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where K; is the reproducing kernel of A2 This condition allows us to obtain some
interesting reproducing kernel estimates and more estimates on the solutions of the
d-equation (Theorem 2.5) for more general weight w,. As an application, we prove
the boundedness of the Bergman projection on L%, identify the dual space of A, and
establish an atomic decomposition for it. Further, we give necessary and sufficient
conditions for the boundedness and compactness of some operators acting from A%,
into A1 < p.q < 00, such as Toeplitz and (big) Hankel operators.

MSC: 32A36; 30H35; 47B38; 41A65; 4615
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decomposition

1 Introduction and results

Let H(D) denote the space of all analytic functions on D, where D is the open unit disk
in the complex plane C. A weight is a positive function w € L}(D, dA), where dA(z) = @
is the normalized area measure on D. For 0 < p < 00, the weighted Bergman space A?(w)

consists of those functions f € H(D) for which

1/p
W llazw) = (/D If(2) }pa)(z) dA(z)) < 00.

For p = 0o, we introduce the growth space L>(w'/?) of all measurable functions f on D
with

If Il Loo(1/2) := €88 sup[f(z)|a)(z)”2 < 00,
zeD
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and we let
A%(0'?) = L™(0'*) N H(D).

In this paper we study Bergman spaces with weights belonging to a certain class YW, which
we describe now. Decreasing weights w satisfying conditions will be specified in what
follows. The class W, considered previously in [24] and [12], consists of the radial de-
creasing weights of the form w(z) = e2#@), where ¢ € C*(D) is a radial function such that
(A@(2))™V2? < 1(2) for some positive radial function 7 (z) that decreases to 0 as |z| — 1~ and
satisfies lim,_, - 7/(r) = 0. Here A denotes the standard Laplace operator. Furthermore, we
assume that either there exists a constant C > 0 such that 7(r)(1 — r)~¢ increases for r close
tolor

lim 7'(r)1 L 0

im t'(r)lo =0.

r—1- J 7(r)

The prototype is the exponential weight

b
Cz)a(Z) ZeXp(m), b,O' > 0. (11)

For the weights w in our class, the point evaluations L, : f —> f(z) are bounded linear
functionals on A?(w) for each z € D. In particular, the space A%(w) is a reproducing kernel
Hilbert space: for each z € D, there are functions K, € A%(w) with || L,|| = || K| A2(w) Such
that L.f = f(z) = {f,K,),, where

fr9)0 = /D f(2)g(2)w(z) dA(2).

The function K is called the reproducing kernel for the Bergman space A?(w) and has

the property that K,(£) = K¢ (z). The Bergman spaces with exponential type weights have
attracted a lot of attention in recent years [9, 12, 16, 17, 24, 25] since new techniques,
different from those used for standard Bergman spaces, are required. Consider the class
€ that consists of the weights w € W satisfying

f |K.(8)|0(8)? dAE) < Cw(2)?, zeD. (1.2)
D

It has been proved in [7] that the exponential type weights w, given by (1.1) with o =1
satisfy the previous condition and, therefore, they are in the class £. Note that following
the proof given in [7] with nontrivial modifications, we are able to show that every weight
of the form (1.1), with 0 < 0 < 00, is in the class £. Recently, Hu, Xiaofen, and Schuster
proved that the prototype weights, considered in (1.1), satisfy (1.2) (see [14, Corollary
3.2]). This integral estimate allows to study other properties and operators, such as the
Bergman projection which is given by

Po(f)(2) = /D FEORE0E)dAE), zeD.
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The boundedness of the Bergman projection P, on L%(w) is trivial from the general the-
ory of Hilbert spaces. In contrast with the case of standard Bergman spaces (where the
Bergman projection is bounded for 1 < p < 00) in the case of exponential type weights,
it turns out that the natural Bergman projection is not bounded on L?(w) unless p = 2
(see [8] and [35]). At first glance, this may look surprising, but when one takes into ac-
count the similarities with Fock spaces, this seems to be more natural. It turns out that,
similarly to the Fock space setting, when studying problems where reproducing kernels
are involved, the most convenient setting is provided by the spaces A”(w”/?). As a conse-
quence of condition (1.2), we get the right estimates for the norm of reproducing kernels
in A?(w?”?) for 1 < p < 0o. Also, we prove in Theorem 3.2 that, for weights in the class
&, the Bergman projection P, : L?(w?'?) — AP(w?'?) is bounded for 1 < p < co. A conse-
quence of that result will be the identification of the dual space of A?(w?’?) with the space
A” (”'?) and A (w"?) with A®(»'?) under the natural integral pairing (-,-),,, where p/
denotes the conjugate exponent of p. Afterwards, by using the duality and the estimates
for the p-norms of reproducing kernels, we are going to obtain an atomic decomposition
for Bergman spaces with exponential type weights: for weights w € £, every function in the
weighted Bergman space A” (w”'2), 1 < p < 00, can be decomposed into a series of very nice
functions (called atoms). These atoms are defined in terms of kernel functions and in some
sense act as a basis for the space A?(w”’?). The atomic decomposition for Bergman space
with standard weights was obtained by Coifman and Rochberg [6], and it has become a
powerful tool in the study of weighted Bergman spaces. We refer to the books [26, 37, 38]
for a modern proof of these results. The norm estimates for the reproducing kernels in
AP(wP'?) for 1 < p < 0o permit to extend the results on the boundedness and compactness
of Toeplitz operators T, to consider the action of 7,, between different large weighted
Bergman spaces, and to find a general description of when T, : A?(0??) — A%(w??) is
bounded or compact for all values of 1 < p,q < co. Furthermore, we also generalize the
results obtained in [12] on the boundedness and compactness of big Hankel operators Hy
with conjugate analytic symbols to the non-Hilbert space setting, characterizing for all

1 < p,q < oo the operators
Hg: AP (o) — L1(0?)

that are bounded or compact. As mentioned earlier, one of the key tools consists in using
the estimates for the 9-equation obtained in Sect. 2.

In what follows we use the notation a < b to indicate that there is a constant C > 0
with a < Cb; and the notation a < b means that a < b and b < a. Also, respectively the
expressions Lf, and A%, mean L?(D, w*> dA) and A?(w?'?) for 1lep < cc.

2 Preliminaries and basic properties

A positive function t on D is said to be of class L if it satisfies the following two properties:
(A) There is a constant ¢; such that 7(z) < ¢;(1 - |z]) for all z € D
(B) There is a constant ¢, such that |7(z) — 7(¢)] < x|z ¢| forall z, ¢ € D.

We also use the notation

min(1,c;t, ¢t
mt:z (’1’2),

4
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where ¢; and ¢, are the constants appearing in the previous definition. For a € D and
8 >0, we use D(8t(a)) to denote the Euclidean disc centered at a and having radius 57 (a).
It is easy to see from conditions (A) and (B) (see [24, Lemma 2.1]) thatif r € L and z €
D(87((a)), then

St(@) <70 < 21(a) 2.1)

for sufficiently small § > 0, that is, for § € (0, m.). This fact will be used many times in this
paper.

Definition 2.1 We say that a weight w is of class £* if it is of the form w = e **, where
¢ € C*(D) with Ag >0 and (A¢(z))""? < t(z) with 7(z) is a function in the class L.

It is straightforward to see that YW C L*. The following result is from [24, Lemma 2.2]
and gives the boundedness of the point evaluation functional on A2.

LemmaA Letwe L*,0<p<00,andz e D.If B €R, there exists M > 1 such that

@) @) < / o) dae)

= 821(2)? Jpese
forall f € H(D) and all sufficiently small § > 0.
We also need a similar estimate for the gradient of |f|w!/2.

Lemma 2.2 Let w € L* and 0 < p < 0o. For any 8 > 0 sufficiently small, there exists a
constant C(8g) > 0 such that

C(b0)

1/p
V(Ifl0"?)(2)| < (f V(s)|pw(sw/2dA<s))
7(2) "7 \/D(or(/2)

forallf € HD).

Proof We follow the method used in [22]. Without loss of generality we can assume z = 0.
Then, applying the Riesz decomposition (see for example [29]) of the subharmonic func-
tion ¢ in D(0, %0 7(0)), we obtain

(&) = u(e) + fD  GEnApndA) 2.2)

where r = 8o7(0), u is the least harmonic majorant of ¢ in D(0, §), and G is the Green
function defined for every &, € D(0,r), § #n, by

r(&—-n)

2
r2-qg |’

G(‘i:: 77) = log
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For &,1 € D(0, 5), we have

G Py
‘85 (g’")‘ T el - |

r? 4
= < .
& =nl-1r2=Inll&ll — 31§ —nl

Then

8<p(0)_8u(0)‘ ‘EO ‘A JA
e i | Ly 58 Om|aemaac)

(2.3)
1 / dA(m) _ o
~ 7(0)? b Il T 7(0)
We pick a function # € H(D) such that Re(/) = u. Also,
o\ = o | LS ESE) 3_¢ -0(6)
vre)@)| -2 [ ;LEE e
/ V(E” dp —0(€)
- ) - o),
PE RORG —(&)le
Therefore, since /#'(0) = 23”(0) we get
-2\ = | 99 (o[ -0
[V(Ifle*)©0)] = ()= 2/(0) 5 0)|e
ad
< p’(O)—zf(O)—”(O) e ‘5(0)— —(O)Mf(O)!e*” 0
0
< ‘ (feag u0)-¢(0) 3;: (O) (0)‘ lf(o)’ e 0
By (2.3) we have
_ X -¢(0) -
20~ 220|100 £ o]+
This gives
d(fe” w000 , FOI _y0)
] ([f|e )( )| ‘ 5% ¢ ) e %, (2.4)
It follows from Lemma A that
lf(o)l —¢(0) < 1 ( P _—py(z) dA )Up
) e (())1”’ / sorio) [f(z)| e () . (2.5)

To deal with the other term appearing in (2.4), notice that if we use identity (2.2) with the
function ¢ (&) = |£|% — (r/2)? (since Ap(£) = 4 and its least harmonic majorant is ug =0),
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we obtain

[ cemndam- i(m? ~(r12).
D(%)

737

Therefore, since Ap(n) = 2 = A@(0) and the Green function G < 0, we obtain,

for every & € D(0, 5),

(n)?

u) -9 - [ 6emapmdan

D()

< Agp(0)

((r/2)* - 181%) = ((r/2)* - 1€P%).

47(0)2
This gives

24090 ecsg‘

Therefore

l WO o) (2.6)

o0 < ‘ 3(fe™)(0) ‘
JE ~

On the other hand, using Cauchy’s inequality, the fact that ¢ — # <0, and Lemma A, we
get

~h ~h(n)
PRl

1
[ (m)-u(n)
~ 8(2)'[(0)2/ 50, lf(n)|e |d7]|

< 1 1 ( )1’ po(2) (2) H d
2)| e P"Y dA(z .
~ T(O)z / 80{ 9 (T(n) -/. D(809t(n)/4) lf | > | n|

Finally, using 7(n) = t(0), we obtain

1 P o P9@) g4 )Up d
()‘ 7(0)2 / _507© (‘L’(O) /SOT(O)/Z)V(ZW (2)) ldnl

1 1/p
S— ( / f ()P ere®@ dA(z)) .
7(0) "7 \JDWor(0)/2)

Bearing in mind (2.6) this gives

‘ ofe™"

1
‘a(fe #(0) S ! 3 (f lf(z) |pe”"’)(z) dA(z)) 1"
0% ~ 2(0)*7 \Jp@or12)
Plugging this and (2.5) into (2.4), we get the desired result. O

The following lemma on coverings is due to Oleinik, see [21].
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Lemma B Let t be a positive function on D of class L, and let § € (0,m.). Then there exists
a sequence of points {z,} C D such that the following conditions are satisfied:
(i) zn & D(87(2)), n # k;
(i) U, D67(z) =D;
(iii) D(57(2)) C D(387(24)), where DT (21)) = U epse (s POT (@), m=1,2,3,...;
(iv) {D(387(2,))} is a covering of D of finite multiplicity N.

The multiplicity N in Lemma B is independent of §, and it is easy to see that one can
take, for example, N = 256. Any sequence satisfying the conditions in Lemma B will be
called a (8, 7)-lattice. Note that |z,| — 1~ as n — oo. In what follows, the sequence {z,}

will always refer to the sequence chosen in Lemma B.

2.1 Integral estimates for reproducing kernels

We use the notation k; for the normalized reproducing kernels in A%, that is,

K.
Kl

7 =

The next result (see [4, 17, 24] for (a) when p = 2 and [18, Lemma 3.6] for part (b)) provides

useful estimates involving reproducing kernels.

Theorem A Let K, be the reproducing kernel of A2 . Then
(a) For w e W, one has

K|l 2 < 02 r(2)", zeD. (2.7)
(b) For all sufficiently small § € (0, m;) and w € W, one has
|K(O)| = 1Kz - IKc L2, ¢ € Dso): (2.8)
Lemma 2.3 Let w € €. For each z € D, we have
1Kzl ase o2y S @(2) ™ 2(2) 2.
Proof By Lemma A and condition (1.2), we have

0(§)'?|K(5)| = 0(§) " [Ke (2)]
w(§)"? "
~ w(@)'P1(@)? /D(ST(Z)JKE ()| ()2 dA(s)
Sw@ (),

which finishes the proof. d

Lemma 2.3 together with condition (1.2) allows us to obtain the following estimate for

the norm of the reproducing kernel in AL,

Page 7 of 40



Arroussi Journal of Inequalities and Applications (2021) 2021:193

Lemma24 Letl<p<oo,we&,andzeD. Then
1Kz, = w(z) 2 (2) 20D
Proof By (1.2) and Lemma 2.3, we have
A=

K117 /D |K. (&) (€Y dA(E) = /D K (8) (&) (| K.(8) | (@) ) dA(E)

< I iy [ O] dAG) S I 10l
D
S w(z) PP (z) 207,

On the other hand, by using statement (b) of Theorem A, we have
K12, = / |K.(E) ool dAE)
@ D(51(2))

= ciklly [
@ JDBT(

> Co(z) 1 (z)"20- D,

) 1Kz IIIf,g)w(éf)‘”/2 dA(§)

This completes the proof. O

2.2 Estimates for the 5—equation

The following result, which provides more estimates on the solutions of the 3-equation,
will play a crucial role in describing the bounded Hankel operators acting from AP to AT
when 1 < p < g < 00. Also, it can be of independent interest.

Theorem 2.5 Let w € W, and consider the associated weight w,(z) := w(z)t(2)*, z € D,
and o € R. Then there exists a solution u of the equation du = f such that

[l o.@r2 dac) < ¢ [ |f@) o e date
D D

for all 1 < p < 0o, provided the right-hand side is finite. Moreover, one also has the L*-

estimate
sup|u(z)|w*(z)1/2 < Csup [f(z)|a)*(z)1/zr(z).
zeD zeD

Proof We follow the method used in [5] where the case « = 0 was proved. By Lemma 3.1
in [24], there are holomorphic functions F, and some §, € (0, 7.) such that
M) [Fal®)] =)', & eD(bot(a)).

min(z (§), 7(a))
|la - &|

M (2.9)
(i) |F.(8)| < Cw(sr”( ) , (@8 eDxD.

Let 8; < 8. Then there is a sequence {z,},>1 such that {D(517(z,))} is a covering of D of
finite multiplicity N and satisfies the other statements of Lemma B. Let x, be a partition

Page 8 of 40
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of unity subordinate to the covering D(8;7(z,)). Consider

S)Xn )
Suf(2) = F, () / B )an(é)dA(s)

Since F,, are holomorphic functions on D, by the Cauchy—Pompeiu formula, we have

55,f(z) =f(@)xu(z), mn=1,2..

Then
@)=Y 5.f(0) = a2 /D Glz 6)f (€)on () dAG),
n=1

where

= an (Z) Xn (‘i:) -1/2 1/2
G(z,§) = w: ()" Tw.(2) .
; & -z F,(§)

Since y,, is a partition of the unity, we have

(S =Y S =f D xn=f
n=1 n=1

on I, so that Sf solves the equation 35f(z) = f(2).
On the other hand, assume that

dA(§)
/|G £)|22%) S (2.10)
and
|F,, (2)] 172 L+a/2
R 0,22 dAR) S TE)?, € e D(817(z)). (2.11)
p 1§ -2

Then, by (2.13), it is straightforward that the L>-estimate holds. Our next goal is to prove
the inequality

/ |Sf (@) w.(2)"? dA(z / If @ w.(2)"?1(2) dA(z).

Consider g(§) := f(§)w.(§)V* and Tg(z) := [}, G(z,£)g(§) dA(§). Then the last inequality
takes the form

[ 172 da@ < [ leta) wer daca
D D
Therefore, using Holder’s inequality and (2.13), we have
» » -1 dAE)\'
Tl < [ lerer o olaae)( [ 6ol F) )

< [ le)Peier- |6t o)laae)
D
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These estimates and Fubini’s theorem give

f Te@)|? dAE) < [ ( / |g(s)|"r<s>f’-1yG(z,5)|dA(s)) dA(2)
D D D

< p p—1

< /D l6(€) () ( /D |G(z,s)|dA(z)) dAE).

Now, using the expression of the kernel G(z,&) and the fact that x, are supported in
D(8,7(z,)), we obtain

f |Tg@)|" dA()
IF (@) xa(E) 0u(2)
/Ig(s Py (/Z : ; |1)-"i,,(g |‘“*(;m dA(z)) dA(E)

. -1/2 F,
sZ [l (G [ g @ e ueraae

W) [ |F,, ()]
|Fz, &) Jo 1§ -2

S Z / \g(s)\’”r(sy"1< wi(2)"? dA(z)) dA(E).

D(817(zn))

By (2.11) and using the fact that |F,, (£)] < w(£)™V/2, & € D(8,7(z,)), it follows that

/ |Tg(2)|” dA(2)

<Zf

F,
Ig(é)l”r(é)’” - “’2</ iAol Z)| *(z)”ZdA(z)) dA(€)

(817 (zn))

(2.12)
< Z f le@)[rier aa)

(817 (zn))

< [l P eier aac)
D
where the last inequality above follows from the fact that {D(5;(z,))} is a covering of D of

finite multiplicity.

Now we are going to prove that

d
/|G 5)} A(S) (2.13)

First we consider the covering of {§ € D: |z - &| > §,7(2)} given by
Ri(z) = {£ eD:2M1851(2) < |z - £| = 2%827(2)}, k=1,2,...
Let 48, < 85 < %0 and z € D be fixed. If § € D(8,7(2)) N D(817(2,)), using (2.1), we have

|z—z4| < |z—&|+1& -z, < 827(2) +617(2,)

< 4657(z,) + 617(2) < 80T (24),

Page 10 of 40
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that implies z € D(8p7(z,)). Using (2.1) and property (i) of (2.9), it follows

0@ 0.(6) 0. 2)" 1
G(z,8)| < W) S .
R e ML

Therefore, using again (2.1) and polar coordinates, we get

f Gz, 8)|
D(877(2))

If £ € (D \ D(831(2))) N D(817(2,)), we show that z ¢ D(817(z,)). In fact, if not, z €
D(817(zy)), then using (2.1) we have

daE) - 1 L e <1 2.14
() ~ t(2) /D(ézr(z)) 1§ —z| €1 2.14)

2= 2u| > |2 =§| = 1§ = 24| > 627 (2) — 817(24) = (82/2 = 61)7(20) = 617 (20),
this implies a contradiction with our assumption. Thus,

lz—&| <|z—zul + 12, — &| < |z — 24| + 617(2,)

< 2|z -2z,
Also, using 7(§) < t(z,), we get

|z -z, - |z —&]|
min(t(z), 7(z,)) ~ min(t(2),7(£))

Then, again using t(§) =< 7(z,) and property (ii) of (2.9) with
M >max(1;-a/2;1 + «/2),

we have

o]

< |an(z)| Xn(g) _1/2 1/2
Gz 8)|<C> Eo |an(§)|w*(5) 04(2)

n=1

0(@) V2 w,(E) V2w, ()12 (min(r(z), f(é)))M <
<C " 2.15
=V E—2 w2 &~z 2_1®) 219

n=1

(2)% (min(r(Z),r(é))>M
T(£)2|E ~ 2| & — 2| '

Then

dA(E)
./D\D(szf(z))|G(z’€)| (%)
7(8)7 7" (min(r(zm(s»)

< C‘L’(Z)O[/Z‘/
DDGyr(2) 1§ =2l & —z|

M
) dA(§).
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oIf2+ua>0.

dA(§) Mol
Gz, =Ct dA
/D\D(ﬁzt(z)){ ey 7(£) ) Z]sz |E — zM+1 (é)

< el 12 / e (Z) T dAE)

o0

e If 2 + @ < 0. Using condition (B) in the definition of the class £, it follows that
T(£) < C2X8,1(2), & € Ri(2),k=0,1,2,....

So,

.L,(%-)—(sz)/z.r(z)M

G 7 Ct a/2/ o) - TE A
/D)\D(5zf(z)| « S)’ =@ DDy 1§ — 2 ©)

o k —(2+a)/2
<Cr@"”y / G A

R (2FT(2))Mt

This together with (2.14) establishes (2.13).

Finally, it remains to prove inequality (2.11). We split this integral in two parts: one
integrating over the disk D(§,7(§)) and the other one over D \ D(8;7(£)). We compute
the first integral using (i) of (2.9), (¢) < t(z,) < t(2), z € D(5,7(§)), and by using polar

coordinates, we obtain

|, ()] V2 JA(7) < 1(£)%2 dA(@) _ L+a/2 2.16
/w 2 0 dAE) S o0 /w e RS (2.16)

Now we consider

€)= [ 'Z"(Z)' 0,22 dAR), & € D(317(2).
D~D(837(& g_ |

For z ¢ D(8,7(§)),
lz—§&| <l|z—zu| + |2, - §|
<lz—2z,| +817(z,)

28,
<|z-2z,| + —|z-2,|
133

261
<(1+—)Iz—zl
)
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Then, again by using t(£) < 7(z,), we obtain

min(z(z,), 7(2)) _ min(z(§),7(2))
|z =z, - |z - &|

This together with (2.9) taking M > max(1,2 + «/2) gives

< 7(2)*"* (min(t (z,), T (2)))" JA
1% /D\DM) E-z  lz-z" ®
(min(z (€), T(2)))
< al2
N/D\D(sgr(s)) 7@ |z — &ML

e Suppose first that o > 0. By 7(z) < C2¥t (&), for every z € Ri(€), k = 1,2,..., we get

@t (e
<Z/ @y A

00
1
1+a/2§ : 1+a/2
5 T(E) 2k(M—2—a/2) S T(E) .
k=1

o If @ <0, then

(min(z (§), T(2)))"
I(£) < a2 AP R PEI JA
©)< /D g PO A

)M+Dt/2

S Z/ $|M+1 dA (Z)
=1
- $)1+a/22 Ty 5 T(§)1+a/2’
k=1

This together with (2.16) establishes (2.11). The proof is complete. O

2.3 Carleson type measures
We are going to define (vanishing) g-Carleson measures for A%, 0 < p, g < oo, for weights

o in the class W and give some essential theorems.

Definition 2.6 Given w € W and 0 < p,q < 00, let i be a positive measure on D. We say

that 1 is a g-Carleson measure for A% if there exists a positive constant C such that

[ i ana < cisie,

forallf € A%,. Thus, by the definition, u is g-Carleson for A%, when the inclusion I,, : A%, —
L1(D,d ) is bounded.

Next, the following theorems were essentially proved in [24, Theorem 1]. They estab-
lished necessary and sufficient conditions for I, : A%, — L9(D),dp) to be bounded (com-
pact) when 0 < p, g < 0.

Page 13 of 40
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Theorem B Givenw € Wand 0 < p < g < 00, let i be a finite positive Borel measure on D.
Then I, : A, — LY(D,dp) is bounded if and only if, for each sufficiently small § > 0,

Kio:i=s

1 —q/2
al:]g T(ﬂ)zq/p /I;(Sr(a))w(S) ) <o (2.17)

q

Moreover, in that case, K, ., < |1, ||A£,—>L4(D,du)’

Theorem C Givenw € Wand 0 <p < q < 00, let ju be a finite positive Borel measure on D.
Then I, : A, — L1(D,dp) is compact if and only if, for each sufficiently small § >0,

. 1 _
lim sup W .[3(5:(51)) o) du(€) = 0. (2.18)

r—>1- la|>r T

Theorem D Givenw e W and 0 < q < p < o0, let | be a finite positive Borel measure on D.
The following conditions are equivalent:

(@) 1,: A% — LYD,dw) is compact.

(b) 1, : AL, — LYD,dw) is bounded.

(c) For each sufficiently small § > 0, the function

1

- —q/Zd
R = /D OO

belongs to LI%I (D, dA).

Moreover, one has

q -
Wl gy = Wl g

3 Bounded projections

The boundedness of Bergman projection is a fact of fundamental importance. In the case
of the unit disc, the boundedness of Bergman projections is studied in [13, 38], and it im-
mediately gives the duality between the Bergman spaces. The natural Bergman projection
is not necessarily bounded on L%, unless p = 2 (see [8] and [35] for more details). However,
we are going to see next that P,, is bounded on L%, for weights w in the class £. We first

prove the boundedness of the sublinear operator P; defined as

Pif(z) = /D FEO|K®)|(E) dAE).

‘We mention here that, for the case of the exponential weight with o = 1, the results of this

section have been obtained recently in [7].

Theorem 3.1 Let 1 < p < 00 and w € E. The operator P} is bounded on I2 and on
Loo(w1/2)‘
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Proof We first consider the easiest case p = 1. By Fubini’s theorem and condition (1.2), we

obtain
[Pl = [ 1P @0t da
< / / @) IK(6) (€)o() dA(E) dA()
DJD
-/ lf<s>|w<s)( / |Ks(z)|w(z)1/2dz4(z)) )
D D

< [ Il 2@ - Ifly.
D

Next, we consider the case 1 < p < co. Let p’ denote the conjugate exponent of p. By

Holder’s inequality and (1.2), we get

-1

P < ( / ) K6 o©) 5 dA(@)(/ |1<(s)|w(s)“2dA(5))

< ( f )] |K8) | (@) dA(%‘) ()"
D

This together with Fubini’s theorem and another application of (1.2) gives

Il - [ I oraae)
/(/ & |KE)]w) dA(é‘) (2) dA(z)
- [l oe ( [ Kot dA(z)) dAGE)
D D
S,

Finally, if f € L>(w!/?), by condition (1.2) we get

0(2)'?|P1()(2)] < w(2)" /D If (§)]|K.(&)| (&) dAE)
< W hiiureyo@" [ [KA6)|oe) dAce
S oo orray-
This shows that P! is bounded on L>(w'/?). The proof is complete. O

Theorem 3.2 Let 1 < p < 00 and w € . The Bergman projection P, : L}, — AL, is
bounded. Moreover, P,, : L (w'?) — A®(w'?) is also bounded.

Proof Inview of Theorem 3.1, it remains to see that P,f defines an analytic function on D.
This follows easily by the density of the polynomials, the boundedness of P, and the com-
pleteness of AP, O



Arroussi Journal of Inequalities and Applications (2021) 2021:193 Page 16 of 40

Corollary 3.3 Let w € £. The reproducing formula f = P,f holds for each f € AL,

Proof This is an immediate consequence of the boundedness of the Bergman projection
and the density of the polynomials. O

4 Duality

As in the case of the standard Bergman spaces, one can use the result just proved on the
boundedness of the Bergman projection P, in L%, to identify the dual spaces of A%,. As
usual, if X is a Banach space, we denote its dual by X*. Next two results (Theorems 4.1

and 4.2) on the duality of Bergman spaces with exponential type weights appear also on

[7].

Theorem 4.1 Letw € £ and 1 < p < 00. The dual space of AL, can be identified (with equiv-
alent norms) with AL, under the integral pairing

(f8)o = /D FRg@ () dA).

Here p' denotes the conjugate exponent of p, that is, p' = p/(p — 1).

Proof Let 1 <p<ooandletp =p/(p-1) be its dual exponent. Given a function g € A’,f,/,
Hélder’s inequality implies that the linear functional v, : A, —> C defined by

W)= [ FEE0E) dae), fear,
D
is bounded with |||l < llg] -
Conversely, let T € (A%)*. By the Hahn—Banach theorem, we can extend T to an element

Te (I%)* such that ||7"|| = || T||. By the Riesz representation theorem, there exists H €
L (D, w?? dA) with IH N 1 (opr2) = IT|l = | T such that

() = /D FEHBE? dAE)

for every f € AL,. Consider the function /(¢) = H(E)a)(é)%"l. Then k € Lff)/ with

Il = It oy = I T

and
T(f) = T(f) = /D FERB0E)dAE), e A,

Let g = P,h. By Theorem 3.2, the Bergman projection P,, : Lfi/ — A{,’)/ is bounded. Thus
g € Al with

= < / =
Il g = I1Puhl < Whly = IT
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From Fubini’s theorem it is easy to see that P, is self-adjoint. Indeed,

(Puf ) = /D PofE)E)w(E) dAE)

- / ( / FORSw() dA(S)>@w(g)dA(g>
D D

= f ( / g(é)Ks—(S)w(é)dA(S))f(S)w(s)dA(s)
D D
= /D P,g(s)f (s)w(s) dA(s) = (f, Pug)w-

The interchange of the order of integration is well justified, because of the boundedness

of the operator P (see Theorem 3.1) given by
2@ = [ FOIK o) dAo)
Therefore, since f = P,f for every f € A%, according to Corollary 3.3, we get
T(f) = fD fEhE)w(E)dAE)
= {fsPuh)o = {f,8)0 = Yg(f).
Finally, the function g is unique. Indeed, if there is another function g € AIZJ/ with T'(f) =

Ve(f) = Yz(f) for every f € A%, then by taking f = K, for each a € D (that belongs to A%,
due to Lemma 2.4) and using the reproducing formula, we obtain

g(d) = 1pg(l(a) = 1/"2(1<a) :E(ﬂ): aeD.

Thus, any bounded linear functional T is of the form T = v, for some unique g € A’,f: and,

furthermore,

171 ligll -
The proof is complete. O

Theorem 4.2 Let o € €. The dual space of AL, can be identified (with equivalent norms)
with A (w?) under the integral pairing (f,g).,.

Proof Let g € AZ. The linear functional ¥, : AL, — C defined by ¥, (f) := (f,g). is
bounded with |||l < [|lgll o (,1/2) since, for every f € A},

Yo ()| < lgllzoo oy If 1l a2 -

Conversely, let T € (AL))*. Consider the space X that consists of the functions of the form
h =fo'? with f € AL. Clearly, X is a subspace of L}(D,dA) and F(h) := T(ho™?) = T(f)
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defines a bounded linear functional on X with |F|| = ||T||. By the Hahn—Banach the-
orem, F has an extension F € (L'(D,dA))* with ||E|| = |F|l. Hence, there is a function
Ge LOO(D, dA) with ||G||L9°(D,dA) = ||F|| such that

F(h) = E(h) = / hE)GEdAE), heX,

D

or
1) - [ FEGEE) dA®), feal,

Consider the function H(z) = w(z)"V2G(z). Then H € L*®(w!/?) with
1 H I oo @172y = 1Gllzoom,aa) = IIFIl = [ T'll.

By Theorem 3.2, the function g = P,,H is in A’ with
gl acerrzy S NH Nl oo @irzy = I Tl

Also, for f € AL, by the reproducing formula, we have

T(f) = /D FEHEE) dAE) = (Puf, Hyo = (fr PoH)o = V(f).

Finally, as in the proof of Theorem 4.1, the function g is unique. d

Corollary 4.3 Let w € £. The set E of finite linear combinations of reproducing kernels is
dense in A%, 1 <p<oo.

Proof Since E is a linear subspace of A%, by standard functional analysis and the duality
results in Theorems 4.1 and 4.2, it is enough to prove that g = 0if g € A‘Z/ satisfies (f,g), =0
for each f in E (with p’ being the conjugate exponent of p, and g € A®(w'?) if p = 1). But,
taking f = K for each z € D and using the reproducing formula, we get g(z) = P,g(z) =
(g,K,)w = 0 for each z € D. This finishes the proof. O

Our next goal is to identify the predual of Al. For a given weight v, we introduce the
space Ay(v) consisting of those functions f € A*(v) with lim,_,1- v(2)|f(z)| = 0. Clearly,
Ap(v) is a closed subspace of A®(v).

Theorem 4.4 Let w € £. Under the integral pairing {f,g).,, the dual space of Ao(w"'?) can
be identified (with equivalent norms) with AL.

Proof 1fg € AL, clearly A,(f) = (f,g)., defines a bounded linear functional in Aq(w'/?) with
[ Agll < ligll 41 - Conversely, assume that A € (Ao(w'2))*. Consider the space X that consists
of functions of the form % = fw'/? with f € Ag(w!/?). Clearly, X is a subspace of Cy(D) (the
space of all continuous functions vanishing at the boundary) and T'(4) = A(w™"2h) = A(f)
defines a bounded linear functional on X with || T|| = || A||. By the Hahn—Banach theorem,
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T has an extension T € (Co(D))* with I T|| = ||T||. Hence, by the Riesz representation the-
orem, there is a measure u € M(D) (the Banach space of all complex Borel measures u
equipped with the variation norm | || o¢) with ||| a¢ = | T|| such that

T(h) = T = fD ) du(c), heX,
or
A = [ 00 du(@), 1 € Ao
Consider the function g defined on the unit disk by
8@ = [ Ko)ole) dn(c), zeD,

Clearly, g is analytic on D and, by Fubini’s theorem and condition (1.2), we have

gl < /D ( /D |1<z(§)|w(§)”2dlul(Z))w(Z)mdA(Z)

- /D ( fD |1<;(z)|w<z>”2dA(z))w@)“de(;)
< 1uID) = Itlas = 1A,

proving that g belongs to AL. Now, since Ag(w'/?) C A2, the reproducing formula f(¢) =

{f,K¢)w holds for all f € Ag(w!?). This and Fubini’s theorem yield

Ag(f) = {f,8)w = /Df(Z)(/DKz(g“)w(é)”2 du(())w(Z) dA(2)

- /D ( /D f(Z)K;(Z)w(Z)dA(Z))w(;“)“zdu(;“)
- /D FE@@) " duc) = A).

By the reproducing formula, the function g is uniquely determined by the identity g(z) =
A(Ky). This completes the proof. d

For the case of normal weights, the analogues of Theorems 4.2 and 4.4 were obtained by
Shields and Williams in [32]. They also asked what happens with the exponential weights,
problem that is solved in the present paper.

5 Atomic decomposition

For 1 < p < o0, in this section we are going to obtain an atomic decomposition for the
large weighted Bergman space A%, that is, we show that every function in the Bergman
spaces A%, with w in the class £ can be decomposed into a series of kernel functions. With
the help of the duality results and the estimates for the p-norm of the reproducing kernels
K, we can reach our goal. Before stating the main theorem of this section, we need two

auxiliary lemmas as follows.
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Lemma 5.1 Let w € W. There is a sequence {z,} C D such that

> Vel oy r@) 2 111,

k=1
forallfeAIZ) and1 <p<oo.

Proof Let {z} be a (¢, T)-lattice on D (that exists by Lemma B) with ¢ > 0 small enough to
be specified later. Let f € A%,. We consider

(k) =Y |f 2 [P ol (2.

k=1

We have

W”i{f) =/D[f(z)|l’w(z)P/2dA(z)

= C|:Z] ) (If @@ - |f(z1)|w(z)"?) dA(z) + Cs21f(k)i|.

For z € D(e7(z)), there exists &, € [z, zx] such that

([f@)|o@)"* - |f@)| @) ) < |V(Iflo"?) E)]" 1z - 21?

<&tz |V([f10"?) E)|"-

This together with Lemma 2.2, with 8¢ € (0, m,) fixed, yields

/ (F@|0@"” = [f(@0)|w(z) ") dA)
D(et(zx))

1
CePt(zi) — L) dA )dA .
<cerntay | (u(zk»(r(sk,»wz / o OO or a0 ) aaia

Using that (& ;) < t(zx) and D(8¢7(ék)) C D(3807 (z)) for z € D(et(zk)), we obtain

/D o (@@ el dA

< Cer? ( / ) o)™ dA(n)).
D(3807(zx))

Therefore,

iy ey [ (e dam + Cep®,
¢ k=1 7D

3807 (2x))

By Lemma B, every point z € D belongs to at most Cs~2 of the sets D(38y7 (z)), and there-
fore

I < CEIIf Iy + Ce?ly(m).

Thus, taking ¢ > 0 so that Ce” < 1/2, we get the desired result. O
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We may rephrase Lemma 5.1 by saying that every (g, t)-lattice, with ¢ > 0 small enough,
is a sampling sequence for the Bergman space A%,. Recall that {z;} C D is a sampling se-
quence for the Bergman space A%, if

1y = Zv<zk)|”w(zk>f”2r(zk>2

for any f € A%, Just note that Lemma 5.1 gives one inequality, and the other follows by
standard methods using Lemma A and the lattice properties. Sampling sequences on the
classical Bergman space were characterized by K. Seip [30] (see also the monographs [10]
and [31]). For sampling sequences on large weighted Bergman spaces, we refer to [4].

Lemma 5.2 Let w € £, 1 < p < 00, and (zk)ken C D be the sequence defined in Lemma B.

The function given by
1
F(z):= Zka(zk )22 (202 7K, (2) (5.1)
k=1

belongs to AL, for every sequence . = {\;} € £?. Moreover,
IFllLgz S NAller
Proof By Holder’s inequality, Lemma A, and Lemma 2.4, it is easy to see that the partial

sums of the series in (5.1) converge uniformly on compact subsets of D. Thus, F defines
an analytic function on D. Furthermore, for p = 1, using (1.2) we have

o0
IFla <D Il 1Kz L S 1A e
k=1

For the case p > 1, consider

o0
_ Zt (2o /2‘ ‘
k=1

By Holder’s inequality, we have

IFI, < / (Z hadoo(e) e @) 7K, z)|) (2 dA(2).

< /D (Zlkkl”w(zk)”z|1<zk(2)|>1\/I(Z)"‘1w(2)”’2 dA(z)

k=1
On the other hand, using Lemma A, Lemma B, and (1.2), we have

o]

M@z): =) t(@) o) K, (2)|
k=1

< > I<z 1/2 dA
N; /D NLCIEOREZO
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< / IK.(8)|0(&)! dAE) < w(2) .
D

Therefore, applying again (1.2), we obtain

IFIEp < /D (Z |Ak|f”w(zk)”2|1<zk(z)|>w(z)”2 dA(z)

k=0

—

S o) / K, (2)|w(2) " dA(2)
D
S

D Il

o0
k=

o0
k=

—

which completes the proof. O

Now we are ready to state our main result related to an atomic decomposition of large
weighted Bergman spaces A%, for 1 < p < co. Recall that k,,,, is the normalized reproducing
kernel in A%, that is,

kpe =G/ K|l g,z €DD.

Theorem 5.3 Let w € £ and 1 < p < 0o. There exists a t-lattice {z,} C D such that:
(i) Forany X ={\,} € £, the function

f@ =) bk, @)

is in AL, with Iz, < CliAler.
(i) Forevery f € AL, there exists A = {A,} € €7 such that

f(z) = Z)Lnkp,zn (2)

and Ml < ClIfll 42,

Proof On the one hand, statement (i) is exactly Lemma 5.2. On the other hand, in order

to prove (ii), we define a linear operator S : ¢ — AP given by

oo

S(On)) =Y dnkipz,

n=0

By (i), the operator S is bounded. By the duality results obtained in the previous section,
when 1 < p < 0o, the adjoint operator S* : A%, — ¢¥', where p' is the conjugate exponent of
p, is defined by

(S5 )0 = (1,5°f), = > %a(S*),

Page 22 of 40
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for every x € €7 and f € Af,. To compute S*, let e, denote the vector that equals 1 at the
nth coordinate and equals 0 at the other coordinates. Then Se, = k., and using the re-
producing formula, we get

(S*f) (em *f) Sen’ w = (kp,zn !f)a)

_ S
T

= 1K, IIQ}D (Ko f)

Hence, S* :Af)/ —s ¢¥ is given by

o e | fz)
Sf_{(sf)n}_{ﬂl(zn”A{f) }n'

We must prove that S is surjective in order to finish the proof of this case. By a classical
result in functional analysis, it is enough to show that $* is bounded below. By Lemma 5.1
and Lemma 2.4, we obtain

IS

[o¢]
/ / /
=) @) oy Pt @) 2 W1,
n=1 @

which shows that S* is bounded below. Finally, once the surjectivity is proved, the estimate
e S |[f||i » is a standard application of the open mapping theorem. When p = 1, then
§*: A®(w'?) — €™ is given by

. f(zy) }
S = .
e ={iei |,
Hence we must show that

sup w(z )1/2V2)|—|[f||Aoo 1/2)N||Sf||eoo/\supw 1m[f(z |

zeD

for f € A®(w'/?). However, this can be proved with the same method as Lemma 5.1. In-
deed, let z € D. Then there is a point z, with z € D(¢7(z,)). By Lemma A, we have

0@ |f(2)] < C(lz)z /D o @l - e fote ™) aa)

g2t

+C V(Zn) }w(zn)l/z-

As done in the proof of Lemma 5.1, we have
1 (0)](@)~|f (zn) |w(za)?| < Cre—— @) / o [f(E)|w(E)”2 dA(&)

< Cgé‘”f”Aoo(wl/Z).

Thus, putting this in the previous estimate, we obtain

mV )| < Caellfllaso iz + Ci SUpa) Uz[f )|

Page 23 of 40
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Finally, taking the supremum on z and ¢ > 0 small enough so that C4e < 1/2, we have
I llaco(@izy S supw(za)?|f (z4)]-
n
The proof is complete. 0

6 Toeplitz operators

In this section we are going to extend the results given in [3, Theorem 1.1] to the non-
Hilbert space setting, when the weight w is in the class £. Concretely, we characterize the
bounded and compact operators T, acting from A%, to Af, when 1 < p, g < 0o. Recall that

the Toeplitz operator T, is defined by

Tof(d) = /D FEOREwE) du(e).

Note that T), is very loosely defined here, because it is not clear when the integrals above
will converge, even if the measure p is finite. We suppose that u is a finite positive Borel
measure that satisfies the condition

/D 1K) () du(€) < oo, 6.1)

Then the Toeplitz operator T}, is well defined on a dense subset of AP 1< p <o0. In fact,
by Corollary 4.3 and Theorem 5.3, the set E of finite linear combinations of reproducing
kernels is dense in A%,. Therefore, it follows from condition (6.1) and the Cauchy—Schwarz
inequality that T),(f) is well defined for any f € E. Also, recall that, for § € (0,m,), the
averaging function of © on D is given by

_ uDGT()

ﬁa(Z) = W’ eD.

Theorem 6.1 Let w € £,1 < p < g <00, and u be a finite positive Borel measure on D
satisfying (6.1). Then T, : AL, — Al is bounded if and only if, for each § € (0, m.) sufficiently

small,
_ 25-5)7
E(u) =supt(z)™7 #'1us(2) < oo. (6.2)
zeD
Moreover,

I T;L ||AIZ)—>AZ) =< E(u).

Proof Since we have the estimate ||K||» =< w(z) 21 (2)"2P- VP if we assume that the
Toeplitz operator T, : A, — Al is bounded, then we obtain (6.2) with the same argu-
ment as in the proof of Theorem 1.1 in [3].

Conversely, we suppose that (6.2) holds. We first prove that

/D |K(8) (&) 27 (6) 2577 dpu() S Bz ™2 (6.3)
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Indeed, by Lemma A, we have
1
K, < —— K, Y2 dA(s).
|K-(8)| (&) 6 / » ))| (5)|oo(s) (s)

Then, by Fubini’s theorem, the fact that t(s) < t(&) for s € D(§7(§)), and condition (1.2),
we get

/D |KL(8)|o(&) 21 (€) 257 due) < fD |K.(5)|o() 22 ()57 Ty (s) dA(s)

SE(M)/ |K(s)|o(s)""* dA(s)
D
S E(wolz) ™.

This establishes (6.3). Now we proceed to prove that T}, is bounded. If g > 1, by Holder’s
inequality, we obtain

q
TS| < ( / V(s)||1<z(s>|w(s>du(s))

( / )| w(e) % |K. (5)|2ff7@12w)

-1
x( / K0 () —2E) ),, .
b &)

Using (6.3), we have

1)

T, f@)|* < E(uyr ( /D (&) (&) T K (€)|x(6)2r 2D du(é))w(z)‘%

If g = 1, this holds directly. By Fubini’s theorem and condition (1.2), we obtain

1T 1% = [ [T @ oter™ dace)

SEG [ [ fote) 5 e D ( | @t dA(z)) dn(®)
D D
SE(u) /D (&) @)™ e©"" VD due).
Consider the measure v given by

Av(E) = (&)1 ()" TV D dp(e).

Since (6.2) holds, by Theorem B, the identity I, : A, — L1(DD,dv) is bounded. Moreover,
L, || < E(u)V4. Therefore,

TV SB[ @I v S B 1117, (64

This finishes the proof. d
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In order to describe the boundedness of T}, 1AL — AT when 1 < g < p < 00, we need
first an auxiliary result.

Proposition 6.2 Letw e and1l<q<p<oo. If[is € L4 (D, dA), then
1 q
Jaq = fD (W fD - V(E)Iw(é)”zdu(é)> dA(2)
SRSH Wy

forany f € AL,

Proof For ze DD and & € D(§7(z)), by Lemma A, Lemma B, and (2.1), we obtain

V(s)|w(s)”2<( ! f Lf(s)k’w(s)P’sz(s))up
~\t€)? I

3

<< : / V(s)l"w(s)ﬂsz(s))up
~\1(2)? Jpee) '

This gives

1
7(2)?

<1 1 » p/2 v
wm(z)(w /D o 90 dA(s)> .

/ IFE)|0lE) " dpu(e)
D(81(2))

Therefore,

qlp
Joa < / ( ! f Lf(s)|”w(s>P/2dA<s)) (21 dA().
D D(81(2))

7(z)?

Applying Holder’s inequality, we get

]8 & </ : _/. lf(S) |pw(s)p/2 dA(S) dA(Z))WpHZZ(S ”q (6 5)
T\ b 12?2 Jpese) . '

On the other hand, by Fubini’s theorem and t(z) < t(s), for s € D(67(2)), we have

/D (# /D INCICO dA(S)> dA@) S IIf I

Combining this with (6.5), we get
Jsa SISy - 1217 gy
g LP=7 (D)
The proof is complete. O

Theorem 6.3 Let w € £, 1 < g < p <00, and u be a finite positive Borel measure on D
satisfying (6.1). The following conditions are equivalent:

Page 26 of 40
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(i) The Toeplitz operator T), : A, — A% is bounded.
(ii) For each sufficiently small § >0, lis € L;qu (D,dA).
Moreover,

I Tu“A{f)—mZJ = ”M‘S”Lz%(m)'

Proof (i) = (ii) For an arbitrary sequence A = {Ax} € £¥, we consider the function

[o¢]
-1
Gi(D) = Y ka2 (@) 7 Ky 2), 0<t<l,
k=1

where ri(t) is a sequence of Rademacher functions (see [20] or Appendix A of [11] ) and

{z} is the sequence given in Lemma B. Because of the norm estimate
K.l =< () (2) ¢~

given in Lemma 2.4, by part (i) of Theorem 5.3, we obtain

00 1/p
Gl < (Z |xk|P> :
k=0

Thus, the boundedness of T}, c AP s AD gives
”Tu.Gt”ZZ ST - A

In other words, we have

q

Zxkrk(ﬂw(zk)“zr(zk) TT,K (@) (@72 dAE) I T - 101

Integrating with respect to ¢ from 0 to 1, applying Fubini’s theorem, and invoking Khin-
chine’s inequality (see [20]), we obtain

ql2
1
/ (Dm (2T 7| 1K, (2)] ) @ dA@) SN Tl 1117,
D

Let xx denote the characteristic function of the set D(387(zx)). Since the covering
{D(387(zx))} of D has finite multiplicity N, we have

> —1
Z Pkl feo(z) 02 ()7 / 1T, K., (2)| o(2)"? dA(z)
D387 (z))

/ ZMquw(zk)"/2 (227 7| T, K, (2)|" k(@) w(2) 7 dA(2) (6.6)
D

k=1

< max{l,Nl_%}B.
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Now, using Lemma A yields
(o] 1
2q(==)+2
3 Tz (@) 7| T K (2) | "o(z) ™ ST 1A -
k=1

On the other hand, since for small § > 0 we have |K, (2)| < [K;, |l 42 1Kzl 42 for every z €
D(87t(zx)), applying statement (a) of Theorem A and (2.1), we have

1T, K, (20)] = / [Ky@P o du

(87 (zx
= Ky 1% / 1K 1%, w(z) dpa(z)
“ JD(8(z)) @

_ o(ze) s (z)
T @)

That is,

w(zx) 3 i (z)?

| T, K (20| (i) 2 T(z:)%

Therefore,

o0

2g(L_1y o
> 1T (@) P (2T STl - 1A
k=1

Then, using the duality between £/ and E!’%I, we conclude that

oo
2g(1 -1y o % rq.
> (1@ s (z) ) P ST, 7,
k=1
that means

2~ e rq
'C(Z]() /‘Lé(zk)‘n_q S ||T/4||p_q'

M2

>~
[

1

This is the discrete version of our condition. To obtain the continuous version, simply note
that

s(2) S Thas(ze),  z € D(8t(zi)).

Then

o0
rq

PN - 1
[ mae aa@ £ Y e Rt .
D(87(zx))

PN
/M@HM@S
D k=0

k=0

This finishes the proof of this implication.
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(if) = (i) First we begin with the easiest case g = 1. By Fubini’s theorem and condition
(1.2), we have

1Tl = [ 1@l da
< [ ([ velik©lo©aue )oe daw
D D
(6.7)
:flf@”(/ |1<g(z)|w(z)”2dA(z))w(.f;)d,u(g)
D D

< [l due),
Now, by using Theorem D with the measure given by

dv(§) := ()" du($),

we obtain the desired result. Finally, we study the case 1 < g < 0. Let {z;} be the sequence

given in Lemma B. Applying Lemma A and Lemma B, we obtain

T, < K, d
| J(Z)|_; fD o N ote) e

o 1
< 1/2 I(z 1/2 dA d
> / oy V6N (55 ., [0l a0 ) dute

o]

apu(§) ) n
< " K, 2 dA(s).
- (/D(‘”(Zi)) V(E) | @) 7(£)? /D(38r(zl’)) | ) | w(s) )

j=1

Applying Holder’s inequality, we get

| T,f(@)|* S M(z) x N(2),

o - 1/2@)11 1/2
M) = Z(/m fENote) () /D(BBI(Z/)) [l dAG)

and

oo q71
N = E I<Z 1/2 dA ‘
(2) <1’1 /D(sar(zj)) | (S)|w(s) (S)>

Furthermore, by Lemma B and condition (1.2), we have

q-1 .
NG < ( /D 1K (8)] ()2 dA<s>) <o)

Page 29 of 40
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Thus
T,/ (2)|"w(2)?? < M(2)w(2)"".

This gives

ITuf % < Z( / o lf<s)|w(s)“2%)?) K(),

j=1

where
K(j) := / </ |Kz(s)|a)(s)1/2 01A(s)>w(z)1/2 dA(z),
D \JD(3s7(z)))
which, by Fubini’s theorem and condition (1.2), gives
K(j) S t(z)

Combining this with using (2.1) and Proposition 6.2 shows that

1T 1% S r(z,-)2<T o / oy Ol du(é))

j=1

1 1/2 1
< fD (T(Z)Z fD G0 du(é‘)) dA(2)

Sl 0 -1
LP=4 (D) ®

This proves the desired result. O

Next we characterize compact Toeplitz operators on weighted Bergman spaces A%, for

weights o in the class £. We need first a lemma.

Lemma 6.4 Let 1 < p < 0o, and let k,,, be the normalized reproducing kernels in A%, with

w € E. Then k,, — 0 weakly in A%, as |z| — 17

Proof By duality and the reproducing kernel properties, we must show that |g(z)|/[| K, || A7

goes to zero as |z| — 1~ whenever g is in A%, , where p’ denotes the conjugate exponent of

p, but this follows easily by the density of the polynomials and Lemma A. O

Theorem 6.5 Let w € £, 1 < p < g < 00, and u be a finite positive Borel measure on D
satisfying (6.1). Then the Toeplitz operator T, : Ah, — Al is compact if and only if, for each
8 € (0, m,) small enough, one has

: 25-3)7 () =
lim t(a)”7 ?'[us(a) = 0. (6.8)

la|l—1~
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Proof First we assume that T}, is compact. Following the proof of the boundedness part

2(p-1)
and the fact that ||K, ||/‘{,1, = w(a@)?t(a)” 7 , we get the estimate

w(a)l/Z
41)||TM1<$1||AZ) S, ”Tukp,a”,qz)’ (69)

)215)
201
T(a)"?

T(a ws(a) S

where k,,, are the normalized reproducing kernels in A%, Since, by Lemma 6.4, k,,, tends
to zero weakly in A, and 7, is compact, the result follows.

Conversely, we suppose that (6.8) holds. Let {f,,} C A, be a bounded sequence converg-
ing to zero uniformly on compact subsets of D. By (6.4), we have

ITufullgs S | V@) dv(@) = ILfullLaw,av (6.10)
D

where I, : A, — L1(D, dv) with dv(£) = w(é)q/zr(E)Z("_l)(%_%) du(&). By using t(a) =< t(§),
for & € D(61(a)), we have

1 —ai2 ab-1)~
swp e [ @) " dv() £ sup (@i P ).
lal>r T(@)*'? ) pise(ay) lal>r

By Theorem C, I, is compact, and in view of (6.10), T, is compact. O

Theorem 6.6 Let w € £,1 < g < p <00, and u be a finite positive Borel measure on D
satisfying (6.1). The following conditions are equivalent:

(i) The Toeplitz operator T, : A, — Al is compact.

(ii) For each sufficiently small § > 0,

[is € L (D, dA). (6.11)

Proof If T, is compact, then it is bounded, and by Theorem 6.3 we get the desired result.
Conversely, if (6.11) holds, then by Theorem 6.3 T, is bounded. Since by Theorem 5.3 the
spaces AP and AL are isomorphic to ¢7, the result is a consequence of a general result of
Banach space theory: it is known that, for 1 < g < p < 0o, every bounded operator from ¢”
to £7 is compact (see [19, Theorem 1.2.7, p. 31]). O

7 Hankel operators

One of the most important classes of operators acting on spaces of analytic functions is the
Hankel operators. When acting on the classical Hardy spaces, their study presents [23, 27]
a broad range of applications such as to control theory, approximation theory, prediction
theory, perturbation theory, and interpolation problems. Furthermore, one can find an
extensive literature on Hankel operators acting on other classical function spaces in one
or several complex variables, such as Bergman spaces [1, 2, 15, 36, 37], Fock spaces [28], or
Dirichlet spaces [33, 34]. In this section, we are going to study big Hankel operators acting
on our large weighted Bergman spaces.

Definition 7.1 Let M, denote the multiplication operator induced by a function g, and
P, be the Bergman projection, where o is a weight in the class £. The Hankel operator H,
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is given by
Hy = H? = (I - P,)M,.
We assume that the function g satisfies
gk, ell, zeD. (7.1)

Under this assumption, the Hankel operator Hy’ is well defined on the set E of all finite lin-
ear combinations of reproducing kernels and, therefore, is densely defined in the weighted

Bergman space AP, 1< p < 00. Also, for f € E, one has

HEf () = /D (6(2) - 2(6)) (O KoBIo(s) dAs).

We are going to study the boundedness and compactness when the symbol is conjugate
analytic. In the Hilbert space case A2, and for weights in the class WV, a characterization of
the boundedness, compactness, and membership in Schatten classes of the Hankel oper-
ator Hg : A2 — L2 was obtained in [12]. In order to extend such results to the non-Hilbert
space setting, we need estimates for the p-norm of the reproducing kernels, and it is here
when condition (1.2) and the exponential type class £ enters in action. Before going to
study the boundedness of the Hankel operator on A%, with conjugate analytic symbols, we

need the following lemma.

LemmaC Letl <p<oo,ge€ HD),and acD. Then

1/p
t(a)|g (a)| < C( /D(a ( ))‘g(z) -g@)|’ dA(z)) .

7(a)?
Proof See for example [12]. O

Now we are ready to characterize the boundedness of the Hankel operator with conju-
gate analytic symbols acting on large weighted Bergman spaces in terms of the growth of

the maximum modulus of g’. We begin with the case 1 <p <g < oc.

Theorem 7.2 Letw e &,1 <p <q<oo,and g € H(D) satisfying (7.1). The Hankel opera-
tor Hg : AL — LT is bounded if and only if

1+2(

sup7(2)0 7 |¢(2)| < 0. (7.2)

zeD

Proof Suppose first that Hg : A}, — L, is bounded. Thus

1 HzKall La(warzy < 1Hg NI Kall gp opr2)-
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For each z € D, consider the function g,(§) := (g(z) — g(§))K,(§). Condition (7.1) ensures
that g, € A, and by the reproducing formula in Corollary 3.3, one has

H Ky (@) - fD (€@ -2 @)K, (K Ew(E) dAE)
= (g, Ka)o = g:(a).

Now, for § small enough, we have |K,(a)| < 1K1 42 1 Kall 42 for z € D(8t(a)). Hence, by the
statement (a) of Theorem A and (2.1), we have

IHeK N = | |g(@) - g(@)|"|K.(a)|"0(2)"" dA(z)
LY D
> / lg(@) - g(@)|"|K-(a)|"0(2)?" dA(z)
D(8t(a))

< f |¢(2) - g(@)|" I %, 1K %, (2)7 dA(2)
D(87(a)) @ @

||1<allfig/ ) @[ dA)
= z)—gla 2).
(@7 Jper) S

Because of the boundedness of the Hankel operator Hg, we have

||HgKa||Zq
Hgll? > ———*
||Ka||A5)
_ ||Ku||Z2
R Kl ——* / 8(2) - g(a)|" dA(z).
o (@ Jperia)

Finally, by the estimates on the norm of K, in Lemma 2.4 and Theorem A, we obtain

s b1 g e
| Hgll 2 T(a)* > (TW /D . |¢(2) - g(a)] dA(z)) .

By Lemma C, this completes the proof of this implication.
Conversely, assume that (7.2) holds, and let 1 < p < g < co. By Theorem 2.5, there exists
a solution u of the equation du = fg’ in L9(w?'?) such that
lulfy S [ [Fu(a)| (e dA)
® " Jp
Since any solution v of the d-equation has the form v = u — k with # € H(D), and because
Hgf is also a solution of 9-equation, there is a function # € H(ID) such that Hgf =u—h.As

aresult of P,,(Hgf) = 0, we have Hgf = (I - P,)u, where I is the identity operator. Therefore,
by the boundedness of P, on LY, (see Theorem 3.2), we obtain

IHefIy < 1= Pl el

(7.3)

S [l @l o @ da)
D
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By our assumption (7.2), we have

IHaf 117y < / @) @)™t (@00 dA(z).
On the other hand, by Lemma A,
If @)@ St@P|f 40

Using the last pointwise estimate, we have

1Hf 1ty 115 [ [r@P oty dae - 171,
This completes the proof. d

Next we are going to characterize the boundedness of the Hankel operator with conju-
gate analytic symbols when 1 < g < p < 0o. Before that we prove the following lemma.

Lemma 7.3 Let &y € (0,m;) and 0 < r < co. Then

1

"d.
T(z)r+2 /D(Bor(z)) oI dAw)

If @] <

forf e HD).

Proof By Cauchy’s integral formula and Lemma A, we get

, S(n)
V(Z)IS‘ /|<> 2 ‘ = / gl

1 1 . 1/r
< dA dn|.
~ 1(z)? /n R (r(n)2 / D(8or(n)/4) fo (S)) i

An application of 7(n) x t(z), for n € D(8ot(2)/2), gives

, 1 1 . 1/r
lf (Z)| e (2)? /UZJO%(Z) (-,;(Z)2 «/D(ﬁor(z)/z) V(S)| dA(S)) a
1 . 1/r
< dA ,
T (-/D(Bor(z)/2) ol (S)>

which proves the desired result. d

The following result gives the characterization of the boundedness of the Hankel oper-
ator going from A% into L, when 1 < g <p < <.

Theorem 7.4 Letw € &,1 <g<p<00,and let g € HD) satisfy (7.1). Then the following
Statements are equivalent:
(a) The Hankel operator Hg : A%, —> LY, is bounded.

(b) The function tg' belongs to L"(D, dA), where % = % - }7.
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Proof Suppose that tg’ € L"(D,dA). By (7.3), since p/q > 1, a simple application of Holder’s
inequality, yields

”Hzf”ZZ, < /DLf(z)|q|g/(z)|qw(z)q/2r(z)qdA(z) < ”f”Z'; |z’ Zr(D,dA)'

This proves the boundedness of Hg.
Conversely, pick ¢ > 0 and let {zx} be a (¢, 7)- lattice on . For a sequence A = {A;} € ¢7,

we consider the function

[o¢]
-1
Gi(@) = Y no(a) 2 r(@) 7 K, (), 0<t<1,
k=1

where ri(t) is a sequence of Rademacher functions. Because of the norm estimate for re-

producing kernels given in Lemma 2.4, by part (i) of Theorem 5.3, we obtain
1G4z, < A ler.
Thus, the boundedness of Hz gives

IIHthIIZZ SIAG-

Therefore,
00 1 q
p-1
/ Y (@) (@) 7 HeK, (2)| 0(2)"? dA(z) < (111
D k=1
Using the same method in (6.6), we obtain
00 o1
f > Il Tz (@) 7 | HeKey (2)| xi@) ()7 dAGZ) < 1M (7.4)
D

k=1

where yxy is the characteristic function of the set D(3¢t(zx)). Additionally, by applying both
statements (a) and (b) of Theorem A and (2.1), we get

w(zi) ™"

[Heks, (@) ()" = |g(2) - g@)||Ke, ()] ()™ 2 5

lg(2) - glz)|".

Putting this in (7.4) gives

oo
> |?»k|qf(2k)_2q/p/
k-1

D(3et(zx)

)Ig(z) —g(z0)|* dAz) S A,

Furthermore, by Lemma C, we obtain

oo

Z Il (2) 207+ [T (zi)g (z) |* < AL,
k-1
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Moreover, by the duality between ¢7/7 and ¢ , it follows

Iy = Yt @ (relg @) <

k=1

In order to finish the proof, we will justify that | 7g'll},p 44) S Ly For that, on the one hand,
by Lemma 7.3 applied to g’, we get

r 1 ,
O S g | O] A (75)
lg"©) T(€)*2 Jp(syz(e)) €6l
On the other hand, by Cauchy estimates, there exists £ € [z, z¢] such that
€' (2) - ¢ (20| < |g" €)1z - 2.

Using 7(§) =< t(z) < t(2k), for &,z € D(e1(z)), we have

wgmmszf 1@ ¢ @) dA@)
D(et(z))

< CZ[ ()" |¢ (2) —g/(zk)|rdA(z) + Ce’ly

D(et(zx))

<Ce¢" Z/ (E)VdA(z) + Cszlg/.

D(et(zg))

By (7.5) and using again (2.1), we obtain

T(Zk) / , r 2
. <C dA(s) dA I,
||rg L7(D,dA) & Z/ £ Josyeier |g (S)| (s)dA(z) + &°I,

srzk)f

<Cey” / ()" |g'(s)|" dA(s) + €I,
k

D(3807(zx))

By Lemma B, every point z € D belongs to at most Cs™2 of the sets D(38¢7(z)). Hence

r
(1-Ce)|zg v <o
Thus, taking ¢ so that Ce” < 1/2, we get the desired result. g

Next we characterize the compactness of the Hankel operator with conjugate analytic
symbol acting from A% into L%, 1 < p,q < oo. This characterization will be given in two
theorems depending on the order of p and g. We begin with the case 1 <p < g < oc.

Theorem 7.5 Let w € £, 1 < p < q < 00, and g € H(D) satisfying (7.1). Then, the Hankel
operator Hy : Ay, — LY, is compact if and only if

lim r(a)1+2

la|—1~

q P)‘g (a |
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Proof Leta e and 1< p < g < 0o. Recall that k,, is the normalized reproducing kernel
in A,. By Lemma 6.4, k,,, — 0 weakly. Thus, if Hz is compact, then

Jim gk 5 = 0.

Let § be small enough such that |K,(2)| =< ||K, ll42 1Kz [l 42 for z € D(8t(a)). By Theorem A,
using (2.1) and Lemma 2.4, we have

Ko(2)"e0(2)?”
Iy = [ BNCE oo @™

8t(a)) ”[(u ”ZZ

1
~ 1(a)2/p

/ lg(a) - g(2)|" dA(z).
D(5t(a))
It follows from Lemma C that

| Hgkapllyg 2 (@) "5 |¢ (a)].

This implies that

1_1
lim 7(a)"*¥4 ﬁ)|g/(a)| =0,
lal—1-

which completes the proof of this implication.
Conversely, let {f;,} be a bounded sequence in A%, such that f,, — 0 uniformly on compact

subsets of D. To show compactness, it is standard to see that it is enough to prove that
| Hgf ”LZ — 0. By the assumption, given any ¢ > 0, there is 0 < 7y < 1 such that

1.1
()" p)’g’(z)’ <g, 19<|z] <1

Since {f,,} converges to zero uniformly on compact subsets of D, there exists an integer n,
such that

[fn(z)| <¢ for|z| <rgandn> ng.

According to (7.3), we have

Hefol%y < /D )| |¢ @) 0@t () dAR)

i </|| +f ] 1> 11:@)]"|¢' @)|"0(2)"1 (2)! dA(2).

On the one hand, it is easy to see that

1121 @ w(2)" 1 (2)" dA(2) S &7 (7.6)

lz|<ro

On the other hand, by Lemma A, we have the pointwise estimate

(@) S 0@ 2@ P |Ifull -
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Applying this together with our assumption, we get

/ " 1W@Iqlg/(z)Iqw<z>q/2r<z)qu<z)
cef / P 1@| 0@ (251 dA)
D

ey [ 1ol o da@ =iy,

Combining this with (7.6) gives lim,, . o0 || Hgfy | 12 =0. This shows that the Hankel operator

Hg : AL, — LY is compact. 0

The next theorem contains a compactness criterion for Hankel operators when 1 < g <

p <00.

Theorem 7.6 Let w € £,1 <g<p <00, and g € H(D) satisfying (7.1). The following con-
ditions are equivalent:

(a) The Hankel operator Hy : AL — LT is compact.

(b) The function tg' belongs to L"(D,dA), where % = % - }7.

Proof (a) = (b) Assume that Hz is compact. Then Hg is bounded. Hence, by applying
Theorem 7.4, we get the desired result.

(b) => (a) Suppose that Tg’ belongs to L'(ID,dA), where 1 = % - 117. By Theorem 7.4, the
Hankel operator Hy is bounded and, as a result of Theorem 5.3, the space A%, is isomorphic
to £7. In this case, Hy is also compact, due to a general result of Banach space theory: For
1 < g < p < 00, every bounded operator from ¢£? to €4 is compact (see [19, Theorem 1.2.7]).
This finishes the proof. O

8 Concluding remarks

I believe that I have done a satisfactory work in order to get a better understanding of the
function properties of large weighted Bergman spaces and the operators acting on them.
I hope that this work is going to attract many other researchers to this area, and expect that
the study of this function spaces is going to experience a period of intensive research in
the next years. There is still plenty of work to do for a better understanding of the theory
of large weighted Bergman spaces, and several natural problems are waiting for further
study or a complete solution: atomic decomposition, coefficient multipliers, zero sets, etc.
I hope that the methods developed here will be of some help in order to attach the previous

mentioned problems.
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