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Abstract

We obtain asymptotic formulae for the Steklov eigenval-
ues and eigenfunctions of curvilinear polygons in terms
of their side lengths and angles. These formulae are quite
precise: the errors tend to zero as the spectral param-
eter tends to infinity. The Steklov problem on planar
domains with corners is closely linked to the classical
sloshing and sloping beach problems in hydrodynam-
ics; as we show it is also related to quantum graphs.
Somewhat surprisingly, the arithmetic properties of the
angles of a curvilinear polygon have a significant effect
on the boundary behaviour of the Steklov eigenfunc-
tions. Our proofs are based on an explicit construction
of quasimodes. We use a variety of methods, including
ideas from spectral geometry, layer potential analysis,
and some new techniques tailored to our problem.
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1 | INTRODUCTION
1.1 | Preliminaries

Let Q C R? be a bounded connected planar domain with connected Lipschitz boundary €, and
let |0Q| denote its perimeter. Consider the Steklov eigenvalue problem

Au=0 inQ, S—Z =Au onodQ, (1.1)

with 4 being the spectral parameter, and g_u being the exterior normal derivative. The spectral
n

problem (1.1) may be understood in the sense of the normalised quadratic form

2
Ierad ¥l u € H(Q)
2 ’ :
el 50
Let
oM,
D, : H/2(3Q) - H2(8Q), Dof := a;:f
Q

denote the Dirichlet-to-Neumann map, where Hg, f stands for the harmonic extension of f to Q.
The spectrum of D, coincides with that of the Steklov problem. The spectrum is discrete,

0=1,(Q) < 1,(Q) < - <4,(Q) < .,

with the only limit point at +c0. The corresponding eigenfunctions u,, have the property that
their boundary traces u,, |3, form an orthogonal basis in L*(8Q). If the boundary dQ is piecewise
C!, the Steklov eigenvalues have the following asymptotics [1]:

Ay = % + o(m) as m — +oo. 1.2)

Moreover, if the boundary is smooth, then D, is a pseudodifferential operator of order one, and
the remainder estimate could be significantly improved [12, 45]:

— 2mrm —®
Aym = Aoy + O(M™%) = e +0(m™), m — +oo (1.3)

(see also [17] for the case of a disconnected 6Q).
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FIGURE 1 A curvilinear polygon

The asymptotic formula (1.3) immediately implies the following.

Proposition 1.1. Let Q; and Qy; be two smooth simply connected planar domains of the same
perimeter. Then

A (@) = 2,,(Qyp) = O(m™), 1.4)

For non-smooth domains such as polygons, formula (1.3) and Proposition 1.1 are no longer valid,
see, for example, [18, section 3]. Building upon the approach introduced in [33], in the present
paper we develop the techniques that allow to improve the asymptotic formula (1.2) significantly
when Q is a curvilinear polygon.

1.2 | Curvilinear polygons: Exceptional and special angles

To fix notation, let P = P(a, ) be a (simply connected) curvilinear polygon in R? with n ver-
ticesVy, ..., V,, numbered clock-wise, corresponding internal angles 0 < a; < 7 at V;, and smooth
sides I; of length ¢ joining V;_; and V;. Here, @ = (a;, ..., &) € I1", where

II :=(0,7),

¢ =(¢,..,¢,) € R, and we will use cyclic subscript identification n + 1 = 1. Our choice of ori-
entation ensures that an internal angle «; is measured from I; to I;, in the counter-clockwise
direction, as in Figure 1. The perimeter of P is [0P| = ¢ + -+ + £,.

In what follows we will have to distinguish the cases when some of the polygon’s angles belong
to the sets of exceptional and special angles.

Definition 1.2. Leta = Z, j € N. We say that the angle « is exceptional if j is even, and special if
Jj is odd, and denote the corresponding sets

82{%"{@1}’ Sz{zkil’kEN}'
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We call an exceptional angle o = % odd or even depending on whether k is odd or even,
respectively, and define its parity O(a) to be

O(a) : = cos <”—2> = (-1)k.
2a

Similarly, we call a special angle o =

2k7:- 1 odd or even depending on whether k is odd or even,
respectively, and define its parity O(x) to be

O(a) :=sin <”—2> = (=1Dk.
2a

Definition 1.3. A curvilinear polygon without any exceptional angles will be called a
non-exceptional polygon, otherwise it will be called an exceptional polygon.

1.3 | Main results

The main purpose of this paper is to describe sharp asymptotic behaviour as m — oo of the
Steklov eigenvalues 4,, of a curvilinear polygon P = P(a, ¢). More precisely, we show that the
Steklov spectrum can be approximated as m — oo by a sequence of quasi-eigenvalues o,,, which
are computable in terms of side lengths £ and angles a.

The quasi-eigenvalues o, can in fact be defined in several equivalent ways, each having its
own merit. Originally they are defined in Section 2 in terms of the so-called vertex and side
transfer matrices, in two different ways depending on the presence of exceptional angles. This
is done according to Definitions 2.3 and 2.6 in the non-exceptional case, and according to Defi-
nitions 2.10 and 2.13 in the exceptional case. This is the most natural definition arising from the
construction of corresponding quasimodes. Later, Theorems 2.16 and 2.17 state that the quasi-
eigenvalues can be found as roots of some explicit trigonometric polynomials which also depend
only upon the geometry of the curvilinear polygon. This approach is the most convenient com-
putationally. Theorem 2.24 states that o, can be viewed alternatively as the square roots of the
eigenvalues of a particular quantum graph Laplacian. Here the metric graph is cyclic and is mod-
elled on the boundary of P, while the matching conditions at the vertices are determined by the
angles. This interpretation allows us to relate to the well-developed theory of quantum graphs,
see [6] and references therein, and also [7, 26, 30]. It also leads to another one, variational, inter-
pretation of quasi-eigenvalues, see Remark 2.23, and allows us an easy proof of Theorem 2.16.
We note that in a different but somewhat reminiscent setting of a periodic problem involving
Dirichlet-to-Neumann type maps, a relation to a quantum graph problem was already observed
in [29], see also [28]. We emphasise, however, that we do not directly use the quantum graph
analogy in the construction of our quasimodes, see Remark 2.26. Finally, yet another equiv-
alent way to define the quasi-eigenvalues is presented in Subsections 5.6 and 5.7 in terms
of the lifts of the vertex and side transfer matrices acting on the universal cover C, of the
punctured plane, see Subsection 5.2. This definition is indispensable for the delicate analy-
sis required to establish the correct enumeration of quasi-eigenvalues and their monotonicity
properties.
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With the definitions of quasi-eigenvalues in place, our main result is the following.

Theorem 1.4. Let P = P(a,?) be a curvilinear polygon. Let {c,,} denote the sequence of quasi-
eigenvalues ordered increasingly with account of multiplicities. Then there exists €, > 0 such that for
any ¢ € (0, ¢y), the Steklov eigenvalues of P satisfy

Ap =0, +0(m™®) asm — co.
Remark1.5. We give an explicit formula for ¢, depending only on the angles of P, in Remark 4.21.
As an immediate consequence of Theorem 1.4, we obtain the following.

Corollary 1.6. Let Pi(a,?) and Py(a, ) be two curvilinear polygons with the same angles a and
the same side lengths €. Then

An(Pp) = 4,y (Pyy) = O(m™) asm — +oo.

We also describe the asymptotic behaviour of the Steklov eigenfunctions on the boundary. Up
to a small error, they are given by trigonometric functions of frequency o,, along each edge.

Theorem 1.7. Fix§ > 0. Then there exists C > 0 such that forallmwitho,,_ +8 < 0,, < 0pyq —
8, there exist constants Ay, j and bm, j such that for all j,

”(umllj)(sj) — Qp,j COS(UmSj) - bm,j Sin(o-msj)“Lz(Ij) <Cm™,

where s; is an arc length coordinate along I, and ¢ is as in Theorem 1.4.
Remark 1.8. The assumption on m is made only so that the theorem is easy to state, as it removes
the possibility of clustering of eigenvalues and quasi-eigenvalues. Theorem 4.31 is a more general
version, without this assumption.

Remark 1.9. The coefficients a,, ; and b,,, ; are related to each other by imposing matching con-
ditions at the vertices, and may be found explicitly in the same way as the quasi-eigenvalues. See
Subsection 4.2 for details.

1.4 | Examples

The following examples give the flavour of the main results; they are further discussed in more
detail and illustrated by numerics in Section 9.

Example 1.10 (Each angle is either special or exceptional). Let P(a, ¢) be a curvilinear n-gon
in which each angle is either special or exceptional in the sense of Definition 1.2. In this case,
we can use Theorem 1.4 together with Definitions 2.3 and 2.10 directly without the use of
trigonometric polynomials. We will distinguish two cases.



ASYMPTOTICS OF STEKLOV EIGENVALUES | 7

(a) Allangles are special, thatis aj = ﬁ kj e N, j =1,...,n.Inthis case, we have the quasi-
J
eigenvalues
2 n
0, =0,0,, =054 = % meN, if ij is even,
j=1
1.5)
1
27T<m - E) n
Oom—1 =0, = W, meN, if Zkl is odd.
j=1

(b) Suppose that there are K exceptional angles ocf =ag = 2k ,withk, eN,x=1,..,K,1<

E, < E, < -+ < Eg € n, and all the other angles are special. 'We assume the cychc enumera-
tion of exceptional angles Ex,; = E;. Let us denote also by L, the total length of the boundary
pieces between exceptional angles cx}f_1 and ocf .

Let

Koqq = {xe{l,...K} 1 0(af) £0(al_))},
be the set of indices x such that k,, — k,._; is odd, and let
Seven (= {x€{l,.. ., K} O(af) =0(al )}

odd

Then o = 0 is a quasi-eigenvalue of multlphclty
form the set

, and the positive quasi-eigenvalues o

U {f(m—%)lmeN} vl U {LimlmeN},

KEﬁeven x KEﬁodd x

with account of multiplicities.

Example 1.14 and Proposition 1.15 also show strikingly different asymptotic behaviour of

eigenfunctions in these two cases.

As an illustration, we consider the following two particular cases of right-angled triangles (see

also cases (a;) and (b,) in Example 1.12, and Example 1.14):

(T,) The isosceles right-angled triangle T, = P((3, 7, 5), (1, v/2,1)). All angles are exceptional,
two of them even, and one odd. There is a single quasi-eigenvalue at o = 0, a subsequence
of quasi-eigenvalues o = 7m, m € N of multiplicity two, and a subsequence of single quasi-
eigenvalues 0 = “=(m — l), m € N.

7
(T,) The right-angled triangle T, = 73((73r 76T 727) (1,2, v/3)). Two angles are odd exceptional and
one is odd special. There are two subsequences of single quasi-eigenvalues

T 1 T 1

o=—<m——) and o=—<m——), m € N.
3 2 V3 2

Remark 1.11. Note that even special angles do not affect the quasi-eigenvalues in both cases

considered in Example 1.10. In particular, in case (a) with all even special angles the quasi-
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eigenvalues o are the same as for a smooth domain with the same perimeter, compare with
(1.3). This remains true for any curvilinear polygon — a vertex with an even special angle
can be removed and the two adjacent sides treated as a single side without affecting the
quasi-eigenvalues.

Example 1.12 (Quasi-regular curvilinear polygon). Consider a quasi-regular curvilinear n-gon
P =P,(a,?), namely, a curvilinear polygon whose angles are all equal to o and all sides have
the same length 7. Its perimeter is obviously |0P| = n#. Then we have the following two cases
depending on whether « is exceptional.

(a) a ¢ &. Then we have the following proposition.

Proposition 1.13. Let P = P, (a, ) be a quasi-regular curvilinear n-gon with a non-exceptional
angle a. Then the set of quasi-eigenvalues o is given by

2
+ arccos (sin <”—) cos (27‘[_q>> +27m
2a n

4

,meNU{O},q=0,1,...,[%] N [0, +00)

(understood as a set of unique values without multiplicities). All the quasi-eigenvalues should be
taken with multiplicity two, except in the following cases when they are single.

(i) aisnot special and q = 0.
(i) «a is not special, n is even, and q = g
(iii) « is even special, ¢ = 0, and m = 0, which corresponds to the quasi-eigenvalue 0.
(iv) ais odd special, n is even, g = %, and m = 0, which corresponds to the quasi-eigenvalue 0.

The proof of Proposition 1.13 is presented in Section 9.
(b) a € £. This case is already covered by Example 1.10(b) with K = K., = n: all the quasi-

eigenvalues have multiplicity n and are given by

CO0pm-1)+1 = £ Opm-1)42 = = = E0pyy = n(m - —>’ m € N.

The following particular cases are illustrative.

(a;) Py(a,1), a one-gon (a droplet) with the angle « and perimeter one. Then the set of quasi-
eigenvalues is

{i<z _ 77_2) +2mm,m € NU{O}} N [0, +o0).
2 2a

The same formula works also in the case o € £.
(a3) 7)3(§, 1), the equilateral triangle of side one (this case is also covered by Example 1.10(a) as
all angles are odd special). Then

_ _@m-Dr
O2m-1 = 92m = 3 m e N.
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(by) 73'4(%, 1), the square of side one (this case is also covered by Example 1.10(b) as all angles are
even exceptional). Then

1
O4m—3 = Oam—2 = O4m—1 = O4m = (m - 5)77, m e N.

(as) PS(%”, 1), the regular pentagon of side one. Then there are four subsequences of quasi-
eigenvalues of multiplicity two,

o = —arccos (i\/gg_l> + 27rm, meN,
g = arccos <#> +27m, m € N U {0},

and two subsequences of quasi-eigenvalues of multiplicity one,

o :—§+27rm, m e N,

o :§+27rm, m € NU {0}.

The case (b,) agrees with the results of [18, section 3] obtained by separation of variables.

Example 1.14 (Eigenfunction behaviour). The cases of all-special and all-exceptional angles
also illustrate the dependence of the boundary behaviour of eigenfunctions on the arithmetic
properties of the angles, via the following:

Proposition 1.15. Let P be a curvilinear polygon.

(a) Ifall angles are special, then the boundary eigenfunctions u,, | 3p are equidistributed in the sense
that for any arc I C 9P, not necessarily a side,

|7 I
lim @ M
m=oo ||yl 2py 9P|

(b) If all angles are exceptional, then the boundary traces of eigenfunctions, u,,|;p, are not
equidistributed in the following sense. Pick § > 0. Then for all m with

Op1+0<0,<0,1—0, (1.6)
there exists an edge Iy, such that
st llL26P\1ysmy) = o(m™*),
with an implied constant in the right-hand side depending upon 6.
For the proof of Proposition 1.15, see the end of Subsection 4.7.
Remark 1.16. There are other versions of Proposition 1.15(b) if some (at least two) but not all

angles are exceptional. To state these versions, we would need to use the language of exceptional
components in Subsection 2.3, see, for example, Theorem 4.31 and Corollary 4.32.
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FIGURE 2 Boundary traces of u;g and u,, for the equilateral triangle

Remark 1.17. If all angles are exceptional and all lengths are pairwise incommensurable, then it
is easy to show that the proportion of quasi-eigenvalues o,, which do not satisfy the hypothesis of
(b) tends to zero as § — 0.

Remark 1.18. Condition (1.6) is essential in Proposition 1.15(b). Indeed, let P be a two-gon with
two exceptional angles, and suppose that P is symmetric with respect to the line V,V,. Then
each eigenfunction is either symmetric or anti-symmetric with respect to this line and therefore
cannot concentrate on one side. This happens because each quasi-eigenvalue o # 0 has in this case
multiplicity two. The boundary behaviour of eigenfunctions of the right-angled isosceles triangle
T,, shown below, gives another example demonstrating this phenomenon.

We illustrate Proposition 1.15 by showing, in Figures 2 and 3, the numerically computed bound-
ary traces u,, |p for the equilateral triangle P; from Example 1.12(a;) (all angles are special) and for
the right-angled isosceles triangle T, from Example 1.10 (all angles are exceptional); see Subsec-
tion 9.1 for details of the numerical procedure. In both cases, we plot two eigenfunctions u;g and
U, 9. For the equilateral triangle, these eigenfunctions correspond to the eigenvalues 1,3 ~ 17.8023
and 4,9 = 19.8968, which in turn correspond to the quasi-eigenvalues o3 = ”T” and 0y = 197”
(both of which are in fact double, 0,; = 0,4 and 0,9 = 7). For the right-angled isosceles trian-
gle, these eigenfunctions correspond to the eigenvalues 4,3 ~ 15.708 and 4,4 &~ 16.6608, which
in turn correspond to the quasi-eigenvalues 0,4 = 57 (which is in fact double, o,; = 0,5) and
O19 = ;L\/HE (which is single).

It is easily seen that in the case of the equilateral triangle the eigenfunctions are more or less
equally distributed on all sides, whereas in the exceptional case in Figure 3 the eigenfunction
u,g is mostly concentrated on the union of two sides (and not on one side, cf. Remark 1.18 and
Corollary 4.32; note that the corresponding quasi-eigenvalue is double), and the eigenfunction
U9 is mostly concentrated on the hypothenuse.

1.5 | Plan of the paper and further directions

We begin in Section 2 by defining and studying the sequence {o,,} of quasi-eigenvalues which
appears in Theorem 1.4. The quasi-eigenvalues and, importantly, their multiplicities are originally
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U18 u19

FIGURE 3 Boundary traces of u;g and u,, for the right-angled isosceles triangle

defined in terms of a combination of vertex transfer matrices A(a ;) and side transfer matrices B(¢;),
which play a central role throughout the paper; see Definitions 2.3, 2.6, 2.10, and 2.13. We then give
two alternative characterisations of this sequence. On one hand, the quasi-eigenvalues coincide
with the roots of certain trigonometric polynomials, see Theorems 2.16 and 2.17. On the other
hand, the sequence of quasi-eigenvalues is also the spectrum of a particular eigenvalue prob-
lem on the boundary of our polygon, viewed as a quantum graph, see Theorem 2.24. Section 2
also includes statements of the results on Riesz means and the heat trace, see Theorem 2.31 and
Corollary 2.32, as well as a discussion of quasi-eigenvalues of auxiliary zigzag domains.

The rest of the paper principally includes the proofs of the main results.

In Section 3, we recall from [33] the construction of the Peters solutions [40] of sloping beach
problems (that is, mixed Robin-Neumann and Robin-Dirichlet problems) in an infinite sector.
These solutions are then combined, via symmetry, to give so called scattering Peters solutions of
a pure Robin problem, see Theorem 3.1. This naturally gives rise to the previously defined vertex
transfer matrices A(@).

Section 4 describes the quasimode construction, and finally makes apparent the reasons for
our definitions of quasi-eigenvalues {c,,}. We construct approximate Steklov eigenfunctions on
a curvilinear polygon, first in the straight boundary case, then in the partially curvilinear case
(with boundary straight in a neighbourhood of each corner), and finally in the fully curvilinear
case. The arguments use the Peters solutions of Section 3 as building blocks. We conclude by
proving that near each sufficiently large quasi-eigenvalue o,, there exists a distinct Steklov eigen-
value 4; , see Theorem 4.1, and by stating and proving Theorem 4.31 on the boundary behaviour
of eigenfunctions.

In Section 5, we address the delicate issue of enumeration of quasi-eigenvalues, namely, by prov-
ing that we may take i,, = m. Note that this does not follow from quantum graph or any previously
discussed techniques (see also Remark 2.26), and requires development of a new machinery. In
Section 5, we concentrate on the case of partially curvilinear polygons and prove that for such
polygons |o,,, — 4,,] = o(1). A key element of the proof is the lifting of vectors and matrices onto
the universal cover C, of the punctured complex plane and a construction based on the change
of argument on C,. The proof proceeds via a gluing construction: we cut our polygon through its
side into a union of zigzag domains, establish correct enumeration for each of those by compari-
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son with eigenvalue asymptotics for the Steklov-Dirichlet and Steklov-Neumann problems [33],
see Definition 5.5 and Proposition 5.10, and then glue zigzag domains together via the Dirichlet-
Neumann bracketing. Note that cutting a polygon through the vertices rather than through the
sides may appear more natural. However, comparing the contribution from corners to the eigen-
value asymptotics for mixed Steklov-Dirichlet and Steklov-Neumann problems, one can see that
the bracketing in that case does not yield accurate enough estimates.

Sections 6 and 7 explore various consequences of the alternative characterisations of {o,,}. In
the former, we prove Theorem 2.17 by explicitly writing down the trigonometric polynomials
whose roots are 0,,. In the latter, we establish the quantum graph analogy, and use it to prove
Theorem 2.16, as well as the results on the Riesz means.

In Section 8, we extend our results to fully curvilinear polygons. This is done by taking
advantage of the well-known relationship between the Dirichlet-to-Neumann operator and layer
potentials. A careful analysis of the kernels of single- and double-layer potential operators on
curvilinear polygons, inspired by the work of Costabel [9], allows us to show that a small change
in the boundary curvature and its derivatives induces only a small change in the Steklov spectrum.
From there, we use a deformation argument to complete the proof.

Finally, Section 9 includes some numerical calculations of the Steklov spectrum in specific
examples, which provide an illustration of our results and suggest further avenues for exploration.

We want to emphasise that the most crucial and novel points of this paper are the construction
of the scattering Peters solutions in Section 3, and the enumeration argument of Section 5 based on
step-by-step comparison between zigzag problems and the sloshing problem of [33]. Subsections
4.3-4.8 and Section 8 include mostly fine-tuned technical details and may be omitted in the first
reading.

Remark 1.19. The present article is the second in a series of papers concerned with the study
of Steklov-type eigenvalue problems on planar domains with corners. Our preceding work [33]
focused on spectral asymptotics for the sloshing problem. As was mentioned above, the methods
and results of [33] have been instrumental for a number of arguments used in this article.

In a separate publication [27], written jointly with S. Krymski, we apply the results of the present
article to the study of the inverse spectral problem for curvilinear polygons. In particular, we show
there that, generically, the side lengths of a curvilinear polygon and some information about its
angles can be reconstructed from its Steklov spectrum.

Remark 1.20. The results and most of the methods of this paper are specifically two-dimensional.
For some related recent advances in higher dimensions, see [16, 23].

2 | QUASI-EIGENVALUES: DEFINITIONS AND FURTHER
STATEMENTS

2.1 | Vertex and side transfer matrices

Given an angle «a, set

Hy i= —. 2.1
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Fora & &, set

= = —2 ( = cot = cot —2 2.2
a,(x) .= cosec cosec s a,(ax) :=co co s .
1 ( ) Mo 2 2 ) Mo 2 ( )

and consider the matrix

2

T . 2

M) = (al(oc) —iaz(oc)> _ cosec 5 —1cot£ 23
(@)  ay(@) icot”—2 cosec i

2a 20

For the reasons that will be explained later, the matrix A(«) is called a vertex transfer matrix at the
corner with angle a.

Remark 2.1. Note that

(a) for exceptional angles a € &, the vertex transfer matrix is not defined since its entries blow
up;

(b) for a non-exceptional a & &, detA(a) = 1, A*(a) = A(«), and (A(a))~! = A(a);

(c) for special angles a € S the vertex transfer matrix is equal to O(«) Id, see Definition 1.2;

(d) the eigenvalues of A(x) are

2

o _ — tan % — tan 7=
@) 1= a;(a) — ay(a) = tan > = tan v
24
Ny () 1= a () + a,(ax) = cot . cot7T—2 = ;,
2 4da  n(a)
and the corresponding eigenvectors do not depend on «, see Remark 2.9.
Given a side of length #, define the side transfer matrix
._ (exp(io) 0
B(Z,0) := ( 0 exp(=ifc) )’ 2.5)

where o is a real parameter.

Remark 2.2. Similarly to Remark 2.1(b), we have, for any # > 0 and ¢ € R, detB(#,0) = 1, and
(B(#,0))~" =B(¢,0).

Set

cosec (% ) exp(ifc) —icot (7;—2 ) exp(—ifo)

Cla,?,0) := Aa)B(?,0) = (2.6)

voQ

icot (g) exp(ifo)  cosec (Z—) exp(—iZo)

a
Given a non-exceptional polygon P(a, ¥), we construct the matrix

TN(a,?,0) :=C(a,,?,,0)C(a,_1,C_1,0) --- Clay, €1, 0). 2.7
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2.2 | Quasi-eigenvalues, non-exceptional polygons

Definition 2.3. Let P = P(a, #) be a non-exceptional curvilinear polygon. A non-negative num-
ber o is called a quasi-eigenvalue of the Steklov problem on P if the matrix T(e, Z,0) has an
eigenvalue 1.

Remark 2.4. We note that although the matrix T(a,?,0) depends upon our choice of an
enumeration of polygon vertices, it is easily checked that the definition of quasi-eigenvalues
is invariant.

The following result immediately follows from Remarks 2.1(b) and 2.2, and Equation (2.7).

Lemma 2.5.
(a) The matrixT = T(a, €, o) has eigenvalue 1 if and only if

TrT = 2. (2.8)
(b) The eigenvalue 1 of T always has algebraic multiplicity two. It has geometric multiplicity two if

and only if T = Id.
(c) The corresponding eigenvector(s) may be chosen from

e, = { (g) ceC}.

Definition 2.6. In the absence of exceptional angles, the multiplicity of a quasi-eigenvalue o > 0
is defined as the geometric multiplicity of the eigenvalue 1 of the matrix T(a,#,0). Ifc =0isa
quasi-eigenvalue, its multiplicity is defined to be one.

Remark 2.7. It follows immediately from Lemma 2.5 that a quasi-eigenvalue of a non-exceptional
curvilinear polygon has multiplicity at most two.

2.3 | Quasi-eigenvalues, exceptional polygons

For curvilinear polygons having exceptional angles, the definition of quasi-eigenvalues is more

involved. Let P be a curvilinear n-gon with K exceptional angles af = ap = S, ..,ap =
1
oy = ——, where 1 <K <n, and 1< E; <E, < -+ < Ex < n. Without loss of generality, we

K 2kg’
can take Ex = n and identify E, with Eg, and Ex,,; with E;. These exceptional angles split

the boundary of the polygon into K parts, which we will call exceptional (boundary) compo-
nents, each consisting of either one smooth side or more smooth sides joined at non-exceptional
angles.

Letn, = E, —E,_,, x = 1,...,K, denote the number of smooth boundary pieces between two
consecutive exceptional angles. Obviously, n, + n, + --- + ng = n. Re-label the full sequence of
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FIGURE 4 An example of re-labelling for a pentagon with two exceptional angles and therefore two
exceptional boundary components, one exceptional component (solid lines) consisting of two pieces, and the
other (dashed lines) consisting of three pieces

angles «y, ..., @, as

ey eY) ® _. &

Qp ey OOy g5 O =0

2) 2 @ _. ¢
Qs O Oty = 0L

(K-1) (K-1) (K-1) _. &
o s Oy s G 0= Ay
(K) (X) K) _. &
CTPTR ST e

The vertices of the polygon will be re-labelled in the same manner. We also re-label the full
sequence of side lengths ¢4, ..., Z,, (recall that the side I; of length £; joins the vertices V;_; and
V.)as

J

1 1 2 2 K K
OV, DD, D, e, LD,

so that the exceptional vertex V¢ has adjoint sides of lengths f,(i’? and fg"“), see Figure 4 for
an example.
Denote also, forx =1, ..., K,

o™ = (ao«) ® )

1277 n—1

a® = (ocg"),...,oc(") 068),

b
n,—1 "x

_(p0 0 0
£0) = (49,68 60).
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We will be denoting an exceptional boundary component joining exceptional vertices Vf_l and
VE by Y, = V(a,2).
Set

U(a,oo,t,(x)’g)=B<55$’G)A(a<x> )B(foo U) A<a§K>)B<4x>,g). (2.9)

n,—1 n,—1’

By (2.7) and (2.6),
U(a®,e%,0) :=B(c,0)T(a @, 2", 0), (210)

1) _ o () (%)
where "7 = (fl ,...,fnx_l).
Set also

e—iﬂ'/4

1 1 eim/4
Xeven = % el /4 ) v Xoad = % <e—i7r/4) ’ (2.11)

and, for an exceptional angle a € &,

) Xeyen 1O(@) =1,
X(a) := {Xodd O — 1. (212)

Remark 2.8. We note that

Xeven = Xodds and Xeven " Xodd = 0, (2.13)
and we therefore set

X ifO(a)=1
L._ T LoN o 1) Xodd ,
Xeven = Xodds Xodd += Xeven: X (@) 1= X(@)” = {X if O(a) = -1. 214)

even

In (2.13), and throughout this paper, the dot product in C? is understood in the usual sense:

). U1 = Uy + U,V
11 252
Uy o)

Remark 2.9. 1t is easily checked that X 4q and X.,., are eigenvectors of the matrix A(x)
corresponding to the eigenvalues 7, () and 7,(«), respectively, for any o ¢ £.

Definition 2.10. Let 7 be a curvilinear polygon with exceptional angles oy, = 51—, ..., a5, = 5=
1 K
as defined above. We say that o > 0 is a quasi-eigenvalue of P if there exists 1 < k¥ < K, such that

o is a solution of the equation

U(a’(K),f("),a)X<ocEK_l) -X(ocEK> = 0. (2.15)
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Remark 2.11. Condition (2.15) can be equivalently restated as
U(a’(K), £ a)X(ocEK_] ) is proportional to x+t <ocEK ) (2.16)

Definition 2.12. We will call an exceptional boundary component Y, which joins two exceptional
anglesap  and ay_an even exceptional component if the parities O(arp_| ) and O(ag, ) are equal,
and an odd exceptional component if these parities differ.

Definition 2.13. In the presence of exceptional angles, the multiplicity of a quasi-eigenvalue o > 0
is defined as the number of distinct values x for which ¢ is a solution of (2.15). The multiplicity
of quasi-eigenvalue o = 0 is defined as half the number of sign changes in the cyclic sequence of
exceptional angle parities O(ag, ), ..., O(ag, ), O(ag, ), or equivalently as half the number of odd
exceptional boundary components (see Definition 2.12) joining the exceptional vertices.

Remark 2.14. 1t is easy to see that the definition of multiplicity of a quasi-eigenvalue o = 0 in the
exceptional case is consistent — it always produces an integer as there is always an even number
of odd exceptional boundary components.

Remark 2.15. Let us compare Definitions 2.3 and 2.10. In the former, the quasi-eigenvalues are
defined in the terms of the whole boundary 0P. In the latter, the exceptional angles split the bound-
ary into a number of exceptional boundary components, each producing its own independent
sequence of quasi-eigenvalues.

2.4 | Quasi-eigenvalues as roots of trigonometric polynomials

We can re-formulate the quasi-eigenvalue equations (2.8) and (2.15) as the conditions that o
is a root of some explicit trigonometric polynomials. To define these polynomials, we need to
introduce some combinatorial notation. Let

3" = {=x1}",
and for a vector ¢ = (¢, ..., ¢,) € 3" with cyclic identification {,; = ¢;, let
Ch(0) 1= {j € {L.n} 15 # &0} 217)
denote the set of indices of sign change in ¢, for example,
Ch((1,1,1)) =@; Ch((-1,-1,1,1)) =1{2,4}.

Given a curvilinear polygon P(a,¢), we now define the following trigonometric polynomials
in real variable o firstly, we set

Foyen(@,2,0) 1= ) P, cos(? - {a), (2.18)
¢ed”
$i1=1
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where
2
pe =pela) 1= H cos () (2.19)
JjeCh() J
and we assume the convention [] = 1.
@
We further define
n 7[2
FP(a,t,0) := Feyen(a,€,0) — H sin <—> (2.20)
j=1 2,

which differs from (2.18) only in the constant term.
In either exceptional or non-exceptional case, we have the following theorem.

Theorem 2.16. Let P(a, €) be a curvilinear polygon. Then o > 0 is a quasi-eigenvalue if and only if
it is a root of the trigonometric polynomial F* (a, ¢, o). The multiplicity of a quasi-eigenvalue o > 0
coincides with its multiplicity as a root of (2.20), and the multiplicity of the quasi-eigenvalue o = 0
is halfits multiplicity as a root of (2.20).

The following result is more convenient for the actual computation of quasi-eigenvalues in the
exceptional case, and also simplifies the calculation of multiplicities.

Theorem 2.17.

(a) Let P(a, ) be a non-exceptional curvilinear polygon. Then a root o > 0 of (2.20) is a quasi-
eigenvalue of multiplicity two if additionally o is a root of

Foa(a,2,0) 1= ) psin( - {o), (2.21)
&

otherwise it has multiplicity one.
(b) Let P(e, ) be a curvilinear polygon with exceptional angles a, = %, s Op, = % Theno >
1 K
0 is a quasi-eigenvalue if and only if it is a root of one of the trigonometric polynomials

Feven/odd<a("),t’("),a), x=1,.,K, (2.22)

corresponding to an exceptional boundary component Y(a, ¢ (9). Here, Feven/oda Stands for
Foyen if the exceptional boundary component Y(a®, #®) is even (or equivalently if Oag, )=
O(chK ), and for F 44 if Y(a®, %) is odd (or equivalently if O(“E,H) = —(D(aEk ), cf.
Definition 2.12.

The multiplicity of o > 0 is equal to the number of trigonometric polynomials (2.22) for which
it is a root, and the multiplicity of o = 0 is equal to half the number of times F 44 is chosen in
(2.22).
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‘We prove Theorem 2.17 directly from the definitions of quasi-eigenvalues in Section 6; the proof
of Theorem 2.16, which uses the quantum graph analogy discussed below in Subsection 2.5, is
given in Subsection 7.2.

Remark 2.18. According to the definition, the quasi-eigenvalue o = 0 in the non-exceptional case
always has multiplicity one if present. Moreover, as will be seen from the proof of Theorem 2.24
in Subsection 7.1, o = 0 is a quasi-eigenvalue in the non-exceptional case if and only if

n 2 n 2
Htanf— = Hcotf— =1.
=1 %j i aj

Remark 2.19. In the exceptional case, the set of roots of equations (2.22) can be equivalently re-
written as a set of roots of a single trigonometric equation

I] Feven(@®@.2950)x [ Fosa(@®,£%;0) =0, (2.23)

KEReyen KERodd
where
Roga 1= {x €{l,....K} 1 O(a) = =O(a_,) },

Keven (= {x€{l,.. . K} : 0(af) =0(a_|) }.

x—1

The multiplicity of a positive quasi-eigenvalue is then equal to an algebraic multiplicity of it as a
#Rodd

root of (2.23), and the multiplicity of o = 0 is >

Since the multiplicities of quasi-eigenvalues are finite, Theorem 2.16 immediately implies the
following.

Proposition 2.20. The quasi-eigenvalues of a curvilinear polygon form a discrete set with the
accumulation points only at +co.

Indeed, (2.20) is an analytic functions of a real variable o, and zeros of analytic functions are
isolated.

Remark 2.21. Itis easily seen that the real roots o of (2.20) are symmetric with respect to o = 0, and
therefore the algebraic multiplicity of o = 0 is always even. This, in principle, would also allow us
to consider all real quasi-eigenvalues in both non-exceptional and exceptional cases, and not just
the non-negative ones as in Definitions 2.3 and 2.10, cf. also Remark 2.40. Such an approach will
be sometimes advantageous, and we will make clear when we use it.

2.5 | An eigenvalue problem on a quantum graph

Consider the boundary of the polygon P(a,?#) as a cyclic metric graph G(#) with n vertices
Vis..,V,andnedgesI; (joining V;_, and V;, with V identified with V, ) of length ¢}, j = 1, ..., n.
Let s be the arc-length parameter on G(#) starting at V; and going in the clockwise direction, see
Figure 5.
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FIGURE 5 A quantum graph

Consider the spectral problem for a quantum graph Laplacian on G (see [6], and references
therein),

d? f
T ds?z

2
Sln< )f|v+0 <4ﬂ7,>f|vj—o’
j
2
COS<47; >f|v+0—51n< >f|v —0-

Hereinafter at each vertex V' s j=1,..,n, gle—O and gle +o denote the limiting values of a quan-

=vf,

with matching conditions

(2.24)

tity g(s) as s approaches the vertex V; from the left and from the right, respectively, in the direction
of s.

Remark 2.22. For a j ¢ &, we can re-write the matching conditions as

f|V+O_COt<4 >f|v —0»
(2.25)

f|V+O_tan< >f|v —o-
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For a; € &, the matching conditions are given by

flvico=f"lv,40=0 if O(a)) =1, (226)
f|vj+0 = f’|vj—o =0 if Oa)) = —1.
‘We will denote the operator f — —% subject to matching conditions (2.24) by A. It is easy to

check that A is self-adjoint and non-negative. Therefore, its spectrum is given by a sequence of
non-negative real eigenvalues

0Ky <Y<y, </ 400,
listed with the account of multiplicities.

Remark 2.23. The eigenvalues v,, also satisfy a standard variational principle: if

n 2 2
Dom(Qg) := {f € ]ez?Hl(Ij) : sin <4%j>f|vj+o = cos <4%j>f|vj—o}

denotes the domain of the quadratic form

1= Y [ Grerds
j=171;
of Ag, then

. Qqlf1
VY, = inf sup
ScDom(Qg)

dims=n’ % [, (F5)? ds
]:

It turns out the eigenvalues v,,, are precisely the squares of the quasi-eigenvalues of the Steklov
problem on the polygon P(a, ) as defined by Definitions 2.3 and 2.10.

Theorem 2.24. Let 5,,, m > 1, be the Steklov quasi-eigenvalues of a curvilinear polygon P(e, €),
and let v,,, m > 1, be the eigenvalues of Ag, in both cases ordered non-decreasingly with account of
multiplicities. Then ofn =v, forallm > 1.

Remark 2.25. Theorem 2.16 will be derived from Theorem 2.24: we will demonstrate in Subsection
7.2 that the quantum graph eigenvalues v = v, are the roots of the graph secular equation (7.8),
which is equivalent to F” (&, £, 1/v) = 0.

Remark 2.26. We would like to emphasise that the eigenfunctions of A, are not the quasimodes
of the Dirichlet-to-Neumann map D,; moreover, they do not even belong to the domain of Dg,.
What rather happens is that each eigenfunction of D, carries enough information to construct
a corresponding proper Dirichlet-to-Neumann quasimode. Note also that we cannot deduce the
completeness of the set of eigenfunctions of D, corresponding to quasimodes directly from the
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completeness of the set of eigenfunctions of Ag. Indeed, while the eigenfunctions of D, could in
principle be viewed as perturbations of the eigenfunctions of A, the error is too big to guarantee
the completeness of the perturbed set via the standard Bary-Krein lemma [33, Lemma 4.8].

The proof of Theorem 2.24 is postponed until Section 2.5. It uses an alternative formulation of
the quantum graph problem which, although more complicated to state, is more closely related
to the Steklov problem. We consider the eigenvalue problem for the following Dirac-type operator

on G(?):
. d
@ - < % .(31 ) (2.27)
0 la

J1(s)
f2(s)

Figure 5. For a; ¢ £, we impose matching conditions at V; given by

acting on vector functions f(s) = < ); here s is the arc-length coordinate on G(#), see

where A(a j) is the vertex transfer matrix defined by (2.3). If « j € Eweset

f |V]__0 is proportional to X(« j)L
' (2.29)
f IVj +o is proportional to X(a;),

where X(a;) is defined by (2.12).
‘We have the following proposition.

Proposition 2.27. The operator D, with the domain consisting of vector-functions f(s) such that
their restrictions to the edge I ; arein (H I i ))? and they satisfy the matching conditions above, is self-
adjoint in (L*(G))?. Moreover, with multiplicity, its eigenvalues are the real solutions of equation (2.8)
(provided a; €& j=1,.., n), or of equation (2.15) if there exists aj €E.

Proposition 2.27 will be proved in Section 7. Along with Theorem 2.24, it shows that the squares
of the eigenvalues of D are precisely the eigenvalues v,, of our quantum graph Laplacian.

Remark 2.28. Note that in the case of a graph Dirac operator, we need to consider all solutions of
the characteristic equations, not just non-negative ones as in Definitions 2.3 and 2.10. Moreover, in
view of Remark 2.21 and Definitions 2.6 and 2.13, the spectrum of ® may be represented as {+0c,,},
with the same multiplicities as for quasi-eigenvalues of P if o,, > 0 and twice the multiplicity of
an eigenvalue o,,, = 0. In other words, the multiplicity of o2 in the spectrum of 2 coincides with
twice the multiplicity of o as a quasi-eigenvalue of P.

2.6 | Riesz mean and heat trace asymptotics

Let {s,,}, m = 1,2,..., be a non-decreasing sequence of nonnegative real numbers.
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Definition 2.29. The function N'({s,,,};z) := #{m € N|s,, < z} is called the counting function
for the sequence {s,,,}, and the function

R({8, 2) = Ry (sl 2) := /0 Nsahnde= Y 2 s,), (2.30)

m=1

is called the first Riesz mean (or simply the Riesz mean) of {s,,,}. Here z, = max(z,0).

The asymptotics of the Riesz mean often captures more refined features of the distribution of
the sequence {s, } than the asymptotics of the counting function. In particular, it is a standard tool
to study eigenvalue asymptotics, see, for instance, [21, 47].

Let Np(1) := N({4,,};4) and Rp(1) := R({1,,}; 1) be, respectively, the eigenvalue counting
function and the Riesz mean for the Steklov eigenvalues on a curvilinear polygon 7. We first prove
a basic Weyl law. Observe that due to Theorem 2.24, if N'({0,,,}; o) is the counting function for the
quasi-eigenvalues o,,, we have by [6, Lemma 3.7.4] that

7’I

N({on}l0) = —0a +0Q). (2.31)

This can be easily combined with Theorem 1.4 to yield the following Weyl law, which was proved
in [33, Corollary 1.11] but only for straight polygons.

Proposition 2.30. For any curvilinear polygon P with angles less than 7,

|a7>|

Np(d) = —21+0Q1) asd — +oo. (2.32)

As a consequence, one expects (see [47]) that

Rp(A) = —|/12 + ¢34 +0() (2.33)

for some constant coefficient c;.

Theorem 2.31. Let P be a curvilinear polygon with n sides of lengths ¢4, ...¢,. Let € € (0,g,) N
(0, ﬁ], with g, as in Theorem 1.4. Then the Riesz mean for the Steklov eigenvalues of P satisfies the
asymptotics

I37’|

Rp(A) = —22+0(A'%) asd — +c. (2.34)

In particular, the formula (2.33) holds with the coefficient ¢, = 0.
Theorem 2.31 immediately implies the following.

Corollary 2.32. The Steklov heat trace on a curvilinear polygon P satisfies an asymptotic formula

[c9)
Pl

2 e M = l—[l +0(t°) as t - 0*. (2.35)
T

k=1
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Indeed, this follows by a direct computation from a well-known relation between the heat trace
and the Riesz mean.

& 00
Z e M = t2/ R(Ay;z)e * dz.
k=1 0

Remark 2.33. It would be interesting to establish the existence of a complete asymptotic expansion
for the Steklov heat trace on a curvilinear polygon, similarly to the smooth case, see [41, Formula
(1.2.2)]. Formula (2.35) implies that the first heat invariant is zero, since the constant term on the
right-hand side of (2.35) vanishes. Note that the same result holds for smooth planar domains, see
[41, Remark 1.4.5]). The fact that the constant term in the Steklov heat trace is the same for poly-
gons and for smooth domains is somewhat surprising, as it is not the case for the heat invariants
arising from the boundary value problems for the Laplacian, see [35, 38].

Remark 2.34. In view of Theorem 2.24, one could also deduce the expansion (2.35) from the heat
asymptotics for the eigenvalues of a quantum graph [46] using the standard results relating the
heat traces of an operator and of its power via the zeta function (see [15, 20]).

2.7 | Zigzags

The notation and results of this section may seem rather esoteric. Although they are auxiliary,
they are absolutely essential for proving the main theorems of the paper.

Definition 2.35. Letn €N, ¢ = (¢,,...,£,) € R*,and a = (a3, ..., a,_;) € [I""L. A curvilinear
n piece zigzag Z = Z(a, ?) is a piecewise smooth continuous non-self-intersecting curve in R?
with vertices V, ..., V,, and smooth arcs I; of length £ joining V;_; and V;, j = 1, ..., n. The arcs
I j and ] j+1 meetat \% jatan angle o j (measured from I jto I 1 counterclockwise), j = 1,...,n — 1,
see Figure 6. The vertices V|, and V,, will be called the start and end points of Z, respectively (or
just end points if we do not need to distinguish them).

We will call a zigzag straight if its arcs Iy, ...,I,, are straight-line intervals, and partially
curvilinear if the arcs are straight in a neighbourhood of each vertex.

We will call a zigzag non-exceptional or exceptional if a € (I \ £)*~! or if there exists « i €
&, respectively.

Definition 2.36. Let Z be a zigzag. A Z-zigzag domain Q C R? (or just a zigzag domain) is an
open bounded simply connected set whose boundary dQ2 = Z U W, where a piecewise smooth

non-self-intersecting curve YW meets Z only at the start and end points of Z forming interior angles
Ve

PR

Let Q be a zigzag domain with boundary 0Q = Z U W. We consider in Q generalised mixed
Dirichlet-Neumann-sloshing eigenvalue problems of the type

ou ou

Au=0 inQ, — =Au on Z, u—=0 onWw, (2.36)
on on
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anl

FIGURE 6 A zigzag Z and a zigzag domain Q

The last condition is understood in the following sense: we represent W as a closure of a finite
union of non-intersecting open arcs, and impose either Dirichlet or Neumann condition on each
arc. We will write

Dqgz :ulzm ou subject to Au = 0in Q, ua—u =0on W (2.37)
’ on z on

for the corresponding (partial) Dirichlet-to-Neumann map on Z.

Each such generalised mixed Dirichlet-Neumann-sloshing problem has a discrete spectrum
of eigenvalues 1, < 4, < ... accumulating to +oo.

We will term (2.36) a Dirichlet-Dirichlet zigzag problem (or DD-zigzag for short) and refer to it
as (2.36)pp if the Dirichlet boundary condition is imposed on W in neighbourhoods of both start
and end points of Z, independently of the boundary conditions on the rest of W. Similarly, we
will term (2.36) a Neumann-Dirichlet zigzag problem (or ND-zigzag for short) and refer to it as
(2.36)yp if the Neumann boundary condition is imposed on W in a neighbourhood of the start
point of Z, and the Dirichlet boundary condition in a neighbourhood of the end point of Z. The
DN-zigzags and NN-zigzags are defined analogously. In general, we will write N2-zigzag, or Z(&82),
with X, 3 € {D, N}, and refer to (2.36) as (2.36)y4 to indicate the boundary conditions imposed on
W near the start and end point of Z&®Y),

Define the vectors
1 i
vie() pe (). a0

Note that the vectors N, D are orthogonal, and we will set N' := Dand D! := N. We will write
8, 2 to indicate any of the vectors N, D.
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FIGURE 7 Apath”l

Definition 2.37. Let Z = Z(«, ¢) be a non-exceptional zigzag. Let X, 2 € {D, N}. A real number
o is called a quasi-eigenvalue of the N21-zigzag Z if o is a solution of the equation

Ua,?,0)8 -2+ =0, (2.39)
where U is defined in (2.9).
Remark 2.38. Condition (2.39) can be equivalently restated as
U(a, €,0)N is proportional to 2, (2.40)
cf. Remark 2.11.

The enumeration of zigzag quasi-eigenvalues is much more delicate than in the Steklov prob-
lem, but with an appropriate choice of the so-called natural enumeration, see Section 5, we have
the following theorem.

Theorem 2.39. Let Z be a partially curvilinear zigzag with all non-exceptional angles «;, ..., «,,_1,
and let Q be any Z-zigzag domain. ForX, 2 € {D, N}, lemﬁ;‘”) denote the eigenvalues of (2.36 )y enu-
merated in increasing order with account of multiplicities, and let cﬁ,zf: ) denote the quasi-eigenvalues
of the N2-zigzag Z in the natural enumeration. Then

/15,?3) = oﬁ,‘f” +0(1) asm — oo.

Remark 2.40. There is a distinction between the quasi-eigenvalue Definitions 2.3 and 2.10 for
polygons and Definition 2.37 for zigzag domains — the former include only non-negative quasi-
eigenvalues, whereas the latter allow for all the real ones, cf. also Remark 2.21. This is not
an oversight but a deliberate choice, although a forced one. The reason for that is that the
natural enumeration for zigzag domains mentioned above sometimes takes into account some
negative quasi-eigenvalues.

An analog of Theorem 2.39 exists for exceptional zigzags, but we postpone the statement until
Section 5.

There is also a quantum graph analogy of Proposition 2.27 for an R2-zigzag problem. Let us
associate with a non-exceptional zigzag Z(R, ¢) a path L joining the vertex V, to the vertex V,,
through V,, ..., V,_;, see Figure 7. The length of each edge Ij joining Vj_l toV,,j=1,..,n,is
taken to be 7 s and let s be the coordinate on L.
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FIGURE 8 Sectors@,and &, ),
Consider the Dirac operator (2.27) on £ acting on vector functions f(s) with the matching
conditions (2.28) at internal vertices V1, ..., V,,_; and with the boundary conditions
fly, . - R-=f|, -2t =0. (2.41)
We have the following.
Proposition 2.41. The operator D on the path L, with the domain consisting of vector-functions £(s)
such that their restrictions to the edge I jarein (H'(I j ))? and they satisfy the matching and boundary

conditions above, is self-adjoint in (L*>(L))?. Moreover, with multiplicity, its eigenvalues are the real
solutions of equation (2.39).

The proof of Proposition 2.41 is almost identical to that of Proposition 2.27 and is omitted.

3 | AUXILIARY PROBLEMS IN A SECTOR: PETERS SOLUTIONS
3.1 | Plane wave solutions in a sector

Let (x,y) be Cartesian coordinates in R?, let z = x + iy € C, and let (p, 8) denote polar coordi-
nates so that z = pe'®. Consider the sector ©, ={—a <6 <0}, where 0 < a £ 7, and denote its
boundary components by I;, = {6 = —a}and I, = {6 = 0}. LetI = {0 = —a/2} denote its bisec-
tor. Let us additionally introduce the natural coordinate s on I;,, U I, so that s is zero at the vertex,
negative on I;, and positive on I, see Figure 8.
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Let, fort € R,

—it
e(t) 1= (een > 3.1

For any fixed vector h = (Z;) € C?, define the harmonic plane waves (which we will call outgoing
and incoming plane waves)

(z) :=e'(h-e(x)) =& (he* + hye ™), WP (2):= Oum(M (2)),

out a n,a

where h/ = (Zf) and M, : (p,0) — (p,a — 0) is the operator of reflection across the bisector I.
It is important to observe that

out a(z) =h-e(s), wh (Z) =h - e(s), 3.2)

m,x
and that W(})‘ut ,(2) and Wh (z) are bounded inside the sector.
Consider the Robin boundary value problem

o =® ondQ, (3.3)

AD=0 in©&, I

in the sector &, cf. [24, 25]. We are interested in solutions of (3.3) which approximately behave
as a combination of an incoming and an outgoing plane wave, that is, as

@(Z) = (hll"l hout)( ) out (Z) + Wl in (Z) + R m OU((Z) (3.4)

out a

with some vectors h, and h,,; € C?, where the remainder R = R;““’h‘)‘” (z) is decreasing, together

with its gradient, away from the corner, in the sense that
IR@)| + 1oV )R < Cp ™" (3.5)

for all z € @, with |z]| sufficiently large, with some constant r > 0 depending on the angle a, and
some constant C > 0 which may additionally depend on | h;,|| and ||h,]. In particular, we are
interested in sufficient conditions on h;,, and h, for the existence of a solution (3.4). The next
result, which is the main statement of this section, shows that these sufficient conditions differ
depending upon exceptionality of the angle «.

Throughout the rest of this section, let

W= e =2,
T
XN = Xaj2N = —(1 —u) = 1 a7 (3.6)
T, ?
XD = Xaj2p = —(1 +u) = 27 e

This notation is chosen to match [33].
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Theorem 3.1.

(a) Let o be non-exceptional, that is, a ¢ E. Then for anyvectorh;, € C2, there exists a vectorh,,, €
C? and a solution (3.4) of (3.3) satisfying (3.5) with r = Mo /2 and C = C,|h;, ||, where C, > 0'is
some constant depending only on a.

Moreover, in this case

hout = A(c{)hlrp (37)

where A(a) is the matrix defined in (2.3).
(b) If a = a is exceptional, a = % € &, k €N, then for any two vectors h;, and hg, € C?
additionally satisfying

h;, - X(a) = hg, - XL(O‘) =0 (3.8)
(with X(a) defined by (2.12), see also (2.11) and (2.14)), there exists a solution (3.4) of (3.3) again

satisfying (3.5) with r = u, ;, and C = Cy(|[hj, || + lIhyy ), where C, > 0 is some constant
depending only on a.

Remark 3.2. In both the non-exceptional and exceptional angle cases, we obtain the existence
of a solution @éh‘“’h"“‘) by fixing two out of the four components of the vectors h;, and h_. The

difference is that in the non-exceptional case we fix the two components of the same vector and
find the other vector from (3.7) (it does not in fact matter whether we fix either of the two vectors
as A(@) is invertible), whereas in the exceptional case we fix exactly one component of each of h;,
and h,;, and recover the other ones from (3.8).

Remark 3.3. Conditions (3.8) can be equivalently rewritten as

h;, € Span {X*(a)},  hgy € Span{X(a)}.

Remark 3.4. Note that our proof of Theorem 3.1 does not work for a > 7 for reasons explained in
[33, Remark 2.4].

3.2 | Sloping beach problems and Peters solutions

Consider, in the half sector &, /202 mixed Robin-Neumann problem

. o 0P
AP =0 S,/ — - =0, —| =0, 3.9
mn a/Z < ay > Iom an I ( )
and a similar mixed Robin-Dirichlet problem
AP =0 in®,),, <6£ - <I>> =0, ®|; =0, (3.10)
dy !

out
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These two problems, called the sloping beach problems and arising in hydrodynamics, have spe-
cial solutions, originally due to Peters [40] in the Neumann case, are written down, with some
improvements on the remainder terms, in [33, Theorem 2.1]. We now define two specific solutions
@,y and @, of the problem (3.3) in the full sector &, which we call the symmetric/anti-
symmetric Peters solutions in @, . To obtain @, v, we take the even (with respect to I') extension of
Peters sloping beach solution of (3.9). To obtain @, ;,, we take the odd (with respect to I') extension
of Peters sloping beach solution of (3.10).
The key properties of @, y and @, ;, now follow quickly from [33, Theorem 2.1].

Lemma 3.5. We have, for X € {N, D},

Sou Sin D
D n(2) = W (2) + Wm; (2) + R n(2),

out,a

with

1 —IXN -
Bout, N = 5 elaN > 8in,N = 8out,N>
(3.11)

1 (e 4D —
Sout,D = 5 elxp |’ 8in,p0 = —8out,D>

and the remainder terms R = Ea’N(z) satisfy (3.5) with some constants C > 0 depending only on «,
and withr = uin the case X = N and r = 2u in the case X = D.

Proof. We prove this for the Neumann solution and for —«/2 < 6 < 0. By [33, Theorem 2.1], the
Peters solution for (3.9) in &, is equal to

e’ cos(x — xy) + Ry(x,y),

where R = Ry, satisfies (3.5) with r = u. Converting the cosine term to a complex exponential, we
obtain, with account of (3.11),

—ixN elx + elxng—ix
2

e
e’ cos(x — yy) = ¢’ = e’ Boun - (%),

which is precisely Wf"“t (2). The other term, Wgm N (z), decays exponentially in the distance from
z to I;;,. In {—a < 6 < 0}, this distance is bounded below by a positive multiple of p, so this term
decays exponentially in p and may therefore be absorbed into the remainder.

The case where —a < 6 < —a /2 follows by symmetry, and the Dirichlet case is similar. O

3.3 | Proof of Theorem 3.1

Now we consider arbitrary linear combinations of the symmetric and anti-symmetric solutions.
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Proposition 3.6. Consider, for F = (gg) € C?, a linear combination ®(z) = Fy®, n(2) +
Fp®, p(z). Let

. 1 —ixn  e—ixp 1 eiXN _ei)(D
Gout(oc) = 5 < ixn elXp > ) Gin(O() = 5 <e_i)(N _e—i)(D> s

hout = Gout(a)F’ hin = Gin(a)F- (3.12)
Then we have
@(z) =W, "““"( )+W "%(2) + Ry p(2),

out,a n,x

where R = R, g satisfies (3.5) with r = wand C = C,||F|| with some constant C, depending only on
a.

Proof. Since W! and Wh are linear in h, the proof follows instantaneously from Lemma 3.5

out,a
and linear algebra. Note that 1n the remainder estimate we obtain the weaker, Neumann, exponent
for an arbitrary linear combination. O

We proceed to the proof of Theorem 3.1. At least in the case a ¢ £, we would like to start with
an arbitrary h,, € C? and apply Proposition 3.6 with

F= (Gin(a))_lhin’ h,, = Gout(a)(Gin(a))_lhin'

Indeed, this gives us everything we want, including the remainder estimate, as long as G;,(«) is
invertible. By a direct computation, we find

72
det G, () = det G () = = sm < o > .

Therefore, G, (o) and G;, () are invertible if and only if « is not exceptional. Observing that, again
by a direct calculation,

A(C{) = Gout(a)(Gin(a))_15
leads to (3.7).
Now suppose a € €. In this case, given h;,, and h,; satisfying (3.8), we want to find F such that

we have (3.12). We will use the following.

Lemma3.7. Leta = % € &. Consider G, () and Gy, () as linear mappings C* — C2. Then
Range G, (o) = Span¢ {X(a)}, Range G;,(a) = Spang {X*(a)}.
and

Ker G, () = Span¢ {K(a)}, Ker Gy, (a) = Span¢ {K*(a)},
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1
> <(_1)k+1> :

%l

_ 1 (1 \_1/(1 Loy 1 (1)L
K(cx).—\/z<0(a)> \/§<(—1)k>’ K (o) \/§<—(9(a)>

Proof of Lemma 3.7. We have in this case

i i 1 —1)k . . i(—1)k .
fonle) = e <i(—1)k T ) Gin(@) = &~/ 4eik/2 (1( N —(—11)k>,

and the statement follows by a direct computation and comparison with (2.12), (2.11) and

(2.14). O

By Lemma 3.7, the conditions (3.8) (or their equivalent form, see Remark 3.3), are the necessary
conditions for the solvability of (3.12). We can now assume h;, = hj, X*(a), h, = hy, X(a) with
some constants h;,, h,,; € C. Taking now

_ hin hout 1
F = @K@ X @ 7 @K@ X@ @

gives the desired result. Indeed, applying Lemma 3.7 again, we obtain
Gin(@F - X' () = by, =hy, - XM (@), Go(@)F - X(@) = gy = hyy - X(a),

and therefore (3.12).

We have now found a vector F with the desired properties, and moreover ||F|| < C,(||h;,|l +
|lhoyl) for some constant C,, depending only on «. Applying Proposition 3.6 with this vector F
completes the proof of Theorem 3.1.

Remark 3.8. Conditions (3.7) or (3.8) are not just sufficient but also necessary for the existence of
a solution (3.4) of (3.3), see [33, Remark 2.2].

Remark 3.9. The effects observed in Theorem 3.1 are similar to scattering. In fact, if we define

2 2
. T . T
1 — mn —
CoS oy S Y.
2 2 |’
. T . T
mn — 1 —
s 2a cos 2a

Sc(a) := (3.13)

then Sc(ar) can be thought of as the scattering matrix for the Peters solutions: in the sense of

Theorem 3.1, we have
hin 1 ) < h; 2
) =8c(a) |, ™).
<h0ut,2 hout,l

Then at exceptional angles the scattering is fully reflective and at special angles there is no
reflection at all. Therefore, we will from now on call the solutions (3.4) the scattering Peters
solutions.
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4 | CONSTRUCTION OF QUASIMODES
4.1 | General approach

The main purpose of this section is to prove the following theorem, which establishes that the
quasi-eigenvalues introduced in Definitions 2.3 and 2.10 are indeed approximate eigenvalues of
the Steklov problem (1.1).

Theorem 4.1. Let P be a curvilinear polygon, and let{c,,} be its sequence of quasi-eigenvalues. Then
there exists a non-decreasing sequence {i,, } and a sequence of positive real numbers {¢,,,} approaching
zero such that

lom — 4, | <& forall m.

We will prove Theorem 4.1 by constructing an appropriate sequence of quasimodes which we
first define in a very general setting.

Let P be a curvilinear polygon with all angles in IT. Suppose that 0P is decomposed in the union
dsP U dpP L dyNP, where each of 9P, 9P and JyP are unions of the boundary arcs (and thus
meet only at the vertices), with d¢P being non-empty.

Consider in P a mixed Steklov-Dirichlet-Neumann eigenvalue problem

Au=0 in?P, S—Z =Au ondgP, u=0 ondyP, S—Z =0 ondyP, (4.1)

and denote its eigenvalues and the corresponding eigenvectorsby 4,,, u,,,, wherem = 1,2, ..., and

lupllz26sm) = 1.

Remark 4.2. Zigzag problems (2.36) are just special cases of (4.1), and we can define the partial
Dirichlet-to-Neumann map D, 5 5 for (4.1) analogously to (2.37).

Definition 4.3. A sequence of functions {v,,,} C H*(P) with ||v,,,|| 12@3gp) = 1,1s called a sequence
of quasimodes corresponding to a monotonically converging to +oo sequence of quasi-eigenvalues
{o,,,} for the problem (4.1) if the three non-negative number sequences E%), j =1,2,3,defined by

. _ ‘ vy,
e’ ==L -0,V ,
m an m=m L2(557))
ov
2 . m
€ = ||l + ||v ,
m ‘ on L2y P lomllricap )
3) .
€ 1= (O + DIAU Il 20

all converge to zero as m — oo. Moreover, for §,, a given sequence converging to zero, we say {v,,,}
are quasimodes of order §,,, if there exists a constant C > 0 independent of m such that

D4 @4 O <5,
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The point of this definition is the following approximation result:

Theorem 4.4. Suppose that there exist sequences of quasi-eigenvalues {o,,} and quasimodes {v,,},
of order &,,, for the problem (4.1). Then there exist a sequence {i,,} of non-negative integers and a
sequence of functions {ui,,,} such that

|Um - /llm| < C5m and ”Um - ﬁm“LZ(asp) < C \/ 5"1’

with C > 0 a constant independent of m, and with each u,, being a linear combination of
eigenfunctions of (4.1) with eigenvalues in the interval [c,, — C+/6,,,0,, + C\/8,,].

Remark 4.5. Later on in Sections 5 and 8, we will prove, for Steklov curvilinear polygons and
zigzag domains, that i,, = m under an appropriate choice of enumeration.

Assuming that quasimodes have been constructed, Theorem 4.4 almost immediately implies
Theorem 4.1. The only detail that remains is to show that the sequence {i,,} may be chosen non-
decreasing. This can be done via the following manoeuvre: let

€, =supCd,

k=m

with C as in Theorem 4.4. Observe that ¢,, is now a decreasing sequence converging to zero. Now,
for each m, the interval (o, — €,,, 0,,, + €,,,) must include at least one 4;, and we redefine i,, by
letting i,, be the minimal index among such 4;. We claim that {i,,,}, defined in this way, is a non-
decreasing sequence. Indeed since {o,,} is increasing then o,,,_; — ¢,,,_; < 0,,, — €,,,. Therefore, the
interval (o, — €,,,0,,, + €,,) cannot include any 4; which both fails to be an element of (o,,,_; —
€m_1>Tm—1 + €n—1) and which is smaller than all 4, in the latter interval. Thus, i,,, > i,,_;, S0 {i,,}
is non-decreasing.

The proof of Theorem 4.1 has thus been reduced to the proof of Theorem 4.4 and the
construction of quasimodes for P satisfying Definition 4.3.

4.2 | Boundary quasimodes: Justification of quasi-eigenvalue
definitions

Before proceeding to the proof of Theorem 4.1, we give a semi-informal justification of the quasi-
eigenvalue Definitions 2.3 and 2.10, in the case of a purely Steklov polygon P = P(a, ) with 0P =
oyP = @.

We introduce on 9P near each vertex V; the local coordinate s; such thats; iszeroat V', negative
on the side I;, and positive on the side I;,. Note that on each side I; joining V;_; and V; we
have effectively two coordinates: the coordinate s; running from —¢; to 0, and the coordinate s;_,
running from 0 to 7 s related as

Let V; be the orientation-preserving isometry of the complex plane which maps the sector

V;_1V;V | into the sector @aj with the vertex at the origin. We will seek the quasimode waves

U,(2) of our problem (1.1).
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FIGURE 9 A straight polygon with local coordinates

We first consider the situation when all angles are non-exceptional. Near each vertex V', v,(z)
will be closely approximated by a specific scattering Peters solution constructed in Section 3.
Specifically we will have, for z in a neighbourhood of V,

UU(Z) — (I)S;j,inacj'out)(ovjz) + 0(1) as o — oo, (43)

where suitable values of the quasi-eigenvalues o and the coefficients ¢; i, C; o € C? are to be
determined. By Theorem 3.1(a), the vectors ¢; i, €; ,, should be related by

cj,out = A(C(J )cj,in (44)

to ensure the existence of the scattering Peters solutions. Note that these rescaled scattering Peters
solutions satisfy Steklov boundary conditions on the sides I; and I;,; with parameter o.
As a consequence of (3.2) and Theorem 3.1,

Uglso =¥ +0(1) asc— oo,
where
lII|Ij(sj) =: lI"j(Sj) =Cjin" e(o'sj), (4.5)
or, alternatively, using the coordinate s i1
lpj(sj—l) = cj—l,OU.t . e(O'Sj_l). (46)
If we want (4.5) and (4.6) to match, we must have, with account of (4.2),
cj,il’l b B(l/ﬂj, U)cj—l,out' (47)
We call (4.5), or equivalently the vector ¢; ;,, the boundary quasi-wave incoming into V; (from
V;_1) and (4.6), or equivalently the vector ¢;_; o, the boundary quasi-wave outgoing from V;_,

(towards V). In order for our scattering Peters solutions on I; to match, these must be related by
4.7).
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This formulation allows us to think of our problem as a transfer problem. Consider a boundary
quasi-wave b := ¢, ,,,; outgoing from the vertex V,, towards V. It arrives at the vertex V; as an
incoming quasi-wave ¢, ;;, = B(¢},0)b and, according to Section 3 and (4.3), leaves V; towards V,
as an outgoing quasi-wave

€1 out = Alay)ey iy = A(ay)B(Z4, 0)b.
It then arrives at V, as an incoming quasi-wave
C2in = B(¢3, 0)A(a;)B(Z,, )b,
and leaves V, towards V5 as an outgoing quasi-wave

Crout = A(az)B(fz, U)A(Oll)B(fl, o)b.

Continuing the process, we conclude that it arrives at V,, as an incoming quasi-wave

1

Coin =B(¢,,0) [] A@))B(;,0)b
j=n-1

and leaves V,, towards V; as an outgoing quasi-wave

1
Cpout = HA(OCj)B(fj,U)b.

j=n

This must match the original outgoing quasi-wave b, which imposes a quantisation condition on
o

T(a,?,0)b =),

thus justifying Definition 2.3.

Let us now deal with the situation when there are K exceptional angles ag ,...,ag, = a,.
We will seek the quasimodes again in the form (4.3). At an exceptional vertex VEK, x=1,..,K
the incoming and outgoing boundary quasi-waves must satisfy, according to Theorem 3.1, the
conditions (3.8), see also Remark 3.3, which take the form

Cg,in L Spanc {X(ocEK) } Cg_out € Spang {X(ocEK> } (4.8)

Noting that the transfer along each exceptional boundary component joining V;  and Vy; leads,
with account of re-labelling as in Section 2, to

¢ in = Ul ) pt0), 9)CE,_, outs

we arrive at (2.15), thus justifying Definition 2.10.

Although this justification was done in case of an exact polygon P, it also gives the correct
heuristics for a curvilinear polygon. The construction of quasimodes is more difficult, but as we
see in the next few sections, it can be done.
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To assist in this construction, we define some new notation. Observe that for each m € N, the
quantisation condition gives a quasi-eigenvalue o,,,, and also a corresponding collection of vectors
C;in and c; ,, (Which also depend on m) which satisfy the transfer conditions (4.7) along each side
and either (4.4) or (4.8) at each corner depending on whether or not the angle is exceptional. These
vectors¢; ;, and ¢, are the solutions of a system of linear equations, and if the multiplicity of o,
is one then they are determined up to an overall multiplicative constant. These define a boundary
quasi-wave.

Definition 4.6. For each m € N, let ¥™ be a boundary quasi-wave, defined by (4.5), associated
to the quasi-eigenvalue o,,, normalised so that (@) llp = 1. The restrictions to I; of each W™

are denoted by IPE.M).

Observe this definition may also be applied if the multiplicity of g, is greater than one, as then
the quasi-waves form a linear space of dimension greater than one. In this situation we simply
pick W™ to be any boundary quasi-wave which is in that space, is normalised, and is orthogonal
to all previous choices of boundary quasi-waves for the same quasi-eigenvalue.

Remark 4.7. We note that all the vectors ¢; ;, and ¢; ,,; may be chosen from Cgonj. In the non-
exceptional case, this is true for b := ¢, ,, by Lemma 2.5(c), and for the rest of the vectors by the
fact that matrices A(a) and B(¢) preserve Cgonj. The exceptional case is similar.

Remark 4.8. Using a similar scheme, we may also define quasi-frequencies o,, and boundary
quasi-waves W™ for the mixed problem (4.1). The quasi-waves W™ are supported on dgP U d5 P
and vanish on dpP. Suppose for the moment that d¢P is a single connected component, without
loss of generality beginning at vertex V; and ending at vertex V. We define ¥(" by specifying
collections ¢; ;, and ¢; ,, as before and then using (4.5). Along each side, we have the transfer
conditions (4.7), and at each non-end point vertex we have either (4.4) or (4.8) depending on
whether or not the angle is exceptional.

However, at the end point vertices V; and V, something different happens: our ¥ must
be chosen to match the appropriate Peters sloping beach solution, either Dirichlet or Neumann.
Note that these are sloping beach solutions in a sector &, rather than &, /,, so the terminology
in Lemma 3.5 needs to be adjusted. Specifically, we consider the vectors obtained by taking (3.11)
and replacing a with 2a throughout. These are

72

o T ]‘[2 e T
e G 5) e G+
8out,N,2a = N £ 8out,D,2a0 = o 2. (4.9)
¢G5 G5
with, as in (3.11),
8in,N,2a = 8out,N,2a> 8in,D,2a = ~8out,N,2a*

Now suppose that V| € 0yP and V;, € 6P, with 8,2 € {N, D}. We require

cl,out € SpanR(gout,N,Zoc)’ ck,in € SpanR(gin,‘J,Za)' (4'10)

Imposing the conditions (4.10), in addition to all the conditions previously discussed for the sides
and the non-end point vertices, leads to a quantisation condition for o, which yields a sequence of
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jin and € out-
used to define W™ as before. In the event that dsP consists of multiple connected components,

each component is treated separately and independently.

quasi-eigenvalues o,,, each with an accompanying collection of ¢ These may then be

4.3 | Proofof Theorem 4.4

Lemma 4.9. Let P be a curvilinear polygon with all angles in IT and the same conditions as before:
namely, that 0P = d4P LI 0P LI 0P, where each of 03P, dpP and dyP are the unions of the
boundary arcs (and thus meet only at the vertices), with 4P being non-empty.

Then the under-determined problem

Aw = f(2) on P,
2 = £ on dy P, (4.11)
w = f3(2) ondpP,

where f, € L*(P), f, € L>(OyP), and f, € H'(0pP), has a solution w(z) which satisfies the
following estimates on d¢P,

lwllgegry < Cllf 2y, (4.12)

ow

o < C(Ifsllzzgmy + I allzaymy + 13l ) (413)

where C are constants depending only on P, 0P, 0P, and dpP. In fact, the constant in (4.12)
depends only on the diameter of P.

L2(84P)

Proof. Throughout, we let C be various constants depending only on P, d¢P, oy P, and d,P. The
proof proceeds by first dealing with f;(z), then with f,(z) and f5(z).

Let B be a large disk compactly containing 7, and let fl (z) be the extension by zero of f,(z) to
a function on B. Then certainly ||f1 lL2(8) = Il f1ll2(p)- By the usual elliptic estimate for the solu-
tion of the Poisson problem on a disk with Dirichlet boundary conditions, there exists a function
w, (z) € H*(B) vanishing on the boundary B, with Aw,(z) = fl(z) and

lwi 128y < Cllf L2y

Now let G be any smooth non-self-intersecting arc in the interior of B. Let n; be a unit normal
vector field along G. Then let V be a vector field on B whose restriction to G is n; and which is
bounded in the sense that V : H%(B) — H'(B) is bounded. By the trace theorem,

< C<||w1||H3/2(B) + ||Vw1||H1/2(B)> < C(||w1||H2(B) + ”le”Hl(B))'

[lw, |l _0 .
w +
1lH1(G) an |2

Therefore, by the definition of Sobolev norms and the elliptic estimate above,

ow;
owy <C . 414
”“m”®+”wumm A (“14)
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We note that (4.14) still holds if G is a finite disjoint union of smooth non-self-intersecting
arcs Gy, ..., G;, and we interpret H'(G) as the direct sum H'(G;) @ --- ® H'(G;). This applies, in
particular, with G = d4P, 9P, and 0, P, so by combining all three estimates we certainly have

< Cllfillzap)- (4.15)
L2(0P)

1
w +[==
lw 1 a7) ” an

Now we would like to find a function w, on P satisfying

Aw, =0 on P,

5

—— =fu2) 1= fr(2) - ( ) ondyP, 416)
wz = f5(2) := f3(2) - wl(z) on o, P

w, =0 on d4P.

Assuming such a function exists, w = w; + w, solves (4.11) and w = w; on S, and we will see that
this w satisfies (4.12) and (4.13).

To construct w,, we can use the theory of boundary value problems on Lipschitz domains devel-
oped by Brown [8]. We have Dirichlet data on d,,P U d4P and Neumann datum on dy P, so our
assumption on vertex angles tells us that the angles between components with Dirichlet data and
components with Neumann data are less than 7. This is precisely what is needed for the estimates

n [8] to hold. Specifically, since d4P U d,P, the Dirichlet portion of the boundary, is nonempty,
the problem (4.16) has a unique solution [8, Theorem 2.1]. Moreover, by the same theorem and
the discussion after [8, formula (2.12)], we have the estimate

I ol U A Y T o

where V,,,, denotes a tangential derivative along dyP. Note that we have omitted the portion of
this estimate involving d4P because our Dirichlet datum on d¢P is trivial. Using the definition of
the H! norm, and restricting to 4P C 3P on the left-hand side, we obtain

dw, ||I*
” LZ(GSP) <”f4”L2(5 P) + ”fSHHl(a P)) (4.17)
This translates to
6w2 awl 2
<C\|\f2— = 13— w2 (4.18)
H L2(35P) < > on [2(3yP) 3 HWH16,7)

Removing the squares, using v/ a% + b2 < a + b, gives

” ow,

Jw,
C<||f2||L2(aNP) + ”W

2GgP) + 1 f3llme,p) + ||w1(z)||H1(aDp)>-

L*(OnP)
Applying (4.14) with G = 5P and G = 0, P gives

H ow,

poupy S M2l + 155y + 12z ) (419)
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Since w = w; on d¢P, (4.12) is instantaneous from (4.15). And (4.13) follows from w = w; + w,,
(4.15), and (4.19). This completes the proof of Lemma 4.9. O

Now we prove Theorem 4.4.

Proof of Theorem 4.4. The idea is to take a sequence of quasimodes, use Lemma 4.9 to correct them

to harmonic functions, then use some general linear algebra for the mixed Dirichlet-to-Neumann

operator developed in [33] to prove existence of nearby eigenvalues and eigenfunctions of (4.1).
So, let {v,,} be a sequence of quasimodes of order &,, for the problem (4.1), with the usual

assumptions on P. For each m we use Lemma 4.9 to produce a function w,, with Aw,, = —Av,,
onP, %wm = —%vm on dyP, and w,, = —v,, on dpP. As a result, the functions
U, 1=V + W,

are harmonic on P, satisfy Neumann boundary conditions on d, P, and satisfy Dirichlet boundary
conditions on 0, P. Therefore, if we let ¢, = U,,|5p, we have

o,
Dpospbm = 3,
By direct computation, on d4P,
00, dv Jw
Dp o pbm = Ombm = a—r’l” — 0P = <a—r'L" - amvm> + a—r:" — O Wy
Using the triangle inequality,

g

L
Pm_ o
an m=m

wm
IDps,pPm — Tm®Pmllr2agr) < + ”W”LZ(BSP) + oWyl 2254 7)-

L2(85P)

We can apply the estimates of Lemma 4.9 to bound the second and third terms on the right-hand
side. Using (4.13) and (4.12), respectively, along with the definition of w,,,, yields

v
m
on ~OmUm

IDp 5pm = TmPmllL2asp) <
L2(35P)

(4.20)

v,
+ C ”AUmHLZ(P) + n + ”Um”Hl(BDP)

L2(6nP)

+ CopllAvy, Iz p)-
But {v,,} are quasimodes of order §,,,. So, using the terminology of Definition 4.3, we have
1Dp 5pbm — Ombmllizagr) < € + c(si,? + sf,?) +ceP <o,
Since &,,, approaches zero as m — oo, we may apply [33, Theorem 4.1], which gives the existence of

sequences {i,,} and {1,,,}, with satisfying the eigenvalue bounds in Theorem 4.4. As we are applying
that theorem to ¢,, rather than to v,, directly, the obtained eigenfunction bound appears slightly
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ow
E = —ow 5
\>
m B

t

FIGURE 10 Boundary orthogonal coordinates for a curvilinear boundary

different from the one we want. We know

16 = Tl 25,7y < CV/op

We want to replace ¢, with v,,,. However, (4.12) in Lemma 4.9 shows that

3
105 = Bl z2a57) = N0 ll2a5p) < 1Wnlliri a0y < ClAL, Nl 20y < Cely) < €8,y < 1/

Combining these last two equations using the triangle inequality yields the eigenfunction bound,
and with it Theorem 4.4. O

Remark 4.10. We can also consider ‘keyhole domains’ P, that is, domains which have all the
same requirements on the angles but for which some components of 3P coincide with each other,
with opposite orientations. An example is an annulus with a single, straight cut from the outside
to the inside. For these domains we may define quasimodes as in Definition 4.3. We claim that
Theorem 4.4 and Theorem 4.1 still hold in this setting. Indeed, the only difficulty is in the proof
of Lemma 4.9, which cannot be repeated verbatim as the argument with the larger disk does not
make sense. However, a keyhole domain 7 may be conformally mapped to a non-keyhole domain,
with a conformal factor bounded above and below on P. In the case of an annulus with a single
straight cut along the negative real axis, this conformal map can be chosen to be the inverse of the
map z — z2. Applying Lemma 4.9 to the conformally related problem there and then pulling the
solution back to P, absorbing the various conformal factors by possibly increasing the constant C,
yields the result. The remainder of the arguments in this section, and in the proof of Theorem 4.1,
apply to keyhole and ordinary domains alike.

4.4 | Quasimodes near a curved boundary

In this section, we construct functions that will be used to approximate our Steklov eigenfunctions
away from the corners but near a curved boundary.

Consider a domain Q C R? with a boundary parameterised by arc length. Assume for the
moment that the boundary is smooth. Consider a patch (s, t) of boundary orthogonal coordinates,
where s is the coordinate along the boundary and ¢ is the normal coordinate, positive into the
interior. Ideally, we would like to find functions w,(s, t) that are harmonic, satisfy the Steklov
boundary condition with parameter o, and for which w,(s,0) = e’ (see Figure 10). Our ansatz
will be of the form

W, (s, t) = e,
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where w(s, t) is a complex-valued function with w(s, 0) = is. By immediate computation, under

these assumptions, the Steklov boundary condition with parameter o is precisely

ow
—(s,0) = —1.
at(s )

Now we write out the Laplacian. Let y(s) be the signed curvature of the boundary. Set

(s, t) :=1+ ty(s).

Then from [11], the expression for the Laplacian in our orthogonal coordinates is

2 " 2(q,1\2
A= r—1/2<_ir—2£ _ a_2>r1/2_ r o v 5t2(y") .

as ds a2 412 213 414

By direct computation, collecting powers of o,

2 2
AwG:—oJ((%—C;)) +F_2<%—C:> >wa

a2 ot ot ds2 ds 9s

2 2
_o_<6w 1000l 0% F_3awar>w6'

This may be rewritten in a ‘factorised’ form:

Aw, = — GZ(a—w + iF_la—w> <6_a) - il“_la—c;>wo

31 3s )\ o 3
0 —1 o} -1 or ow —1 dw
ol L +irt L 1) (22 ow
G<6t+1 3s 6t><6t as)w"

Therefore, w,(s, t) is harmonic for all o if and only if

o0 10w (09 _ 10w o
<5t+1r 6s><6t i 6s> =0
o) i—1 o} —1 or ow i—1 dw
—+ir'=+r'= | (=-ir'==) =o.
<5t+l 3s " 6t><6t s 0
Proposition 4.11. Suppose that w(s, t) satisfies the initial value problem

5co_. _16_60
{at =35

w(s,0) = is,

(4.21)

(4.22)

(4.23)

(4.24)

in a patch with coordinates (s, t). Then w, (s, t) = e?1%:1) js harmonic for all o and satisfies a Steklov

boundary condition with parameter o.

Proof. The Steklov boundary condition (4.21) is automatic from (4.24) and the fact that I'(s, 0) = 1,

and (4.23) follows instantly from (4.24) as well.

g
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Now consider the problem (4.24). In the setting where the boundary is analytic, then the cur-
vature y(s) is analytic, and hence I'(s, t) is analytic. By the Cauchy-Kovalevskaya theorem the
problem (4.24) has a unique solution in that setting, and the coefficients of its power series in ¢
may be determined recursively. However, if the curvature y(s) is only assumed C* or less, the
problem may have no solution; there is always a power series expansion, but it may not converge
for any positive ¢.

Nevertheless, approximate solutions may be constructed by truncation of the formal power
series expansion. Define a set of functions {&;(s)} recursively by

wy(s) :=1is; 5j(s) ;~' (s)— ; (s)coj 1(8)forj > (4.25)

Note that this process works to produce @,,(s) for an integer M > 0 aslong as y(s) is (M — 2) times
differentiable, that is, as long as the boundary is CM. Then set

wy(s, 1) 1= Y @) and  By(s) 1= My (s) — i@}, (s), (4.26)
j=0

with the latter definition making sense as long as y(s) is (M — 1) times differentiable. If addi-
tionally y(s) is CM~1, that is, the boundary is CM*!, then @,,(s) is a continuous function of
s.

Proposition 4.12. Suppose the curvature y(s) is (M — 1) times differentiable. Then the function
wy, (s, t) defined by (4.26) satisfies

<a—‘° —ir ac;’>wM(s £) = I8, ()t

and thus may be interpreted as an order-M approximate solution of (4.24).

Proof. We compute, multiplying by T' (bounded above and below in a neighbourhood of the
boundary) for convenience:

M

M M
F<— —ir! > z (] = 2 chj(s)(l +ty(s)Ht/~t — Z iEJ}(s)tj.
j=1 Jj=0

Rearranging and re-labelling,

M-1
r(aat ir! > Zw (s)t) = Z( JH D@ + 2 Jja sy - Zi&j’ (s)t/.

We may as well add j = 0 to the second sum, since it is zero. Rearranging yet again, we see that
the recursion relation causes most of the terms to cancel, yielding

F(%C;) i gc: >wM(s £) = M@y (s)y(s)t™ — iy, (s)e™. (4.27)

The proposition then follows from the definition of @,,(s). O
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Now, formally, assuming that y(s) is (M — 2) times differentiable, we set
Wy (s, 1) = e7emED, (4.28)
This function immediately satisfies a Steklov boundary condition with parameter o, and further:

Proposition 4.13. There exist constants C < oo and ¢ > 0, and a sufficiently small t,, such that in
our patch (s, t) with t < t,

|wy 0, (s, )| < Ce™ 9. (4.29)
Ify(s) is (M — 1) times differentiable, we have similar constants such that
|Vw, p(s, )] < Coe ™. (4.30)

Finally if y(s) is M times differentiable with M > 1, then also wy, , is approximately harmonic in the
sense that

Aw, (s, 0)| < C(a?*M 4 gtM~1)e 9, (4.31)
oM

Proof. The estimate on |w,, 5| is immediate since w), is simply a polynomial in ¢ with the leading
terms (is — t). Indeed, with a sufficiently small neighbourhood, ¢ and C may be chosen arbitrarily
close to one.

Taking a derivative in s or ¢ multiplies w, ), by o times the appropriate derivative of wy,(s, t).
That derivative is again a polynomial in ¢t with coefficients that may depend on, now, (M — 1)
derivatives of curvature. Its leading term is either i for an s-derivative or —1 for a ¢-derivative. The
result follows.

To compute Awy, 5,(s, t), we use (4.22) and Proposition 4.12 to obtain

Aw S, t
U,M( ) o <6cu +ir™ 1aa)>F1&)\M(S)tM

Wy (S, t ot Os (432)
o} -1 6 -1 or M
<6t +il s +T 3 > Oy ().

When computed, each term is a fraction with denominator some power of m and numerator a
polynomial in ¢ with coefficients depending on curvature. The number of derivatives of curvature
that appear is at most max{1, M}, the M from taking &} (s) and the 1 from taklng . The leading
2tM and gtM-1

order terms are o , yielding the result. O

4.5 | Quasimodes for a partially curvilinear polygon or zigzag

We recall that a polygon or a zigzag is called partially curvilinear if all the sides are straight in
some neighbourhoods of the vertices. In this subsection, we construct quasimodes for partially
curvilinear polygons, proving the following theorem:
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Theorem 4.14. Let P be a partially curvilinear polygon, and consider the mixed Steklov-Dirichlet-
Neumann problem (4.1). Assume additionally that 03P # @, and that the curvature of each side in
OgP is M times differentiable with M > 3. Finally, assume & > 1, where

§= min<{l (V¢ (aDPLJaNP)}

e (4.33)

u{ﬁ 1 Vi € (0sP)N(OpP UONP), ay ;én/z} U {M_ %})

Then there exists a sequence of quasimodes {v,,} for the problem (4.1), of order 0';15“.

Remark 4.15. The condition that § > 1 is implied by the following: all Steklov-Dirichlet and
Steklov-Neumann angles are less than or equal to 7 /2, and each side with a Steklov boundary
condition has at least C° regularity. Sides in 6, P U 85 P need only be differentiable.

Remark 4.16. This theorem covers the case of zigzag domains.

Using Theorem 4.4, and applying the same argument as in the proof of Theorem 4.1, see the
paragraph after Theorem 4.4, we immediately obtain as a consequence:

Corollary 4.17. For a partially curvilinear polygon P that satisfies the assumptions of Theorem 4.14,
there is a non-decreasing sequence {i,,} and a constant C > 0 such that

o — 4, | <Ca, %t forallm €N,

where the A; are eigenvalues of the problem (4.1). There is also a sequence of U,,, as in Theorem 4.4,
with 6, = ¢, 0L

To begin the quasimode construction for P, first define a partition of unity

1= xy(2) + x1(2) + x0(2),

such that (see Figure 11)

* v is supported in a union of pairwise disjoint neighbourhoods of each vertex in which P is
isometric to an exact wedge;

* x;issupported in a union of pairwise disjoint neighbourhoods of the portion of each edge away
from the vertices;

* X, has support compactly contained in the interior of P;

* Vyy (and therefore V y;) is perpendicular to the normal vector n on the boundary 97, that is,
each of our cut-off functions has zero normal derivative on oP.

A partition of unity with the required properties can be constructed, for example, in the follow-
ing manner. First, let y(x) be a standard smooth nonnegative cut-off function defined on [0, +o0)
such that

x(x)=1lorx €[0,1], x(x) =0forx € [2,0). (4.34)



46 LEVITIN ET AL.
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FIGURE 11 Partition of unity and boundary coordinates in a neighbourhood of V;

Then, working in local polar coordinates (p j,e j) in the vicinity of each vertex V', set Xv, =
x(p;j/¢;), choosing the parameters ¢; > 0 in such a way that supp Xv, does not intersect the curved
part of the boundary, and that supp Xv;Nsupp xy, =& for k # j, and define

n
v = Z)(vj-
=

Further, working in the vicinity of each side I; in local coordinates (s, ¢;), as shown in Figure 11,
set 7, = x(t;/8;)(1 = xy) and

n
= 2}(1/"
=1

again choosing the parameters §; > 0 in order to make sure that supp X1, Nsupp xp, = @ for k #
Jj. Finally, set

Xo :=1—xy— X1

Now, for each m € N, recall that we have an eigenvalue o,,, and a boundary quasi-wave ¥")(s).
We use these data to define two functions v,, /() and v,,, ;(z) which are supported on the supports
of xy and y;, respectively. To define v,, ;/(z), we need to prescribe its value for z in a neigh-
bourhood of each vertex V;. So, fix a j and suppose that z is in a small neighbourhood of V;.
The boundary quasi-wave W")(s) gives coefficients ¢ jin and ¢; o, which satisfy the appropriate
transfer conditions at V;. We may therefore let, as in (4.3),

Oy (@) 1= @ g, 2). (4.35)

Putting these together for each j gives a full definition of v,, ;,(2).
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To define v,, ;(z), we localise to the edge I;. We assume without loss of generality that the
boundary orthogonal coordinates (s;, ¢;) are valid on the connected component of the support of
x; which intersects I; (if not, take y; supported closer to the boundary). In this neighbourhood,

we expect v, ;(s;,0) to equal 1I‘E.m)(s ). So, we use a solution of the form (4.28), namely, for some
M to be chosen later,

Um,1(2) 1= Re(w, p(s;+B,t))),
where the shift 3 is chosen so that
Re(w, (s; +B.0)) = ‘I‘;m)(sj).
Our overall quasimode is obtained by gluing these together in the obvious way:

U (2) 1= xy (2,1 (2) + x1(2)V), 1 (2).

—0+1

We now claim that {v,,} is a sequence of quasimodes for (4.1), of order o,

terminology of Definition 4.3, we see that 55,? =0, as because Vyy, and Vx; are perpendicular to

the normal to the boundary, the functions {v,,} satisfy all Dirichlet and Neumann conditions of
(4.1). Moreover, for the same reason, together with the fact that v, ,(z) and v,, ;(z) both satisfy

. Indeed, using the

the Steklov conditions of (4.1) on 64 P, with frequency o,,,, we have sﬁ,ll)(z) = 0. Thus, the only issue
is Efs) and indeed this is nonzero, as v,, may not be harmonic. We may compute its Laplacian and

use the fact that v,, ;,(z) is harmonic to obtain

Avm(z) = 2VUm,V(Z) : VXV(Z) + Um,V(Z)AXV(Z) + Avm,l(z))(l(z)
(4.36)

+ 2V, (2) - Vx(2) + v, 1 (2)Ax(2).
The third term of (4.36) is nonzero on the support of y;(z). However, by Proposition 4.13, we have
|Av,, ;(2)] < C(a2,t™ + 5, tM)emme,

By a direct calculation, the L? norm of this term over the support of y;(z), indeed all the way out
tot = o0, is bounded by a universal constant C times 0,3”/2_M, and thus by Ccr;f.

Thus, we may turn our attention to estimating the other four terms of (4.36), which are only
nonzero on the transition regions where the gradients of some elements of the partition of unity
are nonzero. These regions have two types: the ones contained in the support of y,(z), and the
ones where only y;-(z) and y;(z) are nonzero. We consider each in turn.

First consider the support of y,(z), which is compactly contained in the interior of 2. By Propo-
sition 4.13, the fourth and fifth terms of (4.36) decay uniformly exponentially in m on this region.
As for the first two terms, recall (4.35), which identifies v,,(z) with a function ®. The function ®
is a linear combination of plane waves with frequency o,, and remainder terms R(o,,V;z), with
R(z) satisfying (3.5) for various values of r depending on the boundary conditions. On the support
of x,(z), the plane waves decay uniformly exponentially in m as well (and are zero away from
neighbourhoods of each vertex, as there y,(z) is zero). The decay of the remainder terms can be
computed using the chain rule, scaling, and (3.5). Using these and the fact that d(z, V;) is bounded
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uniformly above and below on these regions, we have that on the support of y,(z),
|R(c,,,V;2)| + |V,R(0,,V;2)| < Ca,". (4.37)

The same estimate therefore applies to the L? norm of each term. Not that the constant C a priori
may depend on W™, in particular on the norms of various ‘P;m). However, the normalisation

condition on ¥ implies that these norms are universally bounded independent of m, and thus
C may be taken independent of m.

As for the exponent r, it depends on the angle. If V; & (3, U dy P), we have a Steklov-Steklov
corner and we extractr = ;2 = m/a; 1fV; € 5P NnopPorV; € 93P NAyP,wegetr = Ha; =
7/(2a;), unless at; = 7 /2, in which case the remainder term vanishes, since a sloping beach Peters
solution in this case is a pure plane wave. If V; & 0P, then v,,(2) is identically zero and we do
not care about it. Overall, from our observations and (4.37), we obtain precisely that

-5
”Avm(z)”LZ(SUPP)(o) S Cam ’

where § is given by (4.33).

Finally, consider the first, second, fourth, and fifth terms of (4.36) in a region where y;,(z) and
x1(z) are nonzero — specifically assume we are along some edge I;, without loss of generality
near a vertex V; rather than V;_,. By our geometric assumptions, in this region, the boundary
is a straight line. Therefore, v, ;(z) is equal to a plane wave with frequency o, and boundary

phase ‘P;m). Moreover, by (4.35), v, (2) is a solution @ which equals a plane wave along I; with
phase ¢; ;,, plus a plane wave along I;,; with phase ¢; ., plus a remainder term R(c,,V;(2))
for some j. By definition of ll—‘g.m), the plane wave along I; is exactly v,, ;(z). We also observe that

Vxi(z) = =Vyy(2) and Ay;(z) = —Ayxy(2). This allows us to combine the first, second, fourth,
and fifth terms of (4.36) as

2VR(0,,V;(2) - V1(2) + R0, V;(2))Axy (2), (4.38)

plus two further terms from the plane wave along I, ;, which both decay exponentially, uniformly
on our region. Estimating the R terms may now be handled precisely as it was on the support of
Xo- and the L? norm here is no worse than Co;f.

Overall, putting everything together, we have proven that for some constant C independent of
m,

”AUM(Z)HLZU)) < Co;f.

This shows that we may take sgm) = C(o,, + 1)0,° < Co,°*! in Definition 4.3, which completes

the proof of the results in this section.
There is an important special case in which we get enumeration as well.

Corollary 4.18. Suppose that P is a partially curvilinear polygon satisfying the conditions of The-
orem 4.14, with M > 4 (so that the boundary is C®). Suppose further that 3P is a single boundary
arc, and that the angle at each end is 7w /2. Then there exists a constant C > 0 such that for all m,

_M4S
o)y — Al < Coy, 2.
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Proof. First observe that Theorem 4.14 applieswithd = M — %, in particular with § > 2. Consider
our quasimodes v,,. Since the two angles at each end of 4P are /2, the sloping beach Peters
solutions are exact plane waves and the remainders R(z) are all zero. By construction, in this
case, the restrictions ¢,, = v,,|5,p are exact trigonometric functions, of frequency o,,,, satisfying
Dirichlet or Neumann conditions at each end. Moreover, again by direct calculation, {o,,} are
precisely the eigenvalues, and {¢,,} the eigenfunctions, of the one-dimensional Laplacian Asep
with Dirichlet or Neumann boundary conditions at each end as appropriate. Each o, is simple
and a (half-)integer multiple of 7 /L, and they form an arithmetic progression.

Consider the set {u,,} given by Corollary 4.17. Each u,, is a linear combination of true

(-M+2)/2

eigenfunctions of (4.1), with eigenvalues within Co,, of o,,, and we also have

=~ (~M+2)/2
iy, — $mlli2gpy < Cop 27

Since M > 4, the sequence ||u,, — ¢, [l 125, p) is square summable. Hence, there is an M, such
that

[e5]

~ 2
Z ”uk - ¢k”L2(35P) <L
k=My+1

Additionally, since 0,,,; — 0, is bounded away from zero, at some point the intervals

E, :=lo, —Co. %" 0, +Co ot
where C and & are as in Corollary 4.17, become disjoint from all preceding intervals. In other
words, there exists M; € N such that m > M, implies

E,NE =@ (4.39)

for all k € N, k # m. For that M, all the functions u,,, m > M,, are linear combinations of eigen-
functions of (4.1) corresponding to non-intersecting spectral windows, and therefore are mutually
orthogonal. Now let M, = max{M,, M}, pick any m such that m > M,, and consider the two
subspaces

span{®,, 1, Pi2s - and span{id,,, 1, Uypn, -3

By the version of the Bary-Krein lemma given in [33, Lemma 4.8], and the fact that m >
M,, these two subspaces have the same codimension. Since {¢,,} are the eigenfunctions of a
one-dimensional problem, they form a complete orthonormal basis of L?(d5P), and hence

codim(span{ii,, , 1, U2, ---p) = codim(span{@,, 1, $u42.---}) = M.

This means in particular that at most finitely many %; can be linear combinations of more than one
eigenfunction of (4.1), otherwise the codimension would be infinite. So, there exists M; > M, such

that j > M; implies that; is a pure eigenfunction of (4.1), that is, #; = u, ;) for some function A :

{M; +1,M; +2,..} —> N. As a consequence of (4.39), this function is strictly increasing, and the
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complement of its range has M, elements. So, the complement of its range has a largest element,
and beyond that we must have A(j) = j. Therefore, for sufficiently large m, @, = u,,.

Thus, the eigenvalue 4, is within C4/a,, of o, for sufficiently large m, and is a bounded dis-
tance away from each other o,,. Therefore, in Corollary 4.17 we have to have i,, = m for large
enough m. Since any finite set of indices is irrelevant, Corollary 4.18 follows. O

4.6 | Quasimodes for a fully curvilinear polygon

Here, we generalise and construct quasimodes for a curvilinear polygon, not necessarily straight
near the corners. However, we are now only interested in the fully Steklov problem rather than
the mixed problem.

Theorem 4.19. Let P be a curvilinear polygon which is piecewise C>. Let

5:min<{a£k:ke{l,...,n}}u{%}), (4.40)

and observe that § > 1. Then there is a sequence {v,,} of quasimodes for the Steklov problem on P,
corresponding to the previously constructed sequence of quasi-eigenvalues {0}, such that they are of
order o-°*! forany § < 6.

Remark 4.20. In this case, as opposed to the partially curvilinear case, it is not possible to increase
the % in (4.40) by increasing the smoothness of the boundary arcs. This term is due to the influence
of the curvature at the corners.

Remark 4.21. With § as defined here, Theorem 1.4 holds with ¢, : = %(6 —-1).
As in the previous subsection, there is the usual corollary, with an identical proof:

Corollary 4.22. For a curvilinear polygon P with any 8 < 8, thereisa non-decreasing sequence{i,}
and a constant C > 0 such that

—5+1
m

oy, — 4, | <Co forallm e N,

where the 4; are Steklov eigenvalues of P. There is also a sequence of U, as in Theorem 4.4, with

_ =541
O =0,"""

Our quasimode construction in this section will proceed by ‘straightening out’ a neighbour-
hood of each corner with a conformal map, then applying a partition of unity argument as in the
previous subsection. One subtlety is that we only use the conformal map to modify the remainders
in the scattering Peters solutions, rather than the solutions themselves. So, rather than the sum
of two plane waves and a remainder, our models near each vertex will be the sum of the curved
boundary models along each adjacent side, plus a conformally mapped remainder.

For each j, we use the Riemann mapping theorem to define a conformal map ©; from a small
neighbourhood U; of V; into a small neighbourhood of the origin in @aj, with V; mapped to the
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origin, and with |D®;(V ;)| = 1. By [39], no matter what our choice of ©;, the map ©; is in the
Hoélder class C17 for any y < 1. So, DO ; is a continuous function, and thus in a sufficiently small
neighbourhood of V; (without loss of generality, U;), we have |[D®;| > 2/3 and in the image of
that neighbourhood we have |DG)JT1 | >1/2.

Now we define a partition of unity 1 = yy, + x; + x, precisely as in the previous section, with
the property that each Xv, (z) is supported in a compact subset of U ;, and with the gradient of each
cut-off function perpendicular to n at every point of 3. We will define two functions v,, ,(z) and
Upn.1(2). In fact, the definition of v, ;(2) is identical to the one in the previous subsection: near the
edge I; we have

Um,lj(z) :=Re(wy, p(s; +B,t))),

where the shift 8 is chosen so that the restriction to the boundary of v,, ;(z) is ‘PE.’") (s j). Then
Uy 1(2) is the sum of these over j. To define v,, ;,(z) we have to work a little harder. We would like
to use (4.35) but cannot because the sector is not straight. Instead, we use Proposition 3.6 to write

CI)(c_j’m’cj’om)(Z) — WC_,—,in (Z) + W.cj,in (Z) + RJ(Z), (441)
J

aj out,a n,a;

where the W terms are pure plane waves and R;(z) is the remainder. We define

O, (2) 1= 0y (2) + Uy (2) + Ry (0,,0,(2)). (4.42)

The first two terms here are the curvilinear, approximately harmonic functions along the incom-
ing and outgoing edges from V;, respectively (again, without loss of generality we assume that
U is a small enough neighbourhood so these are defined). The third term is the remainder term
in the appropriate scattering Peters solution, pulled back. As before, we let v,, ;,(z) be the sum of
these over all j, and then set, in full,

U(2) 1= Uy (2)xv(2) + Uy 1(2) )1 (2).

We need to prove that these are quasimodes. This requires estimating Eﬁ,? ,i=1,2,3, in Def-
inition 4.3. Since dyP = dpP = @, we may take s(mz) = 0. To address 55,3,), we use a very similar
argument to that in the previous subsection. The formula (4.36) still holds, and the analysis pro-
ceeds analogously, with the plane waves replaced by U1, (z) and U, (z) and the remainders
R(amvj (z)) replaced by R . (0,,© j (2)). Since © j (z) has derivative bounded away from zero on U ;,
the analogue of the decay estimate (4.37), with the above replacement, still holds away from the
vertices. Moreover, the functions U1, (z) decay exponentially in o,,, away from I;. This allows the

(m)
3

argument to proceed unchanged, and we may as before take e, < Ca;l‘s“, which is enough.

It remains only to estimate sfi). To do this, we introduce a new piece of terminology: for a family
of functions ¥,,,(z) on P, we define their ‘Steklov defect’ to be the functions on the boundary given

by

3
SD(v,,)(2) i = %(z) _0,0,,(2).



52 | LEVITIN ET AL.

Our goal is to find an upper bound for the L? norms of SD(v,,)(z). Since all cut-off functions
have zero normal derivative at the boundary, and the functions v,, ;(z) satisfy an exact Steklov
boundary condition,

SD(v,)(2) = SD(Vy, 1 X(2) Xy (2) + SD(Vy 1)(2)X1(2) = SD(Vy v )(2) Xy (2)-

This is supported in a union of 2n regions, one on each side of each vertex, and we can consider
the L? norm over each separately. So, fix j, and consider a short segment along I ; j+1 in which
Xv,j(2)] Iin is supported. Note that s, is the coordinate here, and this segment is contalned in
[0, ] for some & > 0. So, we need to bound

Il SD(Um,Vj Mr2p0,e-

We will do this via comparison with a non-curvilinear case. Our function Uy, (z) is given by
(4.42). If the sides were straight near the corner, then we would instead have the function 5m,vj (2)
given by:

~ Cjin ou

Oy, (2) = Wiri’a’_(amz) + WOL/M; (0,12) + Rj(0,,2). (4.43)
Of course, the values of z in (4.42) and (4.43) do not have the same domain. Nevertheless, we
can compare the Steklov defects of these two functions, as s;,, is a legitimate coordinate along

the boundary of each. Moreover, the Steklov defect of Um,Vj (z) is zero since it is an exact (scaled)
scattering Peters solution. Thus, it suffices to bound

”SD(Um,Vj) - SD(D'm’VJ.)HLZ[o,s].

This involves comparing (4.42) and (4.43) term by term. Observe that since we are along I ; rather
than I;, the Steklov defect of Um,sz(Z) is zero by the observation before Proposition 4.13. The

Steklov defect of the outgoing plane wave Woflf‘; (0,,2) is also zero. So, we just need to compare

the first and third terms, and it suffices to bound

ISD(v,,, I, )— SD(WH;;‘; (0m2)l20,6] + IISD(R;(0,,,0(2))) — SD(R (01, 2)) I 12[0,¢]- (4.44)
Both of these can be handled with direct calculations. In all we claim that the expression (4.44) is
bounded by Co'~2. Assuming this claim, we can take s(l) (3 ) = Co % in Definition 4.3, which
proves Theorem 4.19. It therefore remains only to prove the needed bounds on (4.44).

We begin by analysing the remainder term of (4.44). Recall that R;(z) is a remainder term in a
scattering Peters solution, defined on an infinite sector. For x € [0, ), define

. . _9B;
f(x) :=R;(x,0); g(x):= W(x,O).

Bounds on these functions and on their x-derivatives, for both large x and small x, may be
extracted from [33, Theorem 2.1] and the usual angle-doubling reflection argument. Note that
our normalisation condition ensures that the constants C may be chosen independent of m. The
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bounds we obtain, with 4 = 7/« g (note that u > § > 1), are:

2lf()l < CA+x)7" I/l < €+ x)™#7Y "
4.45
lg(l < CA+x)#7 [’ (0)] < Cmin {x 72, x7#72 ).

Now let 6 be the restriction of @ to the edge I}, in the coordinate s, ;. Observe that 6'(0) = 1
and both 6 and 6~! have derivatives bounded below by 1/2 and above by 2 on [0, ¢]. Moreover,
by [39], 0 is C7 and &’ is C% for every y < 1. The remainder term of (4.44) is, with all this
terminology,

||(O'm|9/(Sj+1)|g(0'm9(sj+1)) =0 f(0,6(8j31))) = (6,9(018j41) = O f(OmSjr 1)Lz [0 (4.46)

We bound the differences of the g terms and the f terms separately. For the difference of f
terms, we write

10m(f O mS41) = (@O} < 0 £/ CO1 10,841 = 60541

X€E[07,841,0,0(sj41)]

2 ’
<o |si 1 —0O(s; max x)|.
S ml Jj+1 ( ]+1)| XE[O’mSj+1/2,20mSj+1] |f ( )l

The function s; 1 — 6(sj.) is CU forally < 1, and both the function and its derivative are zero at

Sjt1 = 0,soin fact [s; —6(sj41)] < Csjl.:i' for all y < 1. As for | f/(x)|, since x € omSjt[1/2,2],

we can bound it using (4.45). In all, we conclude
10w (f (@8 j41) = F(@n8Csj N < Cops T+ 0,87,

The square of the L? norm of the right-hand side, using the substitution w = o,,s 15 18
1-2 o€ 1-2 Ome
Ca, / w1+ w)"*#2dw < Co,, y/ (1 4 w) % dw. (4.47)
0 0

Using 1 > &, as long as we avoid choosing y = u — %, this is bounded by

—20+2y+1

1-2y 1-2y 2-28
Co,, "oy, +1| < Co, ™ +Co, .

Taking square roots to get the L? norm and using v/a + b < \/E + \/E we have

1
57 —
” |6m(f(amsj+1) - f(o'me(sj+1))”L2[0,£] < CO‘I%I + CO-:n 6'

Since § < § < 3/2, we can choose y sufficiently close to 1 so that both terms are bounded by Co}n_g ,
as desired.

Now for the difference of g terms. By adding and subtracting o,,9(0,,,0(s ;1)) we can write it
as

O'm(|9,(sj+1)| = 1)9(0,,0(811)) + 0,,(9(6,,6(8j11)) — 9(0,,811))- (4.48)
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The first of these two terms, again using Holder continuity of 6, (4.45), and s, /2 < 6(sj41) <
28 15 is bounded by

Y —u-1
Comsj+1(1+omsj+1) B

Using the exact same argument as for the f terms we can show that the square of the L? norm
of this quantity is bounded by (4.47), except with (1 + w)~2#*2’~2 instead of (1 + w)~?#*%. This
makes the integral smaller rather than larger, so the same Ccrrln“5 bound holds. As for the second
of the two terms, by similar arguments as before, it is less than

O-m max |g,(x)| ° |6me(sj+l) - O-msj+1|
X€E[0,8j41/2,20,8)41

2 1+ : —u—2 -2
Camsj+71/ min {(0,,5;41) 7%, (0,54 D}

VA

The L? norm squared is thus bounded, using the substitution w = g,,s 1 again, alongwith u > 6,

by
1-2 1 Tmé
Col” y(/ w22y 24 dw+/ w22y, —26-4 dw).
0 1

Since u > 1, for y sufficiently close to 1, the exponent in the first term is positive and %h_ezian_tlegral is
bounded by 1. For the second term, we have (without the pre-factor) a bound of Co’./ . After

incorporating the pre-factor and taking square roots, the L? norm is bounded by

m

1
1, s
2

Cop " + Cam .

which as before is bounded by Cc}n‘g for y sufficiently close to 1. This proves the necessary bound
for the remainder term of (4.44).

It remains only to analyse the first term in (4.44). To do this, let (s, t) = (s 41 t) be the curvilin-
ear coordinates along I, and let (5,7) be the curvilinear coordinates along the adjacent edge I ;,
so that §'= L; —s;. For the exact sector of angle a = a;, we have, for some shift § depending on

cj,in’

W™ (a(3,) = Re(e? 0T,

in,czj
and for a curvilinear sector, we have, for the same §3,
v, (3,T) = Re(e?/mED) = Re(e7(E+A)-T+OE))
E A .
We need to compute the Steklov defects of each of these functions in the coordinates along I, .

To do this, first compute the gradients of each:

(4.49)

i o(i(5+B)—1+0(%))
Vo, (D) = o Re < (i+0()e > ,

(=1 + O(F))ec(G+A)-T+0@)

with the same expression, without the error terms, for VW.
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We will need to take L2 norms in s, so we need to discuss how the coordinates are related. For

S scosa .
an exact sector, we have (;) = <s sin oc)’ and the normal vector n to the opposite edge I j»as

sin
—cosa

(- () mo=() s

So, the difference of Steklov defects we need to consider is

a function of s, is n(s) = < > For the curvilinear sector, we have errors of the following

types:

o Re ((eo(i(s cosa+f)—ssina)) ) —Re (ea(i(s cosa+f)—ssin cx+O(sZ)))))

_ <<_s10r(1) Za) . vwf;;j(a(i(s),’t‘(s))> (4.50)
- <<_Slcr:):a> +0() + Vo, (E(S),?(S))).

Consider first the difference of terms without gradients in (4.50) and take its absolute value. It
is

—oRe (eo(i(s cosa+ﬁ)—ssino¢)> (eaO(sz) _ 1) < geo(=s sinot)(eCas2 _ 1>‘ (4.51)

Use the fact that e* — 1 < xe*, then use the fact that sin a > 0, to see that there exists ¢ > 0 such
that for s sufficiently small, this is bounded by

Co.zsze—cos.
The L? norm of this function can be computed directly via the usual change of variables w = o,
and is bounded by Co~1/2. Since § < 3/2 this is bounded by Co'~9 as desired.

Now analyse the gradient terms in (4.50). First examine the O(s) term in (4.50). Using (4.49),
and the equivalence of the #, and #; norms on R?, a bound for the absolute value of this term is

CO'S((l + O(s?))eossin a+0(s?) 4 (1 + O(s))e~ossin a+O(g2)>‘

As with the terms without gradients, there exists ¢ > 0 such that this is bounded by Cose™°%, and
then the same L? norm computation gives the same bound. The remainder of the terms are given

by

_ < sin > . (VW.Cj’m (O'E(S), GT(S)) — va,lj (E(S),?(S))>

—COS & ll'l,Otj

Using (4.49) again and the usual adding/subtracting trick, we have a bound of

CU(O(S)C_US sinot+O(Sz)> + Co,(e—assinoc+0(s2) — T8 sinoc>‘
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The first term is again bounded by Cose™“°S and may be taken care of as before. The second term
satisfies the bound (4.51) and therefore can be treated the same way as well. This shows that all
terms are bounded by Co;;a, completing the proof of Theorem 4.19.

For later use, we also record a corollary:

Corollary 4.23. Asm — oo, the quasimodes v, on the boundary, as well as the corresponding linear
combinations u,, of Steklov eigenfunctions, get closer to W0 i the sense that

10, = ¥l 29q) = Om™2), ||, — ¥l 25, = O(m2" ), (4.52)

Proof. First consider v,,, for which the difference is zero off the support of y;,. On the support of
Xy, near a vertex V', the restriction of the term vm,ljﬂ(z) to the edge I, is precisely wim) The
other two terms in (4.42) both have L? norms which go to zero as m — oo and do so, via a scaling
argument and direct integration, at order cr,_nl/ . An analogous argument works along the edge I ;,
and adding up the contributions from the finitely many vertices completes the proof for v,,,. The
statement for u,,, follows immediately from the statement for v,, and Corollary 4.22. 1

4.7 | Almost orthogonality and its consequences

In statements such as Theorem 4.1, we showed that near each quasi-eigenvalue o, there exists a
true eigenvalue Aim. We did not, however, show that there is a distinct true eigenvalue near each
quasi-eigenvalue. That is, we did not show the map m ~ i, is injective. We now remedy this, but
at a small cost.

Theorem 4.24. Let P be a curvilinear polygon with all angles less than 7. Let 1 < 8§ < 8, where 8 is
defined by (4.40). Then there existsa map j : N — Nwhich is strictly increasing for large arguments,
and there exists a constant C, such that

P
o _/‘lj(m)| < sz(l 5)-

Remark 4.25. The cost is simply the extra factor of % in the exponent. This shows up as a conse-
quence of an abstract linear algebra result [33, Theorem 4.1]. It may be able to be removed in our
setting, but for simplicity we have not done so.

To begin the proof, first we show that the boundary plane waves W™ are nearly orthogonal.
We do this by taking advantage of the relationship between W™ and the eigenfunctions of the
quantum graph Dirac operator ® defined in (2.27). Although W™ turn out not to be orthonormal
in L?(G), inner products of distinct boundary plane waves are nevertheless small.

Proposition 4.26. There exists a constant C such that for all m,l € Nwith m # |,

e, vy < C(a,, + o)

Proof. Recall from Proposition 2.27 that D, with the matching conditions (2.24), is self-adjoint and
thatits set of non-negative eigenvalues is precisely {g,,,} \ {0}. As a consequence of self-adjointness,
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fm,i,l

its basis eigenfunctions f,, | = ( > corresponding to eigenvalues +o,, can be chosen to be

m,+,2
orthonormal in (L?(C))?. We note that the eigenfunctions can be chosen in the form

d

+io,,s
f,.07. = ( m,j1€ " >
m,x11; — Fio,,s | ?
I\, j 787

with some constants d
can choose

m,j+p € C, p = 1,2. Moreover, by the same reasoning as in Remark 4.7 we

Ay jan =dpmja1-

We will be mostly interested in eigenfunctions f,, . from now now. Comparing these eigen-

functions with the boundary quasi-waves W™ of the Steklov problem and their restrictions glm)
on I}, see Definition 4.6 and equation (4.5), we immediately conclude that up to a scaling factor

1P§.m) = fm4n + fm,+,2|1j = 2Re (fimra1) ’I»’
J

and therefore we may write

W WOy = (f L fian) F P o) + Fmats Fron) + Fmsos fren):

Since we have m # [, and the basis eigenfunctions f,, , are orthonormal in (L?(G))?, the first two
terms of this sum add to zero, leaving only the last two terms to estimate.
Thus, remembering that we have a complex conjugate on the second entry in our inner product,

and settingd,, ; :=d,, ; , ,, we have

n n
_ io,,s io;s _ i(o,+0))s
Fmsaedied) = X, [ dngeondyyeds = 3 dysdy; [ elcnor s
j=1"1 j=1 I

J

where n is the number of vertices. By explicit integration by parts, each such integral, in absolute
value, is bounded by 2(c,, + 0;)~!. Thus,

n n 5 1/2 n 1/2
P F1e )l <200 +0)7" Y [dp jdi | < 200, + alrl(z | ) <Z Idul2> :
j=1 j=1 j=1

which by normalisation of the Dirac eigenfunctions is 2(g,, + o;)~!. A similar analysis works for
the other nonzero term, showing that in fact

(2, 90)| < 4oy, + )7
proving Proposition 4.26. O

Corollary 4.27. For any € > 0 there exists M € N such that m,l > M with m # | implies
|ty 17)] <€
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Proof. This is an immediate consequence of Proposition 4.26 and Corollary 4.23. O

Corollary 4.28. Pick any N € N. There exists M € N such that any N of the functions {il,,,},,,5
form a linearly independent set.

Proof. Asm — oo, ||ti,,,|| = 1by Corollary 4.23, and all inner products go to zero by Corollary 4.27.
So, there is an M such thatif m,l > M withm # [, ||, || > \/gand [{U,, Up)| < % Now select N

of the {u,,} — call them #, Upy, » e s Uy, — With all m; > M. Suppose for contradiction they are not
linearly independent; then there exists a nontrivial relation among them, which without loss of
generality may be written

um] =

with all |a;| < 1. Now take inner products with u,, and use the triangle inequality, obtaining

N
~ 2
5, 12 < Y KT T, )

i=2

But this means % < N-1

R contradiction which completes the proof. O

Now we complete the argument. By Corollary 4.22, for each m, u,, is a linear combination of
eigenfunctions with eigenvalues in the interval

1, :=< sz(1 2 »Om +Cm2(1 5)>

Proposition 4.29. There existsan N > 0 such that no more than N of the intervals 1, overlap (that
is, have a connected union).

Proof. By Theorem 2.24, the quasi-eigenvalues o, are the square roots of the eigenvalues of a
quantum graph Laplacian with non-Robin boundary conditions [6], and as such, obey a Weyl law
with bounded remainder [6, Lemma 3.7.4]. This means that there exists an N, > 0 such that the
number of 5,,, in any interval of length 1 isless than N,,. As aresult, the sequence {o,,,} cannot go N,
terms without a gap of size at least 1/N,,. Now the length |Z,,,| — 0 as m — oo, so for sufficiently
large m, each gap of size 1/N, will cause | J Z,, to be disconnected. Thus, for sufficiently large m,
at most N, intervals 7,, may overlap. [l

Now let C;, be the kth connected component of | Z,,,, let N be the number of quasi-eigenvalues
it contains, and let o, be the smallest quasi-eigenvalue it contains. By our work to this point
we have 1< N, <N and thus k < my < Nk. Further, the length of C; is at most N|Z

2CN mlf ;0 ). For sufficiently large k, by Corollary 4.28, the functions #,,, associated to each of the

N, quasi-eigenvalues in C;, are linearly independent. Since each of them is a linear combination
of eigenfunctions with eigenvalues in C;, we see that C;, must contain (at least) N, eigenvalues.
We construct j(m) for m € C; by listing these in increasing order. As a result, the map m — j(m)

mklz
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is injective on Cy. Further, if o, € C,

1(1-3; 1 =
10 = Ajomy| < 2(C) = ZClei( ) <4CNm3i19),

501-8)

Lo
X <2m:979 for large enough k and m € C,. This proves

where we have used that m
Theorem 4.24.
Additionally, we observe that the natural analogue of Theorem 4.24 holds for a zigzag as well,

by precisely the same arguments, see (4.33).

Theorem 4.30. Let Z be a partially curvilinear zigzag domain such that § > 1, where § is defined
by (4.33). Then there existsa map j : N — Nwhich is strictly increasing beyond a certain point (that
is, for m greater than some threshold value), and there exists a constant C, such that

1 —_
|Um _/‘lj(m)| < sz(l 5)-

This is proved in an almost identical way, using Corollary 4.17 as the replacement for Corol-
lary 4.22. There is still a self-adjoint Dirac operator on a quantum path £ whose eigenvalues
coincide with the quasi-eigenvalues of Z, see Proposition 2.41. We cannot use Proposition 4.29
at this stage because the square of this Dirac operator cannot be decomposed as a direct sum of
two quantum graph (non-Robin) Laplacians, but we can use Proposition 5.37 instead. In addition,
the analogue of Corollary 4.23 still holds for a zigzag, by an even easier argument.

4.8 | Asymptotics of eigenfunctions

We note that we have not yet proved Theorem 1.4 stating in particular that each true eigenvalue
corresponds to a quasi-eigenvalue. Assume, however, for the rest of this section that it holds. We
can deduce the following generalisation of Theorem 1.7.

Theorem 4.31. For any curvilinear polygon P, there exists C > 0 such that the restrictions of the
eigenfunctions u,, to the boundary 9P satisfy

iyl 3p — B = O(m™), (4.53)

where B is q linear combination of the functions ¥V corresponding to quasi-eigenvalues o, in the
interval [0, —Cm~¢,0,, + Cm™¢].

Note that Theorem 4.31 immediately implies Theorem 1.7, since under the assumptions of the
latter we must have $U™) equal to a multiple of W itself, and ¥(™ is a trigonometric polynomial
of frequency o,,, along each edge. It also implies the following slight variation:

Corollary 4.32. Suppose that a curvilinear polygon P has K > 2 exceptional angles (and therefore

K exceptional boundary components Y,, x = 1, ...,K). Let C be as in Theorem 4.31, let ,,, be a quasi-
eigenvalue, and let

Sn = J Ve
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where the union is taken over all x such that (2.22) has a root ¢ in the interval [0,, — Cm™¢,0,, +
Cm™¢]. Then

lumlsp\s,, | = O(m™).

In other words, Corollary 4.32 states that in the exceptional case the boundary values of
Steklov eigenfunctions are asymptotically concentrated on the unions of exceptional components
contributing to the particular clusters of eigenvalues.

Proof of Theorem 4.31. By the clustering argument above, the quasi-eigenvalues {o,,} separate
into clusters of width bounded by Cm™¢. By Theorem 1.4, the same is true for the eigenvalues
{4,,}. At the cost of possibly increasing C, we may assume the clusters for both the eigenvalues
and quasi-eigenvalues are the same.
Now pick a cluster C;,, with N, eigenvalues and N, quasi-eigenvalues, with indices from m = a
to m = b = a + Ny — 1. For each m with o,, € C, by Corollary 4.23, W™ is within Cm~ of a
linear combination 7, of eigenfunctions with eigenvalues in C;.. Note that ¥ has norm 1 and
therefore each 4, has norm within Cm™¢ of 1 (and is therefore within Cm~¢ of its normalised
version). This shows that there exist two N, -by-N, matrices G, and Hj, for which
i, pl@) i, u,
=G| ¢ |+00m™), i |=Hi |t [+0m™).
i, p(b) i, m

However, by Corollary 4.28, H, is invertible for sufficiently large k, and by Corollary 4.27 its inverse
is uniformly bounded. We deduce

pla)
=H'G| i |+0mm™),
Uy q}(b)

Uy

which is precisely Theorem 4.31. O
We also prove Proposition 1.15, which now becomes very simple.

Proof of Proposition 1.15. If all angles are special, the quasi-eigenvalues are given by (1.5), with
each nonzero eigenvalue having multiplicity two. The corresponding ¥(") may be taken to be

1/ ﬁ sin(o,,8), 4/ % cos(0,,5),

where s is an arc length coordinate along the boundary; note that these functions are orthogonal
for each m. Therefore, the functions ™ are linear combinations of ¥, and each has norm
14+ O(m™¢) by (4.53). An immediate calculation shows that these are equidistributed and in fact
that the error is O(m™¢). On the other hand, if all angles are exceptional, for all m we may choose
w(m) to have support on just one side. If o,, is isolated in the sense of Proposition 1.15, then for
sufficiently large m we have g = glm 4 O(m=¢), thus U, = WM L O(m=¢), from which the
result follows. O
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5 | ENUMERATION OF QUASI-EIGENVALUES
5.1 | Matrix groups

Let a be a non-exceptional angle and let A := A(a) and B : = B(#, o) be the vertex and side transfer
matrices defined by equations (2.3) and (2.5), see also (2.1), (2.2) and Remarks 2.1, 2.2, and 2.9.

Define
M, = {M= (g %) ‘p,qec, detM = |p|* — |qI* = 1},

_ _(p —ir
MLA_{M_<ir p)
MLB={M=<§ %)‘pe@, detM=|p|2=1}CM1,

It is easy to check that M, is a group with respect to matrix multiplication, M, , and M, g are
subgroups of M,, and that A(«) € M, , for any a ¢ £, and B(#,0) € M, g for any real # and o.
It is also easy to check that any matrix from M, maps the (real) linear subspace Cionj of C? onto
itself. Therefore, this is also true for the matrices T and U defined by (2.7) and (2.9), respectively.

p,r €R, detM=p2_r2=1} c My,

5.2 | Representation of vectors and matrices on the universal cover

conj

b
We can naturally identify vectors b = <E> € C% _ with vectors b = G{ni l;) considered as ele-

ments of R? (or just elements b of C). As an illustration, the vectors N and D defined in (2.38) give

rise to
N* = (é) Df = <2> (5.1)

The mapping R? — Cgonj is defined by b = Jb*, with
1 i
() o

(Mb)* = J71Mb = J~IMIb?,

Matrices M € M, therefore act on R? as

where

and we set
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It is straightforward to check that the mapping M — M* sends M, into the space Mri of all
real 2 X 2 matrices with determinant one. Moreover, it maps the subgroup M, , C M, into

the subgroup S* c M? of all symmetric real 2 X 2 matrices with determinant one and equal

diagonal entries, and the subgroup M, gz C M, into the subgroup Rf c M? of all real 2 x 2
rotation matrices.

The matrices in R* are characterised by a single parameter, the angle of rotation, and we will
denote them by

t . [cos(®) —sin(y) #
R@y‘&mw aﬂ@>€R'

In particular, we have
(B(Z,0))* = R¥c2).

The matrices in S* always have normalised eigenvectors

f _ 1 1 g1 1
Xeven‘%(—ﬂ’ XMd‘%(l)‘

Thus, any ¥ € S* may be characterised by one eigenvalue 7 (the other eigenvalue being %) and a

corresponding normalised eigenvector w# € {iXIi +X

evens X 4}, and we will write

st = sf(z, wh).
This representation is not unique:
sh(r,wh) = 8%(zr,—w*) = sh(1 /7, (whHh) = s*(1 /7, —(wh)D),

where (w)! is a normalised eigenvector perpendicular to wh,
In particular, for

A(OC) — <a1(a) —iaz(a)>

iay(a)  ay(a)

with eigenvalues 7); (a) defined in (2.4), we have

i . g _ a(oc) —(12(0() _ of # _ of _ i

= (@), Xeyen ) = 5 (7). ~Xyen -

The matrix A*(«) is positive or negative depending on the sign of sin(u,).
Throughout this section, it will be useful to deal, instead of vectors b € Cgonj \ {0} or b e

R? \ {0}, with vectors b on the universal cover €, of the punctured complex plane, that s, of the log-
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arithmic surface. The elements b € C. have positive moduli and arguments arglA) € (—o0, +x).
LetII : C, — R?\ {0} be the projection which preserves the modulus but takes argument mod-
ulo 27 in such a way that arg(l'[lAJ) € (=7, 7]. Any element b € €, such that ITb = b? € R? \ {0}
will be called a lift of b onto C,. We will distinguish the principal lift I~ : R? \ {0} - C, such
that arg(l'[‘lbﬁ) € (—m, 7r]. This allows us to lift previously defined vectors to the universal cover:

A

= 'x Roga =TXF (5.4)

N= H_an, D= H_lDﬁa ﬁeven even’
We now need to define the analogues of matrices M* € R¥ and M¥ € S* acting on the universal
cover. They will be maps M from €, to €., which we will call lifted matrices, defined in the following

way. Firstly, we require, for anylAJ ec,,
11(1\7113) .= MIIb = b (5.5)

The relation (5.5) defines the modulus of }b uniquely, and its argument modulo 27z. We prescribe
the exact value of argﬁ/ﬁ in two distinct ways depending on whether M* € R¥ or M* € S¥,
In the former case M! = Rﬁ(l,b), we set

arg <§(z,b)f)> 1= argf) + 3.

We remark that although the matrix-valued function R¥(y) is 27r-periodic in ) € R, the maps ﬁ(l,b)
and R(y + 27) are different, and therefore R(y) should not be viewed as a ‘lift’ of R(1) onto the
universal cover, but rather as an independent object depending on the parameter .

In the latter case, we note that any MF = Sf(r, wh) € S is either positive definite or negative
definite, and we deal first with the positive ones, requesting that, for anylA:) ec,,

arg <§f)> — arg/l\)‘ < % (5.6)

The conditions (5.5) and (5.6) define Sb uniquely. A more explicit formula for arg(Sb) is given
below in Lemma 5.1.
If S* is negative, we choose

arg (§f)> = arg ((/—E)IAJ) + . (5.7)

If S* = S%(r, wh) € S*, and W is any lift of w¥, we will denote the corresponding map on the
universal cover as S = S(r,W) and call W an eigenvector of 3 corresponding to the eigenvalue
7. Of course such a representation is not unique. We will say that Sis positive or negative if the
corresponding S* (or 7) is positive or negative, respectively.

Let us introduce the set

~

X :={ﬁ/e€* : 1'[\?/6{+X11 +X" }}:{\’ﬁe@* : |\’if|=1,argv?/=z (mod z)}.
odd 4 2

—“*even’ —
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The set X consists of all the lifts onto the universal cover of all normalised eigenvectors of matrices
S*. The elements of X divide €, into quadrants of argument width %: for any b € €, there exist

the elements W,, W, € X (which depend on b) such that
argWw, < argb < argWw, = argW, + /2.
The following lemma gives an explicit expression for arg@f) in terms of arg’ﬁ and arg Ww;.

Lemma5.1. LetS? € S* be positive, letb € C,, and letw; € X j=1,2andS = /S\(‘[',\’A\Il) as above.
Then

arg <§f)) = arg W, + arctan (% tan (argB —argWw, )) (5.9)
T
Proof. Let b? = IIb and w? = Hv’ilj, j =1,2. Write b? in the basis wl’i, wg: bf = clwlli + czwg.

Then S*b# = clrwf + czr‘lwg. The result then follows by some elementary trigonometry and by

lifting S*b! back to Sb with account of (5.6). O
‘We have the following important monotonicity result.

Lemma 5.2. Let£,,&, € C, witharg€, < arg&,. Then for any S = S(t,W) € S we have
arg </SV§\1> < arg <§Ez> (5.10)

Proof. Without loss of generality, we can assume S to be positive (that is, take T > 0) , otherwise
we just consider —S and add 7 to both arguments in (5.10). If €, £, lie in different quadrants with
respect to eigenvectors +W, +w of §, the result is immediate by our definition of the action of S
on €. Suppose they lie in the same quadrant

T

argW, < argé, < argé, < argw, = argWw, + >

k]

where W, W, are two orthogonal eigenvectors of S corresponding to eigenvalues 7 > 0 and 1/7,
respectively. Then the result follows from (5.9) applied to b = Ei as both tan and arctan are
monotone increasing on (0, 7/2), (0, +o0), respectively. O

Letn>1, a=(ay,..,a,), a =(@,..,a,_1), € =(¢1,...,¢,), and consider now the matri-
ces T = T(a, Z,0) defined by (2.7) and U = U(a/, #, o) defined by (2.9). When acting on C, they
become

T =T(a, 2,0) = Ka,)R(ot,) -+ K(ayR(a7)),
and

0=0(a,2,0) = R(0¢,)A(@,_)R(07,_,) - A )R(o7)),

and we have



ASYMPTOTICS OF STEKLOV EIGENVALUES 65

Lemma 5.3. Let 21,22 e C, with argE1 < argfz. Then

arg (/T\(a, ?, G)El) < arg (T(a, t, 0)22> forany o, (5.11)

and for any o, < 0,,
arg </"f(a, l, 01)2> < arg (T\(a, t, 02)2) forany £ € C,. (5.12)

Moreover, arg(?(a, t, 0)2) is continuous in o forany & € C,.
All these statements remain true if T(a, ?,0) is replaced by ﬁ(a’ ,E,0).

Proof. To prove (5.11), we just note that any rotation matrix increases the argument by the same
amount, and apply Lemma 5.2 when acting by each matrix Aa ;) To prove (5.12) we note that the
rotation matrices increase the arguments of vectors they act upon monotonically in o, and the
matrices A are o-independent. The continuity statement is obvious. O

5.3 | Enumeration of quasi-eigenvalues for non-exceptional zigzags

Let Z = Z&Y = Z&(a, #) be a non-exceptional zigzag and let (o) : = U(a, €, o) be the cor-
responding zigzag matrix acting on the universal cover C,. Recall that the quasi-eigenvalues of Z
are defined by equation (2.39), see also (2.40). Let us give an equivalent definition in terms of the
action of the matrix GZ on the vectors 8, 2 € {N, ]3}.

Remark 5.4. For the rest of this section, we will assume that all the matrices ﬁZ(O) (which are
products of symmetric matrices) are positive. If this is not the case, we can just formally replace
ﬁz(c) by —ﬁz(c), and the vector 2 by —2 throughout. (Similarly to (5.7), we understand —2 as

ﬁ(n)ﬁ, so that —(—S) is 9 rotated by 27 rather than 3.)

A real number o is a quasi-eigenvalue of a N2-zigzag Z if and only if
arg (ﬁz(a) ﬁ) = arg ) (mod 7), (5.13)
which should be used together with (5.4). Equivalently, (5.13) may be re-stated as
—arg <ﬁz,1 (o) 5) = —arg® (mod 7), (5.14)
or, if we set

arg (ﬁz(cr) §) —arg )

9z(0) = pr0(0) := p. ,

(5.15)
—arg (ﬁ;(o) 5) +arg®

$7(0) = Pzn(0) 1= p- ,
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as
pz(c)ez or @z(0)€E€Z (5.16)

Similarly to Proposition 2.20, one can show that the solutions of any of the equations (5.13)
form a discrete set. Therefore, the set of such solutions could be viewed as a sequence of real

numbers {ogn )};f:"_oo which is monotone increasing with m. To fix enumeration of this sequence,

we need to specify the element Ug&:)‘ Alternatively, we can prescribe the definitions of zigzag
quasi-eigenvalue counting functions

N2
(@) = #meN | o <o},

q
NZ

which are only defined a priori modulo addition of an integer. This is done according to the
following:

Definition 5.5. The natural enumeration of the quasi-eigenvalues of a zigzag Z&®?) is defined by
setting

if N=N
A4 . [p00(0)] +1, i ,
Z(ND)(G) { [§DZ(N:)(O')], if N=D,

where [-] denotes the integer part.

gm)’ we need to look at the val-

ues of ¢ >x2)(0). We recall that the corresponding zigzag matrix (0) is just a product of symmetric

To reformulate Definition 5.5 in terms of specifying the element o

matrices A(a,,_,) - A(at;) and therefore has eigenvectors +X,,,, and +X 44 whose arguments are
odd multiples of %. Thus, applying definition (5.6) and (5.7), and recalling Remark 5.4 we deduce
that

arg <ﬁz(0)ﬁ> € (—%%) and arg (ﬁz(o)ﬁ> IS <Z’ = ).

We now consider four zigzag problems separately.

Proposition 5.6.

(i) For an NN-zigzag, if arg(ﬁz(o) N) > 0, then ogN N)'is the first non-positive quasi-eigenvalue
(that is, the non-positive quasi-eigenvalue with the smallest absolute value), otherwise cgNN) is
the first positive quasi-eigenvalue.

(ii) For an ND-zigzag, o) s the first positive quasi-eigenvalue.
8208, 04 p q 8!
(iii) For a DN-zigzag, ‘PN is the first positive quasi-eigenvalue.
8248, 04 p q 8!
(iv) Fora DD-zigzag, if arg(ﬁZ(O) D) > %, then ogDD)
(DD)
9

is the first positive quasi-eigenvalue, otherwise

is the second positive quasi-eigenvalue.

Proof. 1t is sufficient to check that the counting functions induced by the choice of o; in the
statements matches Definition 5.5 at one value of o, say, o = 0.
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(i) For an NN-zigzag, the formula (5.15) and Definition 5.5 yield

1, if arg (ﬁZ(O)ﬁ> >0,
N1 (0) =
Z(NN) . A~ A~
0, if arg <UZ(0)N> <0,

implying the result.
(ii) For an ND-zigzag, by (5.15) and Definition 5.5,

q -
N ) (©0) =0,
hence the result.
(iii) Similarly, for a DN-zigzag,
q -
N om)(0) = 0.

(iv) For a DD-zigzag, again by formula (5.15) and Definition 5.5,

0, if arg (ﬁz(o)f)> >,

N0 =
Z(DD) . o N T
—1, if arg <UZ(O)D> <3,

implying the result.
]

The following result will be useful for expressing the quasi-eigenvalues counting functions in
terms of ¢ 7 (o).

Lemma 5.7. Consider a zigzag Z&Y. Then forallo € R,

[@7009(0)] = [ 7000 ()]

Proof. By (5.16), the two expressions may differ only by an integer as they have jumps at the same
points. Therefore, it is enough to check the equality for o = 0. This is done exactly in the same
manner as in the proof of Proposition 5.6. [l

In general, the functions ¢ ;1) (0) and @ ;1) (o) are not the same, although their integer parts
coincide. It is easy to check that both functions are smooth. Moreover, they are strictly mono-
tone with the derivatives bounded away from zero. Namely, we have the following result which
strengthens Lemma 5.2.

Lemma 5.8. There exist constants C;,C, > 0 such that C; < ¢’Z(N:>(0) <CyandC; < 5’2(}:3)(0) <
C, forallo > 0.
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Proof. We will work with the function ¢ ;x)(0); the reasoning for @ ;=) (o) will be similar. In
view of the definition of the matrix U, the function ¢ ~m)(0) is equal to the cumulative changes
of the argument under the action of rotation matrices R(¢c#;) and symmetric matrices belonging
to S which are independent of o. The rotation matrices increase the argument linearly in o. Now
apply formula (5.9) with S= K(al) andb = fi(ail)ﬁ together with the chain rule. This leads to
the bound

d ~ - ~
Ciq < a5 418 (A(ocl)R(crfl)&) <Ci,

for some constants 0 < Cy ; < C} ,. Applying this observation iteratively to the matrices arising in
the representation of U, we obtain the desired inequalities. O

We immediately have:
Corollary 5.9. The difference o,,,, — 0, for a non-exceptional zigzag is bounded away from zero.
Our next goal is to prove Theorem 2.39. The result follows from the following two propositions.

Proposition 5.10. Theorem 2.39 holds for partially curvilinear zigzags with one side and for straight
zigzags with two equal sides.

Proposition 5.11. Let Z := Zl(ft1 )bea partially curvilinear zigzag with end points P and Q, and let
W € Z be a point which is not a vertex and such that the zigzag Z is straight in some neighbourhood
of W. The point W splits Z into two partially curvilinear zigzags Z py,, starting at P and ending at
W, and Zy,, starting at W and ending at Q. Impose a boundary condition 7 € {D,N} at W. If

Theorem 2.39 holds for both Z; : = ZS;;) and Zy := Z(v;é) then it also holds for Z%D).

To prove Theorem 2.39 for an arbitrary partially curvilinear zigzag, it remains simply to note
that any partially curvilinear zigzag can be represented as a union of partially curvilinear zigzags
with one side and straight zigzags with two equal sides, see Figure 12.

5.4 | Proof of Proposition 5.10

Consider first a zigzag Z, consisting of one side of length #. The corresponding matrix is given
by

0, =R(zo),
and therefore

qDZ(m(o) =0 + arg 8- arg S,
1

leading, by Definition 5.5, to

N @ =601 +1, N, @ =If0l, N, @ =N @=|co+2] G
z z; z5 z; 2

(NN)
1
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FIGURE 12 Decomposition of a three-arc partially curvilinear zigzag into the union of two two-piece

straight zigzags with equal sides (solid lines) and three partially curvilinear one-piece zigzags (dashed lines)

At the same time, it follows from Corollary 4.18 (which is applicable since, according to Defini-
tion 2.36, zigzag domains always have angles 7z /2 at the ends of the corresponding zigzag, see

Figure 6) that AEZO) - oﬁm) = o(1), where

fGE,IlVN) =n(m-—1), fc,(fD) =7m, l,ﬂUf,'I;]D) = fa;?N) = n(m — %>,

which is in agreement with (5.17). This proves Proposition 5.10 for a one-sided zigzag.

Consider now a zigzag Z, := Z((a), (¢, ¢)) with two equal straight sides of length ¢ and the

angle a between them. The corresponding zigzag matrix is given by
U, (0) = R(¢o)A(a)R(¢0),
and a direct calculation gives

ﬁzz(d)ﬁ = cosec(iy) < cos(2£0) )

—cos(i,) + sin(2¢0)

and

U,,(0)D = cosec(y,) < cos(260)

We note additionally that

arg <ﬁ22 (0)ﬁ> = arg <C_Oz2:$“§ > (mod 7)

—cos(iy) — sin(2fo')>

(5.18)

(5.19)
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FIGURE 13 Symmetric decomposition of Steklov-Neumann symmetric zigzag domain. Solid lines denote
Steklov conditions, dashed lines — Neumann conditions, and dot-dashed lines — Dirichlet conditions.

and therefore

arg (ﬁzz(o)ﬁ> (S [0,%) = u, € [%37”] (mod 27) <= {Z—;} € [i%] (5.20)

where {-} denotes the fractional part. Similarly,

PN PN —cot
arg (UZZ(O)D> = arg <COZZCEZ ‘;‘3) (mod 7).

and therefore

T T

Z’E> = ua€<ﬂ 37T>(m0d27'r) = {“—“}E(l 3>. (5.21)

arg (U Oﬁ)e( 2z 22
g ( Zz( ) 2’ 2 27 44

Consider first the Neumann-Neumann case. By (5.18), a real o is a quasi-eigenvalue whenever

—cos(u,) + sin(2£0) = 0,
that is, when
3
2of€{2nm—71ua|mez}. (5.22)

At the same time, symmetrising the zigzag Z, along the bisector, one can represent the eigen-
value problem on a corresponding zigzag domain as the union of two mixed Steklov—-Neumann
and Steklov-Neumann-Dirichlet eigenvalue problems (with either Neumann or Dirichlet condi-

tion imposed on the bisector, see Figure 13). The eigenvalue asymptotics for these problems are
known due to the results of [33, Propositions 1.3 and 1.13]: the quasi-eigenvalues are given by

20fe{2ﬂm—37ni,ua|mel\l}. (5.23)

We need to show that for sufficiently large o the enumeration defined by (5.23) and the natural
enumeration of (5.22) are the same. The natural enumeration of (5.22) means starting counting
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FIGURE 14 Symmetric decomposition of Steklov-Dirichlet symmetric zigzag domain. Solid lines denote
Steklov conditions, dashed lines — Neumann conditions, and dot-dashed lines — Dirichlet conditions.

fromm, = [% ¥ Z—;] + 1 instead of starting counting from 1, giving the total loss of
Loir{gfelid)
[§ + “_a] " [i _ ”_a] — an 421 (5.24)
4 2rm 4 2rm 0, otherwise.

Therefore, if the condition {’;—;} € [i, %] is satisfied, we must start counting from the first
non-positive quasi-eigenvalue to ensure correct enumeration. But this is exactly the condition
(5.20), which with account of Proposition 5.6(i) guarantees that the enumeration imposed by
Definition 5.5 is correct, thus proving Theorem 2.39 for a symmetric straight NN-zigzag with
two sides.

Consider now the case of the Dirichlet-Dirichlet boundary conditions. By (5.19), a real o is a
quasi-eigenvalue whenever

—cos(u,) — sin(2¢o) = 0,
that is, when

Zazfe{an—gi,ualmeZ}. (5.25)

Symmetrising as above (see Figure 14) and using [33, Propositions 1.8 and 1.13], we know that the
quasi-eigenvalues will be correctly enumerated if we count over m € N in (5.25).

Similarly to the Neumann-Neumann case, we compare this to counting only positive quasi-
eigenvalues in (5.25). In the latter case, the total loss is now given (after some simplifications) by

[1+&]+[1_&]:{_1’ 1f{‘2‘—ﬂ}e(§§> (5.26)

4 2rm 4 2rm 0, otherwise.

Comparing with (5.21) and using Proposition 5.6(iv) guarantees that the enumeration imposed
by Definition 5.5 is correct, thus proving Theorem 2.39 for a symmetric straight DD-zigzag with
two sides.

Finally, consider the Neumann-Dirichlet or Dirichlet-Neumann boundary conditions on the
zigzag Z,. In either case, the set of real quasi-eigenvalues is given by

20f€{—%+nm|mez},
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FIGURE 15 Two isospectral Steklov-Neumann-Dirichlet problems. Solid lines denote Steklov conditions,
dashed lines — Neumann conditions, and dot-dashed lines — Dirichlet conditions.

see (5.18) and (5.19). However, the boundary conditions are no longer symmetric with respect
to the bisector, therefore a direct comparison to a sloshing problem is impossible, and a different
approach is needed. We will use the following isospectrality result. Let ABC = Z, = Z((«), (¢, 7))
be a zigzag with two equal straight sides AB and BC of length # joined at an angle ¢, and let ABCF
be a ND-zigzag domain, with the straight line intervals FA and FC being orthogonal to AB and
BC, respectively. Also, let A’C’'F’ be an isosceles triangle with the base A’C’ of length 2¢ and
angles a /2 between the base and the sides, see Figure 15.

Lemma 5.12. The Steklov-Neumann-Dirichlet eigenvalue problem

—Au = 0in ABCF, <a—“ - /1u> du
on

=0, —
on

AF

ABC

is isospectral to the Steklov—-Neumann-Dirichlet eigenvalue problem

ou

—Au=0in A'C'F/, <— - /1u> du
on

=0, —
on

AlC!

. = O, ulchI = 0
A'F

Proof of Lemma 5.12. The lemma follows from a direct application of the transplantation argument
of [32, Theorem 3.1]. In our case, the construction block K is the triangle ABF, the line a is the
side AF, and the line b is BF. Note that although [32, Theorem 3.1] is stated for the Laplacian with
mixed Dirichlet-Neumann boundary conditions, its proof applies verbatim in our case, see also

[19]. O

Using Lemma 5.12 and applying [33, Proposition 1.13] to the isosceles triangle constructed in
the lemma, we immediately obtain that

2060P) = —% +7k,m=1,2,...,

(ND)
1

the same argument works for agD M) This completes the proof of Proposition 5.10.

and therefore o is the first positive quasi-eigenvalue as prescribed by Definition 5.5. Exactly
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5.5 | Proof of Proposition 5.11

The proof is based on the Dirichlet-Neumann bracketing. Given some boundary conditions N and
J atthe points P and Q, respectively, we impose the Dirichlet or Neumann boundary condition 7 at
the point W and use the assumption that Theorem 2.39 holds for two parts Z; := Zg:;) and Zy; :=

Z(V;ZQD of Z with 7 € {D, N}. We then show that the only enumeration of eigenvalues on the big

zigzag Z®2) that agrees with the Dirichlet-Neumann bracketing is the one given by Definition 5.5.

Indeed, let Nz (o), NV. 7,(0), N 7,,(0) be the eigenvalue counting functions (that is, the number
of eigenvalues less or equal than o) for the zigzags Z, Z; and Z; with given boundary conditions
at the end points. Similarly, let A <z'(a), N gl(a), N g,n (o) be the corresponding quasi-eigenvalue
counting functions, where the quasi-eigenvalues are enumerated according to Definition 5.5. The
following key lemma holds.

Lemma 5.13. Fix N, 2,7 € {D,N}. There exists § > 0 such that for any M > 0 there exists an
interval Ty h C (M, +00) of length & such that

N§§““>(G) + qui?j)(o) = qu(m)(a) foranyo € 1,,. (5.27)

Before proving Lemma 5.13, let us show first how it implies Proposition 5.11.

Proof of Proposition 5.11. Consider a zigzag domain corresponding to the zigzag Z. It can
be represented as a union of two zigzag domains corresponding to the zigzags Z;, Zj. By
Dirichlet-Neumann bracketing, for all o > 0 we have

N Z?‘D)(U )+ N Zi?:)(a ) < N (@) SN ZENN)(U )+ N Zgr:)(d )- (5.28)

At the same time, by our assumption, the natural enumeration holds for the zigzags Z; and Zy;.
Therefore, the eigenvalue counting functions and the corresponding quasimode counting func-
tions of these zigzags coincide away from a union of intervals of lengths tending to zero. Let us
combine this observation with Lemma 5.13 and formula (5.28). We deduce that there exists a pos-
itive number 8’ such that for any M > 0 there exist intervals 7.¥, Iﬁ[ C (M, +o0) of length &’ on
which the following inequalities hold:

(5.29)

Nz(ND)(U) > Ng(x:)(g)’ oeE I]\D/I.

At the same time, it follows from Theorem 4.30 that there exists a limit (possibly equal to +o0)

Jim (W e(@) = N @), (5:30)

¢S

where S is a union of intervals of lengths tending to zero. In fact this also follows directly from
Corollaries 4.17 and 5.9. Clearly, (5.30) implies that both inequalities in (5.29) are equalities.
Therefore, the natural enumeration holds for the zigzag Z®&2) which completes the proof of
Proposition 5.11. Ol
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It remains to prove Lemma 5.13. The following abstract proposition will be used in the proof of
the lemma.

Proposition 5.14. Let ¢, ¢, € C'(R) be two monotone increasing functions such that 0 < C; <
qoi, qo; < C, for some constants C;,C, > 0. Then there exists § > 0 such that for any M € N there
exist intervals T,1" C (M, +o0) of length & such that

[#1(0)] + [p2(0)] +1 = [g1(0) + p2(0)], o €T (531

[p1(@)] + [92()] = [91(0) + p2(0)], o €T, (5.32)
We postpone the proof of Proposition 5.14 and proceed with the proof of Lemma 5.13.

Proof of Lemma 5.13. We start by making the following observation: o is a quasi-eigenvalue of
Z® if and only if

¢ o0(0) + P an(0) €Z, T ELD,N} (5.33)
1 11
Indeed, for o to be a quasi-eigenvalue we must have

Uz,(0)U; (o) W is proportional to 2

3
arg (UZI(O') &) = arg (UZI(G) 2) (mod 7)
3

arg (UZI(O') &) — arg(?) + arg(?) — arg (UEIII(U) 2) =0 (mod 7),

and then recall the definitions (5.15) giving us (5.33).

Therefore, the quasi-eigenvalue counting function N g (o) may only differ from the integer

=)
part of the left-hand side of (5.33) by addition of an integer m,, independent of o. To find m,, it is
enough to consider o = 0.

We further assert that for any X, 23,7 € {D, N}, we have

[pz00(0)] = [402?*7)(0) +o 20 (0)] . (5.34)

We prove (5.34) in the case X = 2 = 7 = N. Recall that all matrices U(0) are symmetric and we can
therefore write Uz (0) = S(1/7y, Xeven) and Uz, (0) =S(1 /7y, X.ven) With some 77, 7;; € R. Using
(5.15) and (5.9), we obtain

(5.35)

2.2 .
arctan (7777, 1] _ {_1, if 7272 <1,

)= =
[@g(NN)( )] l p 2 0, ifTIZTIzI > 1.
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On the other hand,

P 2 (0) + fpzﬁvm(o) = p ,

] larctan (t7) —arctan (73;%)
thus coinciding with the right-hand side of (5.35) and proving (5.34) in the case R =2 =7 = N.
The other cases of (5.34) are treated similarly.
But now the combination of (5.34), Definition 5.5, and Lemma 5.7 allows us to find the integer
m in each case. We arrive at the following table:

N 2 3 N0y (@) Ng(m)(a) J\f;m)(a)

Z(R2)
11

N N N |¢am©@)+@.am@)| +1 ¢ am(@)f +1 lfo'z(NN)(Cf) +1
| <1 1 | | <1 | 11

N N D P L) (o) + 5Z(DN>(U) +1 GOZ(ND)(U) +1 [552(1)1\1)(0)]
| <1 I | | <1 ] I

N D N |e.am©@)+@.an@)|+1 [p.am@)|+1 (@ wn(o)|+1
|7 < Zn | | < | Zn

N D D _¢Z§ND) (o) + GZ?D)(U)_ +1 -¢Z§ND)(U)- +1 [5525?[))(0)]

D N N :fP 20N (@) +¢ 20 (o ): :§0 ZoM (o ): [5 20 (o )] +1
D N D :CP Z0D) (0)+¢ el (o ): :GD 2D (o ): [5 ZPM (o )]
D D N :90 20N (@) +¢ Z09P) (o ): :GD 20N (o ): [5 Z09P) (o )] +1
D D D :90 Z00) (@) +¢ Z00) (o ): :§0 20D (o ): [50' 200 (o )]

Recalling Lemma 5.8, the proof of Lemma 5.13 now follows by the application of Proposition 5.14,
which applies in all eight of these cases. I

We conclude this subsection by the proof of Proposition 5.14.
Proof of Proposition 5.14. Assume without loss of generality that C;, = C and C; = 1/C, for some
C > 1. Let us first prove the assertion (5.31). Let w,(0) = {p,(0)}, w,(0) = {p,(0)} denote the frac-
tional parts of ¢,(0), ¢,(0), respectively. Note that the equality in (5.31) is equivalent to the
inequality

w,(0) + wy(0) = 1. (5.36)

Choose an integer number N > M and let s be the value for which ¢, (s) + ¢,(s) = N.Ifw,(s) =
w,(s) = 0 then the result trivially follows for the interval (s — &, s) and § = % Therefore, we
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may suppose that w, (s) + w,(s) = 1, and assume without loss of generality that w,(s) > % = ().
There are two cases.
Suppose first that w,(s) < —=. Then since gol there exists (prec1se1y one) s’ € (s — f ,5)

for which w,(s") = 0. On the other hand, since goz < C, 9,(8") = p,(s) — 5, and since w,(s) > 1 —

LS %, we must have w,(s") > % Therefore, (w; + w,)(s") > % Our inequality (5.36) then holds

3C2
on the interval (s’ — i ,s"), which is a subset of (s — %, s).

On the other hand suppose that w;(s) > = . Then w,(s) <1 — c2’ and so on the interval
8,8+ 35 C3 —), w, remains less than 1, as does wl. Slnce both are still increasing, (5.36) holds on
the interval (s, s + 3C3)

In either case, the interval (s — f s+ —C) contains an interval of length at least — where
(5.36) holds. Since there are infinitely many values of s, (5.31) follows.

The relation (5.32) is proved in a similar manner. O
5.6 | Enumeration of quasi-eigenvalues for non-exceptional polygons

Let P := P(a, ¢) be a partially curvilinear non-exceptional polygon and let T(¢) : = T(a, #,0)
be the lifted corresponding matrix defined in Subsection 5.1 acting on the universal cover C,.
Recall that a real number o > 0 is a quasi-eigenvalue of the polygon P if the matrix T(ea, ?, o)
has eigenvalue one. Equivalently, this means that there exists a vector 0 # ‘_f € C, such that |§ | =
T(0)¢| and

arg (T(U)E) = argg (mod 27). (5.37)

Let us for the moment switch back to the representation of vectors and matrices on R?. Given
that det(T*(o)) = 1, for each o there exist two linearly independent vectors ti‘ = tf(Tﬁ(a)) and

tg = tg(Tﬁ(a)) such that
|Tﬁ(a)t§.| = ‘tﬂ j=1,2.

Indeed, by polar decomposition the matrix T#(¢) could be represented as a product of a symmetric
matrix and a rotation; the latter does not change length, and for a symmetric matrix the statement
is easy to check. (Interestingly, the problem of finding the vectors whose length is preserved under
the action of a given matrix has other unexpected applications, see [49].) Moreover, the vectors
t’i and tg are uniquely defined up to multiplication by a constant or up to a swap, unless TH(o) is
a pure rotation, in which case one could take any pair of linearly independent vectors. To fix the
argument, we shall assume that

0<arg t?. <7, j=1,2 (5.38)
Set now

T -1 -
fj—l_[ t], ]—1,2,
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and
b,3(0) :=arg (To)t; ) —arg (F),  j=12 (539)

Note that d; (T(o)) is always well-defined: if T(o) is a rotation by an angle 9, then d; (T(o)) = 1 for
any choice of t j- The following proposition is an immediate consequence of Definition 2.3.

Proposition 5.15. A number o > 0is a quasi-eigenvalue of the polygon P if and only if d; (T(e) =0
(mod 27) for either j = 1or j = 2. Ifo > 0 and hj(T(c)) =0 (mod 27) for both j = 1,2, then o is
a quasi-eigenvalue of multiplicity two.

Remark 5.16. The matrix T(c) corresponding to a polygon P is defined up to similarity: it depends
on the choice of enumeration of vertices of the polygon P. As a consequence, the vectors ?j and
the functions d j(a), j = 1,2, depend on this choice as well. To simplify notation, in what follows

we write fj(a) = /t\j(T(o)) and d j(c) =D j(T(J)), when the choice of the matrix T is clear from
the context. Note also that by Proposition 5.15, the values of ¢ such that d j(T(cr)) =0 (mod 27)
depend only on the polygon P but not on the choice of the matrix T, cf. Remark 2.4.

The following regularity properties of the functions d; (T(0)), j = 1,2 may be deduced from the
structure of the matrices T(c).

Lemma 5.17. The function d i (/"f(a)) is a continuous functionin g, j = 1, 2. Moreover, l'f/T\(O'O) isnota
rotation, then d; (T(0))is differentiable at o = o; otherwise, left and right derivatives at o = o exist.

Proof. Let us write down the polar decomposition for T(c) explicitly. First, observe by a direct com-
putation that §(T, W)ﬁ(zp) = ﬁ(zp)§(r, ﬁ(—zp)ﬁz), where Sis a symmetric matrix and Ris a rotation
as defined in Subsection 5.2. Iterating this relation and taking into account (5.3), we obtain

T(o) = T(a, #,0) = R(Lo)S,,(6)8,,_,(0) -+ 8,(0), (5.40)
where Lj = i:l ¢y, L=1L,,and
8,(0) =8(ay(a)) — ay(@;), R(-L;0)Roqq)-
It follows from (5.40) that T(o) is a rotation if and only if
8,(0)8,_1(0) - S,(0) = +1d. (5.41)

Moreover, note that the entries of T(o) are real analytic functions of o. Hence, for a given o = o,
there are three possibilities.

(i) T(o) is not a rotation in some neighbourhood of . Then the vectors fj(o), j=1,2, are
uniquely defined for each o in this neighbourhood and b ;(o) depends smoothly on .

(i) T(o) is a rotation in some neighbourhood of o,. Then d j(cr) is a linear function in ¢ in this
neighbourhood.
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(iii) T(ao) is a rotation, but T(o) is not a rotation in some punctured neighbourhood of g;,. In this
case 0 = g, corresponds to a double eigenvalue. However, we claim the left and right deriva-
tives of D j(a), which are defined a priori only for o # oy, in fact exist at o = o). Indeed, this
follows from a standard perturbation theory result of Rellich [43]. The matrix §n (0).. §1 (o)
is a symmetric matrix, all of whose coefficients have analytic dependence on o. By [43, p.
42, Theorem 1], its eigenvalues and eigenvectors may be chosen to have analytic depen-
dence on o in a neighbourhood of o = ¢\, with o = g, corresponding to an intersection
of analytic branches. By a direct calculation, the unit vectors whose length is preserved
by §n(a) §1(G) have analytic dependence on the eigenvalues and eigenvectors, and hence
themselves depend analytically on o. However, by (5.40), these vectors are precisely fj (0),
j = 1,2. The result follows.

This completes the proof of the lemma. O
The next proposition is important for our analysis.

Proposition 5.18. The functions d i (T(0)) are monotone increasing in o and

d*v;(T(0))

0<C < <Gy,
1 dO' 2

i . . .
where ‘;—U denotes one-sided derivatives.

Proof. We consider separately the cases (i)—(iii) above. Consider first case (i). Then d j (To) depends
smoothly on o and

d d,(T(c)) d A e d ~
] —_ — . — — .
I = o arg(T(o))t () do oo, argt ](c)
o=0,
= —| argT(o))t;(o))
o=0
+ (L] ag@e )t - | argt (o)
o P 7 A
Set
d PN
D@ =-L|  ara@©)E o)
do o=0
and
D)= L] are@ )0 - L]  argt (o)
2 - do o=c, g 0/7%j do =0, g J .

Arguing in the same way as in the proof of of Lemma 5.8 one can check that there exist constants
C,,C, > 0 such that C; < D,(0) < C,. The proof of Proposition 5.18 in case (i) then follows from
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the following claim:
D,(o) =0. (5.42)

To prove (5.42), let us assume without loss of generality that j = 1 and |f1(ao)| = 1. For o close to
0y, let

~ ~ ~ ~L
£.(0) = 1,(00) + (0 — 5p)B! + (0 — 6,)B; + 00 — o),

all s . L 2 - ol
where bg is a vector in the same direction as t,(o,)) and the angle between bg and b; is equal to
7 /2. 1t is easy to see that

4 argt, (o) = |/ﬁll| (5.43)

d o=0

Let 6’1 = T(oo)ﬁg and 6,1, = f(oo)ﬁll. By definition of fl(co), we have |/T\(O'O)/t\1(60)| = |f1(ao)|
and therefore |fft,1 | = |3! |. At the same time, det T(ao) = 1, and therefore the areas of the parallel-

ograms generated by the pairs of vectors (/ﬁg s /Bll) and (fﬁ;, 1/13;’) are the same. Hence, the projection
of fﬁ;’ on (fﬁ; )* has the same length as Bll. One can check that the length of this projection is equal
to % lo=a, arg(?(co))/t\l(a). Hence, taking into account (5.43), one obtains (5.42).

This completes the proof of Proposition 5.18 in case (i). In case (iii), the argument is exactly the
same with the derivative replaced by one-sided derivatives. Consider now the remaining case (ii).
Then, as follows from (5.40) and (5.41), the function b ;(To) is linear in o and its derivative is equal
to L, which immediately implies the proposition. O

Let us now define the natural enumeration for polygons. Let now {c,,(P)},m € Z, be the
sequence of all real quasi-eigenvalues of the polygon P repeated with multiplicities, which is
monotone increasing with m, see Remark 2.21. Recall that a quasi-eigenvalue o has multiplicity
two if bj(T(a)) =0 (mod 27) forboth j = 1,2.

Definition 5.19. The first quasi-eigenvalue o, (P) is defined as the first non-negative element
the sequence {o,,(P)}. Moreover, if o;(P) = 0 then 0,(P) > 0, that is, a zero quasi-eigenvalue is
counted only once.

We can now state the main result of this subsection that the natural enumeration of quasi-
eigenvalues yields the correct enumeration of Steklov eigenvalues for partially curvilinear
polygons without exceptional angles.

Theorem 5.20. Theorem 1.4 holds for partially curvilinear non-exceptional polygons.

Proof. Let P be a partially curvilinear polygon. Take any point V, on a straight piece of the bound-
ary and make a straight cut perpendicular to 07 at this point into the interior of P; at the top of
the cut we add another small circular cut, see Figure 16.

Imposing Neumann or Dirichlet conditions on the cut we may consider the polygon with a cut
as a zigzag domain P, corresponding to the zigzag Z = Z, = P with the same start and end
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FIGURE 16 A polygon with a cut

point V,. The assumptions of Lemma 4.9 are satisfied for this zigzag domain (note that the cir-
cular cut was added precisely to avoid having an angle greater than 7 at the top of the vertical
cut), and therefore the quasimode construction applies. Denote by N5 (o) the eigenvalue count-
ing function on a polygon, and by N ,on)(c) and Ny (o) the eigenvalue counting functions
of zigzag Z with, respectively, the Dirichlet and Neumann condition on the cut. Denote also by
Ni(@), N Zq(DD)(o) and N Zq(NN) (o) the corresponding quasi-eigenvalue counting functions. By the
Dirichlet-Neumann bracketing we have for all positive o

N z00)(0) € Np(0) < Nz (0. (5.44)

In view of Remark 5.16, we need to fix the choice of the matrix T corresponding to the polygon P.
From now on, we choose it to be the matrix corresponding to the zigzag Z,. This could be done by
introducing an auxiliary vertex at V, with the angle equal to 7 , and use this vertex as the starting
point for enumeration of the vertices of 7. Note that the vertex transfer matrix at V, is equal to
identity and therefore does not affect T.

Consider the functions

b;(0)

27

Pi(o) = ,j=1,2. (5.45)

Remark 5.21. In what follows we shall assume that T(0) is a positive matrix. If T(0) is negative, the
proof follows along the same lines with minor modifications which will be indicated later.

Lemma 5.22. The following formula holds:
N(©) = [$1(0)] + [$,(0)] + 1.

Proof. We first note that the right-hand side is a step function that has discontinuities precisely at
the quasi-eigenvalues. Moreover, the jump at a discontinuity is equal to one if the corresponding
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quasi-eigenvalue is simple, and is equal to two if the corresponding quasi-eigenvalue is double.
Therefore, it remains to check the equality for o = 0.

Note that the vectors fl (0) and fz(O) can be chosen to be symmetric reflections of each other
about one of the eigenvectors of the matrix T(0). Moreover, one can easily check that T(O)f1 0)
and ?(0)?2(0) remain symmetric with respect to the same vector. Therefore, either »;(0), j = 1,2,
have opposite signs, or d; (0) = D,(0) = 0. In both cases, the equality

N0) = [$,O)] + [$,(0)] + 1
follows from Definitions 2.3 and 2.6. This completes the proof of the lemma. O
Let us go back to the proof of Theorem 5.20. We recall that by Definition 5.5,
Ng(NN)(U) = [pzom(@)] +1, N';(DD)(U) = @00 (9)],

where by (5.15)

arg (f(a)ﬁ) arg (?(a)f))

Pz (@) = ———=,  prom(0) = ——— -

(5.46)

DN | =

By Theorem 2.39 applied to the Z, we have that

NZ(NN)(U) = J\fq

Z(NN)(CJ') and NZ(DD)(O') = J\/Zq(DD)(O')

for all o except some intervals of lengths tending to zero as 0 — 0. Using Theorem 4.24 to obtain
an analogue of (5.30), we may argue as in the proof of Proposition 5.11. We need to show that for o
belonging to some intervals of lengths bounded below and located arbitrarily far away on the real
line,
90y — A4
Np©) = N7 ) (9); (5.47)
and for another collection of intervals with the same properties,
9\ — AS4
Ny(0) = NZ(DL))(C’)- (5.48)
To prove (5.47), we will need the following proposition.
Proposition 5.23. Let X € {D,N}and j € {1, 2}. There exists € > 0 such that for all ¢ > 0,
29;(0) — pzam(0)| < 1 —c¢. (5.49)
Let us postpone the proof of the proposition and proceed with the proof of (5.47) for o belonging

to intervals of length bounded below located arbitrary far on the real line. In view of Lemma 5.22,
we need to show that for such o

[$1(D)] + [$2()] + 1 = [pam ()] (5.50)
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similarly, (5.48) is equivalent to

[$1()] + [$2(0)] = [ z00(0)]- (5.51)

Let us prove (5.50) first. For any k € N, choose ) so that ¢ ;wn)(5y) = 2k + 1. This is possi-
ble to achieve since ¢ ) has a positive derivative bounded away from zero, see Lemma 5.8. By
Proposition 5.23, we have

29;G) —pzam (@) < 1—e  j=1,2
Therefore,

<YP;@)<k+1-= ji=1,2. (5.52)

Since the derivatives of ¥;(0) and ¢;wn)(0) are uniformly bounded, there exists an inter-
val I]({NN) = (G}, EI’{) of length uniformly bounded away from zero such that [¢;(c)] = k and
[z ((0)] =2k + 1forallo € II({NN) and j = 1, 2. This proves (5.50).

Equality (5.51) is obtained using a similar argument. As above, choose G, such that ¢ >op)(Gy) =
2k + 1 and use again Proposition 5.23 to obtain (5.52). In view of the uniform boundedness of the
derivatives of 1 ;(0) and ¢ ;(on) (o), we deduce that there exist intervals II({DD) = (El’{’ ,01) of length

uniformly bounded below such that forany o € IIEDD), [%;(0)] =k, j =1,2,and [¢zwp)(0)] = 2k.
This implies (5.51), completing the proof of Theorem 5.20 modulo the proof of Proposition 5.23.
Let us now prove Proposition 5.23. We will need the following elementary linear algebra lemma.

Lemma 5.24. There exists a constant C > 0 such that
|arg(T(0)®,) — arg(T(0)b,)| < C|arg®, — argb,|

for any 31,32 € @* andany o > 0.

Proof. The matrices T(c) are products of rotations depending on ¢ and symmetric matrices inde-
pendent of o. The rotations preserve the angles and could be therefore ignored. It is therefore
sufficient to verify the statement of the lemma for a single symmetric matrix of determinant one.
Changing coordinates, we may assume that the matrix is symmetric with eigenvalues 7 and 1/7.
The result then follows from an explicit computation that is left to the reader. O

It remains to prove Proposition 5.23.

Proof of Proposition 5.23. 1t suffices to prove the inequality (5.49) for j = 1 and X = N, all other
cases are proved similarly. Choose £ > 0 small enough so that

1

£ —, 5.53
C+2 (5:53)

where C is from Lemma 5.24. For brevity we will denote in this proof

a(0) = arg(t1(0)), B(0) 1= arg(T(@)E1(0)),  ¥(0) := arg(T(@)N);
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then

(o) —alo)

27

o)

(o) = (5.54)

) Pzam(0) =
We recall also that by assumption (5.38),
0<galo) <. (5.55)

By Lemma 5.2, the matrix T(o) preserves the order of vectors in terms of their arguments. Re-
write (5.55) as

arg(ﬁ) <alo) < arg(—ﬁ),
then by this monotonicity

y(0) < B(o) < y(o) + .

Subtracting a(o) + y(o) from these inequalities, dividing by 7 and re-arranging with account of
(5.54) yields

9 < 2p0) - () <1- 2,

which implies (5.49) assuming

o
ssﬂsl—a. (5.56)
s
To finish the proof, we need to consider the situation when (5.56) is not satisfied. Suppose that

0 < a(0) < 7e. Applying Lemma 5.24 with b, = t,(¢) and B, = N, we obtain
—Cem < (o) —y(0) < Cem,

or, equivalently, subtracting (o), dividing by 7z, and using (5.54),

—(C+1e < —Ce— @ < 2¥(0) — pam(0) < Ce — %U) < Ce,
and (5.49) then follows since we have chosen ¢ satisfying (5.53).
The case 1 — e < a(0) < 7 is dealt with in the same way, the only difference being that b, =
—N is used when applying Lemma 5.24. [l

‘We have therefore proved Theorem 5.20 under the assumption that the matrix T(0) is positive,
see Remark 5.21. If T(0) is negative the argument is analogous. Indeed, as follows from Remark 5.4,
we need to account for an additional rotation by the angle 7 and thus subtract —1/2 from each of
the two functions ¥, (), 1,(0), and —1 from ¢ ;o) (o) in order to get the analogue of Lemma 5.22.
The rest of the argument remains the same. This completes the proof of Theorem 5.20. [l
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‘We conclude this subsection with two corollaries of the results obtained above. We present their
proofs assuming that P and P’ are non-exceptional. The proof for exceptional polygons could be
obtained by a simple modification of this argument using the results of Subsection 5.7 and is left
to the reader.

The first corollary provides a way to control the Steklov quasi-eigenvalues under perturbations
of side lengths, provided all the angles remain the same. Note that this result is used in the proof
of Theorem 2.31.

Corollary 5.25. Let P(a, ¢) and P'(a, ¢') be two curvilinear n-gons with the same respective angles
and side lengths satisfying |£; — fl.’| e foralli=1,..,n and some ¢ > 0. Let 0,,, and a;n, m=
1,2, ..., be the quasi-eigenvalues of P and P’, respectively. There exists a constant C > 0 depending
only on a such that forall o, < é

lo, —0l | < Coe. (5.57)

Proof. Assume first that |£; — f{l <egand?; = fl.’ ,i=2,...,n. Without loss of generality we may
also assume that £ > #;. Let V' be a point on the side I| of the curvilinear polygon P’ which is
at the distance ¢, from V. Let T(0) be the lifted matrix corresponding to the polygon P with the
starting point at V;, and T/(c) be the similar matrix for 7’ with the starting point at v’ (which
could be viewed as an auxiliary vertex with angle 7). Then it is immediate that T’ (o) = ﬁ((l{ —

1,)o) T(0). Therefore, one may choose the vectors fj (o) andf;(o), Jj = 1,2, for the polygons P and

P’ in such a way that fj(c) = /t\;(o), j =1,2,forall o > 0. Moreover, for any o,, < 1/¢ we have:
|bj.”(om) —27k| = o(l] = 1,) < O e, (5.58)

for some k € N, where bf,(a) is the function defined by formula (5.39) corresponding to the poly-
gon P’. Therefore, applying Propositions 5.15 and 5.18 we conclude that there is a quasi-eigenvalue
o}, of P’ such that bf'(a]’w) =2nk and |0, — 0),| < Coge. At the same time, since 0,,,e <1 < 7,
the index M is uniquely defined, and there is a natural one-to-one correspondence between the
solutions of the equations bP'(o*) = 0(mod 27)and b;’(a) = 0(mod 27). Therefore, m = M, and
we arrive at (5.57). The fact that the constant C on the right-hand side of (5.57) depends only on a
follows by inspection of the proofs of Proposition 5.18 and Lemma 5.8.

Consider now the general case, and choose a sequence of polygons P(k)(a, 14 (k)), k=1,..,n,
such that £ = (z,”{, f]’{, ys1»-»€p)- Note that P = P’. The result then follows by induc-
tion in k. Indeed, the argument above implies (5.57) for k = 1. The inductive step from k to k + 1
follows from a simple observation that we may always reorder the vertices so that the (k + 1)-st
side is counted first, and choose the starting point V/) appropriately so that the corresponding
matrices T®)(o) and T+ (o) differ by a composition with rotation as before. This completes the
proof of the corollary. O

The second corollary could be viewed as domain monotonicity for Steklov quasi-eigenvalues
with respect to the side lengths of curvilinear polygons.

Corollary 5.26. Let P(a,?) and P'(a, ") be two curvilinear polygons with the same respective
angles and side lengths satisfying ¢; < fi’ foralli=1,..,n. Theno,, > a;n, m=1,2,..., where o,
and o/, are the quasi-eigenvalues of P and P, respectively.
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Proof. Using the same inductive argument as in the proof of Corollary 5.25, it suffices to prove
the result if #; < f{ and ¢; = fl.’ ,i=2,..,n. As above, we choose the matrices T(c) and T'(0)
corresponding to the polygons P and P’ in such a way that T'(c) = ﬁ((l{ —1,)0)T(o). It then
follows that bf,(a) > bf(a) for all ¢ > 0, j = 1,2. The result then immediately follows from
Propositions 5.15 and 5.18. O

5.7 | Enumeration of quasi-eigenvalues for exceptional polygons and
zigzags

In this subsection, we explain how to modify the arguments of Subsection 5.6 to the case of
polygons and zigzags with exceptional angles. We will follow the same outline: decompose a poly-
gon into zigzag domains, establish natural enumeration for ‘basic’ zigzags and show that natural
enumeration is preserved under gluing.

To proceed with this scheme, we first need to define the quasi-eigenvalues of an excep-
tional zigzag. Let Z&?) be a zigzag with end points P, Q and exceptional angles at the vertices
Vg Vi s Vli = V. This zigzag can be represented as a union of exceptional components

Y. =Y, (@®, 0 x=2,.. K, joining the exceptional vertices Vg _, and V‘g (see Subsec-
tion 2.3 for notation), and two end point exceptional components y‘“f’ y(“)(aﬂ) ¢W) and

yl(ifl) = (83)( K+, ¢®E+D) joining P to V¢ and V¢ to Q, respectively, with the boundary

condition N, 2 imposed at P, Q, respectively. Here, f(l) (f(l) ,fgl)) is the vector of n;

W 2 (@),

lengths of curvilinear pieces between P and V¢, a ;11)_1) is the vector of n; — 1

non-exceptional angles between these pieces, and a) = (oc(l) “5111)—1’ af). Similarly, 25+ =

(KEKH),...,KSLII{(?)) are the ng,, lengths of curvilinear pieces between Vfé and Q, a’(K“) =

(aEK“), s SI{(H) ) is the vector of ng,; — 1 non-exceptional angles between these pieces, and
+1

a&+D) = (OC C((K+1), . (K+1) ).

Ng41—1
We have already, in essence, defined by equation (2.15) the subsequences of quasi-eigenvalues

‘generated’ by the exceptional components Y,, x = 2,...,K. We need now to define the quasi-
eigenvalues generated by end point exceptional components V; and Vi, ;.
Consider the equations

U™, eM, 0% - X(a¥) = 0, (5.59)
and
U’ ®tY, &0, )X (af) - 2t =0, (5.60)
where X(a¢) depends on the parity of af and is defined by (2.12).
Definition 5.27. A number o > 0 is called a quasi-eigenvalue of an exceptional zigzag if o is a
solution of an equation (2.15) with x = 2, ..., K, corresponding to one of the exceptional compo-

nents, or the equation (5.59) corresponding to the end point exceptional component Y;, or the
equation (5.60) corresponding to the end point exceptional component YV, ;.
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Let us rewrite equations (2.15), (5.59), and (5.60) in terms of the matrices acting on the universal
cover C,. By analogy with (5.13), ¢ > 0 is a quasi-eigenvalue of an exceptional zigzag Z®&?) if it is
a solution of one of the equations

arg (ﬁ(a’ W p), a)§> = arg(X*(af)) (mod 7), (5.61)

argX*(@%)) (mod ), x=2,..,K, (5.62)

arg <ﬁ(a’ ) 00, a)ﬁ(af_1)>
arg (@', £54),0)%(@) ) = argS)  (mod 7). (5.63)
To define the natural enumeration for exceptional zigzags, let us introduce the functions

arg (ﬁ(a’(l), 20, a)§> — arg(X*(a?))

§0y(N5)(O') = - , (5.64)
1

arg (B, 20, 0)R(af_,) ) - arg®H (@)

Py (0) 1= p- , x=2,..,K, (5.65)

arg (ﬁ(a’(K“), KD, a)ﬁ(oci)) —arg(9)
¢y(s:)(0') 1= . (5.66)

K+1 T

Obviously, the functions (5.64)—(5.66) experience jumps at those and only those real values of o
which solve (5.61)-(5.63), respectively. To define the natural enumeration of quasi-eigenvalues for
the whole zigzag, we first introduce below the natural enumeration of quasi-eigenvalues for excep-
tional and end point exceptional components. We want to emphasise that this will be done for
auxiliary purposes only. While the quasi-eigenvalues of an exceptional or an end point exceptional
component are well-defined (they are the real solutions of one of the equations (5.61)-(5.63)),
one cannot associate true eigenvalues to such components. Indeed, exceptional and end point
components are not zigzags, as they do not correspond to any zigzag domain.

Definition 5.28. The quasi-eigenvalue counting functions of exceptional and end point
exceptional components are defined by setting

[py, ()], if both af | and af are odd,
N )q,K (o) := [(pyk (o)] + Loif af_l and oc;f are of different parity, (5.67)
[y, (@] +1, ifboth af | and af are even,

forx =2,...,K,

-

[prmg)(a)] - % if X = D and af is odd,
1

[p 061 ()], if X = D and af is even,
1

N ;(m(o) = (5.68)

[§0y(1~z5)(0')] + %, if X = N and ocf is odd,
1

[pyme(@)]+1, ifR=Nand af is even,
1
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and
[pyen(@)] + 3, ifaf is odd,
N o) (0) 1= e . e (5.69)
Yk [pyen(@]+1, if af is even,

K+1

(where in (5.69) the formulae are the same for X = D, N).

Remark 5.29. In view of Definition 5.28, the quasi-eigenvalue counting functions could be inter-
preted similarly to Proposition 5.6 in the following way. For an exceptional component Y,, we
count all positive solutions of (5.62) if ocg , and oc‘S , are of the same parity, and all positive solu-
tions plus a half if the parity is different. For the end point exceptional components y(NS) and
y}fl), we count all positive solutions of (5.61) and (5.63), respectively, if the exceptional vertex is
even, all positive solutions plus a half if the exceptional vertex is odd and the boundary condition
at the other end is Neumann, and all positive solutions minus a half if the exceptional vertex is odd
and the boundary condition at the other end is Dirichlet. This is checked directly by evaluating

the quasi-eigenvalue counting functions at o = 0.
We can now define the natural enumeration for an exceptional zigzag.

Definition 5.30. The natural enumeration of the quasi-eigenvalues of a zigzag Z®? with K
exceptional angles is defined by setting

N @ 1= N (0) + 2 N; @)+ N (@)

x K+1

The following analogue of Theorem 2.39 holds.

Theorem 5.31. Let Z be a partially curvilinear exceptional zigzag, and let Q be any Z-zigzag
domain. For N,2 € {D,N}, let /15:3) denote the eigenvalues of the mixed eigenvalue problem
(2.36)ny4 enumerated in increasing order with account of multiplicities, and let 05,?3) denote the
quasi-eigenvalues of the N1-zigzag Z in the natural enumeration given by Definition 5.30. Then

/1;?3) (m) +0(1) asm — co.

Proof. Theorem 5.31 is proved similarly to Theorem 2.39, see Subsection 5.3. Below we outline the
main steps of the argument and leave the details to the reader.
We start with the follwing proposition.

Proposition 5.32. Theorem 5.31 holds for zigzags consisting of two equal straight sides and an
exceptional angle between them.

Proof. Proposition 5.32 is proved similarly to Proposition 5.10. The problem is reduced to counting
mixed Steklov-Neumann and Steklov-Dirichlet eigenvalues using either symmetry with respect
to the bisector or the isospectral transformation described in Lemma 5.12. The result then follows
by explicitly computing the total loss of quasi-eigenvalues as in the proof of Proposition 5.10 using
the results of [33]. O
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The following two propositions are proved using a straightforward adaptation of the proof of
Proposition 5.13.

Proposition 5.33. Let Y, be an exceptional component joining vertices Vf_l and V,f of a partially
curvilinear zigzag Z with exceptional angles, and let W € Y, be a point which is not a vertex and such
that the zigzag Z is straight in some neighbourhood of W. Let the boundary condition 7 € {D, N} be
imposed at W, which splits the exceptional component Y, into two end point exceptional components:
y}ﬁi” starting at VE_| and ending at W, and yg‘? starting at W and ending at V<.

Then there exists 8 > 0 such that for any M > 0 there exists an interval I,; C (M, +o0) of length

S such that

N (o) + ./\f)q)(w)(cr) = N;K(cr)

D)
yx,l %, 11
foranyo € I,,.

Proposition 5.34. Let yf‘f) be the end point exceptional component joining the vertices P and Vf
of a partially curvilinear exceptional zigzag Z, with the boundary condition X € {D, N} imposed at
its start point P. Let W € y?*f) be a point which is not a vertex and such that the zigzag Z is straight
in some neighbourhood of X. Let the boundary condition 7 € {D, N} be imposed at W, which splits
the end point exceptional component )7?:5) ) starting at P and ending at W and

into the zigzag 2(1 I
the end point exceptional component )71(7115)

Then there exists § > 0 such that for any M > 0 there exists an interval I;IJ C (M, +o0) of length
d such that

starting at W and ending at VE.

J\f;(m)(a) + Af; (@) = Af; e (9)

LI 1,11 1

y(fl)

foranyo € Iﬁ’j. An analogous result holds for the end point exceptional component Y-~/

Propositions 5.33 and 5.34 imply the analogue of Proposition 5.11 for partially curvilinear zigzags
with exceptional angles. This result combined with Proposition 5.32 yields Theorem 5.31 in the
same way as Propositions 5.10 and 5.11 yield Theorem 2.39. O

We can now prove the main result of this subsection.

Theorem 5.35. Theorem 1.4 holds for partially curvilinear exceptional polygons.

Proof. Let P be a partially curvilinear exceptional polygon as defined in Subsection 2.3. In view
of Definitions 2.10 and 2.13, the quasi-eigenvalue counting function for the polygon P is given by

K
Ni@) =Y Ny (o), (5.70)

x=1

where Y, are the exceptional boundary components of P.

Let us make a cut inside the polygon precisely as in the proof of Theorem 5.20 (see Figure 16). As
before, the cut produces a zigzag domain with exceptional angles and identified end points at some
point V|, on a straight part of the boundary 7. Imposing either Dirichlet or Neumann boundary
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condition at V|, and arguing in the same way as in the proof of Theorem 5.20, we observe that the
result follows by Dirichlet-Neumann bracketing from an analogue of equalities (5.47) relating the
quasi-eigenvalue counting functions of P and of the corresponding zigzags. Such an analogue can
be easily deduced from Proposition 5.33, Definition 5.30, and formula (5.70). This completes the
proof of the theorem. O

Remark 5.36. Recall that new tools were required to deduce Theorem 1.4 from Theorem 2.39,
see Subsection 5.6. The reason is that the quasi-eigenvalue condition (5.37) for non-exceptional
polygons is a vector-valued condition, unlike the Dirichlet and Neumann boundary conditions
for zigzags. On the other hand, the quasi-eigenvalue condition (5.70) for an exceptional polygon
is scalar and very closely related to the condition (5.62) for an exceptional zigzag. This explains
why Theorem 5.35 is much easier to prove, essentially a direct corollary of Theorem 5.31.

Results of this subsection, together with Corollary 5.9, also imply the following analogue of
Proposition 4.29.

Proposition 5.37. Thereexistsad > 0and an N > 0 such that any interval of the real line of length
d contains not more than N quasi-eigenvalues of a zigzag.

6 | QUASI-EIGENVALUES AS ROOTS OF TRIGONOMETRIC
POLYNOMIALS

6.1 | Explicit expressions for the entries of T(a,?, o)

In this section, we will prove Theorem 2.17; we start, however, by finding explicit expressions for
the matrices T(a, Z, 0).

We recall that for a binary vector ¢ = (¢, ..., ¢,,) € 3" = {x1}" with cyclic identification ¢, , =
¢, we let

Ch(¢) :={je{l,...n}|{; #{j} (6.1)

denote the set of indices of sign change in ¢.
Let additionally

Ch(¢) := Ch(({,,....¢ ., —1)N{1,...,n} (6.2)

To clarify, in order to obtain éTl(C ), we pad ¢ by adding an additional component —1, compute
the set of sign changes for the resulting vector, and drop n + 1 from the result if present (that is,
if{; =1).

Letn>1, let @ =(ay,...,a,) € (IT'\ £)" be a vector of non-exceptional angles, and let £ =
(¢4, -, ¢y) € RY be a vector of lengths. We have already established in Subsection 5.1 that the
matrix T,, := T(e, ¢, 0) belongs to the class M, and therefore we have

T = pu(a,t,0) q,(a,f,0)
" \g.a,t,0) p,at,0)

(6.3)
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for some functions p, and g,, such that |p,|*> — |g,|> = 1; we use subscript n to emphasise the

dependence upon the length of vectors @ and #.

Theorem 6.1. We have

Pu(a.#.0) = ——— Y, beexplit -£o),
fan () 3
and
q(@t.0) = ——— 3 aexp(=it - (o),
j];[l sin <2”7]> C;:?’:
where

pr = pela) 1= H cos<2n—2>

jECh(E) aj

is already defined in (2.19), and we additionally set

@ =aq@:= [] cos(zﬂ—2_>,

i a
Jj€Ch(g) 1

assuming the convention [] = 1.
]

Proof. We remark, first of all, that the functions p, and g,, obey the recurrence relations

1 . —i 2 .
b = exp(it,0), g = ————cos | — | exp(-i£;0),
sin (”—2> sin (”—2> 20,
201 aq
1 . . w2 . _
Pni1 = —F——~ eXP(lanU)Pn —1C0s 5 exp(_1£n+1a)qn B
i An+1

2
<exp(ifn+lo)qn —icos <2

An+1

> exp(—ifn+1a)p_n>,

_ 1
dny1 = AN
sin ( )

20tp41

which follows immediately by re-writing (2.6) and (2.7) as

<pn+1 Qn+1>
dn+1  Pn+1

. . 2 .
~ 1 exp(it,,110) —icos (#) exp(—it,10) <Pn an
= ) Fn An
sin (”_2> icos (# ) exp(i¢,,410) exp(—it,,,0) 9n  Pn
20 n+1

We now prove (6.4)-(6.5) by induction in n.

).

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)
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For n =1, the only vector in 3! with the first (and only) positive coordinate is (1), with
Ch((1)) = @ and Ch((1)) = {1}. Thus, Pay=1and q = cos( ) and the statement of the
theorem matches (6.7).

Assume that the statements hold for some n > 1. Denote £* = (£,¢,,,,) € R"*! and ¢* =
(¢,$p41) € 3" Then by (6.8),

n+1

porffon(2)

= ) peexp(it - {o +if,,,9) + cos < > Y acexp(it - {o —it,,,0)
celn 0Cn+1 cezn
$=1 $1=1
2
= Z peexp(i” - {*o) + cos <207f > Z qc exp(it™ - ¢ o).
rregntl n+l ¢e3”
$1=Cn1=1 $1==Cp=1

A careful analysis of definitions (6.1) and (6.2) shows that we have

Py = Pe if§=¢nm=1
¢ COS( )% if¢y=-fm=1,

and therefore

n+1
Dut1 H sin < > Z per exp(if” - §Fo),
9

CX 8n+1
$1=1

thus proving (6.4).
Similarly by (6.9),

n+1

dn+1 H sin < )

. . . : 2 . .
=—i Z qgexp(—lt’.§a+1fn+1a)—1cos<2 - 1) Z pe exp(=i¢ - {o —it,,,0)

el ceg”
$1=1 ¢=1
—— B L PR ok e
=—i Z qc exp(—iZ” - §o) 1cos< " ) Z pe exp(—if” - §*o).
C*63n+1 n+1 ezn
{1=_{n+1=1 §1=§n+1=1

Once more, an analysis of definitions (6.1) and (6.2) gives

G = COS( )P; if¢ =¢=1,
&= .
qc iff)=—Cp1 =1,
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and therefore

n+1 5
dnis [ i <%> =—i D, agexp(-it* ¢,
J=1 J

§*€3n+1
$1=1

thus proving (6.5). Ol

6.2 | Proof of Theorem 2.17(a)

We start by making the following simple observation, which follows immediately by comparing
(2.18), (2.21), and (6.4).

Proposition 6.2. Letn > 1, let ¢ = (o, ..., ) € (IT'\ £)" be a vector of non-exceptional angles, let
¢ =(,..,¢,) € R, andlet the matrixT = T,, := T(a, ¢, o) be written in the form (6.3). Then

n 2
Da(a,?,0) Hsin <%> = Feyen(a, €,0) +iF q4(a, €, 0).
j=1 J

Theorem 2.17(a) now follows easily. Indeed, Definition 2.3 and Lemma 2.5(a) imply that o is a
quasi-eigenvalue if and only if Tr T,, = 2 Re p,, = 2 which is equivalent to o being a root of (2.20).
Moreover, in this case, by Definition 2.6 and Lemma 2.5(b), o > 0 is a double quasi-eigenvalue if
and only if Im p,, = 0, and therefore (2.21) holds.

6.3 | Proof of Theorem 2.17(b)

Before proceeding to the actual proof of Theorem 2.17(b), we introduce some extra notation. Let
n>1l,andleta €II", ¢ € IR'L. We set, using (2.18) and (2.21),

Fp(@,8,0) 1= Fopen(@,2,0) + iFoga(@.2,0) = Y pe(@exp(iz-¢0)  (6.10)
¢eg”
Gi=1
using the subscript to emphasise the dependence upon the length n of vectors a, £. We also
introduce, by analogy with (6.10), the function

Fy(a,?,0) := =i ) q/(a)exp(-i? - {o), (6.11)
&

and set additionally

We note that if @ does not contain any exceptional angles, then by Theorem 6.1 and
Proposition 6.2,

J J

n 2 n 2
. Vs ~ . T
F, (a,?,0) = p,(a,?,0) jlzll sin <_2a >, F,(a,?,0) = q,(a,?,0) lell sin <_20c ) (6.12)
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However, unlike p,, and g,,, the functions F,, and F,, are defined in the presence of exceptional
angles as well, and we have the following generalisation of recurrence relations (6.8) and (6.9),
with the identical proof:

Proposition 6.3. Letn > 1, let a = (a4, ...,a,) € 1", € = (¢4, ...,¢,,) € R, and let additionally
o =(ay,...,q, ) €I, &' =(¢,....¢,_1) € R (or both empty if n = 1). Then

2
F,(a,?,0) = exp(i¢,0)F,_,(a’,¢',0) —icos <27;

n

> exp(—iZ,0)F,_,(a', ¢, 0), (6.13)

_ _ 2
F,(a,?,0) = exp(i¢,,0)F,_,(a’,€',0) —icos (27;

) exp(—it, )P 20 (614)

n

We can now proceed with the proof of Theorem 2.17(b) proper. Assume the notation of Propo-
sition 6.3, and consider one exceptional boundary component consisting of n > 1 smooth pieces
joining exceptional angles «, and «,,; the n — 1 non-exceptional angles between the pieces are
collected in the vector a’. We need to show that

U(a',2,0)X(cg) - X(a,) =0 < Feyen/oaa(@,?,0) =0, (6.15)
where

U(a,2,0) :=B(,,0)T(«,¢',0), (6.16)
cf. (2.10), X(«) is defined by (2.12) and (2.11), and

{Feven«x, 2,0) = Re(F,(a,2,0)) if O(ay) = Oat,),
Feven/odd(av t,0)= .
Foua(a,?,0) =Im(F,(a,?¢,0)) ifO(ay) # O(a,,).

Using (6.16), (2.5), (6.3), and (6.12), we re-write the left equation in (6.15) as

nH_l sin < 72 exp(—iz,0)F,_(a',¥¢',0) exp(—ifna)Fn_l(a—’, ?,0)
20
j=1

J

1 ( exp(iZ,0)F,_(a’,¢',0)  exp(iZ,0)F,_,(a', ¢, 0) >X(a ) X(@) =0
—> R Al A o) ) =0,

(6.17)
and drop the non-zero product in the denominator from now on.
‘We now have to consider four cases:

(i) ageven, a, even;
(ii) «ay even, a,, odd;
(iii) «, odd, «,, even;
(iv) o odd, a,, odd.

. . . -in/4 (1Y,
In cases (i) and (ii), we substitute X(«) = Xeyen = 67 <1> into (6.17) to get

e—in/4 < exp(i¢,0)F,_,(a’,¢',0) +iexp(i£,0)F,_(a’,¢’,0)

7 )) - X(a,) = 0. (6.18)

exp(—i¢, 0)F,_ (&', €',0) +iexp(—it,0)F,_,(a, ¢,
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In case (i), substituting further X(«,,)) = Xyen = % (}) (and recalling that our definition of

the dot product involves complex conjugation of the second argument) we obtain, after minimal
simplifications,

Re (exp(ifna)Fn_l(a’, t',0) —iexp(—if,0)F,_,(a, €', cr)) =

2
Using now (6.13) with account of cos(%) = O(a,) =1, we arrive at the required equivalent

equation Re(F,(a,?,0)) = 0, thus proving (6.15) in case (i).
eim/4

7 <E1> into (6.18), we obtain after

Similarly, in case (ii), substituting X(a,) = X4q =

simplifications

Im <exp(iz,”na)Fn_1(a', t',0) +iexp(—i¢,0)F,_(a, f’,o‘)) = Im(F,(a,?,0)) =0

(where we again used (6.13) but now with cos( ) = O(a,) = —1), proving (6.15) in case (ii).
The cases (iii) and (iv) are similar and are left fo the reader.

6.4 | Zigzag quasi-eigenvalues as roots of trigonometric polynomials

In this subsection, we briefly discuss trigonometric equations whose roots give the quasi-
eigenvalues of zigzags and zigzag domains.

Let n>1, let a=a’ =(ay,...,a,_;) € T\ E)L, let € =(¢4,...,¢,) ER", and let Z =
Z(a,?) be a curvilinear n piece zigzag (domain). The quasi-eigenvalues of a corresponding
N2-zigzag Z™?) are prescribed by Definition 2.37. Set additionally £’ = (¢,...,¢,_;) € R"L.

Theorem 6.4. The quasi-eigenvalues of a R2-zigzag Z&2), N, 2 € {N, D}, are the non-negative
roots of the trigonometric polynomials

Y pe(a)sin ((£'- ¢ +¢,)0) —ag(@)cos (' - ¢ —£,)0) if R=N,2=N,
3

. pel@)cos ((2'- ¢ +¢,)0) — qe(@)cos (£ - ¢ —£,)0) if R=N,2=D,
T

Y pe@)cos (€' +2,)0) +qc(a’)cos (' - ¢ —¢,)0) if R=D,2=N,

gegn—l
$i1=1

2 pe(a)sin (&' - ¢+ €,)0) + qe(@)cos (£ - ¢ —¢,)0) if R=D,2=D,

¢ezr!
$1=1

(6.19)

where p, and q, are defined by (2.19) and (6.6).
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Proof. We act as in the proof of Theorem 2.17(b): we first use (6.16) and then arrive at the analogue
of (6.17), in which X(«,) and X(«,,) should be replaced by & and 21, respectively. Polynomials
(6.19) are obtained directly from there after substituting in the expressions (6.10) and (6.11), and
some elementary manipulations. O

7 | A QUANTUM GRAPH INTERPRETATION OF
QUASI-EIGENVALUES AND THE RIESZ MEAN

7.1 | Proof of Theorem 2.24
We begin by proving Proposition 2.27.

Proof of Proposition 2.27. We give the proof in the case when there are no exceptional angles;
the exceptional case is treated similarly, cf. Subsection 4.2. We first check that D is symmetric
by the following direct calculation for f and g in the domain of D, using integration by parts,
matching conditions (2.28), and the properties of matrices A(x) from Remark 2.1, and denoting

D=(; %) =D yielding

n
. Vii—0
(D, 820y — F DRpaoye = —i ), DF gl
=

=i

J

[y

=i

M=

Y (A(e;)DACet)) = D)f - g‘vj_o =0

J

1l
—

(since A(a j)DA(oc j) = D). The self-adjointness of ® now follows by standard techniques similar to
[6].
To prove the second part of the statement, suppose that o is an eigenvalue of D; then a restric-

tion of the corresponding eigenfunction f(s) to an edge I; has the form < dd;”;:‘j:.x) with some
).

constantsd; ;,d; , € C(which canbe chosensothatd;, =d;,
in the proof of Proposition 4.26). Set

cf. Remark 4.7 and the discussion

Cj-= f(s)|vj+0.
Then it is easily checked that the vectors c; satisfy

Repeating now word by word the arguments of Subsection 4.2 we see that the eigenvalues o of D
are indeed the roots of (2.8). O
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‘We now proceed to the proof of Theorem 2.24. Note that the vectors X 4q and X, ¢, defined by
2
(2.11) are the eigenvectors of the matrix A(x) with the eigenvalues 7, () = tan(f—a) and 7,(a) =

cot(%), respectively. Therefore, the matrix A(«r) in the basis

1 1
{ %XOdd’ %Xeven }

7.[2
tan (E) 0

2\ |
0 cot <@)

Let us calculate the operator ® in the same basis. The transition matrix is given by
1+i 1-i
T R
2\1—-1 1+i

and therefore the operator ® in the new basis is given by the matrix

d
0o -£
WD = (d ds)
L0
d2
WD = <_@ Odz )
O -

Now, every f € (L?(G))? can be uniquely written as

takes the diagonal form

and its square D2 by the matrix

f= f oddXodd + f evenXeven’

with foq4, feven € L*(Q). In other words, we have a direct sum decomposition,

LX) =Ll (O ®L:, (O,
where
I"idd(g) .= Xodsz(g)’ Lgven(g) .= Xevean(g)~
2

odd/even
spectrum of D? is the union of the spectra of

It is easily seen that both spaces L (G) are invariant for the operator 2, and therefore the

? = D2 .
2
odd/even Lodd/cvcn ©)

We claim that the spectra of Si iad and @fw op r€ the same, and both coincide with the spectrum

of Ag. Obviously, f,4q4X,qq is in the domain of D if and only if both it and D(f,44X,4q) are in
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the domain of D. A straightforward calculation shows that this happens exactly when conditions
(2.24) are satisfied with f = f 44, and we then have

D2 1 fodaXodd) = (Agf odd) Xodd-

Thus, the spectrum of @2 4 coincides with the spectrum of A.
A similar argument shows that the domain of ®2 _ consists of vector functions feyenX
satisfying the ‘dual’ matching conditions

2
cos [ — sin ,
= flyv0 = flv,—o
2 2
. T / T /
sin [ — =cos| —
<4ocj>f lv;+0 <4ocj>f lv,-o0

(with f = f.yen); these conditions are obtained from (2.24) by simply swapping sines and cosines.
Denoting the quantum graph Laplacian subject to matching conditions (7.1) by A/, we conclude
that

even even

(7.1)

even(feven even) - (Ag’feven) even’

and the spectrum of D2 ~ven Coincides with the spectrum of A

It remains to show that the spectra of A; and A coincide. It is easy to see that if f(s) is an eigen-
function of A, corresponding to a non-zero eigenvalue (and therefore not a piecewise constant)
then f’(s) is an eigenfunction of Ay corresponding to the same eigenvalue. The same also holds
the other way round. It is now enough to show that the multiplicities of eigenvalue zero coincide.

By the variational principle, see Remark 2.23, and its analogue for A, the only possible eigen-
functions corresponding to eigenvalue zero are piecewise constants. In the non-exceptional case,
it is easily checked from matching conditions (2.26) or (7.1) that zero is in the spectrum of either
operator if and only if

i (2)-flo(£)

and then it is a simple eigenvalue of either A; or Ay . In the exceptional case, as follows from
(2.26) and (7.1), the only exceptional components Y, which have the Neumann conditions at either
end are those for which O(a®_|) = —O(a%) = 1in the case of A; and O(a_|) = —O(af) = —1in
the case of Ag. In both cases the number of such components, and therefore the multiplicity of

#K
eigenvalue zero, is —24, see also Remark 2.19.

This completes the proof of Theorem 2.24.

7.2 | Proof of Theorem 2.16

As mentioned in Remark 2.25, we prove Theorem 2.16 by explicitly constructing the secular equa-
tion for the eigenvalues of the quantum graph ¢ and invoking Theorem 2.24. The method we use
is standard, and we mostly follow [5, 6, 26, 30] and a private communication from P. Kurasov.
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Suppose that v = o2 > 0 is an eigenvalue of Ag. We write a corresponding eigenfunction f(s)
on the edges I j and I i1 adjacent to the vertex Vj, j =1,...,n, using the local coordinate s j such
that s; |Vj = 0 (the coordinates near adjacent vertices are related by (4.2); cf. Figure 9):

fle(Sj) = a(J) ios; + b(}) —ios; -

fl] (S ) _ b(]) lcrsj + a(J)e_mJ', (73)

J+1

with some constants a(j ) b(j) € C, k = 1,2. Substituting (7.2)-(7.3) into matching conditions

(J) aC

(2.24), resolving with respect to a; J ) , and combining the results for j = 1, ..., n, shows that

the vectors

1) (€))

4 b
1) (€Y)]
a, b,

a:=| : |ec™ and b:=]| : |ec™

(n) (n)

4 by
(n) (n)
a, b,

are related by the vertex scattering matrix

2 2
— COS g sin E
2 2
in 2 z
Sino S
2 2
—cos Z— sin X
20, 20,
2 2
Sct. = Sc¥(a) : = sinZ—  cos Z— (7.4)
[ g 20, 2a,
2 2
—cos 2= sin Z—
2a, 2a,,
2 2
sin = cos 2
2a, 20,
as
a= Scéb. (7.5)

We note that Sc‘g’ is unitary and that det Sc‘g’ = (—1)". Note also that the blocks of the vertex scat-
tering matrix (7.4) differ from the Peters solution scattering matrix (3.13) due to the change of basis
given by W.

We now re-write (7.2) in the variable s;_; using (4.2):

flI] b(] 1) elo8j-1 +a] 1) e—iosj- b(] 1) 197 ¢ios; +a;j—1)e—iafje—iasj‘
-1 b(j)

Comparing this with (7.2), resolving the resulting equations with respect to bgj 1> and again

combining the results for j = 1, ..., n gives a relation

b=Scia, (7.6)
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where Sceg is the edge scattering matrix

0 e-iot)
0 e-iots
e-iots 0
Scg, =Sc(?) 1= . (7.7)
0 e-io?,

e—igty 0

e—io’fl 0

Note that Scy, is also unitary.
Combining (7.5) and (7.6), we arrive at the secular equation for the quantum graph G,

det(Sc‘g’Sceg —1Id) =o0. (7.8)

It is well-known, see references above, that the positive roots of (7.8) are equal to the square roots
of the positive eigenvalues of Ag; moreover, the multiplicity of ¢ > 0 as a root of (7.8) coincides
with the multiplicity of v = o2 as an eigenvalue of Ag.

We now proceed with evaluating the determinant in (7.8). We remark that due to unitarity of
Scé and the fact that it is Hermitian, we have

det (Sceg - (Sc‘g’)‘l)

det ((Sct)!)

det(Sc‘éSceg —1d) =

= (=1)"det (Sc‘g' - Sceg>. (7.9)

The matrix Sc}, — Sct. is a tridiagonal circulant 2n X 2n matrix, and determinants of such matrices
can be evaluated using, for example, [37, Formula (1)], which in our case after some simplifications
reads

det (Sc‘é - scg)

- wn n 2 — ~ ~
= (=1 9 Zj=1 7 <—2 H sin % + Tr (Clety, £, 0)C(@p_1, E_y, 0) -+ Clay, £, a))),
j=1 J

(7.10)

where the matrices

Ca,?,0) := e);g)(ifd) —icos g exp(—iZo)
icos 7— exp(i£o) exp(—ifo)

are related to the matrices C(a, #, o) defined in (2.6) by




100 | LEVITIN ET AL.

Repeating now word by word the proofs of Theorem 6.1 and Proposition 6.2 and dropping the sine
factors in denominators gives

Tr (Clety, £, )@y, €y, 0) - C(0ty, £1,0)) = 2F (@, €, 0),

and (7.9) becomes, with account of (7.10),

n
det(ScgScy, —1d) = 2¢7 2jmaf (Feven(a, ?,0)— H sin ) =2 9 LinYiFP (a, 8, 0).
j=1

Ll
2a;
The first two statements of Theorem 2.16 now follow by dropping the non-zero factor 29 2j=17)
and using Theorem 2.24.

To prove the last statement of Theorem 2.16 concerning the multiplicity of the quasi-eigenvalue
o = 0, we again use Theorem 2.24 and [13, Corollary 23] which states that the algebraic multiplicity
N of o = 0 as a root of the secular equation (7.8) and the multiplicity N, of v = 0 as an eigenvalue
of A; are related by

N =2N, - |E| +D,

where |E| is the number of edges of the graph, and D is the number of Dirichlet conditions. Since
in our case |E| = D = n, the result follows immediately.

7.3 | Proof of Theorem 2.31
First, note that for any € < ¢,
Rp(A) — Rg,(/l) =0, (7.11)

where R?)(/l) := R({o,,}; 1) denotes the first Riesz mean for the sequence {c,,} quasi-eigenvalues
of P. Indeed, by Theorem 1.4 we have the estimate |o,, — 4,,| = O(m~¢). At the same time, by
Weyl’s law (2.32), there are O(4) terms in the sums on the right-hand side of (2.30) for either
Rp(A) or R;IJ(/l), and moreover O(m~°) is equivalent to O(4, ). Putting this all together, we get
(7.11). Therefore, it suffices to prove that

07|

2n
—— 1% 4+ 0(A7). (7.12)
27

RLA) =

Let us assume first that all the side lengths of the curvilinear polygon P are (rationally) com-
mensurable. Then it follows from equations (2.20) and (2.23) that the sequence o,, is periodic:
there exist T,M > 0 such that o, .\, = 0, + T for all m > 1 (in what follows, we refer to T as
the period of the sequence o,,). Moreover, in view of Remark 2.21, the roots of equations (2.20)
and (2.23) are symmetric with respect to o = 0. The algebraic multiplicity of o = 0 is always
even, and according to Definitions 2.6 and 2.13 exactly half of these zeros are counted as quasi-
eigenvalues. This leads to the following observation: on any interval [jT, (j + 1)T], j = 0,1, 2, ...,
the quasi-eigenvalues are located symmetrically with respect to the centre of the interval, that is,
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the midpoint of the period. Therefore, the sum of all the quasi-eigenvalues on each such interval
is equal to M Note that if jT, j > 1, is a quasi-eigenvalue of some multiplicity (which is
necessarily even in view of the observation above regarding the multiplicity of o = 0), then we
assume that half of these eigenvalues contribute to the interval [(j — 1), jT] and the other half to
the interval [T, (j + D)T].

Assume that 1 = kT for some k € N. Then the previous discussion implies that

k-1

2j+1 MTKk? M
R (kT) = MT = = =12 7.13
F(kT) ; > > = 57 (7.13)

which proves (7.12) in this case. Note that the equality % = |0P| can be easily deduced from
Weyl’s law (2.32).
Suppose now that A = kT + ¢ for some 0 < € < T. Then we have

MT
2

kT 1 K2 Y M
RL) = N{o,}Lt)dt + / N{o,}t)dt = + / Ztdt+0(T) = —=2% + O(T).
KT kr T 2T

0

Here we have used (7.13) as well as (2.32) to obtain the second equality. This completes the
proof of (7.12) (in fact, in this case the remainder is O(T)), and thus of (2.34) if all #;, ..., 7,
are commensurable.

Next, suppose that 7, ..., £,, are arbitrary real numbers. By the simultaneous version of Dirich-
let’s approximation theorem (in the form obtained via Minkowski’s theorem, see [34]), for any

real d > 1 there exist a { = {(d) € Nn(d, 4d), and é’j eN, j =1,...,n, such that with f} = S

¢
we have
1 1 .
|fj—f}|< — <= j=1,..,n. (7.14)
di¢ dn

Later on, we will choose d depending on the parameter A and will write d = d(1).
Denote by o/ the quasi-eigenvalues of a curvilinear polygon P’ with the side lengths 7/, ..., 7/
and the same respective angles as P. Assume

AT > 4. (715)
Applying Corollary 5.25, we have
CcA
lom — ol | < — (7.16)
da)
for all o, < 4 and some constant C > 0.
Inequality (7.16) together with Weyl’s law (2.32) implies that
q / ’ q A
RIM) = Y (A-0))+(a),—0,)=RI,AD)+0 — . (7.17)
om<A d)
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At the same time, consider the polygon P’. The lengths of all its sides are rational numbers with
the common denominator ¢ < 4d(A). Let T” be the period of the sequence o”, . It is easy to check
from equations (2.20) and (2.23) that T/ = O(d(1)). Therefore, by the result that we have already
established for curvilinear polygons with rationally commensurable sides,

R, (A) = @/12 +0(d@) = %/12 + o( AZﬂﬂ ) +0(d(2)), (7.18)

2 dQ) T

where the last equality follows from (7.14). Combining (7.17) and (7.18), we get

R?)(/l) = w—Pllz + O(A—2M> + O(d(A)). (7.19)
2 dQ)

2n
Let us now balance the error terms by choosing d(4) = A12n+1, which satisfies (7.15). Substituting
this into (7.19), we obtain

19P]

RI(A) = —
P 27

e o(/lz%).

With account of (7.11), this completes the proof of Theorem 2.31.

8 | LAYER POTENTIALS
8.1 | Layer potential operators

The aim of Section 8 is to extend the results obtained so far for partially curvilinear polygons to
the fully curvilinear case. Throughout this section, we assume that Q,, Q, and Q are curvilinear
polygons, all with the same angles in IT and the same side lengths in the same order. We also
assume that Q) is partially curvilinear. The boundaries of all three domains are thus homoeomor-
phic to the circle of length L, denoted S!, where L is the common perimeter of Q, Q, and Q.In
this section, with a slight abuse of notation, we identify the sides I j of Q, oflength # pi=1..,n
with their images I; C Si (which are arcs of length #;) under the above homeomorphism. Since
the sides of Q and Q are of the same length as the sides of Qy, the intervals I; of Si correspond to
the sides of these curvilinear polygons as well.

Let s be a common arc length parameter, with the same orientation and with s = 0 at the same
vertex, on all three boundaries Q,, dQ, and 3Q. Let qo(s), q(s), and g(s) be clockwise arc length
parameterisations of the three boundaries, with outward unit normals n,(s), n(s), and 1i(s). Also
let y,(5), 7(s), and ¥(s) be the three (signed) curvatures. Our assumptions thus mean that y,, van-
ishes in a neighbourhood of each vertex. We will be interested in a situation when g and g (and
thus y and 7) are close to each other in some C! norm. The outward normals and curvatures are
defined at all points except the finitely many vertices.

We will be comparing the Steklov spectra of these polygons, so let D,,, D, and D be the Dirichlet-
to-Neumann operators on each, with eigenvalues {4, ,,}, {4,,}, and {Im}. We will assume, as we
can, that all these operators act in the same Hilbert space L2(§£). Throughout, we write C¥ or
Ck(s}), with k = 0 or k = 1, for the direct sum C*(I}) @ - @ C*(1,)); in particular, a function in
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CO(SD need not be continuous at the ends of the intervals I j- At the same time, the Sobolev space
H'(S}) is defined in the usual manner.

Theorem 8.1. Fix a domain Q of the type described above and let Q vary within that class. Then
there exist constants C,d > 0, depending only on the geometry of Q, such that if Q satisfies the
condition

lly — 77”61(§p <4, (8.1)
then D — D is bounded as an operator LZ(Si) - Lz(Si) and further
ID = Dllz2~z2 < Clly = 7llcr-

Remark 8.2. This theorem states that within each class of curvilinear polygons we con-
sider here, the dependence of the Dirichlet-to-Neumann operator (with respect to the operator
norm) on the curvature of the boundary (with respect to the C! norm) is locally Lipschitz
continuous.

Remark 8.3. Repeated applications of Theorem 8.1 imply that even without assumption (8.1), D —
D is still bounded from L*(S}) to L2(S}).

The proof of this theorem will occupy the remainder of the section. But first we explain how to
use this theorem to extend the results proved in previous sections for partially curvilinear polygons
to the fully curvilinear case. The following proposition can be viewed as a sort of a bootstrap
argument.

Proposition 8.4. Suppose that Q and Q are curvilinear polygons as described above. Suppose fur-
ther that |D — D|| < 7 /(6L), and let & > 1 be as in Corollary 4.22. Then |o,, — A,n] = 0(1) implies

~ 1 N
|6,y = A| = O(m2079).

Proof. The proof begins with the observation that the sequence {c,,,} must have repeated spectral
gaps of size greater than 7 /2L. Indeed, if this is not the case, then for all sufficiently large 4, the
counting function for {o,,} would be at least %/1, contradicting the Weyl law [6, Lemma 3.7.4].
Now partition the sequence {o,, } into clusters {aak, s Oy }, ending each cluster at the first new gap
of size greater than 77 /(2L), so thata; ., = by + lando,  — o, > 7/(2L).Since|o,, —4,,| = 0,
the disjoint intervals

A1

T T
(0. = 3795 * 151 )

must eventually contain Aak, s ﬂ.bk, and no other eigenvalues of D. On the other hand, ||D — 13|| <

%. So, every element of {1,,} must be within a distance % of some element of {4,,}, which means
that, for sufficiently large k, the intervals

T T
O'ak —E,O'bk +E s

which are still disjoint, must contain Iak, ,/Tbk, and no other eigenvalues of D.
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FIGURE 17 A family Q] (dotted boundary) near a vertex, with the original fully curvilinear polygon Q = Q]
(solid boundary) and a constructed partially curvilinear Q) (dashed boundary; the black dots indicate the ends of
the straight parts of the boundary)

We also note that, by Theorem 4.24, there is a map j : N — N which is eventually strictly
~ 1 5
increasing and for which |0, — 4;¢,,)| < cm:17% - 0. These two observations imply that j(m) =

m for sufficiently large m. O

Now we deduce the correct enumeration for any Q from the correct enumeration for Q, using
a continuity argument. The key is the following proposition.

Proposition 8.5. Let Q be a fully curvilinear polygon. There exists a continuous family of curvilin-
ear polygons Q,, t € [0,1], all with the same angles and side lengths, with Q, = Q, and Q,, being
partially curvilinear.

Proof. We proceed in three steps. First, we build a family Q) with all the required properties
except possibly for the preservation of the side lengths. This is easy to do by working locally in a
neighbourhood of each vertex: assume that a vertex is at the origin, and that Q in the vicinity of
the vertex coincides with

{Ge,y) : x>0y, _(X)<y<y 0}

where y, (0) = 0, see Figure 17.
Let y(x) denote a smooth nonnegative cut-off function satisfying (4.34). We now set, with e > 0
small enough,

Yo (X) 1= x(x/e)y; (0)x + (1 = x(x/)y; .(x)

(so that these functions are linear near the origin), and choose Q) to coincide locally with

{6, ) x>0,y _(x) <y <y, ()}
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(so its partially curvilinear), and Q;, t € [0,1], to coincide locally with

{G,y) 1 x>0,(1 =)y _(x) + ty, —(x) <y < (1= )yg 4 (x) + ty, 1 (0)}.

On the second step, let p, be the maximum ratio of the corresponding side lengths of Q; and

Q=0
B £Q) Q)
0; = max Q)@ [

with p; = 1. We now construct the continuous family of curvilinear polygons Q;’ as copies of Q;
scaled by a linear factor pt_l; this ensures that each side length # j(Q;’ ) of the resulting family is
less than or equal to the corresponding side length #;(Q).

Finally, we adjust the domains Q; to increase, if required, the side lengths #;(Q;") = pte Q)
back to #;(Q) for all j, while leaving a neighbourhood of each vertex unchanged. This may be
done, for example, by adding smooth oscillations with the appropriate t-dependent amplitude and
frequency to each side away from the corners. The result is a continuous family Q, of curvilinear
polygons with Q; = Q, and Q,, partially curvilinear, all Q, having the same angles and side lengths
as Q. O

Along such a family Q,, the curvature depends continuously on ¢ in the C!'-norm, and therefore
by Theorem 8.1, the operator D, depends continuously on ¢ in the L? norm. Since ¢ € [0,1] and
[0, 1]is compact, this dependence is uniformly continuous, so there exists ¢ > Osuch that |t — t/| <
¢ implies that ||D — D|| < /(6L). Finally, by Theorem 1.4 for the partially curvilinear polygon
Q,, which we proved in Section 5, we know that for Q, |o,,, — 4,,(Q,)| = 0(1). So, by one use of
Proposition 8.4, we conclude that for all t € [0, €],

16, — A (Q,)] = O(m ~8+D/2),

But then a second use gets us the same for all ¢t € [0, 2¢], and so on until we reach 1 in finitely
many steps. Therefore, we have:

Theorem 8.6. For any curvilinear polygon Q,
1O = Al = O(m+D/2),

where 8 is defined as in Corollary 4.22.

Our approach uses the theory of layer potentials. So, we let SL and DL be the single- and double-
layer potential operators on the boundary of our domain Q. Throughout, we use SL, SL,, and
analogous expressions to denote the same operators on Q and Q,, respectively. Recall that these
operators are defined as follows:

SL((s) = /S Ksi(s,8)f(s)ds’s DL = /S 1 (%I&(xs’))ﬂs’)dy,

1
Kgp(s,8") = 7 logla(s) - q(s"l,

where n(s’) is the outward unit normal and the integral for DL is a principal value integral.
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‘We now collect some basic facts about these operators. First, we have the Calderon jump rela-
tions, stated in [48, chapter 7, (11.35)] in the smooth context but also true in the general setting of
Lipschitz domains (see, for example, [2]):

SLD = —%(Id _DL). (8.2)

Now we give some information about the boundedness properties of these operators, which again
hold for Lipschitz domains. Although we cite [39], some of these results are originally due to
Verchota [51].

Proposition 8.7 [39, section 2 and Lemma 3.1]. The operators
SL : L?(3Q) —» H'(3Q), DL : L*(3Q) — L*(6Q), DL : H'(8Q) — H'(6Q)

are all bounded. Moreover, SL is invertible as long as the capacity of the domain Q is not equal to
one.

Remark 8.8. The capacity of a domain (also called the logarithmic capacity) scales lin-
early with the domain itself, and is bounded below by the inradius. We may thus safely
assume that the capacity of each of our domains is greater than one. If not, to prove a the-
orem such as Theorem 8.1, we simply scale up the domain(s) so that all inradii and thus
all capacities are greater than one, apply the result there, and transform back. Since D is
homogeneous under scaling, the result follows for all domains. This allows us to make the
assumption, which we do throughout, that our single-layer operators SL, SL,, and SL are
all invertible.

8.2 | Proof of Theorem 8.1

Our first goal is to reduce the proof of Theorem 8.1 to the proof of the following lemma, which gives
bounds on the differences of the single- and double-layer potential operators acting on different
domains.

Lemma 8.9. There exist constants C and & depending only on the geometry of Q such that if
ly(s) = ¥()ller <6,

then

(1) SL — SL is bounded from H™}(S!) - H'(S}), and |[SL — SL|| -1 ;1 < Clly = 7ll¢1-
(2) DL — DL is bounded from L*(S!) - H'(S}), and DL — DL||;2_ ;1 < Clly = 7ll¢1-

We defer the proof of this Lemma to future subsections and now give the proof of Theorem 8.1.

Proof of Theorem 8.1. The point is that the Calderon jump relations (8.2) for Q and Q allow us
to write D — D in terms of SL — SL and DL — DL. Specifically, since we assume SL is invertible,
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subtracting the jump relation for Q from that for Q and rearranging yields
D-D= SL—1<%(DL—ﬁ)—(SL—§)5>. (8.3)

We want the only tildes on the right to be in the differences of layer potential operators, and so a
little more rearrangement yields the following formal expression:

D-D=(I-SL7'(SL- S‘I‘J))‘lsL—1 (%(DL —DL)—(SL— §I:)D>. (8.4)

This formal expression can now be justified. First, by Proposition 8.7 and the bounded inverse
theorem, SL™! is bounded from H' to L2. By the same proposition, %(Id —DL) is bounded from H'
to itself, and thus by the Calderon jump relation, D is bounded from H! to L?. By self-adjointness
and duality, D is also bounded from L? to H~!. By Lemma 8.9, the operator

SL™!((DL — DL) — (SL — SL)D)

is bounded from L? to L?. Further, its operator norm is bounded by ||y — 7||1 times a constant
depending only on the geometry of Q (this absorbs the norms of D and SL™!, both of which depend
only on Q).

Finally, as long as & is chosen smaller than (2C||SL™!||;;1_,;2)~", which depends only on the
geometry of Q, we have that

1

HSL—l(SL —SL) >

L2512 < HSL_l(SL a §I:)HH—1—>L2 <

Therefore, I — SL™'(SL — SL) is invertible on L2, with inverse bounded by 2. The required
statement for D — D now follows immediately from (8.4), and the proof of Theorem 8.1 is
complete. O

8.3 | Proof of Lemma 8.9

The proof proceeds via a careful analysis of the Schwartz kernels of the operators SL — SL and
DL — DL. These kernels are K g and Ky, gy, respectively, and of course the difference of
kernels is the kernel of the difference. Each of these operators therefore has an extremely explicit
Schwartz kernel which is conducive to direct analysis.

Our Schwartz kernels live on Si X Si, and have input and output variables which we denote s
and s’, respectively. We decompose §£ X Si asaunion of rectangles of the form I; X I) and analyse
each kernel on each rectangle separately. The critical results we need are as follows.

Lemma 8.10. There exist constants C and 6 depending only on the geometry of Q so that if ||y —
Y|lc1 < 8, then the three operators with Schwartz kernels

K

SL—SL’ d

K

s Ksr-st» DL-DL

have the following properties.
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(1) For each j and k, each operator is bounded from L*(I;) — H(I i), with the norm bounded by
Clly = 7ller.

(2) Foreach j and k, each operator kernel is bounded on the rectangle I; X I.

(3) For each j, each operator kernel is continuous on I; X S!, with the possible exception of the two
points VX V where V is an end point of I;. In particular, as long as the first variable s is in the
interior of I;, none of these kernels have a jump discontinuity as the second variable s’ crosses a
corner.

Now we complete the proof of Lemma 8.9, given Lemma 8.10.

Proof. First, we claim that each of the three operators in Lemma 8.10 in fact defines a bounded
operator from L(I;) — H' (Si) for each k, with norm bounded by C||y — ¥|| 1. Each of these oper-
ators is the direct sum of the corresponding operators from L*(I}) to H(I j). The output of such
an operator may not be in H 1(Si) a priori, as it might not be continuous at the vertices. How-
ever, we claim that for any input in L?(I}.), the output is continuous at the vertices. Assuming this
continuity, the H 1(§1) norm of the output is the sum of the H'(I j) norms of each piece, which
is enough.

Indeed, the continuity follows from Lemma 8.10. Let g(s) be any function in L?(I},). The output
is /; K(s,s")g(s")ds’, and its continuity is a real analysis exercise. Specifically, break this integral
into a small ball around each end point and a large middle section. The middle integral is con-
tinuous since, by part 3 of Lemma 8.10, K(s, s’) is continuous for all values of s’ not at the end
points. And since K(s, s") is bounded by part 2 of the Lemma, the end point integrals are small, so
a standard /3 argument completes the proof of continuity.

It is now immediate that each of the three operators in fact is bounded from LZ(Si) - H 1(Si)
with the same norm bounds (up to a factor of n), as their output is simply the sum of the outputs
of the operators from L*(I,) — H'(S;). This proves the second statement in Lemma 8.9.

For the first statement in Lemma 8.9, part 1 of Lemma 8.10 shows that it is sufficient to prove
that

ISL — STl -1 11 < C(IKgp _sgll2—mn + 199Ky gt llz2—pm)s (8.5)

with C a constant depending only on the geometry of Q, and where the norms on the right-hand
side are, in an abuse of notation, the operator norms of the operators with those kernels (so that,
in particular, the operator denoted by K; & in the right-hand side is the same as SL — SL in the
left-hand side).

To this end, let M be a Fourier multiplier operator on S!, multiplying each basis element
e?™ms/L by 1 4+ |m|. Then, up to a factor of L which we ignore as it can be absorbed into C, M
is an isometric isomorphism from L? to H™!. Thus,

ISL = SLl-1 1 = I(SL = SL)Ml2_;n = sup
feL2lifii=1

/§1 Kg 55(s, s )Mf)(s)ds'

L

H!

Write out the Fourier expansions of K¢; &7 (s, s”) and of f (s"), ignoring all normalisation constants
(which can be absorbed):

K= T ™, ()= Ty,

mez mez
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Then by a direct calculation,

HSL—SI”HA = osup [ (A mDd_ e, (s)
- dm:ZdyznZI mez H1
(8.6)
< sup || Y dopen®|  + sup || D Imld_ e, (s)
dp Y d%=1|lmez H dp:Ydi=1|lmez Hl
But also by direct calculations,

||KSL—§I:||L2—>H1 = sup Z d_mcm(S) s

dm: Zd,zn=1 mezZ Hl
||C3S’KSL—ST4”L2—>H1 = sup Z (=m)d_p, ¢, (5)

dp: Y di=1|lmez H1

Although it does not initially look identical, this second norm is the same as the second term of
(8.6), as the signs of the coefficients d,, may be multiplied by —1 X m. The equation (8.5) follows
immediately, and with it Lemma 8.9. [l

8.4 | Proof of Lemma 8.10: Kernel expressions

The starting point for our proof of Lemma 8.10 is work of Costabel [9]. Costabel analyses kernels of
operators of the form SL — SL, and DL — DL, comparing a curvilinear polygon to a polygon with
straight edges near the corners. From [9], one extracts that each of the three operator kernels in
Lemma 8.10 is continuous on I; X I}, except when k = j + 1, in which case there is a singularity
at V X V. Costabel carefully analyses the asymptotics of the kernels at each singular point and
in fact, from his work one can deduce boundedness of each kernel in this singular case as well
(we will also see it directly). By writing SL — SL = (SL — SL,) — (SL - SL,), this proves part 2 of
Lemma 8.10. As for part 3, this almost follows from Costabel, except that we need to prove the
following:

Proposition 8.11. Ifs is a vertex and s’ is not, then the kernels Kq 51 5S,KSL_§I, and Ky, gy are
continuous at (s, s').

This will follow from our explicit expressions for the kernels and therefore we postpone the
proof for the moment, but once it is done, part 3 of Lemma 8.10 follows immediately.

To prove part 1, and also complete the proof of Proposition 8.11, we must analyse the kernels
directly. To show part 1, we take advantage of the definition of the H! norm, and observe that it
suffices to show the following six kernels induce bounded operators from L2(I;,) — L*(I j) for each
j and k, with norms bounded by C|ly — ¥||c1:

K

SL—SL’ as’KSL—STn asKSL—éTx asas’KSL—SI’ Kpr-pis aSKDL—ﬁfJ
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We will do this by showing explicitly that the absolute value of each of these kernels is bounded
by |ly — 7|l times a simple function which induces a bounded operator from L?(I;) — L*(I i)-In
the case when k # j + 1, this function may be chosen to be a constant, but if k = j + 1 we must
choose this function to be (mildly) singularat vV x V.

To do this, we write out the six kernels in question. Up to normalising constants which we
ignore as they are not relevant to the argument,

Kgp (s,s") =loglq(s) — q(s")I; (8.7)
9Ksp(5,8) = (qﬁf;)(s_) (i(sq'()z,-)g(s); (8.8)
dyKsi(s.s") = —(q(ls;(;)q_(sl;)()s,')?z( 2 (8.9)

Kpy(s,s") = —(q(ls;(;)q_(sé)()s,';lz(s,); (8.11)
8. Kpy (s, 5') = q(s) - n(s") N 2((q(s) = q(s")) - 4(s))((q(s) — q(s")) - n(S’)). 812)

T 1q(s) — g(s)P2 lq(s) — q(s")]*

The six kernels we need are these expressions minus the corresponding expressions with tildes. All
dots denote derivatives. Note that here n(s) is a 90z rotation of §(s”) (the sign is usually irrelevant)
and that ¢(s) and ¢(s”) are unit vectors since we have an arc length parameterisation.

We begin by proving Proposition 8.11. In fact this is easy because the kernels themselves are
separately continuous, so their differences are continuous as well. At a point (s,s’) where s is a
vertex and s’ is not, the functions g(s), g(s") and §(s") are all continuous, though ¢(s) is not (it has
a jump discontinuity at the vertex). By rotation, n(s") is also continuous. Moreover, |g(s) — g(s")|
is continuous and nonzero. The same is true for all expressions with tildes. From this it is easy
to see that the three expressions (8.7), (8.9), and (8.11) are all continuous, as are their analogues
with tildes. This completes the proof of Proposition 8.11, leaving only the need to prove part 1 of
Lemma 8.10, which will be done with a direct but lengthy calculation.

8.5 | Geometric preliminaries

As a reminder, we have a fixed domain Q and a domain Q which is among the class of domains
for which ||y — 71| is bounded by some yet to be chosen small geometric constant §, depending
only on the geometry of Q. We will, throughout, write

L= |ly =7Vllcos Ty =1y =7ller,
and our restriction on Q is precisely that I' < T'; < § for some & to be chosen later. Throughout

we use C to denote a constant depending only on the geometry of Q (and in particular not on the
geometry of Q).
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Note that all six kernels (8.7)-(8.12) are independent of rotation and translation of the domain
Q in R2. This allows us a degree of freedom of choice, and we will usually take advantage of this
to ensure that fj(so) = {(s,) for some specific value s, chosen conveniently. Of course we cannot
ensure this for more than one point at a time, but that will not be necessary.

Our bounds on the kernels (8.7)-(8.12) are all based on the basic fact that the curvature y(s) is
related to g(s) by

G(s) = y(s) - Rot(q(s)) = y(s)n(s), (8.13)

where Rot is counterclockwise rotation by /2. In particular we have §(s) L g(s). The equa-
tion (8.13) may be used to estimate expressions involving g and ¢ because by the fundamental
theorem of calculus,

N t
q(s) = q(s") + (s = sHg(s") + / /, G(u) du dt, (8.14)

N

a(s) = 4(s') + / ) du, (8.15)

N

with identical expressions for g(s) and its derivative. Note that (8.14) and (8.15) hold only when
s and s" are on the same side; otherwise there is a jump discontinuity in ¢, which modifies the
expressions in the way one would expect.

The following proposition reflects the fact that if the curvatures of Q and < are close to one
another, then their boundaries change direction in similar ways.

Proposition 8.12. Suppose that Q additionally satisfies the condition that there exists so for which
q(sy) = 4(s,)- Then the following hold:

1(g(s) — 4(s)) — (q(s") — ()| < CTs —5'}; (8.16)
1a(s) — d(s)| < CT; (8.17)
1g(s) — §(s)| < CT. (8.18)

Remark 8.13. In fact, (8.16) holds without that condition on Q, as the left-hand side of (8.16) is
invariant under rotation of Q. The others do not.

Proof. Take (8.15) for ¢ and subtract it from the same for g, then plug in (8.13) to obtain

§5) = 4(s)) — @8 — 4(s')) = / / (7(u) Rot(@()) — () Rot(q(w)) d.

This holds for all s and s’, not just those in the same boundary component; as the angles are
the same, the jump discontinuities that are added to (8.15) are the same for both Q and Q and
therefore cancel. We estimate the integral using the usual analysis trick of adding and subtracting
y(u) Rot(g(w)) inside the integral. Observe also that rotation does not change the norm of a vector.
Write F(s) = §(s) — g(s) and Gy(s) = |F(s) — F(s")|, so that the left-hand side of (8.16) is G¢s, and
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we obtain
Gu(s) < / (17) = 7| - 1§00 + [y Q)] - [F)]) du.

However, § is a unit vector, so the first term is bounded by I'|s — s’|. And |y(u)| is the curvature
of Q and thus bounded by C, so adding and subtracting F(s) inside the second term gives

N

Gy(s)<T|s—s'| + C/ |F(uw) — F(s") + F(s")| du < (T + C|F(s")D|s — 5’| + /S CGy(w)du.

N

Since F(s) is continuous so is Gy(s). We may therefore use the integral form of Grénwall’s
inequality to obtain a bound for G (s):

Gy(s) < (T + CIF(sHDIs = '| + /S(F + CIF(HDu—s"| - C -exp (/SCdu’> du.

N

A straightforward estimate gives
Gy(s) < (T + CIF())(|s = 5'| + C|s — s’ |* exp[C|s — 5'|]). (8.19)

Now, in (8.19), substitute s, for s’ and note that by our assumption F(s,) = 0. The observation
that |s — s’| is universally bounded by a constant C (namely C = L) yields a very crude bound for

|F(s)I:
IF(s)| = G, (s) < T|s — sp| + CT|s — 5| *e“~%l < CT.

However, plugging this crude bound back into (8.19) and again using |s — s’| < L on some (but
not all) of the |s — 5’| terms gives a bound of CT'|s — §’| for Gy (s). This is (8.16).

To get (8.17), use (8.13) and estimate the resulting difference as with the interior of the integral
in the previous paragraph, by adding and subtracting y(s) - Rot(g(s)):

14(s) = G()I < 17(s) - Rot(q(s)) = y(s) - Rot(q(s))] + |y(s) - Rot(q(s)) — ¥(s) - Rot(g(s))]

< T+ [y(s)] - | Rot(g(s)) — Rot(g(s))| < T + Clg(s) — ¢(s)|.

(8.20)

By our assumption, §(s) — ¢(s) equals zero for s = So- S0, (8.16) demonstrates that
1g(s) — 4(s)| < CTs — 5],

which is crudely bounded by CT. This gives (8.17).
Finally, (8.18) is obtained by differentiating both sides of (8.13) and subtracting the non-tilde
version from the tilde version, which yields

13(s) = §()| < 17(s) = 7(5)] - | ROt(G()] + Iy (s)] - | Rot(q(s)) — Rot(G(s))-

The first term is bounded by I'; as the second factor is a unit vector. For the second term, note that
ly(s)| < C and that the rotation g(s) — ¢(s), by (8.17), is bounded in absolute value by CT. So, the
second term is bounded by CT overall. Since of course I' < 'y, (8.18) follows. O
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8.6 | On-diagonal rectangles

We now consider the on-diagonal rectangles, that is, each rectangle of the form I; X I; for fixed
j-Itis a well-known fact (see, for example, [9]) that although Kg; and Kg; both have logarithmic
singularities at the diagonal {s = s}, the difference does not, and is actually smooth if the bound-
ary curve I is smooth. This also will follow from our analysis. The kernel Ky, is actually smooth
as well if the boundary is smooth.

We begin by analysing the differences of single layer kernels and their derivatives.

Proposition 8.14. There exists § > 0 depending only on Q such that ifT; < 8, then foralls,s' € 1 j»
we have

|Kgr_st(s:5)] < CTyls —5' 1% (8.21)
|0yKg sp| <CTyls—5l; (8.22)
|0,Kgy, sp| < CTils —5; (8.23)

|0,05Kg; s | < CT. (8.24)

Observe that since |s —s’| is bounded this immediately implies that all such kernels are
bounded by a constant times T}, and thus induce operators from L*(I j) to L1 ;) with norms
bounded by a constant times I';, as desired.

Proof. First we fix an s’. As discussed, the kernels are invariant under a Euclidean motion
of Q, so we assume without loss of generality that g(s") = g(s"), which also allows us to use
Proposition 8.12.

To begin, observe that by (8.14), which holds since s, s’ are on the same side:

N t
/ / Gu)du dt
s Js

Write §(u) = g(s") + /Sf’ §(v) dv; then since ¢(s") and ¢(s") are orthogonal we have

N t
/ / G(u)du dt
s Js

The same expression holds with tildes, and we can subtract the two to estimate the difference
of distances-squared. The first terms are the same for each and thus cancel. The second terms’
difference, since ¢(s’) = g(s'), is

2

S t
14) = g = (s = )2 +2(s ') / / 0(s') - Gu) du dt +

2

N t u
1) — g = (s = )2 + 2(s ') / / / §(s') - G(v) dv dudt +

25— 5) / S / [ / "4 - @) - §) dvdudt.

By (8.18), and the fact that |g(s")| = 1, this expression is bounded by CT |s — s’|*. Finally, we need
to estimate the difference of the last terms with and without tildes. By the usual add/subtract trick
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this difference of last terms is

(L A dwauac)-( [ @0~ ) du ar)
+([ [ @ -gwyauar)- ([ [ qwauar).

Each piece of this can be estimated. For the first factor, |§(ut)| = |y(u)|, which is bounded by C and
so the first term is bounded by C|s — s’|. The second factor is bounded using (8.17) by CT'|s — s|2.
The third factor is the same. And the fourth factor has

1w < 1G] +1gw) = ) <C+T<C+1<C,

as long as we choose & < 1. So, overall the difference of last terms is bounded by CT'|s — s’|*. Thus,
overall, we have

11g(s) = g(s")I* = 1@(s) = (s")I*| < CTyls — 5|, (8.25)

Now observe that for some ¢ > 0 depending only on the geometry of Q, |g(s) — q(s")| = c|s —
s'|, because all interior angles are positive and the boundary does not intersect itself. So, |g(s) —
q(s")| < |s —§'| < Clq(s) — q(s")|. Therefore, manipulating (8.25) leads to

=Y _ ()2
1—- M <CTyls —5'|% (8.26)
lg(s) — q(s")

Taking logarithms, as long as T’ is sufficiently small, yields (8.21).
Before we analyse the difference of derivatives of single layer kernels, a brief proposition.

Proposition 8.15. Foralls,s’' €I 1

1q(s) - g(s") — G(s) - g(s")| < CT|s = §']. (8.27)

Proof. Fix s'. As before, we may assume that g(s’) = ¢(s’). Use (8.13) and the usual add/subtract
trick to bound the left-hand side of (8.27) by

|(r(s) = 7()) Rot(g()) - 4(s")] + [7(s)(Rot(g(s)) - §(s) — Rot(q(s)) - q(s)).

For the first term, the first factor is bounded by I'. The second factor Rot(g(s)) - ¢(s”) is zero when
s = s’ and has s-derivative equal to Rot((s)) - g(s”), which has absolute value bounded by |y(s)| <
C; thus the second factor is bounded by C|s — 5’|. All together the first term is bounded by CT|s —
s'|. As for the second term, the first factor |7(s)| is bounded by C (assuming that § < 1). For the
second factor, §(s") = ¢(s), so the second factor is

|(Rot(4(s)) — Rot(q(s))) - (s < 14(s) = q(s)I-

But §(s) — §(s) is zero when s = s’ and has s-derivative bounded in absolute value by |G(s) — g(s)|,
which by (8.17) is bounded by CT. We therefore get a bound of CT'|s —s’| here as well. This
completes the proof. O
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We use this to prove (8.22). The kernel of 0y Kg; g is

CORCOHRCONECIORICOR q(s")
la(s) — q(s")I? 13(s) = q(sH1>

Since |g(s) — q(s")|~' < C|s — s’|~! as before, this is bounded in absolute value by

lg(s) — q(s")|?

705) a2 A TN -Gl

Cls = s'1721(q(s) — q(s")) - 4(s) =

That ratio of squares is very close to 1, so we add and subtract 1 from it. In addition, taking the dot
product of (8.14) with ¢(s") yields

@) = ) - ds) = s— 5 + / / () - 4(s') du dt,

and the same is true with tildes. When we plug all this in, the main s — s’ terms cancel, and we
get an upper bound for 9y Ky, g of

Cls —s'| 72

lg() ~ g(s)P (525)

13(s) — q(s)I?

S t
[ / (q'(u)'Q(S')—?j'(u)-ij(s’))dudt+<1—

)(Q’(S) —q(s") - g(s")|-

The first of these two terms (including the pre-factor), by Proposition 8.15, is bounded by C|s —
s'|72.CT|s —s'|> = CT'|s — §'|. As for the second, the factor of 1 minus the fraction can be esti-
mated with (8.26) and is bounded by CT |s — s’|?. The other factors are bounded by |s — 5’| and
1, respectively. So, including the pre-factor we get a bound of CT |s — 5| here as well. This proves
(8.22).

Since the single layer kernels are symmetric, we also get (8.23).

Now we tackle the second derivatives of the single layer kernels. The kernel 9 K; gy is given
by (8.10) minus the analogous expression with tildes. We consider the differences of the first and
second terms of (8.10), respectively.

The difference of the first terms can be handled nearly identically to the proof of (8.22).
Following the first few steps of that proof, it has absolute value bounded by

21 . ) |Q(S)—Q(S’)|2'~ ~ !
Cls —s|77|q4(s) - 4(s") — mq@) -q(s)).

From (8.15), we get

0(s) - d(s) = 1+ / i) - q(s') du.

N

And the same trick of adding and subtracting 1 from the ratio of squares gives an upper bound of

_1g(s) —gGNI?

Cls — s'|2
Is =51 13) — G )2

. (829

// (G - 4(s") — q(w) - g(s)) du + <1 >3(S) -q(s")
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The same estimates as before, namely Proposition 8.15 and (8.26), show that this is bounded,
overall, by CT'; as desired.

For the difference of the second terms of (8.10), observe that the second term is precisely
—20,Kg; 04 Kgp . So, the difference of second terms is this minus the version with tildes, and we
can use the usual add/subtract trick to bound this difference by

|aSKSLas’KsL_§I:| + |aSKSL_§I:aS/K§I:|. (8.30)
But by direct calculation, regardless of the parameterisations,
|0:Ksp| < Is — s |0y Ksp| < Is— s

Putting this together with (8.22) and (8.23) gives an overall bound of CT;, and we have proven
(8.24). This completes the proof of Proposition 8.14. O

We have dealt with the single layer potentials and their derivatives. Now we analyse the double
layer potentials.

Proposition 8.16. There exists § > 0 depending only on Q such that ifT; < 8, then foralls,s' € 1 »
we have

|Kpr_p1.(5, )| < CTy; (8.31)

|0:Kpy._p1.(5:8)| < CT. (8.32)
Once this is proven, we have completed the proof of part 1 of Lemma 8.10 in the diagonal, j = k
case, as all six kernels will be bounded by CT; and thus will induce operators from L?(I j) — L2(I J-)

with norm less than or equal to CT;.

Proof. As usual fix an s’ and assume g(s") = g(s’). Using (8.11) and (8.14), along with the fact that
g(s") -n(s") = 0, we get

N t
Kpu(5,5') = —lq(s) — g(s)] ( [ [ da-ne)au dt>.
Let us rewrite this using §(u) = ¢(s’) + /S'f §(v) dv and the fact that ¢(s") = y(s")n(s’):
N t u
Kpp(s,s") = —|q(s) — q(s")| 2 <%|s — 5 2y(s) + / / /, () -n(s")dvdu dt). (8.33)

We can use this, and the adding/subtracting 1 trick, to write an expression for the difference:

lg(s) — q(s")|? )
1g(s) — q(s")|?

Ko p165:8) == 20y~ 55 + 701 -
PLDLE T T 2 g —aE T

N t u
- m < / / / ({(v) - n(s') — 5(v) - (s")) dv du dt) (8.34)

1 GG =g [ [
oo aomwor) [, [ [ 1w dvau
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It remains to bound this and its s-derivative, in absolute value, by CT';. We do this for each of the
three terms separately.

Consider the first line of (8.34). The pre-factor is a C! function of s and s’ on the rectangle I f
and is independent of Q, so its C! norm is uniformly bounded by a constant C. The second factor
is bounded, using (8.26), by T + (C + I)(CT,|s — s’|), which is less than or equal to CT;. As for
the derivative of the second factor, by a direct calculation with logarithmic differentiation, we see
that it is

) lg(s) — q(s")I?

1g(s) — q(sNI* (8.35)

;7(3')(—2(3SKSL_§
By (8.26) and (8.23), this is bounded by
(C+T)(CTy|s — 5’1+ CTy|s —s'|?) < CTy.

This is enough to bound the first line of (8.34) and its s-derivative by CT,.

Now consider the second line. The pre-factor is bounded by C|s — s'|~2, and the integrand,
since n(s") = A(s’), is bounded in absolute value by I';. Thus, the second line itself is bounded by
CT|s — §'|. As for its derivative, there are two terms. If the s-derivative hits the pre-factor we get
2|q(s) — q(s")7*(q(s) — q(s")) - 4(s), which is bounded in absolute value by C|s — 5’| 3, yielding
an overall bound of CT;. If it hits the integral, it removes one of the integrals, so the bound on
the integral becomes CT |s — 5’| instead of CT'; |s — s|3. Multiplied by C|s — 5’| =2 this still yields
CrT;.

Finally, examine the third line. The first two factors are bounded by C|s — s’| ~2 and CT |s — §'|?,
respectively, as a consequence of (8.26). For the integral we evaluate the inner integral and get
a double integral of q(u) — q(s’) dotted with a unit vector. But |g(u)| = [7(u)| < C + T, so that
integral is less than 2(C + F)%ls — s'|%. Putting all three together, the third line is bounded by
CTy|s—+¢' |2, which is certainly bounded by CT';. As for the s-derivative, it can hit three different
factors. If it hits the first factor it produces an extra factor of |q(s) — q(s")|~2(q(s) — q(s")) - 4(s),
which is bounded by C|s — s’|~L. If it hits the second factor, the second factor turns into (8.35)
and thus the bound of CT |s — s’|?> becomes CT |s — s'| instead. And if it hits the integral, one of
the integrals disappears and the bound again loses a factor of |s — s’|. But the s-derivative is still
bounded by CT |s — s’|, which is more than enough. This completes the proof of Proposition 8.16,
and with it the j = k case of part 1 of Lemma 8.10. O

8.7 | Off-diagonal rectangles

Now we assume k # j. We claim it is enough to consider the case where k = j — 1. Indeed, the k =
Jj + 1 case is identical. For the other values of k, the geometric situation is the same as if we take
the k = j — 1 case and restrict the input to lie in a sub-interval of I;_; away from the intersection
V;=1;Nn1I;_,,so the analysis here will cover those values of k as well. In this k = j — 1 case, the
diagonal singularity is not an issue, so all of our kernels are smooth in the interior of I; X I. But
there is a singularity at the point Vj X Vj, and as indicated in [9], it has a more substantial effect
than in the on-diagonal rectangles. Indeed not all of our kernels will be bounded near V; X V;.
However, we will be able to bound them, in absolute value, by a kernel which induces a bounded
operator from L*(I}.) to L*(I ).
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So, let s and s’ be the usual arc length coordinates, and assume without loss of generality that
s = 0 at the vertex VJ-. Thus, we have s > 0 on Ij, ands’ <O0onl; = Ij_l. Assume without loss of
generality that g(0) = g(0) = 0 and that for both dQ and 0Q, I j—1 is tangent to the x-axis at V,
with I; making an angle a with the x-axis for both. Now we define two vector-valued functions
B_(s") and B, (s) by the equations

cosa
sin«

qG) = s’ (—()1) +B.(s): qs) = s< ) +B.(5).

Define analogues with tildes the same way.

Proposition 8.17. The following are true.

(1) The function B_(s") is as smooth as q(s") (at least C3), is O((s")?), and its Taylor coefficient of
(s")? at s’ = 0 is perpendicular to I j—1- Similar statements hold for B, and the analogues with
tildes also hold.

(2) We have 8 +(8) = 4(s), B_(s") = (s'), and the same are true for tildes and third derivatives.

(3) We have the estimates

B'i_g+

<CT; ||5'+ - Ii” <Cry;
L® - T

< CT|s'|; (8.36)

6.()— B.()| < cTs: ]B_(s') _E()

6.5 - B,(9)] < derss [6_() - B(s)] < Lerisy.

Proof. The first statement is obvious except for the orthogonality, but that follows from the fact that
since q(s”) is an arc length parameterisation, the vectors ¢(0) and §(0) are orthogonal. The second
statement is clear. The first two estimates in the third statement follow from (8.17) and (8.18), and

the others follow from integration and the fact that 8, (0) = E ,(0) and [S’ L(0) = E 4(0). O

Now define, as in [9],

N cosa) (-1
r(s,s") '_‘S<sina> s <0>

Its utility is the following:

Proposition 8.18. The kernel r~1(s,s") defines an operator which is bounded from L1 j—l) to
L3(I)).
J

Proof. This is a consequence of [9] and is essentially proved there. Specifically, apply the second
statement in [9, Theorem 4.2] with s = 0 and j = —1, noting that H° = H® = L2. The kernel r~!
is an example of one of Costabel’s kernels K ; with homogeneity j = —1. If y is a cut-off function
localising near V', then by [9, Theorem 4.2], x(s)r~" x(s') is bounded from L* to L?. On the other
hand, 1 — x(s)r~' x(s') is bounded on I; X I;_; and is also bounded from L? to L?. Adding them
completes the proof. O

The point of this is that we have the following proposition:
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Proposition 8.19. There exists § > 0 depending only on Q such that if 'y < 8, then for all s € I;
ands' € I;_;, we have

|Kgy _s7(s, 8" < CTr; (8.37)
10yKg g7| < CT; (8.38)
10,Kg; 57| < CT; (8.39)

0,0y Kgy,_st| < CTyr"; (8.40)

IKpr_51.(s, 8| < CTy; (8.41)

10Ky _57.(58) < CTyrt, (8.42)

Once we have proven this proposition, all of our kernelson I; X I;_; will be bounded in absolute
value by I'; times a kernel which defines a bounded operator from L? — L2. This proves part 1 of
Lemma 8.10 and thereby completes the proof of the results in this section. It remains only to prove
Proposition 8.19.

Proof. First we note that r is a good approximation to |g(s) — q(s’)| in the sense that
Cr <lq(s) — q(s") < Cr. (8.43)

In fact the ratio of |g(s) — q(s”)| and r actually approaches 1 as s, s’ — 0, since the deviations of
q(s) and g(s’) from straight lines are quadratic, and if the deviations 3, were identically zero then
we would have (s, s") = |g(s) — g(s")|.

Now we claim:

[1g(s) — q(s")I = 13(s) — G| < 1g(s) = G| + 1g(s") = G(s")|
= 1B,(8) = B (S)] + 1B_(s") — B_(s")]

< %Cl"(s2 + (s')?) < CT'r? < CTr|q(s) — q(s)].

Indeed this follows from the definition of 3, estimates (8.36), the fact that the ratio r>(s,s")/(s*> +
(s")?) is bounded by C, and (8.43). As a consequence,

=) _ A<
1- M <CTv, (8.44)
la(s) — q(s")I
and so as long as T' is sufficiently small,
|(s) — q(s)
Koy _a(s,8)| = |log —=————| < CTr,
sL-St %19 = q@)]

which proves (8.37).
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To go after derivatives of the single layer potential, observe that, after doing the usual add and
subtract 1 trick, the kernel of 6SKSL_§1 is

lq(s) = q(s))17* (((q(s) = q(s") - 4(s) = (@) = G(s")) - q(5)

_lg(s) = g
+<1 FORE G

. (8.45)
>(§(S) —-q(s") - 67(S)> -

The pre-factor is bounded by Cr—2, so we need to show the sum of two terms is bounded by CT'r?.
The first of these terms, using an add-subtract trick, is bounded by

C(1q(®) = q(s") - (4(s) = qsNI + 1((g(s) — g(s")) = (@(s) = ") - () )-

By (8.43) and rearrangement, this is bounded by

Crlg(s) = g +1(g(s) = gls) + (g(s") = G-

Switching from q to 3, then applying (8.36), yields an upper bound of
CrTs + %I‘(s2 +(s")?),

which is at most CTr2, as s < |s — s’| < Cr. Now the second of the two terms in (8.45) is bounded

by
lgts) —q(HI*| .
cl1—- =227 |, - .
‘1 iq—qee| 170~ I)

By (8.44), for sufficiently small T, the first factor is bounded by CIr. By (8.44) and (8.43),
the second term is bounded by Cr. Putting these together gives what we want and proves
(8.39). Since our geometric setup is symmetric with respect to interchange of s and s’, we also
get (8.38).

For the second derivative of the single layer potential, as with the diagonal case, we consider
the differences between the tilde and non-tilde versions of the first and second terms of (8.10)
separately. The first two terms have difference which is bounded by

The right-most portion of this is bounded by CI'r, so with the pre-factor, that gives CTr~
desired. The left-most term is bounded, using an add-subtract trick, by

<1 _1g(s) = q(s)I?

2 3 ) A A~ !
Cr <‘q(s)-q(8)—q“)‘q(s)|+ 1g(s) — q(s")|?

>é~(S) -q(sh

L as

14(s) - (d(s") — ()| + 1(4(s) — G() - G| = 1B_(s") = B + 1B.4.(5) — B, ()],

and by (8.36) this is bounded by CT'(s — s”) < CI'r. So, the first terms of (8.10) differ by CT'r~!. As
for the second terms of (8.10), the same trick as on the diagonal yields a bound of (8.30), and by
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(8.39) and (8.38) this is bounded by
CT(|8,Ksy(s,8")| + 8y Kgp (s, 8")DD.

But each of the terms in brackets, by (8.8) and (8.9), is bounded by C|q(s) — q(s")|~!, which by
(8.43) is bounded by Cr~!, yielding an overall bound of CT'r~!. This proves (8.40).

For the double layer potential, the kernel K, 57 (s,s") is (8.45) but with all g(s) replaced by
n(s), same for the tildes. Most of the analysis is identical, except that now we need to replace the
bound |¢(s) — §(s)| < Cos with the same bound for |n(s) — fi(s)|. But this is just a 90% rotation,
which leaves the magnitude unchanged, so the same bound applies, proving (8.41).

Finally we need to analyse 6,Kp; (s, ") and do so by dealing with the first and second terms of
(8.12) separately. For the first terms, the proof is precisely analogous to the proof of (8.40), with the
same replacement of 4(s) by n(s), and the rotation trick we just used in the previous paragraph.
For the second terms, observe that the second term of (8.12) is precisely —2(0,Kg; )Kpy.- By the
same trick as usual, the difference of terms is bounded by

10,Ks.(s, 8 )Kpr 57,05, 8)| + 10,Kg; _57.(5, 5 )Kpz.(s, 5N

Using (8.39) and (8.41), this is bounded by
CT(|18,Ksy,(s,8)| + [Kpy (5, D).

By direct calculation, the first term is bounded by |g(s) — g(s")| !, and the second by the same with
tildes. By (8.43) and (8.44) both of these are bounded by Cr~!, yielding (8.42). This completes the
proof of Proposition 8.19, and with it all the results in this section. 1

9 | FURTHER EXAMPLES AND NUMERICS
9.1 | General setup and benchmarking

The examples in this section extend those in Subsection 1.4. In most cases, the Steklov eigenvalues
are computed using the Finite Element package FreeFEM (earlier versions known as FreeFem++),
see [22] and short notes [31]. In most cases, we choose a uniform mesh with 300 mesh points per
unit length on the boundary. Roots of trigonometric polynomials are found using Mathematica
operating with double precision.

To benchmark the performance of the finite element solver, we compare the numerically
computed Steklov eigenvalues A™™ of the unit square 734(%, 1) with the exact eigenvalues [18,
section 3.1]

A€{0,2}u{2ttanht | tant = —tanht or tant = cotht,t > 0}

U{2tcotht | tant = tanht or tant = —cotht,¢ > 0}.

We also compare the numerically computed Steklov eigenvalues and the exact eigenvalues 0,,, =
Oym+1 = m for the unit disk D,. Figure 18 shows the relative numerical error

num
. m
gnum - — -1
m A
m
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FIGURE 18 Relative FEM errors for the disk and the square, and asymptotics error for the square

for the square and the disk, and also the relative asymptotic error

asy .

for the disk.

One can see that with the chosen mesh size, the relative error £)*™ does not exceed approxi-
mately 10~ for the eigenvalues 1,,, m = 2, ..., 100. Although it is well-known that adaptive FEM
are better suited for Steklov eigenvalue problems, see, for example, [14], they are processor-time
costly and harder to implement. As we conduct the numerical experiments purely for illustrative
purposes in order to demonstrate the practical effectiveness of the asymptotics, the use of uniform
meshes already gives very good results as shown above. For an alternative method of calculating
Steklov or mixed Steklov-Dirichlet-Neumann eigenvalues, see, for example, [3, 4].

As in the examples which follow the exact eigenvalues are not known, we redefine from now

on the relative asymptotic error as

g

as m

Emy ~ | ynum -1
m

and use these quantities for all illustrations.

9.2 | Example 1.10 revisited

Before proceeding to concrete examples, we fist demonstrate formulae (1.5) when all angles are

special. Recalling Definition 2.3, formula (2.7) and Remark 2.1(c), we get in this case

T(a,?,0) = [ 0(«)) <
j=1

eildPlo 0

0 e—i|6P|a> ’
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Sy, : N (39)
( 2y>tan(ga) (a-3) (+3)

FIGURE 19 Family 7 («) of curvilinear triangles

and so

n
TrT = 2cos (10P|0) [ [ Oa)) = 2
j=1

with o > 0 if and only if (1.5) holds. The statement on multiplicities, as well-as the statement in
case (b) of Example 1.10 when some exceptional angles are present, are easily checked.

Switching to particular examples, we consider, in addition to right-angled triangles T; and T,
a family of curvilinear triangles 7 («) constructed according to Figure 19. For each a € (0, %),
the vertices of 7 () coincide with the vertices of an equilateral triangle of side one, two sides
are straight, and the third (curved) side is given by the equation shown in Figure 19. Thus,
T(a) = P((%, %, a),(1,1,¢,)), where the length 7, of the curved side has to be found numeri-
cally. We consider further two particular cases 73 = 7 (%) (two angles are odd special and one
is even special) and 7, =T (%) (all three angles are odd special), for which £z ~ 1.0130 and
¢z = 1.0296, respectively. ’

"The asymptotic accuracy for T4, T, 73, and 7, is plotted in Figure 20.

9.3 | Example 1.12 revisited

We start with the proof of Proposition 1.13. For a quasi-regular n-gon P,(a,?Z) with a
non-exceptional angle o, we have, by (2.7),

T(a,?,0) =C(a,?,0)",
where C is given by (2.6). Thus, T will have an eigenvalue one if and only if C(«, #Z,c) has an

eigenvalue ¢ equal to one of the complex n-roots of one, e%9/", g € Z. As detC = 1, the other
eigenvalue of Cis % therefore to cover all the distinct caseswe need totakeq = 0, ..., [%]; moreover,
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FIGURE 20 Asymptotic accuracy for T, T,, 73, and 7,
the condition can be then equivalently re-written as
72 2q
TrC(a,?,0) = 2 cosec e cos(fo)=c+1/c =2cos - ) 9.1)

Solving (9.1) for non-negative o gives the expressions for quasi-eigenvalues in the statement of
Proposition 1.13.

To prove the statement on multiplicities, we remark that if c # +1, the matrix C(«, Z, o) has two
linearly independent eigenvectors, and so does T(e, £, o). The rest of the statement follows from
the careful analysis of the dimension of the eigenspace of C(«, #, o) corresponding to eigenvalues
¢ = +1 when o is a root of (9.1).

As an illustration, we present numerical data for the equilateral triangle P; = P3(§, 1), the

regular pentagon Ps = PS(%’T, 1), the regular hexagon P; = P6(2?”, 1), and a Reuleaux triangle R =
P3(2?”, %) (whose boundary is the union of three arcs constructed on the sides of an equilateral
triangle of side one as chords, with centres at the opposite vertices), see Figure 21.

Additionally, we consider a family of (non-symmetric) one-angled droplets D, = P;(«,¢,)
shown in Figure 22; the perimeter ¢, needs to be calculated numerically. The quasi-eigenvalues
o are listed in Example 1.12(a,).

Asymptotic accuracy for a selection of droplets is shown in Figure 23.

9.4 | Discussion, and going beyond the theorems

When analysing the numerical data presented in Figures 20, 21, and 23, one should exercise
caution in interpreting the results. For example, the asymptotic accuracy curves for T, and T,
in Figure 20, and for P; in Figure 21, sharply bend upwards around m = 20. This means that
for higher eigenvalues the errors of numerical computations exceed asymptotic errors (with the
asymptotics in these cases converging rather rapidly), and the results become unreliable.
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FIGURE 21 Asymptotic accuracy for P;, P, P¢, and R

(z,y) = (tan%cos@sin&,sin@) NS (07 g)  »

2
(z,y) = (tan?cos@sinﬁ,sin@) ,0 € (g,ﬂ)

V1 =(0,0)

FIGURE 22 A family of one-gons (droplets) D,

We make the following empirical observations on the speed of convergence of quasi-eigenvalues
o,, to the actual eigenvalues 4,, as m — oo based on numerical results:

+ convergence is more rapid for straight polygons compared to (partially) curvilinear polygons,
for which it is in turn faster than for fully curvilinear polygons;
* the rate of convergence becomes somewhat slower as the number of vertices increases.

Remark 9.1. In view of the results of [10, 50] for the sloshing problem, one could suggest that the
curvature at the corner points may contribute to lower order terms in the spectral asymptotics. In
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FIGURE 23  Asymptotic accuracy for droplets D, ot € {7, 7, 37”, 5?”}

particular, for fully curvilinear polygons, it is likely that 4,, — o,,, = O(%), and that this estimate
cannot be improved in general. At the same time, one can show using the methods of Section 4 and
[33, section 3], that for the triangles T4, T, and P; with all angles being special or exceptional, the
error term in the spectral asymptotics decays superpolynomially (and, in fact, similar behaviour
is expected for any partially curvilinear polygon with all the angles which are either special or
exceptional).

We also emphasise that all our theoretical results are only applicable to curvilinear polygons
with angles less than 7, see Remark 3.4. Consider, however, the family of sectors

S, :{z:peie,0<r<1,0<9<cx}:73 a,z,z ,(1,1,a) ).
“ 272

For o < 7, Theorem 2.17(b) is applicable, giving three series of simple quasi-eigenvalues

Z(m=3)
—_ m__ .
a 2

1 72
o = arccos <cos <£>> +27(m—-1), menN. 9.2)

2
— 1 arccos | cos T + 27tm.
L 2 2a

Numerical experiments indicate, however, that formulae (9.2) give good approximations of
eigenvalues even when a > 7, see Figure 24. Together with further numerical experiments (we
omit the details) this gives a good indication that Theorem 2.17 may be applicable (possibly with
worsened remainder estimates) to all curvilinear polygons with angles less than 27.

Finally, we note that it is straightforward to extend our results to not necessarily simply con-
nected domains Q for which all boundary components are either smooth curves or curvilinear
polygons with interior (with respect to Q) angles less than 7: the set of quasi-eigenvalues for
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FIGURE 24 Asymptotic accuracy for sectors S, &« € {37", T,

3 11
Sxhra

such a domain is just a union of the sets of quasi-eigenvalues generated by individual boundary
components taken with multiplicities, cf. [17].
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