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Abstract

We consider the transmission problem for the Laplace equation on an infinite
three-dimensional wedge, determining the complex parameters for which the prob-
lemis well-posed, and characterizing the infinite multiplicity nature of the spectrum.
This is carried out in two formulations leading to rather different spectral pictures.
One formulation is in terms of square integrable boundary data, the other is in terms
of finite energy solutions. We use the layer potential method, which requires the
harmonic analysis of a non-commutative non-unimodular group associated with
the wedge.

1. Introduction

Let ' C R3 be a surface, dividing R3 into interior and exterior domains |
and ', respectively. Given a spectral parameter 1 # € € C and boundary data f
and g on I', the static transmission problem seeks a potential U: 't UT_ — C,
harmonic in 'y and T'_,

AU =0inT"; UTl'_, (1)

such that
T, U—-Tr_U=f and 8'U —€d, U=gonT. )

Here Tr+ U and BniU denote the limiting boundary values and outward normal
derivatives of U on I', + indicating an interior limiting approach, — indicating exte-
rior approach. For precise definitions, see equation (19). To discuss well-posedness,
that is, the existence and uniqueness of solutions, one has to impose growth and
regularity conditions on the potential and the boundary data. We will consider two
different sets of conditions which are widely used. One formulation is in terms of
square integrable boundary data, the other in terms of finite energy potentials. We
refer to these formulations as problems (L) and (E), respectively.
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In elecrostatics, the parameter € corresponds to the (relative) permittivity of a
material and is a positive quantity, € > 0. In this case the problems (L) and (E) are
very well-studied, and they have been shown to be well-posed for any Lipschitz
surface I', see [17,18,20,48,59] and [8,9,27], respectively. One approach to prove
well-posedness is via the layer potential method, the success of which relies on
the development and power of the theory of singular integrals. By means of layer
potentials, Problem (L) has even been shown to be well-posed for a wide class of
very rough surfaces which are not Lipschitz regular [29].

The transmission problem also appears as a quasi-static problem in electrody-
namics, when an electromagnetic wave is scattered from an object that is much
smaller than the wavelength. The permittivity € is then complex and dependent on
the frequency of the wave. In this setting, the properties of the transmission problem
are very subtle. Problems (L) and (E) are no longer well-posed for certain € € C.
When € < 0 this corresponds to the possibility of exciting surface plasmon reso-
nances in nanoparticles made out of gold, silver, and other materials [3,4,43,60].
Metamaterials, specifically designed synthetic materials, can also exhibit effective
permittivities with negative real part [2,46,49].

The set of € € C for which the problem is ill-posed—the spectrum—depends
on the shape of the interface I". Strikingly, when the surface I" has singularities, the
spectrum also depends heavily on the imposed growth and regularity conditions.
For instance, when I' C R? is a curvilinear polygon in 2D, the spectrum of problem
(L) is a union of two-dimensional regions in the complex plane, in addition to a
set of real eigenvalues [47,57]. On the other hand, the formulation of problem (E)
is more directly grounded in physics. Accordingly, the spectrum of problem (E) is
a real interval, plus eigenvalues, when I" is a curvilinear polygon [6,52]. In three
dimensions, similar results hold for surfaces with rotationally symmetric conical
points [28].

We will study the case when I'. = T 4 is a three-dimensional infinite wedge
with opening angle o # 7,

Tyt = {(xcosf,xsind,z) e R} :x >0, 0<6 <al,
with boundary

Ty =0T+ ={(x,0,2) € R® : x 20} U{(xcosa, xsina, z) € R®: x > 0}.
3)
By convention, we refer to 'y, = R3 \ T, | as the exterior domain. The two
transmission problems (L) and (E) are given by

MH(VU), M~ (VU) € L*(T'y) Jp3 IVU?dV < oo,

AU =0inTq 4 UTy -, ® AU =0inTy UTq.,
TryU—-Tr U= f e H(Ty), TryU—-Tr_U = f e H/2(,),
U —€d U =ge LX), U —ed U =ge H2T,).

@)

Here M*(VU) is an interior/exterior non-tangential maximal function of VU, and
H* (') denotes a homogeneous Sobolev space of index s along Iy, see Sections 3
and 4. Alternatively, H 1/2(T,) can be viewed as the trace space of the space of
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harmonic functions in 'y 4 satisfying that fl"a N [VU?dV < oo. The negative

space H~'/2(I'y) will be given an intrinsic description in terms of single layer
potentials. The incomparability of H%1(T',) and H*2(Ty), s # 57, will cause us
some difficulties.

The purpose of this detailed study of the wedge is to have I', 4 serve as a model
for general domains in R? with edges. For domains with corners in 2D, the problems
(L) and (E) are now well understood; a successful approach is to first consider the
layer potential method on the infinite 2D-wedge [25,30,39], and to then reduce the
study of curvilinear polygons to that of infinite wedges via a localization procedure.
In 3D, similar approaches can be taken for domains with conical points [28,37,54].

To fix the notation and to explain the layer potential approach at this point, we
let K: L2(I') — L2(I") denote the harmonic layer potential

1 r—r")-n@) , , 2
Kf(r) =p.v. —/ ———f()do (), rel, felLI),
2 Jr =7

where n(r) denotes the unit outward normal to I" at », and o the surface measure on
I". The adjoint K* (with respect to L2(I")) is known as the double layer potential or
the Neumann—Poincaré operator. The single layer potential of a charge f is given
by

Sf(r) = L/ ! fYdo (), reR. “)
4 Jr |r — 1|

When " = I'y, we write K = K, and S = S, . Note that S f is harmonicin ' UT'_.
Differentiation leads to the jump formulas

IESf = %(j:f—Kf) onT.

The ansatz U = Shy in 'y and U = Sh_ in I'_ hence relates the transmission
problems (L) and (E) to spectral problems for the layer potential K.

Previous studies of the transmission problem and layer potentials on the infinite
three-dimensional wedge are manifold. Eigensolutions to the transmission problem
constructed via separation of variables can be found in [13,60]. GRACHEV and
Maz’vA [25] studied problem (E), using their results as a technical tool to describe
the Fredholm radius of the double layer potential on certain weighted Holder spaces
for surfaces with edges. FABES ET AL. [21] observed, for @ = 7/2, that the double
layer potential K}, on I'y, can be regarded as a block matrix of convolution operators
on the matrix group

G={(x,z)=<g i):x>0, ZGR},

known as the ax + b group. See also [53], where general angles and weighted
L?-spaces were considered. G is a non-Abelian and non-unimodular group, and
therefore does not support standard harmonic analysis. For « = /2, FABES ET AL.
proved that K¥ =4 I has an infinite-dimensional kernel on L”(I'y) whenever 1 <
p < 3/2, where I denotes the identity operator. They proved this by constructing
eigenfunctions through a rather delicate argument involving the partial Fourier
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transform in the z-variable. It is a natural idea to study layer potentials in the wedge
by applying partial transforms in the z- and x-variables, cf. [50,55], but such a
procedure does not completely resolve K.

An explicit harmonic analysis for the ax 4+ b group was being developed
around the same time that [21] was published, leading to the first example of a
non-unimodular group equipped with a Plancherel theorem [14,19,32]. The corre-
sponding Fourier transform of G associates K, with four multiplication operators
My, where T: 'H — 'H is an operator on an infinite-dimensional Hilbert space H.
As such, it does not provide a high level of resolution of the operator K, and it may
seem that we are gaining an unmerited amount of information from the harmonic
analysis of G. However, key to our results will be to identify each operator T as a
pseudo-differential operator of Mellin type [16,40,41], after which we can apply
the symbolic calculus of such operators to understand the spectrum of K.

Let ¥, C C denote the simple closed curve

i—0ZEZooy,

sin (3 + &) (7 — )
Yo =1— B 1 .
sin ((5 +i€))
and let &, denote this curve together with its interior, see Fig. 1. For an operator

T : H — 'H, the spectrum o (T, 'H) is defined as usual, and we define the essential
spectrum in the sense of Fredholm operators,

o(T,H)={A € C: T — A: H — H is not invertible},
Oess(T,H) ={L € C:T — A: H — 'H is not Fredholm}.

0.6 |- .

0.4} .

0.2}

!

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

! ! ! ! ! ! !

Fig. 1. Plot in the complex plane, z = x + iy, of the essential spectrum —3$4 U Sy of

Ky : LZ(I‘a) — LZ(Fa) for @« = 7 /3. Every point in the interior is an eigenvalue of infinite
multiplicity of the double layer potential
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In Theorem 10 we will characterize the spectrum of Ky : L>*(I'y) — L>%*(I'y)
for —1 < a < 3, where

L>9(Ty) = L% (x“ dx dz) @ L>“(x* dx dz), 6))

the orthogonal sum referring to the decomposition (3) of I',. For simplicity, we
shall only state the theorem for @ = 0 here.

Theorem A. The spectrum of K, : LZ(Fa) — Lz(l"a) satisfies that
0 (Ka, L*(Ty)) = Oess (Ko, L*(Ta)) = =% U T
Let 0 # ) € =S4 U Sy Then,

(1) & is an eigenvalue of the double layer potential K, : L*(Ty) — L%*(Ty) of
infinite multiplicity, if A is an interior point of the spectrum;

(2) there are generalized eigenfunctions of Ky : L>(Ty) — L*(Ty) corresponding
to the point A. In fact,  is an eigenvalue of Ko : L>?1T€(Ty) — L>2T€(Iy)
of infinite multiplicity, for every 0 < € < 1, and, if A is an interior point, for
€e=0.

Furthermore, K, : L*(T'y) — L2(Ty) is normaloid,

(%)
sin .
2

Remark. For an infinite 2D-wedge y,, of angle «, the spectrum of the double layer
potential on Lz(ya) is the curve — %, U X, without any interior [47]. In this case,
neither the double layer potential, nor its adjoint, has any eigenvalues.

IKall g2,y = loKa. L*(Te))| =

In proving Theorem A we will show that any eigenvalue of K, : L?(Iy) —
L*(T',) is real. Therefore, for non-real A, the eigenfunctions of item (2) are truly
generalized. Whether the same is valid for real A is left open. From Theorem A we
obtain the promised corollary for the transmission problem (L).

Corollary A. Let 1 # ¢ € Cand f € H'(Ty). Then the transmission problem (L)
is well posed (modulo constants) for all g € L*>(Ty) if and only if

1 S
T S, U,

1—¢

To treat problem (E), we follow COSTABEL [8] and KHAVINSON ET AL. [33] by
introducing the energy space £(I'y) with norm

11z, = Safs F)r2ara)-

This is motivated by Green’s formula, which, ignoring technicalities, shows that
f € E[Ty) if and only if ng |VSe fI>dV < o0, see equation (22). Section 4
is devoted to proving that £(I'y) coincides with the homogeneous Sobolev space
H™12(Ty),

E(Ty) ~ HV2(T,).
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The proof proceeds via interpolation, based on DAHLBERG and KENIG’s result [10]
that S : L2(I'y) — H!(I'y) is an isomorphism, where S, is understood as a map
on the boundary I'y,.

The advantage of working with the energy space £(I'y) is that Ky : £(I'y) —
E(Ty) is self-adjoint, a consequence of the Plemelj formula

SeKy = KZ:Sq.

which we will motivate in our setting. This explains why the energy formulation
(E) of the transmission problem has a real spectrum. The study of the two opera-
tors Ky : E(Ty) — E(Ty) and Ky : L2(Ty,) — L%(T,) is reminiscent of Krein’s
framework of symmetrizable operators [38]. However, a level of caution is nec-
essary, since, unlike to Krein’s setting, S, : L2(Fa) — L2(Fa) is an unbounded
operator.

The main result concerning K, : £(I'y) — £(I'y) is the following:

Theorem B. The spectrum of the bounded self-adjoint operator Ky: E(I'y) —
E(Ty) satisfies that

0Ky, ETa)) = 0ess (Ko, ETa)) = [—11 —a/7], |1 —a/m|].

Every0 # & € 0(Ky, £(Ty)) is an eigenvalue of Ky : L>17€(Ty) — L>17¢(Ty)
of infinite multiplicity, for 0 < e < 2.

Remark. Eigensolutions to the transmission problem (1, 2), f = g = 0, are given
in [60], for permissible parameters €. These eigensolutions U are constructed by
separation of variables, and are thus periodic in z. Hence they could not satisfy that
S,fU e L%9(T,) for any a € R. The relationship between the eigenfunctions of
Theorems A and B and the eigensolutions to the transmission problem is interesting,
but unclear. The qualitative behavior of solutions to problem (1, 2), whenRe e < 0,
is of importance to the study of plasmonics, as it is related to effects of field
enhancement and confinement in plasmonic structures [58,61].

Theorem B yields the expected corollary for the transmission problem. The
sufficiency of the condition in Corollary B has been shown previously in [25,
Theorem 1.6], but we will give a rather different proof.

Corollary B. Let 1 # € € Cand f € H'/*(I'y). Then the transmission problem
(E) is well posed (modulo constants) forall g € £(Ty) =~ HY2(T,) if and only if

1+e
1—¢

¢ [l —a/m| |1 —a/n]].

The paper is laid out as follows: in Section 2 we recall the convolution structure
of K, and the harmonic analysis of the ax 4-b group. Section 3 is devoted to proving
Theorem A. In Section 4 we identify the energy space £(I') with a homogeneous
Sobolev space, and in Section 5 we prove Theorem B.
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2. Convolution Structure of Layer Potentials on the Wedge

2.1. Computations for the Wedge
Recall, for 0 < @ < 27, o # m, that the wedge ', + has boundary
Ty =0lg 4 ={(x,0,2) e R} :x 20} U {(xcosa, xsina, z) € R® : x > 0}.
We write L>%(dx dz) = L>(R; x R, x®dx dz), so that
L>%(Ty) = L*>“(dx dz) @ L>%(dx dz). (6)

The layer potential operator Ky : L>4(Ty,) — L%*%(Ty) is, with respect to the
orthogonal decomposition (6), given by

(0 K,
Ky = ( PO ) : (M)
where, for appropriate functions f € L2*“(dx dz)andx > 0,z € R,
Ko f(x.2) 1 /'OO/'OO u sin o P v)dud
D)= —— , U v.
of 2 2 J_oo Jo (X2 —2xucosa + u? + (z — v)?)3/2 ! "
3)
As observed in [21,53], through the change of variables
u=x/s, I(u,v)  x?
v=2z—xt/s, as, 1) 3

we obtain that

sina [ [ 1 ds

Kotf(va)=_ ' \/;oo‘/(‘) (1+S2—2SCOSO[+t2)3/2f(x/s’Z_Xt/S)Tdt'

©)
It turns out that Ky : L2%(Ty) — L*%(I'y) is bounded for —1 < a < 3, see
Lemma 6. Thus, by duality, the double layer potential defines a bounded operator
K : L%7%(Ty) — L*»~%(Ty) for such a. Note here the convention of this paper;
unless otherwise indicated, adjoint operations and dual spaces are calculated with
respect to the inner product of L = L0,

In the present situation, as a map of functions on the unbounded graph I'y,
Sa: LZ(FQ) — LZ(FQ) is not a bounded operator. However, it is densely defined,
see Lemma 13. In Lemma 17 we will find that S, can also be understood as a
bounded map between certain weighted L”-spaces. As for Ky, the single layer
potential can be formally written

(S0 S«
s=(5 5)
where

1 Rl e 1
S ,2) = — ,v)dud
Olf(x Z) 4 /;Oo/() (xz —2xucoso + I/[2 + (Z — U)2)1/2 f(u U) u dv

_1/00/00 g fx/ t/)dsdz
4w ) oo Jo s(1 452 —2scosa +12)1/2 X8, 2= xtfs)== At
(10)
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2.2. Convolution Structure and Harmonic Analysis

Consider the matrix group

G:{(x,z):(é i):x>0, ZER},

in which multiplication corresponds to the composition of affine maps w +— xw+z.
That is,

(x,2)-(s,t) = (x5, xt +2),

and
(x,2) - (5,00 = (x,2) - (1/s, —t/s) = (x5, 2 — xt/s).

We always equip the group G with its right Haar-measure ‘i—x dz. G is a non-
unimodular group; its left-invariant Haar measure is i—’z‘ dz and the Haar modulus
is therefore A = A(x,z) = x~ L.

The connection between G and Ky, is clear; K, can be interpreted as a convo-
lution operator, Ky f = f * kq, Where

o0 o0 d
f*g(x,z):/ /0 f((xsZ)'(S,t)fl)g(s,t)?sdt.

Although we shall never make use of this, we point out that the convolution of f
and g can also be computed with respect to the left structure of G,

0o oo d
foewn = [ [T rensn o S

We will need Young’s inequality for non-unimodular groups [34, Lemma 2.1],
stated for the right Haar measure.

Lemma 1. Suppose that 1 < p,q,r < oo satisfy % + é =1+ %, and that

f € LP(G)and g € L1(G). Then

€1
7

IfA 7 xgller) S N flierligliLae),
1

1 1 _
where 7 + 7= 1.

The group G was the first example of a non-unimodular group carrying a com-
plete, explicit, harmonic analysis [19,32,35,36]. We shall now recall the main
features. The reader should be warned that the statements below have been adapted
to the right-invariant structure of G, while most of the references given treat the
left structure.

The construction is helped by the fact that G = R x R is a semi-direct product
of the two abelian groups R and R, each of which comes with its own standard
Fourier analysis. On R we have the usual Fourier transform F,

FfE) = / ” fe ™ dx, feL'(R), £ €R,
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which extends to a unitary map F: L?(R) — L%(R). On R, equipped with its

Haar measure C_‘x—x, the corresponding Fourier transform is known as the Mellin

transform M,
o e dx | dx
Mf(E)Z/ f(-x)-xl ) feL (R-‘rv_)v éeR
0 X X

Up to a constant scaling factor, M extends to a unitary M: L*(Ry) — L*(R),
where L2(R}) = L2(Ry, 4).

The group G has two infinite-dimensional irreducible unitary representations
meon L2(Ry) = L2(Ry, 4) [24],

e (x, () = e p(xr), ne L2(Ry), r € Ry.

The unitary representations yield corresponding transforms .%. For f € L'(G),
F+(f): L2 (Ry) — L%*(Ry) is the bounded operator given by

o0 o0 d
fi(f)n(r)=/ fo f(x,z)ni(x,zw)%dz
:/ /0 eﬁ”"”n(xr)f(x,z)i—xdz, nel’Ry), feLY(G).

However, due to the non-unimodularity of G, it is not possible to immediately
obtain a Plancherel theorem in terms of .%.. In fact, there are compactly supported
continuous f for which .%L (f) is not even compact [32]. However, it is possible to
obtain a Plancherel theorem by introducing an operator correction factor [14,23].

In our case, the correction factor is given by §, where §n(r) = /rn(r). Consider
for f € L?(G) the pair of operators 24 (f): L>(Ry) — L*(R.), formally given
by ZL(f) = 8Z+(f). More precisely,

Pi(f () = vF / /0 eﬂ”"“n(xr)f(x,z)d?x dz. feL’(G). neLXRy).

It is straightforward to verify that . (f) € S, for f € L*(G), where S; =
SZ(LZ(R+)) is the class of Hilbert—Schmidt operators on LZ(R+). The “Fourier
transform” of L?(G) is given by & = (Z_, &), acting as a unitary map of
L*(G) onto 852) =59S8,.

Proposition 2. [32] The map & L%(G) - 852) is onto and an isometry,
1f 1326, = 12-F15, + 12+ F113, -
Due to the correction factor, the convolution theorem is slightly asymmetrical.
Proposition 3. [32] Ifk € L'(G) and f € L*(G), then

Di(f xk) = P(f)F+ (k).
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For y € R, we let

Vyf(x,2) = A7 f(x,2) = x¥ f(x, 2). (1)
Note that f € L>%(dx dz) if and only if Vap f € L?(G), where a € R, By the
formula

P =8 P (Ve 1) 577,

valid at first for f compactly supported in G, we can extend 2. to L>“(dx dz),
in such a way that 2, (f): LZ(R+, ra=2dr) —> L2(R+, r~2=2dr) is bounded
when f € L>“(dx dz). Similarly, we interpret ..+ (k) as a bounded operator on
L?>(R,, r~%~2dr) for functions k on G for which Vapik € L'(G). Note also that

fxk € L*%(dx dz) in this situation, by Young’s inequality. For easy reference, we
summarize what has been said in the following lemma:

Lemma 4. If f € L>“(dx dz) and Voyk € L' (G), then

Pi(f), Pe(f k), Fe): LRy, r ™72 dr) — L2 Ry, r ™2 dr)
are bounded operators, and the convolution formula
P (f xk) = Po(f) T (k)

is valid.

2.3. Multiplication Operators

By Proposition 3 we are led to consider multiplication operators on the Hilbert—
Schmidt class S» = S>(H) of an infinite-dimensional Hilbert space H with norm
|- ||. For a bounded operator T : 'H — H we denote by M7 : S» — S the operator
of multiplication by T on the right,

MrS=ST, Seé&.
The following proposition is surely known:
Proposition 5. We have that |M7 | ps,) = IIT | ), M} = M7+, and
o (Mr,82) = Oess(Mr, S2) = o (T, H).

Furthermore, if A is an eigenvalue of T*, then X is an eigenvalue of Mt of infinite
multiplicity.

Proof. Itis clear that M7 = M7+, since
(M7 S1, $2)s, = tr(S1T83) = tr(S1($2T%)*) = (S1, M7+ 82)s,, S1,82 € S,

where tr denotes the usual trace of an operator in the trace class.
It is a standard fact that ||ST||s, < ||S|ls,|IT | (). Conversely, consider, for
g, h € H, the rank-one operator Sy, =g ® h € 5,
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Senf =(f8)h, feH.
Then || Sg,nlls, = liglllIAll, while
M7 Sg.nlls, = IS+g.nlls, = 1T gl
It follows that | M7 ||B(52) = ”T”B(H)-
Itis clear that o (M7) C o(T), for if T — A is invertible, then My _;)-1 is the
inverse of M7 — A.

If A € o(T) and X is an eigenvalue of T* with non-zero eigenfunction f, then
A is an eigenvalue of infinite multiplicity of M7, since

(M7 —M)Spn = S(T*—X)f,h =0, heH. (12)

If A € o(T) and T* — X is injective but not bounded below, choose a sequence
(fu) C H such that || f,|| = 1 for all n, but |T*f, — A f,]| = Oasn — oo.If
M7 — A were Fredholm, then M7 — A: S»/J — S, would be bounded below,
where J is the finite-dimensional kernel of M7 — A. Since {Sy, ; : h € H} is an
infinite-dimensional closed subspace of S; we can for each n pick i, with ||k, || = 1
such that Sy, p, € J* [56, Lemma 2.3]. Then || S, 5, lls,/s =1, but

(M1 = 2S5l = UScre_iy g 182 = 1T o = A full = 0, 0 — oo,

which is a contradiction. Hence M7 — X is not Fredholm in this case either.
Finally, suppose that A € o(T) and that T* — X is bounded below but does not
have full range. Then the range is not dense, and thus A is an eigenvalue of 7'. As in
(12), it follows that (M7 — 1)* = M+ — X has infinite-dimensional kernel. Hence
M7 — A is not Fredholm.
Adding up the different cases, we have shown that

o(T) C Oess(Mr) C o(Mr) Co(T),
finishing the proof. O

3. The L?-Spectrum

For a € R, recall the definition of V), from (11) and note that

Vag L>*(dxdz) — L*(G)

is unitary. Hence K, : L>“(dx dz) — L>“(dx dz) is unitarily equivalent to
Vg1 KaV_op1 : L*(G) — L*(G).
By equation (9), we see that
Ve KoVoast f = f A T ky, feL2G), (13)

where
a+1

sin o s 2
27 (1 + 52 —2scosa + 12)3/2°
The following lemma was first observed in [21,53]:

A= F ks, 1) =
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Lemma 6. For —1 < a < 3, Ky: L*%(dx dz) — L2%9%(dx dz) is bounded with

norm

sin (1 — a)%5%)
sin ((1 — a)%)

||Koz||B(L2,a(dx dz)) <

For a = 1 the right-hand side should be interpreted as |1 — a/7|.
Proof. This follows by Young’s inequality

If *gll2) = I flli2)liglLie)s

and the computation

atl

|sma| / / s 2 a8 ds
LYG) 0o (1 4+ 52 —25cosa + 12)3/2

_ |sma|/ s T ds Sln((l—a)%)
7 Jo 14+52—2scosa s

sin((1—a)%)

A Fh,

H a+l

For —1 < a < 3, let
_atl
Ty, = F+(A77 ky),

and as in Proposition 5, let M+ denote the operator of right multiplication by Tfa
on S = S(L*(R.)). Then, by equation (13) and Proposition 3,

Ky: L*%(dx dz) — L>“(dx dz)

is unitarily equivalent to
M- 0
( 0 M. ) L SPLPRY)) — SPHLP(Ry)).

Explicitly, for n € L>(Ry) and r > 0,

00 atl  poo ) d
Toan(r) = / () / T ey (x/r, 2) dz () =
0 —00 X

r

Hence Ti is an integral operator given by

®x\G dx
ria = [ ()7 mEeonm <
0 r X

where

00 .
TE(r, x) :=f ¢TI ko (x /1, 2) dz=—2sin(a)r Ay (r, x) VK1 2rr Ay (r, x)).
—00
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Here

2y 1/2
Ay (r,x) = <1+(—> —2—cosa> ,
r r

and K is a modified Bessel function of the second kind [1, p. 376],
Kl(R)zRfooLdt, R>0.
0 (R2+12)37
K has the following asymptotics [1, p. 378]:

Ki(R) = % + O(R), R— 0, (14)

12 e R 1
KI(R)=(5) ﬁ(HO(E))’ R — oo. (15)

Lemma 7. For —1 < a < 3, Tfa : LZ(R+) — L2(R+) is a compact perturbation
of the integral operator Iy 4 : L*(R4) — L*(Ry) with kernel

and

a+l . a+

X\ 7 sin o x\ 5
(5) 7 f0 = =00 (5) T a0
r /] r

where X . 1y2 denotes the characteristic function of the square (0, 2.

(x> (TE(r, x) — Iy(r, x)) € L <dx dr),
r X r

so that Tfu — Iy 4 1s Hilbert—Schmidt. To see this, let

Proof. In fact,

atl
2

B(r,x) =rAy(r,x) = ((x — rcosot)2 +r? sina)l/z.

B(r, x) is bounded for 0 < r, x < 1, so by (14)

1 1
/f(’r—“) |T(rx)—I(rx)|2d—Xd—r // 2=a 4y dr < oo,
0 0

since —1 <a <3.If0 <r <land1 < x < oo, then B(r,x) 2 x > 1 and
Ag(r,x) 2 r~1, so by (15) there is a constant y > 0 such that

b e x , dx dr a+1 ge77% dx dr
(- a0 == 5 2T .
0 1 r X X r

Ifl<r<oocand0 <x < lweusethatB(r,x) Zr > 1 and Ay(r,x) = 1, and
therefore

00 1 dx d
/ / (£> | Ty (r, x)|? _x 4 / /xr e V" dxdr < oo.
1 0 r

Finally, when 1 < r < ooand 1 < x < 0o we have that B(r, x) 2 x + r, and thus

/ / (j—c) | Ty (r, x)| _x_r<f / xr7e VeV dx dr < oo.
1 1 r

O
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Observe that 1, , is a truncated Mellin convolution operator (convolution on
the group R ) with kernel

. 3—a
sIn o N

fa.a(s) = = 7 14s2—2scosa’

in the sense that
a+1
X\ 2 .
(—) I,(r,x) =i,(r/x), O<r,x <l1.
-

For —1 < a < 3, the kernel i, 4 € LI(R+) has Mellin transform

sin (134 +i8) (r — )

Miy () = , £eR
- sin (3¢ +i§) )
The range of this transform is the closed curve
. 1—a .
sin((—— +11§)(r —«
5, - | s —0)

sin (152 + i&)7)

For a # 1 this is a simple closed curve in C, positively oriented if —1 < a < 1
and negatively oriented if 1 < a < 3, in either case satisfying that Xy , = X 2—4-
If 0 < o < 7 then X, 4 lies in the left half-plane of C, in the right half-plane if
m <o < 2m.Fora =1, ¥4 1 is the real interval between 0 and o/t — 1. It is
clear that ¥, , is symmetric with respect to complex conjugation. The curves are
increasing in 1 £ a < 3 in the sense that if 1 < a < a’ < 3, then every point of
Ya,q but the origin is contained in the interior of X, .. For precise calculations we
refer to [47].
Lemma 7 shows that, with respect to the decomposition

L*(Ry) = L?((0, 1), r~'dr) @ L%((1, 00), r~'dr),

+ J, k
T“’“z(ia *)

where the entries marked * are compact operators, and J, , is a pseudo-differential
operator of Mellin type. There is a fully fledged theory of such operators developed
by ELSCHNER, LEWIS, and PARENTI [16,40,41], together with a symbolic calculus
which for A ¢ X, , gives the index of Jy, — A, and thus of Tofa — A, as the
winding number W (X, 4, 1) of A with respect to X, ,. In fact, the same operator
Ju.q appears in computing the spectrum of double layer potentials on curvilinear
polygons in 2D, and thus the relevant calculations already appear in [39,47]. We
do not give an account of the theory here, but instead summarize the conclusion it
yields in the next proposition.

we have that
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Proposition 8. The essential spectrum of Tfu is
aess(T(;,tu) = Za,a-
If A ¢ .4, then Tofa — A is Fredholm with index
ind(75, — 1) = W(Saa. M)

The classical Kellogg argument shows that any eigenvalue of K: L?(I") —
L*(T") must be real, in the case that I" is a bounded surface. However, this argument
fails in the present setting, essentially because L?(I'y) is not contained in the energy
space £(I'y), in the terminology of Section 4. The next lemma offers a replacement
of the Kellogg argument. For the statement, observe by (8) that K, : L>!(I'y) —
L>1(Ty) is a self-adjoint operator, hence has real spectrum.

Lemma9./f —1 < a < 1 and » € C is an eigenvalue of Ko: L>*(I'y) —
L24(T,), orifl < a < 3and X is an eigenvalue of K5 : L2~9(T,) — L>~9T,),
then A € o (Ky, L>1(Ty)). In particular, . € R.

Proof. We give the argument for —1 < a < 1. The proof of the statement for
1 < a < 3 is similar. If A is an eigenvalue of K, : L%9(Ty,) — L*%T,), then, by
(7), either A or —A is an eigenvalue of K, : L>%(dx dz) — L>%(dx dz). Denote
this latter eigenvalue by . Let f € L?“(dx dz) be a non-zero eigenfunction and
consider the decomposition

=+ filx,2) = fxDxonx), f2(x,2) = fx, 2 X100 ).

Noting that a < 1, we have that f| € L%! (dx dz), and therefore by Lemma 6 that
K fi € L*>!(dx dz) as well. From the eigenvalue equation we hence obtain that

(Ko — ) fr = —(Ko — ) f1 € L*'(dx dz). (16)

In other words, Vi(Ky — w)V_1V1f2 € L%(G), so that formal application of the
Fourier transform yields

P (Vi (T — 1) € Sa(L*(R)). (17)
To justify (17), observe that V| f> € L?“~2 and that
Vi (A~ k) = A= Fk, € LY(G),

by the proof of Lemma 6. Hence, by Lemma 4, the components of (17) are initially
well-defined as bounded maps

PL(Vifo), T L*(Ry, r%dr) = L*Ry, r~*dr).

> toa,l

Equation (16) shows that 24 (V; fz)(TOiE1 — w) in fact extends continuously to a
Hilbert—Schmidt operator on L>(R;) = L*(R,, r~ 1 dr).

Now, if & ¢ 0 (K, L>!(I'y)), then Ky — p: L>1(dxdz) — L?!'(dxdz) is
invertible and thus Tfl — u: L2(R;) — L*(Ry) is invertible, by Propositions 3
and 5. Therefore 224 (V) f>) € Sy, thatis, Vi f» € L?(G). Hence f = fi + f> €
L*'(dx dz) and thus p is an eigenvalue of K, : L>'(dx dz) — L*'(dx dz), from
which it follows that A € o (K, L% !(T'y)), which is a contradiction. O
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We are now ready to prove the main result of this section. We denote by fa,a
the curve X, , together with its interior.

Theorem 10. For —1 < a < 3, the spectrum of Ky: L>4(I'y) — L>*(I'y)
satisfies that

0 (Ky, L*%(T'y)) = 0ess (Ko L2 (Tg)) = =00 U Sara.

For—1 < a < 1, every point \ in the interior of — /Z\a,a U /E\a,a is an eigenvalue of the
Neumann—Poincaré operator K, : L%>~%(Ty) — L*~%(Ty) of infinite multiplicity.
For 1 < a < 3, every such point is an eigenvalue of Ko : L>%(I'y) — L>%(Ty)
of infinite multiplicity. For a = 1, Ky: L>1(Ty) — L*'(Ty) is self-adjoint and
fa,a = Xq.4 is a real interval,

0 (Kg, L' (Tg)) = Oess (Ko, L (Tg)) = [—|1 — /7|, |1 — a/x]].
Furthermore, Ky : L*>%*(T'y) — L*%(Ty) is normaloid,

sin ((1 - a)%)

Kellpz2a(r,y) = 10 Ka, L2 (T))| = |—F———>
Malpqe2ay = lo B LTl =\ =0 = 0y

Proof. By equation (7), K, — X is invertible (Fredholm) on L%4(T,) if and only
if K, — A and K, + A are both invertible (Fredholm) on L>%(dx dz). Since, by
Propositions 5 and 8,

24 M- 0 _ n ~
Oess (Ko, L7 (dx dz)) = 0Oess Oa'a M = G(Ta,a) U G(Ta,a) D Yaa
Tda

we see that — g ¢ U Sg.q C 0ess Ko, L24(Ty)).
Suppose that A € ¥y 4 \ Ly q- If =1 < a < 1, then

ind(T,f, —») = ind(T,[, —2) =1,

so that A is an eigenvalue of T‘j"a. Hence, by Proposition 5, X is an eigenvalue
of infinite multiplicity of M;i(j—a = M(T(;ta)*’ and thus also of K : L>7%Ty) —
L?>7%(Ty). If instead 1 < a < 3, then ind(Ta‘fa — A) = —1, and hence A is
an eigenvalue of (Ta“:a)*. Again using Proposition 5, we conclude that A is an
eigenvalue of infinite mﬂltiplicity of Ky: L%(Ty) — L%%(Ty). The case when A
lies in the interior of —X 4 is analogous.

Finally, suppose that 1 € o (K, L>%(T)), but that A ¢ —/E\Ja,aufa,a.Without
loss of generality we may suppose that A € U(MTCL) = a(TOj’r ). Then, since
ind(T,f, — ) = 0, 1 is an eigenvalue of 7", and A an eigenvalue of (T,f)*. Thus,
A is an eigenvalue of MTJa and X an eigenvalue of M, (T immediately implying

that A is an eigenvalue of Ko : L?%(I'y) — L>“(Ty) and A an eigenvalue of
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K: L37%(Ty) — L>7%(Ty). By Lemma 9 we conclude that A € R. On the other
hand, by Lemma 6 we have that

sin (1 —a)%5%)

sin ((1 —a)%) (18)

Al = Kl pr2a(ryy) = 1Kallpr2a@rdzy) =

However, all real A satisfying (18) are contained in —fa,a U ’Z\a,a, which is a
contradiction. The formula for the norm and spectral radius of Ky : L?4(Ty) —
L%%(T,) also follows from this last statement. 0O

Remark. By the symmetry ¥, , = X4 2—, and the increasing nature of the curves
Sa.as 1 < a < 3, itis clear that Theorem 10 implies Theorem A.

Remark. For an unbounded Lipschitz graph I', ESCAURIAZA AND MITREA [18]
showed that o (K, L?(I")) is contained in a certain hyperbola which only depends
on the Lipschitz character of I'. Perhaps unsurprisingly, Theorem 10 shows that
their result is sharp for the wedge boundaries Iy, .

To give the application of Theorem 10 to the transmission problem we need to
recall some of the layer potential theory of the unbounded Lipschitz graph I'y
[10]. For a function V on I'y 4+ or 'y —, the non-tangential maximal function
M*V: T, — [0, c0] is given by

MEWVYr) =sup{|[V()| : r € TCot, [r —r] S 2dist(r',Ty)}, r €Ty

Consider the two spaces of harmonic functions
W (Tys) = {AU —0in Ty : ME(VU) € L2(Fa)} ,

which we implicitly consider as quotient spaces over the constant functions. Every
Ueh'(D «,+) has non-tangential boundary values and outward normal derivatives
pointwise almost everywhere on I'y,. That is,

Tr+ U(r) = n.t.- lim U (), aniU(r) =n.t.- lim n(r) - VU@ (19)
r'—r r'—=r

exist for almost all r € I',, where the convergence takes place in all non-tangential
regions

{r€eToq: I —r| <A +co)dist(r',Ty)}, ¢>0.

Furthermore 8iU € L?*(Ty), and Try U belongs to the homogeneous Sobolev
space H'(Ty) on Ty, consisting of the functions f € LIOC(FO,) such that the
(tangentral) gradient of f on I'y belongs to L2(I'y). A more precise definition of
HY(T, ) is given in Section 4. HY (T, ) is a Hilbert space modulo constants. Hence
Try: Al L, +) = H! (I'y) and 8,;'[. At T, +) = L%(T,) are bounded operators.
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The single layer potential is an isomorphism as a map Sy : L2(I'y) — H'(I'y)
[10, Lemma 3.1]. Evaluating S, f instead on either I'y, 4 or Iy, —, see equation (4),
yields isomorphisms S, : LX) — le(I‘a,i). Furthermore, by the weak singu-
larity of the kernel, we have that

TreSof =Sof € H'(To), f € L*(To).
In other words, the interior Dirichlet problem

MF(VU) € L*(Ta),

AU =0inTy 4,

TryU=g€H' (Ty)
is well posed (modulo constants), and the solution is of the form of a single layer
potential, U = Sy f, f € L?(Ty). The same statement holds for the exterior
Dirichlet problem.

To treat the transmission problem we make use of the jump formulas [18, p.
149]

1 1
Oy Saf = S =Ko f), 9, Sa f(r) = S =Kaf), S € L*(Ty). (20)

Corollary 11. Let | # € € Cand f € H'(I'y). Then the transmission problem

MHT(VU), M= (VU) € L*(Ty)
AU =0inTy UTy _,
TroU—Tr_U = f € H'(Ty),
3FU —€d U =ge LX)

is well posed (modulo constants) for all g € L*>(Ty) if and only if

1+€
1 —€

¢ —S0UZq0. 1)

Proof. By well-posedness of the Dirichlet problems there are densities h+ €
L?*(I'y) and a constant ¢ such that U = Sgh4 + ¢ in Iy4+and U = Syh_ + cin
I'y,—. By the jump formulas (20), the transmission problem is then equivalent to
the system

Sa(th —h_)= f,
(Ka - %gn) hy = -1 [2g + €Ky + Dy — h)]

on Iy, where I denotes the identity map. This system is uniquely solvable if and
only if (21) holds, by Theorem 10 and the fact that S, : L?(Ty) — H'(I'y) is an
isomorphism. O
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4. The Energy Space on Unbounded Lipschitz Graphs

4.1. Identification with a Fractional Homogeneous Sobolev Space

In this section only, we will consider the more general situation where I" is an
unbounded Lipschitz graph,

F={r=(x,y,z)6R3:z=<p(x,y)},

where ¢: R? — R is Lipschitz continuous. We think of the region above I as the
interior domain I', the region below it as the exterior I'_. The energy space £(I")
in the case when I is an infinite cone was important in [28], but was not shown to
coincide with a Sobolev space. We therefore prove this identification for general
Lipschitz graphs here. The considerations of this section apply equally well to the
case of an unbounded Lipschitz graph embedded in R”, n = 3, but we restrict
ourselves to n = 3 for simplicity of notation.

Denote the space of compactly supported functions f € L?(I") by LE(F). Then

(Sf.8)2m) = /R VSf-VSgdV, fge LD (22)

This is a standard identity which follows from Green’s formula and the jump for-
mulas (20) for the interior and exterior normal derivatives of Sf on I'. When I'
is smooth, bounded, and connected, equation (22) may be found in [33, Lemma
1]. The approximation procedure of [59, Theorem 1.12] extends it to connected
bounded Lipschitz surfaces, see for example [51]. Finally, exhausting ' with a
suitable increasing sequence of bounded Lipschitz domains yields (22) for un-
bounded Lipschitz graphs. See Lemma 18 for a similar argument spelled out in
greater detail.
Consider the inner product

(fs gler) = (Sf, g)LZ(ry (23)

initially for functions f, g € Lg(F). Equation (22) shows positive definiteness; if
||f||§(r) = (f, fler) = 0, then VSf(r) = 0 for r € R3\ I'y. However, this
implies that 9,"Sf = 0, see equation (19), which, unless f = 0, is incompatible
with the estimate

18, S f 2y 2 1 2y

from [31]. We define the energy space £(I") as the completion of Lg(l“) under this
inner product.

When T is a connected bounded Lipschitz surface, the energy space E(I')
consists precisely of the distributions f on I' in the inhomogeneous Sobolev space
H~'/2(I") [8]. We will show that for an unbounded Lipschitz graph I this remains
true upon replacing H ~!/2(I") by a homogeneous Sobolev space.
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Let F: L*(R?) — L2(R?) denote the usual two-dimensional Fourier trans-
form. For 0 < s < 1, we define the homogeneous Sobolev space H*(R?) as the
completion of C° (R?) under the norm

11 gy = /R FF@PIEPdé. (24)

We refer to [5, Ch. 1] for the basics of homogeneous Sobolev spaces. When 0 <
s < 1, the norm can also be computed as a Slobodeckij norm, see for example [11,
Proposition 3.4],

N2
11, = //R WO = FO g 05 <1, feco®),

|r _ r/|2(1+s)

where ¢; is a constant depending on s. For 0 < s < 1, we emphasize that the
completion HS (R?)isa space of functions. In fact, there is an injective embedding
of H*(R?) into L2/1=%)(R2) [15, Theorem 2.1]. For s = 1, H'(R?) is the quotient
of a semi-Hilbert space of functions with the subspace of constant functions. More
precisely, H'(R?) is the Hilbert space of LloC (R?)-functions f modulo constants
such that V f € L*(R?). We define the negative index spaces H~5(R?) as the dual
spaces of H 5 (R?%) with respect to the L2(R?)- -pairing. Note that (24) remains valid
for —1 < 5 < 0, in the sense that the Fourier transform extends to a unitary

F: H'(R?) — L*(R?, |£)> dg), —1<s<1. (25)

Alternatively, homogeneous Sobolev spaces may be understood in terms of the
Riesz potential [11, Section 3]. For 0 < s < 1, the Riesz potential is given by

L f(r) = (=82 f(r) = F L1 FHG) = ¢ / T
r2 lr —r|

dr’, reR?,

(26)
where ¢ is a constant depending on 5. Clearly, 7, : L*(R?*) — H*(R?) is a unitary
map, and by duality, so is Z; : H*(R?) — L?(R?).

We naturally interpret functions f on I as functions on R?, by letting

Af(x,y) = f(x,y,0(x,y), (x,y) € R

For 0 < s < 1, we let HS(I') = A~'HS(R?), in the sense that H*(I") is the
completion of A~!C2°(IR?) under the norm || £ | sy = IS Nl s gy We define
H~5(I") as the dual of H*(I") with respect to the L2(I")-pairing.

Lemma 12. Every function g € L%(F) induces a distinct element £y € H2(ID),

L(f) = (f 82y [ e ATICE®RY,
and
1€l 12y = I0Agl 1@y, ¢ € L2D), @7)
where
p(x,y) = (1 + Velx, »IH'2. (28)
The space of all such functionals is dense in HY2().
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Proof. Note that do (x, y) = p(x, y) dxdy. Since H'/2(R?) C L*(R?), we de-
d}lce that L%(Rz) c H~Y2(R?). Therefore ¢ ¢ induces a bounded functional on
H'/2(I"), since pAg € L%(Rz) and

Le(f) = (NS, PAG) 12 (R2)-

This last formula also implies (27). It is clear that £4, = €, if and only if g1 = g
almost everywhere. The density follows from the fact that the elements of H'/%(R?)
are functions. O

We interpret Lemma 12 by saying that L% (I') is densely contained in H~'/2(I"),
and we do not notationally distinguish between £, and g from this point on.
By the group property

Zslzsz = Ls1+s2 0< 51,82 < 17
and the unitarity of Z;2: H~'/2(R?) — L*(R?), we find that
(Tf Peeey = 115 pg, [ € LER). (29)

Furthermore, if f € L%(F) is a nonnegative function, then Z;p A f >~ ASf, since
the kernels of Z;p A and AS are comparable. Comparing (23), (27), and (29) thus
yields that

Ifleawy = Il g-12qy: O f € LAD).

To extend this estimate to general functions, we appeal to an interpolation argument,
beginning with

Lemma 13. The space
L7 () = {f €LII): fr fdo = 0}

is contained and dense in H_I(F), H_l/z(F), E), and L*(T). Furthermore, S
maps L% ((T') into L*(T"), and if f € L2 ((T'), then Sf (r) = O(|r|7%) as r — oc.

Proof. A direct proof that Lf’O(F) C H~'(I") goes as follows. Suppose that f €
Lzyo(l"), and let p be as in (28). Then F(pAf) is real analytic on R? and

FpASO) = /F fdo =0,

Therefore F(pAf) € L>(R?, |72 d€), from which it follows that f € HY(D).
That is, g +— (g, f)2(r) defines a continuous functional on H 1(I"). The density
of LE’O(F) in H~1(I") is immediate from the fact that the elements of H'(R?) are

leoc (R?)-functions modulo constants.
Next, let g, € L2(T") be defined by

1 _
8n (X, 3, 906 ) = —5 X /a2 (s V)P, ¥) L
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Then fr gndo =1, and

1
0<Sg,(r) < —, rer,
n

by a straightforward estimate. Hence

lgnlley = /(Sgn, &nd 2y S 7

Similarly we see from (29) that

lgnll g-1r2ry = \/(Il(PAg), PAL) 2w S %
Of course, [gnll2ry < 1/n. Now suppose that f € LE(F) and letd = fr fdo.
Then f —dg, € L2,(T") and f —dg, — fin H~"/3(I"), &), and L*(T") as
n — oo. This proves that L%YO(F) is dense in these three spaces, since Lg(l") is.
Finally, suppose again that f € LE’O(F). If K is any bounded subgraph of
I" containing supp f, then Sf € L?(K) by the usual mapping properties of S
for connected bounded Lipschitz surfaces [59]. Hence we only need to check the
behavior of S at infinity to finish the proof. Letting S(r, r’) be the kernel of S,
note for 7’ € K that

1 | _1
—1rl A+ 0(r|™), r— oo.

S0y = oo |r|(1 To(r7Y)  4n

Therefore, since [ f do =0,
Sf(r) = / S, ) f(rdo () = O(r|7?), r — oo.
I

It follows that Sf € L%(I"). O

We are ready to state and prove the main theorem of this section. For the proof,
note that the J-method, the K -method, and the complex method are all equivalent
for interpolation of Hilbert spaces [7,44]. We hence simply refer to the interpolation
space (Ho, H1)p of exponent 0 < 6 < 1 between two compatible Hilbert spaces
Ho and H;.

Theorem 14. Suppose that U is an unbounded Lipschitz graph. Then the energy
space E(I") coincides with the homogeneous Sobolev space H_I/Z(F), ET) ~
H~Y2("). More precisely, the inclusion of L%(F) into H=Y2(T") extends to an
isomorphism of E(T') onto H~Y2(I).

Proof. The startigg point is that S: L) — HYT) is an isomorphism [10,
Lemma 3.1]. Let A: L2(I') — L2(R?) denote the unitary given by

Kf =p'?Af, feL*(D),
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where p, as before, is given by p(x, y) = (1 + [V (x, ¥)|*)!/2. Then
M = Fp VPASA ' p~ 1271 L2(R?, dg) — L*(R?, &> d§). (30)

is an isomorphism, since multiplication by p~/? on L?>(R?) and S: L*(I") —
HY(I') are both isomorphisms. It follows from (22) that, M is symmetric with
respect to the L?(R?, d&)-pairing. Therefore, by duality, we can reformulate (30)
by saying that M continuously extends to an isomorphism

M: L*(R?, |72 d&) — L*(R?, d&). 31
By Lemma 13, M is initially densely defined on
dom(M) = Fp'/* AL} () € L*(R?, &) N L*(R?, |&]* d&),

and the meaning of (31) is that M extends continuously to an isomorphism. Inter-
polation between (30) and (31) also gives that

M: L*(R% |g|7"d&) — L*(R?, ] d§) (32)

is bounded. It is not, however, possible at this stage to conclude that this operator
is an isomorphism. As a consequence of (22) and (32) we conclude that

0 < (Mf, flro@e.ae) S IF1Ta@e e 146y f € domM).  (33)

We also want to consider M as an unbounded operator on L?(R?, d&). To avoid
confusion we call this operator R,

R: L*(R?, d¢) — L*(R?,d¢), Rf = Mf.
In view of (31), we can let the domain of R be
dom(R) = L*(R?, |¢| > d&) N L*(R?, d§).

The positivity of R on dom(M) extends to dom(R). To see this, given f €
dom(R) C L*(R2, €|~ d&), we may by Lemma 13 choose a sequence indom (M),
approximating f in L2(RZ, |€]7 1 dg). By (32) and (33) we conclude that

(R, f)12®2.06) 2 0, f € dom(R).
The same argument shows that R is a symmetric operator,
(Rf, g)LZ(]RZ,ds) = (f, Rg)LZ(RZ,dS)’ f, S dom(R).
Since the operator of (30) is an isomorphism, the domain of R* is given by

dom(R*) = {f € L*(R*, d&) : [{f, Rg) 12m2.a5)|
S ||Rg||L2(R2,|§|2dg), g € dom(R)}.

The range of R being dense in L2(R2, |£|? d¢&), it follows that

dom(R*) = dom(R).
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We conclude that R is a positive self-adjoint operator.
Consider now the Hilbert space H; = L?(R?, d&) with its usual norm and
Ho = L2(R2, |€|~2d&) with the alternative norm

Iflly = IM . f € Ho. (34)

We apply the characterization of the interpolation spaces (Ho, Hi)g, 0 < 6 <
1, given by [7, Theorem 3.3]. It extends the usual characterization given in [42,
Theorem 15.1] to the present situation in which H and ;| are incomparable. The
conclusion is that the relationship

(T2 1, T28) 0, = (f. )1y 18 € HoNHy (35)

defines an unbounded, self-adjoint, positive operator 7 : H; — H; whose square
root has domain'

dom(T'/?) = Hy N'H; = dom(R).

Furthermore, the norm of the interpolation space (Ho, H1)1,2 is given by

1 0t 3001, = 1T 1R, = AT 2 F Py f € HoNHy
By (34) and (35) we have that
(T'2f,T'2g)3, = (Rf. Rg)p,. f.g € dom(T"?) = dom(R).
Since R is also positive and self-adjoint it must be that R = T''/2, see for example
[56, Proposition 10.4].

On the other hand, if we equip Ho = L2(R?, || d&) with the usual norm,
we know that the interpolation space is L2(R?, |&|~! d&), and thus

(M. fyr, =T 2 F Prty = 1 f 1 oo o1 ey [ € dom(M).

Unraveling the definitions, this means that
115 = SF ey = loAfI =IfI% feLiyl
ET) — s JLxry = 1P H-12[R2) = H-1/2(T)? .0 s

where the last equality is given by (27). Since Lf’O(F) is dense in £(I") and
H~Y2(I") by Lemma 13, this proves the statement. 0O

Remark. When I is a connected bounded Lipschitz surface, S is an isomorphism
of L2(I") onto the inhomogeneous Sobolev space H 1(I") [59, Theorem 3.3], and
EM) ~ H~Y2(T) in this case.

! There is a slight mistake in the statement of [7, Theorem 3.3] concerning dom(7"), but
it is easily corrected by inspecting its proof.
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4.2. Single Layer Potentials and the Dirichlet Problem

It is implicit in the proof of Theorem 14 that the isomorphism property of
S: L*(I') - H! (") extends to the scale of homogeneous Sobolev spaces. When
I' is a bounded Lipschitz surface the corresponding result is well known, see for
example [22, Theorem 8.1].

Corollary 15. Let T be an unbounded Lipschitz graph. For every 0 < s < 1,
H™() — H'™(I)
is an isomorphism.
Proof. Following the proof of Theorem 14, we see for every 0 < s < 1 that
IR fll2we.ae) = N f o)1 = W IlL2m2, 612 gg)» S € dom(R).

R: L*>(R?,d¢) — L?*(R?,dé) has dense range by the isomorphism property of
(31). It follows that R® extends to an isomorphism R*: L*(R2, |g|72 dg) —
L%(R?, d¢), and, by duality, to an isomorphism R*: L>(R?, d&) — L>(R?, |£]>).
Thus R extends to an isomorphism

R=R'"R: PR 5172 d§) — L2®?, 51717 d§).
This is equivalent to the statement of the corollary. O

Consider the homogeneous Sobolev spaces on I'y and I'_,
H'(Iy) = {F € Lige(T2) I F Iy / IVF?dV < oo}.
s

These are Hilbert spaces as quotient spaces over the constant functions. The sub-
spaces of harmonic functions are given by

H! (1) ={U € H'(Tx) : AU =0in 'y},

It follows from equations (22) and (23) that, evaluating S f in either I'y or I'_ for
a charge f, S extends to bounded maps

S: £ — H} (Ty).

By the trace inequality [15 Theorem 2. 4] and the method of [12], there are (unique)
continuous traces Try : H! Ty) — HY 2(F) By the corresponding result for
bounded Lipschitz surfaces I" [8], and by considering smooth cut-off functions, we
see that Tro Sf = Sf for f € L2(I'). By Corollary 15, both sides of this equation
extend continuously to H~1/2(I") ~ £(I"), and we conclude that

Try Sf =Tr_Sf =Sf e H/2I), fe&M).

This leads to the following result on the interior Dirichlet problem (of course, we
could equally well make the analogous statement for the exterior Dirichlet problem):
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Corollary 16. The trace Try : H}f Ty — HY (') is an isomorphism. That is,
the Dirichlet problem

Jr, [VU|?dV < oo,
AU =0inTy,
Tr. U =g e H/2D),

is well-posed. The unique solution U is given by a single layer potential, U = Sf,
where f € E(I'). Hence S: E(I') — H}f (T'y) is an isomorphism.

Proof. Giveng € H'/2(T"), there s by Corollary 15an f € £(I") suchthatSf = g
in H/2(I'). Then U = S fin H,} (I"'4+) solves the Dirichlet problem. Uniqueness
is given by [45, Theorem 7.1.2]. Corollary 15 shows that S: £(I') — th (I'y) is
injective, while surjectivity is given by well-posedness of the Dirichlet problem. O

5. The Energy Space Spectrum

We now return to the situation where I' = I’ is the boundary of a wedge of
opening angle «. Recall from Section 2 that

_ 0 Ky _ So S«
ae($ ) a3 %)
where K f = f % ky and, by equation (10), Sg f = Vi f x sg, with convolution
kernels given by

ko(s. 1) sin o 1
5,1) = —
¢ 27 (1 + 52 —2scosa + 12)3/2
and
¢.1) 1 1
sg(s, 1) = — )
p 47 (1 + 52 — 2scos B +12)1/2

Here, as before, V,,, y € R, is the operator of multiplication by A™" = x7.

For technical purposes, we begin by establishing some mapping properties of
Sy and K, refraining from working out the much more general statement that
could be given. For 1 £ p < oo we write L”%(dxdz) = LP(x?dxdz) and
LP4(Ty) = LP%(dxdz) @ LP“(dx dz).

Lemma 17. The following operators are bounded:

Sq: L2H(Ty) — L7121, Ko : L24(Tg) — L*V/4(Ty),
Ko: L33 (T, — LY3V8(T,),  Ki: LY (T,) — LY7V2(1,).

Proof. Note first that V,sg € L9(G) for B € {0, a} if and only if I < g < 2 and
0 < aq < g — 1. To see this, note that 0 < s, < 50 and that if ¢ > 1, then
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ds e’} Saq—l
| Vasolld, = / f dr — c/ - s
e oo((1—s>q+z2>q/2 s Ty M—semt T

where ¢, > 01is a constant. We now let g = 4/3. By Young’s inequality, Lemma 1,

1S fll L4401 (dx dz) = Vitaf * VasgliLacy = 1V3a+a f 2y 1 VasgllLas o)
S I llz2/242a gy dzys

whenever 8 € {0,a} and 0 < a < 1/4. This yields that S, : L>3/4(I'y) —
L*~1/2(r",) is bounded upon choosing a = 1/8.

ThatK, : L>3/4(I'y) — L*3/4(I'y) is bounded is part of Lemma 6. The bound-
edness of K, : L*/31/8(1,) — L*3:1/8(,) also follows from (the proof of) that
lemma, since it shows that V7,32kq € L'(G), and by Young’s inequality

| Koo fll 473178 dx dzy = 1V21/32 F * Var32kall 1436
S WVarsz2 fllLaney I Vazyszkall gy S I Lam18ax dz)-

This last estimate also proves that K : L*~1/2(T,) — L*~1/2(T) is bounded,
since L4"1/2(Fa) is the dual space of L4/3’1/8(FO,) under the LZ(F)—pairing. O

The lemma allows us to motivate the Plemelj formula SK = K*§ for the
unbounded Lipschitz graph Iy, .

Lemma 18. The Plemelj formula is valid for Ty when either side of the equation
is interpreted as a bounded operator from L*3/*(Ty) into L*>~V/2(T'y). That is,

SeKy = KiSy : L23/4(Ty) — LY 7V2(Ty,).

Proof. Choose a sequence (I'/ );‘;1 of bounded connected Lipschitz surfaces such

that (I'/ N Fa)?‘;1 is an increasing exhaustion of I',. The choice of sequence can
be made so that for any compact set K C I'y it holds for sufficiently large j that

dist(K, T/ \ Ty) ~ j, / doj > j2,
rJ

where do; denotes the surface measure of I'/. Suppose that f, g € Lg(FQ). For
sufficiently large j we can understand f and g as functions on I'/, and then, by the
Plemelj formula for bounded domains [59, Theorem 3.3],

(Krj f,Srig)r2ariy = Sri fs Krig) 2 iy, (36)
where Kp-; and Sp; denote the layer potentials of I'/. Note that

(Krj f. Sr./g)LZ(rj) = (Ko f, Sag)LZ(F!'ﬂFa) + (Kpj f, SF/8>L2([‘./\FQ)7 (37)

where

1 .
Krs £ Srsdzenry| S 75 fr oy 0, o



KARL-MIKAEL PERFEKT

Since, by Lemma 17, K, f € L*31/8(I',) and Sqg € L*~1/%(I',), we deduce
from (37) that

(Kri £ Srig) 2qriy = Ko fs Se8)r2ry)s J —> 00.

Similarly, (Spj f, Krjg) r2riy = (Sef, Kag)2(r,)- By (36) we conclude that

(Ko f. Sag)12(ry) = (Saf Kagdr2ry. frg € LAD). (38)

The operators Sy Ky, KES, : L23/4(I'y) — L*~1/2(I'y) are bounded, by Lemma 17.
Hence we infer from (38) that they are equal, Sy K, = K¥S,. O

Lemmas 17 and 18 let us define K, as an unbounded symmetric operator on
E([Ty). We will later see that K, : £(I'y) — E(I'y) is bounded (and hence self-
adjoint).

Lemma 19. Let
D(Ty) = L23/4(y) N LY38(Ty).

Then LZ(FO{) C D([Ty) C E(y), the second inclusion understood in the natural
way such that

(f.8erws = Safi 812w, f &€ D). (39)

Furthermore, Ky D(I'y) C D(T'y). Thus Ky : E(Ty) — E(Ty) is densely defined
with domain D(I'y), and this operator is symmetric.

Proof. By Holder’s inequality, L%(F «) C D(Ty). Let (I'/ )?‘;] be an increasing
exhausting sequence of compact subsets of

Fe \{(0,0,2) : z € R}.

Given f € D(I'y) and j = 1, let fi=xrif € LZ(FO,). Then f; — fin D(I'y).
Hence (f, /)?O | is a Cauchy sequence in £(I'y), since, by Lemma 17 and the duality

between L*~1/2(I',) and L*/31V/8(T,),

||fj_fk||%(ra) = ISa(fj = f)ll a2y 1 fj = ficll pasisry,y = 0, j, k — oo,
(40)
Therefore (f j);?o | Tepresents an element of £(I'y) such that

lim (f7. )12y = (£ Q)12 & € AT CE®RY.

Since £(Ty) ~ H™Y2(T'y) by Theorem 14, this shows that (fj);?":1 corresponds
to the element f € H~/2(I'y). In particular, the map

Do) > f > (fNF € ETw)

is injective. Hence it is justified to consider D(I'y) a linear subspace of E(I'y).
Equation (39) follows from (40) and Lemma 17.

That K, D(T'y) C D(I'y) is a consequence of Lemma 17, and the symmetry of
Ky: ETy) = E(Ty) isLemma 18. 0O
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Our next goal is to prove that K, : £(T'y) — &('y) is actually bounded and to
give the correct estimate for its norm. For y € R, let

— VV 0
w00

and consider for 0 < a < 1 the space &(Iy) = V,E(Ty), the completion of
V4D(I'y) under the scalar product

(f, 8) e, ) = (VoaSeV_y f, g)LZ(Fa) = (Vi-aSeV_s f, 8>L2q71(ra)- (41)
The following is obvious by definition and Lemma 19:

Lemma 20. For 0 < a < 1, Ky: ETy) — E(y) is unitarily equivalent to
VKo V_y: E,(Ty) = E4(Ly), the latter operator having domain V,D(Ty,).

We now run a symmetrization argument (cf. [26, Theorem 2.2]) to prove that

IKal By = IVaKaV_allpra-1(r,) = IKallp22e-1(r,y, 0<a <1
The norm on right-hand side was computed in Theorem 10, and taking a — 1
yields
Theorem 21. K, : £(Ty) — £(T'y) is bounded with norm

IKallperyy = 11 —a/ml. (42)

Proof. Let 0 < a < 1, and consider a function f € L*(Ty,), compactly supported
inTy \ {(0, 0, 2) : z € R} and satisfying

V_of do = 0.
o

The space of such functions is included in V,D(I'y) and dense in &,(I'y), which
follows from the fact that VaLz(I‘) is dense in &, ('), together with a small
modification of the proof of Lemma 13. Let K C I'y \ {(0,0,z) : z € R} be a
compact set such that f is compactly supported in the interior of K. Then

xkVi—aSaVoaf € L*71(Ty)

by the usual mapping properties of the single layer potential on abounded connected
Lipschitz surface. For r € 'y, \ K, we have by Lemma 13 that S,V_, f(r) =
O((1 +|r/»~"). Hence

00 x2(-a) dx

o0
Vi—aSe V- - < 4z =
Xtk Vi—aSaV_a £l WN/O f_oo Tl

T [ x2-a) gy
= — _— oo’
2/0 T+ %

since 0 < a < 1. We conclude that

Vi—aSa Vo f € L1 (Ty).
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Since f € V,D(I'y) and the symmetric (at this stage possibly unbounded)
operator V,K,V_,: &,(Ty) = E,(y) preserves V,D(I'y), we find that

1/2 1/2 1/2
IVaKaV_af e,y = (F. VaK2V_a f1d ) S NP1 e IVaK2Y a f 1l 5 -

Repeating the estimate inductively gives us that

2= J —J .
IVaKa Voo fllg,wa) S NFIE G IVaKE Vo FlZ, iy G2 1.

Estimating the right-most norm with the help of (41) yields that

VKo V_y flle, o)

1—2-J —j-1 J+l —j-1
S IFllg, ey Vi-aSa Vi 172 IVaKE ™ Vea Fll72

1—2-J —j-1 —Jj-1
S U llg, ey IVi—aSaVoa F 1721 1 F 1721 ) IV aKa Vall 210y ))-

Since f and V|_,S,V_, f belong to L%-1 (T'y), in letting j — oo we conclude
that

|VaKaV—a ||B(£a(1“a)) § ”VaKaV—a ||B(L2»*1 T))®
as promised. In particular, K, : £(T'y) — £(I'y) is bounded. By Theorem 10,

sin (1 —a)(mr — ))
sin ((1 —a)m)

1Kl Bery) =

IVaReV_allgr2-1r,) =

We obtain (42) when we leta — 1. O

Remark. The reason for not directly considering @ = 1 in the proof is that
it appears difficult to find an appropriate dense class of functions f for which
VieaSaVoaf =SaVo1f € L>7'(Ta).

We are finally in a position to determine the spectrum of K, : £(I'y) — E(Ty).
Let us begin by describing an unsuccessful approach, which nonetheless is illumi-
nating. By inspection of (8) we see that

K* = VKo V_1. (43)

Hence Lemma 20 for a = 1 says that K, : £(I'y) — E£(I'y) is unitarily equivalent
to K : £1(Fy) = E1(I'y). The scalar product of £1(I'y) is given by

(fs 81y = Sef: g r2-1r,), [f8€ViDTa), (44)

where §a = S¢V_j. Note that §a is a block matrix of convolution operators on the
group G. Plemelj’s formula, Lemma 18, says that S, and K}, commute,

SeKE f =SeKoV_1 f =KiSo f. f € ViD(T,).

Suppose that we could construct a suitable square root of §a which commutes with
K?. Then, in view of (44), it should be possible to conclude that

S)?: E1(Ty) — L> 1 (Ty)
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is a unitary map. It would hence follow that K, : £(T'y) — E(Iy) is unitarily
equivalent to K¥: L>~!1(I'y) — L?>~!(I'y), which in turn, by (43), is unitarily
equivalent to Ky : L>Y4Tr,) — L>1(T,). We have already computed the spectrum
of this latter operator in Theorem 10.

Unfortunately, while the scalar product (44) is a positive definite form, it is
not clear to the author how to construct the desired square root. Therefore we will
compare K% : 1(I'y) — & (Ty) with K% : L2~ 1(I'y) — L?~!(Ty) inan indirect
way, yielding slightly less information.

Theorem 22. The bounded self-adjoint operator Ky : E(T'y) — E(Ly) satisfies
that

0 (Ka, E(Ta)) = 0es (K, ETa)) = 0 Ky, L' (Tg)) = [—|1 — /x|, |1 — /7],
Proof. Let I =[—|1 —a/n|, |1 — a/7|]. By Theorem 21 we already know that
oKy, E(Ty)) = o (Kj, £1(Ty)) C I

Suppose that A is a non-empty open subset of 7 \ o (K%, £1(I'y)). Since, by Theo-
rem 10,

o (K%, L*7(Tg)) = 0(Kg, L*'(Tg)) = 1

we can, by the functional calculus of the self-adjoint operator K7 : L>~1(y) —
L>~1(I'y), choose a continuous function # with compact support in A and a func-
tion f € Vng(Fa) such that A(K}|;2-1) f # 0. Let (hy,);2 | be a sequence of
polynomials such that 4, — h uniformly on I as n — oo. Then

hy (K| 2-1) f = h(KE|p2-1) f

in L>~1(I'y), as n — oo. Accordingly, let g € V_jA~!C>®(R?) N L>1(T'y) be
such that
(ha(KGl2-0 1, )2y = ¢ #0, n— oo, (45)

On the other hand, g € (£ (T'y))*, the dual space understood with respect to the
L?(I'y)-pairing, since £1([y) =~ Vi H~/2(T'y) by Theorem 14. Furthermore,

feViD(Ty) NL*(Ty) C &1(Te) N L> 71Ty,

and K? preserves the space V{D(I'y) N L2~ 1(Ty), by (43) and Lemmas 6 and 19.
Since h, — 0 uniformly on o (K%, £1(I'y)), we conclude that

(hn (Kol 2-0 1, &) 2ry) = (K le) fr &) 2ryy — 0, 1 — 00,
a contradiction to (45). Hence it must have been that
0Ky, E(Ty)) = 1.

Since the spectrum of the self-adjoint operator K, : £(I'y) — E£(I'y) is an interval,
a set without isolated points, it is of course essential. O
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Remark. The statement of Theorem B follows by combining Theorems 10 and
22.

To apply Theorem 22 to the transmission problem, we need to define the normal
derivatives 9,7V and 8, V of interior and exterior approach for harmonic functions
V e H,}(Fa,i), see Section 4.2. Suppose that U = S, f and V = S, g for some
charges f, g € L%’O (I'y). Then, by the usual approximation argument with bounded
Lipschitz domains, Green’s formula

(VU, VV)LZ(FO( L) = i/ Tri Uaﬁtv do = :I:(Trj: U, 8r:ltV)L2(Fa)
s r,

holds, where the normal derivatives BfV are given by (19). Recall that L%)O(I‘a)
is dense in £(I'y) and that Se: E(Ty) — H(Tg4) and Try: H (Ty1) —
H'Y2(Iy) are isomorphisms, by Lemma 13 and Corollary 16, respectively. It fol-
lows that BniV € E(Ty) ~ (HY2(Iy))*, and, furthermore, that 825 extends con-
tinuously to a bounded map

3F: Hl (Tyx) — E(Ty).

Since Ky : E(I'y) — E(y) is bounded, the jump formulas (20) extend continu-
ously to £(T'y),

1 1
a;rSotf = E(f_Kotf)v ar?Saf(r) = E(_f_Kotf)v felly). (46)

Corollary 23. Let 1 # € € Cand f € H'2(T'y). Then the transmission problem

Jps IVU2dV < o0,

AU =0inTq UT, _,

Ty U—Tr U= feH/*T,),
U —ed,U=ge H Ty

is well posed (modulo constants) for all g € E(I'y) ~ I-'Ifl/z(l"a) if and only if

1+e€
1—c¢

¢ [=Il —a/m|, [l —a/m|]. (47)

Proof. By Corollary 16 there are densities i+ € £(I'y) and a constant ¢ such that
U=Syhy+cinTy4and U = Syh_ + c in 'y, . By the jump formulas (46),
the transmission problem is then equivalent to the system

Sulhy —ho) = f.

(Ka _ 1&11) hy = —1 [2¢ + €Ky + D(hy — ho)]

1—e

on I'y, where I denotes the identity map. This system is uniquely solvable if and
only if (47) holds, by Corollary 15 and Theorem 22. O



The Transmission Problem on a Three-Dimensional Wedge

Acknowledgements. The author thanks JOHAN HELSING, ANDERS KARLSSON, and ToB1AS
Kuna for helpful discussions. The author is also grateful to the American Institute of Math-
ematics, San Jose, USA and the Erwin Schrodinger Institute, Vienna, Austria, in each of
which some of this work was prepared.

Open Access This article is distributed under the terms of the Creative Commons Attribu-
tion 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which permits
unrestricted use, distribution, and reproduction in any medium, provided you give appropri-
ate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.

10.

11.

12.

13.

14.

15.

16.

17.

References

. ABRAMOWITZ, M., STEGUN, [.A.: Handbook of Mathematical Functions with Formulas,

Graphs, and Mathematical Tables, 9th printing. Dover, New York, 1972

. ALU, A., SILVEIRINHA, M.G., SALANDRINO, A., ENGHETA, N.: Epsilon-near-zero meta-

materials and electromagnetic sources: tailoring the radiation phase pattern. Phys. Rev.
B 75, 155410 (2007)

. AMMARI, H., MILLIEN, P, Ruiz, M., ZHANG, H.: Mathematical analysis of plasmonic

nanoparticles: the scalar case. Arch. Ration. Mech. Anal. 224(2), 597-658 (2017)

. AmMARI, H., Ruiz, M., Yu, S., ZHANG, H.: Mathematical analysis of plasmonic reso-

nances for nanoparticles: the full Maxwell equations. J. Differ. Equ. 261(6), 3615-3669
(2016)

. BaHourl, H., CHEMIN, J.-Y., DANCHIN, R.: Fourier Analysis and Nonlinear Partial

Differential Equations, Grundlehren der Mathematischen Wissenschaften, Vol. 343.
Springer, Heidelberg, 2011

. BONNETIER, E., ZHANG, H.: Characterization of the essential spectrum of the Neumann—

Poincaré operator in 2D domains with corner via Weyl sequences. Rev. Mat. Iberoam.
(to appear). arXiv:1702.08127

. CHANDLER-WILDE, S.N., HEWETT, D.P., MoioLa, A.: Interpolation of Hilbert and

Sobolev spaces: quantitative estimates and counterexamples. Mathematika 61(2), 414—
443 (2015)

. CosTABEL, M.: Some historical remarks on the positivity of boundary integral operators,

Boundary element analysis. Lecture Notes in Applied and Computational Mechanics,
Vol. 29. Springer, Berlin, 1-27, 2007

. COSTABEL, M., STEPHAN, E.: A direct boundary integral equation method for transmis-

sion problems. J. Math. Anal. Appl. 106(2), 367-413 (1985)

DAHLBERG, B.E.J., KENIG, C.E.: Hardy spaces and the Neumann problem in L? for
Laplace’s equation in Lipschitz domains. Ann. Math. (2) 125(3), 437-465 (1987)

D1 NEezza, E., PaLatuccl, G., VaLbinocl, E.: Hitchhiker’s guide to the fractional
Sobolev spaces. Bull. Sci. Math. 136(5), 521-573 (2012)

DING, Z.: A proof of the trace theorem of Sobolev spaces on Lipschitz domains. Proc.
Am. Math. Soc. 124(2), 591-600 (1996)

DoBrzyNsKI, L., MARADUDIN, A.A.: Electrostatic edge modes in a dielectric wedge.
Phys. Rev. B 6, 3810-3815 (1972)

DurLo, M., MooRrE, C.C.: On the regular representation of a nonunimodular locally
compact group. J. Funct. Anal. 21(2), 209-243 (1976)

EiNav, A., Loss, M.: Sharp trace inequalities for fractional Laplacians. Proc. Am. Math.
Soc. 140(12), 42094216 (2012)

ELSCHNER, J.: Asymptotics of solutions to pseudodifferential equations of Mellin type.
Math. Nachr. 130(1), 267-305 (1987)

Escauriaza, L., FABES, E.B., VERCHOTA, G.: On aregularity theorem for weak solutions
to transmission problems with internal Lipschitz boundaries. Proc. Am. Math. Soc.
115(4), 1069-1076 (1992)


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1702.08127

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

KARL-MIKAEL PERFEKT

EscAaURriazA, L., MITREA, M.: Transmission problems and spectral theory for singular
integral operators on Lipschitz domains. J. Funct. Anal. 216(1), 141-171 (2004)
EymaARrD, P, TErRP, M.: La transformation de Fourier et son inverse sur le groupe des
ax + b d’un corps local, Analyse harmonique sur les groupes de Lie (Sém., Nancy-
Strasbourg 1976-1978), 11, Lecture Notes in Mathematics, Vol. 739, 207-248

Fages, E.B., JobEiT, M. JR., RIVIERE, N.M.: Potential techniques for boundary value
problems on C!-domains. Acta Math. 141(3-4), 165-186 (1978)

FaBgs, E.B., Jopeit, M., Jr., LEwIs, J.E.: Double layer potentials for domains with
corners and edges. Indiana Univ. Math. J. 26(1), 95-114 (1977)

FaBEs, E., MENDEZ, O., MITREA, M.: Boundary layers on Sobolev-Besov spaces and
Poisson’s equation for the Laplacian in Lipschitz domains. J. Funct. Anal. 159(2), 323—
368 (1998)

FUHR, H.: Hausdorff—Young inequalities for group extensions. Can. Math. Bull. 49(4),
549-559 (2006)

GELFAND, 1., NEUMARK, M.: Unitary representations of the group of linear transforma-
tions of the straight line. C. R. (Doklady) Acad. Sci URSS (N.S.) 55, 567-570 (1947)
GRACHEV, N.V., MAZ’YA, V.G.: The Fredholm radius of integral operators of potential
theory, Nonlinear equations and variational inequalities. Linear operators and spectral
theory (Russian), Probl. Mat. Anal., Vol. 11, 109-133, 251, 1990 (translated in J. Soviet
Math. 64(6), 1297-1313, 1993)

Hassl, S., SEBESTYEN, Z., DE SNoo, H.S.V.: On the nonnegativity of operator products.
Acta Math. Hungar. 109(1-2), 1-14 (2005)

HELSING, J., PERFEKT, K.-M.: On the polarizability and capacitance of the cube. Appl.
Comput. Harmon. Anal. 34(3), 445-468 (2013)

HELSING, J., PERFEKT, K.-M.: The spectra of harmonic layer potential operators on
domains with rotationally symmetric conical points. J. Math. Pures Appl. 118(9), 235—
287 (2018)

HOFMANN, S., MITREA, M., TAYLOR, M.: Singular integrals and elliptic boundary prob-
lems on regular Semmes—Kenig—Toro domains. Int. Math. Res. Not. IMRN 14, 2567-
2865 (2010)

Kang, H., Lim, M., Yu, S.: Spectral resolution of the Neumann—Poincaré operator on
intersecting disks and analysis of plasmon resonance. Arch. Ration. Mech. Anal. 226(1),
83-115 (2017)

KENIG, C.E.: Recent progress on boundary value problems on Lipschitz domains, Pseu-
dodifferential operators and applications (Notre Dame, Ind., 1984). Proceedings of the
Symposium in Pure Mathematics, Vol. 43. American Mathematical Society, Providence,
175-205, 1985

KHALIL, I.: Sur I’analyse harmonique du groupe affine de la droite. Stud. Math. 51,
139-167 (1974)

KHAVINSON, D., PUTINAR, M., SHAPIRO, H.S.: Poincaré’s variational problem in poten-
tial theory. Arch. Ration. Mech. Anal. 185(1), 143—-184 (2007)

KLEIN, A., Russo, B.: Sharp inequalities for Weyl operators and Heisenberg groups.
Math. Ann. 235(2), 175-194 (1978)

KLEPPNER, A., LipsMAN, R.L.: The Plancherel formula for group extensions. 1. Ann.
Sci. Ecole Norm. Sup. (4) 5, 459-516 (1972)

KLEPPNER, A., LipsmAN, R.L.: The Plancherel formula for group extensions. 1. Ann.
Sci. Ecole Norm. Sup. (4) 6, 103-132 (1973)

Kozrov, V.A., MAZ’vA, V.G., RossMANN, J.: Elliptic Boundary Value Problems in
Domains with Point Singularities, Mathematical Surveys and Monographs, Vol. 52,
American Mathematical Society, Providence, 1997

KREIN, M.G.: Compact linear operators on functional spaces with two norms. Integr.
Equ. Oper. Theory 30(2), 140-162 (1998). Translated from the Ukranian, dedicated to
the memory of Mark Grigorievich Krein (1907-1989)

Lewis, J.E.: Layer potentials for elastostatics and hydrostatics in curvilinear polygonal
domains. Trans. Am. Math. Soc. 320(1), 53-76 (1990)



40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

The Transmission Problem on a Three-Dimensional Wedge

LEwis, J.E.: A symbolic calculus for layer potentials on C! curves and C! curvilinear
polygons. Proc. Am. Math. Soc. 112(2), 419-427 (1991)

Lewis, J.E., PARENTI, C.: Pseudodifferential operators of Mellin type. Commun. Partial
Differ. Equ. 8(5), 477-544 (1983)

LioNs, J.-L., MAGENES, E.: Non-homogeneous Boundary Value Problems and Applica-
tions, Vol. 1. Springer, New York, 1972. Translated from the French by P. Kenneth, Die
Grundlehren der mathematischen Wissenschaften, Band 181

MaXWELL GARNETT, J.C.: VII. Colours in metal glasses, in metallic films, and in
metallic solutions. II. Philos. Trans. R. Soc. A 205(387-401), 237-288 (1906)
McCARTHY, JoHN E.: Geometric interpolation between Hilbert spaces. Ark. Mat. 30(2),
321-330 (1992)

MEDKOVA, D.: The Laplace Equation: Boundary Value Problems on Bounded and Un-
bounded Lipschitz Domains. Springer, Berlin, 2018

MiLTON, G.W.: The Theory of Composites. Cambridge University Press, Cambridge,
2002

MITREA, .: On the spectra of elastostatic and hydrostatic layer potentials on curvilinear
polygons. J. Fourier Anal. Appl. 8(5), 443-487 (2002)

MITREA, M., WRIGHT, M.: Boundary value problems for the Stokes system in arbitrary
Lipschitz domains. Astérisque, 344, viii+241 (2012)

Nicorovict, N.A., MCPHEDRAN, R.C., MILTON, G.W.: Transport properties of a three-
phase composite material: the square array of coated cylinders. Proc. R. Soc. Lond. A
442(1916), 599-620 (1993)

NIKOSHKINEN, K.I., LINDELL, I.V.: Image solution for Poisson’s equation in wedge
geometry. I[EEE. Trans. Antennas Propag. 43(2), 179-187 (1995)

PERFEKT, K.-M., PUTINAR, M.: Spectral bounds for the Neumann—Poincaré operator on
planar domains with corners. J. Anal. Math. 124(1), 39-57 (2014)

PERFEKT, K.-M., PUTINAR, M.: The essential spectrum of the Neumann—Poincaré op-
erator on a domain with corners. Arch. Ration. Mech. Anal. 223(2), 1019-1033 (2017)
Qi1A0, Y.: Double layer potentials on three-dimensional wedges and pseudodifterential
operators on Lie groupoids. J. Appl. Math. Anal. Appl. 462(1), 428-447 (2018)

QI1A0, Y., NISTOR, V.: Single and double layer potentials on domains with conical points
I: straight cones. Integr. Equ. Oper. Theory 72(3), 419-448 (2012)

SCHARSTEIN, R.W.: Green’s function for the harmonic potential of the three-dimensional
wedge transmission problem. IEEE. Trans. Antennas Propag. 52(2), 452-460 (2004)
SCHMUDGEN, K.: Unbounded Self-Adjoint Operators on Hilbert Space, Graduate Texts
in Mathematics, Vol. 265. Springer, Dordrecht, 2012

SHELEPOV, V.YU.: On the index and spectrum of integral operators of potential type
along Radon curves. Mat. Sb. 181(6), 751-778 (1990)

VALAGIANNOPOULOS, C.A., SIHVOLA, A.: Improving the electrostatic field concentra-
tion in a negative-permittivity wedge with a grounded “bowtie” configuration. Radio
Sci. 48(3), 316-325 (2013)

VERCHOTA, G.: Layer potentials and regularity for the Dirichlet problem for Laplace’s
equation in Lipschitz domains. J. Funct. Anal. 59(3), 572-611 (1984)

WALLEN, H., KETTUNEN, H., S1HVOLA, A.: Surface modes of negative-parameter inter-
faces and the importance of rounding sharp corners. Metamaterials 2, 113-121 (2008)
Yu, S., AMMARI, H.: Plasmonic interaction between nanospheres. SIAM Rev. 60(2),
356-385 (2018)



KARL-MIKAEL PERFEKT

KARL-MIKAEL PERFEKT
Department of Mathematics and Statistics,
University of Reading,

Reading,

RG6 6AX,

UK.
e-mail: k.perfekt@reading.ac.uk

(Received June 6, 2018 / Accepted September 4, 2018)
© The Author(s) (2018)



	The Transmission Problem on a Three-Dimensional Wedge
	Abstract
	1 Introduction
	2 Convolution Structure of Layer Potentials on the Wedge
	2.1 Computations for the Wedge
	2.2 Convolution Structure and Harmonic Analysis
	2.3 Multiplication Operators

	3 The L2-Spectrum
	4 The Energy Space on Unbounded Lipschitz Graphs
	4.1 Identification with a Fractional Homogeneous Sobolev Space
	4.2 Single Layer Potentials and the Dirichlet Problem

	5 The Energy Space Spectrum
	Acknowledgements.
	References




