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TRANSITION ASYMPTOTICS OF TOEPLITZ DETERMINANTS AND
EMERGENCE OF FISHER-HARTWIG REPRESENTATIONS

KASIA KOZLOWSKA AND JANI A. VIRTANEN

ABSTRACT. We compute the transition asymptotics (double-scaling limits) of Toeplitz determinants
generated by symbols f; possessing Fisher-Hartwig singularities. The symbols f: that we consider
depend on a parameter ¢ such that f; has one Fisher-Hartwig singularity when ¢ > 0 and two
Fisher-Hartwig singularities when ¢ = 0. Unlike in the other studies of the transition asymptotics
of Toeplitz determinants, our setting involves the emergence of Fisher-Hartwig representations
as t — 0. We use the Riemann-Hilbert problem for orthogonal polynomials and its connection to
Painlevé transcendents to obtain the asymptotics. We apply our results to study a special correlator
known as the emptiness formation probability (EFP) for the one-dimensional anisotropic XY spin-
1/2 chain in a transverse magnetic field, and describe its transition between different regions in the
phase diagram across critical lines.

1. INTRODUCTION

For a function f € L' = L*(T) of the unit circle T and n € N, the n x n Toeplitz matriz T),(f)
with symbol f is defined by setting

fo fa fe o fomen
fl fO ffl te f—(n—2)
(1) To(f) = (Fi-1)nm0 = for A fo o fomen |,

fn;l fn;2 fn;?) f:O
1 21

where fr = 5- |;7 f (e)e=™*9dp are the Fourier coefficients of the function f. The determinant
of T,,(f) is denoted by D, (f). Despite their simple definition, matrices of the form (f;_;) have
played an important role in mathematics and its applications since 1910 when Toeplitz used them
to illustrate Hilbert’s spectral theory.

The study of Toeplitz determinants began in the 1910s, when Pélya conjectured that if f is
positive and continuous, then

.1 Lo i0
2) Jim 1o Da(f) = (log flo = Vo= 5 [ log f(e”)ab
which was proved by Szeg6 in 1915. For a positive symbol f, each eigenvalue A,(cn) of the Toeplitz
matrix T, (f) is positive and is equivalent to

_log A 4+ log AP
lim

n—00 n

= (k)gf)o - Vba
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2 KOZLOWSKA AND VIRTANEN

where V(z) = log f(z). Alternatively, the large n limit in (2|) can be written as follows
(3) Dy, (f) =exp{nVy +o(n)} as n — oo.

The precise nature of the error term o(n) is important in applications, such as the two-dimensional
Ising model, whose magnetization can be expressed as a large n limit of Toeplitz determinants. More
than three decades after his first limit theorem, Szeg6 became aware of Onsager and Kaufman’s
work on the Ising model, and in 1952 he proved his strong limit theorem (for positive symbols
that have a derivative in a Holder class), which finally provided the error term. Over the years,
the result was generalized to complex-valued matrix symbols in Krein algebras (see Section 10.4
of [2]) and to the case in which symbols are measures (see Chapter 6 of [25]). We formulate the
result for scalar symbols. If f is continuous, has no zeros, has no winding, ) ., |fa| < 0o and
> nez(Inl 4+ 1)|fa]? < oo, then the strong Szegé limit theorem (SSLT) implies that

(4) D, (f) =exp {TLV() + Z kEViV_p + 0(1)} .

k=1
For a detailed account of the fascinating history of Toeplitz determinants with citations to the
original works, see, e.g., [2] [7, 25].

1.1. Fisher-Hartwig symbols. A number of problems in statistical mechanics require more gen-
eral symbols than the continuous symbols above. In 1968 Fisher and Hartwig [I3] singled out
symbols, which may possess zeros, integrable singularities and non-zero winding numbers. These
symbols can be written in the form

(5) F(2) = V@00 ] |2 = 22 g,, 5, ()5 %, 2=, 0€l0,2m),
j=0

for some m = N U {0}, where each z; = €%, 0=0y < 0; < --- < 0,, < 27,

™ if0<argz < 0;,
ng,ﬁj( ) = —inf; . )
e "™ if 0; < argz < 2m,

(6)

and
(7) Reaj>—1/2, ﬁjEC, j=0,...,m,

and V is analytic in a neighborhood of the unit circle. Functions of the form are called Fisher-
Hartwig symbols. Observe that the condition Rea; > —% implies that f € L'. Clearly, f has
a zero at z; if Rea > 0; a pole at z; if Rea < 0; and a discontinuity of oscillating type at z; if
Rea =0 and Im « # 0. Also, note that, for j > 0, zﬁjgzjﬂj (z) is continuous at 1, so the strength
of each jump of f at z; is determined by £;.

The leading order asymptotics of Toeplitz determinants with Fisher-Hartwig symbols were com-
puted by Ehrhardt in his PhD thesis in 1997 (see also [12]). To state his result, we need the
following seminorm

5) 81 = max | Re §; — Re G,

where 1 < j,k <m if ap = fp =0, and 0 < j, k < m otherwise. If m = 0, we set ||| = 0. We also
need the Wiener-Hopf factorization

(9) V) — by (2)eb_(2), by(z) = i i b (2) = eXbmooo V2

where V), denote the Fourier coefficients of the function V.
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Theorem 1. Let f be Fisher-Hartwig, V(z) € C*(T), ||B]| < 1, Reaj > —1% and o £ B; #
—1,-2,... for j,k=0,1,...,m. Then as n — oo,
(10)

Dn(f) = exp {n‘/o + Z kaV—k} H b+(zj)_(06j_ﬁj)b7 (zj)_(aj'f'/@j)

k=1 §=0

[ Gayss (1 +0(1)).

x =0 =57 H |z; — Zk‘Q(BjBk_ajak) Pk
J P o

ajfr—agB; M
.€i7r>
0<j<k<m J

Here, the product over j < k is set to 1 if m =0 and
G(l1+ o+ 6)G(1 +aj — )
(11) Gaj,ﬁj — J J - J J ,
G(1 + 20;)

where G is the Barnes’ G-function.

In [6, 8] Theorem |1]is proved using a Riemann-Hilbert approach and generalized for less smooth
functions V of finite degree of smoothness satisfying the condition

(12) PORLEARES

k=—o00
for s such that
14+ 377 [(Say)? + (Re §5)?]
L—8ll

In [6], the authors also prove the result for ||| = 1 if V(z) € C*°(T), i.e. the generalised F-H, or
Tracy-Basor conjecture which stems from F-H representations.

(13) 5>

1.2. Basor-Tracy conjecture and Fisher-Hartwig representations. Basor and Tracy [I]
computed the asymptotics of Toeplitz determinants with a symbol f of two jump singularities
at 2o = 1 and z; = €™ = —1 with By = 1/2 and B; = —1/2, so that the seminorm, [|3]| = 1.
They noticed that the asymptotic behavior was not of the form in , but a linear combination
of asymptotics for two different Fisher-Hartwig determinants. The symbol in the first set of
asymptotics corresponded to the original f and the other to the symbol with jumps at 1 and —1
with By = —1/2 and fB; = 1/2 respectively. The symbol of the second set of asymptotics only
differed from the original one by a constant. This is a property of Fisher-Hartwig symbols called
Fisher-Hartwig representations (see the definition and discussion below). This property applies to
any F-H symbol, however it only manifests itself in the asymptotics when ||5]|| = 1.

Definition 2. Let f be Fisher-Hartwig. If a; # 0 or 3; # 0 or both are nonzero, we replace (3;
by B; + n; =: B;, n; € Z, where n; satisfy the condition Z;”:O n; = 0, but are otherwise arbitrary
integers. The resulting function f(z;ng,...,ny) is called a Fisher-Hartwig representation of f.

All Fisher-Hartwig representations of the symbol f differ only by multiplicative constants, and
it follows that

(14) 1) =147 x f(zno,.. ).
j=0

We denote by M the set of all Fisher-Hartwig representations of f for which

m

(15) > (ReB; + n;)?

J=0
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is minimal. Note that M is finite and there is an algorithm for describing M explicitly (see the
proof of Lemma 1.12 of [6]). A Fisher-Hartwig representation is called degenerate if oj + (55 + n;)
or a; — (B + nj) is a negative integer for some j. The set M is called nondegenerate if it contains
no degenerate Fisher-Hartwig representations.

Lemma 3. For 8 = (Bo,p1,---,0m), define the orbit of B by

m
(16) Op = ﬂ:ﬁj:ﬁj—i—nj,an:O
j=0
Then one and only one of the following conditions holds:
(i) There is a € Og such that ||8|| < 1, in which case 3 is unique and it is the unique element
of M ={p}. A
(ii) There is a 5 € Og such that ||B|| = 1, in which case there are at least two such B parameters
and all of them are obtained from each other by a repeated application of the following rule:
add 1toa B] with the smallest real part and subtract 1 from a ,BJ with the largest. Moreover,

= {8 € 0s: I8l = 1}.

All of the representations of the symbol f with [||3|| = 1, which correspond to all permutations
of the B-parameters on the boundary of the strip —1/2+¢ < Rez < 1/2+ ¢ for some q € R, z € C,
contribute to the final asymptotics. The Basor-Tracy conjecture was finally proved in [6].

Theorem 4. (Basor-Tracy Conjecture) Let f be Fisher-Hartwig, Rea; > —1/2, B; € C, j =

0,...,m. Let M be nondegenerate. Then, as n — oo,
(17) Du(f)=>_ (]I ] R(f(zino,...,nm))(1 +0(1)),
M \j=0

where each R(f(z;n0,...,nm)) is given by Fisher-Hartwig asymptotics for Dyp(f(z;n0, ... 1m)) in
(without the error term,).

1.3. Double-scaling limits. Let f; € L' for ¢t > 0. By a double-scaling limit of Toeplitz determi-
nants D, (f;) we mean an asymptotic expansion of D, (f;) valid uniformly for 0 < ¢ < ¢y for some
sufficiently small ¢y, as n — 0o. In general, double-scaling limits (of not necessarily Toeplitz deter-
minants) are of great interest in mathematics and in physics. We mention two previous results that
are closely related to our present work. In [3], the double-scaling limits of Toeplitz determinants
D, (fi) were computed in the case that f; is sufficiently smooth for ¢ > 0 (as in the SSLT) and fy
has one Fisher-Hartwig singularity. In [4], the double-scaling limits of D,,(f;) were computed in the
case that f; has two Fisher-Hartwig singularities at e and e™* when ¢t > 0 and f; has one Fisher-
Hartwig singularity at 1. Both of these results have important applications, e.g., in random matrix
theory and mathematical physics. See also [28] for discussion on double-scaling limits. Our work is
concerned with the double-scaling limits of D,,(f;) in the case that f; has one fixed Fisher-Hartwig
singularity on T \ {1} independent of ¢ and one additional Fisher-Hartwig singularity emerges as
t — 0. For the precise statements of our main results, see Section [4. In the next section we discuss
applications to quantum spin chain models, and in particular we describe the phase transitions of
the XY model using double-scaling limits of Toeplitz determinants.

2. APPLICATIONS

2.1. The Ising model. In 1924 Ernst Ising showed that the one-dimensional Ising model with
nearest-neighbor forces exhibits no phase transition; see [23, Chapter III]. The difference between
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the one-dimensional and two-dimensional Ising models is enormous. In one dimension both the
free energy and the 2-spin correlation function can be exactly computed in closed form in the
presence of a magnetic field h. By contrast, in two dimensions we need to rely on approximations.
In the 1950s, Onsager and Kaufman studied the 2-spin correlation function (cggop,) of the two-
dimensional Ising model (with the cyclic boundary conditions on the 2M x 2N lattice and h = 0)
whose magnetization M is given by

2— g E({o})/T
a9 = fm v = Ji o 77 3o 0D
(o2
where
M—-1 N-1
({U} Z Z Jlo-jko-‘]k+1 + JQO'JkO'j+1k)
—M k=—N

is the total energy corresponding to each spin configuration o given by o, € {£1}, Ji,J2 > 0, and
Z(T) = Ze_E({U})/T
{o}

is the partition function at temperature T'. For further details on the 2D Ising model, see [23].
As seen above, the correlation function is a huge sum of products and it is a remarkable fact
that it can be expressed as a Toeplitz determinant. More precisely, using the notation in [3],

(19) <0000nn> = ent/2Dn(ft)
where
(20) fi(2) = (2 — ) V2 (2 — e Y27 1/26/2 ¢t = sinh % sinh 2?‘]2

We denote the critical temperature of the system by 7.. For the symbol f in , temperatures
T <T.correspond tot >0; T =T.tot=0; and T > T, to t < 0. Suppose first that ¢ > 0. Then

1 1
(log fe)an = £57e % and  (log fi)o = 5t

Using the strong Szeg6 limit theorem, see , we can easily compute the magnetization for tem-
peratures T' < T, and obtain

_o\ /4
M2 = (1— e V41 4 0(1)) = (1 - <sinh2TJ1sinh T> > (I1+o0(1))

as n — oo.
When t = 0, fi(e?) = e"13(0-™) hag a Fisher-Hartwig singularity, and Theorem |1| implies

Dy (0) = Cn~ Y41 + 0(1))

as n — oo, where C = /7G(3)? and G is the Barnes’ G-function.

To describe the phase transition of the 2D Ising model, one needs to compute the transition
asymptotics of Dy, (f;) as both n — oo and ¢ — 0 simultaneously. These asymptotics were computed
in [3] and also follow from our main result by setting oy = 1 = 0.
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F1GURE 1. Phase diagram of the XY model for v > 0. There are three critical lines:
Qi h=1,Q: v=0, |h| <1, Q_: h = —1 and three non-critical domains: >:
h<—-1,%: —1<h<1,¥_: h>1. The line I'1 when v = 1 represents the Ising
model in transverse magnetic field. On the line 'y when v + h? = 1 the ground
state of the theory is a product of single spin states.

2.2. The XY model. The one-dimensional XY model [14], which is a generalization of the 1D
Ising model, was introduced by Matsubara and Matsuda [22] in 1956 as a model of a quantum
lattice gas. It is one of the simplest nontrivial integrable models with rich phase-diagram where
most quantities can be calculated exactly. The critical behavior of this model was investigated in
detail between 1968 and 1974 by Betts and his collaborators, who emphasized the relevance of this
model to the study of insulating ferromagnets. See also [2I]. The XY model has gathered a lot
of attention within groups studying quantum entanglement with works such as Vidal et al. [27],
Jin and Korepin [19], and Keating and Mezzadri [20]. For further references on the XY model in
statistical mechanics, see the references in the recent monograph of Franchini [14].

In [I5], Franchini and Abanov investigated how the change between regions over critical lines
in the phase diagram (see Figure [I|) influences the asymptotics of a special correlator called the
Emptiness Formation Probability (EFP) for the 1-dimensional, anisotropic XY spin-1/2 chain in a
transverse magnetic field h. The Hamiltonian of this model is given by

N

N
147 1—x
(21) H = [<2> oiof )+ (2 olal | — hZJf,
i=1 i=1
where o, with o = z,y,2 are the Pauli matrices, which describe the spin operators on the i-
th lattice site of the spin chain and the boundary conditions are chosen to be periodic; that is,
off = of' y with (N >>1). The EFP is given by,

(2

1 S l—of

= - H/TTT —— %
(22) P(n) = ZTr e | |1 5 C
J:
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where Z = Tr {eH/ T} is the partition function and T is the temperature. The majority of the
paper [15] deals with the case when 7' = 0. In that case,

0|H l|0

and P(n) is then the probability that n consecutive spins are all aligned downward in the ground
state |0).

After reformulating , using spinless fermions and other transformation techniques of sta-
tistical mechanics, the authors arrive at fermionic correlators in the thermodynamic limit given

by

2
(23) Fyi, = (i) = —iW]v) = / o sin PgetU7H
0 7
and
2
1+ cos? dq
24 o= (i) = q,1q(i—k) 24
(24) Gu= i) = [ =5 8
where 1); are the spinless fermions (cf. Jordan-Wigner transformation),
- 1
(25) e = —(cosq — h+ iysing),
€q
and
(26) €q = \/(cos q—h)? +92sin?q.
The EFP can be expressed as
P(n) = PE(M),
where
Pf(M) = Z(_l)PMplpszsm tet Mp2n71p2n
P
is called the Pfaffian. Here the sum is taken over all possible permutations P = {p1,p2, ..., pon} of

the set {1,2,...,n} and (—1)% denotes the parity of the permutation. The matrix M is a 2n x 2n
skew-symmetric matrix of correlation functions given by

—iF G
M = <—G ZF> ’
where F and G are n X n matrices with entries given by Fj; and G in and . One of the
properties of the Pfaffian gives that
P(n) = Pf(M) = /det(M).

After performing a unitary transformation one arrives at

. (0 S, 1 (1T 1
o= (g §) v )

where I is a unit n x n matrix and S,, = G +iF, S; = G —iF. The unitary transformation does
not change the determinant and so

det(M) = det(M') = det(S,,) det(S}) = |det(Sn)|2.
Thus,
P(n) = [det(Sy)],
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where the matrix S,, is an n x n Toeplitz matrix with the symbol
1 cosq — h +iysing
(27) U(Q) = 5 + o )

2v/(cosq — h)2 4 ~2sin’ q
q € (0,27] and h is the external magnetic field (for critical lines in the phase diagram, see Figure [1]).
If v = 0, the problem is isotropic and exhibits a Gaussian behavior, instead of exponential, which
can be seen using Widom’s theorem with a power law prefactor (see [24]). Suppose that v # 0.

Since S,, = G + iF, and imply that

1 4 ,
(28) o(q) = 3 (1 + 6“9‘1> , e = cos ¥, + isind,,
from which we obtain according to and .

2.2.1. Region Y _ corresponding to h < —1. In this region, for v # 0 and A < —1, the symbol
is analytic for all ¢ and we can use the SSLT to get the asymptotics. We write q(6) for g(e*)
and we may emphasize the dependence on h or ¢t by writing o (6, h) or o(0,t) respectively. In this
region, if h = h(t) = —e! with ¢t > 0, then, as t — 0, h approaches —1 from h < —1; that is,
transition from X_ to Xg.

We can factorise another analytic function (for ¢ > 0) out of o(6,t),

(29) T 1(0,1) = (ei" + et> e3m2 g e (0,2m),

to write simply

(30) o(0,t) = T-1(0, )" D),

where ¢”(?) is an analytic function left after the factorization. Function ¢ (®*) depends on ¢, but

the limit ¢ — 0 does not affect its analyticity. Observe that 7_1(0,t) — F_1(0) as t — 0, where
(31) Fo1(0) = e + 1|6i9/2971,1/2(€i9)€7iﬂ/27

and g, 3,(z) is defined in (). The function F_1(6,t) has a pure Fisher-Hartwig singularity at
z = —1 with a; =1/2 and ; = 1/2. Using and with 6; = 7, we get

j 2172 _, —i i 0N —mi/2 i
T-1(0,0) = (619 + 1) e /% 9—1,—1/2(6 9)9—1,1/2(6 0)6 [2e10/2

; 2(1/2)
e 41 e
B (( i 2-1)1)1/2 g-11/2(e)e TR = F_y(6)
e e
since et1(=1/2) — e‘”g,17,1/2(ei9), where [; is as in . Thus, we cross the critical line h = —1
and arrive at the next non-critical region .

2.2.2. Region Yg corresponding to —1 < h < 1. For —1 < h < 1 the symbol has one Fisher-Hartwig

singularity at § = 7w with strength § = %, o= % as seen from . We can factorize the singularity

out of ¢(6,h). The function F~}(0)c(f,h) is analytic for —1 < h < 1 as shown on the plots in
Figure [3]

As h — 1 we see an emergence of a second singularity at z = 1 or § = 0. In this region we can
think of h = e with ¢t > 0 (note that ¢ here is different from the one in the previous region), and
t — 0 corresponds to the limit as h approaches 1 from h < 1. By taking the limit ¢t — 0 we arrive
at the region >, . Asin X_, we define

(32) T1(6,t) = (ew - 67t> e 0, 0 € (0,2m).
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F1GURE 2. Plots of |0(0,h)| (blue) and argo(6,h) (red)

with y =1
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FIGURE 3. Plots of |F~{(0)o(6,h)| (blue) and arg F—;(0)a (6, h) (red) with vy = 1;

showing no jumps in argument and boundedness, and non-vanishing in absolute

value for —1 < h < 1.
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FIGURE 4. Plots of |F—{(0)F;*(0)o(0,h)| (blue) and arg F~;(0)F; *(0)o(6,h)
(red) with v = 1; showing no jumps in argument and boundedness, and non-
vanishing in absolute value for A > 1.
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Compare this function to a; in with ag = 1/2 and By = —1/2. We can write

(33) o (0,1) = Ti(0, ) F_1(0)e" @D,

where ¢V is an analytic function left after the factorization. Notice that this is exactly the

symbol in below with 21 = —1, ag = 1/2, By = —1/2, a1 = 1/2, p1 = 1/2. Again, e (1)
depends on t, but the limit ¢ — 0 does not affect its analyticity. As ¢t — 0,

(34) Ti(0,1) — Fi(0) = | — 1)e—0/26im/2,

Observe that Fi(6,t) with (5] has a pure singularity at z = 1 with ap = 1/2 and Sy = —1/2. Using
again, we get
(i + 1)2(1/2)

_ —i0/2 im/2 _
T1(0,0) (eieeiﬂ)l/Z e e F1(0)

Thus, we cross the critical line A = 1 and arrive at the next non-critical region > .

2.2.3. Region X4 corresponding to h > 1. For h > 1, the symbol (6, h) has two Fisher-Hartwig

singularities at § = 0 and # = 7. Let g = 0 and 6; = w. The corresponding strengths are 5y = —%,
15 _ 1 1 71w . :

a0 = 5, f1 = 5, a1 = 5. Using the notation in (31]) and (34), we can write the symbol as

(35) o (0,t) = F_1(0,t)F (0, t)e” O,

To see €” () is analytic for h > 1, we look at the plot of F—;(8)F; '(6)o(8,h) in Figure {4 and
notice that the function has no jumps in its argument and its absolute value does not vanish or
blow up.

However, this symbol has another representation, which corresponds to the seminorm of (-
parameters; that is, if

(36) fél(g) = | + 1e=®/2g_; _y 1p(e®)ei™2,
and

(37) FPO) = [ — 1]ei®/2¢=im/2,

then

o(0,t) = e F (0, 0)FP (0, 1)V ).

By the Tracy-Basor conjecture, the asymptotics of the Toeplitz determinant are obtained from the
two representations according to Theorem [

2.2.4. Transition between the regions. It is natural to seek information about the transition between
Yo and each of the two regions X4, and describe what happens close to the critical points. As
mentioned above, the results of [3] provide uniform asymptotics of the Toeplitz determinant with a
symbol that can be written in the form after rotating the problem in [3] by 7. This transition
can thus be used to describe the change between the regions ¥ and Y. Our results describe
the transition between ¥y and X, which involve the emergence of an additional singularity and
5]l = 1 on the critical line. This transition is described in Theorem 6 with z; = —1, ag = 1/2,
Bo=—1/2, an = 1/2, f1 = 1/2, which is exactly the symbol in above.
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3. THE SYMBOL

We start with one Fisher-Hartwig singularity positioned at the point z; = €1, ; € (0,27) and
one that emerges, at zo = 1 as ¢ — 0. Locally, around the point z = 1, we have the situation which
was described in [3]. For ¢ > 0 and z € T, we write the symbol as follows:

(38)  fil2) = f(z:8) = ay(2) x 2P|z — 21 %19, 5, (2)2,

— eV(Z)(Z _ et)oéo-i-ﬁo (Z _ e—t)ao—ﬁoz—ao+ﬁoe—iﬂ(ao-i-ﬁo) N ’Z _ Z1|2a1 —B1

921,61 (Z)Zl )

where
ar(z) = eV(Z)(z _ et)ao—l-ﬁo(z _ e—t)ao—ﬁoz—aw-ﬂoe—iﬂ(ao—l-ﬁo)

has an emerging singularity at ¢ = 0 with strengths ag and Sy, and

eV(z)(Z _ et)mﬂ—ﬁo(z _ e—t)ao—ﬁoz—ao+ﬂoe—l’ﬂ(&o—l—ﬂo)

is analytic in C\ ([0, e~f] U [e!, +00]) for ¢ > 0. Also, note that for ¢ > 0, f; has one Fisher-Hartwig
singularity with strengths oy and $1; while for ¢ = 0, f; has two singularities with strengths o; and
B; for j = 0,1. In both cases, f; can be represented in the form .

Using Fisher-Hartwig asymptotics, it is easy to find the asymptotics of D, (f;) for a fixed t.
Indeed, the Fourier coefficients of loga(z;t) are given by

e—tk
(logat)g = Vo +t(ao + Bo) and (logas),, = <Vik — (ap £ 60)]{:)
for k € N and the Wiener-Hopf factorization of a; is given by
log a¢(z) = logat 4 (2) + (log ar(z))y + log ar,—(2),

where

M8

oo
loga; 4 (z) = (log as(2)), 2k logay Z log at(z z_k.
k=1

B
Il

1
By Theorem [} we have

(39)  Dn(ft) =exp{n(logai(z)),} exp {Z k (log at),, (log Clt)_k}
k=1

x exp {—(a1 — B1) log as 1 (21) — (a1 + B1)log ag— (1)} 1D G, 5, (1 + 0(1))

as n — oo.
For the ease of notation in what follows, we denote the following interaction constants between
two singularities (compare with (10])),

206, fayen) 2\

(40) I(Zj,kaﬁj,k) = |Z] — Zk| PR — OO <zez7r> Gaj,ﬂjGak:ﬁIw
J

with 7 < k, and

(41) E(zj,8j) := exp{—(a; = Bj)Vi(2) — (a; + Bj)V-(2)} -

When t = 0, the symbol has two Fisher-Hartwig singularities and we have to consider two cases.
If ||| 8]] < 1, Theorem [I] implies that

(42) Dn(f) = exp {an + Z kaVk} E(Zo,ﬁo) (21,,81) X TLZJ 0( )I<Z(] 1, B(] 1)(1 + 0(1))

k=1
If |8l = 1, the symbol possesses two Fisher-Hartwig representations (see Definition [2) and we
need to apply Theorem [4 to obtain the asymptotics. The trivial representation corresponds to Sy
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and (1. Without loss of generality, we may assume Re 8y < Re 1, in which case the nontrivial
representation corresponds to By = 8y + 1 and 8y = 81 — 1. By .,

Dn(f) = [GXP {TLVO +) kaVk} E(z0, o) E(z1, f1)n®=0 =D I (20,1, fo.1)

k=1

o0
+(211)" exp {n% +y kvkv_k} E(z0, Bo)E(z1, Br) x nZ3=0C5 B0 (20,1, Bon) | (1 + o(1)).
k=1
This case will be considered in more detail in Section [l
Notice that taking the limit as ¢ — 0 in does not agree with . In the next section, we
provide the asymptotic expansion for D, (f;) that holds uniformly for all sufficiently small ¢.

4. STATEMENT OF RESULTS

Our main results (Theorems |5| and @ describe the asymptotic behavior of Toeplitz determinants
D, (f:) as n — oo and t — 0 simultanously, where the symbol f; is of the form

fil2) = f(zt) = an(2) x 27z — 21?1 g, 5, (2) 27"

— GV(Z) (Z _ et)a0+,30 (Z _ e*t)OéO*ﬁoZ*aoJrﬁoe*iﬂ(aoﬁﬁo) % Z’BI|Z _ 21‘2041 —p1

921,81 (Z)Zl )

and V is analytic in a neighborhood of the unit circle. Our results can be used to study the
emptiness formation probability for the one-dimensional anisotropic XY spin chain in a transverse
magnetic field, and in particular we obtain a full description of the transition between different
regions in the phase diagram across critical lines—see Sections [2.2] and [2.2.4] above for further
details.

Theorem 5. Let f; be defined as above and suppose that o, a1 € C with Rea;; > —%, Bo,B1 € C
with ||B]] < 1. The following asymptotic expansion holds as n — oo with the error term o(1)
uniform for 0 <t < tg, where tg is sufficiently small,

Dy, (f:) = exp {nVh + nt(ao + Bo) } exp {Z k [(log at),, log at)_k] }
k=1

(43) < exp{—(a1 — B1) log ar.s (21)} exp {(n + Bu) log ar_ (1)}

x0T Gy 5y Gy 2208) (14 0(1))
as n — 00, where G, g, is the product of Barnes G-functions, defined in , and

(44) Q(2nt) = exp {Q(2nt)} = exp {/02"t de + (ad — 2) log 2nt} .

The function o is a particular solution to the second order ODE, the Jimbo-Miwa-Okamoto o-form
[17, 18] of the Painlevé V equation, with parameters depending on ag and By. It is real analytic on
(0, +00), and its asymptotic behavior for x > 0 is given by

~ B3+ “E a — 21429C (a0, B)}(1 + O()), 750, 200 ¢ 2,
(45) o(x) =19 ok — B2+ O(z) + O(z!2%0) + O(z! 20 log 1), x— 0, 209 € Z,
p 1200w F(aofﬁo)lr(aoJr,Bo) (14+0(1/x)), T — +00,

where
(46) Cla, o) — DL a0+ BT+ a0 = fo)P(1 — 200) 1

F(l — g + /Bo)r(l — Qg — BO)F(+20¢0)2 1+ 2a9
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and T'(2) is the Euler’s T'-function.
The proof of this theorem is given in Section

Theorem 6. Let o, o € C with Reaj > —%, Bo, B1 € C be such that ||B]| = 1, and fi be defined

by . Denote by ,30 = By + no, 51 = Bo + n1 the only non-trivial Fisher-Hartwig representation
of fo. The following asymptotic expansion holds as n — oo with the error term o(1) uniform for
0 <t <tgy, where ty is sufficiently small,

Dufi) = R (fu(z: 6o, B0)) + ()" R (ful 5o, 1))
(47) n—(250+1) K(Qnt)
T +ao+Bo) e

(1—e72) @0 zy)

where R (ft(z; Bo, 51)> is given by and fi(z; Bo, Bl) is the symbol f; with jump strengths By, B1.
Further, the incomplete Gamma function (see [11, Eq. 8.2.2])

(48) K(z) = ex/2/ yeotho ey gy,
has the following behavior:
K(2) e~ %/2ga0tFo as T — 0o,
e*?T(ag+ Bo+1), asz — 0,
and
£\ a1+b 00 ao—Po
z1—e . 2t
t\1—P 0 —(a0+Bo)
zZ1—e . 2t
(49) + (zl—e—t> exp {—2 ; V_k (smh(tk))} <1_€_2t> ] .

5. A RIEMANN-HILBERT PROBLEM FOR ORTHOGONAL POLYNOMIALS

Let f € L'(T). A system of polynomials
on(z) = xn2"+... and ¢p(2) =xn"+... (2€T,n=0,1,...)

is said to be orthonormal with respect to f if for each n,

; dz - , dz
—J — 15 -1\,J — 15
(50) L@ @ =6 [ ) e = X
for j =0,...,n, or, equivalently,
A dz
(-1 _ 5
(51) L@, g =

for j=0,...,n.
Note that the function f is complex-valued and the existence of ¢, is not guaranteed. However,
it is well known that if D, (f) # 0 for all n > Ny with some Ny, then the polynomials ¢,, and ¢,
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satisfying for n > Ny exist and are given by

fo,0 for - fom
) f1,0 fir o fim
52 n(2) = ———— : : :
(52) ool = o | 1 .
fnfl,O fnfl,l cee fnfl,n
1 z 2"
and
foo foi - fon-1 11
A 1 fio fix 0 finer 2T
(53) Pn(z71) = ———1". R : E
VDyDpi1 | : - . .
fn,O fn,l cee fn,n—l 27"

where f;, = fj_k. Evaluating these determinants along the bottom row and far right column,
respectively, immediately gives the leading coefficient for both to be

Dy,
Dn+1 .

Consider the symbol f; defined in (38). It follows from Theorem [I] that D, (f;) # 0 for n >

ng,no + 1,... with some ng, and hence a system of orthonormal polynomials ¢, and ¢, with
respect to f; exist. Define a 2 x 2 matrix valued function Y™ by
_ " d
(n) anqb”(z) - f'ﬂ‘ ¢§ i) f2t7r£z%"£
(55) V() = Y(2) = nelf (- bucsle) et
Xn—1% ¢n—1(2 ) —Xn —1f 2miE

for n > ng. The matrix-valued function above is the unique solution to the following Riemann-
Hilbert problem:
R-H problem for'Y (OPs with weight fi)

(Y1) Y :C\T— C?*?is analytic.
(Y2) Let z € T\{z}. Y has continuous boundary values Y, () as z approaches the unit circle
from the inside, and Y_(z) from the outside, related by the jump condition

(56) Yi(2) = Y_(2) <(1) z {t(z)> , zeT.
(Y3) Y(z) has the following asymptotic behavior at ininity:
(57) Y(2) = (I+0(1/2)) <ZO 29n> as z = 0o.

(Y4) Asz—z,2€C\T,
(58) Y(Z) _ (0(1) O(D 1 g(’z - 21|2a1)> . ifoq #0,

and

+ .
(59) Y(2) = <c9(1) O(1) + Olog |2 — zl)> o ifer=0,6 70
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6. DIFFERENTIAL IDENTITY

In this section, we derive a differential identity that links the Toeplitz determinants D, (f;) to
the Riemann-Hilbert problem for polynomials orthogonal with respect to the weight f; defined in
. The differential identity is analogous to the one in [3], but with the weight of the polynomials
replaced by f;. In [3] the identity was obtained using integral and integrable Fredholm operators,
while here we use orthogonal polynomials instead.

Lemma 7. Let t > 0 and n € N. Suppose that the Riemann-Hilbert problem for Y (z;n,t) in
Section@ with fiy(z) given by is solvable. Then the following differential identity holds:

) oDl = (o + e (YD) (@) leo—pet (YIE) ()

where (Y 1dY)22 (&) denotes the 22 entry of the matriz obtained by multiplying the two matrices
Y1(2) and ‘“Z/( ) (each entry of Y is differentiated with respect to z) together, evaluated at z = §.

Proof. As observed in [4], solvability of the Riemann-Hilbert problem for Y (z;n,t) is equivalent to
Dj; # 0 for j =n—1,n,n+ 1, which implies the solvability in a neighborhood of ¢. Also, as stated
in [], the following identity (which was derived in [§] under the assumption that Dy, # 0 for any
k € N) can be derived under the weaker assumption that D; # 0 for j =n—1,n,n+ 1:

8XTL 2 Z—l R P
0 gloeDalfitz) =2y o [ 2 (%(@W - ¢n<z-1>%> )

Using the Leibniz rule,

(62) 5 [ = [ 2 @)

provided that the functions F'(z) and BF&(tz) are analytic in a neighborhood of T. By the product
rule,

OF 8 0
(63) D etz = g [ PR [P

Letting F(z) = qﬁn(z)%i_l) — én(zfl)dd)gz(z) and noting that by linearity, and orthogonality

conditions ,

Y
(64 ;(2;/ (%( Aol g, (o) 2nle) >> )% >=§t<—2n>=o,
we now have,

B R dbn(z7") 2 o _1\dén(2) ) Ofi(2)
(65) 5 log Du(fif2)) =202 — — /T (%(Z)—%(z Dl B vl 2

Computing the derivative gives,

0fi(z) _ ( ao + Bo o Oéo—ﬁoe_t

ot z— et z—et

)ft(Z%

thus we obtain,

Ixn . : ot e
(66) 5 10g Da(fu(2)) = 202+ (a0 + o) m/T FOMD g (ay - o, [ FOHC,,

n z—et 2mi Jp z—e7t
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We are left with evaluating the following integral,

L[ FEHE ey,

27 z—¢&

—t

where ¢ = el or e7!, and,

RO

1 $n(z_1)d¢§(z)
[y— — [ T\ Vo de
27” i P fi(z)dz and I .

I_
! 2mi Jr z—¢&

fe(z)dz.

Note first that for any polynomial of degree n € Z., p,(2) = ap2™ + an_12""1 + ... + a1z + ao,
pn(Z)—-pn(§)<_ an(zn_’fn)"|"’an—1(zn_-1 _’5n_1)'+~'-+'a1(2 - §)

z—¢ z—¢
_ n—1 n—1\ _ n—1 n—1
(67) — an(z E)(Z +§ ) Zg + 62 + .. — anznfl + (9(2,1172)7
z—§
which also holds for n € Z_ by substituting z —+ 2z~ ! and & — £71.

don, (

Now, startlng with I, adding and subtracting )\ »—¢ in the numerator and using orthogo-

nality (50) gives,
d¢n(757 ) d¢n

)
Z |Z£ (z)n d¢n zZ=
h= s [ ~on(e )(z@ s+ o [ et e

m\»—n

dpn(

2 f
_ -1 1 . don (2~ 1 n(2)
=né 1—1—76; )’Z:52m' on(2)(z 1+...)ﬁz(f)dz+ ou(z1) 1 [2) (Z)§ ﬁz(f)dz,

dz "7 om
and by comparing with the entries of the R-H problem @,

D) viate.

We now look at I, proceeding in the same way as before we obtain

n—1 dz d¢n n(2
27TZ/¢n anZ +) fi(z )Z ‘z 5271'1/

By orthogonality in the first term and by using the followmg recurrence relation:

(68) Xn@g)n(z_l) = Xn—lz_lqgn—l(z_l) + én(o)z_n(ﬁn(z)

in the second, we obtain

L=nét +&"x

d}/u(z)

I = — Y
2 7 o= Ya22(§) +

We now combine the two results. Using the same recurrence relation as above for g%n(z_l) and
collecting the Y12(§) terms gives,

dY11(z)
dz

=60 (0)Yi2(€).-

dz

Il — IQ = ’/lf_l

|2=¢Y22(€)

R dbp_1 (271 R B
+ {5_1 <—Xn—1§n_l¢n—1(§_l)) + Xn—lfn_lgééz(z)!z:g — npn(0)E 1%(5)} Yi2(€).
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Adding and subtracting y,_1(n — 1)" 2¢,_1(¢€~) and noting that

ay. ; LB
le(z) = —Xn_1(n—1)2"2¢,_1(z71) — an(zn_l)q%’
we get, using ,
L—TL=n&t 4 inll( )|z ¢Y22(§) + {nﬁ_lyzl(f) - dYZL(Z) |o=¢ = ngAﬁn(O)ﬁ_lann(f)} Yo (t).

Oxn
Next, we look at the term 27;77;” in . Noting that

1 6¢n( ), dz 22 1 [9g,(=7Y) dz
- bule ) T = 2o = o [P o) T
we have
9xn 1 0 A dz
2 ;3; = Tm a <¢n(z)¢n(z 1)) ft(z)z

Using and that 2 [ﬁ Jt &n(zfl)én(z)ft(z)%} =0,

Oxn
Xn o n(2)on( dt z

¢n n ft( ) _ ¢n n 1)ft(2:) dz
= (oo +Foe / Z—et z ~ (@0 —fo)e t2m/ z—et z

We now evaluate 5 L f %Elm(z) 4z where { = e**. Using the same ideas as before, adding and

subtractlng ¢n(§ ) in the numerator, using , adding and subtracting £, using orthogonality

and gives

dz A _
(69) /% — fle)— ==& = EY1(9)Y12(6) + 0 (0)xn€ ™ Y11 () Ya2().
Finally, we combine all of the results and after cancellations we obtain,
0 dY; dYs1(z
o108 D,(0) = — (oo + e’ (~THE_van(ety + DO

z
- — _e—tYoo (e —e—tY12(e7) ).
R e e R = )
We thus have that,

9 dy ! dy 1
log D, (t) = — L — Y t B —t( v 4
(70) gylos Dult) (a0 +fo) e < 7 )22 (e") + (a0 — Bo) e ( 7 >22 (e™),
which is exactly (60), noting that 0 = & (Y ~ly) = y-1dX 4 d 'y -

7. ASYMPTOTIC ANALYSIS OF THE R-H PROBLEM

In this section we will solve asymptotically the Riemann-Hilbert problem which was posed in
Section [5| In order to evaluate the asymptotics for the solution, the problem needs to undergo a
series of reversible transformations. We will be using the method of nonlinear steepest descent,
which was introduced by Deift and Zhou in the 1990s, see [10]. For an illustrative example of this
method, see [5], which proves the strong Szegé limit theorem. We proceed with the analysis in a
similar way to that in 3] 4} 6, [§].
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7.1. Normalization. The Riemann-Hilbert problem for Y lacks the right behavior at infinity. To
normalize the problem at infinity, we define a new function 1" by

Y (2)zhos 1
Y(z), as |z| <1,
where,

(72) =(p )

is one of the Pauli matrices.

We now have two equivalent Riemann-Hilbert problems; in particular, if Y solves the Riemann-
Hilbert problem for orthogonal polynomials , then T solves the following Riemann-Hilbert
problem:

(T1) T :C\T — C?*? is analytic.

(T2) T4(2) =T-(2)Jr(z) for z € T, where

P z
)= (5 1)
(T3) T(2) has the following asymptotic behavior at ininity,
(73) T(z)=1+0(1/z) asz— 0.

(T4)  The asymptotic formulae close to point z; is the same as in the problem for Y (z).

The two problems are equivalent in the sense that we can obtain a solution of one problem, using
the solution to the other, and vice versa, via simple algebraic manipulation.

Notice that the diagonal entries of the jump matrix Jr in (T2) above oscillate rapidly on the
unit circle for large k. The next transformation will turn this oscillatory behavior on the unit circle
into exponential decay on a deformed contour.

7.2. Opening of the lenses. First we factorize the jump matrix Jr as follows:

(74)  Jr(z) = Ji(2)In(2)Ja(2) = (Z—k ftl(z)_l (1)) ( ft(oz)_l ft(()Z)> (Zkft(lz)_l (1)>

The initial contour T is now deformed as shown in Figure[5| The matrix-valued functions J; and Jo
are both invertible, and have analytic continuations (which are also invertible) to the outside and
inside of the unit disk, respectively—intersected with the annulus where the function f; is analytic.
We also note the desired decay of the off-diagonal terms in the two matrices, in the respective
regions of analytic continuation.

We use J; and Jo to deform the problem for T by defining a new function S as follows:

T(z), for z € Q1 UQy,
(75) S(z) = T(2)J1(z), forze QUQ,,
T(2)Jy(z), forz € Q3UQ;.
The function S solves the following R-H problem:
(S1) S is analytic in C\ X, where ¥ = U;:o (Ej U Z; U E;)
(S2)  The boundary values are related by the following jump conditions:
Si(z) =95_(2)Ni(2), z€XgUZXy,
Si(2) =S_(2)JIn(2), zeXyUux,
Si(2) = S_(2)J2(2), z€X,UY.
(S3) S(z2)=T(2)=1+0(1/z) as z — 0.
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21 20

9]

b]

FIGURE 5. Deformed contour 3 = U}:o (Zj U Z; U E;), and regions €;, Q; for the
Riemann-Hilbert problem for S. Note that T = X, U ¥;.

(S4) As z— z1, z € C\ T, outside the lense (i.e. in 5 U )

O1) O(|z — z1]2“) + O(1)
(76) S(z) = ((’)(1) O(|z — Zi|2a1) + (’)(1)) ai # 0,

and

s (30 St~ ) -0,

The asymptotic behavior in 29 U Q; and Q3 U 9/3 is given by applying jump conditions to
the expressions and .

The new Riemann-Hilbert problem (S, Y) is called a deformation of the problem (7', T) and can be
compared to the deformation of a contour in the method of evaluating a classical steepest descent
problem in complex analysis.

Let us encircle the two points zg = 1 and z; by e-small disks

(78) U, ={2:|z—2z|<e}, j=0,1
We shall construct a global parametrix dealing with the jump condition over the unit circle and

two local parametrices around the points of intersection zy and z7.

7.3. Global Parametrix. We consider a Riemann-Hilbert problem for N, ignoring the contours
U}:O <Ej U E;) and the neighborhoods U;:O U.;. The model problem is given by

(N1) N :C\T — C?*? is analytic,
(N2)  Ny(z) =N_(z)Jn(z), for z € T,
(N3) N(z)=1+0(1/z),as z — oo.
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oU,
(B) U, under the ¢ transformation (called
(A) The neighborhood U,, ¢(Uy,)). Contour for the ¥; R-H problem.

FIGURE 6

Similarly to [3l [6], the problem is explicitly solvable and the solution is given in terms of the Szegé
function

(79) D(2) = exp {1_ /T k)gft(s)ds} .

S —z

Observe that

0 1
D(z)%3 , T <1,
(80) N = PB) (—1 0) or |2
D(z)7, for |z| > 1.

By evaluating the integral in , we can compute the following explicit formula for the Szeg6
function D:

8 :
(22)™7 (s - ) cminteot ) exp (552 Visk} . for el < 1,

zle“‘

(z—z1 )_aﬁ'ﬂl (z — e*t)iaOJrﬁo 20 =50 exp {— Z:clm szk} , for |z > 1.

z

(81) D(z) =

We now go back to the Riemann-Hilbert problem for S where we have opened the lens and
created a contour which possesses intersections. We will look at each intersection separately. On
their own, the local parametrices at zp and z; are the same as in [6] and [3], respectively.

7.4. Parametrix at point z;. In this section, we are basing the analysis on the works of Deift, Its
and Krasovsky in [0, B]. We first construct the parametrix P,, (z) in the neighborhood U, , see (78).
We again look for a sectionally analytic matrix-valued function, this time in the neighborhood U,
as opposed to the whole complex plane. This function will have the same jump conditions as S(z),
again only restricted to the intersection ¥ N U,,. It will also have the same behavior as z — 2; as
the function S, , . However, instead of being normalized at infinity, the new function will
satisfy the matching condition

(82) P, (2)N"Y(2) =T+ o0(1) asn — oo.
Consider the following transformation (which is where the n appears),

(83) ¢ =nlog i,
21
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where logx > 0 for z > 0, and the logarithm has a cut on the negative half of the real axis. This
transformation maps the neighborhood U.,, which can be seen in Figure [6al into a neighborhood
of zero in the (-plane, Figure[6b] We choose the form of the XN U, to give straight lines under the
transformation. The function ¢ is analytic and bijective, it takes an arc of the unit circle (recall
that Eb U le = T ) to an interval of the imaginary axis (see Figure @) The inside of the unit
circle corresponds to values of ¢ in the sectors I, II, III, IV, whereas the outside corresponds to
¢ €V, VI, VII, VIII. The pre-image of the rays I's and I'7 is added to the contour ¥ N U,, to deal
with non-analyticity of |z — 21]|%, which we discuss next. As in [6, (4.13)], define

(z —2z1)™

N al a1/2/.,—1 —1\a1/2 _
(84 has(2) = e = 21" = (s = 227 =T/ = R

where z = €, 2) = ¢, 0 < 0 < 27 and 6; # 0. We fix the cut of (z — 21)® going along the ray
arg z = arg z1 from z; to infinity, and we fix the branch by the condition that on the line from z; to

the right parallel to the real axis, arg(z — z1) = 2m. For 2/ in the denominator, 0 < arg z < 2.
We write
(85) (z —21)* = exp{aglog(z — z1)} = exp{ailog|z — 21| + ayiarg(z — 21)}
and
(86) (z21€™M)71/2 = exp {—i%(@ + 01 + l1)} :
Thus,
(Z - Zl)al @ . 0 01 1
(87) W:\Z—Zlf 'exp Zal(afg(z—zl)—§—5—§) ;

where we need the power of the exponential to be 0. The values of [; are then given by

(889) l1:{37r, 0<0 <0y,

m, 61 <60<2m,

which can be seen by considering different triangles in the complex plane. Alternatively, we can
write

- —1 — for0<60<9
(89) Zle/Q:exp{i<7T 1+7T/€)}:F|z—zl|{ orvso<h

(221€th) 2 + for 6> 6,

which should equal |z — 21|, and so

. {Z,<7T—ll+ k)} —1=¢" forf <6
X i =
P 2 1=¢"  forf <0
)2k —1)r mod 4r for 6 < 6y
' (2k 4+ 1)mr mod 4w for 0; < 6

We proceed in the same way and use the same notation as in [0, Section 4.2], with j = 1. We
define an auxiliary function Fy (cf. [6 (4.15)]) by

B1 .
1 2\ 2 eimar C el, II, V, VI,
90)  Fi(z) = Sloga(zt) s (2] ha(2) x L€ e U.,,
@) £l = e {Glogatin g () au(o { e v, vir, v, © € U
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(for the sectors I-VIII, see Figure . It can be verified that Fj is analytic in the intersection of
each quarter (-plane with {(U,,) and has the following jumps:
q p 1 g jump
Fl,*(z)e_%m'al’ < € Fl’
F1,+(Z) = Fl,—(Z)BQFiala C € F57

FL_(Z)emal, Cel3uly.
It is easy to see, after considering the analytic continuation in of f; off the arcs between
singularities, and a;, that
(91) Fi(2)” = fu(z)e ™ Y, (2), ¢ €L LV, VI,
(92) F1(2)? = fi(2)e*™ g 1, (2), ¢ eI, IV, VII, VIIL

21,61

We now look for P, (z) in the form
(93) P, (2) = E(2)PW (2) Fy ()78 ,En03/2,
where the plus sign is taken for |z| < 1 and minus for |z| > 1, which corresponds to ¢ € LILIILIV,
and ¢ € V,VLVIL,VIII, respectively. The matrix E is analytic and invertible in the neighborhood
of U,,, and hence does not affect the jump and analyticity conditions and is chosen in order for P,
to satisfy the matching condition on the boundary .

Since P,, has the same jump conditions as S, it is straightforward to verify that P gatisfies
jump conditions with constant jump matrices. As in [6], we set
(94) PM(z) = 0y (¢).

Then W4 (¢) satisfies the Riemann-Hilbert problem outlined in Section We substitute asymp-
totics from (119) into the condition on E (see (82)),
(95) E(2)W1(QFi(2)" 272N} (2) = I + o(1),
(with + for |z| < 1, and — for |z| > 1), to find that

_ 9 e—’i7r(2,31+0¢1) 0

(96) E(z) = N(Z)C51U3F103 (Z)Zl nos/ ( 0 gim(Bi+2a1) | > for ¢ € LI

The matrix E for the remaining sectors can be computed using the relevant asymptotics which are
obtained using (119)), see [6, Equations (4.42)-(4.50)] for those details.

We next obtain expansions in © = z — 21, as u — 0, which are unique to our problem.
These will be used later on to compute Laurent expansions for the asymptotic solution in the

final R-H problem for R. From (83), (81), (90), (84), and using the factorization of V(z) =
exp {3 r0 o Viz } eVoexp {352 Vorz %}, we get

(97) Fi(z) = exp {loga(z1; ) /2} e P20 M (L4 Ow), €L
(98) D(z) = urth Zl—(a1+51)e—in(a1+ﬂ1)(zl _ et)(ao-&-ﬁo)e—iw(ao-ﬁ-ﬁO) exp {Z szf} (1+0(w)),
k=0
(99) C(2) = nlog — = n— + Ou2) = n—(1 + O(w)).
Z1 Z1 Z1
Therefore,

2 0o k
< D(z) > _ N XD {0 Vet } (1 — etz )@HB0) (1 _ o=t 1)~(a0—fo)
PR (2) exp {Zliozl V—kzk_k}
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(100) x etleotho)gim(ar=261),=261(1 4 O(u)), ¢ el

From it can be seen that det F(z) = e'™(@1=A1) (this holds for all sections I-VIII of the ¢-plane
in fact). We also note that det ¥ (¢) = e=*"(®1=81), This can be seen from Liouville’s theorem, the
function det ¥y (¢) has no jumps (verifying directly from the jump conditions in (¥12) above), the
singularity at 0 is removable as Reay > —1/2 (by looking at the determinant of (113)) and the
value of the function follows from computing the determinant of . Those two facts, and
that det A?8 = 1 for any constant A, give det P,,(z) = 1, so P, (z) is invertible. Also observe that
S(2)P,,(z)~! is analytic in U,,, which is needed for the final R-H problem in Section By looking
at (113), and (76), (77), it can be seen that the singularity at z1 is at most O(|z — 21]?*1)
or O(log|z — z1]), but by the construction of P, (z) (which as you recall, had the same jumps as
S(2)), the matrix-valued function S(z)P,,(z)~! has no jumps in the neighborhood of z1, so the
singularity is removable.

We now compute the first correction term Aj(z) in the asymptotic series in inverse powers of n

of ([95),
(101) P, (2)N7}(z) = I+ Ai(2) + = RN930(n2)nRedios

A full series can be found by considering further terms in . We start by denoting by E;;
and Wy, i,j = 1,2, the matrix elements of F(z) and the asymptotic expansion of W;({) (see
(119)). In what follows, we only compute using the values valid in sector I (equivalently, where
appropriate |z| < 1); the expression for the asymptotic series extends to the whole boundary 0U,
by analytic continuation by a consideration of other sectors. Multiplying out the matrices in
we get F1 = FE9y =0, and

(102) Eyp = D(Z)C—BlFflz?/26iﬂ(ﬁl+2a1),

(103) Eyp = _El—zleiﬂ(alflh).
Further, multiplying the matrices in ,

—n/2 -1 —1_n/2
(104) P, (2)N71(2) = <E12\I’1722F12 D(z) E19V101F] 2 D(z)> 7

E21\IJ1712F1Z_”/2D(2’)_1 —E21Q1711Ff12n/2D(z)
and substituting in (102)),(103) and using (119) for ¥y ;; gives,

2
nF 1 D z T —Q
(105) Aq(2) 1 —(af - 5%) Py (F(Z?i}r;@;) (Cﬁl(F)l) im(2B1—a1)
1(2) == ’,
'l+on— D(z —ir _
C\-aiEEy (Fw) een (of = 51)

In particular,

1 oo o
(Ba(2)y = cofe (1 = me™) (1 - o) 0 exp {Z vsz} exp {— > V_kz;’“}
k=1

k=1

(c0—B0),, 26 (L + a1+ f1)
(106) % et n o =7 (1+ O(u)).

We also note,

1 . Z1 1
(107) E = n(z — Zl) + om + O(Z Zl), zZ—r 2.
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7.5. Riemann-Hilbert Problem for ¥;. Let ¥U;(() be the solution of the following Riemann-
Hilbert problem on the contour I' := Uizlfk given in Figure

(U11) ¥y : C\ T — C?*2 is analytic.

(U12) W, satisfies the following jump conditions:

0 e~ imh
(108) Vi (O =Y _gmes o | for ¢ € I'y,

0 et
(109) \I’l,+(<) = \I]L*(C) _e—iﬂﬁl 0 ’ for C € F57
(110) Ty 4 (¢) =Ty _(Q)e'™%s for ( € T3UTYy,

1 0 . + in the exponent for ¢ € I's,

111 v =V, _ . th
(111) 1+(0) 1-(0) (eim(ﬁl—?al) 1) ’ Wi {— in the exponent for ¢ € I'y,

(112) Uy 4(0) =¥1,-(C) <eii7r(/31+2oz1) 1

1 0 th + in the exponent for ¢ € I's,
) w1 .
— in the exponent for ( € T,

(U13) As ¢ — 0, ¢ € C\ T outside the lenses (i.e. sectors II, III, VI, VII), for oy # 0,
_ (O(C™) O(C™) +0(¢™)
(113) ‘1’1(0 - (O(Cal) (’)(Cal) +O(Cal)> )
and for oy =0, 81 # 0,
_ (0(@1) O(log|z|)
(114) 0= (00) Oerleh):

The behavior of ¥(¢) for ( — 0 in other sectors can be computed using the appropriate
jump conditions.

This problem was solved explicitly in [0, Section 4.2] and solutions found using confluent hyperge-
ometric functions (see the appendix of [16]). Define a function ¢ (a, ¢; z) as a unique solution of the
confluent hypergeometric equation

(115) 2w 4 (c—a)w —aw =0,
satisfying the following asymptotic condition

(@)n(l+a—c),

[e.9]

- 3
(116) v(a,c;z) ~27¢ 7;)(—1)” o as z — oo and TW <argz < g,
where
T
(a)o=1, (a)p=ala+1)...(a+n—-1)= (S(Z)n), n>1.
Theorem 8. [0, Proposition 4.1] Let a1 =51 # —1,—2,.... Then a solution to the above Riemann-

Hilbert problem (¥11)-(V13) for Uy, 0 < arg( < 2m, is given by the following matriz-valued function
in sector I:

117 v =v(©
Cvp(ay + B1, 1+ 2aq, ¢) el 2hrtar) (/2

<—C_°“¢(1 — a1+ 01,1 = 2aq, C)em(ﬁl—?’al)e—f/?7F§1(:?iglﬁ)l)
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T'(a1+p1)
¢(—on — B1,1 — 20, €7 e el/2
where Y(a, c¢; ) is the confluent hypergeometric function of the second kind defined above, and T is
the Euler’s I'-function. The solution in the other sectors is given by successive application of the

Jgump conditions from (¥12) to (117)).

This solution is matched with N (see (82))) on the boundary U, for large n. The limit n —
00,z € OU,,, corresponds to ( — oo. Thus, an asymptotic expansion of ¥; is found using the
classical result for the confluent hypergeometric function (which is (116]) rewritten),

(118) Y(a,c;x) =271 —a(l4+a—c)z™t + O(x™?)], |z| = o0, —37/2 < argx < 31/2.

These asymptotics can be taken both for 1 (a, c;¢) and ¥ (a, c;e="(¢) for ¢ € I (recall the branches
are fixed by the condition 0 < arg( < 27. Using (118 to (117)), we obtain the relevant asymptotics,
which due to the triangular structure of the jump matrices remain the same in the sectors I and II,

(119) v () = w0

—C1p(1 + g — Bi, 1+ 2aq, e el Prtan)el/2 F(Hm_ﬁl))

2 2 I'(1+o1—p1) in da
- I—|—1< P+ lea)_ﬁ? Marra) ¢ 1)> +0(C?)
A\ o (o -
i (2614a1) 0
—Bio3 —Ca3/2 [ €
X C B1 3e Cos/ < 0 e—iw(ﬁ1+2a1)> )

C—)OO, CEI,II, alzl:ﬁl#—l,—Q,....

The asymptotics in the remaining sectors can be found using the relevant jump matrices.

7.6. Parametrix at point zy = 1. Before proceeding with the local parametrix near the point 2,
we first look at the Riemann-Hilbert problem for W(z)—the problem for Painlevé V—which will
play a crucial role in finding the solution to the problem for the local parametrix. This problem was
presented and solved in [3, Section 1.3], we provide a short summary of it here for the benefit of the
reader. We will also use some of the details from [3], Section 4.1,4.2] to compute some additional
details that are relevant to solving our problem.

The parametrix P,, will be constructed for 0 < t < to, where % is sufficiently small. Similarly to
the paramtetrix at zi, it will satisfy the same jump conditions as the R-H problem for S(z) in the
neighborhood U, of zp, which has a sufficiently small, fixed radius. And we will have a matching
condition with the R-H problem for N(z) on the boundary of U, (referred to as dU,,, which will
be determined by an analytic (in U,,) matrix function E(z)).

The Parametriz at zy. Assume that ¥y(() solves the R-H problem for ¥ defined in Section
and define

x 1 e
(120) D(\;z) = ed%3 g3y <)\ + 3 x) G(\; :U)%"?’ei?(o‘o_ﬁo)":’, for £SA >0,
x
where
—(a0—Po) oo+0 .
(121) G\ z) = ()\ + g) . (/\ — g) . eremH0=F) 45,

which is analytic in C \ ((—o0, —z/2] U [2/2,400)). We choose —m < arg(A + x/2) < 7 and
0 < arg(A — x/2) < 2m. The matrix function ® = ®(\;x) solves the following R-H problem for
x> 0.

Riemann-Hilbert problem for ®
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1 G!
0 1

1
-G

FIGURE 7. Jump contour and jump matrices for the ®-R-H problem

(1) @ : C\ U;*:le“@j_l)/‘l]l%*' — C?*2 is analytic, with the rays e™~D/4R* oriented as
shown in Figure

(®2)  ® has continuous boundary values on U?zle”@j ~D/AR*\ {0}, and they are related by
the following jump conditions,

. -1 ) ‘
(122) B (\) = D_()) (é G(A,lx) ) | as A€ ART U TmART
1 B =0 <—G(1/\- z) (1)> , as A€ MR U ST IRT

(®#3) @ has the following behavior as A — oo,
(124) dN)=T+0\ 1.
(®4) @ is bounded near 0.

Proposition 9 ([3, Proposition 3.1]).

e If Reawy > —1/2, the R-H problem for ® is uniquely solvable for all but possibly a finite
number of positive z—wvalues {x1,...,x}, where x; = xj(ag, fo) and k = k(e )

o Ifag > —1/2 and Re By = 0, the R-H problem for ® is uniquely solvable for all x > 0.

e IfReagy > —1/2, the asymptotic condition for ® is valid uniformly for x € (0,+00)
provided that x remains bounded away from the set {x1,...,xy}.

We now transform the jump matrices for ® into the jump matrices for S near zyp = 1. First,
notice that the off-diagonal entries of the jump matrices for ® have branch points at +x/2, and the
ones for S have the branch points at e**. We thus define a conformal map X in the neighborhood
of zg by

(125) Az) = % log(z), z€ Us,
which maps e™! to —x/2, €' to /2 and 1 to 0. Again, we take the branch of the logarithm such

that logz > 0 for z > 1, and the branch cut is along the negative real axis. We also need that
eM?) = 2" and so

(126) x = 2nt.

We choose the contours 37 and Yo near 1, such that A maps 37 U 39 onto the jump contour
U?Zlem(zj ~D/AR* for ®. We look for the parametrix P, of the form

(127) Poy(2) = B()(A(2): 2nt) W (2),
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where E is analytic in U,, and W is given by

—G(M\(z)) 293229 f,(2) 2%, for |2| < 1,
G(N(2))"27325%3 £,(2)2%0y,  for |2| > 1.

(128) W(z) = {

Note that W is analytic in U,, \ T, as A(e!) = z/2 and A(e™!) = —z/2, and the branch points of G
cancel out with the branch points of f.

If E is analytic in U, then P, satisfies the same jump conditions as the matrix S with the jump
conditions given in the R-H problem for S.

The R-H problem for @ is not solvable for a finite set of values {x1,...,z;} and thus we need
the condition that x = 2nt is distinct from each zy; for more details, see [3, Theorem 1.1].

We now fix the matrix £ in a way that makes the parametrix P,, agree with the R-H problem
for N on the boundary of U,,. Note that

IA(2)] = |nlog z| = n|log z| > cn  for z € OU,,, and ¢ > 0.

Thus, if 2nt stays bounded away from {z1,...,z;} as n — oo, then by Proposition |§|, we can use
the asymptotic behavior of ® in ((124) to get

(129) P, (2) = E(z)(I+O0n H))W(z) asz— oo

uniformly for 0 < ¢t < tp and z € OU,,. If ¢y is sufficiently small, we can assume that the points ett
lie inside U, at a distance which is bounded from below from 0U,,. By ([121) and ((128)),

(1)

0 o))’
0

(

0 0
(
o(1)
0

2] <1,
(130) W(z) =nP0

>

o(1)

as n — oo uniformly for 0 < t < tp and uniformly for z € U, \ T. We set
(131) B(z) = N(z)W (=),

it can be verified using the jumps for N and W across T that E is analytic in the whole neighborhood

U,, of 1. Using and (130)), we have

(132) B(z) = ( 0(()1) 08”) s

as n — oo uniformly for 0 < t < tp and z € U,,. Therefore, using ((129)), we obtain the following
asymptotics for the matching condition for z € OU,,:

(133) P, (2)N(z) ' =ER) I +0m ))E(z) " =T +nP730n Hn» % asn — oo

uniformly for 0 < t < ¢y and if 2nt is away from the set {z1,..., 2%}

We also note here that SPz_01 is analytic in the neighborhood of U,,, which we need for the final
R-H problem in Section Since P,, has the same jumps as S inside U, it follows that any
singularity at z = 1 is removable.

Similarly to the parametrix at z;, we will now compute the first correction term Aj in the
asymptotic series in inverse powers of n

(134) P, (Z)Nfl(z) =T+ A(2)+n" ReﬁOUSO(TL*Q)nReB()Ug‘
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Using (80), (127), and (131)), we get
(135)

P, (2)N71(2) = -1 0 1 0
D(2)73W (2)71®(A\(2); 2)W (2) D(2) 3, for |z| > 1.
Denote the elements of ®(A(z);x) by ®;;(z) for 4, j = 1,2 and write G(z) for G(A(z). By ,
(136)

D(2)7 ( 0 1) W(2)-LB(A(2): 2)W (2) <0 _1> D)%, for |2] < 1,

Dya(2) D(2)2G71(2)2" fi(2) "1 ®21(2) for 2] < 1
Py ()N (2) = D(2)72G(2)27" fi(2)P12(2) ®11(2)
0 Do (2) DG (2)" i) (2)) o o> 1
D(2)72G(2)z " fi(z) ' @12(2) ®q1(2)

We now look at the behavior of these as z — eT! in the two cases |z| < 1 and |z| > 1. We denote
by u = z — e¥t and take v — 0. First recall the Szegé function and , and observe

(137)

—1_—¢\o1+8 - +B — —t
D(z) = {(1_lee LA o ( Oe:jow%xp{zzi“v’“e FHA+Oow), g,
—+\ —(a1— — —(ap— —
(1= 2 )) 7 (1= e 2) T P exp {= 3000, Voge ™%} (14 O(uw)), \Zz|_;61.
By (121)),
—(@0—Fo) +B 4
GOE)r =2mt) =n* (log Z5) " (1og 5) " anemien=o),
€ €
n2,30u—(040—50)(2t>6¥0+ﬂ06—tne—t(ao—ﬁo)6—27”',30(1 + O(u)) i_)Pt
138 = , N
(138) 200y @0+ho (24) = (@0=Fo) gtne=HaotPo) =imlao=Fo) (1 4 O(w)), 79
Now considering the symbol and ,
eV(eft)(l _ zfle_t)%‘l(l — e~ 2t)e0tBoyao—Pogt(ar—F)
xeaveimlea=P 1= (1 1 O(u)), v

(139) f(zu t) = eV(et)(l _ zle—t)Qal(l _ e—2t)o¢0+ﬁoua0+ﬂoet(oq-i—ﬁl)

><e*iﬂ’(aﬂrﬁl)e*iﬂ(al+51)zl_(a1+,31)(1_*_O(u))’ Zu_:;(t)

In what follows, we only need one of the entries of Aj(z); the other elements can be easily computed
similarly using the information above. Combining the above with (127)), we get

(A1(2)) 1y = (1 — 27 e )2 (1 — e )20 ho oxp {Z Vke_tk} exp {— Z V_ketk}
k=1

k=0
« ef(a0+50)e—t(a1—51)6—27”'50e—iﬁ(al—ﬁl)zf(alfﬁl) (Qt)—(ao+ﬂo)n—25o

(140) X ®o1 (Mz — e )z =2nt) (1+O(u)) asz—e
and

(A1(2))yy = (1 = z1e )PP (1 - e~ 2y ~(@0=F0) expy {— Z V_ketk} exp {Z Vketk}
k=1

k=0
% et(oéo-i-ﬁo)et(oél+/31)€—27Fi/30€—i7f(0<1+,31)Zl_(a1+51) (zt)ao—ﬁon—%o

(141) X @1 (A(z = €');z=2nt) (14 O(u)) asz— €.
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It remains to find the appropriate asymptotics for ®(\, z). We will find two asymptotic expansions
of the form

C
(142) dN) =1+ 71 +O((N)72) as X — oo
One of these will hold uniformly for 0 < z < ¢ and the other will hold uniformly for z > C|
where 6,C > 0 and X' (z) = A(z) £ §. After that, judging by the similarities in the two asymptotic
expansions, we will attempt to find a constant C; that will asymptotically match both cases.

Asymptotics for ® as x — co. We use the following expansion given in Section 4.1 of [3]:

(143) B(() = B(a¢ = Az) = I + 6;1 +0(C?) as ¢ — o0,
where
x72 2048717 _ a0 — —z 6727116
aw o= oAy (L HO ()| e (14 0 )
— o] —xT e<TPo —r T
am oottt (140 (3)) re et (140 (2))

Via the transformation ¢ — %, we get

2750 1 2
o) — o0 tBo—x/2_ -1 il r
(145) Qo1 (Njz) =2 e F(Oéo—ﬁo))\ <1+O<x>>+0(>\2> as A — oo

uniformly for z > C' > 0. Translating A by +§ makes no difference, and so

I — pe0tBo,—2/2 e?mio Nt 1 X 2 !
(146) o1 (N 2) = g0 tFoe T(ao — Bo) () <1+O<x>> —i—O(()\,) > as A — oo

uniformly for z > C > 0.

Asymptotics for ® as © — 0. We use the approach in Section 4.2 of [3] to find asymptotics of ¥y
and ® as x — 0. Recall the R-H problem for ¥ in —, which is intimately connected to
the function ®(A(z);z) via (120).

We now use (199) to find asymptotics of \/I:'(/)\\) (a transformation of the R-H problem for ¥,
defined in Section [7.7) as A := A — 5 — o0o. We rewrite and using A = A+ 5 (see the
discussion below ({178)). We obtain,

o~

lo' T
(7)o (A=R+Fiz) = eimaomy (A +1 a:) G (A+5.2)" eF oo,
X

and

N ~ —(@0=50) <00 180 R /2 —im(ao—Fo)
(148) G ()\+ 5,1’) = ()\+$> A\YOTPO AT/ 2=t (0 —P0)
Now using (178) and (199),

lo— i
P(Nz) = 6_96/403(1\/()\; x)G ()\ -+ g; ) 278 5 (a0—Po)os
= e */1IB RN h) PN 73 i (ag—Bo)os 3
=e R(AN)M(NG )\+§,x e 2 for \ e C\ U..

Using the asymptotic behavior of R(A) = I + O(A~!) and writing G = G(A + %), we obtain

N

~

e~/ (M (14 OY) + MuOR)) e/ (Myp(1 4+ O(A) + M O3 1))

2m) = ev/4 (M11(1 +OY) + MQlo(/}‘\_l)> et/4 <M12(1 +OA) + M22(9(X_1)>
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(G%e?(aoﬁo) 0 )
X 1 im

0 G 2¢~ 5 (@0—Po)
(149)

e/AGze T 0By, <(1 + %O(XA)) e /G 3™ % (0 oy ((1 + %O(Xﬂ))

e 1GEeF PN, (14 JRORTY)  e/AG e Fo Ry, (14 $20(07))
We can find the asymptotics of each M;; as X = 00, but we only concentrate on finding the details
of Mo (finding details of every M;; shows that the ratios above are O(1)). By (194) and (195,

- T o~ ~\ I'(1
(150) le — €Z7T(60+3a0)6_)\/2>\_a0’¢ (1 —agp+ 505 1— 20[0, )\> 6”"(50—3040) ( + oo + BO) .

(a0 — Bo)
Using the asymptotics for the confluent hypergeometric function 1 from (118]), we obtain
B0 —x/2 L (1 4o+ Bo)~_ g~ S
151 My, = e2imPog=2/22 1" T 40T F0)3-po3-1 (1+o A1 )
(151) o S e G

Thus, by (T35), (T29), and (151,
~ . ~ a0=FBo |\ ~( 20+8 =~ ~ ~ ~ ~
Py (N) = 61/46217#3’0()\ —|—x)( s O))\( = 0>6A/26w/4€*>\/2wA*50)\*1 (1 + O()fl))

I'(ag — Bo)
/2 2ing, L (1 + a0 + o) X—(L’;ﬂo) <1 $>_(L;BO> g ) -1 (4 O(X 1
— et/2p2imPo A= T 0 T FUJ LT - -~ n _
(oo — o) ( )
o L (1 + a0+ Bo)~_ ~_ ~
152 = et/22imPo - T 0 T U1 (1 4 o\t as A — 0o,
(152) ooy (1#0G™)

uniformly for 0 < z < 4, § > 0. A simple translation X — X — z shows that
Doy (N) = /4G (X — 2 a:) ¢im/2@0=B0) N (X — ) (1 + 0(%1))

_ 61/4 (5\_(&0;50) (X B x) (aogﬁo)eﬂ/261/4eiﬂ/2(a0ﬁ0)> 6i7r/2(a0760)62i7r60675\/2

LUtat i) G )R o)

I'(ao — Bo)
a0—Bo _
_ em/2e2iwﬁolw 5-(25™) <5\ (1 - §>)< ) A1 (1 - ;\) 1 (1 + (’)(5\*1)>
(153)

x/2,2imo L (L + a0 + fo)
['(ao — Bo)
uniformly for 0 <z <4, § > 0.

=€

A1 (1 + (’)(5\_1)) as A — 0o

Ezxpression for a fized x. The function

(154) K(x) = ex/Q/ yeotho ey gy
has the following behavior:

(155) K(z) ~ {

e~ /2 g0 tPo as T — 00,
e*’I'(ag + o+ 1), asz — 0.
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We can use K to write down an expression for ®o1(\';z) with fixed x, that is asymptotically valid
for small and large values of . From (146]), (152)), (153) we obtain,

627r7lﬁ0
['(cg — fo)
We also note that if x = 2nt, X = nlog % and A = nlog —%; and for { fixed,

et

(156) By (V;2) = K@) (V) +0((V) %) asX o

t

1 e 1
157 ==———d4 — +0(z—¢), — e,
(157) 3 n(z—et)+2n+ (z—¢€) z—e
and similarly,
1 et 1 "

(158) =+ —+0(z—-¢", z—oel

A n(z—et)  2n

Combining the results from (140), (141f), (152), and (153]), we obtain the final expression for

(A1(2))12 in the expansion of P,,(2)N~1(z) in inverse powers of n, for z — e,

(A1(2)) 19 = A1 = 27 te )20 (1 — e 220t exp {Z Vke_tk} exp {— Z Vketk}
k=1

k=0

n_260

159 « etlao+Bo) ;—t(a1=p1) g—im(a1—p1) ,~(@1=B1) 194\ —(ao+5o)
( ) 1 ( ) P(Oéo I /BO)

K(2nt),

and for z — e,

(A1(2)) 19 = A1 = 217 )21 (1 — 7 2)~(@0=F0) oy {— Z Vke_tk} exp {Z Vketk}
k=1 k=0
n_QBO
I'(ao — Bo)

7.7. Riemann-Hilbert Problem for Painlevé V. We consider the second order ODE
(161)

2
2o\ > do do\? do do\? [ do do
C9) = o-2ZZ 12 (%) 42002 4 () (2 il -
<$daz2> (U Yo T (dm) * aOdaz) (dl‘) (dx a0 +50> <dx a0 BO) ’

which is the o-form of the Painlevé V equation,

(160) % et(aoJr/D’o)et(a1+/31)e*iﬂ(a1+51)21_(0¢1+/31)(Qt)aO*ﬂo K(2nt).

1 1 1 —1)? 1

(162) Upr = | — + Ui_*ux‘f‘u Au+é +@+DM7
2u  u-—1 T x2 u T u—1

which was produced by Jimbo, Miwa, Okamoto (see [17, [18]). For our R-H problem, we have
1 1 1

(163) A= §(a0_B0)27 B:_§(a0+ﬁ0)27 C:1+2/807 D:_i

The function o(x) in the solution of (161)) can be constructed explicitly in terms of the R-H
problem below. We consider I' = U?Zlf‘j C C as the contour for this problem (see Figure , where

= % + 6i7r/4R+, Iy = % + e7j37r/4]R-|—7 Iy = % + 6i57r/4R+,
Ty=1+e™ARY,  Tj=(1,+00), T'e = (0,1).
The contours I'y, ..., I's are oriented towards infinity and I'g is oriented to the right. As before, we

assume that Reag > —1/2.
Riemann-Hilbert problem for g

(164)
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1 0 1 eim(co—Po)
_e—im(ao—Po) 1 Iy Iy 0 1

—mi(ap—PBo)o3

III

] () / o )7i7r((kofﬁo)
T T e
<e”<aoﬁo> 1> ’ ! (0 1 )

FIGURE 8. Jump contour and jump matrices for the Painleve V R-H problem for ¥

e 6271'7',8()0'3

(Upl)  Wy:C\T — C**2 is analytic.
(¥o2) Uy has continuous boundary values on I'\ {0, 1/2, 1}, and they are related by the following
jump conditions,

1 emi(@o—Fo)
(165) wa@ =@ (5 ), rrcen
(166) Wo4(C) = Yo (0) (_e_m%ao_m (1)) . forCely,
(167) Wo,+(¢) = ¥o,—(C) (em(alo—ﬁo) 2) ; for ¢ € I's,

_ p—mi(c0—Po)

(169 Q=@ (5 7). prcen,
(169) Vo4 () = Wo,—(¢)e*™%8, for ¢ €T,
(170) W1 (¢) = W (¢)e (@007 - for ¢ € T,

(Up3)  ¥q has the following asymptotic behavior as ¢ — oo, for some matrices C; = Cy (z, o, Bo),
CZ = 02(1"’ Qo, BO)?

C C

(171) o(¢) = (I + ?1 + ?22 + 0(<S)> (~Poos e (@/Beos,

(Up4)  ¥q has the following asymptotic behavior close to the following points,

|C|(Oéo—/30)/2 |<|—(ao—5o)/2

(172) (\11041) \Ij[)(c) =0 |C|(a0_ﬂ0)/2 ‘C|_(a0_50)/2 s as C — O,

113)  (w2)  wy@ =0 STHTITE T e

' — 1|~ (@0+bo — 1|(ex0+h5o ’ ’
0 0 ¢ — 1|~ (@0FBo)/2 | — 1|(c0+Bo)/2
and ¥q is bounded near { = 1/2.
Let L; denote the jump matrices in the jump conditions above, for j = 1,...,6, corresponding to

each I';. In all cases we have that det L; = 1, and so, for j =1,...,6,
(det W) (¢) = (det ¥g)_(¢) det Lj = (det ¥o)_(().
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1 0 R R 1 eim(@o—Po)
_efiﬂ-(a()fﬁo) 1 0 1

—r + + I

e—ﬂi(a() —po)os 627”;600'3
Ir
1 0 1 —eim(co—po)
<eiw(aoﬁo) 1) I3 T <0 1

FIGURE 9. Jump contour and jump matrices for the ¥ R-H problem

Thus, det Uo(¢) is analytic in C, and so det Wo(¢) = 1 since det ¥o(¢) = 1+ O({™!) as ¢ — oo.
Now using (171)), we have tr C7; = 0. We denote the elements of the matrix C; by

(174) aw = (4 1.

We define two functions v and u in terms of the matrix elements of C; by setting
(175) o) = 0T 4(a) — ar(@)t(a)

and

(176) u(z) =1+ ot

(280 + 1 — 2)t(x) + xt'(z)

By [3, Section 4.3], the following solution to the Painlevé V equation plays a crucial role in describing
transition asymptotics:

) o) = [ wierae

which is well defined because of the asymptotic behavior of v given as

—205 (1 — (2a0 + 1)a2°C(ag, fo)) (1 + O(x)), @ — 0,200 ¢ Z,

200
v(z) =< O(1) 4+ O(22) 4 O(z** log x), x— 0,200 € Z,
—14200 ,— 1
—p 0 S (14 0(1/2)), T — 400,
where C(ap, fo) is defined in (46]).
Let us denote by W7, ..., Vg v the analytic continuation of ¥, from the relevant sectors I,...,V

in Figure |8 to C \ [0, +00). Consider the following function,

(\IJO,I(% +1;2) for A in region I/,
Dou(2 + L;2)  for X in region IT,
(178) WA ) 1= /D08 =0s om(2+1;2) for X in region IIT,
\1’0,1\/(% +1;z) for X in region IV,
\I’O,V(% +1;z) for X in region V7,

and write X(z) := A(2) — 5. The contour is translated by a half in the ¢(-plane and then by realizing
that ((z) = @ (which is not the same as in the R-H problem for ¥y), it is transformed into a
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contour in the X—plane (see Figure |§| and compare with Figure . Observe that the intersection of

the contour lines is now at A = 0 as opposed to ¢ = %, ie. A= 3.

The following R-H problem for ¥ follows directly from the ¥y problem (¥o1)-(¥o4).
Riemann-Hilbert Problem for W

(\/I\fl) U C \ [ — C2%2 s analytic. Here T= U?Zlfj and
fl _ 6m/4R+’ f2 _ 63i7r/4R+’ fg _ 65¢W/4R+’
f4 = €7i7r/4R+, fg, = R+, f(; = (—ZE, 0)

(U2) ¥ has continuous boundary values on I' \ {—z,0}, and they are related by the following
jump conditions,

o~ o~ ~ ~ 1 671-7:(0‘0750) -~ o~
(179) Ui(N)=T_(N) 0 1 , for A eI'y,
o~ o~ 1 0 ~
(180) \II+()\) = \I’_(A) (_6_7”'(010_/80) 1> 5 fOI‘ )\ € FQ,
~ ~ ~ o~ 1 0 ~ -~
(181) \I/+()\) = \I/_()\) <€7ri(a0_’30) 1) y for A € Pg,
~ o~ ~ ~ (1 —eTiHaxo—po) ~ o~
(182) Ui(A) =T_(N) 0 1 , for A € Ty,
(183) T, (\) = T_(N)e2miboos  for X € T's,
(184) T, (\) = U_(\)e miao—Po)os for A € Tg,

(\/1\13) Uy has the following asymptotic behavior as = 0,

~

(185) T0) = (I n (’)(X*l)) 3803 —(1/2)30s

(\/1\14) ¥ has the following asymptotic behavior close to the following points,

~ S o~ ’/):_Fx‘(%*ﬁo)/z ’/):_Fx‘*(QO*ﬁo)/? ~
(186) (P4.1) U\ =0 (’X—i— x‘(QO*ﬁo)/Z ’/):—i- x‘*(QO*BO)/2 , as A\ — —ux,

—(ao+80)/2 | X|(a0+Fo)/2

- TN ’X’ N N Y
(187) (T4.2)  T(N) =0 (lX’(aO%)/Q Sfeorane |+ 830 ATV,

and for \ in other sectors we apply the appropriate jump conditions to ((187]).

As in [3], we use steepest descent techniques, and in particular, for small values of z, we construct
a global and a local parametrix, match them on the boundary of a small neighborhood of N = 0,
denoted by U, (which contains also [—z,0]), and show the final R-H problem is a small norm R-H
problem, and hence solvable. We summarize the key points below.

Riemann-Hilbert Problem for M (Global Parametrixz for the U R-H problem)

(M1) M :C\ (U?:lfj) — C?*? is analytic.



TRANSITION ASYMPTOTICS OF TOEPLITZ DETERMINANTS 35

(M2) M has continuous boundary values on (U?:lfj) \ {0} related by the following jump condi-

tions:
- - wi(co—Po) o
(188) My = M_(N) <(1) ¢ f ’ ) for A e T,
~ ~ 1 0 ~ -
(189) M) = M_(V) (_e_m.(ao_ﬁo) 1> for X € Ty,
~ ~ 1 0 ~ -
(190) M3 = M_(N) <em.(a0_60) 1) for A € T's,
~ ~ (1 —eTi(ao—Po) ~ -~
(191) Mi(N) = M_(\) 0 ) for X € Ty,
(192) My (X) = M_(N\)e*™607s  for X e T,
(M3) M has the following behavior at infinity,
(193) M) = (I + O(X71)> A Poose=(WDAos g X o0,

The problem is explicitly solvable in terms of the confluent hypergeometric function v defined via
. We give the solution as it was presented in [3] Section 4.2.1], but only for sector I' (compare
with the analysis performed in Section [7.4), details of other sectors can be found in [3], or by
applying the appropriate jumps. We define the following matrix-valued function,

~ —im(2B0+0) 0 .
_ (€ —(im/2)ago
HO) = ( . em(ﬁomo)) o~ (im/Da0as

A04p(ag + fo, 1 + 2, A)eim(2Potao)

X |~ 7 N
()\aoﬂ)(l —ag + Bo, 1 — 2ag, )\)6”(50*300)7F%1(203;f)0)

”)\\aow(l + ap — Bo, 1 + 2ay, e_m/)\\)e”(ﬂo-i-ao)Fg(‘;g‘igf)o))

X‘aol/}(—ao — Bo,1 — 2, e_”f:\\)e“m‘0
(194) X e(mo‘oﬂ)":ﬁe—x‘mﬂ, agt By #—-1,-2,...,
where 1 (a, b, z) is the confluent hypergeometric function (see (115]) and (116)) for some of its prop-
erties), and I'(x) is the Euler’s I'-function. The solution to the R-H problem for M in the sector I’
is then given by,
(195) M) = M) = HQ) (, . T

and we denote the matrix elements of M(X) by M;;, i,j = 1,2 for future use. Also, in [3], it is
shown that for A € 0U.,

—~ ~ ~ (1 —¢tm(eo—po) ~
, for0<arg) <

(196) P(B\\ x)M(X)fl _ I+ O(z) + O(zt220) asx — 0, if 209 ¢ Z,
7 I+ O(zlog ), as z — 0, if 2ag € Z.
(197) =T+o0(l) asz—0,

which makes the following final R-H problem small-norm for sufficiently small x.
Riemann-Hilbert problem for R

(]/%1) R:C \ OU. — C?*? is analytic.
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1

"

FI1GURE 10. Contour I' = U;:OaUzj Ujl-:0 % Ujl-:0 X,

for the R and R R-H problem.

(}?52) R has the following jump condition,
(198) Ry(\) = R_(\)J(X), for A € dUL,

where J(A) = P()M(A) .
(R3) RO\) =T+ 0O\ 1) as A — oo
The solvability of this problem implies through the invertible transformations ¥y — ¥ — R and
Vo — & that the R-H problems for ® and ¥y are solvable for 0 < x < §. Further, from the fact
that J(X) = I +0(1) and (R2), it follows that ﬁ(X) = 1+ o(1) uniformly for XeC \U: as x — 0.
This holds at infinity, and so E(X) =1+ (’)(X‘l) as A — oo uniformly for small z.
The following function solves the R-H problem for R above,

(199) RQY) = {@@M N7 for Xe C\ T,

~

(
NP1 for X e U..
7.8. Final Riemann-Hilbert Problem. We assume that a; £ 8; # —1,—-2,... for j = 0,1. Let

S(z)N=Yz), z€C\{U, UU, UT},
(200) R(z) =< S(2)P ' (z), z€U,,

21

S(2)P, 1(2), z€U,.

20

As mentioned in Sections and S PZ_O1 and SP;; L are analytic in the neighborhoods U,,, and
U, respectively. The function R satisfies the following Riemann-Hilbert problem, for which the
contour I' is defined in Figure

(R1) R:C\T — C?*? is analytic.
(R2) R satisfies the following jump conditions:
(201) Ri(z) = R_(2)Jr(z) forzeT.

The jump matrices are defined by

k=1for z € ¥ :=3%yUXq,

202 J :N J N -1 th 17 " "
(202) R(z) = N(2)Ju(z)N(z) " wi {k:ﬂmez::%wl?
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and

(203) Jr(2) = P, (2)N"Y(2) for z € OU,,,

(204) Jr(2) = P,y(2)N7Y(2) for z € OU,,.

1 0 1 0
Recall from that Ji(z) = (z_”ft(z)_l 1), Ja(z) = <ant(z)_1 1).
(R3) R(2)=1+0(1/z) as z — oo.
To find the solution of the R-H problem for R, we look at the asymptotic behavior of the jump
matrices as n — 0o. The jump matrices have I +0(1) behavior at infinity, the problem is a so-called
small norm problem and solution is given in terms of a Neumann series (see [9, Theorem 7.8]).

The jump matrices Jg on ¥ and ¥ can be estimated uniformly as I + O(e="), for a positive
constant € using the Ji above and for 0 < t < tgp and x = 2nt bounded away from the set

{z1,...,2;}. Thus these jump matrices already behave the way we require.
On the contour OU,,, the jump matrix admits a uniform expansion in inverse powers of n,
. Biog ,—N03/2
conjugated by n”193z; ,
(205) Jr(2) =T+ A1(2) + Do(2) + -+ Ap(z) + AL) (2)  for 2 € U,
For each k € N and z € 9U,,, both Ag(z) and A,(:) (z) are of the form
(206) zi’3n/2n_”3’81(’)(1/nk)n0351 zfgsnp.
To obtain the solution, we require that Jgp = I 4+ o(1). For z € 0U,,, we use (133]) to get

Py(2)N(2)7H = T+ 0270 )n0% = I+ Ai(2) + - + Ap(2) + Appa (2),

which also needs to be of order I 4 o(1). Combining the two cases, we have

n2 max; [ReBj|—-1 _ 0(1)

and so —% <Rep; < % for j =0, 1.

However, we need not stipulate that Re3; € (—%, %) It is possible to find a solution for
Ref; € (¢ — %,q + %), for some ¢ € R; i.e. the more general condition when |||5]||] < 1. To
accommodate these cases, we consider the following transformation of the R-H problem for R
which was used in [0, Equation (4.63)]:

(207) R(z) = n“?R(z)n"“72,
where

1 .
(208) w=g5 (]ri%nl Re B; + jnzlf&)i Re 5j> :

This transformation moves all 3; into the strip (—%, %) making the above asymptotics of the jump
matrices of the order I + o(1). Note that the §; are moved only in the conjugation by nPi, and not
in the actual Fisher-Hartwig symbol f(z;t).
The transformation affects the jump conditions of the problem for R(z) as follows:
R (2) = n¥P3 R (2)n %% = n“3R_(2)Jp(z)n 73
=n“R_(2)n"“BnB Jp(z)n "% = lfi_(z)nw‘73 Jr(z)n~“7%.

The asymptotic behavior of the jump matrices on % and ¥" remains unchanged by the transfor-
mation, Jr(z) = I + O(e™*"), but with a different ¢.
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The jump matrices on 0U,, and OU,, are now of the form

I+ nwagAl(Z)n—wag, + nwagAQ(Z)n—wag, NS nwa3Ak(z) —wos3 + an3A](€+)1( )n—wag,’

and the order of each of the terms is O(n?™ 15=%I=F) 'which behaves as I + o(1) since —1 <

Bo—w < % This means that we can find the solution to the problem for R for S-parameters in the
range Re 3; € (¢ —1/2,q+1/2) for any q € R.

Now that we have all the jump matrices of the right order, we can use [0, Theorem 7.8] to get
the Neumann series solution of the problem R as follows:

k
(209) R(z) =T+ Ry(2) + R{),(2).

Each Rp, is computed recursively via separate, additive R-H problems. The conditions are that

each R, is analytic outside U = 9U,, U dU,,, Ry(z) — 0 as z — oo for all p and satisfies the
following jump condition:

p
(210) Rp+(2) = Z )7 Aq(z)n= 7,

where we set Ro(z) = I. The first R-H problem for R; satisfies the following conditions:
(I:{ll) ]?1 : C\ OU — C?*2 is analytic.
(R12)  R; satisfies the following jump condition,
Ry (2) = Ri_(2) + n*3 A1 (2)n 9% for z € OU.

(R13)  Ri(z) = 0 as z — oco.
First, we recall the transformation (207)), and write

(211) Ry(2) = n"*3 R, (2)n“7?, Rg)(z) = n_w%}?](f)(z)nw?’.

Using the Plemelj formulas and the residue theorem, we obtain the following solution to this additive
R-H problem:

1 A d
(212) Riz) = - [ Aul)de
21 U T —=Z2
- 1
(213) — Z;;l + ZA et + —t; zeC \ Uj=0U2j7
P et+z —t — Ai(2), z€Us, j=0,1,

where the contours in the integral are oriented in the negative direction (as seen in Figure and
Aq, A+ are the coefficients in the Laurent expansion of Aq,

A
(214) Ai(2) = - ’“Z + B +0(z—2), z— 2,
— 21
and
Aeit +t +t
(215) Al(z)zi—i-Bl—i-(’)(z—e ), z—e .

The coefficients A1, A +: are given below and Bi, B.+: can also be computed explicitly if needed.
In Sections and we computed the 12 entries of Ay of each parametrix at the points 2q,e™"
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and e!, they are given by (106)), (159)) and (160)). Using those together with (107)), (158)) and (157)
respectively, we obtain the 12 elements of the matrices A, , A, A,

A, = %2{16%(1 _ Zlet)(aoJrﬁo)(l _ eftzl—l)f(ao*ﬁo) exp {Z szf} exp {_ Z szk_k}
k=1

k=1
95, T(1 4+ aq + 1)
216 x etlaotfo)y, =26 22 T 7L 7 PV (1 4 O(u ,
(216) B ow)
¢ ) ()
Ag—t = %(1 — 27 e )21 (1 — e 220 TP Vo oy {Z Vke_tk} exp {— Z V_ketk}
k=1 k=1
t(ao+Po) ,—t(a1—PF1) ,—im(a1—P1) —(01—p1) —(ao+Bo) n—250 -1
(217) « et(@o+ho) ,—t(ar—p1), 1781 (2t)~ o oml((?nt)(l—i-(’)(n ) s

t

Ay = %(1 —ze H2P(1 - 6_2'5)_(0‘0_50)6‘/0 exp {Z Vketk} exp {— Z V_ke_tk}
k=1

k=1

—2Bo

218 x et@otBo) gtlar+Br) g=im(ar+B) ;= +81) gpao—bo 0 7 pronsy (1 4 O(nY)) .
(218 L @ S K nt) (14 O )
Next we look at the R-H problem for Ro:

(F:igl) }222 : C\ OU — C?*2 is analytic.

(R22) Ry satisfies the following jump condition:

Ry (2) = Ry (2) + Ri_(2)n“"2 A1 (2)n~*7% + n“7* Ag(2)n~“7%  for z € OU.

(R23)  Ry(z) = 0 as z — oo.
Using again the Plemelj formulas, we see that the solutions are given by evaluating the integral

. 1 ~ g
(219) Ry(2) = / (Rl,— (2)n* 7 A1 (2)n~ ¥ 4 an3A2(z)n7"“3) r 7
ou x—z

2

where each A(z) = O(n?™@% |ReB51=k) a5 in (4.66) and (4.74) of [6]. Therefore, since we are using
the same transformation, we have R,(f_zl(z) = O(|Rk41(2)]) + O(|Rpy2(2)]) and

O(5/n) + 02 O (5 max, 1 Bk)

(r)
220 RV (2) = .
(220) 3 (2) O(émaxk nzjﬁk) O(5/n) + O(62)
where
(221) 6 = max n?Rei=f=1),

J.k

8. PROOF OF THEOREM

We first assume that ag € R and By € iR; for the general case, see Remark below. Now,
to obtain the asymptotics of the Toeplitz determinant if |||5]| < 1, we need to go through reverse
transformations. We are only interested in the solution near z = e’ and z = e~! because this is what

the differential identity calls for. In Section we solved the final R-H problem, providing

details for the first terms in the series R(z) = I + Z’;Zl Ry(z) + R,(:zl(z). These details will be

used to find asymptotics for the determinant if the seminorm ||| = 1. Here however, we only
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require that R(z) = I +O(n~1) as n — oo uniformly for z € C\T', which follows from the solution
obtained in Section Following the transformations, we obtain that

7w03(1+ (’)(n 1)) wos p. (z) nag7 2 = et,
(222) Y(z) = { w3 ([ 4+ O(n~1))nw73 P,y (2), z=et,

_wo’3([ + O(Tl 1)) wagD(z)o ( ) (Z)W(Z)Zno?’, o= et,
(223) - _wa?’(l + O(n 1)) wogD(Z)ag ( . (1)> W(Z)_I‘I)(Z)W(Z)a z=ec L.

It follows from the R-H problem for R(z) that the asymptotics for Y (z) as n — oo are uniform for
0 <t < tg for a sufficiently small ¢y, as long as 2nt remains bounded away from the set of numbers
{370, Tlyenny l‘k}

It now remains to substitute the asymptotics into the differential identity. We need to evaluate
Y_IYZ/ at the points z = e’ and z = e~t. Differentiating the expressions in we obtain,

% + Z—no3p—1P;Zn03+
(224) yly, = +2717 P ()n w7 (1 + O(n~ 1)) 1O(n~ 1), n¥3 P(2)2"?3, near e,
PP, + P~ (2)n=473(1 + O(n~ 1)) 'n“73 P(2), near e’

We define a function A by

~1/2 /2 1/2
(225) Az) = G(A(2)) _1z2 fgt(z) _,1 ; for |z| > 1,
—G(\(2))7V2202 f,(2)" 12, for |2] < 1.
Then
A(2)73 fi 1
(226) W(z) = (2)7801, for |z| > 1,
A(z)%803, for |z| < 1.

We now find, using (223|),

oy WSO — Wl oW <j Dz), near e,
(227) PP =

03A +Wle- 1<I> W —-Ww-1lo- 103<I>W< Dz> near e ¢,

’

(675 (A=),200)) = [(a0 — o) (nlog(=) + 1)~ — (a0 + o) (nlog(z) — nt) " — 1]

z

(228) x % (g) G\ (2))"

/ 1 11 _1l/n
(2200 Al(z) = [2<ao — o) (nlog(2) +nt) ™" = (a0 + o) (nlog(=) — nt) ] (%) 4
(230) A RAR)

(231) Fo(2) =V (2) fil2) — (a1 = Bu)z 7 fu(2) + 200 (2 — 21) 7 ful2)
(232) + (a0 + Bo)(z — €) 7 fi(2) + (a0 — Bo) (z — e ") fil2) + (= + Bo)z " fi(2)
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‘204 +t

We compute the derivative of |z — 21/ near e*" using the function h,,(z) from , and get

’

(h?Xj) = 2(hqa ) ha,, where

’ _ a5
(233) (hay)2(2) = aj(z = 2j) " ha, (2) — 7]2 "R, (2).
Using (229)) and -,
(234)
A;( ) Oéo—i-ﬁo et 4 20— 50 et (1 + smht) + QVZ( ) - a1;,31e—t + 2a1(€t - Zl)—l near et,
—=(z) = _
A 0402:50 el <¥ + sienhtt> + ao450 t 1V ( ) 011551 el — 2041(6_t _ Zl)_l near e—t.

Differentiating gives,

@) Dot <et o)~ (oo o) e Sl Vet for z = ef,
(a1 +51) e’t— — (a0 + bo) m + > o EVjetk=1) for z = et

Using , we have
1 t _A,z t -15’
(P71, () = G + (2710

11

and
Al : :
~1 —ty _ Pzt ~1 —ty _ (-1 —t
< P>22(e )= A(e )+<(I) (I)Z> (™) (q; U3(I)Z)22(e )
By substituting the results from above in (227)) and from (224)) we obtain,
e (YD) () = —n+ e (P PDaa(e!) + (@7 (HO(1/m)(1)es

a+PB  a—Po (1 et 1, ap — By el 1
i () )

22

4 4 sinh ¢ t—
ap+ By ag—Po (1 e ! el + 2 et 1,0y
_ - _ _ = Tl ~ety
{ 4 * 4 (t +sinht (o1 =f) 2(et — z1) +alet—z1 * 2° =)

-1
- > kaetk} (@ to3®),, () + (271 (H)O(1/n)D(t))2

k=—o00

and

(YY) (€)= e (PT Pl + (27 (0O /m) @ ()22

_ao—Bo ap + Bo et | - ap — B et
B 4 < 4 ) < * smht) ‘ V () = 2 o
—t

—t (—1a’ —t ag — Bo OéoJrﬁo 1 e ap — B e
® <I>) - - -
e ( A { R <t+sinht T

—t

—%e_tVz, e+ kvke—tk} (@ 1a3) (e*) + (7L (H)O(1/n)D(t))2n

k=0
Therefore,

d of +5 of—p3 (1, e
27108 Dn(t) = (a0 + fo)n — == — = T T g ) T Poler =5
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et et ag + B /
+ oy [—(040 +ﬁo)€t — + (a0 — ﬁo)e—t — Zl] Qo ) O@tvz(et)

+ BBt () 4 2mu() + (7 o) () <% : ﬂo)

—1
ag+ B0  ap—pPo (1 et Bret Z th Z th
8 ( 2 * 2 (t sinh ¢ o =6+ et — 21 + WV WVie

k=—o00
Lttt « () (b1 ety

2 2 2 t sinht

-1
—(a1 = B1) + Ble —i—szke - > kae_tk> + 37101 /n)d(t)

k=—o00

where

(236) w(z) = (cb—lcb;)ll (z/2) + (qucp;) (—2/2).

We need the following two results, which are related to the Painlevé V function o.

oo+ Bo ag — Bo
2 2

Proposition 10. [3, Proposition 4.4] Set
(237) a(Gz) = (U(G )3 (G x))

Then we have the following identities,

- (\I/(C, $)0'3\I/71(<; x))gg

(238) @0 ; 50(1(0; z) = Ao = —v(z) + @0 ; 507
(239) il ;—Boa(l;x) P ; bo,

It is also worth nothing that [\IJ(C; r)os (¢ x)]dmg = [(ID(C; x)ogé_l(g;x)]dmg.

Proposition 11. [3, Proposition 4.5] If we have w(x) given by (236]) then,

’

(210) ofa) = — (a()
(241) o(z) = 2w(z)
(212) o= [ wierde
Since (®(¢;2)o3),, (') = a(l;z) and (B(C; )o@, (¢) = —a(0;x), we get
108 Dult) = (a0 + Bo)n — (0 — ) + (e + ) — ) — (o1 — 1) e + o)

eft

+ (a1 + B1) (a0 — Bo)e_t

+ (o + fo) Z kV_pe % + (ag — Bo) Z Vie tF 4+ %O’(w)

k=1 k=1

1 et el et >
— - — 2 2y kcosh(kt)(V; _
v(w){ao—i-ao(t sinht>+ b1 <et_21+e_t_21>+ Z cosh(kt)(Vi, + V. k)}

k=1

+071O(1/n)d(t).
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When integrating this differential identity, we use the following integral and its two forms:

t T
(243) / eTe . dr =log(1l — z1e™") —log(1 — z1e™ %) +t — ¢,
I3 — <1
t —T
(244) / _:;dT = —log (%) log(1 — z;te™) +log(e™ — 21).
e e T —21 e

We 1ntegrate the differential identity from € > 0 to some ¢, where 0 < t < tg, and 0 < € < t. Noting
that f £ log Dy (7)dr = log Dy, (t) — log Dy, (), we obtain

etk

—tk’
logD,,(t) = log Dy () + (g + Bo)n(t — €) + Z k [Vk — (g + ,6’0) } [V_k — (g — BO)T
k=1

=D kViVor 4 (a0 + B0) D Vowe ™ + (a0 — o) Y Vie ™
=1 =1 =1
+ (g + Bo — ag — Bo) (a1 — 1) (t — €) — (a1 + B1) (o — Po) log (ﬂ>

k ,—tk —k _—tk

+ (a1 = B1)(ao + Bo) (Z 212 ) + (a1 + B1)(ao — o) <Z a ; )

=1 =1
+ (a1 — B1)(ap + Bo) log(1 — z1e7 %) + (aq + B1) (o — Bo) log(e ™ — 21)
2’“0:1:—052— n _6—26
+ UQ () (08 = 56) 13 1 (0 — 48) log (20) + (a3 — B3 log <(1 N

e T 2ne

— (a% — 58) logn + R, (t) + O(1/n),

where
t 1 et ot ot
Rn(t) == —/8 ’U(2’I’lt) {O[() + o (t - S]nht) + 2ﬁ1 <et — + ot _ Zl>
(245) +2 Z k cosh(kt) (Vi + V_k)} .
k=1
Also, as in [3, (5.3)], we have
t
(246) Ro(t)] < c/ 0(2nu)|du = O(1/n), asn — o0, 0 <t < o
0
using
) ) 0 e—2tk 0 —tk e—tk
(247) — (af — B2)log(1 — e2 (@ + 62) ’; k :kz [ao—ﬁo ] [(Oéo—Fﬁo)k] .

Taking the limit € — 0, we get

logDn(t) = TLV() + Z kaV,k — (Oé() — 50) Z Vk — (CV() + 50) Z ka — (041 — ,81) Z szl_k

k=1 k=1 k=1 k=1
+ (a% — Bg) logn + (Oz% — B%) logn + 2(Bof1 — apar) log(1 — z1)

+ (apa1 — BopP1)(log z1 + log e )+ (apB1 — a1fp) log ( ) +1og Goy 8,

otk —th
+1log Gay g, + (0 + fo)nt + Z k [Vk — (a0 + o) ] [V—k — (a0 — ﬁo)ek]
o
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=D VAV + (a0 + B0) Y Vo + (a0 — Bo) Y Vi — (a1 + B1) (a0 — fo) log (%)

k=1 k=1 k=1
. Zheth 2 2y ketk

+ (a1 = B1)(ao + Bo) (Z lk ) + (a1 + B1) (a0 — Bo) (Z ! A )
k=1 k=1

+ (a1 = B1)(ao + Bo) log(1 — 21) + (a1 + B1) (e — Bo) log(1 — z1)

2nt0'$ _ 012* 2
N [ /O (2) = 8= 3B) gy (a2 - Bg)log@m)} — (a3 = B3)logn + O(1/n).

x

After cancellations, we obtain the expression

—tk

0 —tk
log Dy, (f) = nVo + nt(ao + Bo) + ; k [Vk — (o + 50)616] [V—Ic — (o — ﬁo)ek}

— (a1 = p1) i [(V’“ — (a0 + ﬂo)e_ktk> Z]f] ~(a+h) > [(Vk ~ (oo - 60)6_’:) zl_k]

k=1 k=1
+ (a% - B%) logn + log Gao,ﬁo + log Galﬁl

X

2nt —(a? —
(248) + [ /0 o(z) — (o 'Bg)dw(ag—ﬁg)log(zm)} +O(1/n).

Remark 12. The general case of ag, 5y € C can be dealt with using the same arguments as in
[3, Theorem 1.4]. Indeed, let Reag > —1/2, ag £+ fp # —1,—2,..., and let ss denote a sector
—m/24+ 8 < argz < m/2—6,0 < § < m/2. Let f; be the symbol in (38). There is a finite set
{z1,..., 21} € s5 (with | = l(a, Bo,d) and x; = z;(ap, fo) # 0) such that the expansion holds
uniformly for ¢ € s5, [t| < to (with ¢o sufficiently small) as long as 2nt remains bounded away from
the set {z1,...,2;}. The function Q is defined by , where the path of integration is chosen in
ss, connecting 0 with 2nt and not containing any of the points z1,...,x;. Moreover o solves the
ODE mentioned in Theorem [5| and has the asymptotics in s5 given by .

9. PROOF OF THEOREM [6l

In this section we will make use of a lemma and the approach that was presented in [6] to prove
the Tracy-Basor conjecture (Theorem . We only give the particular case of this lemma here.

In this section we consider the case when the seminorm (see (8))) is equal to 1. This means that
we can write Re 8y = ¢ — 1/2 and Re 81 = g + 1/2 for some g € R. Without loss of generality we
may assume that Ry < RB1. Note that the symbol has only one F-H singularity for ¢ > 0,
but two 8 parameters. If we translate these parameters, we will not get a F-H representation as it
was presented in Definition [2l The symbol we obtain by shifting 3; will vary by more than just a
multiplicative constant; that is,

Flz:t) = VD aPi|z — 2120y, g, ()57 (2 — )00 (z — e t)o0— om0t oin(aot )

1
_ eV(z)Z(B1—1)+1|Z _ (Br1-1)-1

21 ‘20‘19,21,(,3171)4*1 (Z)Z;

X (z — et)ao-l—(ﬁo-i-l)—l(z _ e—t)oéo—(50+1)+1z—ao+(/30+1)—1e—iﬂ(ao+(50+1)—1)
—t
Z— € 1=
(249) = ((Z _ et)) <1 1f(Z;t),

where f (z;t) is (38) with By and 1 replaced by Bo = Bo+1 and By = B1—1, respectively. Notice that
shifting 1, which is associated with the F-H singularity still produces the multiplicative constant
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we know. Following the idea of the proof in [6, Section 6], we define a new symbol f(z;t) which is
given by but whose S-parameters are replaced by Bj where Bo = [y and 31 = (1 — 1. For this
new symbol f(z;t), we have ||| 3] < 1 and we have computed the asymptotics of the corresponding
Toeplitz matrices, which are given by —With the 8; parameters replaced by Bj- We will simply
try to relate the two symbols, the original symbol f(z;t) with ||| = 1 and f(z;t), and make use
of the asymptotics we already know for f (z;t) in order to compute the asymptotics for f(z;t). We
can obtain the original symbol by shifting B in f (z;t) back by +1, which is what is called a trivial
F-H representation. Alternatively, we can shift 5y by +1 to obtain a representation corresponding

to Bj from (249) above. Thus,

(250) Flzit) = (D)2 "2 f(251)
and
(251) flat) = (DA faan

It is sufficient to consider only one of the above relations. We pick (250) and make use of the
following lemma.

Lemma 13. [0, Lemma 2.4] Let the Toeplitz determinants D, (f) with symbol f(z) be non-zero for
all n > No with a fized Ny > 0. If ¢5(0) #0, k = No,No+ 1,...,n — 1, we have

(252) Du(2f(2)) = <—1>”‘@S’)Dn<f<z>>, n> N,

where Xy, is the leading coefficient of the polynomial ¢(z), see (50)).

The proof uses Christoffel’s formula [26, Theorem 2.5] to represent new orthogonal polynomials,
say qn(z), orthogonal with respect to some weight p(z)f(z) (where p(z) is a polynomial), in terms of
polynomials ¢,,(z), which are orthogonal with respect to the weight f(z). Using orthogonality con-
ditions and relating the leading coefficients x,, via one can link the Toeplitz determinants
with the weights that vary by a polynomial p(z).

Thus, by and , using the uniform asymptotics in Section [8] and asymptotics of the
polynomials orthogonal with respect to f(z;t), we get
(253) Du(f) = 572, ()

n

9.1. Asymptotics for the Orthogonal Polynomials.

Lemma 14. Let t > 0 and n € N. Suppose that the R-H problem for Y (z;n,t) in Sectzon@ 18
‘B)H<1and0@:|:6];£ 1,-2,...,
7 =0,1. Let ¢ and qb be the orthogonal polynomials associated to the weight f( ). Then asn — oo,

solvable with f given by (38|) with 5-parameters replaced by B, ‘

. . 00 k
Ln(O) = |71 — zle—t)(a0+ﬁo)(1 _ e—tzfl)—(ao—ﬂo) exp {Zk:l Vk%i
Xn exp {2211 V_pz, }
L2 DA+ o+ B
(a1 = fi)

—}—(1—2'16*’5)231(1_ e~ 2t)~(e0— Bo) exp {3 Vie! } pt(@i+p1)
exp {3232, Voke tk}
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. . R —260—1
*iﬂ(041+51)21*(0‘1+51)(273)040*50 n_>% _ K(Qnt)
['(ao — Bo)
—tk
+(1- z_le*t)Qﬁl(l _ e*2t)ao+30 exp {ZZOZI Vie ™ }eft(mﬁ@’l)
! exp {D 5 Vore*}
) R N . 2601
(254) x emimea=h) =B gp~(oth) L fr(2p1)
I'(ao — Bo)
Proof. We find the asymptotics for the orthogonal polynomials in (253)). Recall and Y11(0) =
én(0)/xn. Now, going through the transformations R — S — T + Y, and using the Neumann
series solution to R, we obtain

X e

(14 0(1)).

(255) Y(2) = [1 + Ri(2) + Ra(2) + Rg"><z)} D(z)% <_01 é) ’
which in turn leads to,

n—2RBk
(256) QZZ;C(RO) =Y11(0) = —D(O)_l |:R1,12(0) + R2712(0) + O (5 m}?X i >:| ,

where we used (220)) and ¢ is given by (221)). By or , D(0) = eVOet(O‘OJFBO), and by (213)),

Ay Ag A
(257) Ry(0) = 2L -2 Zet

Finally, it follows from (214)), (215)), (216]), (217), and (218) that

N 1 N ~
R112(0) = V0 et(ao+P5o) [_nz?(l _ Zle—t)(ao-i-ﬁo)(l _ e—tzfl)—(ao—ﬂo)

exp {3 p0 Vart'} =2 I'(1+o1+51)
exp {— ppaty V,kzk_k} (a1 — p1)

A ) o0 th .
_ l(l — e )21 — o2~ (@0—Po) exp {3772, Vie™} otlar+B1)
ES ik
n oD - S, Ve )
) R A R —28y
% e—m(a1+51)zl—(al+ﬂ1)(2t)ao—ﬂo niAK(Qnt) (1+o(1))
I'(ao — fo)
R R 0 —tk .
o l(l - Z;le—t)Qﬂl(l o e—2t)a0+ﬂo €eXp {sz]. Vke } e—t(al_ﬁl)
n

(1+0(1))

exp {— 3252, Vore'™}
) . A . —240
(258) x emimlen—p) = =F) g ~laotho) T fr(ont) (1 4 o(1))
I'(ao — Bo)
We thus obtain the asymptotics in (254)). O

9.2. Asymptotics for the determinant. We use the relation between two Toeplitz determinants
we established in (253)). By the properties of the Barnes G-function, G(z+41) = I'(2)G(z) and (L1,
G(1+ozj+ﬁj+1)G(1+aj—ﬁj—1) F(l—l-aj‘f'ﬁj)

(259) Gaypy+1.ai-p5-1 = G(1 + 2a;) Doy —By) Gty

where

G(1+x)G(1+vy)
G(l+z+y)

ch,y =
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Write
2 2
— (a5 — Bp)

T

2nt
(260) Q(2nt) = exp {Q(2nt)} = exp { /O o(z) dz + (a2 — B2) log (2m)} ,

(see and (248))) and note that there is no shift in 8y = fo. By ([253) and (254),

Dy(f) = exp {nVO + nt(ao + ﬁo)} exp {Zk‘ [Vk — (a0 + Bo)° tk} {V—’f (a0 - BO)ektk] }

X exp {—(Ou — By — 1)§: [(Vk (a0 + Bo) _tk> zlf} }

k=1

° —tk L
X exp {(oq + 5+ 1) Z [(V—k(ao _ Bo)ek ) 2 k:| } nloi—Bt—2p41-1)
k=1

x G Q(2nt) (1 +o(1))

ao,BOGa1731+l
—tk

+exp {nVo + nt(ag + Bo)} exp {i k [Vk — (o0 + o + 1)616] [Vk_(o‘ﬂ - Bﬂ)e_];k] }

k=1
i —tk
X eXp{ Z |:<Vk — (ap +BO +1 )ekt > zf:| } (1— ot o )a1+ﬁ1 exp {ZVketk}
k=1 k=1
X exp {—(061 + A1) Z [<V k— (a0 — ﬁo) tk) 2z k} }n("‘%_B%)n_Zﬁo—l
k=1

G ~
Xz ()0 Fo __a0botl o otV K (2nt) (1 + o1
1" (2t) 0 o 4 Gy Con (2nt) K (2nt) (1 4 o(1))

+exp {n%+nt(ao+ﬁo)}exp{ik‘ [Vk (a0 + Bo) _tk} [V—k—(ao—ﬁo—l)e:k]}
k=1
xexp{—< —an}[(vk—(aowo ) }1—ez1 (o= exp{ kae}
h=1

xexp{ (041‘1‘51 Z[(Vk—ao—,@()—l ) ]} (aF— /31 —2Bo—1
k=

1
(261)

G .
x 2™ (2t) (0 tA) oot L O 2nt) K (2nt) (1 + o(1))
! T(1+ao+ ) ™

Recalling that By = By and B1 = 81 — 1, and using By = Bo+ 1, 1 = B1 — 1 (see (249))),

otk ot
Dn(f) = exp {nVy + nt(ao + fo)} exp {Z k |:Vk — (ap + Bo)— } [V_k — (g — Bo)k} }

k=1

X eXP{ (a1 — 1) i [<Vk — (0w + o) tk) Zlf}}

k=1
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o —
x exp § — (a1 + B1) Z [(V & — (a0 — Bo) ) 1k} n(03=5%)
-1
+

X Gao ﬂoGal 51 (27’Lt) (1 O( ))

—th —th
+ exp {nVp + nt(ap + Bo)} exp Z k [Vk — (a0 + ﬁo)e ] [Vk — (a0 — 50)61{7]

k=1

_ [e o] —tk‘ _ o
x exp{ —(a1 — 1) Z [<Vk — (o + ﬁo) > Zf:| (1 —elzy ot exp Z Vel
k=1 k=1

k .
x exp § —(a1 + B1) Z [<V — (oo — ﬁo) - ) zlk} n(ai=B7),—2B0—1

k=1

G 3
n ag—Po 0,80 e
(20 s G, 5, 2AOK (200) (1 + 0(1)

o—th —tk
+ exp {nVy + nt(ag + Bo)} exp Z k [Vk — (a0 + Bo) ] {V’“ — (a0 — BO)ek]

k=1
~ 0 —tk‘ [e%)
x exp { —(a1 — B1) Z [(Vk — (ap + ,30) > zﬂ (1— etzl)*(al exp ZV Ltk
k=1
= —tk k 2_ 32
X €Xp al + 51 Z [<V kE— Oéo — ﬁo) ) z1 :| n(al_ﬂ1)n—2/30—1
k=1

(262)

n (2¢)~(@0+ho) %G Q(2nt)K (2nt) (14 o(1)).
T(1+ag+ f) b

By manipulating the above, we arrive at a more compact expression resulting in of Theorem @

Acknowledgments. The authors thank Tom Claeys, Percy Deift and Igor Krasovsky for useful
discussions.
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