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1. Introduction

Let H(ID) denote the space of all analytic functions on ID, where D is the open unit disk
in the complex plane C. For a,z € D, let p(a,z) = |a — z|/|1 — az| denote the pseudo-
hyperbolic metric and A(z,7) = {a € D : p(a,z) < r} be the pseudo-hyperbolic disk. Let
0(a,z) = la—z|/|1 —az|> and D(z,r) = {a € D:0(a,z) < r}, where the metric o is
introduced by Cho and Park [1]. A weight is a positive function w € L'(D, dA), where
dA(z) = d);dy is the normalized area measure on ). For a Borel measurable set E C D, we
define

w(E) = /a)(z) dA(z).
E

It is obvious that w(ID) < oco. For 0 < p < 00, the weighted Bergman space AP consists of
those functions f € H(ID) for which

1/p
il = ( /D tf(z>|Pw<z>P/2dA(z)> < o0,
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We are going to study the dominating sets and reverse Carleson measures on exponentially
weighted Bergman spaces AL, for a certain class £ of radial rapidly decreasing weights.
The class W, considered previously in [2-5], consists of the radial decreasing weights of
the form w(z) = e 2@, where ¢ € C*>(D) is a radial function such that (Ag(z))~/? <
7(z), for some radial positive function 7(z) that decreases to 0 as |z] — 1~ and satis-
fies lim,_, - ©/(r) = 0. Here, A denotes the standard Laplace operator. Furthermore, we
assume that there either exists a constant C > 0 such that 7 (r)(1 — r)~C increases for r close
to1or
1

lim t'(r)log— = 0.

r—1- 7(r)
A positive function 7 on DD is said to be of class L if it satisfies the two properties:

(A) there is a constant ¢; such that 7(z) < ¢; (1 — |z]) for all z € D;
(B) there is a constant ¢, such that |t(z) — 1(¢)| < |z — ¢| forall z,¢ € D.

We also use the notation
min(1, cl_l,cz_l)
My = —

where ¢; and ¢, are the constants appearing in the previous definition. Fora € Dand § > 0,
we use D;(a) to denote the Euclidean disk centered at a and having radius §7 (a). It is easy
to see from conditions (A) and (B) (see [4, Lemma 2.1]) that if T € £ and z € D(87(a)),
then

1t(a) < 1(2) < 2t(a), (1)
for sufficiently small § > 0, that is, for § € (0, m,).
Definition 1.1: We say that a weight  is of class £* if it is of the form w = ¢~2%, where

¢ € C*(D) with Ag > 0, and (Ap(2))"/? < t(z) with T being a function in the class L.
Here A denotes the classical Laplace operator.

It is straightforward to see that Y} C L£*. Now, we consider the class £ that consists of
the weights w € VV satisfying

Ciw(z) < w(a) < Gw(z), forze Ds.(a), (2)

where D (a) := D(§7(a)) U D(a, r) and C; and C; are positive constants. The exponential
type weights

B
(1—lz>)°
are in the class WV with associated subharmonic function

@y0.p(2) = —ylogl — |z1*) + B(1 — |2*)7°.

wp(2) == wy0.8(2) = (1 — 12]%)7 exp < > , ¥y>0,0>0 8>0,

We have
(Agy o @) < T(2)2 = (1 — |21,

and it is easy to see that 7(z) satisfies the conditions in the definition of the class WV and
wy - belongs to &, see Lemma 2.5 in [1] and Lemma 2.1.
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For a measurable subset G of D, we say that G is a dominating set for AL if there exists
a constant C > 0 (depending on G) such that

|[f||‘2€) < C/G If @) Pw(2) dA(z), foranyf € A,

Our first main result on the dominating sets for A%, reads as follows.

Theorem 1.2: Suppose w € £ and p> 0. Let G be a measurable subset of D. Then G is a
dominating set of AL, if and only if there exist constants § > 0 and r € (0, 1) such that

w(GND(z,1)) > dw(D(z,1)) (3)

forallz € D.

Let w € £ and 0 < p,q < 00. A positive Borel measure y is a g-Carleson measure for
AP if there exists a constant C > 0 such that

fD f(2)ITdu(z) < C|[f||i,:u, forf € AL,

That means the inclusion I, : Ay (D, dw) is bounded.
In contrast, for a positive Borel measure y, we say that y is a g-reverse Carleson measure
for AP, if there exists a constant C > 0 such that

1%, <c / f@?du2).
@ D

The concept of Carleson measures was first introduced by L. Carleson in order to study
interpolating sequences and the corona problem [6] on the algebra H* of all bounded ana-
lytic functions on the unit disk. It quickly became a powerful tool for the study of function
spaces and operators acting on them. The Bergman Carleson measures were first studied by
Hastings [7] and further pursued by Oleinik [8], Luecking [9, 10], Cima and Wogen [11],
and many others see, for instance, [12-14].

The reverse Carleson inequality on the classical Bergman spaces was firstly raised by
Luecking. Luecking [15] studied the dominating sets and the reverse Carleson inequality
for the classical Bergman spaces. It was generalized to the Bergman spaces on the unit ball
in [16] and in Hardy spaces, we refer the reader to [17]. Moreover, the closed range of
the restriction operators was studied based on the characterization of the reverse Carleson
inequality. The reverse Carleson inequality for the derivatives of Bergman functions was
studied by Luecking [10]. Recently, Korhonen and Ritty4 [18] characterized the dominat-
ing set for the Bergman spaces with radial doubling weights and gave a necessary condition
of the dominating sets. Inspired by the results above, we study the reverse inequality for
the exponentially weighted Bergman spaces.

In this paper, we give some sufficient conditions for a p-Carleson measure to be a p-
reverse Carleson measure for the Bergman space A‘Z,, see Theorem 1.3 and Theorem 1.4
below.
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Forany z € D and r € (0, 1/4), we consider

D(z,
_ n(D(z 1) l12ll+ = sup ki (2).

k/(z) = ————— an
w(D(z,1)) 2eD

The next theorem describes a condition sufficient to guarantee that a positive Borel
measure y is a p-reverse Carleson measure for A,

Theorem 1.3: Supposew € €. Letp>0,€ > 0and § > 0. Let y be a positive Borel measure
such that |||l < oo. If there exists a constant r € (0,1/4) such that the set G ={z € D :
ke (z) > €llpll«} satisfies (1), then p is a p-reverse Carleson measure for A*Z,.

The third result of our findings gives some sufficient conditions for a positive Borel
measure 4 to satisfy a reverse Carleson inequality for derivatives of functions belonging to
A,

Theorem 1.4: Let w € £ and p > 1. Let u be a positive Borel measure satisfying
(1) there exists a constant ¢ > 0 such that u(D(z,t)) < cw(D(z, 1)) for all z € D and
t € (0,1/4);

(2) there exist constants § > 0 andr € (0,1/4) such that u(D(z,7)) > Sw(D(z, 1)) for
all z € D.

Then there exists a natural number ng and a positive constant C such that

P 0 (2)
Pw(z)dA@) ) <C /f
</le(2)| w(2) (z)) < ,:ZO{D‘ F

forallf AP, and each natural number n > ny.

)4

p
(1 — |z%yP dM(Z)i| ,

Next, we close our study of reverse Carleson measures with the following theorem that
is a generalization of [19, Theorem 1], but before that let us give a definition: Let {it,,} be a
sequence of measures on ID. We say that 1, converges weakly to a measure y, denoted by
M — L, if

f h(z) dpn(z) — f h(z) du(z),
D D

for all h in the class C.(ID) of non-negative continuous compactly supported functions in

D.

Theorem 1.5: Let w € £ and 0 < p < 00. Let {i1,} be a sequence of p-Carleson measures
for AY such that

1
A = supsu —/ a)(z)_ld,u,,(z)> < 0.
np§e£<f(€)2 D(St(£)/2)

Then, {{t,} has a weakly convergent subsequence.
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Further, if by, — W, then
lim f h(z) djan(z) = f h(z)du(z), he AL, (4)
n—oo ]D) ]D)

and y is a p-Carleson measure for AP, Furthermore, if L are p-reverse Carleson measures
for Ab, then y is also a p-reverse Carleson measure for Ay,.

The paper is organized as follow: In Section 2, we recall some notations and preliminary
results which will be used later. In Section 3, we give some key lemmas that will play an
important role to prove the main results of this paper. Sections 4, 5 and 6 are devoted to
the proofs of our findings.

2. Preliminaries

In this section, we collect some preliminary results that we shall need in the rest of the
paper. We give some useful estimates.

Lemma?2.1: Foranyr> 0sufficiently small and z € D, there exists a constant C = C(r) > 0
such that

C_1<1_|a|2
P
and
1—|af?
C <
T T 1—azl T

foranyz € D and all a € D(z,1).
Lemma 2.1 can be found in [1, 20-22].
Lemma 2.2: Foranyr € (0,1/2) and z € D), there exists a constant C > 0 such that
CTIP(1— 2P =AD& ) = P (L — |2
Moreover, for w € &, there exist positive constants C; and C; such that
Ci(1 = 21 0 (2) = 0(D(z1) < 01 = |21 0 (2).

Proof: Given any r € (0,1/2) and z € D, the first chain of inequalities follows from
Lemma 2.3 of [1]. We next prove the second chain. Since

(D(z,1)) = / w(a) dA(a),

D(z,r)

and by (2), we have
Cio(2)A(D(z,1)) < w(D(z,1)) < CGow(2)A(D(z,1)).

The desired result follows from the first inequality of Lemma 2.2. |
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Lemma 2.3: Suppose w € € and 0 < ry, 12,13 < 1/2. Then there exist constants ¢ and C
such that

_o(DEn) _
- a)(D(a, r2) -

forany zand a in D with o (a,z) < 3.
Proof: The desired result follows from Lemmas 2.1 and 2.2. |
The following lemma is a generalized sub-mean value theorem.

Lemma 2.4: Let w € €, r € (0,1/2) and p> 0. Then there exists constants Cy > 0 and
C > 0 such that

f@)F < [f@Fw(a) dA(a)

0
@ (D(z,1) Jpezr

and

C
() ()P
@ < (1 — 222w (D(z, 1)) Jpen

foranyz € Dand f € HDD).

FE)IP dAE), (5)

Proof: For any f € Ab, by Cauchy integral formula together with subharmonicity, there
exists a constant ¢ = ¢(r) > 0 such that

0O = e [, VOF da©)

By (2), we obtain

C
() (1P P
" @ < 1= 2P 0@ Joen If (@Pw(a) dA(a).
By Lemma 2.2, we have
@ < = f@Pw(a) dA(a),

(1 = [21)*Pw(D(z,1)) Jpen
which completes the proof. |

The following lemma gives comparable property of the exponential type weight wg in
Ds (Z) .

Lemma 2.5: Let § > 0 be small enough and 8 > 0. Then, there exist C; > 0 and C; > 0
such that

Ciwg, (2) = wp(§) < Cwp,(2), § € DET(2)),

where 1 =2!'B and By = 27 'B witht = 22+—“U
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Proof: Recall that

—B

m), yZ0,0’>0,ﬂ>O,

wp(2) == wy 5 (2) = (1 — |2[*)” exp <
and its associated function t has the following expression:
(@) = (1= |2l)*72, zeD,

see [3, p 12]. By (1), we have

1 1 2!
20— 2P S A EPe S a_jepe < Pere) ©
Then,
—B —B —B
P ((1 = |z|2>ff) =P ((1 - |s|2>0> =P ((1 = |z|2)0>'
Using (6), we get the desired result. |

The following lemma on coverings is due to Oleinik, see [8]. One can also find a similar
result in [23].

Lemma 2.6: Let X be an open subset of D and let T be a positive function on D as defined in
above. Let § > 0 be small enough. Then there exists a sequence of points {a,} C D such that
the following conditions are satisfied:

() an ¢ D(t(ap), n#k.
(i) X c U, DG (an)
(iii) D(37(an)) C D(387(an)), where D(87(an)) = U,ep(sr(ay) POT(2) n=1,2,3,

(iv) {D(38t(an))} is a covering of X of finite multiplicity N.

The multiplicity N in the previous lemma is independent of §, and it is easy to see that
one can take, for example, N = 256. Any sequence satisfying the conditions in Lemma 2.6
will be called a (8, T)-lattice.

3. Keylemmas

In this section, we are going to give some key lemmas that will play an important role in
the proofs of our main results.
Suppose f € HD), A € (0,1), r € (0,1) and p > 0, we define a set

Eir(2) = Exr(f,2) = f{a € D(z,1) : [f(a)] > Alf ()]}

and the operator

1
- - p
By,f(2) = oG @) Ji, 0 If(@FFw(a) dA(a),

where z € [D. To prove the sufficiency of Theorem 1.2, we need the following three lemmas.
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Lemma 3.1: Let r € (0,1/2), A € (0,1) and p> 0. Then there exists a constant C; =
Ci(r,a, B) > 1 such that

w(E;.(2)) (1 1 ka(z)>

1 1 -
_ p
log — + ( 1) log [f(2)I" < wD&) \ 8w log [f )P

C1
holds for any f € AL, and z € D.

Proof: Since log |f|F is subharmonic, by Lemma 2.2 and (2), we obtain
loglf@)f < — / log |f (@) dA(a)
(1 —1z1)* Jp@zn
C/

— P
= T 170 o, BV @T@ A

By Lemma 2.2, we have

log [f @I < log |f (@) Pw (a) dA(a)

1
@ (D(z,71)) D(z,r)

_ G / f | b ]
= o) ( DENB@ Ex,r(z)) oglf (@l w(@) dA(@).  (7)

On the one hand, the definition of E, , implies

1

o _ 0(Eyr(2)
o(D(z,1)) JD@\Es,(2)

, @ (E3,r(2))
log [f(@)["w(a) dA(a) < (1 o (D(z,1))

) log AP|f(2)[P. (8)

On the other hand, by Jensen’s inequality for the concave function log, we have

: log @ Per(@) dA(@) < L)

o (D@ Jp, 0 w(Diz,ry) 8P @)

Plugging this and (8) into (7), we conclude that

©(Er(2) (i Bpf (@) p)
oD 1) (k’g far )

which gives the desired result. n

1
(C_ — 1) log |f(2)|F <logA? +
1

Lemma 3.2: Letf € A‘Z,, r € (0,1), p>0and e > 0, we define a set

Sr = {ZeD:lf(Z)lp < lf(é)lpw(é)dA(é)}-

@ (D(z,1) Jpezr

Then there exists a constant C = C(r,«, 8) > 0 such that

/Slf(E)Ipw(S)dA(é)ECGPA)V(S)IPw(S)M($)-
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Proof: For z € S;, we have

) < [f(@Pw(a) dA(a),

€
w(D(z,7)) Jpezr)

Integrating over z € S, on both sides of the inequality above and using Fubini’s theorem,
we obtain

1

BTV p
o (D(z,1) Jpezr) If(@Pw(a) dA(a)w(z) dA(2)

/ f(@)Pw(z) dA(z) < eP/
S, S
1

p P -
<e /];[f(a)l w(a)/sa)(D(z, s XD(a,r) (2w (2) dA(z) dA(a)

< Cer / F@)lPe (@ dA(a),
D
where the last inequality follows from Lemma 2.3 and the fact xp(;,»)(a) = XD, (z). W

Lemma 3.3: Letf € A‘Z,, r € (0,1/2), p>0ande€ € (0,1), we define a set
The ={zeD: |f@IF < efBy,f(2))

Then there exists a constant C, = C,(p, r, o, B) > 0 such that

/T lf(%‘)lpw(é)dA(S)SCzép/le(S)lpw(S)dA(é)-

Proof: Let S, be the same as in Lemma 3.2, we have

FE)PoE) dAE) = / FE)PoE) dAE) + f FE)PoE) dAE).

Tk,e T)L,e \Sr

A€ ﬂS,

The first integral has been estimated in Lemma 3.2. Next, we estimate the second integral.
By Fubini’s theorem, we obtain

/ If (@) o (z) dA(z)
Tk,e \Sr

1
p+2 s o
S ‘ /1:)»,6 \Sr w(E}L;T(Z)) (»/;AJ(Z) [f(a)l w(a) dA(a)) a)(Z) dA(Z)

P2 P XD(a,r) (2)
<e /D F@F o@ ( /T - —w(EM(Z))wmdA(z)) dA(a).
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We claim that there exists a positive constant C > 0 such that
z
/ Ma)(z) dA(z) < C/ez, foranya € Dande € (0,1). 9)
Too\S, @ (Expr(2))

Assuming the claim, we have
/ If (@) Pw(2z) dA(z) < Cyef / If (@) Pw(a) dA(a).
T)\,,E\S‘f D

This finishes the proof. Now, it remains to prove (9). To obtain this, we need first to find an
upper bound of the quotient % that is proportional to € ~2. Indeed, by Lemmas 2.4
and 2.1, we can find a constant ¢; = ¢1(r, 8, «) > 0 such that

1

_ ¢rlz — al 1 » i
If(2) —f(@)| < - 2P)2 (a)(D(z, 7 Joen If (&)1 w(é)dA(€)>
_ alz—al
“N—za2 P

for all a € D(z,r), where

! 5
Mo (1 o)A |
! (w(D(Z,f)) D(z,r) [fE)Pw(®) (S))

Letting € < 2¢;r and taking |z — a| < 2Lc1|1 — zal?, we have

@) —f@)] < %Mf.

For any z ¢ S,, we have |f(z)| > eMy. Hence,

1
f@| = If2)] - ng = U@

Let A < 1/2, we have
f(@] = Alf(2)],

and hence,a € E) ,(z). Therefore, foranyz ¢ S,e < 2cjrand A < 1/2,wehave D(z, ;71) C
E) r(2). From this and Lemma 2.4, we can find a positive constant ¢; = ¢, (7, «, 8) such that

0D _ 0D@an) _ Pl-l2P o

0Er@) ~ 0D~ LAt €

Therefore, by lemma 2.3, there exists a constant ¢3 = ¢3(r, @, ) > 0 such that

/TM\sr a)(EM(Z))w(z) dA(z) < 2.

This completes the proof. |
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The following lemma will be used to prove Theorem 1.3.

Lemma 3.4: Let p>0and 0 < r < 1/4. Let y and v be positive Borel measure on D such
that 1(D(z,1/4)) < C3w(D(z,1/4)) and v(D(z,1)) < C4 w(D(z,1)) for any z € D. Then
there exists a constant C = C(p,a, B) > 0 such that

1
o — P P p
/]I‘))U)(D(Z, 7)) JD(r) f(@) — f@I" dv(a) du(z) = r*CCCallf lw»

forany f € AP,

Proof: Foranyz € Dandr € (0,1/4), by Lemma 2.1, we can find a sufficientlylarge c; > 0
(independent of r) such that
1 1—|al

< <

a |1—az| —

1

whenever z € D(a,r). Similarly, for a sufficient small r, by Lemma 2.4, we can find a
sufficiently large ¢; > 0 (independent of r) such that

—alp
1@ - f@l = X [ rerae.

whenever z € D(a, r). Multiplying both sides by xp(a,r (z)/@(D(a,r)), integrating with
respect to v in the variable z, we have

wD@.r) — fa)P
w(D(a,1)) Jpan @ —f@F dv(z)

—_ 7-12p
<ot ezl f FOF dA®) ) dv(z)
oD@ Joan @ = 1aP77 \ I,

@l (1—[§[»* dA®) w(D(a,r)

&P
C P/ [f—dA ,
< cCyr D) 1—EP* é)

< Peyesrt / f&P v(D(a, 1))
D

the penultimate inequality follows from Fubini’s theorem and Lemma 2.1, and the last
inequality follows from the hypothesis on v, where the positive constant c is independent
of r. Note the fact xp(,1/2)(a4) = xp(a,1/2)(§). Integrating both sides with y in the variable
a, by Fubini’s theorem, Lemma 2.2 and the hypothesis on y, we obtain

1
YY) — P
/D <w(D(a, M Joan If (@) — f(@l dv(z)) du(a)

©F
CCur? / / VEOP_ 446))a
= e D< bt (L= [EP)? (g)) e

1
< CC4rP/ lf(é)lp( wDE, 3)
D

_ = dA
RIS
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, L(DE, 1)
©(DE, 1)

< CC;Cur? /D FEPoE)dAE).

< CCur? /D F©) (&) dAE)

This completes the proof. u
We shall use the following lemma in the proof of Theorem 1.4.

Lemma3.5: Letq > p > 1, n € Nand y be a positive Borel measure on D. Then there exists
a constant C > 0 such that

q
P

fD " @11 duiz) < C ( fD f@Pw () dA(z)) (10)
forany f € D if there exists a constant C” > 0 such that

1w(D(z,1)) < C"(0(D(z, 71— |z*))" (11)

for some (or equivalently any) r € (0, 1).

Proof: We take (5), raise it to the q/p—power, and integrate with respect to u. By
Lemmas 2.1 and 2.3, there exists a constant ¢; = ¢;(«, 8,1, p,n) > 0 such that

intp|f" (2)|1 du(z)

1
o :
p dA
= /D ((1 — 121" w(D(z,1) Jp@n) Falfe@ (a)> W

q
q 1 P
/ p dA
<cCr ‘/]];) (./1;(z,r) (1 — |al?)?>"Pw(D(a, 1)) f(@FPw(a) (a)> du(2),

where C' is the one defined in Lemma 2.4. Applying Minkowski’s inequality to the right-
hand side and using the fact xp(. (a) = xp(a,r) (2), we obtain
q
P
dA(a):|

/ F™(2)IP dp

D

— p
q

<oCh /( / XD(er)(2) qu<a>|qa)(a)5du<z>>
o \Jp (1 = jap)y?re (D(a, )7

— 9
4 p
—act | [ parew_ 20 dA(a)}
D

w(D(a,n)(1 — |a|?)>"P

q
<c ( / @ o) dA(a))" ,
D
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the last inequality follows from (16). The proof is complete. |

As is well known, maximal functions play a crucial role in the real-variable theory of
Hardy spaces [24]. In this paper, we establish a maximal function characterization for
the Bergman spaces. To this end, let X be a measurable subset of ID. We define for each
sufficiently small ,7 > 0 and f € H(X) :

Ms(f)(z) = sup |f(§)], forzeD.
§eD(8t(2))

The following result is used in the proof of the Theorem 1.5, but is of independent interest.

Theorem 3.6: Let § > 0 be small enough, 0 < p < oco. Let X be a measurable connected
open subset of D. Then, there exist positive constants C and C, such that

CillMs (D) llrx,w) < If e x) < C2llMs (D112 (x,0)5
forany f € H(X).

Proof: Let {a,} be a (8, 7)-lattice on X as defined in Lemma 2.6. By applying Lemma A in
[2], we have

IMs (D1 .0y = f sup  [f(§)IPe(2) dA(2)

XeeD(1(2))
(o.¢]

< Z/ sup  |[f(§)Pw(z) dA(2)
n=1YDET(@) geD(37(2))

0
<c / K@ (2) dA),
; D(3(an))

where

1
Ksw(z) =  sup [f (9 Pw(s) dA(s).

sen(e(en @ETE? Iy
By Lemma 2.6, (2), (1), and the fact that

|s—an| < s =&+ 1§ =zl + |z —anl < gf(é) + gf(Z) + 87 (an)

26 1)
< ?r(z) + gr(z) + 6t (a,) < 38t(ay,),
we obtain
f Ksw(2)w(z) dA(z) f,f [f ()P (s) dA(s).
D(87(an)) D(357(an))

Then,

o0
M5y = €O [ YO0 dAG) = Clf iy,

=1 Y D(3d7(an))

In addition, by Lemma A in [2] with 8 = 0, the definition of the maximal function
Ms(f), (2) and (1), we get the other inequality. This completes the proof. |
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4, Proof of Theorem 1.2

Proof: We first prove the necessity. We set f, = F,;/||F,|| for any a € D, then ||f;]l» = 1.

By Lemma 2.1, we can find b; > 0 such that

1 1—|a)?
— <

= —— =
bl |1—Z(1|

1>

whenever z € D(a, r). It follows that

/ fa®Pw (&) dAE) =
D(a,r)

A
Then
/‘ lmm%@mmas</—/ )m@WmaM@)
G\D(a,r) D D(a,r)
<1-— ;
AT

Since G is a dominating set of A‘Z), then there exists a constant b, > 0 such that

/D[fa(f;‘)lpw(é)dA(é) =< bz/Glfa(é)lpw(%‘)dA(E)-

By (12), we have

b} @ (GND(a,r))
IFalll,  @(D(a,1)

/ fa@@ P (§) dAE) <
GND(a,r)

Since GN D(a,r) = G\ (G\ D(a,r)), we have

p
(G N D(a,1)) _ IIFaZIIw (/ _/ )lfa(g)|Pw(§)dA($)
bl G G\D(a,r)

w(D(a, 1))
AR 1
Z=2 \p, U
bl b2 b1||Fa||a)
1 IFllh, 1
— 1 —
(m ) ER™

(-la)? 1
1 Jotan Tz smam @@ 44@) L1
b, b} b

—

Z i
bibs

(12)

The last inequality follows from (12). From this, the necessity follows by taking

8 =b*by "
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It remains to prove the sufficiency. We first prove f € AL, with Iflloc < 1.Fore > 0,let
E=D\T={zeD: |[f(2) = B;f(2)},

where T) ¢ is the one defined in Lemma 3.4. By using this lemma, there exists a constant
Cy > 1 such that

/le(%')lpw(é)dA(E) = (/E+/T ) FEP o) dAE)
S[Elf(S)lpw(S)dA(é‘)+C16P/le(§)lpw(€)dA(§)-

Choosing € small enough such that €?C; < 1/2, we obtain

_/le(é)lpw(f)dA(S) <2_é[f(§)|Pa)(§)dA(§). (13)
By Lemma 2.4 and the definition of E, ,, we can obtain

S, 0 f@Po(@) dA@) [y, [f (@) Fo(a) dA(a)
»(D(z,1)) S5, o f@FP0(a) dA(a)

::QJAA@UthM@dAm)(B@ﬁww@y+ﬁm@)vﬁmhM®dAW)
o(D(z1) I, o f@Po(a) dA(a)
OMMWW%@M@G+hmmmM@M@>
- w(D(z,1)) wa(z) w(a)dA(a)
Co
" 0E@) J5,0
= CoB,f (2),

f@IF < Co

[f@Fw(a) dA(a)

Take

1 2p+4
A< min{—,épé}.
Co

Since ||flloo < 1and C; > 1, we have (C1_1 — 1)log|f(2)|P > 0 for any z € D. Combining
this with (13) and Lemma 3.1, we obtain

0(E(2) _ logz + (7 — Dlog f @)

0B * o o

2 1
K log T2

>
- 2 1 1
5 log ) log )

>1-2

>
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for any z € E. Thus,

8
@(Err(2)) > 0(D(z1) \ B2r(2)) + 0 (Eyr(2) = So(D(z, 7).

Then
3
@ (D(z,1) \ Epr(2)) < Ew(D(Z’ r).
By (3), we obtain

w(GNEpr(2) = w(GN[D(z,1) \ (D(z,1) \ E.r(2))])
= w(GND(z,1) —(GN(D(z,1) \ Eyr(2)))

> Sw(D(z, 1)) — %a)(D(z, r)
= ECL)( (Z, r))
Therefore,

1 1
- P »
D) /GXD(z,r)(a)lf(a)l w(a) dA(a) > oD@ /(;XEA,r(Z)(a)lf(a)| w(a) dA(a)

(G N Eyr(2)

4 p
2 M OF =B )

SAP
> 7[f(z)|f’. (14)

Integrating both sides over E, by Funini’s theorem and (14), we obtain
1
I— p
L wD& ") /G XDz (@|f (@) [Fw(a) dA(a)w(z) dA(2)
1
— p -
= fG [f(@Fw(a) ( fE o (D) Pan (Dw(2) dA(Z)) dA(a)
SAP
> / If (@) Pw(z) dA(z)
E

SAP
> / If @Pw(z) dA(z). (15)
D

By Lemma 2.3, there exists a constant C = C(«, 8, r) > 0 such that

w(EN D(a,r)) -
w(D(a, 1))

fE w(D(z 1)) (P (9)w(2)dA(z) < C

By (15), we obtain

Cs
/Glf(S)lpw(%“)dA(E)ZTkpélf(é)lpw(é)dfl(é)-

This finishes the proof of the case f € Afo with ||fllec < 1.
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For more general f € AP N H*, we need only to take g = f/||f||c. For f € AP it fol-
lows from Proposition 1.2 in [3] that polynomials are dense in A, whenever w is radial
weight. Therefore, we can approximate f in the AP norm by a polynomial sequence {p,}.
Since

/D Ipu(2)Po(2) dA(2) < C /G 1Pn(2) P (2) dA(2)

and taking n — 00, we obtain the desired result. This completes the proof. |

As an application of Theorem 1.2, we characterize invertible Toeplitz operators Tj, on
A2, where h is a bounded measurable function on ID. Recall that the Toeplitz operator T}, :
A2 — A2 is defined by Ty (f) = P(hf), where P is the Bergman projection from L2 onto
A2, Toeplitz operators are studied intensively during the past decades. Interested readers
can refer [3, 23, 25-27] and the references therein.

Corollary 4.1: Let p> 0 and h be a bounded measurable function on . Let w € W such
that the polynomials are dense in A,. Then the following are equivalent.

(1) Ty, is invertible on Aﬁ).
(2) There exists t > 0 such that the set G; = {z € D : |h(2)| > t} satisfies (3).
(3) There exists a constant n > 0 such that

/Dlh(z)f(Z)lpw(Z)dA(Z) > n/]D) f(@)FPw(2) dA(2), (16)

forany f € AL,

Proof: The proof of the statement (1) is equivalent to (2) is similar to the one obtained in
[15, Corollary 3], we omit the details.
Now we assume (3) and prove (2). By (16), there exists a constant n > 0 such that

n/m)[f(z)lpw(z) dA(2) s/Dlh(z)f(z)lpa)(z)dA(z)

< /G lh(2)f ()P w(z) dA(z) + ¢ If @) Pw(z) dA(z),

|h| <t

foranyf e AP Since h is a bounded measurable function on ID, then there exists a constant
M > 0 such that |h(z)| < M, for every z € ID. Taking # < 1, we have

(Tl—tp)/D[f(Z)lpw(Z)dA(Z) S/G Ih(2)f (2)Pw(2) dA(2)

<M | [f@Pw(z) dA(2).
en

That is, G; is a dominating set. The set G; satisfies (3), by Theorem 1.2, which gives the
desired result.
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Conversely, by our hypothesis and Theorem 1.2, there exists a constant C > 0 such that
| rere@ae <c | forowdae,
D Gt
for any f € AL, It follows that

p
/Dlh(Z)f(Z)IPw(Z)dA(Z) > | |h@f@)Pw(z)dA(z) > %fle(Z)lpw(Z)dA(Z)-

Gy

By taking n = t?/C, the statement (2) is proven. This completes the proof. |

5. Proof of Theorems 1.3 and 1.4

Proof of Theorem 1.3: Applying Lemma 3.4 in the case dv = w dA, then there exists a
constant C = C(p,a, B, #) > 0 such that

1
/]D) »(D(z1) Jpen f(2) — f(@Pw(a) dA(a) du(z) < CrP|f||w» (17)

where 0 < r < 1/4 and f € A%,. We first prove the case 1 < p < co. Rasing the 1/p-

power to the inequality above and using Mincowski’s inequality to the left-hand side, we
obtain

! ,
—_— P
</D o(D(z,1) Jpen @) wia)dAl) dM(Z))

1 ’% N
- _ P
</D oD@ 1) Joen If (@ w(a) dA(a) dpc(z)) < C?7|f llw- (18)

On the one hand, since 0 < r < 1/4, by Fubini’s theorem, Lemma 2.3 and the definition
of G, we can find a constant ¢; > 0 independent of r such that

1
—— Iy
/Dw(D(z, 1) Jpn f(@Fw(a)dAa) du(z)

_ P XD(a,r)(Z) )
—/le(a)l w(a) (/D wDEn) du(z) ) dA(a)

>0 /D (@ o (a)k (a) dAa)
> cre fD (@ P @)1l xc(@) dA@)

— cellulls /G (@ [Po(a) dA(a).
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On the other hand, we have

1 Jper @@ dA(a)
. p — p >
/D oD Joen f (@ w(a)dA(a) du(z) = /D [f (@)1 w(D@1) du(z)
= / If @ du(2).
D

By (18), we obtain

(clenuu* /G v(a>|Pw<a>dA<a>)” - ( /D P du(z))" < CPrlflo.

Since G satisfies (3), by Theorem 1.2, there exists a constant c; > 0 such that
f IffwdA < cz/ IfIPw dA
D G

forallf e AP Choosing r small enough such that Crf < cj€||i||«/c2, we obtain

(f yroa) < ([ lflpdu) ,
D (CIGHMH*)p (CTP);’

which proves the case 1 < p < o0.
Now we study the case 0 < p < 1. Applying the inequality |a — b|P > |a|P — |b|F to the
left-hand side of (17), we obtain

1
VY p
/]]]) w(D(z,7)) D(z,r)f(a)l w(a) dA(a) du(z)

1
Y » o p1P
/D oDz 1) Jpen If (@) Pw(a) dA(a) du(z) < CP|f|lo-

By an argument similar to that in the case 1 < p < 00, we obtain

1
) o P
/Dlﬂ wdA < %_cﬂ’/ﬂ»m -

This completes the proof. |

Proof of Theorem 1.4: Let € and t be small positive numbers whose exact value will be
specified later, and let

G:{aeD:M>e}.

w(D(a, 1))

We first use Theorem 1.2 to prove that condition (2) implies that (3) holds for D(z, 2r) and
some choice of € > 0 and § > 0, where r € (0, 1/4) is from condition (2). Indeed, on the
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one hand, if
w(GND(z,2r)) < 8w(D(z,2r))

for any € and §, then we consider the set

K:D\G:{ze]D)'M(D(a’t)) <e}.

"w(D(a,t) ~
We would have

w (KN D(z,2r)) = w(D(z,2r) \ (G\ D(z,2r)))
= w(D(z,2r)) — w(G\ D(z,2r))
> w(D(z,2r)) — w(D(z,2r))
= (1 —908)w(D(z,2r)),

that is,
$w(D(z,2r)) = w(D(z,2r)) — (K N D(z,2r)) = w(D(z,2r) \ K). (19)
Let t € (0, r]. It is easy to see that
w(D(z,2r) N D(w, 1)) = XDz, (W)@ (D(w, 1)) (20)

for all w € D. For any € and 4, it follows form (19), (20) and Lemma 2.3 that there exists a
constant ¢; = (o, B, t, ) > 0 such that

nD@t) = o(KNDE2)  (oD2r)  pD@ab)

€ 4 dsup > € sup
acD @(D(a, 1)) w(D(z,2r)) @(D(z,2r)) 4ep @ (D(a, 1))

- I w(D(a, t))a)(a)dA(a)

w(D(z,2r)) Jknp(z2r) @(D(a,1))

1 w(D(a, 1))
_— dA

T oD@20) Joan -k oD@ )P 4@

_ v n(D(a, t))w(a) dA(a)

(D(z,2r)) D(z,2r) @ (D(a, 1))

_ 1 XD(z.2r) (@) XD(w.1) (@)
~ oD@ 2n) /D (/D wD@) @ dA(‘”) du(w)

- c /‘ w(D2z,r) N D(w, t))
~ w(D(z,21) Jp w(D(w, t))
- c / XD(z,r) (W) (D(w, 1))
~ w(D(z,21) Jp w(D(w, t))
w(D(z,1)) w(D(z,1))
>c > 0
@(D(z,2r)) o(D(z,1))

> s > 0.

du(w)

du(w)
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It follows from condition (1) that there exists a constant M > 0 such that

u(D(a, 1))
sup ————— <
acD @(D(a, 1))

For fixed s > 0, we can choose some € and § such that
€+ 6M < ¢s.

This would be in contradiction with our earlier assumption. Thus, we have shown that (1)
holds for D(z, 2r) and some choice of ¢ > 0 and § > 0.

Write D = G U K. It follows from the assertion (2) of Theorem 1.2 that there exists a
constant ¢3 > 0 such that

»11(D(a 1)) / p H(D(a, 1))
/D[f(a)l —w(D(a’t))w(a)dA(a)z G[f(a)l w(D(a’t))w(a)dA(a)

> 6/ f(@Fw(a) dA(a)
G
> 636/ f@Fw(a) dA(a).
D

On the other hand, it follows from Lemma 2.3 and Fubini’s theorem that there exists a
constant ¢4 = c4(a, 8,t) > 0 such that

»1(D(a, 1) f@P /
/lf( )] oD@’ w(a)dA(a) = | oD@ D) XD(at)(2) diu(2)w(a) dA(a)
fﬁ%)wgéuﬁmmmmmma
Z,t >

TN N P
B 4/11)) w(D(z, 1) Joen [f(@FPw(a) dA(a) du(2).

Therefore, we have established the inequality

1 p dA 7
</D lf(é)lpw(é)dA(E)>P _c [/D (fD(z,t) If (@ Pw(a) (a)> d,u(z):| o

w(D(z, 1))

for t > 0, where C; = C¢(w, B,€,p,t) > 0.
We use Taylor formula to expand f(a) on the right-hand side of (21) and then use
Minkowski’s inequality, the result is

Joen f@FPw(a) dA(a) 5
G [/D ( (D2 1) d(2)

<C 2": / 1 f(j)(z)(a—z)j P
~ = | b o0& 1) Jpe Jt

P
w(a)dA(a) du (z)}
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1

! L% eynpot p }P
e [/D S5 b o[ oo acrew i@ aue|
(22)
The sum on j is easily estimated as
([ @@= @)
S\ 0@t Jowy | a
n i) . ;P Il;
< (/ JM du(2)> , (23)
=0 \'P ‘

the inequality above follows by the fact that |[a — z| < ¢5(1 — |z|) whenever a € D(z, ),
where ¢5 = ¢5(t) > 1. To estimate the second part of (21), we note that |[a — ¢| < ¢5(1 —
|z]) and |a — z| < ¢5(1 — |z]). From Lemma 3.5 and the arguments on page 102 of [10],
combining (21), (22) and (23), we obtain
1
p P
du (Z)) )

1 n (]) . H
( /D Lf<s>|Pw<s>dA<s>)" < Gl Z( /D E0 Y
+ GO ( /D lf(r?)lpw(é‘)dA(é))P, (24)

J:

j=0

where C" and C are two positive constants independent of n and t. We first choose ¢ such
that C't < 1 and C; is fixed. Then we choose positive integer ng such that C;C(C't)" < 1.
The desired result now follows by moving the second term on the right-hand side of (24)
to the left-hand side. This completes the proof of the theorem. |

6. Proof of Theorem 1.5

The first statement can be established by following the same proof of [19, Theorem 1].
Now, we prove (4). Let f € AP and h e C.(D) satisfying h(z) < 1 for all z € D. On the
one hand, by Fatou$ lemma and since p,, — w, we have

liminf [ [f@F dun(a) = lim [ BV duat) = [ WP duta
n— oo D n—oo D D

Since we may let such h increase to 1 on the whole unit disk, we have

lim inf / F@ P din(e) > / F@PF dutz). (25)
n—oo ]D) ]D)

On the other hand, let ¢ > 0 and take r close enough to 1 such that

/ f (@ Fw(z) dA(z) < / f(@Fw(z) dA(z) < &, (26)
D\D(0,r) D\D(0,r1)
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where r; =r —2(1 —r). Let h € C.(D) such that h(z) < 1forallzelDand h =1 on
D(0, 7). Then,

/D F@P dun(@) < fD h@) [f@ 1P din() + /D  f@Pdm@. @)

\D(0,r)

We first handle the second integral on right-hand side and consider the open sets E =
D\ D(0,7r) and E =D \ D(0, r1). It is clear that E C E. Take X = E in Lemma 2.6. From
(A) of the definition of 7, we have

7(z) <c1(1—|z|) forzeDanddc < i.
Then, for sufficiently small0 < § < 1,z € Eand & € D(8t(2)), we have
El > |zl =8t (@)| =2 r—8c1(1 —1) =r—=2(1 —1) =11,

which implies that £ E. Therefore, by Lemma A in [2], Fubini’s theorem and (1), we have
1
P din(2) < C / S )P (€) dAE) djin(2)
/E VEF dien s 1@ @ Joe ! "

1 du,
<c /E Ma(f)(é)éO(S)( / a (z))dA@)'

1()? Jperi)2 @(2)

Since p,, is p-Carleson measure for A‘g),

1
= (s [ o0 0 <o
o(n) ;lel]g @2 D(BT(E)/Z)w(Z) mn(z) | < o0

see Theorem 1 in [4]. Thus, by Theorem 3.6 and (26), we obtain

/E f @ dpn(z) < CKL (1tn) /E Ms()(E)w(€) dAE)
< CKy, (1) /E [f€)|ew (&) dAE)

< CAes.

Therefore, by taking the limit superior of (27), we obtain

lim sup /D P dun(2) < fD h@|f @) di(z) + CAe

< / F@I du(z) + CAe
D

< / If (@) F du(2),
D

since ¢ is arbitrary. By combining this with (25), we deduce (4).
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Moreover, since (i, are p-Carleson measures for AIZU, we have

/D[f(z)lp dun(z) < A1|Lf||ip, feAbandneN,

where A} = sup,, ||I,,, |IP. By identity (4), we may pass to the limit to obtain

f f@Fdu@ < MfIF,, fe Al
D 10}

Thus,  is a p-Carleson measure for A%,. In the case of reverse Carleson measures, the lower
inequality follows in a manner similar to above. Details of this step are omitted.
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