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Abstract In radiative transfer schemes for urban areas it is commappooximate
urban geometry by infinitely long streets of constant widthpther very idealized
forms. For solar and thermal-infrared radiative transfgpl@ations, we argue that
horizontal urban geometry is described uniquely by the abdhy distribution of
wall-to-wall separation distances. The analysis of bagdiayout from contrasting
neighbourhoods in London and Los Angeles reveals this fomtd be well fitted by
an exponential distribution. Compared to the infinite-atn@odel, this exponential
model of urban geometry is found to lead to a significantlyerescurate description
of the rates of exchange of radiation between the sky, thiswal the streets of an
urban canopy.

Keywords Radiative transfer Street canyon Urban Meteorology

1 Introduction

With the increasing urbanization of the world’s populat{@imited Nations, 2015)
and the ever higher resolution of weather and climate moded¢se is a need to
improve the fidelity with which urban areas are represemezlich models. This is
a pre-requisite for better prediction of the urban-helatrid effect and its impact on
both city inhabitants at street level and the atmospherendtream (e.g. Grimmond
et al., 2010). The complexity and variety of urban structwi¢h streets of different
widths, intersections, parking areas and parks, preseotsmkenge for modelling
both the exchange of solar and thermal-infrared radiatiad,the turbulent transport
of heat, momentum and pollutants. Inevitably the geometngtnbe simplified in
order that processes can be represented efficiently, ancbthplexity needs to be
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2 Robin J. Hogan

commensurate with the small number of parameters that pieatly available to
describe variations in urban geometry within regional alotbgl models.

In the case of urban radiation schemes, a common simplditadi to consider
an infinitely long street of fixed width with random azimutloslentation relative to
the sun (e.g. Masson, 2000; Harman et al., 2004; Li et al.6R0ah the horizon-
tal plane, the geometry of this ‘infinite-street model’ camdescribed by just two
parameters: the fraction of built-up area occupied by s, Ap, and the street
width, W. These are accompanied by the building heigghtwhich is typically as-
sumed constant. From these parameters, several radiatharge factors (called
shape factors by Harman et al., 2004) can be computed subke &sttion of direct
(i.e. unscattered) solar radiation that penetrates dowtréet level, and the fraction
of diffuse radiation emitted or scattered by the walls thattintercepts another wall.
Somewhat more sophisticated descriptions of horizontzmigeometry have been
proposed, such as a regular array of square-based blodkgwétsections at regular
intervals (Kondo et al., 2005), but in the intercomparisboran models by Grim-
mond et al. (2010), only six of the 33 models described hotalourban geometry
by anything more sophisticated than an infinite-street canj\ number of models
now incorporate radiative interaction with buildings offeient height (e.g. Martilli
et al., 2002; Schubert et al., 2012) and street trees (Krafént al., 2014; Redon
etal., 2017), but they are still typically underpinned bg thfinite-street assumption.
Clearly there is a need to test and if necessary improve $isismaption.

In this paper an alternative ‘exponential model’ for chéeszing horizontal ur-
ban geometry is proposed and evaluated. It uses the samesnofmtarameters as
the infinite-street model, yet has the potential to desdfilgemuch more complex
geometry of real cities. Section 2 demonstrates that foptinposes of radiation, hor-
izontal building layout may be described uniquely by thebataility distribution of
wall-to-wall separation distances, and it is shown how Hthative exchange factors
may be derived from this function. Section 3 describes hairtfinite-street model
may be posed in terms of this probability distribution, andfrms that the resulting
formulas for the radiative exchange factors match thoséenliterature. Section 4
introduces the exponential model, and derives altern&iraulas for these factors.
Then in Sect. 5, probability distributions are derived froeal building distributions
in residential and commercial parts of London and Los Argielad used to evaluate
the accuracy of the infinite-street and exponential modeterims of how well they
predict the ‘true’ radiative exchange factors. It is impoittto stress that radiative
exchange factors provide a convenient way of evaluating#fidity of the two as-
sumptions for radiative transfer, but do not themselvesasmt the important effects
of street trees, buildings of different heights, or abgorpby air in the urban canopy.
In Sect. 6 we discuss how the exponential model could be jporated into more
sophisticated schemes that do capture these effects.

2 Urban geometry in terms of probability distributions

We here consider how best to describe the horizontal digtoib of buildings, so
for simplicity we assume that all buildings are the same Itefgl) with flat roofs
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(a) Wall-to-wall distances (b) Ground-to—wall distances (c) Relationship
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Fig. 1 Plan view of a small section of an urban canopy illustrating definitions of the probability dis-
tributions pwy and pgw. (a) The red lines depict wall-to-wall distancesriginating from a small vertical
strip of wall (in blue); the probability distribution of from all such strips is denotegy(X). The thick-
ness of each line is proportional to the angle subtended dtitip in that particular direction. (b) The
green lines depict the ground-to-wall distanegfsom a small facet of the ground (depicted by the blue
square); the probability distribution &ffrom all such facets is denote®y(x). (c) lllustration of the prop-
erty that a single wall-to-wall distancé (the red line) is associated with ground-to-wall distanciesthe
range 0< x < X (shown by the four green lines), leading to the relationdlgfween the two probability
distributions given by (1). In each panel the buildings draw in light grey and the ground in black.

and vertical walls. Consider diffuse radiation emitted catsered from a thin verti-
cal strip of wall in a particular azimuthal direction. Sinealiation travels in straight
lines, the probability of it being intercepted by anothetlwather than escaping to
the atmosphere above or striking the ground, is a functiothefdistance between
the two walls and their height. To determine the fraction iffude radiation emit-
ted isotropically from all the walls in the neighbourhoodtimtercept another wall,
we need to considepw(X), the probability distribution of wall-to-wall horizontal
separation distances, considering all possible azimuth angles. Thus, a pedestri
walking away from a randomly selected point on a wall in a mndlirection has a
probability puw(x)dx of encountering another wall after walking a distance betwe
xandx+ dx. This is illustrated in Fig. 1a, where the variable thicksiekthe red lines
highlights that the probability of radiation being emittscattered from the strip in
a particular azimuthal directiop varies as the cosine of the angle betweeand the
wall normal.

For computing radiative exchanges between the groundrgetytand the walls,
we need insteafqw(x), the probability distribution of ground-to-wall horizaidis-
tances within the urban canopy at all possible azimuth andsiethis case, a pedes-
trian walking in a random direction from a randomly selegieiht at ground level
has a probabilitypgw(x)dx of encountering a wall after walking a distance between
andx+ dx, as illustrated in Fig. 1b.

There is a unique relationship betweggy and pgw, since as shown in Fig. 1c,
any single wall-to-wall distanc€ can be split into many ground-to-wall distanoes
wherex < X. Therefore, the probability densifyw(x) of a particular ground-to-wall
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4 Robin J. Hogan

distancex is proportional to the probability of > x:
R (1a)
Pow() = P9/ [ Pl (1b)

where (1b) normalizes the ‘raw’ distributigay,, such that the normalized distribution
Pgw integrates to unity.

From these two probability distributions, and assuming@iuan, we may com-
pute radiative exchange factofs;, which denote the fraction of radiation originat-
ing from source that illuminates destinatiof, where we assign the ground, wall
and ‘sky’ facets the subscriptsw ands, respectively. We add an additional possible
source subscript ‘0’ denoting direct solar radiation frdme sky facet, whereas all
other sources are diffuse. Some authors (e.g. Masson, 2060al., 2016) refer to
Fij as ‘sky view factors’, but we avoid this term as it is more coomty used in the
literature to refer to the sky fraction viewed by an obsemtea specific point on a
facet (e.g. Johnson and Watson, 1984), rather than ineejoaer all points on a facet
as signified byF;. All the equations for thé;; exchange factors that follow involve
integration over one of the two probability distributionsoae, and may be applied
either analytically to parametric models for the probapiiistributions (as in Sects.
3 and 4), or numerically to probability distributions dexilfrom real building layouts
(as in Sect. 5).

Consider first direct solar radiation, which travels honiadly a distance be-
tween the top and bottom of the urban canopy given by

Xo = Htan6y, (2)

whereg, is the solar zenith angle. This means that direct radiativ@rang the top of

the canopy at a particular point only penetrates to grouvel iethe nearest wall in
the azimuthal direction of the radiation is at least a distag away. Therefore, the
fractionFoq of direct radiation just below canopy top that penetrategrdt ground

level without being intercepted by a wall is

Fog= | Po()c ©

Any direct radiation just below canopy top that does not hethe ground must be
intercepted by a wall, sBow = 1 — Fog.

The fraction of diffuse radiation emitted or scattered frgmund level that is
intercepted by a wall is

Fow = /O " Paw() Faw(H /X)cx, 4)

where fgw(H/X) is the fraction of diffuse radiation emitted from a small izon-
tal area at ground level into the quadrant towards a wall adhteH a distancex
away, which is intercepted by the wall. To derive an expoes8ir fyy, consider the
beam of radiation emitted from poirt in Fig. 2a that intercepts the wall at point
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(a) Ground-to-wall geometry (b) Wall-to-wall geometry

Fig. 2 Schematic of thin slices through an urban area illustratieggeometry used in Sect. 2 to compute
the fraction of diffuse radiation emitted or scattered fr@nthe ground and (b) a wall, which subsequently
intercepts a wall. If the wall @ has an azimuthal orientation such that the light beam stitle an oblique
azimuthal angle, then note that elemental lengtisdhe horizontal width of the beam, not the horizontal
length of the wall aB that is illuminated by the beam (which could be larger).

B. If the emission is isotropic then the radiative power irsthifinitesimally nar-
row beam is proportional to the solid angla df, multiplied by co® to account
for the dependence df of the angle subtended by the small horizontal area tat
an observer a@B. From geometry we haveAd= sin6dy/x, so the radiative power is
proportional to sirf cos6 dBdy/x. The fraction of radiative power emitted into the
quadrant < 6 < 11/2 that intercepts the wall is therefore given by

o ?sin@ cosd do
T72sin6cosfde’

fow(H /%) = (®)

where the g/x term is not a function 0 so cancels between numerator and denom-
inator. The critical zenith angle beyond which the beantstarintersect the building
is B; = tan1(H /x), so (5) simplifies to

fqu(H /) = Wl/H)z (6)

The fraction of diffuse radiation emanating from the grotinat escapes to the
sky is simply the fraction not intercepted by the walls, sooas writeFgs = 1 — Fgy,
or equivalently

Fys = /0 " paw(X) fas(H /x)x, )
where
1
1+ (H/x)2

Moreover, the symmetry of the problem with respect to theahg the ground im-
plies that for diffuse radiation emanating from the sky we weaite Fyy = Fgs and

fogs(H/X) = 1— fqu = (8)
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6 Robin J. Hogan

The fraction of diffuse radiation emitted or scattered frarwall that then en-
counters another wall is a function of the wall-to-wall pabiity distribution,

Fuw = || P fa(H ) ©
40

where fuw(H/X) is the fraction of diffuse radiation emitted from a small thicbf
wall (but all heights up the wall) that intercepts anothel wadistancex given that
the buildings are of heightl. This calculation is more involved as we need to inte-
grate over all emission heights. We def@qg,(z/x) as the fraction of diffuse radiation
emitted into the downward quadrant from a small area of wdiledgghtz that inter-
cepts the other wall at distanggerather than the ground. Consider the infinitesimally
narrow beam of radiation emitted from poifain Fig. 2b that arrives at poif. The
radiative power in the beam is again proportional to@d4 d8, wheref is now the
angle relative a horizontal line emanating from the wallhe direction ofB (not
necessarily the normal to the wall since the wall elements ahd B need not be
azimuthally parallel to each other). This tim# e cos6 dy/x, so the radiative power
is proportional to cas9 d@ dy/x, leading to

6 _1/2

co£0dd 2 z 2 X

Ow(Z/X) = 22— """ == |[tan 1=+ <2+—+—) . (10)
" T2cog0de T X @2

where the critical angle i§; = tan*(z/x). Integratinggwy over all heights up the
wall yields

1 /H 2 _4H
f"‘“’vfﬁ/o g\,mNdsz—Ttan X (12)

Note that here we have considered only radiation emittedtie downward quadrant
(0 < 8 < /2 in Fig. 2b), but the symmetry of the problem means that thetion
of diffuse radiation emitted from a wall into the equivalemward quadrant that
intercepts another wall is the same, so (11) is valid foratol emitted into either
guadrant.

In assessing different models for urban geometry, we sisallthe equations in
this section to evaluate how well the models predict the amgke factorgog, Fgs and
Fww. The other exchange factors are unigue functions of these;tlve have already
seen thafoy = 1 — Fog, Fgw = 1 — Fgs, Fsg = Fgs andFgy = Fgy. Furthermore, the
diffuse radiation emanating from a wall that does not hitthapwall must be evenly
divided between the sky and the groundFag = Fus = (1 — Faw)/2.

3 The infinite street canyon model

To demonstrate how the general approach in terms of pratyadistributions may be
applied to a specific geometry, we consider the case of iafjnlibng street canyons
of width W, a common assumption as discussed in Sect. 1. The wallltals&@nce
in the horizontal plane is then given by

x =W/ cosp, (12)



174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

An exponential model of urban geometry for use in radiatie@gfer applications 7

whereg is the azimuthal direction from the wall normal such tipat O is the direc-
tion of shortest distance across the street,@rdr/2 is directed along the street. If
the fraction of the urban area occupied by buildingdjshen the distance between
adjacent streets in directianis S=W/ [(1— Ap) cosg|. The probability of wall-to-
wall separation distances lying in the range x+ dx is then equal to the probability
of azimuthal angles lying in the rangeto ¢+ dg, i.e.

Pww(X)dX = p(¢)de. (13)

Each azimuthal street orientation is equally likely, imptythatp(¢) should be con-
stant, but from the definition @we see that the distance between streets in direction
@ is proportional to ¥ cosg, implying that the probability density of streets in direc-
tion @ is actuallyp(¢) = cosg. Differentiating (12) and substituting into (13) yields
Puww = COS’ @/ (Wsing). Using (12) to express this in terms \8f andx, and rec-
ognizing that this expression is only valid for distancegéda than the street width,
yields

W 0: X<W, 14
Pa (X, W) = VX%Z(XZ—WZ)*l/Z:x>W. (14)
The probability distribution of ground-to-wall distancssfound by applying (1) to
(14), to obtain

Pgw (X, W) = % (1 1- %W) : (15)

The radiative exchange factors may now be derived. Apply8jgto (15) we
obtain

C2[Y-x . 4W
Fogn{ W Htan Y], (16)

whereY = max(x3 —W?,0)%/2, This is mathematically equivalent to Eq. 13 of Mas-
son (2000). Similarly we apply (7) and (8) to (15), and (9) &ntl) to (14), to obtain
(after considerable manipulation)

[H2 H
Fos=1/ s +1——: 17
gs W2+ Wa ( )
[W2 W

which match the relations found previously (e.g. Sparrod @ass, 1970; Noilhan,
1981; Masson, 2000; Harman et al., 2004).
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8 Robin J. Hogan

4 The exponential model

In this section an alternative model for horizontal urbaorgetry is proposed in
which the two probability distributions are assumed todwallan exponential distri-
bution,

Puww(X) = Pgw(X) = exp(—x/X) /X, (19)
which satisfies the relationship between the two distramgigiven by (1). This distri-
bution was assumed for the separation of trees in the fadgitive-transfer scheme
of Hogan et al. (2018). The validity of the exponential mddelurban areas is evalu-
ated using real building layouts in the next section. As \high infinite-street model,
only one parameter is used to characterize the distributighis case the ‘e-folding’
building separatioiX. SinceX is also the mean value of the exponential distribution,
it can be interpreted physically as the mean wall-to-watatice considering all di-
rections (i.e. the mean length of the red lines in Fig. 1aherrhean ground-to-wall
distance (i.e. the mean length of the green lines in Fig. Hibyvever, when fitting
an exponential distribution to the geometry of real citide® method described in
Sect. 5 should be used rather than simply setfirig the observed mean wall-to-wall
separation distance.

The radiative exchange factors may again be derived by aygpllge integrals in
Sect. 2. The penetration of direct radiation to ground lelseb has an exponential
form,

Fog = exp(—xo/X), (20)
wherexg is given by (2). This is essentially the Beer-Lambert lavg ardicates that
the penetration of direct radiation through an urban scéreying the exponential
model is the same as the penetration of direct radiatiomutiira turbid medium with
an extinction coefficient that does not vary with height.

The radiative exchange factors for diffuse radiation haxegae complex form,

Fes=1+¢C {cosZ (SiZ — g) —sinZCiZ} ; (21)
FWW=1+%[cosz (Siz—g) —sinZCiZ] =1+,%(ng—1>, (22)

where{ = H/X, Si(-) is the sine integral and Cj is the cosine integral. In an op-
erational model, these exchange factors could be implerdegificiently as one-
dimensional look-up tables or Padé approximants.

Figure 3 compares the radiative exchange factors betweénfthite-street model
and the exponential model, as a function of the ratio of taial areaA,, to total
ground aredy. In the case of the infinite street, the ratio is

Aw/Ag=2H /W, (23)

since there are two walls for every street. For the expoabmthdel, we apply energy
conservation principles: if each surface of the urban aed the same temperature
(including the sky) and has an emissivity of unity then thergg emitted from a
surface equals the energy received. For the walls this leads

AwB = 2AgFguB + AwFunB, (24)
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Fig. 3 Comparison of radiative exchange factors between the tefstreet model and the exponential
model. The wall/ground area ratidy,/Ag, is defined in terms of the parameters of the two models by (23)
and (25), and varies in the range 0.26-1.4 for the scenegzaabin Sect. 5. Panel b showsg, for the
three different solar zenith angles indicated in the legend

whereB is the power emitted per unit area (in W-A), the term on the left-hand
side is the total power emitted from the walls, the first temrttee right is the power
received at the walls from the ground and sky (which is theejaand the second
term on the right is the power received from other walls. Cimg with (22), and
noting again thalgy = 1 — Fgs, we obtain

Aw/Ag = TH /X. (25)

Equations 23 and 25 enable the two models to be plotted orathe axes in Fig. 3.
These equations imply that the parameWrandX could be fitted to real cities from
measurements dk,/Ag, but in practice the wall ared,, is a somewhat ill-defined
guantity in that it depends on the resolution of the measargspand some buildings
have fine-scale details that are not important for radiatixehange. Therefore we
prefer the approach taken below, wh&/eandX are fitted such that one of the radia-
tive exchange factors is predicted exactly, and the vgliditthe model is assessed
by how well the other factors are predicted.

5 Analysis of real cities

Here, the wall-to-wall and ground-to-wall probability tlibution functions are com-
puted for real cities, from which the radiative exchangeédexare calculated numer-
ically. This enables us to evaluate the different approsiong to urban geometry
described in Sects. 3 and 4. Building outlines and heighte lieen obtained for
two cities, London and Los Angeles, and Fig. 4 depicts foum8<B km scenes
in which the buildings have been rendered on grid with a lootizl resolution of
Ax =2 m. The scenes have been chosen to be very contrastingréle¢ssn Cen-
tral London have an irregular layout and a range of differaidths, the Residential
London scene consists of a patchwork of rows of terracedihguBowntown Los
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Angeles consists of a grid layout with large buildings intebatock, and the Residen-
tial Los Angeles scene consists of a grid layout but with memgll detached houses
in each block. In the case of Central London, the locatiorhefRiver Thames has
been added manually using Google Maps imagery. The choi8e&8fkm domains
is a compromise between the need for a scene to be large etwsgmple streets of
different orientation and to minimize sampling noise in piebability distributions,
but small enough that the ‘character’ of the building layisugimilar everywhere in
a scene. The datasets do not contain information about tagidm of trees, which
are known to be important for urban radiative transfer (@nond et al., 2010), but
in Sect. 6 we discuss how our results could be incorporatedimore sophisticated
urban radiation scheme that includes urban vegetation.

Before analyzing the building spacings, a question arisée how to treat large
open areas such as rivers and parks. Most global weatheriarates models treat
each gridbox of the surface by a number of tiles of differgpes, including open
water, grassland and forest, in addition to urban. Whenrgageas are small, such
as gardens and small parks, their associated radiativeualndiént fluxes are sig-
nificantly affected by nearby buildings and they are besttéa as part of the urban
tile. When they are large and most of their area is a long wniigtdrom the nearest
building, it is more appropriate to treat them as a sepailatd-owever, there is no
consensus on the size of the green space at which the toarstitbuld take place. We
do not attempt to answer this question in this paper, buerakamine its effect on
the probability distributions.

Contiguous regions of the domain that are at least 0.5 heciararea and at
least 20 m from the nearest building or river pixel have béeniified automatically.
Google Maps was then used to manually determine whethersadhregion is a
parking area or plaza, a park, or a built-up surface not atpd by pedestrians
(such as a railway or major highway). Parking areas and plam assigned to the
same category as streets, while the other two are treatadstely as shown in Fig. 4.
The rationale of keeping major highways separate is thabbtiee main purposes of
an urban model is to predict the conditions experienced bDggigians at street level,
but the impact of this decision is investigated below. That tinree rows of Table 1
list some basic properties of the four scenes.

Each gridded scene has been analyzed in four azimuthatidinscas illustrated
in Fig. 5. Considering first the north—south and east-westtons in Figs. 5a and
5b, the scene is analyzed in one-dimensional strips of widtland in each strip the
transitions from building-to-street and street-to-binitdare identified. From these
the contiguous spans of the street category are identiffenlyrs by the red lines.
Note that in the first analysis any spans that include riyeasgs, railways or major
highways are excluded, but in the second analysis towaedsrtti of this section only
those including rivers are excluded. Thus we may build uptbbability distribution
of wall-to-wall separation distancepyww, at the resolution of the grid (in this case
2 m). A similar analysis of the diagonal strips (Figs. 5¢c adyifroduces a probability
distribution with a grid spacing/2 times larger. This is interpolated back on to the
2-m grid and averaged with the firphy estimate, using a weighting that accounts
for the fact that each diagonal strip is a factor& times narrower. The probability
distribution of ground-to-wall separation distancegy, is computed by applying (1)
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Fig. 4 Building layouts for four contrasting neighbourhoods ofndon and Los Angeles. The axes in
the top two panels are indicated relative to a point 5IM%°E. The axes in the bottom two panels are
indicated relative to a point 34, 118.25W. Panel b shows the Palmers Green area of north London,
while Panel d shows the Panorama City area of Los Angeles.

numerically topww. A small fraction of the street pixels in the scene, partidyl
in the corners and at the borders of parks, are not sampledi®wmnalysis in any
of the four directions due to them not lying between two buad in the directions
considered; these are shown in dark grey in Fig. 4.

Care should be taken in applying the strip method of Fig. 5adspof several
North American cities if all the streets are preferentialigned along two of the strip
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Table 1 Numerical properties of the four scenes depicted in Figl4ban fraction’ is the fraction of
the domain occupied by streets, plazas, parking areasemmuat buildings, and ‘building fraction’ is the
fraction of this urban area that is occupied by buildingse $treet width\(V) of the infinite-street model
and the e-folding separatioX) of the exponential model have each been fitted to ensuréhese models
predict the ground-to-sky factoF¢s) exactly. Therefore, the errors presented in the table aifefor the
predicted wall-to-wall factorR).

Central  Residential Downtown Residential

Property London London Los Angeles  Los Angeles
Mean building heightd (m) 17.0 6.6 19.7 4.8
Urban fraction 0.88 0.83 0.94 0.97
Building fractionAp 0.47 0.20 0.43 0.25
Diffuse ground-to-sky factoFgs 0.60 0.84 0.66 0.88
Diffuse wall-to-wall factorRuy 0.39 0.16 0.37 0.15
Fitted street widttw (m) 32.0 38.8 46.4 36.0
Fitted e-folding separatiok (m) 38.2 52.8 56.9 50.1
Error in Ry from infinite-street model —36% —48% —45% —55%

Error in Ry from exponential model  +10% +27% +3% +18%

a b c d
Fig. 5 lllustration of how the wall-to-wall probability distriltion, pww(X), is computed numerically from
a digitized building layout, in this case considering anx80-m subset of Fig. 4a at a resolution of 2 m.
The scene is analyzed in four directions: (a) north—soltheést—-west, (c) northeast—southwest and (d)
northwest—southeast, apgw(X) is constructed from the valid wall-to-wall distancedepicted by the red

lines in each panel. The dark grey triangles in panels ¢ are éxcluded from consideration since they
are too small to contain the largeralues so could skew the distribution towards small

directions. One approach to mitigate potential biases &vbalto rotate the building
polygon data by several different angles before discredizo a grid and performing
the strip analysis. There is some preference for northwestheast and northeast—
southwest street orientation in the Residential Los Argstene (Fig. 4d), but we
find below that the results for this scene are very similahtsé from the Residential
London scene (Fig. 4b), which has a much more random strigttation.

The black lines in Figs. 6a—6h depict the probability dizitions derived from the
four scenes. From these the various radiative exchangerfédeave been calculated
numerically. The black lines in Fig. 6i—6k deple) as a function of cof, while the
diffuse factors~s andF are shown in Table 1. Building height appears to be the
dominant factor controlling radiative exchange, with thwe tdowntown scenes hav-
ing much lower penetrations of direct and diffuse radiabetween sky and ground
than the two residential areas.

We next investigate how well these distributions are fittgthie infinite-street and
exponential models. The question arises of how best to fitliaeacteristic lengths
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Fig. 6 (a—d) In black, the wall-to-wall probability distributisnpww, derived from the locations of the
‘street, plaza, parking area or garden’ category for the$eanes shown in Fig. 4. In red and blue, the fitted
infinite-street and exponential models. (e-h) The cormnegipg ground-to-wall probability distributions,
pgw- (i-) The corresponding direct penetration fractibgy as a function of the cosine of solar zenith

angle.

for the two modelsy andX. We have chosen to select these lengths such that the

diffuse ground-to-sky exchange factéyg, is predicted exactly. This is achieved by
numerically inverting (17) and (21) to obtain the value®\bndX from the observed

values ofFgs andH; the values obtained by this method are shown in Table 1. The

associated analytical probability distributions for tttmodels (Egs. 14, 15 and 19)
are shown by the red and blue lines in Figs. 6a—6h. For allesceand for bothpyy
and pgw, the exponential distribution fits much better than the itéistreet model
for building separations between 0 and at least 200 m. Thaitimftreet is a partic-
ularly poor fit for puw(X), predictingpww = 0 for x < W, a delta function ak =W,
and an underestimation by around a factor of twa @200 m. For larger building
separations there is more variability between scenes,rgutahly the infinite-street
model fits a little better.

The red and blue lines in Figs. 6i—6l depict the predicteédisky-to-ground
exchange factofryg, revealing that the exponential model provides a bettecintat
the values calculated from the real building distributiémsall solar zenith angles.
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Infinite street
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O Central London
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Diffuse ground-to-sky factor ng

Fig. 7 Relationship between the diffuse wall-to-wall exchangetdaFRy, and ground-to-sky exchange
factor Fys for the two analytic models (red and blue lines) and the fe@nss depicted in Fig. 4 (black
symbols). The green symbols depict the results from annatiee analysis of the four scenes in which
parks, railways and major highways are added to the ‘stoag¢¢gory.

This is because the probability distribution of buildingpagations in the 0-200 m
range, where the exponential model performs best, is moperiant for radiative
exchange than larger building separations; indeed, ofy319% ofpuw and 1.6—
6.6% of pgw is contained in building separations greater than 200 m.

In the case of diffuse exchange factors, the two models Hevady been fitted to
ensure thakgs is predicted exactly, buFy provides an independent point of evalua-
tion. The lowest two rows of Table 1 show that the infiniteestrmodel underpredicts
Fww by on average 46%, whereas the exponential model tends tpredictF,,, but
by only 15% on average. This is analyzed in more detail in Figwhich depicts
the unique relationships betwekg andF predicted by the two analytical models.
The black symbols show the corresponding values for therfmliscenes. The poorer
performance of the infinite-street model is dud=g, being particularly sensitive to
pww(X) for smallx, where the two models are most different. Figure 3c also show
much lowerFRy for the infinite-street than the exponential model for vgathund
area ratios in the range found in these four scen@26(@ Ay /Ag < 1.4).

We now examine the impact of an alternative analysis of thedoenes, in which
parks, railways and major highways are included in the &treategory when deriv-
ing wall-to-wall and ground-to-wall probability distritions. The results are shown
in Fig. 8, revealing that the probability distributions gheomewhat higher tails for
the larger building separations, but the fitted exponemtiatiel still fits better for
separations of less than 200 m, and also for the direct egehfastor shown in Figs.
8i—8l. The green symbols in Fig. 7 show tRg andFy values for this alternative
analysis, and again it is clear that the exponential modebétter.

If an urban radiation scheme using the exponential modet webe deployed
in a weather or climate model then naturally the e-foldinggth X would first need
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Fig. 8 As Fig. 6, but with parks, railways and major highways addedtteets before performing the
analysis.

to be estimated from the building layouts of a much larger enof cities. The
strip method illustrated in Fig. 5 could of course be usedeove puww and pgw, but

the inversion of the rather complex relation (21) to find thdére of X that predicts

Fgs (and hencé~y = 1 — Fys) exactly could be regarded as cumbersome. A simpler
approach is to instead find the valueXothat predicts an approximate formf&fy in
which fgw in (4) is replaced by an exponential of the foffigy ~ exp(—x/Z), where

Z is a length scale to be defined. This leads to the followinmida for estimatingX
from an observed ground-to-wall probability distributipgy:

0 -1
X~Z (/ pgwe /% dx) —1]. (26)
Jo

When used with a length scale df= 1.5H, the estimated values &f agree with
those in Table 1 to within 1%. Mean building heidgthtcan be a somewhat ill-defined
guantity in real cities, but we have found that using a fixedjth scale oZ = 10 m
also leads to acceptable results, witlestimates then agreeing with those in Table 1
to within 1.2%.
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6 Discussion and conclusions

In this paper it has been demonstrated that treating urlEasas streets of infinite
length and constant width, as done in many weather and dimatlels, leads to sig-
nificant errors in modelling the mean rates of exchange afrsoid thermal-infrared
radiation between the sky, walls and ground. Analysis ofttedability distributions
of wall-to-wall separation distances from real cities edg¢hat an exponential distri-
bution is a good fit, and leads to a significantly better préaticof radiative exchange
factors. Naturally, if this ‘exponential model’ of urbardiation were combined with
an existing treatment of turbulent fluxes to create a fulurbxchange scheme, care
would need to be taken to ensure a consistent assumptiohtaleareas of walls and
ground. The exponential model for urban geometry could la¢soseful for other ap-
plications sensitive to building layout, such as blockafjmobile telephone signals
(Bai et al., 2014).

While the radiative exchange formulas presented are gktfarward replace-
ment for those in ‘simple’ existing urban radiation schertgh as that described
by Harman et al., 2004), an important question is how to ipomate the exponential
model into more sophisticated schemes (e.g. Schubert 8042; Krayenhoff et al.,
2014; Redon et al., 2017) that represent vegetation andibgd of different height,
yet are still underpinned by the infinite-street assumpti@me approach could be to
explore a useful property of the exponential model, whicthéat streams of radia-
tion with a particular zenith angle in an urban canopy arenathted according to the
Beer-Lambert law, in the same way as light propagating thinauturbid atmosphere.
Equation 20 demonstrates this for direct solar radiatianiths applicable to the en-
tire radiation field if diffuse radiation is represented bsed of discrete zenith angles
(e.g. Stamnes et al., 1988), an approach that underpinstabitimne-dimensional
multi-layer atmospheric radiative transfer schemes. $hggests that the infrastruc-
ture of such schemes could be adapted to the urban problailjemthe prediction
of the vertical profile of radiation within an urban canopyntaining buildings of
different heights, as well as the treatment of atmosphdrsogtion, emission and
scattering. Note that it is ubiquitous for current urbanatidn schemes to treat the
space between buildings as a vacuum, but this is a dubiousmasien in the thermal
infrared.

In terms of vegetation, Hogan et al. (2018) used ideas froeadimensional at-
mospheric radiation schemes to develop an accurate ray-Imodel for treating
radiation in forest canopies, embedded within which is theumption that the hor-
izontal separation of obstacles (which could be trees ddimgjs) follows an ex-
ponential distribution. This would therefore be an appiatpr starting point for a
more comprehensive urban radiation scheme that could ancdiate street trees,
atmospheric effects and multiple building heights. Ndtui@crucial step is to eval-
uate any new urban radiation scheme using calculations anurban geometry
by explicit three-dimensional radiation models (e.g. Kxalyoff and Voogt, 2007;
Gastellu-Etchegorry, 2008; Lindberg et al., 2008).
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Ordnance Survey Open Map with building height from lidaradedllected in 2014 and 2015. Building
geometry data for Los Angeles were obtained from the Los Aesg€ounty GIS Data Portal, with the
original data generated from aerial imagery. A number ofititegrals were calculated using the online
symbolic integration tools atww. wol f r amal pha. comandwww. i nt egr al - cal cul at or. com
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