridional wind field using

either complex demodulation or a Hilbert transform. The latter requires fewer choices to be made and

appears, therefore, preferable. However, the Hilbert transform is fraught with a significant problem,

namely, a tendency that fragments a single wave packet into several parts. The problem arises because

Rossby wave packets show substantial deviations from the almost-plane wave paradigm, a feature that is

well represented by semigeostrophic dynamics. As a consequence, higher harmonics interfere with the

reconstruction of the wave envelope leading to undesirable wiggles. A possible cure lies in additional

smoothing (e.g., by means of a filter) or resorting to complex demodulation (which implies smoothing, too).

Another possibility, which does not imply any smoothing, lies in applying the Hilbert transform in semi-

geostrophic coordinate space. It turns out beneficial to exclude planetary-scale wavenumbers from this

transformation in order to avoid problems in cases when the wave packet travels on a low wavenumber

quasi-stationary background flow.

1. Introduction

The statistics of midlatitude weather systems show sig-

nificant deviations from zonal symmetry, especially in the

Northern Hemisphere. This zonal asymmetry is at least

partly caused by the uneven distribution of continental-

scale orography and land–sea distribution (e.g., Swanson

2007). Close to the surface the asymmetry is associated

with a zonal variation of storm tracks (Hoskins and

Valdes 1990; Chang and Orlanski 1993). In the upper

troposphere it leads to a zonalmodulation ofRossbywave

amplitudes, giving rise to so-called wave packets or wave

trains (Lee and Held 1993; Chang and Yu 1999; Chang

1999). Suchwave packets are dynamically relevant as they

are associated with zonal (in particular downstream)

transfer of energy and momentum (Chang 1993). This

may lead to localized downstream effects like surface

cyclogenesis (Chang 2005; Wirth and Eichhorn 2014) and

severe weather events (Martius et al. 2008; Shapiro and

Thorpe 2004). The latter provided the motivation for

recent studies on upper-tropospheric Rossby wave

packets (Glatt et al. 2011; Glatt and Wirth 2014).

A straightforward method to diagnose Rossby wave

packets is based on the zonal variation of the meridional

wind y. Generally, a wave packet is defined as

y(l)5A(l)C(l) , (1)

where l is longitude, C is the so-called carrier wave, and

A is the slowly varying amplitude. The amplitude func-

tion is nonnegative everywhere and is spatially localized;

it has a maximum in the center of the wave packet

and smoothly decays to smaller values at the boundaries

of the wave packet. The carrier wave C oscillates be-

tween positive and negative values and varies on a much

shorter spatial scale than A. The amplitude A will also

be referred to as envelope in the following. The task of

envelope reconstruction is tantamount as to find an al-

gorithm that allows one to compute A(l) when y(l) is

given. In the past, meteorologists have used essentially

two methods in order to reach this goal: complex de-

modulation (e.g., Lee and Held 1993; Chang and Yu

1999) and the Hilbert transform (Zimin et al. 2003).

Commonly it is assumed that the perturbation has

the form of an almost-plane wave, that is,C(l)5 cos(sl)

and, hence,
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y(l)5A(l) cos(sl) , (2)

where s 5 sc is the wavenumber of the carrier wave.

However, observed atmospheric Rossby wave packets

deviate from the almost-plane wave paradigm to a cer-

tain extent. Troughs tend to be narrower than ridges,

something well known to the experienced synoptician.

This trough–ridge asymmetry is associated with a de-

viation from quasigeostrophic dynamics (Hakim et al.

2002). The finite-amplitude nature of the Rossby waves

and, more generally, the nonlinearity of synoptic-scale

dynamics play a role in this context (cf.Wirth 2001). The

phenomenon is well captured by semigeostrophic dy-

namics, as was explicitly pointed out in the seminal work

of Hoskins (1975).

In the present paper we show that the deviation from

the almost-plane wave paradigm has important impli-

cations for Rossby wave packet detection, rendering

envelope reconstruction through the Hilbert transform

less adequate than suggested by its recent popularity.

We start investigating the issue by means of synthetic

wave packets (section 2), and we propose remedies to

overcome the problem (section 3).We then demonstrate

that our results are relevant in the real atmosphere by

considering specific cases (section 4), which puts into

perspective our suggestions to overcome the problems

with Rossby wave packet detection. Finally, section 5

summarizes the main results, provides further discus-

sion, and presents our conclusions.

2. The almost-plane wave paradigm

In this section we illustrate key aspects by means of

synthetic wave packets. In particular we study the dif-

ferences between almost-plane wave packets and more

realistic wave packets. Figure 1 serves for illustration.

The connection between the meridional wind y and geo-

potential F is given by

y5
1

af cosf

›F

›l
, (3)

where f is the Coriolis parameter, a is the radius of

Earth, and f denotes latitude. The top row in Fig. 1

FIG. 1. Two synthetic wave packets: (a),(b) an almost-plane wave packet and (c),(d) a semigeostrophic wave

packet. In both cases the wave packet is given either in terms of (left) geopotential or (right) meridional wind. All

functions have been normalized such that the maximum value equals 1.
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represents an almost-plane wave packet of the form

in (2) with sc 5 6 and

A(l)5 sin3
�
l

2

�
. (4)

The bottom row shows a more realistic wave packet (to

be defined farther below). Note the symmetry between

troughs and ridges in the almost-plane wave packet

(Fig. 1a), while troughs are thinner and ridges are broader

in the more realistic wave packet (Fig. 1c). Correspond-

ingly, the minima and maxima in y are equidistant in the

almost-plane wave packet (Fig. 1b), while for the more

realistic wave packet the distance between consecutive

minima/maxima is smaller than the distance between

consecutive maxima/minima (Fig. 1d). As a consequence,

the wave signal in terms of the meridional wind develops

some kind of tilt. The distortion of this function from an

almost-planewave packet is qualitatively exactly the same

as in the prototypical example from Fig. 1 of Hoskins

(1975).

The almost-plane wave packet is shown again in

Fig. 2a (thin solid line), together with the corresponding

spectrum of zonal wavenumbers (Fig. 2b). In contrast to

a pure plane wave, the wave packet contains more than

just one wavenumber. However, the distribution of

wavenumbers is still restricted to a few wavenumbers

and maximizes at the carrier wavenumber sc. This is an

essential feature of an almost-plane wave packet.

Given y(l), it is the goal of envelope reconstruction

to recover A(l) as reliably as possible. We do this here

(i) by means of a Hilbert transform and (ii) by means

of complex demodulation. For the Hilbert transform

method we follow Zimin et al. (2003). The method

includes a Fourier transform of the wave signal and,

hence, allows the restriction to a specific range of wave-

numbers. At this point we do not make use of this latter

option (i.e., we use the full range of wavenumbers).

For complex demodulation the wave signal y(l) is first

multiplied by exp(is0l) with some reference wavenumber

s0. Thereafter, higher wavenumbers are removed through

a Hann filter (i.e., a convolution with a smooth window

function) (Press et al. 1996). The final result is obtained

by taking twice the absolute value. In our case we choose

s0 5 sc, and the full width at half maximum, D, of the
Hann window is set to be equal to the carrier wavelength

(i.e., D 5 2p/sc). This makes sure that that the filter

practically removes all wavenumbers s$ sc. The need to

specify a reference wavenumber and the application of

a filter are two major aspects that distinguish complex

demodulation from the Hilbert transform technique. In-

cidentally we note that envelope reconstruction is a non-

linear operation A working on a function y; this means

that generally A(y1 1 y2) 6¼ Aðy1Þ1Aðy2Þ.

As can be seen in Fig. 2a, both methods reconstruct

the envelope A(l) very well for the almost-plane wave

packet (thick solid and thick dashed lines). When com-

plex demodulation is applied with s0 6¼ sc (not shown),

the quality of the reconstruction decreases. As long

as the reference wavenumber s0 is close to the carrier

wavenumber sc, the general shape ofA(l) is reconstructed

well, but the envelope loses amplitude as the difference

between s0 and sc increases.

Complex demodulation becomes more problematic

when the wave signal is dominated by different wave-

numbers in different parts of the domain (Zimin et al.

2003). Consider, for example,

y(l)5 exp[2(l2 l1)
2] cos(s1l)

1 exp[2(l2 l2)
2] cos(s2l) , (5)

with l1 5 p/2, l2 5 3p/2, s1 5 4, and s2 5 9. This

function is shown as thin solid line in Fig. 2c. The

spectrum of wavenumbers (Fig. 2d) is much broader

than in the previous example, featuring two distinct

maxima: one at s5 4 and one at s5 9. Apparently, the

reconstruction by the Hilbert transform works very

well (thick solid line in Fig. 2c), and this is partly due to

the fact that it includes the entire range of wave-

numbers. On the other hand, complex demodulation

requires one to specify the reference wavenumber s0.

Using s0 5 4, the resulting envelope reconstruction

(dashed line in Fig. 2c) is poor, and other values for s0
do not solve the problem either [see Zimin et al.

(2003)].

The better performance of the Hilbert transform

technique in the above situation seems to suggest that

this technique is superior, and possibly this is the reason

for its recent popularity. Yet, the example in (5) is

somewhat contrived. In real atmospheric flows there is

generally a broad spectrum of zonal wavenumbers, and

the reconstruction of the envelope is often not very

sensitive to the precise choice of s0 (e.g., Chang and Yu

1999).

The point that to our knowledge has not beenmade so

far in this context is the recognition that Rossby wave

packets are not almost-plane waves. As mentioned be-

fore, the symmetry between troughs and ridges, which

exists for a quasigeostrophic Rossby wave, gets lost

when going to better approximations of the underlying

dynamics. A significant step beyond quasigeostrophy is

semigeostrophy, because the latter is able to represent

the asymmetry between narrow troughs andwide ridges,

which is an important aspect here. The connection

between geostrophic and semigeostrophic dynamics is

given by the so-called semigeostrophic coordinate

28 MONTHLY WEATHER REV IEW VOLUME 143



transformation (Hoskins 1975). The essence of the latter

can be obtained by applying the following transformation:

l̂5 l2ay , (6)

to the original wave packet from Fig. 2a (with a being

a positive constant). The dependence of l̂ on l is

monotonic and, hence, the transformation is regular as

long as a is small enough, which is satisfied for our

current choice a5 0.12. The new wave packet is defined

in transformed coordinates as

ŷ(l̂)5A(l̂) cos(sl̂) , (7)

FIG. 2. Three examples of wave packets and their envelope reconstruction using two different methods. (left) The

meridional wind y(l) (thin solid) together with the envelope reconstruction—depicted as 6A(l)—through the

Hilbert transform (thick solid) and through complex demodulation (thick dashed); the thin dotted line is the zero

line. (right) The corresponding zonal wavenumber spectrum of y(l). (a),(b) The almost-plane wave packet; (c),(d)

two spatially separate wave packets; and (e),(f) a more realistic wave packet with an asymmetry between troughs and

ridges resulting from a semigeostrophic coordinate transformation.
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with amplitude functionA as given in (4). Transforming

back to physical space (i.e., to coordinate l), the new

wave packet ŷ(l) is shown in Fig. 2e (thin solid).

Figure 2e also shows the envelope reconstructions

through the Hilbert transform (thick solid) and through

complex demodulation with s0 5 6 (thick dashed). Now

complex demodulation performs better than the Hilbert

transform, with the latter showing strong wiggles on the

scale of the dominant wavenumber. Note, however, that

the excellent performance of complex demodulation is

partly due to the fact that we exploited the knowledge

of sc in order to specify the reference wavenumber

s0 appropriately; obviously, this may not be so straight-

forward in real world cases.

To elucidate the poor performance of the Hilbert

transform reconstruction, we consider the wavenumber

spectrum of the wave packet y(l) (Fig. 2f). The low

wavenumber peak is very similar as in the first example

(cf. Figs. 2f and 2b), but in addition there is a series of

peaks at higher harmonics (s 5 nsc with n 5 2, 3, . . .).

The latter characterizes the deviation from an almost-

plane wave packet. By design, the complex demodulation

technique is able to effectively remove these higher har-

monics, because it implies smoothing through a spatial

filter. On the other hand, lack of smoothing renders the

Hilbert transform more vulnerable and, hence, more

deficient regarding this effect.

The existence of significant higher harmonics in the

reconstructed Hilbert envelope can become a serious

problem when trying to identify wave packet objects.

Recently, wave packet objects have been defined as

those parts of the envelope that exceed a user-defined

threshold (Glatt et al. 2011; Glatt and Wirth 2014). As

a result, the wiggles from higher harmonics may lead

to the disintegration of the object: what should

be considered as one wave packet actually splits

into several (smaller) subpackets [e.g., Fig. 5 in

Glatt and Wirth (2014)] owing to the so-called

camel effect that occurs when there are two relative

maxima in close proximity to each other (Wernli et al.

2008).

3. How to get around the problem?

As we have seen, the higher harmonics of y(l) may

prevent a reliable envelope reconstruction through the

Hilbert transform. The point is made more explicit

in Fig. 3, where we show the wavenumber spectra of

the reconstructed envelopes. By construction, wave-

numbers s $ sc (with sc 5 6 in the present example) are

practically absent in the reconstruction from complex

demodulation (Fig. 3b); this is due to the smoothing

applied in this technique. On the other hand, the Hilbert

transform does not imply any smoothing; therefore, it is

not surprising that the reconstructed envelope (Fig. 3a)

contains the carrier wavenumber sc and its harmonics,

resembling the higher harmonics from the original wave

packet (see Fig. 2f).

A straightforward improvement of the Hilbert trans-

form reconstruction is, therefore, to remove these

higher frequencies by suitably filtering the envelope.

One possibility consists in the restriction to a specific

range of wavenumbers, which can easily be imple-

mented and that was suggested by Zimin et al. (2003) as

part of their algorithm. Restriction to 4# s# 15 [as used

by Glatt and Wirth (2014) in their climatology] reduces

the wiggles of the envelope only marginally (Fig. 4, thick

dashed). On the other hand, restriction to 4 # s # 9

[as used in Zimin et al. (2003)] removes the wiggles al-

together (Fig. 4, thin solid). The latter becomes plausible

upon inspection of the spectrum of the original wave

packet in Fig. 2f: removal of s . 9 removes all higher

FIG. 3. Wavenumber spectra of the reconstructed envelopes shown in Fig. 2e: (a) using the Hilbert transform and

(b) using complex demodulation.
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harmonics from the wave signal thus turning it effec-

tively into an almost-plane wave packet (cf. Fig. 2b).

Another way of filtering is the convolution of the

original wave signal with a suitably chosen window

function (Press et al. 1996). Obviously this is equivalent

to somemanipulation in Fourier space, but it is arguably

preferable to the selection of a finite range of wave-

numbers, because it corresponds to a more gradual

transition from wavenumbers that are accounted for

to wavenumbers that are discarded. Here, we choose

a Hann filter with a full width at half maximum of D 5
2p/sc. The resulting smoothed envelope is depicted by

the thick dashed line in Fig. 5a. By design, the wiggles on

the extracted envelope from Fig. 2e (thick solid line)

have been removed.

Unfortunately, one side effect of filtering or smooth-

ing is the loss of variance of the reconstructed envelope.

In particular this can reduce themaximum amplitude. In

our example the maximum amplitude of the true enve-

lope should be 1 according to (4), but in fact the maxima

of the reconstructed envelopes in Fig. 4 (thin solid) and

in Fig. 5a (thick dashed) are less than 1. In addition to

decreasing the relative maxima, filtering generally in-

creases relative minima, while the average value is un-

affected. In other words, filtering reduces the relative

difference between the minima and the maxima of the

envelope. In the context of defining wave packet objects

this may be quite detrimental, because related algo-

rithms often apply a user-specified threshold in the sense

that only those parts of the envelope contribute to the

object that exceed the threshold. Loss of variance in the

reconstructed envelope means that the object identifi-

cation becomesmore sensitive to the precise value of the

threshold, which is undesirable. For this reason we

propose that, in addition to filtering, the algorithm

should include some ‘‘variance recovery.’’ This is im-

plemented by inflating the deviation from the mean by

a factor that guarantees that the variance of the original

envelope is recovered; thereafter, the function is set to

zero in those areas where variance recovery would

produce negative values—simply because the envelope

must be a nonnegative function. The resulting envelope

is shown as bold solid line in Fig. 5a. Apparently, vari-

ance recovery works very well in our example.

We now propose another method to deal with the

wiggles on the Hilbert reconstruction of the envelope.

This solution has not been mentioned in the literature

FIG. 4. Envelope reconstructions for the wave packet from

Fig. 2e resulting from the Hilbert transform method with different

restrictions to zonal wavenumbers: no restriction in wavenumbers

(thick solid), wavenumbers restricted to 4# s# 15 (thick dashed),

and wavenumbers restricted to 4 # s # 9 (thin solid).

FIG. 5. Improved envelope reconstructions—again depicted as6A(l)—based on the Hilbert transform technique.

(a) The original wave packet (thin solid) together with the reconstructed Hilbert envelope after smoothing (thick

dashed) and after smoothing with variance recovery (thick solid). (b) The wave packet (thin solid) after the back

transformation in (8) was applied to the original wave packet, together with the envelope reconstruction (thick solid)

using a simple Hilbert transformation on the transformed wave packet.
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before, but it appears to be straightforward after what

we have shown above. By design the higher harmonics

in our synthetic wave packet were introduced by

the transformation in (6). One, thus, should be able to

get rid of them by applying the corresponding back

transformation,

l̂5l1ay , (8)

to the wave packet. Figure 5 shows that this is, indeed,

the case—by necessity in this synthetic example. Note

that this approach does not imply any smoothing.

4. Examples with observed wave packets

While the basic ideas from the previous section ap-

pear quite straightforward, it is not so clear to what ex-

tent they work for atmospheric Rossby wave packets.

In particular, real wave packets are characterized by

a broad spectrum of wavenumbers and it is not easy to

define a carrier wavenumber sc, which is needed for

complex demodulation and for the application of a filter.

In addition, it is not clear to what extent the semi-

geostrophic transformation is able to undo the trough–

ridge asymmetry in the context of aRossby wave packet.

In this section we shall investigate these issues in the

framework of observed cases. As data we use the me-

ridional wind y at 300hPa from InterimEuropean Centre

for Medium-Range Weather Forecasts (ECMWF) Re-

Analysis (ERA-Interim; Dee et al. 2011) on a latitude–

longitude grid with 1.58 spatial resolution. Obviously, the

meridional wind y(l,f) and its envelopeA(l,f) are now

functions of both longitude and latitude. As before, we

proceed to reconstruct the envelope A(l, f) separately

for each latitude bin, except thatwe now restrict the zonal

wavenumbers to the interval 4# s # 15 [following Glatt

and Wirth (2014)].

A key aspect for some of our reconstruction methods

is the application of a filter (which in our case is a Hann

filter), and this requires the determination of the filter

width. Generally, the wavenumber spectrum of y(l) has

a peak somewhere in the synoptic scales, but it typically

extends over a large range of wavenumbers. Simply us-

ing the wavenumber smax at which the spectrum maxi-

mizes would imply substantial jumps from one latitude

bin to the next. The latter is clearly unphysical, because

the filter width D is meant to apply to the entire wave

packet; it should, therefore, vary smoothly with latitude.

For this reasonwe still diagnose smax at each latitude bin,

but thereafter apply a filter in latitude such that one

obtains a gradual variation of smax with latitude. We

found that a moving average over 208 of latitude per-

forms well in the present context. In our examples, the

resulting ‘‘dominant wavenumber’’ sd(f) varies between

sd 5 3 and sd 5 10, with lower values at higher latitudes.

The filter width for our Hann window is set to D 5 p/sd,

which turned out to be satisfying in all real cases that we

considered. Note that this value ofD is smaller thanwhat

we used in our synthetic examples in section 3; this is

because we wanted to apply as little smoothing as pos-

sible for both the complex demodulation and theHilbert

transform technique.

The semigeostrophic coordinates (lsg, fsg) in spheri-

cal geometry are defined by

lsg5 l1
yg

fa cosf
, (9)

fsg5f2
ug

fa
, (10)

where angles are given in radians, f 5 2V sinf is the

Coriolis parameter, V is the angular velocity of Earth’s

rotation, and the wind (ug, yg) is obtained from geo-

potential F through

ug52
1

fa

›(F2F)

›f
, (11)

yg 5
1

fa cosf

›F

›l
. (12)

In (11) we subtracted the zonal mean geopotential F,

because the latter would only lead to a constant shift of

latitude according to (10), which is inconsequential in

our application. The transformation is regular as long as

the vertical component of absolute geostrophic vorticity

is positive (Hoskins 1975). In the present application,

the transformation from the transformed grid back to

the regular latitude–longitude grid is done by linear in-

terpolation of the nearest four grid points (details can be

found in the appendix). This method effectively regu-

larizes the transformation.

We consider a specific case of a Rossby wave packet

that occurred on the Northern Hemisphere during the

first half of August 2002. This wave packet was in-

vestigated previously in some detail (e.g., Enomoto et al.

2007; Glatt and Wirth 2014), presumably because it was

associated with heavy rainfall and catastrophic flooding

in parts of central Europe. Figure 6a presents a conven-

tional Hovmoeller diagram showing clear signs of

downstream development (Chang 1993).

Figure 7 compares four different methods of wave

packet reconstruction for the above wave packet on 7

August 2002. On that date, there is a wave signal over

North America and the western part of the North At-

lantic Ocean. It is quite apparent from the previous
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figure that this wave signal should be considered as one

single wave packet—any split must be considered as

spurious. Figure 7a shows the result using the Hilbert

transform. The southerly and northerly wind maxima

(red and blue contours) occur in pairs, with larger

spacing in between (this feature is also apparent in the

Hovmoeller diagram in Fig. 6). The existence of such

pairs exactly corresponds to what one expects from

semigeostrophic dynamics, namely, that troughs are

thinner than ridges. As a consequence, the algorithm

tends to produce an envelope with two distinct relative

maxima, which are separated by a certain distance in

longitude. For the threshold chosen here to define

a wave packet object (thick black contour), the wave

packet fragments into two parts.

Smoothing the reconstructed envelope through aHann

filter (including variance recovery) greatly reduces the

problem (Fig. 7b). The modified algorithm detects one

single Rossby wave packet. Similarly, complex de-

modulation successfully reconstructs one single Rossby

wave packet (Fig. 7c). As pointed out before, this is not

surprising, because complex demodulation implicitly in-

cludes smoothing in the longitudinal direction.

Finally, Fig. 7d shows the envelope reconstruction for

which the Hilbert transform was applied to the wind

field after semigeostrophic coordinate transformation.

The wind field y in Fig. 7d differs from the wind field in

all previous panels; most notably, the tendency for

negative and positive extrema in y to be organized into

distinct pairs has nearly vanished. In other words, the

distance between successive extrema of y is approxi-

mately equal, in distinct contrast to the previous three

panels. As a consequence, the Hilbert transform has no

problem in detecting this wave feature as one single

wave packet, even without smoothing or filtering. We

conclude that in the present case the predictions from

our earlier synthetic examples hold true: the specific

distortions inherent in semigeostrophic dynamics pro-

duce a tendency for wave packet fragmentation, which

can be avoided to a large extent by doing the envelope

reconstruction in semigeostrophic coordinate space

rather than in physical space.

Considering the different panels in Fig. 7 we admit that

the choice of the threshold to define the wave packet ob-

ject (bold black contour in all panels) is arbitrary, and

modifying the threshold may split one wave packet into

two ormerge twowave packets into one. This is always the

case as long as one has to cope with the camel effect

(Wernli et al. 2008). To be sure, the camel effect is not

always completely eliminated through our proposed rem-

edies.However, the strength of the camel effect is reduced,

and this reduces the likelihood of spurious splits or

mergers. In other words, the results become less sensitive

to the choice of the threshold, which is a desirable feature.

We programmed a web page on which we posted daily

maps with our diagnostics, and we studied these maps

for several months. In many cases, the results were

perfectly consistent with the behavior described above.

However, we also found cases in which the Hilbert

transform applied in semigeostrophic space did not do

a good job, but rather led to an enhanced tendency for

wave packet fragmentation. Figure 8 provides an ex-

ample, for which, again, the corresponding Hovmoeller

diagram (not shown) indicates that the wave signal

should be considered as one single wave packet. While

in this case the original Hilbert transform method

(Fig. 8a) performs well in finding a single wave packet,

the reconstruction in semigeostrophic space (Fig. 8b)

fails and the wave packet fragments into two parts. The

difficulty in this case (and similar other cases) seems to

arise from a large quasi-stationary trough off the east

coast of North America. The wave packet of interest

travels around this trough, which means that the trough

structure should be considered as part of the back-

ground flow rather than part of the wave packet. Going

from physical to semigeostrophic space makes this

quasi-stationary trough even broader and leads (in this

case) to the fragmentation of the wave packet.

To cope with such a situation, we propose to only use

the synoptic- and smaller-scale part of the wind field for

FIG. 6. Hovmoeller diagram of the meridional wind y (m s21) at

300 hPa for an episode in August 2002. The data were averaged

between 408 and 608N. The horizontal dashed line indicates the

time of the snapshots in Fig. 7.
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FIG. 7. Envelope reconstruction for a wave packet observed over North America at

1200 UTC 7Aug 2002. Green contours depict the 300-hPa geopotential (contours every 0.153
104m2 s22 between 8.85 and 9.45 3 104m2 s22). Red and blue contours represent the 300-hPa

meridional wind y (m s21; negative contours230,235, . . . in blue; positive contours130,135,

. . . in red). The shading depicts the envelopeA(l,f); the thick black contour corresponds to the

25m s21 contour ofA(l,f), which can be interpreted as the bounding contour of a wave packet

object. (a) Original envelope reconstruction using the Hilbert transform with zonal wave-

numbers restricted to 4# s# 15. (b) As in (a), but with additional smoothing through a Hann

filter followed by variance recovery. (c) Envelope reconstruction using complex demodulation.

(d) Envelope reconstruction using the Hilbert transform in semigeostrophic coordinate space.
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the semigeostrophic coordinate transformation. The

rationale for this approach is that the quasi-stationary

planetary waves can be considered as part of the back-

ground flow, which should not be included into the

coordinate transformation. More specifically we use

ug([s1, s2]) and yg([s1, s2]) instead of ug and yg in the

semigeostrophic coordinate transformation in (9) and

(10), where the notation ([s1, s2]) indicates the re-

striction to zonal wavenumbers s satisfying s1 # s # s2.

Moreover, this transformation is applied to y([s1, s2])

rather than to the full wind field y. In the current ex-

ample we use [s1, s2] 5 [4, 17], that is, a slightly higher

upper limit for the range of zonal wavenumbers than

before, because the transformation broadens the troughs

and effectively reduces the range of zonal wavenumbers.

For the ensuing Hilbert transformation we use, again,

[s1, s2]5 [4, 15]. Figure 8c shows the result. As desired, the

tendency for wave packet fragmentation (as in Fig. 8b) is

now largely absent; instead the algorithm reconstructs

a single wave packet, even though its amplitude in the

western half is reduced in comparison with the original

reconstruction from Fig. 8a. The latter is due to the fact

that the new algorithm interprets the strong trough off the

east coast of North America at least partly as background

flow, which is not part of the wave packet.

How does the modified semigeostrophic algorithm

work in straightforward cases for which the unmodified

semigeostrophic algorithm works well? To address this

FIG. 8. Envelope reconstruction for a wave packet observed over the North Atlantic Ocean

at 0000 UTC 18 Jan 2004. Plot conventions are as in Fig. 7, except here the thick black contour

corresponds to 30m s21 and the contours for the geopotential are drawn every 0.23 104m2 s22

between 8.1 and 9.3 3 104m2 s22. (a) Original envelope reconstruction using the Hilbert

transform with zonal wavenumbers restricted to 4# s# 15. (b) Envelope reconstruction using

the Hilbert transform in semigeostrophic coordinates. (c) Envelope reconstruction using the

Hilbert transform in modified semigeostrophic coordinates (see text).
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question, we applied the modified algorithm to the wave

packet from Fig. 7. The result is given in Fig. 9. Com-

parison with Fig. 7d shows that in this case the modifi-

cation leaves the wave packet reconstruction practically

unchanged, as desired.

5. Summary, discussion, and conclusions

Envelopes of Rossby wave packets have previously

been diagnosed from the meridional wind y using either

complex demodulation or the Hilbert transform. The

latter appears preferable, because, unlike complex de-

modulation, it does not require specification of a refer-

ence wavenumber (which is not known a priori) and it

does, by itself, not imply any smoothing.

However, the Hilbert transform suffers from a funda-

mental deficiency that has not been pointed out so far: it

is fraught with a tendency to split a single Rossby wave

packet into several fragments. Through the use of syn-

thetic wave packets we have shown that this problem

arises when the wave signal deviates from the almost-

plane wave paradigm in the sense predicted by semi-

geostrophic theory. In this case the fundamental frequency

from the wave signal as well as its higher harmonics are

incorporated into the reconstructed envelope, leading

to significant wiggles. On the other hand, complex

demodulation does not suffer from this problem, be-

cause the implied smoothing removes those undesired

frequencies.

We demonstrated that this phenomenon is real and

produces a tendency toward wave packet fragmentation

when applying the Hilbert transform to observed cases.

As expected from semigeostrophic theory, this is asso-

ciated with troughs being narrower than ridges such that

extrema in y are not evenly spaced in longitude.

Apossible solution is to resort to complex demodulation,

since this technique involves smoothing on the scale of the

dominant wavenumber. Another solution is to combine

the Hilbert transform with some modest smoothing by

convolution with (as we suggest) a Hann filter in phys-

ical space. This significantly reduces the problem with-

out the additional need to specify a unique reference

wavenumber. The latter is roughly equivalent to the

suggestion of Zimin et al. (2003) who combined the

Hilbert transform with a filter in spectral space by lim-

iting the zonal wavenumbers to a finite range [smin, smax]

covering the synoptic scales. Our analysis reveals the

reason why such a filter is necessary (i.e., it uncovers the

underlying problem for which smoothing or filtering is

the solution).

Whether the filtering is done in physical or in Fourier

space, in both cases one is left with the (somewhat un-

desirable) fact that smoothing requires the choice of

a filter shape and width and reduces the variance of the

reconstructed envelope. In the case of the Hilbert

transform technique, the loss of variance can be coun-

teracted to a large extent by some form of variance re-

covery. The latter is recommended in our present

context, because it ensures that the definition of wave

packet objects based on envelope thresholds does not

become overly sensitive to the choice of the threshold.

We also suggested an algorithm for selecting the filter

width, which appears to work reliably in observed cases.

Yet another method to reduce the problem with the

Hilbert transformation is the application of a semi-

geostrophic coordinate transformation. This effectively

reduces semigeostrophic dynamics to quasigeostrophic

dynamics and presumably removes the underlying prob-

lem. In the framework of an observed case we have

demonstrated that the technique reduces the tendency of

spurious wave packet fragmentation, and this is consistent

with our experience from a large number of cases. How-

ever, unfortunately in some cases the semigeostrophic

coordinate transformation works in the opposite direction

FIG. 9. Envelope reconstruction for the wave packet from Fig. 7 using the Hilbert transform

method in modified semigeostrophic coordinate space. Plot conventions are as in Fig. 7.
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(i.e., it spuriously increases the tendency of wave packet

fragmentation). Such problematic cases seem to be

characterized by the wave packet propagating along

a low wavenumber quasi-stationary background flow.

We, therefore, suggested to exclude the lowest wave-

numbers from the semigeostrophic coordinate trans-

formation. This modification improved the situation in

all cases that we considered.

Although both smoothing and the semigeostrophic

coordinate transformation work well in practice, we find

the latter solution conceptually more satisfying. This is

because the semigeostrophic coordinate transformation

does not imply the loss of physical information and is

well motivated by the underlying dynamics.

A recent paper by Donohoe and Battisti (2009) has

shown that the amplitude asymmetry between surface cy-

clones and anticyclones depends quite sensitively on the

method of filtering previously applied to the raw data, with

implications for feature tracking.At first sight this seems to

suggest that the filtering method might affect the trough–

ridge asymmetry and the resulting envelope reconstruction

in our case as well. However, we are concerned here not so

much with the difference in amplitude between troughs

and ridges, but rather with their spatial extent (i.e., narrow

troughs vs wide ridges). Concerning the asymmetry in

spatial extent it turns out (no figure shown) that temporal

instead of spatial filtering does not remove the difference

between narrow ridges and wide troughs. The application

of a semigeostrophic coordinate transformation is benefi-

cial in both cases (i.e., no matter whether the data were

previously filtered spatially or temporally).

Zimin et al. (2006) improved their own method of en-

velope reconstruction by performing the Fourier trans-

form along streamlines of the background flow instead

along circles of constant latitude. Although this method

requires additional choices to be made and is computa-

tionally much more expensive, it does lead to an im-

provement in some cases, especially when the direction of

wave packet propagation has a substantial meridional

component. On the other hand, it does generally not

eliminate the problem that we are concerned with in the

present paper: wave packets may still get fragmented as

a result of the trough–ridge asymmetry, because the latter

is independent of the direction of wave propagation.

What have we learned in the end? To be sure, the

definition and detection of Rossby wave packets is

a thorny issue, because there is no ‘‘truth’’ with which to

compare. Different techniques yield different results,

which renders thewhole concept of aRossbywave packet

somewhat elusive (Glatt et al. 2011)—even though not

completely useless. A key problem is to determine

whether a wave signal is a single wave packet or rather

a succession of two or more separate wave packets.

Often this decision is difficult to make, and objective

algorithms do not help either, because in these the de-

cision is made implicitly by the choice of some param-

eters [such as a threshold value, see e.g., Glatt andWirth

(2014)]. To the extent that an algorithm implies sub-

stantial smoothing this leads to themerger of independent

wave packets, which is undesirable. A partial solution

would be to consider a combination of methods [as im-

plicit in Glatt et al. (2011)], and indeed this has recently

been used by Souders et al. (2014) in order to evaluate

a new automated method for tracking Rossby wave

packets. However, one point became very clear from the

present work: the fragmentation of wave packets resulting

from their semigeostrophic nature should be avoided in

any case, because it is a simple consequence of the un-

derlying dynamics and has nothing to do with the integrity

of the wave packet. Possibly the most satisfying method

to avoid this problem without any smoothing is the use

of a Hilbert transform after a modified semigeostrophic

coordinate transformation as presented in this paper.
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APPENDIX

Semigeostrophic Coordinate Transformation

The semigeostrophic coordinate transformation yields

the wind y on the transformed grid (lsg, fsg). This

needs to be interpolated back onto the regular longitude–

latitude grid (l, f). For each grid point (li, fi) of the

latter grid, we consider the five nearest grid points of

the transformed grid. The distance Di,k between these

five transformed grid points (lsg,k, fsg,k), k 5 1, 2, . . . , 5,

and the grid point (li, fi) is

Di,k5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2fi(li2 lsg,k)

2
1 (fi 2fsg,k)

2
r

. (A1)

The value of y on the grid point (li,fi) is then computed as

y(li,fi)5

�
4

k51

y(lsg,k,fsg,k)(D5,i2Dk,i)

�
4

k51

(D5,i 2Dk,i)

, (A2)

where D5,i 5 maxkDk,i.
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