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The magnetization dynamics of suspended superparamagnetic particles is governed by
internal Néel relaxation as well as Brownian diffusion of the whole particle. We here
present semi-analytical and numerical solutions of the kinetic equation, describing the
combined rotation of particle orientation and magnetization. The solutions are based on
an expansion of the joint probability density into a complete set of bipolar harmonics,
leading to a coupled set of ordinary differential equations for the expansion coefficients.
Extending previous works, we discuss the spectrum of relaxation times as well as con-
vergence and limits of applicability of the method. Furthermore, we also provide the
numerical scheme in electronic form, so that readers can readily implement and use the
model.
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1. Introduction

Magnetic nanoparticles that are suspended in non-magnetic carrier fluids provide
interesting model systems.'® Several recent works deal with the simulation of sus-
pended magnetic nanoparticles in fluid flow.2®3° Their superparamagnetic behavior
allows for promising applications that lead to renewed interest in their dynamic
properties.?® While considerable progress has been made in recent years for the lim-
iting cases of immobile or thermally blocked particles,®!!141%:26 the general case
turns out to be more difficult to handle. This is especially true in the presence of
external magnetic fields, which is not only theoretically interesting, but also highly
relevant for several applications.??"

Two basic relaxation mechanisms are present for suspended magnetic nanoparti-
cles: internal Néel relaxation of the magnetization and Brownian rotational diffusion
of the whole particle.'®> The so-called “egg” model of Shliomis and Stepanov?324
provides a physically sound, microscopic starting point to investigate nanoparticle
dynamics including the combined effect of these two relaxation mechanisms. Some
previous works used stochastic simulations to study this model.?>721:22 However,
stochastic simulations are often time-consuming due to the inherent noise. Alterna-
tive approaches by numerically solving the corresponding kinetic (Fokker—Planck)
equation therefore bear some advantages. A previous work along these lines was
limited to axis-symmetric solutions.'®

Here, we follow more recent works'” and expand the joint probability density in
a complete basis set to solve the egg model also for general situations. We re-derive
the coupled system of linear ordinary differential equations for the expansion coef-
ficients in matrix form. Since the resulting expressions are rather cumbersome, we
here provide them numerically in electronic form, which allows readers to straight-
forwardly implement the model. We validate the implementation by testing the
numerical results versus analytical expressions for limiting cases and discuss conver-
gence properties. Furthermore, we also compare our numerical results to stochastic
simulations of the corresponding Langevin equations. We also provide the spectrum
of relaxation times of the Fokker—Planck equation for several model parameters.
Since the number of relevant terms in the expansion grows rapidly for strong mag-
netic fields, we also discuss limits of practical applicability of this method.

2. Microscopic Egg Model

In the microscopic “egg” model proposed by Shliomis and Stepanov,?*?4 the state
of a magnetic nanoparticle is described by two three-dimensional unit vectors, e
and n, denoting the orientation of the particle’s magnetic moment and easy axis,
respectively (see Fig. 1). The potential energy of a magnetic nanoparticle in the
presence of an external magnetic field H is given by the sum of the Zeeman energy
and the anisotropy contribution

U(e,n) = —me-H — Kvy(e-n)?. (2.1)
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Fig. 1. (Color online) Schematic of the egg model: the magnetic core (yolk) with magnetization
direction e is embedded in a non-magnetic background (white) with effective viscosity u. The
particle (egg) is oriented along the easy axis n, suspended in a liquid with viscosity 7, and subjected
to an external magnetic field h aligned in z-direction.

The magnetic moment and the magnetic volume of the nanoparticle are denoted
by m and vy, respectively, and K denotes the anisotropy constant of the magnetic
material. From the potential energy relative to thermal energy

BU(e,n) = —e-h — x(e-n)? (2.2)

with the inverse thermal energy 5 = 1/kpT, we define the dimensionless anisotropy
constant kK = SKuvy, and the dimensionless field h = gmH, with h = |h| the
Langevin parameter.

The combined dynamics of magnetization and particle rotation in a viscous
medium is described by the following Fokker—Planck (FP) equation®?? for the time-
dependent joint probability density F'(e,n;t),

oF 1 1

Ez—ﬁe-(wLF)—&— (EE-F[,—&— %ﬁe-Fﬁe) (BU +1In F). (2.3)
In Eq. (2.3), we defined the rotational operators L. = e x 9/de, L,, =n x 9/0n
and £ = L. + L,,. For fixed easy axis, Eq. (2.3) reduces to the Landau-Lifshitz-
Gilbert magnetization equation,*® whereas the rigid-dipole approximation of Brow-
nian rotational dynamics is recovered by considering the dynamics of n only and
identifying e and n in the internal energy U.

There are two basic time scales appearing in Eq. (2.3) that we already mentioned
in the introduction: (i) the Brownian relaxation time of rotational diffusion of the
particle in a liquid with viscosity 7,

™8 = 3fnun (2.4)

with vy, the hydrodynamic volume of the nanoparticles; (ii) the internal magneti-
zation time
_ pm

= 2 (2.5)

™D
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with the dimensionless damping parameter o and the gyromagnetic ratio . For-
mally, 7p can also be written as 7p = 38uv,,, where u denotes an effective viscosity.
Finally, the Larmor frequency is defined by wy, = —(y/m)0U/0e and is given here
by wi, = yH + 2K M (e - n)n, where M, denotes the spontaneous magnetization
of the magnetic material, My = m/vp,.

We note that a modified egg model has been studied in Refs. 29 and 25 where
the operator £ in Eq. (2.3) is replaced by L,. By construction, the stationary
Boltzmann equilibrium solution F5*?* ~ exp(—SU) remains unaffected by this mod-
ification. Note that in the absence of a magnetic field and no anisotropy energy,
the free relaxation is determined by 7p in the modified model of Refs. 29 and 25,
whereas it is the correct, effective relaxation time 7o defined by 75! = 75" + 75*
for the original model of Shliomis and Stepanov.?? Further physical arguments for
the occurrence of the operator £ are convincingly presented in Ref. 23. Therefore,
we stick to the original egg model in the following. In we summarize
the corresponding treatment of the model studied in Refs. 29 and 25.

3. Methods

We are going to consider any superposition of collinear static and oscillating external
fields defining the z-axis

h(t) = h(t)e. = (ho + hie™")e. (3.1)

with the two time ¢-independent amplitudes hg, h1 and frequency w.

3.1. Moment expansion using bipolar spherical harmonics

While every scalar function depending on a single, three-dimensional unit vector
e = ey cospsing + ey singsinf + e, cosf can conveniently be expanded into an
orthonormal basis set of spherical harmonics by way of the associated Legendre

oI e s

with integer-valued [ >0 and |m| <!, and the orthonormality feature f Y Yy de
= 051 Omamy, & function that depends on the two independent unit vectors e and n can

polynomials P",

analogously be expanded using bipolar spherical harmonics Y. Bipolar harmonics
are bilinear products of spherical harmonics with different arguments coupled to
total angular momentum L,

l1

l2
Yk (e’ Il) = Z Z Clngllsz }/lhml (e)Yiz,Wm (n)’ (33)

m1:—l1 m2:—l2

where K stands for a multi-index

K= (3.4)
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whose indices can take the following values: 11,12 >0, |l; — o] <L <Il; + Il and
|M| < L.2" The numerical coefficients CF |~ occurring in (3.3) are the known

Clebsch—Gordan coefficients ( ) that are chosen to ensure orthonormal-
ity of the bipolar harmonics
<YK|YK/> = // Y;é (e, l’l)YK/ (e, Il) dedn = 5K,K’7 (35)

where each integral is taken over the three-dimensional unit sphere. For this reason
Y = (4m)~'. As for spherical harmonics, one has the freedom to choose the
orientation of the coordinate system. For convenience, we have chosen in Eq. (3.1)
to align the e,-axis of the coordinate system to coincide with the direction of the
dimensionless external, eventually time-dependent magnetic field h(t).

Because bipolar harmonics constitute a complete set of basis functions, every
function X (e,n) can be written as X = ) x Tk Yk with numerical coefficients
xk that can be calculated via xx = (Yx|X) thanks to (3.5). In practice, for an
arbitrarily complex function, the infinite sum has to be approximated by a finite
sum, and the remaining terms are neglected, in the absence of a suitable closure
approximation.'> We denote by Oth order bipolar expansion a summation over
all such K whose largest absolute index is denoted by O. From the mentioned
inequalities follows the number of such multi-indices. Up to order O one has

O O min(O,li+l2) L 7 7
= > Y11= (”EOJFEOQ) (1+0)* (3.6
11,=01=0 L=|l;—1l3| M=-L

different multi-indices K, including K = 39. The expression evaluates to I(1) = 11,

I(2) = 51, I1(6) = 1421, I(8) = 3861, I(10) = 8591 etc. and scales ~ O* for large
O. For comparison, the number of spherical harmonics up to order O is (1 + O)2.
Due to the inequalities 1(O) < (1 + O)*, and only about 7/12 ~ 58% of possible
Yim combinations are present in Y, for large O.

For a beginning, let us express the unit vectors e and n in terms of bipolar

harmonics
1 1,-1 1,1 1 1,-1 1,1
— (Y. Y. — (Y7 Y
" \/5( 10 10 ) h \/5( 01 01 )
e = — 7/ o R = — 'L _ 5 (37)
V3 | —= (Vg + v V3 | —=(Yoi  + YY)
/2 0 0 2 0 0
Y1100 Y0110

where we stripped the argument (e,n) from the bipolar harmonics, and where we
used the classical vector notation with respect to the Euclidean basis e;, e, and
e., so that Eq. (3.7) implies

e-h(t) =h(t)e-e, = %h(t)YfOO, (3.8)
(e n) - 5 = SV, (3.9)
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Relationships between some other Yx and the base vectors are mentioned in
. Recall that the right-hand sides of these expressions are the evalu-
ated infinite sums X = ) . (Yx|X)Yk, if X denotes the corresponding left-hand
side. Up to here, bipolar harmonics of order O = 2 were sufficient to write down
identities.
A more tedious but important exercise is the evaluation of brackets if X is the
product of two bipolar harmonics, such as Yx and Yg,

X =Yg(e,n)Yq(e,n) = > (Vi |X)Y, (3.10)
K/
as all the integrands in the double integrals are products of six spherical harmonics.
A summation ), such as the one occurring in Eq. ( ) actually stands for a
four-fold sum over the four indices hidden in K, to be specific

fe%e] e’} l1+12

=20 ) Z (3.11)

11=01=0 L=|l;—l5| M=

The problem of explicitly calculating all non-vanishing matrix elements in Eq. ( )
up to some order O had already been solved in the last millenium.?” In short, one
has to make use of Wigner 9j-symbols, Wigner 6j-symbols and Clebsch-Gordan
coefficients, and to perform nested sums over these coefficients. Details of such
straightforward calculations are collected in Fortunately, the only
multi-indices Q required within the context of this study are Q@ = 1J and Q = 99,
i.e. we are going to make use of

Yy = ZPK/YK’ (3.12)
YiYsy = O Vier, (3.13)
K/
where the numerical coefficients PE = (Yio/|YkYiy) and similarly QK" can be

considered known up to order O. They are explicitly given as yet unevaluated sums
over Clebsch-Gordan and Wigner 9j-symbols by (D.5) and (D.6) of

Each of them is a sparse square I(O) x I(O) matrix. For readers’ convenience, we
provide them up to O = 10 as part of our supplementary material. Some important
symmetry properties of P and Q will be used later on,

PR o St 01,11, (3.14)

le X 5M,M’5L,L’; (315)
so that we may write more explicitly

0o 1 +1h

YV = Z > 7>l 12 (3.16)

7OL/ |l/ /‘
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LM

Yy = Z Z QLeyf /l/ (3.17)

1/=01,=0

to highlight double instead of quartic sums.

We should note in passing that irreducible tensors constructed from e and n,
such as multiple-rank anisotropic tensors® could be used instead of bipolar harmon-
ics to expand a scalar function X (e, n). Since there is a one-to-one, albeit nontrivial,
correspondence between anisotropic tensors and spherical and thus also bipolar
spherical harmonics, there is no a-priori-advantage of one of the two approaches.
We choose to use bipolar harmonics in this work. In essence, for any given order O,
the moment expansion approach will result in linear system of differential equations
that can be solved by matrix inversion (better, Gaussian elimination), and the true
solution F'(e,n,t) of the FP equation is then approximated by its expansion into
time-dependent moments. The FP equation for the probability density F'(e,n,t) is
equivalent with a Langevin equation for the stochastic variables e; and n;.

3.2. Brownian dynamics

To make the paper self-contained, we here recapitulate the derivation of the
Langevin equations (see e.g. Refs. 23, 16, 8 and 5). In order to write down the
stochastic differential equations for the random variables e; and n; corresponding
to the egg model described in Sec. 2, let us rewrite the FP equation (2.3) in a more
standard form

OF o ouF— o nF]+ = (Z) (%) . D (3.18)

at - € € n n 2 Ln Ln . .

with effective angular velocities given by
1

Q, =— h, 1
2TBe X (3.19)
Q. = w + —e x h+ (e n)e x (3.20)

e = WL 2Toe TDene n .

and the effective relaxation time 7y defined by 1/79 = 1/m7p + 1/78. The diffusion

matrix D is given by
g |
D=| ", I (3.21)
w1 51

where I denotes the three-dimensional unit matrix. We can decompose the diffusion

matrix as D = B - BT with
—1/2 —1/2
To I 57771
B= < 1/ ) (3.22)
0 5 1
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Finally noting that L. - [Q.F] = % - [ x eF], Eq. (3.18) is now in the standard
form, so that we can read off the corresponding stochastic differential equations

ag? 816

dl’lt

de) _ (Sexed [AW//5 + AWV ) /78] % e (323)
Q, x ny dW™ | /75 x 1, ' '

These equations for n;, e; agree with Eq. (15) in Ref. 23, where Q. = €, + wy, —
(2p) 1L, (BU) is used. For later convenience, let us write this as Q. = 2, + w,
with
1
we =wp, + —[e xh+2k(e-n)e x n. (3.24)
21p

Note the coupled noise in the magnetization dynamics which is modeled by indepen-
dent, three-dimensional Wiener processes W,Ee) and WE”). We note that Shliomis
and Stepanov derive Eq. (2.3) in Ref. 23 starting from the stochastic differential
equations (3.23).

We integrate the stochastic differential equations ( ) numerically using a
weak second-order Heun algorithm with (i) predictor and (ii) corrector steps. (i) In
the Heun predictor step, we calculate n¥ = n’/|n’| and ef = e’/|e/| with

n =n; + Awgn) X gy, (3.25)
e =e; + Awge) X ey, (3.26)
where the angular velocity changes are calculated as
Aw™ = Q, ()AL + AW, (3.27)
Aw'® = Q ()AL + AW + AW
= Aw!™ + w ()AL + AW, (3.28)

where At is the time step of integration, and AWg"), AWEG) the corresponding
increments of three-dimensional, independent Gaussian processes with mean zero
and variance 1/75 and 1/, respectively. The vectors Q,,(t), €2.(t) are obtained
from Egs. (3.19) and (3.20) upon inserting the current values of n;, e;. This pre-
dictor step corresponds to a first-order Euler-Maruyama scheme with additional
normalization to ensure the predicted values n®, e¥ are three-dimensional unit vec-
tors.’® (ii) In the second step of the Heun algorithm, we use these predicted values
to calculate updated angular velocity increments A@(™ | Aw(®), which are obtained
from Egs. (3.27) and ( ) when using n®', e instead of ny, e; to evaluate £2,,, Q.
from Egs. (3.19) and (3.20).

Finally, the updated orientations at time ¢ + At are obtained from combining
the predicted and corrected steps as

n; + (1/2) [Awgn) X ng + Awﬁ”) X np}
In; + (1/2) [Awﬁ") x 0y + Al x n’]

Ny At = , (329)
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e+ (1/2) [Awge) x e, + Awl? x e’

. 3.30
le: + (1/2) [Awge) x e + Aw!? x e’]| (330)

€At =

4. Results

We begin by expressing the energy U in terms of bipolar harmonics. With the help
of Egs. (3.1), (3.8) and (3.9) it can be written as'”

BU = —h(t)e- e, — k(e n)?
= upYyl + u.Ysy + const. (4.1)

with 8 = 1/kgT, and with the convenient abbreviations

4
T h(t), wu,= —8—7Tf<a. (4.2)

Next, we expand the general joint probability density F(e,n,t) solving the FP
equation (2.3) in terms of bipolar spherical harmonics

F(e,n,t) ZbK )Yk (e,n) (4.3)

to find coupled equations of change for its time-dependent moments by (t) = bf)! (t).

The sum over the multi-index K is done as in Eq. ( ). Because the FP equation
is linear in F', it is sufficient to find the equation of change of Y, the time-evolution
of the moments is then given by

b = (Yk[Vir )b, (4.4)
K/

where the dot denotes a derivative with respect to time ¢. According to Eq. (2.3)
the equation of change for Yx reads

. 1 1
Y = (—ﬁ YL+ —L. - YK£8> (BU +InYk), (4.5)
27T 2

where we follow common practice and neglect the Larmor precession term, which
is irrelevant below the GHz regime.!” With the help of the basic identities
LYK LU) = (LYk)(LU) + Y LU, o)
4.6
L3(YrU) = 2(LU)(LYR) + UL Y, + Y LU

and exactly the same equations if £ is replaced by L.. Equation (4.5) can be
identically rewritten as (see also Ref. 17)

Yic = ﬁ [£2(YiBU) + Yic £2(BU) + (2 — BU)£*Yi]

+ g (2 BU) + Yic£2(BU) + (2 = BU) LY. (4.7)
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. . . . 2
This version renders more convenient because we are left with squared operators £
2 . . .
and L; only, and because the Yk are simultaneous eigenfunctions of these operators

L2V =~ (I +1)Yk,
L2V = —lo(ly + 1) Y, (4.8)
LYk = —L(L+1)Yk.

The validity of these relationships and the eigenvalues follow from the corresponding
property of the spherical harmonics, £2Y;,,(e) = —I(I + 1)Yjn(e) in concert with
Eq. (3.3). Equation (4.8) with (4.1) furthermore imply

LZ(BU) = —2unYyy — 6u.Ysy, 49)
L2(BU) = —2u, Y0 '

The remaining terms in Eq. (4.7) of the form £?(YxAU) can be evaluated with the
help of the constant matrices P and Q defined by Eqs. (3.12) and (3.13) as follows:

L2(YiBU) = up L (YrY() +un £ (Y Yoy )
= Z unPE L2 (Yier) + u, O L2 (Yicr)
==Y LA [unPE +unQf | Yier (4.10)
K/
and
LEYKBU) = upnL2(Y YY) + un L2 (Vi Yay)

= S PR £V O 27
K/

=S TH A1) [unPE +ue QK Vi, (4.11)
K/

where we made use of Egs. (4.1) and (4.8). Finally inserting Eqs. (4.7)—(4.11) into
Eq. (4.4), we end up with
1

bk = ——bxk
TK

ZbK [L'(L' +1) — L(L+1) - 2]PK’
47’}3

4“—’; ST b0+ 1) — il +1) - 2JPE
K/

ZbK/ [0 +1) = (L +1) — 6]QK, (4.12)
4TD
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where one identifies the relaxation times 7x relevant for the field- and interaction-
free situation,
LIL+1) Ll +1D]7!

= . 4.13
TK 27T + 2 ( )

There is one term involving Q and proportional to u, that is apparently missing
from Eq. (4.12). This term vanishes because of the property (3.15),

[L'(L' +1) — L(L+1)]OF o [L/(L' +1) = L(L 4+ 1)]6p,, = 0. (4.14)

Note that Eq. (4.12) corrects a typo in Eq. (65) of Ref. 17.

Equation ( ) is a coupled linear system of differential equations for the
moments by . There is just one moment b3) which does not change in time as it repre-
sents the time-invariant normalization of F'. The normalization ff F(e,n,t)dedn =
1 enforces bJ = 1 because of Y’ = 1/4m and Eq. (4.3).

To simplify the notation and to allow for an efficient numerical implementation,
we now collect all moments by with the exception of b88 into a vector b. This vector
has I(n) — 1 components, according to Eq. (3.6). Using vector notation, Eq. (1.12)
can now be written as

b=—-A-b+d, (4.15)

where both, the square matrix A and vector d are determined by Eq. (4.12); the
vector d arises from the terms where bJ9 was replaced by unity. It turns out that d
has only two non-vanishing components, 1§ and 93. Thus, component dy of vector
d is given by

h 2K

As we prefer to collect all purely numerical factors in constant matrices C we

dg =

write
U U U
A="LCpy+ LCpy+ —=Cpp + 771, (4.17)
B ™D ™D
where T is a diagonal matrix with diagonal components given by 7x, cf. Eq. ( ).

All the three constant matrices Cgp, Cpn and Cp, have to be calculated once and
for all using Eq. ( ) and can in principle be stored for any given O. We provide

all matrices for up to O = 10 as part of our supplementary data ( ).
Varying the model parameters 7, ™, h(t) and x then amounts to constructing A
from Eqs. (4.13) and (4.17) without any effort ( ).

Let us finish this paragraph with the equations of change for two selected
moments,

blo = V3(e-e.), (4.18)

b0 = g {(e n)? — _], (4.19)
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according to Eq. (3.9). Their equations of change are given by the respective com-
ponents of Eq. (4.15), where A - b and d given by Eqgs. (4.16) and (4.17) evaluate
to

Un 10 L 90 h

—(Cgpn - b)jg = —=b55—,

TB( B )10 \/E 20 -

Un 10 1 50 h
I (Cpp - b0 = ——p20 =
TD( Dh )10 \/ﬁ QOTD

Ui\ vi0_ 2 \[ 10 K (4.20)
TD(CDH b)10_5\/§< b +b )TD,

(77" b)ib = biog

and

B

Uh 00 1 \/7 10

—(Cpn b = bis + b ,

TD( Dh )22 \/5 < 2 ) o

U 2 4 K (4.21)
_"QC n'b 00 _ _ = bOOf_bOO v

TD( D )22 7 < 22 \/5 44) TD,

(7'_1 b)22 = 3bgg ]51,

2K
V5T

The equations of change are coupled by the term involving b19 and b33 that appears

00 _
d22 -

in both equations. As we will see below, this term vanishes in the stationary regime.

4.1. How do the moments couple?

Bipolar harmonics are eigenfunctions of the Fokker—Planck operator for h = k = 0,
Eq. (4.5). Therefore, the time evolution equations for the moments b, Eq. ( ),
decouple in this case. In general, however, the moments couple directly to other
moments by h and k,

LM h7f0 L+{0,1},M

blll2 bhi{O,l},lz ’ (422)
LM K#O L,M

blllz bllﬂ:{o,2},l2:|:{0,2}' (4-23)

This means that moments can potentially couple to up to at most 18 other moments
when h # 0 and k # 0. Usually there are less couplings because of the inequality
|l1 — o] < L < l; + ly. For example, if £ = 0, the moment b3 with Iy = 0 can
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just couple to the two moments b} and b39 because of Eq. (4.22) and because the
inequality implies L = [;. If h = 0, the moment b} with L = 0 can just couple
to the two moments b33 and b3 because of Eq. (1.23) and because the inequality
implies I; = [s.

More importantly, even if A # 0 and k # 0, there are sets of mutually inde-
pendent moments. In particular, moments with even and odd I, are uncoupled,
and those with different M are uncoupled as well. If the system is initially in an
isotropic state, characterized by bJ9 = 1, moments with non-vanishing M or odd Iy
must remain at zero at all times, because the only non-vanishing components of the
inhomogeneity d, namely d}) and d93 have M = 0 and even Iy = 0. Such moments
include (n -e) and (n - e,) according to

4.2. Stationary moments of the probability density
for time-independent h

According to Eq. ( ), stationary moments bggae can be obtained upon inverting
A, using b5 = A~1.d. On the other hand, we know the stationary probability
density exactly,

; 1 1 1 "
Fbtat(e,n) — Ee_ﬂU — Ee—uhy1luo_umy2020 = E Zb?&thK (424)

with normalization constant Z = [ e~ PY dedn. Because of the form of the energy
there are two types of fth moments that can be calculated analytically for any
choice of model parameters: (i) (bgg)staLt and (ii) (b%)swt' We begin with case (i).
Because ono does not depend on n, the integration over n simply contributes a
factor 47, and one obtains

(660) e = / Y, QF5t dedn

10
4r [Ye v Y10 de
fe*“hylloo de

JPi(e-e.)elee= de

T

Jelee: de
1
Pi(2)e"* dz
vt O e,
f71 ehz dz
Sg = <P€(e : ez)>stat7 (425)

where the stationary order parameter Sy is given by

Se(h) = Lopaya(h)/Tyja(h) (4.26)
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and where I is a modified spherical Bessel function of the first kind.'® The order
parameters obey the recursion relatation (see )

Ser1(h) = Se_1(h) — (2 4+ 1)h=1S,(h) (4.27)
with So(h) =1 and the Langevin function
Sy (h) = L(h) = coth(h) —h™". (4.28)
For ¢ = 1,2, we obtain explicitly

(010) y1a = VB L(R),

(030) ..o = VB <1 _ #) (4.29)

At small h < 1 (see also Eq. (4.37))

(bzg)sm = ah’ + O(h*H) (4.30)
with coeflicients ( )
w(20+1)
= or7 La/o)" 4.31
U0+ 3/2) (4.31)

For the special case of fully decoupled e and n, i.e. kK = 0, the (bﬁg) are the only

non-vanishing stationary moments.

stat

Next, we treat case (ii). Because Y2 does only depend on the angle between e
and n, one obtains for any h and &

/ Pg HZ dz
(090) yoy = V2U+ I—F——— = V2U+ 15,
KZ dZ
-1

Se = (Pi(e - n))stat, (4.32)

where we have introduced another order parameter Sy to be distinguished from S
defined by (4.25). The odd moments (b%)Stat therefore vanish as Py(z) is antisym-
metric in z for odd ¢. The even moments can be calculated recursively via (see

)

02

(20 — 1) VK Sk~ 3)Sar | -

(6 —1)Sp—2
2Kl 2Da(v/k) B —

Sy = (4.33)

with Sy = 1 and where Da(z) = e~ fOI ¥’ dy denotes the Dawson integral. The
Sy can also be rewritten in terms of Sy_o and Sy—4 alone ( ),

0+ 1D)B+2k—4(L+1)] . (20+3)(¢—1)
260+ 2)(20 — 1) T+ 2)2e-1)

Seq2 = Se—2, (4.34)



Math. Models Methods Appl. Sci. 2022.32:1349-1383. Downloaded from www.worl dscientific.com
by UNIVERSITY OF READING on 08/11/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

Combined dynamics of magnetization and particle rotation 1363

which requires Sz as input if used as recursion relation while Eq. ( ) is more
general. The first moments read

B =5 | T~ 2 3)

stat 4/kDa(y/k) 4k 2]
00 5(2k — 21) 3(k+5) 105

(b54) e = {32&3/2Da(\/§) 8 32&2]
in agreement with Eqgs. (A3) and (A6) of Ref. 8. If one makes use of the series
expansion of the Legendre polynomials, one obtains to lowest order in & (see also

Eq. (4.37)),

(4.35)

(b%)Stat = ap'? + O(k1TH?) (4.36)
with coefficients aj, given explicitly by Eq. (B.3) of in terms of hyper-
geometric functions. One has ay = 2v/5/15, ), = 4/105, al = 8v/13/9009. For
the special case of vanishing external field, h = 0, the (b%) are the only non-
vanishing stationary moments.

stat

The remaining stationary moments of relevance for the general case of h # 0
and k # 0 cannot be calculated analytically, but we can perform a Taylor expansion
in both h and k about h = k = 0 to find

(bﬁ%)swt o hLKZQ/Q(SMp (even l5) (4.37)

for even [y, while for odd Il the moments vanish. The proportionality ( ) can
tediously be proven by direct integration of the stationary distribution function,
or alternatively, upon inspecting the couplings between moments in the presence
of non-vanishing h or x. In particular does the contribution Cgy, entering with
prefactor h in A, when applied to b, preserve l; and M, while L is either decreased
or increased by 1. Same for Cpy,. The action of Cp, on b however preserves L and
M, while changing Iy by +2, 0, or —2.

As Eq. ( ) is the stationary solution for any h and &, this implies [(CDh .
b)99 0, or equivalently,

3
(bég)stat = _\/;(b%g)stat (438)

for any h and . Similarly, the stationary solution ( ) fulfills (A -bgpar —d)i =0
for kK = 0, i.e. without the Cp, term. And again, if (

ary solution for any h and k, this implies [(CD,.i . b)%g]sm
confirms Eq. (4.38) for any h and x, Moreover, Eq. (1.38) can also be inferred

}stat =

) is indeed the station-
= 0, or equivalently,

from (4.37) by matching powers of h and s in the stationary state. To lowest
order we have (b39)_, . = —2hx/15+ O(hk?) but also (b93), . o h[k! + O(k?)],
(099) e O hO[K% 4+ O(k")], both independent of h, whereas (b13)_, . o (b33)star
[hY + O(h?)][x! 4+ O(K?)]. Since the latter two correspond to L = 1, the correspond-
ing moment has to vanish according to ( ) and therefore both contributions need
to cancel each other. The equality ( ) rules out /; to appear in the exponent of

hor k in Eq. (4.37).
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Fig. 2. (Color online) Order parameter Sy = (Py(e - e))stat defined by ( ), or equivalently,
reduced stationary moment (bﬁg)stat /v/2€ + 1 evaluated using different orders O > £. This order
parameter depends on h only. The four panels show (a) £ =1, (b) £ =2, (c) £ =3 and (d) £ = 4.
Exact result ( ): solid black.

4.3. Limitation of the moment expansion

Stationary moments obtained via matrix inversion, b**?* = A~! . d, for several
orders O of the expansion are compared with the exact stationary moments in
Figs. 2 and 3. Up to moderate field strengths and anisotropy constants, we observe
rapid convergence of our numerical results with increasing O towards the exact
results. For h 2 10 or k = 10, however, higher order terms in the expansion (O > 8)
need to be included in order to accurately recover the exact results.

Truncating the infinite sum in the expansion (4.3) to a finite number of terms,
non-negativity of the probability density F' is no longer guaranteed, which can lead
to unphysical results. Therefore, we investigated the limits of validity of truncating
the series to a finite order O by determining the threshold values hipres and Kinres
beyond which non-negativity of the stationary F' is violated.

Figure 4 shows that the threshold values hinres and Kinres increase only mildly
with the order O of the expansion. On the other hand, the number of terms in
the expansion grows rapidly with O, Eq. (3.6), implying that the numerical scheme
becomes intractable especially for larger anisotropy constants. If one is interested
in the magnetization o b}J, O = 8 is needed to obtain precise results for all h < 20
and xk < 8.
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Fig. 3. (Color online) Order parameter Sy = (Py(e-n))stat defined by Eq. (4.32), or equivalently,
reduced stationary moment (b%)stm/\/ 20 + 1 evaluated using different orders O > £. These order
parameters depend on « only. The four panels show (a) £ =2, (b) £ =4, (c) £=06 and (d) £ =38,

as the odd order parameters Sy vanish. The exact result (4.33) is shown as solid black lines.

25

n
o

h Uthres
=l

o

(a) (b)

Fig. 4. (Color online) (a) Threshold h¢pyres value versus order O. Below hypyes the absolute relative
deviation between exact and FP-generated stationary moment b’;g remains below 2%. (b) Same
as (a) for moments bg%. Here, the threshold kipres is plotted.

4.4. Dynamical evolution in the presence
of a stationary external field

So far we explored the stationary moments in the presence of a stationary external
field h = hg. Using the known time-independent matrix A and constant vector d,



Math. Models Methods Appl. Sci. 2022.32:1349-1383. Downloaded from www.worl dscientific.com
by UNIVERSITY OF READING on 08/11/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

1366 M. Kréger € P. Ilg

as well as an initial probability density characterized by its moments b(0) at time
zero, the solution of the system of linear differential equations ( ) is given by

t
b(t) :e‘At-b(O)—i—/ e At . d
0
t ’
:s—ﬁ{aﬂﬂs-bm)+/aa“fﬁﬂs-ﬂ (4.39)
0
or in components
I(n)—1 » N 1 _e_’\ut
bi(t)= > Skl e stu(o)+TSWdu , (4.40)
n,r=1

where S™! contains eigenvectors of A in its columns, A all the corresponding eigen-
values (N’s) on its diagonal. The longest relaxation time thus corresponds to the
largest inverse eigenvalue, while all eigenvalues are positive within the range of
applicability of the moment expansion approach.

In Fig. 5, the solution (4.40) is shown for some K and different orders O of
the expansion. Panels (a) and (b) correspond to independent isotropic initial con-
ditions, whereas in (c) the additional condition e = n was enforced. For the chosen
parameters, we observe a near-exponential behavior and a rather quick convergence
with increasing order O of the expansion. For comparison, we provide analytical
results for a low-order expansion in . Horizontal dashed lines indicate
the exactly known stationary values (41.35) and we confirm that the dynamical solu-
tions approach the stationary value for long enough times. We also include in Fig.
the corresponding results of Brownian Dynamics (BD) simulations of the stochas-
tic differential equations as described in Sec. . While both methods ultimately
give the same results, we find that our solutions to the FP equation converge much
more quickly compared to the stochastic simulations within the parameter range
identified in Sec. 4.3. The computational effort is indeed very different for the two
approaches. The time to compute O = 10 for the FP approach is roughly the same
as N = 100 for the BD simulation, corresponding to a much lower precision. Note
that the computing time for BD simulations scale as N, with the error decreasing
very slowly as 1/v/N.

4.5. Oscillating external field, susceptibility

Next we consider an oscillating external field with strength h = hg + hie™? with
small amplitude |h;| < 1. The dynamical equation of change (4.15) reads

b=—A(h) -b+d(h), (4.41)

where we highlight, for the present purpose, the dependency of A and d on h;
both depend on the remaining parameters as well. For small amplitudes h;, we can
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Fig. 5. (Color online) Transient dynamics of moments (a) bi9(t), (b) b93(¢) and (c) b0 (¢) in the
presence of an external field h = 1 are shown. Isotropic initial condition is chosen in panels (a) and
(b), while the initial configuration has isotropic e and n = e in panel (c). Other parameters are
chosen as 78 /7p = k = 1. Solutions to the FP equation for different orders O of the expansion are
shown together with results of BD simulations for different number of realizations N. Horizontal
dashed lines indicate the exactly known stationary value.

Taylor-expand A and d about h = hg. If we furthermore introduce the frequency-
dependent, complex amplitude of the oscillating deviation db(w) from the stationary
solution,

§b(w)e™! = b(t) — bgtat (ho), (4.42)
we can plug this expression into (4.41) to obtain
iwdb = —[A(hg) + h1A’(ho)] [bstat (ho) + 0b] + d(h)
~ —h1A'(ho)bstat (ho) — A(ho)db + hid'(ho) (4.43)

up to terms quadratic in hi, and the prime denotes a derivative with respect to h.
This equation is readily solved for db(w) as

5b(w) = hi[A(ho) +iwl] ™t - d, (4.44)
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where d is given according to as ( )
d = —A’(hg) - A7 (ho) - d(ho) + d’ (ho). (4.45)

So far the treatment is the general result within linear response theory, as we have
not used any particular properties of A and d. For the present work, A(h) and d(h)
are both linear in h, so that A’(hg) = A’ and d’(hg) = d’ are constants independent
on hg, and thus hod’ = d(hg) — d(0) and hgA’ = A(hy) — A(0), leading to

hod = [ — hoA’ - A7 (ho) + 1] - d(ho) — d(0)
= A(O) * bgtat (hO) - d(O), (4'46)

so that we finally have (assuming hg > 0)

h L
b(w) = h—;[A(ho) +iwl] ™! [A(0) - bygat (ho) — d(0)]. (4.47)
If we know the eigensystem of A, there is no need to invert a matrix for each w
separately. With db(w) at hand, we have access to parallel susceptibilities of all
moments, since dimensionless susceptibilities are proportional to db(w)/h;. We can
explicitly express the linear response relation between applied field and resulting

parallel magnetization in Fourier-space as
1 *
(e-e.)(w) = L(ho)+ gxl‘(w)hl(w), (4.48)

where Xﬁ = x| /x1. with the Langevin susceptibility x1, = nm?/(3kgT). Using
the expansion of the probability density into bipolar spherical harmonics, we can
express this, with the help of (e -e.) = b13/V/3, Eq. (1.48), as

\ V3
XH(W) = h_15b%8(w)- (4.49)
Special case hg = 0. For the special case of hg = 0, Eq. (4.44) with Eq. ( )
simplifies to

b(w) = h[A(0) + iwl] ™" - [ = A’ byae (0) + d']. (4.50)

Note that the only non-vanishing components of bgt,:(0) are the known (bg%)stat
components, and that the only non-vanishing component of d’ is its {3 component,

|
VB

according to Eq. ( ), because the prime stands for a derivative with respect to h.

(SK’%g, (4.51)

Special case Kk = 0. For the special case of x = 0, d(0) vanishes, and A(0) = 7!

is diagonal according to Eq. (4.17). Hence, due to Eq. ( ),

h
§b(w) = h—lr_l [A(ho) 4 iwl] ™! - bggar (ho).- (4.52)
0
Note that for £ = 0 the only non-vanishing components of bgtat(ho) are the known
(bﬁg)swt components.
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771, bstar = 0 and thus

) =
+iwI)~!-d’. Because d’ has a
-1

Spec1al case hg = k = 0. For this special case A(0
d = d’ so that Eq. (4.44) simplifies to §b(w) = hy (77"

single non-vanishing {) component (1.51), and because |7}, ] =gttt =750,
the only non-vanishing component of b is
h 1
5bY0(w) = — (4.53)

\/§ (1 +iwTp)’

i.e. as expected, a simple Debye law with the effective relaxation time 7y for the
case of vanishing anisotropy energy and external field.

Figure 6 shows the real and imaginary part of the reduced susceptibility xﬁ,
Eq. (4.49), for different values of hg,x and ratios 75/7p. For not too large val-
ues of 75/ and k, we find that our numerical results are well described by the
approximate Debye formula'®

(4.54)

Xjw) = c

wTH wT)

}L(]:O,KZ:O
h0=0,li=1
}L(]:O,Ii:5
hg=1,k=0
----- hofl,ﬁfl
————— hy=1,k=5
h0=5,fi=0
---h(]75,l€:
———ho—5,l‘i—5

Fig. 6.
Eq. (4.49) as a function of scaled frequency. The different panels (a)—(c) show different values of
the ratio of relaxation times 75 /7p, while each panel shows results for different values of hg and k.

(Color online) Real and imaginary parts of the complex susceptibility XTI (w) defined by
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where ¢ and B are field- and anisotropy-dependent coefficients. We note that in
these parameter ranges good fits to Eq. ( ) are obtained for B ~ 1, i.e. a simple
Debye law. The effective relaxation time is defined by 7'67&1 =15 Ly ™ 1 where 7y
denotes the Néel relaxation time corresponding to . Note that analytical expres-
sions for ¢, B, Tex are given in Ref. 19. Good agreement between fits to Eq. (4.54)
and numerical results was also reported in Ref. 17. However, we see clear deviations
) for 75/ = 10 due to the
appearance of a double-peak structure. Therefore, we can confirm the conclusion
reached in Ref. 25 (for a somewhat different model) that a single effective relax-
ation time 7. cannot account for the coupling of Brownian and Néel processes.

between our numerical results and the simple fit (

However, this conclusion does not invalidate the approximate Debye formula (4.54),
but rather restricts its range of validity.

4.6. Spectrum of relaxation times

As discussed above and mentioned also in Ref. 25, the coupled system of Brown-
ian and Néel dynamics is not fully described by a single effective relaxation time.
Therefore, we show in Fig.
selected parameter values. The spectrum is obtained from the eigenvalues of the
matrix A defined in Eq. ( ). We note in passing that the zero eigenvalue of
the Fokker—Planck equation (here absorbed in d) corresponds to the equilibrium
state. For h = k = 1, we find that the smallest eigenvalue is Apin ~ 0.557 ! (for

the whole spectrum of inverse relaxation times for

8 = mp) and 0.09575" (for 78 = 107p). Since the longest relaxation time is given

102 ' ' ' 9
,,:;";/o
) 4
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Fig. 7. (Color online) Spectrum of sorted eigenvalues A, (multiplied by mp) versus u for two
different 7g/7p and various combinations of h and k. There are I(10) — 1 = 8590 non-zero
eigenvalues present in the shown spectrum that one obtains by diagonalizing A for O = 10. For

h =k = 0 one has A =
given analytically by Eq

=1

(413).

according to (

) and the eigenvalues and their degeneracies are
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by the inverse of the smallest eigenvalues, we find that A, is approximately given
by 1/78 when Brownian relaxation is significantly slower than mp (which applies
to most magnetic nanoparticles). For comparison, we show in Fig. 7 also the spec-
trum in the uncoupled case (h = k = 0), given by Eq. (4.13). In the uncoupled
case, we find 73! = 75 (three-fold degenerate due to M = —1,0,1) and 7 = 7,
which corresponds to the second and third smallest eigenvalue for p = 73 = 1.
Due to the coupling, a smaller eigenvalue, i.e. a larger relaxation time emerges. For
78 = 107p, the longest relaxation time is approximately given by 7'011M = 7 (again
three-fold degenerate). Coupling of Brownian and Néel processes leads in this case
to the appearance of intermediate relaxation times between g and .

The spectrum shown in Fig. 7 consists of all the eigenvalues of the matrix A.
However, not all of them are equally relevant for observables of interest. To discuss
their relevance, let us rewrite Eq. ( ) for the case of isotropic initial conditions as

bc(t) = wicu[l — e ] (4.55)
n
102 102
10! 10!
= TB/TD = 1

S 10° S 100 . h=1
~ ~ K=

10 107" ‘ ‘

102 102 | | |

10° 10! 102 10° 10* 10° 10! 102 10° 10*
uth sorted eigenvalue pth sorted eigenvalue
(a) (b)
102 102 /
10! 10! -1
TB/TD:1 TB/TD:1

€ 10° = € 100 b=
~ =1 ~ K=25

1071 | L 107 ‘

- | | . I |||

10° 10! 10? 10° 10* 100 10! 10? 10° 10*
uth sorted eigenvalue uth sorted eigenvalue

(c) (d)

Fig. 8. (Color online) Relevance of the eigenvectors/eigenvalues (using O = 10). Eigenvalues A,
(black circles) shown together with their relative weights |wg |, defined by Eq. ( ), for various
combinations of model parameters h and k at 75 /7p = 1. Weights are normalized so that the sum

over all weights is 100. Weights shown for two components, K = 1J (black) and K =93 (green).



Math. Models Methods Appl. Sci. 2022.32:1349-1383. Downloaded from www.worl dscientific.com
by UNIVERSITY OF READING on 08/11/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

1372 M. Kréger € P. Ilg
with

wicp = S\t Suudy = St Ay S, 10dl) + S, 90d99], (4.56)

where the eigenvectors of A are the columns of the matrix S™! in Eq. (1.10). We
refer to |wk,| as the (time-independent) weight of eigenvector 41 to bx. In Fig. & we
show the sorted eigenvalues together with their weights (percentage units) for the
magnetization, K = 1, (black) and K = 99 (green vertical lines). It is remarkable to
observe that up to moderate values of h and « the weights are mostly concentrated
on a few, nearby eigenvalues only. This finding helps to explain the near-exponential
behavior and near-Debye susceptibility found earlier. We also note that the lowest
eigenvalue carries a vanishing weight for the cases considered in Fig. 8 and therefore
does not contribute to the magnetization dynamics. We can trace back many of
the vanishing weights to the reduction in the non-vanishing coefficients bx that
significantly reduce from the total number (3.6) down to (I.1) when isotropic initial
conditions are considered, see

5. Conclusions

We here consider the fundamental model for the rotational dynamics of magnetic
nanoparticles proposed by Shliomis and Stepanov.?324 Although it is widely recog-
nized that this model provides a physically sound starting point for studying such
systems, the model is not widely used to date.?? This finding is surprising given
the growing interest in various applications and can partially be attributed to the
rather complicated and numerically expensive solution of the model. Here, we follow
recent works'” and consider solutions to the underlying Fokker-Planck equation
through an expansion in bipolar harmonics. While previous expressions were rather
cumbersome, we here provide concise expressions for the resulting differential equa-
tions as well as numerical data that allow readers to readily implement the model
( ). We test and validate our implementation for several limiting cases
against analytical solutions as well as reference stochastic simulations. We also pro-
vide a discussion on convergence behavior and determine limits of applicability in
terms of model parameters, beyond which the numerical scheme becomes unwork-
able due to the strongly growing number of degrees of freedom. Within the limits of
applicability, we find the numerical scheme to be much more efficient than BD sim-
ulations of the corresponding stochastic differential equations. We also determine
the full spectrum of relaxation times and find that only a relatively small subset is
relevant for the magnetization dynamics.

Since we provide the numerical data for a straightforward and efficient imple-
mentation of the egg model, we hope that a broad range of researchers will be in
a position to study this basic model of magnetization dynamics in great detail and
for a broad range of parameters. Extensions to models with energy functions U
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involving other than Y¥ and Y3¥ bipolar harmonics are straightforward with

at hand, and will lead to systems of linear differential equations, whose
ingredients enter the physical properties of the magnetic system in the presence of
static and oscillating external fields, following the unaltered recipes provided in this
work.

Appendix A. Examples for Rewriting Yi in Terms of e and n

In Egs. (3.8)—(3.9) we have expressed Yy and Y;¥ in terms of e, n, and the basis
vector e,. Here we provide some additional identities

n-e, = f/gyollo, (A1)
n-e= %/%Ylolo, (A.2)
(n-e.)? - % = 87;\5/51/0220, (A.3)
(e e~ 2 = 87;\5/513200, (A4)

that help to interpret coupled equations of moments, as the corresponding identities
for averages are simply obtained upon replacing 47Yx by bx.

Appendix B. Modified Bessel Function, Proofs of Egs. ( ) and

(4.36)

With the help of the polynomial coefficients of the modified spherical Bessel function
of the first kind,*

1 2k+a
I —_—— B.1
k:'F (k+a+1) ( ) ’ (B-1)

the leading term of the stationary moment beo is

V20+1 (ﬁ)“l/2

¢ T(¢+3/2) \2 ¢
(blg)stat = TN O(h**)
T'(3/2) (5)
m(20+1) , ¢
=" __Zpt L O B.2
ar a2 TOWT) (B-2)

thus proving the form of a, in (4.31). The corresponding expansion coefficient a;,
required in (4.36) can be calculated as well.

V2
ay = f/;— /Pl )2t dz
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, P ' {4+ k-1 .
2520+ 1
= 2+' Z < ) 2 / 2Rz
o\, )
, p {4+ k-1
_ 24201 5 <€) 5 2
|
2(¢/2)! w0 \k / (+k+1
_ Ve F ({5 51 {552 D)
(C+Dle/2r [
(B.3)
involving the hypergeometric function qu.l’g
Appendix C. Legendre Polynomials, Proofs of Egs. ( ) ( )
and ( )
Let us quote three known identities for Legendre polynomials'
0
Pla(z)= > (2k+1)Pu(a), (C.1)
k=0,0—2,.
20+ 1)Py(z) = Pé+1(fv) =Py (), (C.2)
(25 + l)zL'Pz(:L') = (f + 1)Pz+1(1') + fpgfl(l'), (03)

where the prime denotes a derivative with respect to x. The identity (C.2) follows
immediately from Eq. (C.1), and leads directly to the recurrence relation (4.27)
between order parameters Sy = (Py(e-e;,))stat Or the stationary moments (bfg) =

stat
V204 15,.

To prove (1.33) we recall the definition of S,

f_ll Pg(z)e’”2 dz

SZ = <Pf(e : n)>stat = N

(C.4)

with a denominator AN that evaluates to

N = /11 e dz = \/gerﬁ\/z - &jg/@, (C.5)

where it is common to replace the imaginary error function erfi by Dawson’s function
Da. Using the identity (C'.3) one can write, with u(z) = (20+1)P,(z), v'(z) = ze*®”
and v(z) = " )2k,

1 / 1 2£+
uv uv
_d - _ P/Iizd
LN TN 2/{]\// e
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uv |1 (2041) 0
=2 == 3 2% + 1
N1 2K (2k + 1)
k=f—1,0—3,..

(€ 4+ 1)Ser1 + £S-1.
(C.6)

The yet unevaluated uv|l; vanishes for the less interesting case of even . For odd
¢, one has

21
L= (20 + 1) P, (x)e"™ (204 1)e”

uv|_

2K » B K (€1)

Putting this together, and replacing ¢ by ¢ — 1, we end up with the recursive
relationship for even ¢ > 2,

/2

(20 —1) |2e" (L —1)Si—2
NS vl ey vale ;(4]? =3)S(k—1) | ———F—, (C.8)
while Sy = 1. For example
3 2e SO
2 = 4/{[./\/'_80]_?7
. s (C.9)
. 2e” 3 2
- L[t rs] -

If we denote the square bracket in Eq. (C.8) by Q(£), one has Q(¢{ + 2) = Q(¢) —
(20 4+ 1)S;. Hence,

St = %QMJF 2) - %
- %[Q(@) — 20+ 1)) - % (C.10)

and Q(¢) can be expressed in terms of Sy and S;_o via Eq. (C.8). This leads to
Eq. (4.34).

Appendix D. Products of Bipolar Harmonics

The product of two bipolar harmonics can be written as?”

o L M l//l//L// v
YK’YK - E CL'M’LM E Bl/ll/zL/llbL}/i/l/lé/ (D].)
L, M" l” l”
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with |If —1§| < L” <1{ +1§ and [M"| < L”.In (D.1), the C’s are Clebsch-Gordan
coefficients and using = 2x 4 1, the B’s are given in terms of Clebsch-Gordan
coefficients and a Wigner’s 9j-symbol {...} as

nolh

LI LL Lo

pir’ NIRRT oo o0 Jp g, (D.2)
UL L L — Ar 1101,0~150020 Y *2 ‘2 2 (- :

L' L L

The Wigner 9j symbols, in turn, are calculated using Wigner’s 6j symbols'?

n oo
o 1l 1
L L L”
g2 Y / "ooqr
_ ) g L' [ g 5 L g L" [}
- Z (_1) 9(29 + 1) {l// l 1 L 11 I I I L (D'3)
9=g1 1 1 2 2 1 b2 2

and the 6j-symbols can be calculated using the 3j-symbols. Due to symmetry prop-
erties of Wigner’s 6j-symbols
i J2 Js
e (D.4)
Ja J5 Je

that vanish except if |jo — js| < j1 < j2 + Js, the sum in Eq. (D.3) runs from
g1 = max (|[L” — I{],|L — 15]) to gg =min (L" +1{,L +1).

For the special case of K = 13, in light of Eq. ( ), all the non-zero terms in
Eq. (D.1) are

L+1 1+1

lla L’ LM
Z CLMlO Z B0V, (D.5)
U=l1—1

where both sums are meant to extend over positive values of the summation indices
only. Similarly, for the special case of K = 99, using Eq. ( ), the non-zero terms
of Eq. (D.1) are

142 l2+42

iLL LM
= > D BV (D.6)

U=l —21,=ly—2

where we made use of Cfl\]\//floo = 1, and where again both sums extend over positive
values of the summation indices only. If one does not save the 9j symbols or B
components, the computational effort scales with O3 if we are interested in the
coefficients P and Q up to some order O.
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Appendix E. Number of Non-Zero Moments for Isotropic Initial
Conditions

Provided the initial condition is isotropic, the number of non-zero moments and
eigenvalues that can potentially contribute in Fig. 8 is given by
O min(0,l1+l3)
iso(0) = Z Z Z 1

1=013=0 L=|l;—ls]
even

1 3 1.,
(§+§O+ZO)(2+O) even O,
(E.1)

3.3 1.,

because only multi-indices K with even [l and vanishing M can be reached, accord-
ing to Eqgs. (4.22) and (4.23). For the special case of x = 0 this number is further
reduced to

o
[°0)=>Y 1=140 (E.2)
l1:O
and for the special case of h = 0 one has

O O min(O,l1+l12)

BP0)=> % > 1

1i=012=0 L=|l;—ls]
even even

1 1. 1.,
(§+ZO+§O)(2+O) even O,

11 1,

Table 1. Number of non-zero moments for the Oth order
expansion, including b33, according to Egs. (3.6), (12.1), (1.3),

(12.2) and (52.4).

o 1(0) Liso(0) 1:50(0)  I1=%00) 1M=°(0)
1 11 2 2 1 5
2 51 9 3 6 15
3 156 15 4 7 34
4 375 36 5 21 65
5 771 51 6 24 111
6 1421 94 7 52 175
7 2416 122 8 58 260
8 3861 195 9 105 369
9 5875 240 10 115 505

10 8591 351 11 186 671

20 113,631 2376 21 1221 4641

50 3,947,451 33,501 51 16,926 66,351
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These numbers are small compared with the total number I(O) given by (3.6).
For large O, Iis,(0)/I(0) = 3071/7. As the number of available moments with
M =0is
piio( O O min(0,L1i+l2) o 102 o
1=(1+0+ ¢ 14 0), E.4
basically half of the set of moments with M = 0 is non-zero for isotropic initial
conditions. Explicit values for the various amounts are provided in Table 1. The
sums have been evaluated analytically by equating a polynomial in O with unknown
coefficients to exactly enumerated numbers.

Appendix F. Low-Order Expansion Around Isotropic State

Consider isotropic initial conditions F(e,n) = (47)~2 at t = 0. Take into account

all moments blLljl\;f up to l; =1lp = L = |M| = O with O = 1, and set all remaining
ones to zero. In view of Eq. ( ), thls approximation applies for h < 1 and k = 0.
In accord with , there is just a single nontrivial equation of change. It
reads
o _ (78 + 70) (un + 47b1Y) (F.1)
10 4T TRTD ’ '
The solution of the whole system of equations is
blO (1 _e—t/TU)h
<e . ez> = % = 3 ) (F2)
byY
blO
n-e)=-"2=0. (F.4)

This set of equations correctly captures the lowest order Taylor expansion in h.
Including higher order moments, the system of equations quickly becomes very
lengthy. Proceeding numerically, the stationary value for h=1and O =1 (O = 2,
O = 3), is b1 = 1/3 (0.313029, 0.313008), to be compared with the exact value
0.313035. For h = 10, again for O =1 (O =2, O = 3, O = 4), the stationary value
is b1) = 10/3 (0.428494, 1.2216, 0.799939), to be compared with the exact value 0.9,
demonstrating again that the convergence behavior is poor for large values of h.

Consider now all moments up to l1,ls < 2, L = M = 0. In this case, one obtains
single-exponential relaxation

. 1 2
b?? =——11- = b117
™D 5

b9 %Ka 27”> b0 — \2/’{5} (F.5)
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For isotropic initial configuration, the solution is

b3S (t) = ﬁ {1 — exp (—(21%5“)’5)} (F.6)

If one takes into account the L = 1 terms in addition, 539 couples to b9 and
and the resulting system cannot be solved analytically anymore. For the number of
non-zero moments up to order O for isotropic initial conditions see

10
blO

Appendix G. Modified Egg Model

As mentioned above, Weizenecker?? proposed a somewhat different model compared
to the egg model of Shliomis and Stepanov. Here, we briefly discuss the correspond-
ing changes in our treatment, if one were to use this model instead.

Assuming again that Larmor precession can be neglected, the difference between
the models boils down to the use of the rotational operator L, instead of L in
Egs. (2.3) and (4.7). Since bipolar harmonics are also eigenfunctions of L, see
Eq. (1.8), we find that £2(8U) = —6u, Y5y to be compared to (4.9). Collecting the
resulting terms, we find that Eq. (4.12) are replaced with

b = —ibK
™

(1 1 1 K’
4TBZbK [(1 +1) = lo(la + 1) PR

ZbK/ (11, + 1) = Io(l2 + 1) — 6] QK

47’}3

u ’
é;bw (G +1) =l +1) = 2]Pg

=S bl )~ + 1) - 6] of (1)
K/

with the relaxation times 7,

-1

W [12(12 + 1) n ll(ll + 1) (GQ)

K = 27’]3 27‘D
In full analogy with Eq. ( ), we can write ( ) asb=—AW.b+dW with
AV = CBh + C CDh + C + (M), (G.3)

where 7V is a diagonal matrix with diagonal components given by 7\, cf. Eq. (G.2).

The inhomogeneity is given by

h 9
aw y o

= —0p 10 —— 500 G.4
K \/gTD K15 \/57.0 K52 ( )
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and thus identical with ( ) upon exchanging 7y and mp. All the constant matrices
appearing in ((:.3) that are sufficient to write down AW are provided as part of
our supplementary data up to O = 10 ( ).

For the equations of change of the two particular moments b}J and b33 one
obtains for Weizenecker’s modified egg model

. h 2K 3 1 h
blO — _ b20 _ \/jb10 + blO _ _bIO 4 , G.5
10 \/ETD 20 5 \/gTD 2 12 32 ™ 10 \/gTD ( )

. 3 2K 8k h 3 2K
b9y = — (— - —> b9y — T \/jblo +035 | +—. (G.6
22 o T )2 7 om0 “T 512 T 032 N (G.6)
For a better comparison, the original equations of change for the egg model accord-
ing to (4.20) and (4.21) read

. h 2K 3 1 h
blO — _ b20 _ \/jblo + blO _ _bIO + , G.7
10 \/ETO 20 5 \/gTD 2 12 32 0 10 \/37_0 ( )

. 3 2K 8K h 3 2K
o0 — _ (_ - _> 99 — 39 — \/jbw + 039 ] + . (G8
22 ™ 7 ™ 22 7 \/57'[) 44 \/gTD 2 12 32 \/57'[) ( )

For the special case of h = k = 0, the relaxation of the magnetization is determined
by m» and 7y for the versions proposed in Refs. 29 and 23, respectively.

Appendix H. Supplementary Data and Code

As part of this contribution we provide all the constant matrices and vectors of
order O € {1,2,...,10} required to build the sparse matrix A and the vector d
for any chosen O, and for any set of model parameters via ( ) for the case of
the egg model, and via ((.3) for the case of the modified egg model. With A and
d at hand the time evolution of all moments is given by b=—-A-b+d and the
stationary moments are conveniently obtained via bg,; = A~! - d, while is not
actually necessary to invert matrix A. We have chosen to save all sparse matrices
using Matlab™’s binary format, other formats can be provided upon request from
authors.

To be specific, for a given O, with n = I(O) — 1, all n x n matrices and n-vectors
for the egg model are obtained via a single Matlab™

load(“load—order—(O.mat”) (H.1)

command. This command returns n X n sparse matrices CB, CD, CBh, CDh, CDk, n-
vectors dBh, dDh, dDk, as well as a matrix K with n rows and four columns. The four
columns [y, I3, L, M encode the multi-index K for each of the n moments. For any
choice of model parameters 15, T, up, Uk, the sparse n X n matrix A is constructed
via

A = Q(7B, T, Up, Uk ) upCBL/T8 + u,CDL/TH

+u,,CDk/p + CB/7p + CD/7p, (H.2)
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where the last two contributions encode 7!, and where uj and u, can also be
written in terms of h and &, cf. Eq. (4.2). Similarly, the vector d is constructed via

d = Q(rp, ™, Uh, Uy ) updBh/75 + updDh/Tp + u,dDk/Tp. (H.3)

This vector d has n components. The pth component corresponds to multi-index
K(u,:). The n stationary moments collected in vector byt are obtained via

bstat = A(7B, TD, Un, Ux)\A(TB, TD, Un, Uk ). (H.4)

Equations (I.1)—(1.4) constitute a complete code. If one prefers to have a function
that returns the component number p for given multi-index K = ﬁjl\f , one can do
the following:

mu = Q(l1,ls, L, M) £ind((l1==K(:, 1))
&(la==K(:,2))&e(L==K(:, 3)) & (M==K(:, 4))). (H.5)
The stationary moment (b%g)stat is then for example given by
bstat(mu(1,0,1,0)). (H.6)

If one is interested in the full inverse A~', one has to first convert the sparse
matrix into a full matrix via inv(full(A)). Eigenvalues are retrieved with the help
of eig(4).

There are tiny modifications for Weizenecker’s modified egg model
( ). Instead of load-order-O.mat one has to load load-order-O-W.mat.
And there are additional summands w,,CBk/7g in (I1.2) and w,dBk/7mg in (I1.3), in
accord with ((.3). Otherwise, codes are identical.
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