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ON GENERALIZED TOEPLITZ AND LITTLE HANKEL
OPERATORS ON BERGMAN SPACES

JARI TASKINEN AND JANI VIRTANEN

ABSTRACT. We find a concrete integral formula for the class of generalized Toeplitz
operators T, in Bergman spaces AP, 1 < p < oo, studied in an earlier work by the
authors. The result is extended to little Hankel operators. We give an example of
an L?-symbol a such that T}, fails to be bounded in A2, although T, : A% — A% is
seen to be bounded by using the generalized definition. We also confirm that the
generalized definition coincides with the classical one whenever the latter makes
sense.

1. INTRODUCTION.

Consider the space LP := (LP(D,dA),| - ||,), where 1 < p < oo and dA is the
normalized area measure on the unit disc D of the complex plane, and the Bergman
space AP, which is the closed subspace of LP consisting of analytic functions. The
Bergman projection P is the orthogonal projection of L? onto A2, and it has the
integral representation

Pf(z) = / SO a0,
p (1 —2¢)?
It is also known to be a bounded projection of LP onto AP for every 1 < p < o0.
For an integrable function a : D — C and, say, bounded analytic functions f, the
Toeplitz operator T, with symbol a is defined by

(L) 7.1() = P - [ 298 4
p (1 —2()?

Since P is bounded, it follows easily that T, extends to a bounded operator A? — AP
for 1 < p < oo, whenever a is a bounded measurable function. The question of
the boundedness of T, on AP with unbounded symbols is a long-standing problem.
Examples of unbounded symbols inducing bounded Toeplitz operators can be easily
constructed, since the behaviour of the symbol inside any compact subset of D is
not important for the boundedness of the operator. Also it is not difficult to find
unbounded symbols a for which the integral in (1.1) converges, say, for all f € A% but
the operator is not bounded; see Section 3 for an interesting example. We refer to
the papers [1], [2], [3], [4], [5], [6], [8], [10], [11], [12], [14], [15], [16], [18] for classical
and recent results on the boundedness and compactness of Toeplitz operators on
Bergman spaces.

In the paper [13] we have given a generalized definition of Toeplitz operators,
which we denote here T,. The definition takes efficiently into account the possible
cancellation phenomena of a symbol. This leads to very weak sufficient conditions
for the boundedness of Toeplitz operators. More precisely, in the reference it was
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shown that T, is bounded under an averaging condition for the symbol itself rather
than for its modulus (the result is repeated and also extended to little Hankel op-
erators in Theorem 1.2, below). However, the presentation of the result in [13]
has some shortcomings and accordingly the purpose of this paper is to make some
improvements, which will be described in detail at the end of this section.

The results of [13] show that cancellation phenomena may be essential in order to
have a bounded operator T,. Here, we give an example which emphasizes this: in
Section 3 we study the radial symbol a € L?, where a(z) = |z|~}(1—|z|)~/4sin((1 -
|z|)7") for |z| > 1/2, and prove that the operator T, is bounded in A?, although T},
is obviously not. Thus, the boundedness of T, cannot be proven by conventional
methods that only take into account the modulus of the symbol. We can actually
construct such a symbol in any given space L? with ¢ < oco.

Given a € L', the little Hankel operator h, with symbol a is defined as

ht(e) = [ A aac)

for f € AP such that this integral converges. In this paper we make the observation
that the generalized definition of a Toeplitz operator and the results of [13] can be
extended to the little Hankel case as well. The results for h, are presented in parallel
with Toeplitz operators.

As for the notation used in this paper, all function spaces are defined on the
open unit disc D. In particular H* denotes the Hardy space of bounded analytic
functions on D. If 0 < p < 1, we denote D, = {|z| < p}. We also denote the
standard weight by W (z) = 1—|z|?, the kernel functions by K)(z) = (1 —2z))~% and
kx = K)/|[Kxlla = W(\)ky, and the Mébius transform by ¢, (2) = (A —2)/(1 — 2)),
where z, A € D. By C, (' etc. we mean generic constants, the exact values of which
may change from place to place. We will deal with symbols a, which always at least
belong to the space Li . of locally integrable functions on D. For other notation and
definitions we refer to the book [17].

Let us first describe briefly the sufficient condition for the boundedness of gener-
alized Toeplitz operators given in [13].

Definition 1.1. Denote by D the family of the sets D := D(r, ) , where
, 1
(1.2) D={pd®|r<p<i-g(l-r), §<¢<O+m(l-r)}

for all 0 <7 <1, 6 € [0,27]. We denote |D| := [, dA and, for ¢ = pe'® € D(r,0),

p ¢
(1.3) ap(Q) := ﬁ/a/a(gei“’)gdsﬁdg,

where a € Ll .. In the following we will study symbols a for which there exists a

constant C' > 0 such that
(1.4) lap(¢)] < C
for all D € D and all ( € D.

It turns out that one can proceed to a generalized definition of bounded Toeplitz
operators just by using the condition (1.4). However, for the proofs we need to recall
some more definitions from [13]. The countably many sets D(1 — 27! 2m(py —
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1)2_’”) € D, wherem e N,u=1,...,27™, form a decomposition of the disc D. We

index these sets somehow into a family (D,,)% ;, so that every D, is of the form

(1.5) Dy={z=ré|r,<r<r,0,<0<0}
where, for some m and p,

(1.6) r,=1—2""" o/ =1-2"" 0, =m(p—1)27""" 0 =7qu2-"""

n

Let f € AP. For all n = n(m, u) we write

u7>EJw%=/%%%%QMK>,HJ@%=/

n n

a(6) f(¢)
- ZC)sz(C) VzeD,

so that F), can actually be considered as a conventional, bounded Toeplitz operator
on AP; similarly for H,.

Item 1° of the following theorem is the main result Theorem 2.3 of [13]. Also,
2° is an immediate consequence of its proof: we leave to the reader the completely
straightforward task to verify that the change 2 — Z( in the denominator does not
affect the proof.

Theorem 1.2. Let 1 < p < oo and assume that a € Li_ satisfies the condition (1.4).
Then, the following hold true.

1°. Given f € AP, the series > .| F, f(z) converges pointwise, absolutely for almost
all z € D, and the generalized Toeplitz operator T, : AP — AP, defined by

(1.8) Tof(z) =) Fuf(2)

15 bounded for all 1 < p < oo, and there is a constant C' such that
ITall <C sup  |ap(¢)]-
DeD,CeD

2°. For f € AP, the series y . H,f(z) converges pointwise, absolutely, for
almost all z € D. We define the generalized little Hankel operator by

(1.9) hof(z) =) Haf(2)

Then, h, : AP — AP is bounded for all 1 < p < oo, and there is a constant C' such
that
[hell <€ sup [ap(C)].
DeD,CeD

In this paper we improve Theorem 1.2 in the following ways.

1°. The definition (1.8) of a generalized Toeplitz operator seems to depend on
the geometry of a fixed decomposition (1.5) of the unit disc. (No doubt, other
decompositions of I, say with different choices of the points 7, and 6,,, could be
used as well, and it is not a priori clear, if the generalized operator defined in that
way coincides with (1.8). In fact, an approach using Whitney decompositions with
Euclidean rectangles for simply connected domains was presented in [7].) In this
paper, formula (2.2), we show that the definition (1.8) coincides with a natural radial
limit of conventional Toeplitz operators, and thus the dependence of the definition
on the decomposition of the disc vanishes. Moreover, in Corollary 3.1 we show that
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in the case the symbol a and a given f € AP satisfy af € L', then T,f coincides
with the usual integral formula of a Toeplitz operator.

2°. The terms F), in the series (1.8) are actually conventional, bounded Toeplitz
operators. In [13] it is only shown that the series (1.8) converges in the very weak
sense mentioned in Theorem 1.2 above. Here, we show in Theorem 2.1 that the
operator series ) F, converges in the strong operator topology, and the same is
true for the new limit representation (2.2). Theorem 2.1 also contains an immediate
application of this result to transposed operators.

3°. The proof of Theorem 2.3 of [13] contains a small error: the inequality (3.8)
of the citation is not true as such, since the point 7/,e?» there is actually on the
boundary of the set D,,. It is however not difficult to fix the flaw, and indeed in the
beginning of the proof of Theorem 2.1 we do this by replacing the set D,, by a bit
larger set denoted by U,.

2. MAIN RESULT.

We now give a simplified expression of the generalized Toeplitz operator T, (1.8),
and also treat the little Hankel operator as well as the transposed operators. Given
a € Li. and 0 < p < 1 we define the function a, : D — C by a,(z) = a(z), if [2] < p

and a,(z) = 0 otherwise. It is plain that the Toeplitz and little Hankel operators

QT G) = [ %dmo o dG) = [ %M(o zeD,

p D,

are bounded AP — AP.

Theorem 2.1. Let 1 < p < oo and 1/p+1/q =1, and assume that a € L and that

(1.4) holds. Then, the generalized Toeplitz operators T, : AP — AP and little Hankel
operators h, : AP — LP, defined in (1.8) and (1.9), respectively, can be written as

(2.2) T,f =lmT, f , h,f=limh, f
p—1 p—1

for all f € AP. The limits converge with respect to the strong operator topology
(SOT).

Moreover, the transposed operators (with respect to the standard complex dual
pairing) TF : A9 — A? and hf : L9 — A? can be written as

(2.3) T:f =lmT, f , hig=Ilimh,, f
p—1 p—1

for f € A% and g € L4, for almost all z € D, and the limits here also converge in
the SOT.

Remark. In the course of the proof we also show that the sum in (1.8) converges
in the SOT and thus improve the result of [13] also in this sense. Of course, the
limit on the right hand side of (2.2) cannot in general converge in the operator norm,
since the operators T,, are compact.

Proof. The proof will be given in a few steps. Moreover, we prove the statement
(2.2) only for the Toeplitz operator, but the reader is asked to observe the necessary
changes for the little Hankel case.

() In the first step we strengthen the proof of Theorem 2.3 in [13] concerning the
sum in (1.8).
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For all n € N we define the collection of all sets D, which touch the given D,
more precisely, D, = {D, : v € N, D, N D, # (}}. By the definition of the sets
D,,, see (1.2)—(1. 6) there exist constants N, M € N such that any set D,, contains
at most NV elements D, and on the other hand, any set D, belongs to at most M
sets D,,. Moreover, given D,, and w € D,, the subdomain Upep, D =: U,, always
contains a Euclidean disc D(w, R) with center w and radius R = R(n) > 0 such
that |D(w, R)| > C|D,| (use again the choice of the sets D,, to see this).

Given an analytic g : D — C, we claim that for each n and w € D,,,

(2.4) 19 O)|dA(C)

DGD

To prove (2.4), let D(w, R) C U, be as above. Then, (2.4) follows from the usual
subharmonicity property for D(w, R):

|g<w>|s% / 19(0)|dA(Q)

D(w,R)

O)|dA(C)

We fix now an arbitrary f € AP. If n is given, we write using a double integration
by parts in polar coordinates (see [13] for more details of calculations)

[ #95aa= ( ] fatrroon) 25

Dy, rn On

7’ 7"9’

/ // a(e’ ngodg 8 "G f(zre 39') dr

/ a(ee’ @dwd@ a f(/ fle 50
(] Juwnmiag 1
7f // a(ee’ nga%(ﬂ lﬁwm

Tn On

(2.5) —ﬂﬂA)+BM)+RA)+&A)=E@)

Let us for example consider [ ,(z). Performing the differentiation, using (2.4) for
f and its derivative, and using |1 — zre~| > C|1 — z(| for all { € D, all D € D,,,
in the denominator, we get
0,
o)

"(1 — zre=in

()
\DrZ/ 1—z<|3 + T 20p) 4A©)

DeD,

Using |r!, — r,| < C|1 — 2(|, and |/, — r,| < C(1 — |¢|?) we can evaluate Fy,,:
T‘n r 9/

|5n|§ﬂ// 0c™?

dr

zez@’)
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T‘ r 9’

<C/’// a( o€’ ngonMD Z/ \1—2@“\3 ’in(i)g’Q)dA(C)dT

/
TL

<C,Dzz; / / S0P TS A

_ 2 _ 2
fol \1 ZC\ 1 — (]

where the bound for the integral of a follows from (1.4).
The other terms with j = 1,3,4 can be estimated analogously, with a second
derivative of f in the case of j = 4. Thus,

2)| <C Z Gp(z) , where

DeDy,

_ QI £ QW) | QI ()
(2~7) GD(Z> - / <|1 N Zag |1 _ Z§|2 |1 _ Z§|2

)aA(Q).

By Theorem 4.28 of [17], the function g := |f| + | f'| W + | f”| W? in the integrand
belongs to LP, and ||g||, < C| f]|,- Since UpenD,, = D, we have

L=z 1= 2(f 1= 2¢J?

notice that the series on the left has positive terms and the right hand side is the
maximal Bergman projection |P|g € LP of g € LP. In particular, the series on the
left of (2.8) converges for almost all z, and the same is thus true for

(2.9) > ) Golz)

n=1 DGDn

since the terms of (2.9) consist of the positive expressions Gp, , and any single Gp,,
can occur at most M N times in (2.9), by the definition of the numbers N and M.

By (2.7), the convergence of (2.9) implies the absolute convergence of the series
> Fo.f(2) a.e.. We claim that the operator sequence (T™)%_, defined by

(2.10) T f = Xm: F.f
n=1

converges to T, in the SOT, as m — oo. Indeed, given f € AP and any z € D, the
difference

1) [T =175 = |3 R = | [ TS 0]

where V,,, = Up>m Dy, has by (2.7) the upper bound

(99 |
(2.12) /|1—z< 4A(Q) = O | AT AA) = CIPI o))
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here, g is as below (2.7), 11 is some positive integer with y — oo as m — oo, and xy,
is the characteristic function of the set V,,. But we have ||xv, g, — 0 as p — oo,
by Lebesgue’s dominated convergence theorem. Since |P| is a bounded operator,
there also holds ||[P|(xv,9)|l, — 0 as pt — oo. Combining this with the estimates
(2.11)~(2.12) we get that | T,f — T f|, = 0 as m — oo, which proves the claim.

(77) We next consider the relation of the limit in (2.2) Wlth the sum (1.8).

Let us fix n for a moment. Arguing as in (2.5)—(2.7), with straightforward changes
of the upper ends of the integration intervals, we see that given any (7, é) such that
T, <7 <7, and 6, < 0 < 0’ , the expression

(o) f
dod
IE=

has the same upper bound as F, f(z) in (2.7) (cf. (1.7)) namely
(2.13) G(2,7,0) <C > Gplz

D6D7l

Cbz

Given p, 0 < p < 1, the integral in (2.2) can be written as
K

(2.14) /% Zan + ) Gulzp.0))

n=m-+1
P

for some integers m and K > m, and moreover, m — oo as p — 1. It is then obvious
from the estimate (2.13) and the convergence of (2.9) that for almost all z, the limit
in (2.2) must exist and, by (2.14), it has to coincide with ) F, f(z) = T,f(2),
(1.8).

Concerning the convergence in the SOT, we use (2.13) and (2.14) and the argu-
ment around (2.11)—(2.12) to estimate the difference

(2.15) Taf(2) = Ta, f(2)] < CIP|(xv,9)(2)

where 1 — oo as p — 1. Convergence in the SOT follows in the same way as at the
end of part (7).

(7i1) Let us consider (2.3); let f € AP and g € A? be given. Denoting by (-,-) the
standard complex dual paring of AP and A?, we have

216)  (fTig) = (Tufig) = [ gl T, faa=tiny [ 9T, fdA
p— p—
D D

where the limit and the integral could be commuted because of the convergence of
(2.2) in the SOT. Then, (2.16) equals

H// LS daoamaAc)

—lim [ £(Q)ap(O)PGO)dA) = lim / F(Q)an(O)a(OdA)

p—>1

p—1 p—1

:lim/f apg —hm/fT gdA :/flin%TapgdA,
p—
D
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where at the end we used the fact that a obviously also satisfies condition (1.4) and
the convergence of (2.2) in the SOT.

That the limit exist in the SOT follows from the treatment of the limit (2.2), since
a satisfies (1.4). The proof of the little Hankel case is similar, with obvious changes.
0

3. CONCLUDING REMARKS.

We have the following consequence concerning generalized Toeplitz and little Han-
kel operators.

Corollary 3.1. Let 1 < p < oo and assume that (1.4) holds for the symbol a € L ..
Let f € AP be such that af € L'. Then,
a(6) f(¢)

(B1)  T.f(z) = / U 14(¢) and by f(z) = / slOSQ) 44

J (1—2()? J (1—2¢)? (©

for all z € D.

Proof. In the case of the Toeplitz operator we have the integral representation
(2.1) for T, with any 0 < p < 1. The integral formula (3.1) follows by applying
Lebesgue’s dominated convergence theorem in the limit (2.2), since we have af € L*
by assumption. The proof in the case of little Hankel operators is the same. [J

The sufficient condition (1.4) and the definitions (1.8), (2.2) of Toeplitz operators
are formulated for quite general locally integrable symbols, but the following example
shows that the condition and the boundedness result are useful already in very
simple, concrete cases. A well known sufficient condition for the boundedness of T,
is that

1
(3.2) sup M,(D) < oo where M,(D) := — / la| dA,
DeD | Dl
D
and this condition is also necessary, if R 5 a(z) > 0 for all z € D. See [17].
For every 0 < b < 1/2 we define the symbol

1 .1
sin

(3.3) ay(re?) = T(L=r)P L1
1, r <

r >

| RN —

2

which obviously belongs to L9, if bg < 1. Then, in particular, a;,4 € L? and the
defining integral formula of T, , converges for every f € A?. Obviously, the defining
formula of T,, , also converges for every f € A?. However, we have the following

result.

Proposition 3.2. (i) The Toeplitz operator Ti,,| is not bounded in AP for any 1 <
p<ooand0<b<1/2.
(i1) The Toeplitz operator T,, is bounded in AP for all 1 <p < oo and 0 < b <1/2.

Proof. Let us first deal with Tj,,|. Given 0 < r < 1 and any 6 € [0,27], we
consider the behaviour of a; in the set D = D(r,0), see Definition 1.1. It is plain
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from the definition of a; and the elementary properties of the sinus that for some
universal constant C' > 0 we have

()] > (1~ |2])

in a subset of D with area measure at least C'(1—7)? (recall that | D| is proportional
to (1—7)2). Then, of course M, (D) > C’(1 —r)~° for another constant C’ > 0, and
thus condition (3.2) cannot hold, and the operator Tj,,| is unbounded.

The symbol satisfies (1.4), since given D = D(1 — 2§,60) with a small enough ¢
and ¢ = pe'® € D, we have, using the change of variable y = 1/(1 — p) (so that
do =y~ *dy)

¢ o ) . 1/(1-p)
Dllap(¢)| = /d(p‘ / sin d@‘ :7r5‘ / yb_Qsinydy‘
IDllan(o) T T
[ 1-26 1/(26)
Let us divide the integration interval to subintervals J, := [27n, 27 (n + 1)], n € N.

On J, we integrate as follows:
) /yb_2 Sinydy‘ = ‘ /yb_2 siny dy — (27w (n + 1))b_2/sinydy‘
In In Jn

< / 2 — 2n(n +1)"?] dy < Cn*>

In
Hence,
1/(1-p) .
Dlan()| < ms| [ o Psnyy| <05 3wt o
1/(26) n=[1/(4md)]

where [z] denotes the integer part of a number x € R. Since |D| is proportional to
2, the condition (1.4) holds true, and T, is bounded, by Theorem 1.2 and Corollary
3.1, U
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