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THE COMPLEX-SCALED HALF-SPACE MATCHING METHOD*

ANNE-SOPHIE BONNET-BEN DHIAT, SIMON N. CHANDLER-WILDE}, SONIA FLISSt,
CHRISTOPHE HAZARD', KARL-MIKAEL PERFEKTS, AND YOHANES
TJANDRAWIDJAJAY

Abstract. The Half-Space Matching (HSM) method has recently been developed as a new
method for the solution of 2D scattering problems with complex backgrounds, providing an alterna-
tive to Perfectly Matched Layers (PML) or other artificial boundary conditions. Based on half-plane
representations for the solution, the scattering problem is rewritten as a system of integral equations
in which the unknowns are restrictions of the solution to the boundaries of a finite number of over-
lapping half-planes contained in the domain: this integral equation system is coupled to a standard
finite element discretisation localised around the scatterer. While satisfactory numerical results have
been obtained for real wavenumbers, wellposedness and equivalence to the original scattering prob-
lem have been established only for complex wavenumbers. In the present paper, by combining the
HSM framework with a complex-scaling technique, we provide a new formulation for real wavenum-
bers which is provably well-posed and has the attraction for computation that the complex-scaled
solutions of the integral equation system decay exponentially at infinity. The analysis requires the
study of double-layer potential integral operators on intersecting infinite lines, and their analytic
continuations. The effectiveness of the method is validated by preliminary numerical results.

Key words. Helmholtz equation, scattering, integral equation, artificial radiation condition

AMS subject classifications. 35J05, 35J25, 35P25, 45B05, 45F15, 656N30, 65N38, 78A45

1. Introduction and the scattering problem. The mathematical and numer-
ical analysis of scattering by bounded obstacles and/or inhomogeneities in a homoge-
neous background is a mature research area, and there are many effective numerical
schemes, at least for low to moderately high frequencies. However, when the back-
ground is heterogeneous (stratified, periodic,...) and/or anisotropic, especially when
electromagnetic or elastic waves are considered, many theoretical questions are still
open and the design of efficient numerical methods remains a significant challenge.

It is well known that, for homogeneous backgrounds, the Sommerfeld radiation
condition ensures well-posedness of the scattering problem [25]. The extension of this
standard radiation condition to the aforementioned more complex backgrounds is
really intricate (see, e.g., [10, 13, 29, 33, 36]). Moreover, a Green’s function or tensor,
which could be used to derive an integral equation formulation of the problem, is in
general not available or hard to compute. Finally, Perfectly Matched Layer (PML)
techniques, which are popular in homogeneous backgrounds because they are easy to
implement, can produce spurious effects for complex backgrounds, as is well-known
for anisotropic backgrounds in relation to instabilities in the time domain [8].
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To overcome these difficulties a new method, called the Half-Space Matching
(HSM) method, has been developed as an (exact) artificial boundary condition for
two-dimensional scattering problems. This method is based on explicit or semi-explicit
expressions for the outgoing solutions of radiation problems in half-planes, these ex-
pressions established by using Fourier, generalized Fourier, or Floquet transforms
when the background is, respectively, homogeneous [12, 11] (and possibly anisotropic
[46, 7, 45]), stratified [42], or periodic [32]. The domain exterior to a bounded region
enclosing the scatterers is covered by a finite number of half-planes (at least three).
The unknowns of the formulation are the traces of the solution on the boundaries
of these half-planes and the restriction of the solution to the bounded region. The
system of equations which couples these unknowns is derived by writing compatibility
conditions between the different representations of the solution. This coupled system
includes second-kind integral equations on the infinite boundaries of the half-planes.

This new formulation is attractive and versatile as a method to truncate compu-
tational domains in problems of scattering by localised inhomogeneities in complex
backgrounds (including backgrounds that may be different at infinity in different di-
rections). It has been employed successfully in numerical implementations for a range
of problems, namely periodic [34] and stratified media (including cases with different
stratifications in different parts of the background domain) [42], and anisotropic scalar
and elastic problems [46, 45].

Up to now the theoretical and numerical analysis of the method has remained
an open question in the challenging, and more practically relevant, non-dissipative
case when waves radiate out to infinity. But a rather complete analysis has been
carried out in the simpler dissipative case, when the solution (and its traces) decay
exponentially at infinity. In that case the analysis can be done using an L? framework
for the traces, and the associated formulation has been shown to be of Fredholm type
and well-posed in a number of cases [12, 11], with the sesquilinear form of the weak
formulation coercive plus compact, enabling standard numerical analysis arguments
[11]. One of the main difficulties in the non-dissipative case is the slow decay at
infinity of the solution which results in non-L? traces. The possibility, to address this,
of working in the framework initially introduced in [14, 15] was investigated by the
authors, but it seems to be inappropriate for the present analysis.

The objective of this paper is to propose a new formulation of the HSM method
which is well-suited for theoretical and numerical analysis (and practical computa-
tion) in the non-dissipative case. For the sake of clarity and as a first step, we restrict
ourselves in the present paper to a relatively simple model problem for which the justi-
fication of the method is based on the simple form of the associated Green’s function.
(Let us mention that the extension of this formulation to anisotropic backgrounds has
been already validated and will be the subject of a forthcoming paper. See Section
8 for a brief discussion of extensions to other more complex configurations.) This
new formulation exploits a fundamental property of the solution in the spirit of the
ideas behind complex-scaling methods (e.g. the pioneering works of [6],[2]): in any
given direction, the solution, as a function of the associated curvilinear abscissa, has
an analytic continuation into the complex plane which is exponentially decaying in
the upper complex plane. This enables us to replace the system of equations for the
traces by similar equations for exponentially-decaying analytical continuations of these
traces. This recovers well-posedness in an L? framework, with coercive plus compact
sesquilinear forms; moreover, attractive for computation, the rate of exponential de-
cay of these analytically-continued traces increases with increasing wavenumber. Let
us mention that in [39] a similar integral-equation-based complex-scaling idea, namely
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a boundary integral equation formulation of PML, is used to compute 2D scattering
by localised perturbations in a straight interface between different media.

In the present paper we consider the rather simple model case of a scalar equation,
the isotropic Helmholtz equation

(1) —Au—k?pu=finQ,

deduced from the wave equation assuming a time-dependence e~ '** for a given angular
frequency w > 0. Here p is a function in L>°(Q2), bounded from below by a positive
constant, and such that p — 1 is compactly supported, and the constant k = w/c is
the wavenumber, where c is the wave speed outside the support of p — 1, so that (1)
models propagation in a domain with a local perturbation in wave speed.

The propagation domain € is R2, or R? minus a set of obstacles which are included
in a bounded region. We assume that, for a positive constant a,

o0 C Q, where Q, := (—a,a)?.

In the presence of obstacles, boundary conditions have to be added to the model. The
source term f is supposed to be a function in L?(2) with compact support included
in Q,, and we assume that

supp(p — 1) C Qa.

As already mentioned, in order to get well-posedness, one has to prescribe in addition
the Sommerfeld radiation condition, that, for @ := (x1,72) € R?,

2) %(m) ~iku(z) = o (fl/?) as = |z| = +oo,

uniformly with respect to & := x/r.

In the sequel, we will consider two configurations in order to focus first on the Half-
Space Matching formulation and then on its coupling with a variational formulation
in a bounded region. In Sections 2 to 5 we consider a Dirichlet problem set in the
exterior of the square 2,. The application of the analysis in Sections 2-5 to general
configurations, with source terms, inhomogeneities, and/or obstacles contained in €,
is the object of Section 6.

The outline of the paper is as follows. In Section 2 we recall the main results
concerning the HSM formulation in the dissipative case (that is with a complex
wavenumber k). In previous papers the HSM formulation has been derived using
Fourier representations for the solution in half-planes. Here we introduce a new for-
mulation using double-layer potential integral representations to derive the so-called
complex-scaled version of the method, valid for a real wavenumber k.

The derivation and the analysis of this new formulation is the object of Section
3, which finishes with a statement of our main well-posedness result for the new
method. In Section 4 we establish properties of the solution that can be reconstructed
a posteriori, from knowledge of the complex-scaled traces, notably elements of the far-
field pattern. These properties are used in Section 5 to establish the uniqueness result
for the complex-scaled HSM problem.

The HSM method approach is extended to general configurations in Section 6; the
analysis in this section depends throughout on the well-posedness and other results
obtained in Sections 3-5. In Section 7 the implementation of a finite element dis-
cretization of the complex-scaled HSM formulation is described and numerical results
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are presented, for both the model Dirichlet problem and more general configurations.
The paper finishes with three appendices to which we defer certain technical details
of the analysis.

2. The HSM method for complex wavenumber. In this section, as prepa-
ration for studying the HSM method for real wavenumber, we first recall what is
known about the method in the dissipative case. It is enough for this purpose to
consider the Dirichlet problem for complex wavenumber ((k) > 0, R(k) > 0) in the
exterior of the square ),, i.e.

3) —Au—k?*u=0inQ :=R?\ Q,,
u=gon Y, :=0Q,,
for a given g € H'/2(%,). It is well-known that Problem (3) has a unique solution
u € HY(Q).
Let us first recall the main results of [12].
The domain € is the union of 4 overlapping half-planes )/ that abut the 4 edges

of the square Q,. We introduce the following local coordinates for all j € [0,3] :=
{0,1,2,3}:

W <x> _ ( cos(jr/2)  sin(jr/2) ) <> |

x —sin(jn/2)  cos(jw/2)) \x2
The half-planes and their boundaries are defined as follows for all j € [0, 3]:
(5) V= {(2d, 1)) : 2 > a2 € R}y, B :={(a],2)): 2] =a,z) eR}.
Finally, we denote
(6) ¥ =%, Nn%.

These notations are summarised in Figure 1. As explained in the introduction, the
formulation uses the representation of the solution in each half-plane €27 in terms of
its trace on ¥7. More precisely, let us denote

(7) = “’21 for j € ]0,3]
so that
(8) ulg, = U7 (@?) forj € [0,3]

where, for any v € H'/2(%7), U7(y)) € H'(€7) is the unique solution of
© —AUJ — k20U =0 in @,
Ul = on XJ.
In the sequel, we identify any function defined on ¥J, in particular the function ¢/,
with a function of the real variable x7.

We can express U’ (1) explicitly in terms of its trace ¢ in two manners: using the
Fourier transform or using a Green’s function representation. First, using the Fourier
transform in the z3 —direction, it is easy to see that the solution of (9) is given by

(10)  U/(¥)(a’) = %2? /RzZ(&)e*V CR e ge gl = (o], 2)) € O,
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Fi1G. 1. The notations defined in (}-5-6).

where the square root is defined with the convention $(1/z) > 0, for z € C\ R~ (with

R~ := (—00,0]) and 12 is the Fourier transformation of 1 using the convention
~ 1 R
11 = — x)) e %2 dgd eR.
(1) 00 i= o= [ wleh e Srhany, ¢
Secondly, using a Green’s function representation, we can show that
. _ 8GI (29, y7) _ _ _ _
192 U? 7y — J 7Y ds (4 J e Qi
(12) W) = [ FGEE v dsty). @ e

where G7(x7,y7) is the Dirichlet Green’s function for 2/ and n(y?) is the unit normal
to X7 that points into Q7. Explicitly, G’ (x/,y/) = ®(a/,y’) — &(2/,y?), with &’
the image of 7 in ¥/, where ®(x,y) is the standard fundamental solution of the
Helmholtz equation defined by

i
(13) O(x,y) = ZHél)(k\m —-y|), =, ye< R?, x £y,

so that, equivalently,

. N aq)(mj’yj) . . . .
(14) vl =2 [ TR ul) dsty), @ e e
This leads to
(15) U7 (¢)(a) = / h(a] —a,z — ) v(yd) dy, @ €,
R
where

ikzy HY (kR(21, 22))
2 R(l‘l,l‘g) ’

(16) h(ibl,xg) =
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and
(17) R(xy,x0) = (22 +22)Y2, z1,20 € R.

Let us remark that the two representations (10) and (15) of U’ (1) can be derived the
one from the other by using simply a Plancherel formula (e.g. [19, p. 821]).

To derive the system of equations whose unknowns are the traces (¢’ of the solu-
tion, it suffices to write that the half-plane representations must coincide where they
coexist. For instance, in the quarter plane Q2° N Q! we have

ot QN Ot

20

Fic. 2. Construction of the compatibility condition.

(18) u=U%p") =U'(¢") inQ°NQL,

and in particular

(19) o' =U% ") on Q°N¥,

which leads to a first integral equation linking ¢° and ¢!'. Indeed, for any point of

311 QY represented by (z9,29) and (#1,23) in local coordinates systems, we have

23 = —29 < —a and 21 = 29 = a (indeed, the point is on X' N QY if and only if these

equations hold). Thus the compatibility relation (19) can be rewritten (identifying
! with R in the way noted above) as

(20) pl(z) = U (") (~az3,0), 23 < —a,

where we can use either of the two integral representations (10) and (15) for the
half-plane solution U%(¢?). From (18) we have also

" =Up') onX'NQL,
which leads to another integral equation linking ¢° and !:
(po(xg) - Ul(gol)(xga 70’)7 ;L‘g > a.

Repeating this for each quarter plane we get 8 equations linking the 4 traces. In
order to write the system of equations in a condensed manner, we shall use the same



THE COMPLEX-SCALED HALF-SPACE MATCHING METHOD 7

notation ¢ instead of the various variables 27 so that the 8 equations become

PI(t)=SD@I7(t), t<—a,

where we have set o~ := ¢? and ¢* := ¢©°, and where the operators S and D are

defined as follows. For any ¢ € L?(R),

(22) SU(t) == v(~1), tER,
and the integral operator D is defined by

(23) Dip(t) :=U()(t,a), t>a.

D can be given explicitly by either of the following two expressions:

(24) Dy(t) = V% /}R DOV E0gsge 15,

(25) Di(t) = /Rh(t— a,s—a)p(s)ds, t>a,

where the kernel h is defined in (16)'. The system of equations has to be completed
with the Dirichlet boundary condition rewritten as

(26) ¢ (t) =glg (1), —a<t<a, jel0,3].

One can easily check that (21)-(26) is equivalent to the original problem (3).
More precisely, if {°, o', ¢%, ¢>} € (HY?(R))* is a solution to (21)-(26) then one
can recover the solution u to (3), from the knowledge of the (’’s, thanks to the
half-plane representations (10) or (15). Indeed, by uniqueness of Dirichlet quarter-
plane problems, two half-plane representations U’ (p’) and U’*!(p/*1) coincide on
the quarter-plane € N Q/*! since the compatibility conditions (21) imply that they
coincide on its boundary.

For the analysis and the computation it is convenient to consider the formulation
in an L2-framework:

Find {¢°, o1, % »3} € (L*(R))?* such that
@ (t) =SDY ), t<—a,

PIt) =glg; (t), —a<t<a, je[0,3]
@I (t) =DSt(t), t>a.

(27)

One attraction of this L2-framework is that it allows the use of elementary operations
of restriction and extension. More precisely, for any function of L?(R), its restriction
to an open interval I C R is in L%(I). More significantly, any function of L?([)
extended by 0 belongs to L?(R). For simplicity, any function defined on a part of R
is identified hereafter with its extension by 0. With this convention we can write

(28) L*(R) = L*(—o0, —a) ® L*(—a,a) ® L*(a, +00),

INote that, as is clear from (14), D is precisely a double-layer potential operator (in the sense,
e.g., of [26] or [17]) from {(a,t) : t € R} to {(¢,a) : t > a}.
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which will be extensively used hereafter. In line with this convention, we define D (t)
for all ¢ € R by setting

(29) Dy(t) =0, t<a.
With these various conventions (27) can be rewritten shortly as
(30) ¢/ =SDg’ 1 + DS + gy, 7 €0,3].
Also, with the above conventions, results proved in [17, 12] can be stated as follows:

ProPOSITION 2.1.
(i) D is a continuous operator on L*(R), with range in L*(a,+o0) C L?(R).
(ii) As an operator on L?(a,+00), D is the sum of an operator of norm < 1/+/2
and a compact operator.
(iii) As an operator from L?(—oco,—a) to L*(a,+o0), D is compact.

Proof. Note first that (i) follows immediately from (%) and (29), since (ii), to-
gether with a symmetry argument with respect to a, implies that D: L?(—c0,a) —
L?(a,+00) is also the sum of an operator of norm < 1/v/2 and a compact operator.
Consider the expression (25) for D. Because of the dissipation (3(k) > 0), the kernel
h is exponentially decaying at infinity (i.e. as t or s tends to oo). Further, the map-
ping (t,s) — h(t —a, s — a) is continuous except at t = s = a. Thus (%) is clear since
the kernel of D is Hilbert-Schmidt, i.e.

(t,s) = h(t —a,s —a) € L*((—o0, —a) x (a,+0)).

To show (i), the only difficulty comes from the singularity of the kernel h at
t = s = a. As in Proposition C.2 and Remark C.3 in Appendix C, let hg and Dq
denote h and D, respectively, when k = 0. For b > a let x(4,5) denote the characteristic
function of (a, b). Then it is straightforward to see that, for every b > a, D — X (4,5) Do
is an integral operator with kernel h(t — a,s — a) — X(a,p)(t)ho(t — a,s — a) that is
Hilbert-Schmidt, so D — X(q,5)Do is compact. Further (Remark C.3), as an operator

on L2(a, +00), || Do|| = 1/v/2, 50 also |[x(a,n) Doll < lIx(anll 1 Doll = 1/v2. 0
Now the system (27) can be formulated in an operator form. Let us introduce

(31) LiR) :={yp € L*(R): (t) =0for —a <t <a}

and

@ = {¢°, 0, 0, 7} € (L*(R))*,

(32) g = {glsg, gls1. 92, 9lss} € (L (=a, )" C (L2 (R))™.
Then, noting (30), the system (27) can be rewritten as:
Find ® € (L*(R))* such that ® — ®, € (L3(R))* and

(33)
(I-D)(P—®y) =D,
where
0 DS 0 SD
(34) D e SD 0 DS 0

0o SD 0 DS
DS 0 SD 0

In [12], the following result is proven:
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THEOREM 2.2.
(i) D is a continuous operator on (L*(R))* and D((L*(R))*) C (L3(R))*.
(ii) As an operator on (L3(R))*, D is the sum of an operator of norm < 1//2
and a compact operator.
(iii) Problem (33) is well-posed.

Let us give some ideas of the proof which will be relevant for the following sections.
The property (i) is largely a consequence of (i) since (ii) gives that (I — D), as an
operator acting on (L3(RR))%, is the sum of a coercive operator? and a compact one.
By Fredholm theory, it suffices then to show uniqueness (which is not straightforward
in the L? framework, see [12] for more details). The properties (i) and (ii) are
consequences (see Appendix A) of Proposition 2.1.

3. The complex-scaled HSM method for real wavenumber. In this sec-
tion we consider the Dirichlet problem of the previous section, but now with real
wavenumber (k > 0). Where H (Q) := {v|q : v € H}_(R?)}, we seek u € H[ _(Q)

loc loc
such that
—Au—k?*u=0inQ :=R?\ Q,,
(35)
U= gon Xg,

for a given g € H'/2(%,), and such that the radiation condition (2) holds. Tt is well
known that this problem has a unique solution.

The half-plane representations (8), with U7 (¢7) given by (12) (equivalently (14) or
(15)), still hold for & real, and can be derived via Green’s theorem using the radiation
condition (2) (cf. [18, Theorem 2.1]). As a consequence, the traces ¢;, j € [0, 3], of
the solution u on Y7, still satisfy the system of equations (27) when k > 0. We note
that, although the solution of (35)-(2) decays only slowly, like r~'/2 as 7 — +oo0, the
integrals (15) still make sense. The bound (110), that follows from asymptotics of the

Hankel function H 1(1), implies that, for some constant C' > 0 depending only on k,
|h(1‘1,1‘2)| < Cl‘l(Rig/z + RiZ), x>0, 2 € R,

where R := (x? + 23)'/2, so that (15) is well-defined, even when k is real, for every
x/ €  and ¢ € LY (R) with ¢(t) = O(1) as [t| — 400. Moreover, though we shall
not need this, it is still possible to rewrite (15) equivalently as (10), provided that
care is taken in interpreting the right hand side of (10); see the discussion in [4, 20]
and [14, 15].

From a numerical point of view, the HSM method for real k& works well [12].
However, from a theoretical point of view, the formulation does not make sense in
an L? setting. Indeed, as the solution of (35)-(2) decays only like r~1/2 as r —
+00, we cannot expect that its traces on %7, j € [0,3], are in L?(R). In parallel
work [9] we have shown that the HSM formulation for real k is equivalent with the
original problem (35) if we supplement it with radiation conditions analogous to the
Sommerfeld condition (2) (see (74) below). However, there are still significant gaps in
our understanding of this formulation when k is real. In particular, while (27) can be
written formally in operator form as (33), just as in the dissipative case, in the case

2Recall that, given a Hilbert space H with inner product (-, -), we call a bounded linear operator A
on H coercive if the corresponding sesquilinear form a(-, -), defined by a(¢,v) = (Ap, ), Vo, € H,
is coercive, i.e., if, for some constant v > 0, R(a(¢, ¢)) > |6/, Vé € H.
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when k is real there is no obvious function space setting (e.g., LP, or a weighted L?
space) for which this formulation makes sense, with D a well-defined bounded linear
operator. Consequently, we are not able to justify the numerical method and neither
provide a priori error estimates.

These difficulties with the standard formulation for real k& are part of the moti-
vation for the method proposed in this paper that we term the complex-scaled HSM
method. The idea behind this method is to “complexify”. Since the pioneering works
of Aguilar, Balslev and Combes [2, 6], complex-scaling methods have been used inten-
sively to construct the analytic continuation of resolvents in mathematical physics,
see for instance [31] and the references therein. The complex-scaling method in [2, 6]
is closely related to the idea behind PML (see for instance [24]). Our use of complex-
scaling is somewhat different since we consider only analytic continuation of traces
of the solution on particular infinite half-lines and apply that complex scaling in
an integral equation context. This is similar to manipulations made to understand
analyticity of boundary traces in high frequency scattering problems in [22, §4.1].
Precisely our plan is as follows:

1. From properties of the solution u of (35)-(2) we deduce that the traces o7,
j € [0, 3], have analytic continuations into the complex plane from (—oo, —a)
and from (a,400). Further, we introduce paths in the complex plane on
which the (7’s are L? (in fact, decay exponentially), see Proposition 3.3. The
objective of the next steps is to derive an equivalent of the HSM formulation
for these “complex-scaled” traces.

2. For real wavenumbers equations (8) and (15) provide half-plane representa-
tions of the solution u in terms of the traces 7, j € [0,3]. The magic result
is that the solution u can also be represented in terms of the complex-scaled
traces, see Theorem 3.4. The price to pay is that the jth representation, for
j €10, 3], is valid only in a part, which depends on the path chosen in step 1,
of the corresponding half-plane /. These new representations are deduced
from the initial ones (8) by applying Cauchy’s integral theorem.

3. Fortunately, the part of )/ where the new representation holds contains the
half-lines ¥/*! N Q7. By complexifying — by which we mean analytically
continuing — this new representation into the complex plane from the half-
lines ©7*1NQJ | we can derive compatibility conditions for the complex-scaled
traces which constitute a complex-scaled version of the HSM formulation in
an L? setting. Fredholmness of this formulation can be proven using similar
arguments as for the standard HSM for complex wavenumbers, see Theorem
3.7.

4. Once the complex-scaled traces are computed the solution can be recon-
structed using the new representations in terms of the complex-scaled traces
established in step 2.

Let us mention that, while the initial motivation for the complexification was a
theoretical one, it turns out that the new formulation is very attractive computa-
tionally, because of the fast decay at infinity of the complex-scaled traces. Let us
note also that this idea of complexification is potentially valuable for computation in
the dissipative case too, and it is likely that the formulation in the non-dissipative
case could be derived from a complex-scaled formulation in the dissipative case by
a limiting absorption argument. (Something similar has been done in the context of
scattering by wedges in [28, 37].) An attraction of such a derivation would be that
traces are in L? at each step of the derivation.
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3.1. The complex-scaled traces. The construction of the so-called complex-
scaled traces is based on an analyticity property of any solution u € Hlloc(Q) to
(2)-(35), which can be derived as follows. Following [16] (and see [21, Theorem 2.27,
Corollary 2.28]), u can be expressed as a combined single- and double-layer potential
on Y, i.e. as

(36) u(z) = Dp(x) — ikSe(x), x € Q,

for some ¢ € H'/?(%,) (specified below). Here S¢ and D¢ are the (acoustic) single-
and double-layer potentials, respectively, with density ¢, defined for ¢ € L?(X%,) by

09(z,y)
. on(y)

where the normal n is directed into 2 and ® is the outgoing Green’s function of
the Helmholtz equation given in (13). The function u defined in (36) satisfies the
Helmholtz equation (35) and the Sommerfeld radiation condition (2) for any choice
of p € H/2(%,) (in fact, any ¢ € L?(%,)), and (see [21, §2.6]), satisfies the boundary
condition u = g on ¥, provided

Sé(x) = / B(x,9)p(y) ds(y), Do(x) = / o(y)ds(y), =€,

(37) Ap =g,
where Ag is defined for ¢ € L?(3,) and almost all € %, by
_ o(=x) 00(z,y) .
ao(w) = X0+ [ k()| ofw)dsty).

with the integral understood as a Cauchy principal value. Since A : H%(X,) — H*(%,)
is invertible for 0 < s < 1 [23, Corollary 2.8], in particular for s = 1/2, (37) has a
unique solution ¢ € HY/2(%,).

For a given j € [0, 3], we apply (36) for € ¥/ \ ¥7, and we use the coordinate
system (z7,23) defined in (4). Defining x’(t) := (a,t) with |t| > a, this yields, by

definition of 7,
(38) ! (t) = DI g(t) — kS 6(t),
for real ¢ with |¢t| > a, where

(39) _ '
Do) = [ TS oyiastu). S0 = [ 00900 as(w)

Za

and we recall from (13) that
(b(ﬂ)j (t) j) = *i H(l) (k‘R((Z — t— ]))
7y 1 0 yla y2 I

where R is defined in (17).

Let us use (38) to prove that the function (7, defined by (7), can be continued
analytically into the complex plane from (—oo,—a) and from (a,+00). Consider a
fixed y/ € ¥,. The function z — R(a — y], 2z — y3) has an analytic continuation from
(a,4+0) (respectively, (—oco, —a)) to the complex half-plane R(z) > a (respectively,
R(z) < —a). Indeed, to obtain this analytic continuation we simply have to use, in
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the definition (17) of R(a—y{7 z—y%) for real z, the principal square root of a complex
number, which we will denote by z!/2 or V7, defined as

Vz = |z|V/? 28()/2 with Arg(z) € (=, +71],

which is analytic in C\R™, where R~ := (—00, 0]. The analyticity of z — R(a—y], z—
y3) follows by noticing that (y) —a)?+ (4 — 2)2 € C\ R~ if R(z) > a (respectively, if
R(z) < —a), since y} € [—a,+a]. Since also z Hél)(z) is analytic in R(z) > 0, we
conclude that the function z — ®(x’(z),y’) is analytic in |R(2)| > a. And the same
arguments and conclusion apply also for z — 9®(x?(2),y’)/On(y’). Finally, using
standard results about analyticity of functions defined as integrals (e.g. [3, Corollary
X.3.19]), we conclude that z — S7¢(2), z = DIig(z), and so also z — ’(z), have
analytic continuations from (a,4o00) (respectively, (—oo, —a)) to the complex half-
plane R(z) > a (respectively, R(z) < —a).

The behavior of these analytic continuations as |z|] — 400 depends on $(z).
Indeed, for m € N:={0,1, ...}, we have [1, Equation (9.2.30)]

2 .
(40) HD(z) =4/ = el(z—mﬂ'/Q—ﬂ'/4)(1 + (’)(|z|—1>) as |z| = 4o0,
Tz

uniformly in Arg(z) for |Arg(z)| < ¢, for every ¢ < m. Further, as a consequence of
Lemma B.2 and Remark B.3,

(41) Rla—yls—yl) =2 -+ O(™) inR(z)>a, and
(42) R(a—yﬂz—yg):yg—z—l—(’)(\zrl) in R(z) < —a,

as |z| = 400, uniformly in Arg(z) and y7, for y/ € X,. Using (38) it follows from
the above asymptotics that

(43) ¢ (z) =0 (efkg(z) |Z|71/2) , in R(z) > a, and

(44) W (2) =0 (ek(‘\’(z) |z|71/2) , in R(2) < —a,

as |z| = 400, uniformly with respect to Arg(z), and we note that S(R(a — ), z — 1))
and (z) have the same sign if $(z) > a (opposite signs if (z) < —a). Thus
©7(z) is exponentially decreasing in the quadrants {R(z) > a and $(z) > 0} and
{R(z) < —a and S(2) < 0}.

Our idea is to choose half-lines in these quadrants and consider the analytic
continuations of the ¢’ on these half-lines as new unknowns instead of the initial
traces. In other words, choosing some 6 € (0,7/2), we introduce the complex path
(Figure 3) parameterized by

—a+(s+a)e? ifs<—a,
(45) z=Ty(s):=¢% s if —a<s<+a,
a+(s—a)el? ifs>a,

and we define the complex-scaled traces by

(46) wg(s) = ¢’ (79(s)) for s € Rand j € [0,3].
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REMARK 3.1. We have chosen particular complex paths in the quadrants {§R(z) >
a and S(z) > 0} and {R(z) < —a and S(z) < 0}, given by (45), that move into the
complex plane already from +a, the corners of ¥,. Note that it is possible, alterna-
tively, to start to complexify at a positive distance from the corners, i.e. from +b, for
some b > a. It is also possible to choose a smoother complex change of variable as
usually done in PML methods.

F1G. 3. The complex path s — T9(s)

We note that, by definition, <p§|(_a,a) € L*(—a,a), since gpjé(t) = I (t) = u(z!(t))
= g(x’(t)), for —a < t < a, and g € HY/?(%,) C L*(%,). Moreover, thanks to the
analyticity of ¢, it is clear that the restrictions of ¢} to (a,+00) and (—oco, —a) are
continuous. Further, it follows from (43-44) that

(47) eh(s) = O (MO 71/2) | ag [s]  +oc.

Thus whether or not <pg € L?(R) depends on the behaviour of gpé(t) ast — a* and
t— —a". _

The following propositions bound ¢}(t) on [t| > a, in particular near +a, and
show that gaz, € L%(R) for 0 < § < m/2. We relegate some of the technical details to
Appendix C. Applying the bounds from Proposition C.1 to (the analytic continuation
of) (38) we obtain the following proposition, on observing, from (37), that ¢ = A=1g
and that [23, Corollary 2.8] A~! is bounded as an operator on L?(%,).

PROPOSITION 3.2. For every 6 € (0,7/2) and j € [0,3] there exists a constant
C > 0, that depends only on a, k, and 0, such that

() < { Clz=al e O gl o), if R(=) > a with [Arg(z — )| < 6,
=\ Cle+a|7Y2e*@) gl 12s,),  if R(z) < —a with |Arg(—2z — a)| < 0.

The bound in the above proposition implies that g@é € LY(R), for 0 < 0 < /2,
and is sufficient for our Cauchy’s integral formula arguments below in §3.2. But it
is not quite strong enough to establish ¢} € L?(R), as discussed in the proof of
Proposition C.4 in Appendix C.

It follows from (the analytic continuation of) (38) that, in the notation of Proposi-
tion C.4, p)(s) = Dyop(s) —ikS;¢(s), for |s| > a, where ¢ = A~'g. Thus, and arguing
as above Proposition 3.2, we deduce the following result from the above proposition
and Proposition C.4.

PROPOSITION 3.3. For 0 < 0 < 7/2 and j € [0,3], ¢} € L*(R). Further, for
some constant C' > 0 depending only on 0, a, and k,

() < C(|s| — )~V 2e SO g sy, Js] > a,

and ||90§||L2(R) < Clgllr2(s.)-
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3.2. The deformed half-plane representations. We have introduced in the
previous section the complex-scaled traces ¢} and proved that they belong to L?(R).
The objective now is to derive a HSM formulation for these new unknowns. The first
step is to establish new representation formulas for the solution u of (1)-(2) in the
half-planes using these complex-scaled traces instead of the original traces (7.

We recall that the solution u of (1-2) can be represented in each half-plane in
terms of its traces as

(48) u(wj):Ah(m{—a,xz v (Y dyl, al e O,

where the kernel / is defined by (16). Our objective is to derive a similar formula using
the complex-scaled trace ¢} instead of the trace @7, This can be done by deforming
the path of integration into the complex plane. This leads to the following crucial
result.

THEOREM 3.4. Let u be the solution of (1)-(2) and @) be defined as in (46). For
0 <8< 7/2 we have

@) u@) = [ hel—aah—n(s) ) B ds @l €% je03]
where
(50) Q)= {a = (z],2}) € ¥ : 2] —a> (2] — a)tan(h)}.

REMARK 3.5. Let us point out that the new representation formula (49) is valid
only in a subdomain ) of the half-plane QO (Figure /). The larger the angle 0, the

faster the decay of the complex-scaled traces ) (Proposition 3.3) but the smaller the
domain of validity ) of the new representation (49).

J J
) )
DY )Y
| |
| |
| o L o
| |
fffffff e e R R R =/
| 1 | 1
| -
I I X
I | J
9 Q
| | 2]
| | 0
| |

- F16. 4. The domains of validity of the half-plane representations: left is without complez-scaling
(Q7); right s with complez-scaling (Q]Q)

Proof. To derive (49) from (48) it suffices to show (note the symmetry 79(—s) =
—7p(s)) that, for all &/ € Q7

+00 ) +oo . . .
[ ned —ash - = [ bl -0 - nle) eh(s) () ds

and

+o0 . . . ) . . +o0 . ) .
/ W] — a,oh + y) o () dyh = / W] — a,oh + 7o(s)) @ (—s) Th(s) ds.
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For 0 < 6 < M and 0 < 6 < w/2 we introduce the complex domains

Tp:={z=a+ré*: 0<a<f, r>0} and
TéM—{z—a—i—re O<a<b, d<r<M}

(see Figure 5). First we show that, if &/ = (27,23) € Q7 then
(51) peQ o 4 FT h(z] — a,x), + z) is analytic in Tp
0 and continuous in Tp.

Indeed, for each =7, the function z — h(xj1 —a, x% —2) has two branch points 2z, the
points where (2] — a)? + (2, — 2)?
(27, 27) € Q7 these branch points are outside Tp if and only 1f xl —a > () —a)tan(6);
similarly, the branch points of the mapping z — h(x1 — a, 7} + z) are outside Ty if
and only if 27 — a > (—a — a) tan(6).

vanishes, given by z+ = zJ +i(z) —a). If 7 =

Thus, and since also z +— ¢/ (42) is analytic in Tg M and continuous in Tg M for
0 < 0 < M, applying Cauchy’s integral theorem we have

/BT‘”” h(xd —a,20 T2) @ (£2)dz =0, x’ € Qg.

To complete the proof, we have to show that

0
lim [ h(z —a,2) T (a+ 6e%))@’ (£(a + 6e@))ide!® da = 0
=0 Jo
and
0 .
lim Wzl — a, 2} F (a + Me'®))@? (£(a + Mel®))iMel® da = 0.

M—~+oco 0

These two limits are a consequence of Proposition 3.2, since the constraint &/ € Qg
ensures, by (51), that h(z — a,2) T z) is a continuous function of z in Ty, and the
bound (110) and the asymptotics (41)-(42) imply that h(z) —a, 2} F2) = O (|2]7%/2)
as z — 400 in Ty, uniformly in Arg(z). |

3.3. Derivation and analysis of the complex-scaled HSM method. We
derive now an analogue of (21) for the complex-scaled traces ¢}. We know, thanks to
Theorem 3.4, that

) = [ Bt - 0§~ ) es) Ti(s) ds. o €
As Q'NXt C QY for all 6 € (0,7/2), this holds, in particular, when z° = (29,293) €
Q0N Xt e for 2§ = —xd > a and 2§ = 21 = a, so that (cf. (20))
62 Pah = [ o - aa- me) e e s o<
R

Remember that p!(z3) is analytic in R(2}) < —a and, by the definition (46), p§(t)
for ¢t < —a is the value of the analytic continuation of ! at z3 = 75(2).
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Sm z
0
|
|
|
|
|
|
|

F1G. 5. The contour GTg’M and the branch points z4+ = m% + 1(1{ —a) of h(:):]1 — a,mg —2).

To obtain the new complex-scaled compatibility relation, the idea is to complex-
ify z3 in (52), i.e. simply to substitute 23 = 79(t). By the uniqueness of analytic
continuation, this is valid provided the right-hand side is analytic as a function of x3
in a connected domain containing the half-line x1 < —a and the half-line 1 = 75(t),
t < —a. We check this in the next lemma.

LEMMA 3.6. Let v € L*(R). For 0 < 6 < m/2 the function

(53) z— /Rh(z —a,a—719(8))Y(s)Th(s)ds

is analytic in the domain Gy :={z€ C: z# a, —7/2+ 6 < Arg(z — a) < 7/2}.

Proof. We will prove that this function is analytic using standard results about
analyticity of functions defined as integrals based on the dominated convergence the-
orem (e.g., [3, Corollary X.3.18]). By the definition (16), for each s € R the kernel
h(z —a,a — 19(s)) is locally an analytic function of z wherever the quantity

R(z —a,m9(s) — a) = [(z — a)* + (r(s) — @)’/
does not vanish. Lemma B.5 shows that, for every 0y € (0, 7/2),
(54) |R(z — a,79(s) — a)|® > cos(fy)|z — al?

if —0p+0 < Arg(z—a) < 6y. Consequently, R(z —a, 79(s) —a) does not vanish in Gy.
Further, (54) implies that, for every bounded subdomain U of Gy that is bounded
away from a, there exists my > 0 such that

|R(z —a,79(s) —a)| >my, z€U, seR.

Moreover, for any such subdomain it follows from Lemma B.4 that, for some constant
C > 0 independent of s € R and z € U,

S(R(z — a,9(s) — a)) > |s|sin(0) — C.
From the above bounds, and the bound (110), it follows that

|h(z — a,a —19(s))| < C'e FsinOls]
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for some constant C’ > 0 independent of s € R and z € U. Thus, for every z € U and
s € R, the integrand in (53) has modulus < H(s), where H € L'(R) is defined by

H(s) := C'e Fsn@lsliy(s)], s eR.

This domination property, and the analyticity of z — h(z—a,a—79(s)) in U C Gy,
imply (e.g., [3, Corollary X.3.18]) that the function (53) is analytic in U, for every U,
and so analytic in Gy. |

Noting that, with Gy as defined in the above lemma, —x1 € Gy for 23 < —a and
—719(t) € Gy for t < —a, we see that we have justified the analytic continuation of
(52) from x1 < —a to the path zi = 79(t), t < —a. Thus we obtain finally the new
complex-scaled compatibility relation

po(t) = /Rh(—Te(t) —a,a—T19(s)) ©9(s) Th(s)ds, t< —a.

By applying similar reasoning, and noting that 79(—t) = —7y(t), we get 8 equa-
tions linking the four complex-scaled traces (cf. (21)), namely
wy(t) =S Doy (1), t<—a,

55 V3 0,3 4
9 Tl o = Dys ey, 1

where we have set gogl = ¢p and g = Y. In this system the operator S is defined
as in (22), and, where h is as given in (16), Dy is defined, for 0 < 6 < /2, by

(56)  Do(t) = /Rh(m(t) —a,a—To(s)) (s) Th(s)ds, t>a, ¥ e LA(R),
and, similarly to (29), by

Dyip(t) :=0, t<a, 1€ L*R).
The system (55) has to be completed with the Dirichlet boundary condition
(57) eh(t) = glsy (1), —a<t<a, je[0,3].

As in Section 2, these equations can be formulated as a single operator equation.
Introducing
g := {ph, 95, 5, vo} € (L*(R))%,
and recalling the definition (32) of @, the systems of equations (55) and (57) can be
rewritten as

Find @y € (L?(R))?* such that ®y — &, € (LZ(R))* and

(58)
(I—Dy)(Bg — D,) = Dy Dy,

where Dy is obtained by replacing D by Dy in (34), i.e.

0 Dy S 0 S Dy
S Dy 0 Dy S 0

0 S Dy 0 Dy S
Dy S 0 S Dy 0

(59) Dy :=

Our first main result is that, as proved for D in the dissipative case (Theorem 2.2),
the operator I — Dy, as an operator on (L3(R))%, is Fredholm of index zero, indeed
(importantly for numerical analysis of Galerkin methods) is a compact perturbation
of a coercive operator.
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THEOREM 3.7. For 0 < 0 < m/2:

(i) Dy is a continuous operator on (L*(R))*, and Dy((L*(R))*) C (L3(R))*;

(i3) as an operator on (LE(R))*, Dy is the sum of an operator of norm < 1/+/2
and a compact operator.

To show well-posedness of (58), it remains to prove a uniqueness result which is
the subject of section 5 (Theorem 5.1). At the end of this section we will combine the
above theorem with Theorem 5.1 to write down a result expressing this well-posedness
and the equivalence of (58) with the original scattering problem (35)-(2).

The proof of Theorem 3.7, which we defer to Appendix A, mirrors the proof of
Theorem 2.2, once we establish properties of the operator Dy to mirror those proved
for D in Proposition 2.1. Establishing these properties of Dy, in Propositions 3.8, 3.9,
and 3.10, is the focus of most of the rest of this section: these propositions give the
properties of Dy when it acts on functions whose support is, respectively, in (a, +00),
(=00, —a), and the whole of R. (This splitting is necessary because of the piecewise
definition of the complex-scaling function 7y.)

Let us point out a useful fact (see the proof of the following proposition): when
Dy acts on functions whose support is in (a, +00), it is equal to the operator D defined
in (23) for the dissipative case with wavenumber kel?.

PROPOSITION 3.8. Suppose that 0 € (0,7/2). For all ¢ € L?(a,+00) we have

i(t —a)kel? [T Hfl)(kew R(t—a,s —a))

(60)  Dyp(t) = 5 R(t —a,s —a)

Y(s)ds, t>a,

with R defined in (17). As a consequence, as an operator on L*(a,+0o0), Dy is the
sum of an operator of norm < 1/\/§ and a compact operator.

Proof. Using the definition (56) of Dy and the expression (16) for the kernel h,
we easily see (60). This implies that Dy, when it acts on functions whose support
is in (a, +00), is exactly the operator D defined in (23) for the dissipative case if we
set the wavenumber in the dissipative case to be kel?. The result is therefore a direct
consequence of item (ii) of Proposition 2.1. |

PROPOSITION 3.9. Dy is compact as an operator from L?(—oo, —a) to L?(a, +00),
for 0 € (0,7/2).

Proof. Using the definition (56) of Dy and the expression (16) for the kernel h,
we can show easily that, for all ¢ € L?(—o00, —a), we have

ik(t —a)e?? [~ HY (kRy(t,s))

Dow(t) = 2 oo Ry(t, s)

P(s)ds, t>a,

with Ry(t,s) := R(e'(t — a),2a — (s + a)e'?) and R defined in (17). We prove the
compactness of Dy, as we prove the compactness of D in (iii) of Proposition 2.1, by
showing that Dy is a Hilbert-Schmidt operator from L?(—o0, —a) to L?(a,+00). By
a simple change of variable ¢ — ¢t — a and s — —(s + a), it suffices to show that

“+oo +oo
(61) / / |K(t,s)]*dtds < +oo0,
0 0
where

HY (kRo(t, )

K(t,s):=t Ro(t. )

and  Ry(t,s) := R(t,2a + ¢'s).
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Where R* := [0, +00), K is continuous on Rt x R*, since R(Ry) > 0 on RT x RF.
We want to use now the bound on the Hankel function given in (110) which implies
that, for some ¢ > 0,

(62)

H" o
‘1(2) < 2|72 3B R(z) >0, 2| > 1.

Ry can be rewritten as Ry(t,s) = R(2, z), where 2 := dase® +4a2, z := e (124 52)1/2,
and R is defined in (98). Thus we can use Lemma B.4 and deduce that, for some
C >0 and all s5,t € RT with s? + ¢? sufficiently large, it holds that

14 s]

> 042 2\1/2 ot
|Ro(t,5) — (12 + 5?) ISC(82+t2)1/2

and
1+ s

S(Rolt,s)) 2 sn(0)(# + %)% = O

Thus, for some ¢’ > 0 and all 5% + 2 large enough, |Ry(t,s)| > 1(t* + 5?)'/? and
(R (t,s)) > sin(f)(t? + s2)'/2 — ', so that, by (62),

ek sin(0)Vt2+s2

|K(t,s)| =0 (W

) as V12 + 52 — 400,

uniformly in ¢ and s. Thus (61) is clear. d

PROPOSITION 3.10. For 0 < 0 < m/2, Dy is a continuous operator from L?(R) to
L?(a,+o0).

Proof. From Propositions 3.8 and 3.9, it suffices to show that Dy is a continuous
operator from L?(—a,a) to L?(a,+00). But this is immediate from the continuity of
D} from L*(X,) to L*(a,+00), established in Proposition C.4. 0

We finish this section with the promised statement of well-posedness of (58), and
of its equivalence with the original scattering problem (35)-(2).

THEOREM 3.11. For every 6 € (0,7/2), the operator I — Dy is invertible on
(L3(R))*. Thus, for every g € L*(X,), (58) has ezactly one solution ®y € (L*(R))*
such that @9 — ®, € (LE(R))*. Moreover, for some constant ¢ > 0 depending on 0,

(63) [Poll(z2(m))s < cllPgllz2r))r = cllgllzzs.)s

for every g € L*(,). Further, if g € HY/2(2,) and ®g = {¢)), b, 02,03} € (L2(R))*
is the solution of (58), then, for j € [0,3]:
i) @y, satisfies , G.e. @y is the analytic continuation to the path Ty of the
) o sati 46), i.e. @y is th lyti tinuation to the path th
restriction to X7 of the solution u of (35)-(2); ‘
(ii) the solution u of (35)-(2) is given in terms of wy in Qp by (49);
11) for some constant C > 0 that depends only on a, k, and 0, s) satisfies the
C > 0 that depends onl k, and 0, ¢, ‘ h
bounds of Proposition 3.5, for |s| > a.

Proof. Theorem 3.7 implies that, as an operator on (LZ(R))?*, I — Dy is Fredholm
of index zero, and Theorem 5.2 implies that it is injective, so that I — Dy is invertible
with a bounded inverse. This implies, since Dy is a bounded operator from (L?(RR))*
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to (L2(R))* by Theorem 3.7(i), that (58) has exactly one solution, and this solution
satisfies the bound (63).

In the case that g € H'/2(%,), that (i) holds follows from the derivation of (58)
from (35)-(2) in Section 3.3, and since (58) has only one solution; that (ii) holds
follows from (i) and Theorem 3.4; that (iii) holds follows from (i) and Proposition
3.3. ]

4. Reconstruction of the solution and far-field formula. Suppose that we
have computed the solution @ to (58). Then the solution u of the problem (35-2) can
be recovered a posteriori through the representation formulas (49). More precisely,
as we have observed in Theorem 3.11(ii), it can be reconstructed in the union for
J € [0,3] of the domains Q) defined by (50). Let us point out that, if 6 < 7/4,
the union of the Qg. covers the whole domain 2, so that the whole solution u can be
reconstructed a posteriori.

It is well known (e.g., [21, Lemma 2.5]) that the solution of (35-2) satisfies

ikr
(64) u(@) = 575 (F@) +007), as 1=+,

uniformly in Z := x/r, where F € C*°(S!), with S! the unit circle, is the far-field
pattern. By analogy with classical boundary integral methods, one can wonder if this
far-field pattern can also be recovered from properties of the ¢j. A partial answer will
be given in this section, by deriving far-field formulas in the four directions orthogonal
to the edges of the square 2,. The proof of this result requires first that we establish
some properties of the solution u that can be deduced from the representation formulas
(49). The far-field behaviour that we will establish, indeed all of the results of this
section, will be ingredients in the proof of uniqueness for problem (58) that will be
the focus of the next section.
From (49), let us consider the representation formula for any ¢ € L?*(R)

(65) Up(1)(x?) := /Rh(x(l) —a, 23 —19(5)) Y(s) Th(s)ds, x° € QY
and the associated integral operator defined by
(66) Doy (t) := Up(¥)(t,a), t>a.

Let us note that in Lemma 3.6 we have shown that, for any data ¢ € L?(R), the
function ¢ — Dgt)(t) can be continued analytically from (a,+00) into the domain of
the complex plane {z € C: z # a, —7/2 + 0 < Arg(z — a) < 7/2} just replacing ¢
by z in (66). The following proposition bounds 591/}(2), in particular near a and for
large values of z.

LEMMA 4.1. There exists a constant C > 0, depending only on 0, a and k, such
that, for all ¢ € L*(R) and z € C with R(z) > a and Arg(z — a) € [0, 6],

1Devy(2)] < C(lz = al 7% + 1) exp(=kS(2)) [ 22w

Proof. Throughout this proof C' will denote any positive constant, depending only
on a, k, and 6, not necessarily the same at each occurrence.
Using the expressions (65-66), the definition (16) of the kernel h, and the definition

of the complex-scaling function (45), we see that |Dyt(z)| < Z(z — a), where

H“)kaTg() a))
R(w,19(s) —a)

[¥(s)[ds, R(w) >0, Arg(w) € [0,0],
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with R defined in (17). The bound on the Hankel function given in (110) implies that

HY(2)

<C (\zr? + |z|_3/2> e %%, R(2) > 0.

Further, Lemma B.5 (applied with 6y = 6) gives, for Arg(w) € [0, 8], that
|R(w, 9(s) — a)|* = cos(8)(|w]* + |7o(s) — al?)

and
SR(w, 19(s) —a) > cos(f — Arg(w))S(w) — C.

Letting ¢ := |w| and v := Arg(w), we deduce from the above bounds that

t t
kcos(60—7)S(w)
Ew)le = C/R (t2 T Tro(9) —al (22 1 [ro(s) - a|2)3/4> B (o)) ds.

Applying the Cauchy-Schwarz inequality, and noticing that |ry(s) — a|?> = (s — a)?,
for s > —a, while |79(s) — a|> = (s +a)? + 4a?(1 — cos(0)) — 4as cos(0) > (s + a)?, for
s < —a, yields

k cos(0—)S(w) e e v
cos(0—~)(w 2
T@w)e <ol [Tttt [ gt Il

We see, by substituting s = tp, that the first and second integrals on the right hand
side of this last inequality are < Ct~! and < C, respectively. Thus we have shown
that

|Dgtb(2)] < Oz — a| 7% + 1) exp(—k cos(8 — Arg(z — a))S(z — @) || 2r),
for all ¢ € L*(R) and z € C with R(2) > a and Arg(z — a) € [0,6]. Now, defining
F(z) = (14 (z —a)"/*) 7" exp(—ikz) Dgth(2),

this last bound implies that, for ®(z) > a with 0 < Arg(z —a) < 6, F is analytic
and |F(2)| < Cl[Y|lr2w) B(2), where B(z) := exp(kJ(2)(1 — cos(0 — Arg(z — a)))).
Now B(z) = 1 when Arg(z —a) = 0 or 0, and |B(2)| < exp(k|z|), for all z with
R(z) > a and 0 < Arg(z — a) < 0. Thus, by a standard Phrdgmen-Lindel6f principle
(e.g., [27, Chapter VI, Cor. 4.2]), |F(2)| < Cl[¢| 2wy, for all z with R(2) > a and
0 < Arg(z — a) < 6, and the required bound on |Dgt)(z)| follows. d

Defining ¢(t) := Dgtp(t), for t > a, Lemma 4.1 implies that ¢ € L(a, b), for every
b > a, if » € L2(R). In the uniqueness proof in the next section we will need also the
following stronger result.

LEMMA 4.2. If ¢ € L2(R) and ¢(t) := Dot(t), for t > a, then ¢ € L%(a,b), for
every b > a.

Proof. Arguing as in the proof of Lemma 4.1, we see that

(t —a) |1(s)] (t—a) (s
owl=e </ = ) s e it - T ds) |

for ¢ > a. Further, arguing as at the end of the proof of Lemma 4.1, using that
|9(5) — al?> = (s — a)?, for s > —a, while |19(s) — al®> > (s + a)?, for s < —a, we
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see that the second integral in the above sum is bounded on (a,400), and so is in
L?(a,b), for every b > a, while the first integral is

+oo t—a +oo t—a

<[, Tl [ o e

The right hand side of this last inequality is in L?(a, +00) by Remark C.3. d
Let us remark that by definition (56) we have, for any v € L%(R),

(67) Dop(t) = Dotp(79(t)) = Up(¢)(19(t),a), t>a.

We deduce thus from Lemma 4.1 the following result.

COROLLARY 4.3. There exists a constant C' > 0, depending only on 6, a and k,
such that, for all ¢ € L*(R),

1Doo(t)| < C[(t = @)% + 1] e ||y o), ¢ > a.
Now we are able to prove the main result of this section, which provides far field

formulas in the direction orthogonal to the edges of the square 2.

PROPOSITION 4.4. Let 1 € L?(R) be such that (t> + 1)y(t) € L*(R). Then the
function Up(¢) defined by (65) has the following behaviour at infinity:

Up(¢)(z1,22) = Cmeﬁ (14+0(21"), aszi — 400, for eachxs € [—a,a fized,

where
k1-—1

Coo = ) Rw(s)Té(s)ds.

Proof. Throughout this proof, C' will denote a positive constant, depending only
on a, k, and @, not necessarily the same at each occurrence.

For any fixed zo € [—a,al, let ¢g,(t) := Up(¥)(t + a,x3), for ¢ > 0. By the
definition (16) of h, we have

ikt / H{ (RR(t 23 — 70(5)))
2 Jg  R(t,za—79(s))

by (t) = V() Th(s) ds.

In order to use (40) that says that
1+i e*
VT oVzZ

uniformly in Arg(z) for |Arg(z)| < ¢, for every ¢ < 7, we write

(68) HV(z) =

(1 +O(|z|_1)) as |z| = 4o0,

—i eikt
(69) 00s(t) =\ £ T [ 0(6) h(e) ds = 0L, )+ 62,0

1 \/?]_ —i elkR(t,z2—To(s)) elkt ) 1
t) = — t _
x2( ) T 2 /R |:[R(t,z2 *TQ(S))]B/Q t3/2:| ¢(S) 7'0(5) S,
2 e [ [HU (R 22 — ()
=2 )k R(t, x5 — 19(s))
141 eikR(t,ng‘rg(s))

T VxRt w2 — 70(5))]

where

7] ) as.
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To estimate these quantities we note first that, if t > 0 and z € Zp := {z = rel® :
0<a<l,r>0} (or —z € Zy), then 0 < Arg(R(t, z)) < /2, | cos(Arg(z))| > cos(0),
and, by Lemma B.1,

(70) |R(t,z)| > cos(6)t.

Since, from the definition (45), 2 —79(s) or T9(s) —x2 is in Zy for all x5 € [—a, a] and
all s € R, these observations hold in particular if z = xo — 74(s), so that (68) applies
and implies that

() 02,01 < 557 [ [0(e)lds,

for all sufficiently large t > 0. To estimate gb}m (t) we observe that, for ¢ > 0 and
z € Zy,

e
R P2 B8 1

‘ eikR(t,z) ikt o [ eikR(t,'w) :|

Ow | [R(t, w)]3/?

sup
weU(z)
where U(z) := {w € Zy : |w| < |z|} and where we have used that R(¢,0) = ¢t. Using
again (70), this yields that

eikR(t,z) ekt ‘Z|2
‘W—t3/2 SCW’ ZEZQ, t>0.
Since |z2 — 79(s)| < C(1 4+ |s]), it follows that
(72) 6L, |,t3/2/1+|| V2[op(s)|ds, ¢ > 0.
Combining (69), (71) and (72), we get that
1—i elkt
¢m2(t)—\/7 /7,/1 s)ds <W 1+ sH)|v(s)|ds,

for all sufficiently large ¢ > 0, which ends the proof. O

This proposition proves in particular that

) Fleostrsnin) = \E [ o jepa

where the far-field F' is defined by (64) and cpg,gaé,cpg,gog are the complex-scaled
traces of u, which are exponentially decaying at infinity thanks to Proposition 3.3, or
thanks to (55) and Corollary 4.3.

5. Uniqueness. In this section we will prove uniqueness of solution for the
complex-scaled HSM method (58). This result, important in its own right, is also
key to the proof of uniqueness for the complex-scaled HSM method for more gen-
eral configurations; see Proposition 6.1 below. Our proof depends on the following
uniqueness result for the standard HSM (27) that we prove, using completely different
arguments, in [9].
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THEOREM 5.1. If k > 0 and {©°, o', 02, @3} € (L?

2 (R)* satisfies (27) with
g =0, and satisfies the radiation condition that

; oM =12 (14 0(|t)7Y), as t— +oo
74 it)y=< "7 ’ ’
(74) ¢’ (1) { J elk|t\|t|—1/2 (1 + O(|t|_1)) . as t— —oo,

for some constants ¢!, € C and every j € [0, 3], then ©7 =0, for j € [0, 3].

To see how this result is relevant to uniqueness for the complex-scaled HSM
method (58), recall that to derive (55) and (57) we started from (27), satisfied for
real k by ¢7, the trace on X7 of the solution u of (35)-(2), for j € [0,3]. We showed
that ¢}, defined by (46) as the analytic continuation of ¢’ from the real line to the
path 7y of Figure 3, satisfies (55) and (57), equivalently (58). A key component in
this argument was to deform paths of integration from the real line to the path 7y
(Theorem 3.4).

~ In the following uniqueness proof we reverse this derivation. We show that if the
¢y satisfy (55) and (57), with g = 0, then, in the sense that (46) holds, they are the
analytic continuations onto the path 7y of functions ¢’ that satisfy the system (27)
with g = 0. (A key component in this argument is a deformation of paths of integration
from 79 back to the real line, justified as in the proof of Theorem 3.4.) Moreover, by
an application of Proposition 4.4 (justified by Corollary 4.3), the functions ¢/ satisfy
the radiation conditions (74), so that ¢/ = 0 by Theorem 5.1. Thus 3, which is the
analytic continuation of ¢7, is also zero.

THEOREM 5.2. Suppose that {¢9, 0}, 03,05} € (L2(R))?* is a solution of (55)
such that
(75) Plt) =0, —a<t<a, je[0,3].

Then ¢ =0 for j € [0,3].

Proof. Suppose that {9, ¢4, 2, 03} € (L*(R))* is a solution of (55) that satisfies
(75), and define the functions ¢, p!, v2, ©* by

@I (t) == S Doy ' (t), t< —a,
(76) ©I(t) =0, —a<t<a,
@I (t) :== DgS @) (1), t>a,

for j € [0,3], where Dy is defined by (66). As discussed below (66), since the gpg’s
are in L*(R), it follows from this definition, the definition (22) of S, and Lemma 3.6,
that the 7’s have analytic continuations from (a,+00) (respectively (—oo,—a)) to
the part of the half-plane R(z) > a with —7/2 4+ 0 < Arg(z — a) < 7/2 (respectively
R(z) < —a with —7/240 < Arg(—z—a) < w/2). In particular, by (67), and recalling
(22) and that 79(—t) = 79(t) for t < —a,

@I (19(t)) = S Do) (1), t< —a,
¥’ (7o(t)) = 0, —a<t<a,
@I (1o(t)) = DoS ) (t), t>a,

for j € [0, 3]. Comparing this equation with (55) we see that

(77) Ph(s) = ¢’ (to(s)) for s € R and j € [0,3].
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Thus, for s > a and for s < —a, the cpg’s are the analytic continuations of the ¢7’s
to the complex path parametrized by 7y9. Therefore, to complete the proof of the
theorem it is enough to show, for j € [0,3], that ¢7(¢) = 0 for t € R with [¢| > a,
for this will imply, by the uniqueness of analytic continuation, that @I (19(s)) = 0 for
s> a and s < —a, which will imply, using (77), that each ¢ = 0.

To establish, for j € [0,3], that ¢/(t) = 0 for ¢t > a and ¢t < —a, we show, via
an application of Cauchy’s integral theorem as in the proof of Theorem 3.4, that uses
the analyticity of the ¢/’s noted above, Lemma 4.1, and (77), that (76) implies that
the 7 satisfy (27) with g = 0, i.e.

Pl(t) =SD(t), t<—a
PYI(t)=0, —a<t<a,
() =DS'*(t), t>a,

for j € [0, 3], where D is defined in (25), or equivalently by (56) with 6 = 0. (The key
step in the argument is to show, as we have done in the proof of Theorem 3.4, that

+o0 +oo
/ h(t —a,aF 19(8))p(s)7H(s) ds = / h(t —a,a F s)p(s)ds

if, for every 0 < 6 < M, ¢ is analytic in the domain Tg M introduced in the proof
of Theorem 3.4, and continuous in its closure, and if the behaviour of p(z) as z — 0
and as z — 400 is suitably constrained, satisfying the bounds of Lemma 4.1.) We
note also that it follows from (76) and Lemma 4.2 that ¢/ € L (R), for j € [0, 3].
Moreover, the @é are in L?(R) and it follows, from (55) and Corollary 4.3, that each
@} decays exponentially at infinity, so that (t2 + 1)@} (t) € L'(R), j € [0,3]. Thus
we can apply Proposition 4.4 to (76), noting the second equality in (67), to see that
the radiation conditions (74) hold. But this is enough to conclude that @/ = 0, for
j €10, 3], by Theorem 5.1. 0

6. The complex-scaled HSM method for the general case. Let us now
explain how to extend the complex-scaled HSM method of section 3 to solve the
general problem presented in the introduction. More precisely, for a real wavenumber
k > 0 and for a function p and a subdomain € of R? satisfying the hypotheses
described in section 1, the objective is to derive a complex-scaled HSM formulation
to compute the solution u € H{ () of (1) and (2). For the sake of simplicity, we will
restrict attention to the case Q! = R?, but adding bounded obstacles contained in €,
is completely straightforward (see Section 7.3). As in section 1, the source term f is
in L?(Q), with compact support that is a subset of Q.

The idea is to introduce, in addition to the lines 37, j € [0,3], a square € :=
(—b,b)? for some b > a. (As in section 2 we set X := 9§ and denote the sides of ¥,
by 27, j € [0, 3]; see Figure 6.) We will show how to derive a formulation of problem
(1,2) whose unknowns are the complex-scaled traces wé, j € [0, 3], associated to the
infinite lines 37, and the restriction up := u|q, of the solution u to the square €. To
do that, we need to make the following assumption on the parameter 6:

T
78 < —.
Let us derive the equations linking the @g, j €[0,3], and up. On the one hand, the

cpé still satisfy the system of compatibility relations (55). But, instead of (57), we
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Qb oxo
2y
El
02 E% Q Eg 0o Qp Eg Qg
23
b4
w2 o3 0

Fic. 6. The notations for the general case.

have to impose equality between (pg and u; on ¥:

eh(t) = wly, (1), —a<t<a, je[0,3].

On the other hand, we can derive a variational formulation for w; in €. Since
—Auy, — k?pup, = f in p and f is supported in €, the following Green’s identity
holds for all v, € H(2), where n is the normal unit vector pointing out of Q:

(79) / (Vuy, - Vo, — & puyvy ) —/ aubvb —/ fop.
Q o on

The last idea is to replace in the previous identity the normal derivative of u; on the
jth side of the square by an integral representation as a function of ¢j. Indeed, we
must have, for j € [0, 3],

o ikup = % — kU7 on Zi,

where U7 denotes the restriction of the solution u to the half-plane €/. (Our choice
of Robin traces instead of normal derivatives is so that later we have uniqueness for
the boundary value problem (85) for all k£ > 0.)

We have proved in Theorem 3.4 that U’(x’) has an integral representation in
terms of ¢, as soon as 2’ belongs to the domain QJ defined by (50). Notice that
under condition (78) one has EJ C QJ (see Figure 6). Consequently, one can use the
formula (49) to rewrite the above Robin compatibility condition on Z{;. Precisely, we
have

/ (01h(b —a,t — 19(s)) — ikh(b — a,t — 19(s))) @é(s)ré(s) ds, —b<t<b,
where 01 h denotes the derivative of h with respect to its first variable. This leads us to
define the following Dirichlet-to-Robin operator Ag. For ¢ € L*(R) and 0 < 0 < /4,
define Agtp € L?(—b,b) by

(80) Aptp(t) = /R)\(b —a,t —79(s))Y(s)Th(s)ds, —b<t<b,
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where we have set
Ax1, 2) == O1h(x1, 2) — ikh(z1,2), 21 >0, z€C,

which one can easily check, using [30, (10.6.2)] and the definition (16) of h, takes the
explicit form

ik kx?
81) A1, 2) = 217% <[1 —ikay) HY (kR) — }?Hé”(kR)) , R=1[a3+ 272
With this notation, the previous equations linking u; and the <p§ can be written as

Gub . ] .
(82) (an - 1kub) = (t) = Ngpp(t), —b<t<b, jel0,3].

b

Our complete formulation reads as follows:
Find {©9, 0p, 02, 03} € (L2(R))* and u, € H'(€2) such that
wg(t) = 5Dy gog_l(t) fort < —a,
gpé(t):ubhé(t) for —a<t<a, je][0,3],
@) (t) = Dg S )t (t) for t > a.
(83) and such that, Vv, € H(£),

3
/ (Vub -V, — kauva,) — ik Z/ upTp
Qp 7=0 E?)

3 b
-3 [ negjomlgy = [ s,
=/ .,

where S, Dy, and Ay are defined by (22), (56), and (80).
Let us denote by ®g, ®(up), and @y the following elements of (L?(R))*:
By := {5087 (Péa 303, 903}7 CI)(ub) = {ub‘Eg,ubb}lvubbﬁa ub‘Eg}a
To = {39, 35, 73, B3} = Tp — ®(uy).

Note that, using the second equation of (83) and recalling (31), we have @ € (L2(R))*.
With these notations the first block of equations in (83) can be rewritten (cf. (58))
as (I — Dy) Py = Dp®(uy), where Dy is defined by (59), so that problem (83) can be
rewritten as

Find & € (L2(R))* and u, € H' () such that
YU € (LZ(R))* and Vo, € HY(Qy),
(T — Dg) Py, E’)(L%(R))“ — (Do ®(uy), ‘T’)(Lﬁ(R))“

3
+/ (Vub -V — kaUbUT,) — ik Z/ UyTp
R =073
3 b .
-3 [ (@ uly) w0 = [
=0/ b Qq

Let us first prove a uniqueness result for this problem:

(84)
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PROPOSITION 6.1. If f = 0 then the only solution of problem (84) is the trivial
solution up = 0, &)9 =0.

Proof. Suppose that ®y € (L2(R))* and u, € H'(€,) are such that (84) holds
with f = 0. Then (I— ]D)Q)E)g = Dp®P(up), and the second of equations (83) holds with
f=0and ¢ := & +wlys, j € [0,3], so that —Auy — k2pup = 0 in € and (82)
holds for j € [0, 3].

Let us denote by ue, € H (R*\Q,) the unique solution of (35)-(2) with g =
up|y,, € HY?(3,). Then, as we have shown in section 3.3, the vector of complex-
scaled traces of u., satisfies (58) with ®; = ®(u3), so that, by Theorem 5.2, it
coincides with the vector ®¢ := {9, @b, 02, p3}. Thus, applying Theorem 3.4 (as we
did above to derive (82) from (1)-(2)) we see that

; ou
J oo .
Aoy = <8n 1kuoo>

Consequently, v := up — Uso belongs to H(,\Q,) and satisfies
Av+k2v=0 in Q\Qq,

oo 4 €00.3]

b

(85) v=20 on Ea,
g—v —ikv=0 on .
n

But, for every k > 0, this homogeneous problem has no solution except v = 0. (To
see this apply Green’s identity (cf. (79)) in 2,\Q, to deduce that th |v]?2 = 0, so that
v =090v/dn = 0 on Xy, and apply Holmgren’s uniqueness theorem; [21, p. 104].) Thus
Up = Uso 0 2\ Qg so that the function

up in Qb,
w = J—
Uso 0 RE\Q,,

is well-defined, and is a solution of the homogeneous Helmholtz equation in R? which
satisfies the radiation condition (2). As a consequence (e.g., [25, Theorem 8.7]), w = 0
in R2, so that up = 0 in Qp and us, = 0. Further, each ) is zero, since it is a complex
trace of u,. This completes the proof. ]

The well-posedness of problem (84) follows from classical arguments combined
with the results of the previous sections and the following lemma:

LEMMA 6.2. The operator Ay, defined by (80), is a compact operator from L*(R)
to L2(—b,b).

Proof. To establish this lemma, we will prove that the kernel of Ay is Hilbert-
Schmidt, i.e. that

(86) (t,s) = Xb—a,t —1y(s)) € L*((=b,b) x R),

by using similar arguments as in the proof of Proposition 3.9. On the one hand, since
b > a and 6 < 7/4, the function R which appears in expression (81) never vanishes
for —b <t <band s € R. As a consequence, the kernel is continuous on [—b, b] x R.
On the other hand we have, using (41), (42), and (40), the asymptotic estimate

—ksinf|s|

b= a,t = o(s))| = O (

|S|1/2> as |8| — +OO,

uniformly in ¢, for |¢| < b. Together, these properties prove (86). d
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Recall that we call a sesquilinear form a(-,-) on a Hilbert space H compact if the
associated linear operator A on H, defined by (A¢,v) = a(¢,v), for all ¢, ¢ € H,
is compact. (Here (-,-) denotes the inner product on H.) Equivalently, a(:,-) is
compact is, whenever ¢, — 0 and ¢,, — 0 (weak convergence in H), it holds that
a(¢n,Pn) — 0.

In our final theorem we show that the sesquilinear form on the Hilbert space
(L3(R))* x H'(£) which appears on the left-hand side of (84) is the sum of coercive
plus compact sesquilinear forms, and that, as a consequence of this and of the above
uniqueness result, problem (84) is well-posed. Regarding the last sentence of the
theorem, note that, given the constraint 0 < 6 < /4,

3
Qco,ul ],
§=0

so that the solution of the original scattering problem can be recovered in the whole
of © from the solution (®g,up) of (84).

THEOREM 6.3. For every 6 € (0,7/4) and every f € L?(Q) with support in 2,

Problem (84) has exactly one solution (®g,up) € (L3(R))* x HY(Q). Further, for
some constant ¢ > 0 depending on 0,

(87) [®oll(zzryys + sl e,) < cllfllz2@a):

for all f € L2(Q) with support in Q. Moreover, if (®g,up) € (L3(R))* x HY(Qy) is
the solution of (84) and u € Hlloc(Q) is the solution of (1)-(2), then u = up in Qp,
while u is given in terms of ¢} in Q) by (49), for j € [0, 3].

Proof. As an operator on (L(R))* we have, by Theorem 3.7, that Dy = D} + D2,
where ||Dj|| < 1/v/2 and D2 is compact. Thus we can decompose the sesquilinear
form which appears on the left-hand side of (84) as the sum of a first sesquilinear
form

3
((]I — Dé)@g, W)(L%(R))‘l + / (Vub -V + uva,) — lkZ/ UpUVp,
o, par v

which is coercive on (LZ(R))* x H*(Q), and a second sesquilinear form

— (D3P, ‘T’)(Lg(R))4 - (D9(I)(ub)7\i;)(Lg(R))4 -1+ kz)/Q UupTp
b

3 b .
- Z/b/\e (95?9 +Ub|zg) () Vo] () dt
i=07-

which is compact on the same space. The proofs of compactness of the four terms of
this second sesquilinear form rely on different arguments. The first is compact because
]D)g is compact. For the second term, we notice that the operator u, — Dg®(up) is
compact from H() to (LZ(R))%, as it is the composition of the bounded operator
Dy on (LE(R))* and the compact map uy — ®(up). (To see the compactness of
this last map, note that it can be thought of as a composition of the bounded trace
map from H' () to H/?(%}) and the compact embedding H'/?(Z;) € L*(%,).) The
compactness of the third term is a consequence of the Rellich embedding theorem, that
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the embedding H*(£2,) C L?(£2) is compact. To see that the last term is compact one
can use Lemma 6.2. Indeed, note that continuity of Ag, combined with compactness
of the map v, —> vb|2£ from H'(Q) to L*(X7), suffices to conclude.

Since the sesquilinear form is coercive plus compact, the Fredholm alternative
holds (e.g. [40, Theorem 2.33]), so that unique solvability of (84) and the stability
bound (87) are a consequence of Proposition 6.1. We have shown the last sentence
of the theorem in our derivation, earlier in this section, of (84) from (1)-(2), using
Theorem 3.4.

7. Numerical implementation and results. In this section we demonstrate,
through some illustrative numerical experiments implemented in XLiFE+4+ [38], that
the complex-scaled HSM formulations (58) and (84) can be solved numerically to
compute solutions to the scattering problems (35)-(2) and (1)-(2), respectively.

7.1. Numerical implementation of the deformed half-space represen-
tation. Before considering the discretization of the HSM systems, we just want to
provide an illustration of Theorem 3.4. More precisely, let

(38) u() = L (kR ), @ € B2\ {0,

where R is defined by (17), so that u satisfies (35)-(2) in the case that g = uly,.
Then ¢° := ulso is given by

©O(s) = iHo(l)(k; R(s,a)), seR.

The corresponding complex-scaled trace ¢y, defined by (45) and (46), is an even
function given, for |s| < a, by

and, for s > a, by

i .
vo(s) = ¢ (mo(s)) = ZHél) (k \/a2 + (a+ (s — a)e“’)z)
cilkatm/4-0/2) Gik(s—a)e'’
(89) ~ as s — +o00,

2V 27ks

by (40) and (41). The asymptotic behaviour (89) agrees with (47) and Proposition
3.3, indeed demonstrates that (47) and Proposition 3.3 are sharp.

We represent, on Figure 7, ¢} for four different values of 6, with @ = 1 and k = 27.
We see that ¢ is more and more rapidly decaying at infinity as 6 increases, in line
with (89), (47), and Proposition 3.3. Then we represent in Figure 8 the function

(90) %W%@%=4Mﬁ—mﬁ—m®»%®ﬁwms

(cf. (65)) in the half-space Q°, for § = 7/6, /4, 7/3, evaluating this integral accurately
by standard numerical quadrature methods (namely a 5th order composite Gauss
quadrature rule on a fine mesh of step length 0.1). From Theorem 3.4 we know that

i

1
1 (kR(@0,09), 2 € 0,

(91) Up () (") = u(x’) :=
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1072
T

Fiac. 7. Left: representation of the exact complex-scaled traces s gog (s) for 6 =
0,7/6,7/4,7/3. Right: comparison of the exact (red line) and computed (blue dots) complezx-scaled
trace s — ¢9(s) for 6 = /6. In both plots a =1 and k = 2.

where Q) := {2 = (29,29) : 2% —a > (|29] — a)tanf}. The boundary of QY is
indicated on the figures by dashed lines and, as predicted in (91), Up(4Y) coincides
with v in Qg. Ug(cpg) is not equal to u outside Qg; in particular, it is easy to see
from the definition that Uy(¢3)(a,29) = 0 for [#3| > a. It appears at first glance that
Uy ((pg) is continuous across the dashed lines in Figure 8, but an application of the
residue theorem, modifying the argument of Theorem 3.4, shows a jump in the value
of Up(¢Y) across the dashed lines of

" (25 £i(2] — a)) = py(s)

at the point ° = (29, 29) where 29 = +(a + (29 — a) cot(6)) = da + (s F a) cos(f).
This jump across the dashed lines is just about visible very close to z° = (a, &a),
but not visible elsewhere because ¢} (s) is exponentially decaying as s — =+o0; see the
zoom for § = /3.

0 =r/6 0=r/4 0=m/3

Fic. 8. Representation of Up(9) in QO (see (90)), where ©3(s) = iHél) (k R(19(s),a)), with
a =1 and k = 2w. The dotted lines are part of the boundary of Qg.

7.2. Discretization of the complex-scaled HSM formulation and vali-
dations. We approximate the solution ®y — @, of (58) by ®gn € Vo n, where Vg n
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is a finite dimensional space Vo, C (LZ(R))* that we specify below and ;1')971, is the
solution of the following Galerkin approximation:

Find &)g’h € Vo.n such that

92 - ~ ~
92 (I —Dg)Po.n, ¥n)zzm)r = PoPgn, Yn)(r2m))t: Y¥n € Vo,
where Dy is defined by (59).

To define the approximation space Vg n, where h := (h, ¢, T'), let us first introduce
Vi C L*(R). To construct Vi, we truncate the infinite line at some distance 7' > 0
and build V}, with 1D Lagrange finite elements of degree ¢ > 1 and maximum element
length h supported on [T, T]. The space Vi is nothing else but Vi, N (L3(R))*
where Vi, := (Vi)*. Thus, for &) = {@0n Pon Pom Pont € Von, each @
is a continuous piecewise polynomial function supported in [—T,T] which vanishes
on [—a,al. In (92), ®; € Vn N (L?*(—a,a))? is an interpolate of ®,. Finally, we
approximate ®p by ®pn = {908,11» gpé)h, cpg}]m @g7h} € Vy, given by ®g 1, := o n+Pgn-

It is clear that the approximation space Vo that we have constructed has the
approximation property that, for all ® € (L3(R))?,

inf  ||® — Uyl z2mye — 0
FneVon (L3(R))

as h — 0 and T — +4oo. Thus, and since the sesquilinear form in (92) is coercive
plus compact on (L(R))* by Theorem 3.7(ii) (cf. Theorem 6.3), standard convergence
results for Galerkin methods apply (e.g., [44, Theorem 4.2.9]). These give that, for
some hg > 0 and Ty > 0, the solution &)9711 of (92) is well-defined for all 0 < h < hg
and T > Ty, and a quasi-optimality error estimate holds, that, for some constant
C>0andall0< h < hgand T > Ty,

_ < i —
||(I>9 cI)O,hH(LQ(R))“ =~ C\I/hefbgf—i—v‘),h H(I)g ‘IIhH(L?(R))“

< C(H%H(m(m\(fT,T)))“

93 inf By — T _ )
( ) + \I’he‘i’glh‘f‘vo,h H o hH(LQ( T.T)*

This right hand side tends to zero as h — 0 and T" — +o0, i.e., our Galerkin method
is convergent, as long as ||®; — @y n|/(£2(—a,a))s — 0 as h — 0.
To implement the Galerkin method (92), the integrals

/ ( / h<m<t>—a,a—re<s>>so§£,h<s>ré<s>ds> FE(AL, G € Vi,

-T

which appear in the variational formulation, need to be approximated. In the results
below we use a standard quadrature formula, without any specific treatment of the
singularity.

To validate the method, we consider u given by (88) which is the solution of (58)-
(2) with g := uly,. In the case that § = 7/6, a = 1, and k = 27, we draw in the right
hand side of Figure 7 the exact complex-scaled trace ¢ of u (by symmetry, the four
traces are equal in this case) and the computed complex-scaled trace ¢ ,,, obtained
by solving (92) with h = 0.1, ¢ = 1, and T'= 5. We observe a very good égreement.
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More quantitatively, to explore the dependence of the error on T, we plot in
Figure 9, for a fixed small value of h, the error

(94) 108 — ©9 nll2®)

as a function of T for § = m/6,7w/4,7/3. As @y, is zero outside (=T,T) the er-
ror cannot be smaller than the L? norm of ¢ on R\ (—7,7), which decreases like
e Fsin(OT /T1/2 a5 T tends to +oo by (89) and Proposition 3.3. On the other hand,
when h is small enough so that the second term on the right hand side of (93) is negligi-
ble, the quasi-optimality bound (93) and Proposition 3.3 imply that e ~#sn(@)T /71/2 ig
also an upper bound for the error, precisely that the error (94) is < Ce=Fsin(OT /71/2,
for some constant C' > 0 and all sufficiently large T. And, indeed, we observe in Fig-
ure 9 this rate of exponential behaviour as T" increases, until the other sources of error
become significant.

1. 1.
—~ ! . ) %9 = 7'(‘/6
) k sin(r/6)
E ——f0=m/4
O:i ol & sin(r/4) Ll 0 = 7T/3
|
o
S \\A\A\A
2 -3 -3
1 1.5 2 2.5 3 1 1.5 2 2.5 3
T T

Fic. 9. Absolute error in <pg n for three different values of 0 computed with P3 elements (q = 3),
a=1, and h =0.002 and k = 7 (left), h = 0.001 and k = 27 (right).

Using a standard numerical quadrature applied to formula (49), with @é approx-
imated by g ;,, we represent finally in Figure 10 the numerical solution in Qf U Qj
(left) and the whole of Q (right) for # = /6. To reconstruct the solution in the
whole of 2 several choices are possible, since § < 7/4 is such that the reconstruction
domains overlap (£, overlaps with Qéil, for j € [0,3]). Here we have reconstructed
the solution using the identity

u(@) = Us(pp) (@), a €l ,, jel0,3],

where Uy is defined in (65), and where we have used that er/4 C Qé. We notice in Fig-
ure 10 that these different representations are compatible, up to a small discretization
error not visible in the plots.

Finally, we validate formula (73) for the far-field pattern. In the present case, the
far-field pattern is the same in all directions and one has for j € [0, 3]:

95)  Fleos(jn/2).sinm/2) = = = \/f & | A

In Figure 11 we plot the real and imaginary part of the right hand side of (95) when
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U
QiuQ}

Fic. 10. Reconstruction of the computed solution in Qg U Qé (left) and in the whole do-
main (right), with 6 = /6, a =1, k = 2.

7=0,a=1, and k = 2m, with cpg approximated by gogyh, that is we plot

k1—i (T ,
(96) Fon:i=14/— 5 ©pn(8)Tg(s) ds
Q -T

as a function of T for different values of . We again observe a rapid convergence
towards the exact value as T increases.

0.3 T I
—0.16 |- —a—0=r7/6 |
0.28 |- —A—0=m7/4
—018* +9=7T/3 |
0.26 |-
—-0.2 -
0.24
—0.22 -
0.22 -
—0.24 -
| | | | | |
O'21 1.5 2 2.5 1 1.5 2 2.5
T T

Fic. 11. Real (left figure) and imaginary (right figure) parts of the far-field coefficient for three
different 0 with P3 elements (g = 3), h = 0.001, a = 1, and k = 2w, computed using the formula
(96). The black lines indicate the exact values.

7.3. Numerical results for the general case. Finally, to discretize problem
(84), we combine the previous tools with a classical Lagrange finite element approxi-
mation of the 2D unknown wuy. Precisely, we use the HSM method to solve the problem
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of diffraction of the incident plane wave
u'(z) = exp(ik(zq cos(r/6) + x2sin(7/6)))

by a perfectly reflecting scatterer which is the union of a disk and a triangle, this
union contained in the square , with a = 0.8. The scattering problem is (1)-(2)
in €, the domain exterior to the scatterer, with f = 0, p = 1, and the Dirichlet
boundary condition u = ¢ := —u’ on 99. The HSM problem we solve is a variation
on (84) in which: i) we replace 0, by Qp := QN €Qy; ii) we replace H*({),) by an affine
subspace of H 1(§~2b) that respects the Dirichlet boundary condition; precisely, we seek
up € {v € Hl(ﬁb) :v = gon dN}. It is easy to see, by a straightforward variation
of the arguments of Proposition 6.1 and Theorem 6.3, that this modification of (84)
remains well-posed: uniqueness holds and the modified sesquilinear form is coercive
plus compact on (L3(R))* x HE(€2), where HE(€2) := {v € H*(Q) : v = 0 on 9}.
As in Section 7.2, this implies convergence of Galerkin methods of numerical solu-
tion, provided the sequence of approximation spaces used is asymptotically dense in
(LA(R)* x Hb ().

In our numerical implementation of a Galerkin method for this HSM formulation
we fix a = 0.8 and b = 1.2, we use P2-elements for both the 2D unknown u; and the
1D unknowns ¢j, j € [0,3], with a maximum element diameter for both meshes of
h = 0.05, choose the truncation parameter T' = 5, and choose § = 7 /6. The additional
integrals, involving the operator Ay, which appear in the variational formulation are
approximated, like the other ones, by a standard quadrature formula.

To reconstruct the solution everywhere several choices are possible, since § < /4
and the different reconstruction domains overlap (for instance Q¥ with Q9. or QY with
Q. ...). We have reconstructed the solution as

w(x) = up(x), €W,
u@’) = Up(gh)(@?), @i e\ Dy, je[0,3],

where Up is defined in (65) and where we have used that QZT /1 C Q; /6° See Figure

12 for the reconstruction in €, U Qv e Qr /4 (left), the reconstruction in the whole
domain 2 (middle), and the corresponding total field w + u* (right). We notice that
the different deformed half-space representations (the representations in er /4 \ ﬁb,
j € ]0,3]) are compatible between themselves, and are also compatible with the 2D
solution uy in ﬁb.

8. Perspectives. Our new complex-scaled HSM method has been presented in
this paper for a relatively simple configuration. We expect that it can be extended
easily to more complex problems for which the relevant half-space Green’s functions
are known sufficiently explicitly, such as acoustic scattering in stratified media, in-
cluding cases where the stratification is different in different half-spaces (see e.g. [42]
for a presentation of the method in the dissipative case). The method is also expected
to work well in at least some cases with infinite boundaries, for instance scattering
by an infinite wedge with Dirichlet, Neumann or Robin boundary conditions. In all
these cases, the complex-scaled HSM should be a convenient way to take into account
possible surface/guided waves that propagate towards infinity. Elastic scattering in
isotropic media can also be considered. More challenging extensions are to the cases
where PMLs are observed to fail, such as anisotropic media. A potential advantage
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<
Diffracted field Total field

F1G. 12. The diffracted field u reconstructed in Qb U 92/4 U Q711'/4 (left) and in the whole of Q

(middle), and the corresponding total field u + u® (right) for the case of scattering by a Dirichlet
obstacle.

over PML of the complex-scaled HSM method in such cases is that it requires the ex-
istence of exponentially decaying analytical continuation of the traces of the solution
only in a few directions (on the boundaries of a few half-planes).

Appendix A. Properties of the operators D and Dy. The operator D
defined by (34) can be rewritten as

D=DS®J+SD®J* with J:=

—_ o O O
o O O
O O = O
O = O O

where the operator S € £(L?(R)) (the space of continuous linear operators on L?(R))
is defined in (22) and the operator D € £(L?(R)) is defined in (23) and (29). Here
A ® M denotes the tensor product of an operator A € £(L?(R)) with a 4 x 4 scalar
matrix M (see, e.g., [5, §12.4]), which yields an operator of L£((L?(R))*). But it is
actually enough to see this as a simple notation which makes the writing of the proof
below easier: A ® M is the block operator matrix obtained by multiplying each scalar
component of M by the operator A. One can easily verify that it satisfies the basic
property ||A® M| < [|A]| [[M]].

The operator Dy, given by (59), has the same definition as D just replacing D
by Dgy. The operators D and Dy satisfy similar properties, given respectively in
Proposition 2.1 and in Propositions 3.8, 3.9, and 3.10.

We show in this appendix properties (i) and (ii) of Theorem 2.2 and Theorem 3.7.
These results are properties of D and Dy, respectively, that are based on the above
properties of D and Dy. Let us give now the proof for (i) and (ii) of Theorem 2.2 for
D; the same proof holds for Theorem 3.7 for Djy.

As D and S are continuous operators on L?(R), the continuity of D on (L?(R))*
(part (i) of Theorem 2.2) is obvious.

To show part (ii) of Theorem 2.2 we consider D) as an operator on (L3(R))*. Let
us denote by x4 (respectively y_) the characteristic function of (a, +00) (respectively
(=00, —a)). We have, by using (28), that, for ¢ € L3(R)

P =X+P+X-Ps
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and

(97) el 72 = Ix+0ll72m) + IX-¢l72r)-

We can reformulate items (ii) and (iii) of Proposition 2.1 using these characteristic
functions as follows:

(i) Dxy = Lxs+ + Kx+ € L(L*(R),L?(a,+c)), where L, K € L(L*(a,+00))

are such that ||L|| < 1/v/2 and K is compact.

(iii) Dx_ € L(L?*(R), L?*(a,+o0)) is compact.
These properties, and that S x+ = x+ 5, lead us to decompose D as an operator on
(L3(R))" as

D=L+K

where
K:=(DSx++KSx-)®@I+(SDx-+SKx;)®J*

and
L:=(LSx-)®J+(SLxs)®J".

It follows from (ii) and (iii) that K is compact. Moreover, noting that x* L = L, so
that xS L =S L, we have

L=x4(LS®I) x-+x- (SLOT*) xy.
We deduce then by (97) that, for all ® € (L3(R))*,
IL®|7 2y = (LS @ T) x-PlZo@ys + I (SL®T*) x4+ P72 (gys
< 3 IX-Blaqaye + 5100 Bl ys = 512l3nqare

where we have used that ||LS ® J|| < ||[LS|||IJ]| € 1/v/2, and the same bound for
SL®J*.

Appendix B. Technical lemmas. The lemmas in this annex (cf. [22, Lemma
4.4]) concern the complex functions

(98) R(%,2):= (22 +22)Y2, R(3,2):=(G+22)Y?, 2 2eC.

Note that, as throughout the rest of the paper, all square roots in this appendix are
principal square roots, i.e. square roots with argument in the range (—7/2,,2].

LeEmMA B.1. We have
|R(t, 2)|? > | cos(Arg(2))| (£ +|2|°), t€R, z€C, z#0.
Proof. Let ~ := Arg(z). We have
IR(t, 2)[* = |t* + |22 > = t* + |2|* + 2?|2|* cos(2y) = (£* — |z|2)2 + 4t2|2]2 cos? ()
which yields

|R(t, 2)|* > cos®(v) {(t2 - |z|2)2 + 4t2|z\2} = cos®(7) (£* + |z|2)2. 0
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LEMMA B.2. There exists a constant C' > 0 such that, for all z € C and t € R,

2
|R(t,2) — 2| < C’m, R(z) >0, |z| > |t];

in particular
t2
ga

Moreover, for all A > 0, there exists a constant C'> 0 such that, for —A <t < A,

S(R(t,2)) > S(z) - C R(z) > 0, |2] > t].

S(R(t,2)) > S(2) = C', R(z) > 0.

Proof. Since the function z + (1 + 2)'/2 — 1 is an analytic function of z in the

open unit disk that vanishes at the origin and is bounded in the closed disk, for some
constant C' > 0,
(99) (1+2)Y2 -1 < Clz|, |2/ <1

Further, the function
t2 1/2
2 (24 2DV 2 (1—|— 2)
z

is analytic in the domain {z € C: R(z) > 0} and it vanishes for z € R with z > 0, so
that it vanishes everywhere in {z € C: (z) > 0}. This implies that

2\ 1/2
(sz) 1

Combined with (99), this proves the first inequality.
The second inequality is a direct consequence of the first since

R(t,z) —z==2 , R(z) >0.

|R(t,z) — z| > S(z — R(t, 2)).

Finally, the second inequality yields that, for any constant A > 0 and for all |t| < A <
|z|, S(R(t, z)) > 3(2) — CA. But a similar inequality also holds for |z| < A, possibly
with another constant, since |R(t, z)| < v/2A for [t| < A and |z| < A. d

REMARK B.3. Note that, replacing z by —z, one directly deduces from the previous
lemma similar results valid for R(z) < 0. In particular,

t2
|R(t,2) + 2| < L R(z) <0, || = |t

and

2
S(R(L, 2)) > —3(2) — C|t7|’ R(z) <0, 2] > [¢]

Analogous results can be proved in the more general case where the positive real
number 2 is replaced by any complex number 2.
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LEMMA B.4. There exists a constant C > 0 such that, for all z,2 € C, z # 0,

|R(2,2) — 2| <C|Z|, R(z)> |22

ISTIRSS

(100) S(R(2,2)) > 3(2) - C

SRS

;o R(2) =22

Moroever, if U is a bounded subset of C and 0 < v < m/2, there exists a constant
C' > 0 such that

S(R(2,2) > S(2) = C", 2eU, |Arg(z)] <~.

Proof. To proceed as in the proof of Lemma B.2, we just have to show that the
function

5\ /2
zn—>(73+z2)1/2—z(1+2)
z

is analytic in the domain {R(z) > |2|'/2}. For that, we have to check that the branch
cuts of the functions z — (2 + 22)Y/2 and 2 — (1 —|—£’/22)1/2 do not intersect the
domain R(z) > |5['/2.

This is clear for the function z — (1 +2/22 ®. The branch cut of the function
z = (24 2?)Y/? is the subset of the hyperbola {z € C : ¥(2? + 2) = 0} where
R(z2 + 2) < 0. The intersection of this hyperbola with the domain R(z) > |2|'/? is
the connected set

)"

H={zeC:3(*+2) =0, R(z) > |2]"/?},

which describes a curve which is asymptotic to the real axis when R(z) — +oo. To
conclude, we have to prove that for all z € H, R(22 + 2) > 0. This is clearly true for
large values of R(z). If it were not true for all z € H, there would exist some zy € H
such that (234 2) = 0. But then 22 +2 = 0, so that |zo| = |2|'/2, which is impossible
since R(zp) > |2]'/2. O

An important application of the previous lemmas for our purpose is the following;:

LEMMA B.5. For 0 € (0,7/2), let 79 be defined by (45), and suppose that 0y €
[0,7/2). Then, for w € C such that w # 0 and —6y + 0 < Arg(w) < 6y, and for all
s € R, it holds that

(101) |R(w,7o(s) —a)|* > cos(Bo) (Jw]* + |7 (s) — al*) > cos® (00) (Jw|* + |79 (s) — af?).

Further, there exists a constant C > 0, depending only on a and 0, such that, for all
s EeR,

(102) S(R(w,7e(s)—a)) > [cos(6—Arg(w))]*2F(w)—C > cos(d— Arg(w))S(w)—C,

provided w # 0 and 0 < Arg(w) < 6.
Proof. Let v := Arg(w) € [@ — 6p,6p]. We have, for all s € R,

|R(w,79(s) — a)| = [R(lwle", 79(s) — a)| = | R(Jw], (14(s) — a)e™ 7).
Applying Lemma B.1 we obtain the inequality

(103) |R(w, 79(s) — a)|* > [ cos(5(s)|(|w]* + |7(s) — af*)
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where 4(s) := Arg ((1o(s) — a)e™™).

We now consider separately the three cases |s| < a, s > a, and s < —a to derive
the two inequalities of the lemma.

Case 1. For |s| < a, since 79(s) = s, we have | cos(¥(s))| = cos(y) > cos(y) so
that (101) holds. Further, applying the third inequality of Lemma B.2 we get that
there exists a constant ¢ > 0, dependent only on a, such that

(104) S(R(w,1o(s) —a)) = H(R(s — a,w)) > I(w) —c.

Case 2. For s > a, since 7p(s) — a = 5!, where §:= s —a >0, and Y(s) =0 —
so that | cos(9(s))| = cos(8 — ) > cos(by), we have from (103) that

(105) |R(w,74(s) — )| = |R(w, 36”)? > cos(8 — 7)(|wf? + 52),

so that (101) holds. To see that (102) holds, for v € [0, 6] as required in the lemma,
note that

(106) Arg(R(w,y(s) — a)) = Arg(R(|jwle™, 5¢'%)) € [, 6].
Combining this with the bound (105) we see that

S(R(w, 79(s) — a)) = S(R(w, 5¢'%)) = |R(w, 5%)| sin (Arg(R(w, §ei9)))
(107) > +/cos(0 —7) |w|sin(v) = y/cos(d — ) S(w).

Case 3. For s < —a, setting § := —(s + a) > 0, we have 79(s) — a = — (5!’ + 2a)
and | cos(%(s))| = | cos(6(s) — 7)|, where 6(3) := Arg(5e' + 2a). Since 0 < 0(3) < 0
for § > 0, and v € [0 — 6, 0], we have

. > mi A
[cos(3()] 2 min|cos(y )| = cos(d)
so that (101) follows from (103).
To show (102), for 0 < v < 6 as required, we rewrite
R(w, 56" + 2a) = [R(w, 3¢')? + 4a® + 4a5el)!/?

(108) = R(4a® + 4a3¢ R(w, 5¢'%)),
where R is defined by (98). Using (105) and (106) we see that

|R(w, 5¢%)|? > cos(d — 7)5% > cos(0)3? and  Arg(R(w, 3¢'%)) € [v,6].

Thus, by (100) applied to (108), there exist constants C' > 0 and 5y > 0, depending
only on # and a, such that

1+5s

5

I(R(w, 3¢ 4 2a)) > I(R(w, 5¢'%)) — C

)

for § > §9. Hence, and using (107), it follows that, for § > max(1, §p),

I(R(w, 3¢ 4 2a)) > \/cos(0 — v)S(w) — 2C.

On the other hand, for § < max(1,5) the last inequality of Lemma B.4 gives that
there exists a constant C’ > 0, depending only on a, such that

S(R(w, 3¢ 4 2a)) > S(w) — C".



THE COMPLEX-SCALED HALF-SPACE MATCHING METHOD 41

Gathering the two estimates we have that, for s < —a,

(109) S(R(w, 9(s) —a))) > /cos(0 — ) (w) — max(C’, 2C).
We have shown that (101) holds in each case. That (102) also holds follows from
(104), (107), and (109), trivially noting that (cos(t))'/? > cos(t) for t € R. d

Appendix C. Mapping properties of complex-scaled integral operators.

In this appendix we prove mapping properties of the analytic continuations into the

complex plane of the single- and double-layer potential operators S/ and D7, defined

by (39) for j € [0,3], ¢ € L*(Z,), and [t| > a. The proofs use the bounds established

in Appendix B and bounds on the relevant Hankel functions. Specifically [35, Lemma
3.4], for some constant ¢; > 0,

(110) e =B M ()| < o1 (o7 + 1+ 12)712) R(z) >0
Similarly, it follows from (40) and [30, §10.2(ii)] that, for some constant ¢y > 0,

(111) ’e*iZHg”(z)

<co M(lz]),  R(2) >0,

where M(t) :=log(1 +t=1) 4+ (1 +¢)~'/2, for t > 0.

PROPOSITION C.1. For every 0 € (0,7/2) there exists some constant C > 0, that
depends only on a, k, and 0, such that, for j € [0,3] and every ¢ € L*(Z,),

(112) §76(2)] < C M|z — al) exp(—kS(2)) 6] 2.,
(113) DIg(2)] < C |z — al /2 exp(=kS(2)) 18]l 25,

for ®(z) > a with |Arg(z — a)| <6, while

(114) 1S7¢(2)| < C M(|z + al) exp(kS(2)) |9l r2(s.)
(115) DIg(2)| < C'lz+ a| ™% exp(kS3(2)) |9]| 22 (5

for R(z) < —a with |Arg(—z —a)| < 6.

Proof. We prove only the bounds (112-113); the proofs of (114-115) are identical.
Throughout this proof C' will denote any positive constant depending only on a, k,
and 0, not necessarily the same at each occurrence, and we assume that y7 € ¥, and
that R(z) > a with |[Arg(z — a)| < 6.

It follows from (the analytic continuation of) (39) and the Cauchy-Schwarz in-
equality that

§76(2)| < CIY? |10l 2wy, [DI6(2)| < CLY 2|9l 12 (20

where

2

aq)(w](z)7yj) ds(y])

In(y’)

Now, from (111), and since @’ (z) := (a, z) and recalling the definition (17),

Is ;:/Z (2 (2), y/) ds(y’),  Ip ::/2

a a

(@ (2),97) < O M (KRG~ yf,=— y)|) exp(ibR(a — ], = — )]
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Further, it follows from Lemma B.2 that, for some constant C, > 0 depending only
on a,

(116)  |exp(ikR(a —y], 2 — y3))| < exp(—k(S(2) — Ca)) < Cexp(—kS(2)),
and from Lemma B.1 that
(117) [R(a—yi, 2 —y3)| > cos(0)((a —yi)* + |z — al*)!/? > cos()|z — al.

Thus, noting that M (¢) is decreasing as t increases and that, for every ¢ > 0, ¢t —
M (ct)/M(t) is a bounded function on ¢ > 0, it follows that

(27 (2),y7)] < CM(|z — al) exp(—kS(2)),

so that I§/2 < CM(|z — al) exp(—kS(2)) and (112) follows.
Writing n(y’) = (n1(y?),na(y?)) in the (27, x3) coordinate system, we see that

‘ 0P(a (2),y)
on(y?)

() (0] — @) + () (44— 2)|

k . )
(118) T [ (kR0 = ol - )| —
‘R(a — Y,z yz)‘

How we bound the right hand side of this equation depends on which side of ¥, the
point y’ is located. When y/ € 3J C %, the right hand side of (118) vanishes, since
then y] = a and na(y?) = 0. When y/ € 90\ (X4 U £J1) it holds that y] = —a or
y% = —a, so that |R(z’(z),y’)| > C by Lemma B.1, from which it follows, applying
(110) and (116), that the right hand side of (118) is bounded by C' exp(—kS(z)). Thus

2

In(y?)

Finally, when y/ € %J*! it holds that nq(y’) = 0 and y% = a, so that, where p :=
|z — al, (118) says that

’ 0%(a (2), ')

Ip < Cexp(—2k3(2)) + Iy, where I, := /

i
nit

p

= 8O (ko o], 2 -

J
} )| T
only’) |Ra—yi,2—4)
1Y —1/2 o
119 <C|—————+1Q+p exp(—kS(2)),
(119) (p2+(a_y{)2 (1+0) ) (—kS(2)
using (110), (116), and (117). Thus
b
er%(z)I;S < L +C ¢ 14 dy{ < g7
L4p —a (PP + (y1 —a)?)® P

where we see the final bound by substituting s := (3 — a)/p. Thus 1713/2 < Clz —
a|~1/2e7*3(2) and the bound (113) follows. 0

The final result of this appendix, and arguments we make elsewhere in the paper,
depend on a mapping property of the classical double-layer potential operator on the
boundary of a quadrant. For the convenience of the reader we state this key and
well-known result and sketch its proof in the following proposition.
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PROPOSITION C.2. Let hg denote the kernel function h defined in (16) in the
case that k = 0, so that ho(x1,22) = z1/(7(2? + 23)), for x1 > 0 and 2 € R. For
¢ € L?(0,+00) define D¢ : (0,+00) — C by

+oo +oo
Dé(s) = / ho(s.) 6(t) dt = — /

™

s
Then D¢ € L?(0,+00) and the mapping ® : L?(0,+o00) — L?(0,+00) is bounded,
with norm ||D|| = 1/v/2.

Proof. This result can be proved by making use of the equivalence of (24) and
(25) in the static case k = 0 as in [12], or directly via Mellin transform methods
(cf. [41, 43]). Equivalently, we observe as in [17] that the mapping J : L?(0, +00) —
L%(R), given by J¢(t) = ¢(e t)e '/2, t € R, is unitary, as is the Fourier transform
operator § : L%(R) — L%(R), ¢ — ¢, given by (11). Further [17], for ¢ € L2(R),

393-1g(s) = /R k(s —D)o(t)dt, sER,

where #(7) 1= e™/2/(m(e?” + 1)), for 7 € R, and [17]

.1 simh(m(¢—i/2)/2)
MO = Jor e — i) €

Thus, for ¢ € L*(R),
FIDII5 o = V2R @,
so that [17], since & € L>(R), D is bounded on L*(0, +00) with

1D = [I53DI T Y| = V2r [[Rl| L=y = V27 [R(0)] = 1/V2. 0

REMARK C.3. Let Dy denote the operator D, given by (25) and (29), in the case
that k = 0, so that, for ¢ € L?(R), Dop(t) = 0, for t < a, while

1 t—a
Dod(t) = | ho(t —a,s — ds = = tydt, t>a,
(0) = [ ol —as—a) o) ds =~ [ ot ott) a
where hg is as defined in Proposition C.2. Then it is clear from the above proposition
that, as an operator on L?(a,+00), Dy is bounded with norm | Dol = |D| = 1/V/2,
and that Dy is also bounded as an operator on L?(R), with norm || Do| = 2||D|| = V2.

PROPOSITION C.4. For 0 < 0 < 7/2 and j € [0,3], S} and D} are continuous
operators from L?(%,) to L?(—oo, —a) ® L*(a, +o0), where, for ¢ € L?(%,),

Sio(s) = S d(ro(s)), Dyo(s) :=D'g(4(s)), |s| > a.

Proof. It is clear from the bounds (112) and (114) that Sg maps L?(%,) con-
tinuously to L?(—oo, —a) & L?(a,+00). The analogous bounds (113) and (115) do
not quite imply that Dj¢ € L?(—o0,—a) & L*(a,+00) for each ¢ € L*(%,), since
(s — a)~1/2e=ksn(0)(=a) s in L'(a, +o00) but not in L?(a,+00). To see that D} :
L?(3,) — L?*(a,+00) and is continuous we argue as in the proof of Proposition C.1,
in particular using (118) and (119), and recalling that, except when y’ € ¥J1 the
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right hand side of (118) is < C exp(—kS3(z)). These bounds imply that, for ¢ € L?(Z,)

and s > a,

| | o —al |é(y?)| ,
Di(s SCe_ksm(e)(s—a)/ o(y?)|ds(y?) + C |5 —al |¢(-'_J ds(y’),
D0(s)| s +O | s dsty)

where, throughout the proof, C' > 0 denotes a constant that depends only on 6, a,
and k. Thus

Dy (s)| < Ce™* O g 125,y + CDoy(s),

where Dy is as in Remark C.3 above, while ¢y € L?(—a, a) denotes the restriction of
|¢] to 711, precisely ¥(y]) = [¢((y],a))|, for —a < yi < a, while ¢(y]) := 0, for
ly7| > a. Since (Remark C.3) Dy is a bounded operator on L?(R), it follows that

D)ol L2(a,400) < CllSllL2(s0) + ClIDoll 1] L2 (—a0) < CllYl L2(s0)-

Arguing in the same way, we see that Dz is also continuous as a mapping from L?(%,)

to L?(—o0, —a), and the proof is complete. 0
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