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LATTICES WITH SKEW-HERMITIAN FORMS OVER
DIVISION ALGEBRAS AND UNLIKELY INTERSECTIONS

BY CuristoPHER DAw & MARTIN ORR

AsstracT. — This paper has two objectives. First, we study lattices with skew-Hermitian forms
over division algebras with positive involutions. For division algebras of Albert types I and II,
we show that such a lattice contains an “orthogonal” basis for a sublattice of effectively bounded
index. Second, we apply this result to obtain new results in the field of unlikely intersections.
More specifically, we prove the Zilber—Pink conjecture for the intersection of curves with special
subvarieties of simple PEL type I and II under a large Galois orbits conjecture. We also prove
this Galois orbits conjecture for certain cases of type II.

Résumi (Réseaux munis de formes anti-hermitiennes sur des algébres a division et intersections
atypiques)

Cet article a deux objectifs. Nous étudions d’abord les réseaux munis de formes anti-
hermitiennes sur des algébres a division avec involutions positives. Pour les algebres a division
de type I et II dans la classification d’Albert, nous montrons qu’un tel réseau contient une base
« orthogonale » pour un sous-réseau d’indice borné de maniere effective. Ensuite, nous appli-
quons ce résultat pour obtenir de nouveaux résultats dans la théorie des intersections atypiques.
En particulier, nous prouvons la conjecture de Zilber—Pink pour l'intersection de courbes avec
les sous-variétés spéciales de type PEL simple I et II en supposant la conjecture des grandes
orbites galoisiennes vraie. De plus, nous prouvons cette conjecture sur les orbites galoisiennes
dans certains cas de type II.
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1. INnTRODUCTION

In this paper we develop a quantitative result on reduction theory for lattices over
division algebras equipped with skew-Hermitian forms. Our main theorem is inspired
by Minkowski’s theorems on lattices and Masser and Wiistholz’s class index lemma
[MWO5], with the additional ingredient of looking for a basis which interacts nicely
with a skew-Hermitian form.

Our purpose in proving this theorem is to apply it to certain cases of the Zilber—
Pink conjecture in moduli spaces of abelian varieties. The theorem on lattices supplies
the “parameter height bound” needed for the Pila—Zannier strategy. This generalises
our earlier paper [DO22], where we proved some cases of Zilber—Pink for the moduli
space of abelian surfaces using quantitative reduction theory.

1.A. Bases AND SkEW-HERMITIAN FORMS OVER DIVISION ALGEBRAS. — A classical result
in algebraic number theory, due to Minkowski, asserts that if R is the ring of integers
of a number field, then every ideal I C R contains an element x such that the index
[I : Rx] is bounded by an explicit multiple of y/disc(R). A similar result can be proved
for torsion-free modules of finite rank over the ring of integers of a number field, by
combining Minkowski’s theorem with the structure theory of finite-rank modules over
a Dedekind domain (see [CR62, §22, Ex. 6]).

In [MW95], Masser and Wiistholz generalised this theorem to torsion-free R-mod-
ules L of finite rank over any order R in a division Q-algebra. This generalisation
shows that there is a free R-submodule of finite index in L, with index [L : R] bounded
polynomially in terms of disc(R). The statement is as follows. (See section 2.F for the
definition of the discriminant of an order in a semisimple Q-algebra.)

Turorem 1.1 ((MWO95, Chap. 2, Class Index Lem.]) — Let D be a division Q-algebra
and let R be an order in D. Let L be a torsion-free R-module of finite rank m. Then
there exists a left D-basis vy, ...,y for D ®g L such that vy,..., v, are in L and
[L:Rvy + -+ Rup) < |disc(R)|™/2.

In another direction, if L is a Z-module of finite rank equipped with a positive
definite symmetric bilinear form 1: Lx L — Z, then one can use the classical reduction
theory of quadratic forms to find an orthogonal basis vy, ..., vy, for L ®z Q such that
V1,...,0n € L and [L : Zvy + -+ + Zvy,] is bounded by a polynomial in |disc(L)|.
A similar result for a Z-module of finite rank equipped with a symplectic form can
be found in [Orr15] (see Lemma 4.3 therein).

In this paper, we obtain a version of Theorem 1.1 in which L is equipped with
a (D, T)-skew-Hermitian form (see section 3.A for the definition of a (D, })-skew-
Hermitian form.) We seek a basis of D ® g L which is weakly symplectic or weakly
unitary with respect to this form. Weakly symplectic or weakly unitary bases are
the analogues for (D, T)-skew-Hermitian forms of bases which are orthogonal but
not necessarily orthonormal: we say that a D-basis v1,..., v, is weakly symplectic if
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LaTTicES WITH SKEW-HERMITIAN FORMS AND UNLIKELY INTERSECTIONS 1099

Y (vi,v5) = 0 for all 4,5 except when {i,j} = {2k — 1,2k} for some k € Z, and that
the basis is weakly unitary if ¥ (v;,v;) = 0 for all 4,5 € {1,...,m} such that ¢ # j.

Tarorem 1.2. — Let D be either a totally real number field or a totally indefinite
quaternion algebra over a totally real number field. Let t be a positive involution
of D. Let V' be a left D-vector space of dimension m, equipped with a non-degenerate
(D, 1)-skew-Hermitian form 1: V x V. — D. Let L be a Z-lattice of full rank in V
such that Trdp,g (L x L) C Z. Let R = Stabp(L) denote the stabiliser of L in D.

Then there exists a D-basis vy, ...,vy for V such that:

(1) Vi,y...,Um € L;

(ii) the basis is weakly symplectic (when D is a field) or weakly unitary (when D
is a quaternion algebra) with respect to 1;

(iii) [L: Rvy + -+ + Rvp,] < C1|disc(R)|“?|disc(L)|%3;

(iv) [¥(vi,vj)|p < Cyldisc(R)|C|disc(L)|% for 1 <i,5 < m.

The constants C, . ..,Cg depend only on m and dimg(D).

Explicit, but not optimal, values for the constants are given in Proposition 4.5. One
could also prove a version of this theorem that bounds the lengths of the vectors v;,
in the style of Minkowski’s second theorem, but this is stronger than needed for our
application, and according to the proof that we know, the constants are exponential
instead of polynomial in m.

Division Q-algebras with positive involution were classified by Albert into four
types (see section 2.B). The division algebras treated in Theorem 1.2 are those of
types I and II in Albert’s classification. It is likely that this paper’s strategy could
be adapted to prove Theorem 1.2 for division Q-algebras with positive involution of
types IIT and TV, as well as a version for Hermitian forms instead of skew-Hermitian
forms, although various steps in the argument would require modification.

1.B. Apprications 1O THE ZILBER PINK CONJECTURE. We apply Theorem 1.2 to
prove certain cases of the Zilber—Pink conjecture on unlikely intersections in the
moduli space A, of principally polarised abelian varieties of dimension g (which is an
example of a Shimura variety), as follows.

Turorem 1.3. Let g > 3. Let ¥ denote the set of points s € Ay(C) for which the
endomorphism algebra of the associated abelian variety A, is either a totally real field,
other than Q, or a non-split totally indefinite quaternion algebra over a totally real
field. Let C be an irreducible Hodge generic algebraic curve in Ag.

If C satisfies Conjecture 1.4, then C N is finite.

Throughout this paper, whenever we refer to endomorphisms of an abelian variety,
we refer to its endomorphisms over an algebraically closed field.

The analogous statement to Theorem 1.3 for ¢ = 2 was proved in our earlier
work [DO22]. In that paper, [DO22, Lem. 5.7] played the role which is now played by
Theorem 1.2. Indeed this paper represents the next stage of our programme on the
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1100 C. Daw & M. Orr

Zilber-Pink conjecture for Shimura varieties, following on from [DO21] and [DO22],
which were inspired by the earlier papers [HP12], [HP16], [DR18], [Orr21].

Conjecture 1.4, referred to in Theorem 1.3, is a large Galois orbits conjecture,
of the sort appearing in many works on unlikely intersections (for example, [Ull14,
Conj. 2.7], [HP16, Conj. 8.2], [DR18, Conj. 11.1], [DO22, Conj. 6.2]).

Consecrure 1.4, — Define ¥ C A, as in Theorem 1.3 and let C C A, denote an
irreducible Hodge generic algebraic curve defined over a finitely generated field L C C.
Then there exist positive constants C; and Cg, depending only on g, L and C, such
that, for any point s € CNY,

# Aut(C/L) - s > Cy|disc(End(A,))|%5.

The most general conjecture of this type in the context of Shimura varieties which
has been written down is [DR18, Conj. 11.1]. It is not clear whether [DR18, Conj. 11.1]
implies Conjecture 1.4, because it is not clear how |disc(End(Ay))| is related to the
complexity A((s)) defined in [DR18]. For example, in [DR18, Conj. 11.1], A({s)) is the
complexity of the smallest special subvariety of A, containing s. In Conjecture 1.4,
|disc(End(Ay))| is a measure of the complexity of the smallest special subvariety of
PEL type containing s, which might not be the same as the smallest special subvariety
containing s. However, for the purpose of proving cases of the Zilber—Pink conjecture,
the precise definition of complexity is not important: we only need a parameter height
bound and a Galois orbits bound which involve the same notion of complexity. Since
we are focusing on special subvarieties of PEL type, the discriminant of the endomor-
phism ring is a natural measure of complexity.

Using André’s G-functions method [And89], in the form of [DO21, Th.8.2], we
prove Conjecture 1.4 in certain cases and thus establish Theorem 1.3 unconditionally
in those settings. The proof of large Galois orbits in Theorem 1.5 does not involve
new ideas beyond those in [DO21], [DO22]: the new contribution of this paper is in
the parameter height bound.

Turorem 1.5. — Let g be an even positive integer. Let ¥* denote the set of points
s € Ay for which End(As) ®z Q is a non-split totally indefinite quaternion algebra
whose centre is a totally real field of degree e such that 4e does not divide g.

Let C C A, denote an irreducible Hodge generic algebraic curve defined over a
number field. Suppose that the Zariski closure of C' in the Baily—Borel compactification
of Ag intersects the 0-dimensional stratum.

Then C satisfies Conjecture 1.4 for ¥* (in the place of ¥). Hence, CNYE* is finite.

Compared with Conjecture 1.4, Theorem 1.5 adds two restrictions: X* is defined
by a smaller class of endomorphism algebras than Y, and there is a condition on the
intersection of the Zariski closure of C' with the boundary of the Baily—Borel com-
pactification. We recall that the Baily-Borel compactification of the moduli space A,
is naturally stratified as a disjoint union

AgUAg U+ LA UAg
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of locally closed subvarieties. The zero-dimensional stratum is Ag, which is a point.
The condition that C intersects the zero-dimensional stratum is equivalent to saying
that the associated family of principally polarised abelian varieties degenerates to a
torus (this informal statement can be made precise as in [DO21, Th. 1.4]).

1.C. Tue ZiLBErR-PINK CONJECTURE AND SPECIAL SUBVARIETIES OF PEL 1ypE. — Let us
recall a general statement of the Zilber—Pink conjecture for Shimura varieties. A spe-
cial subvariety of a Shimura variety S means an irreducible component of a Shimura
subvariety of S. An irreducible subvariety of S is Hodge generic if it is not contained
in any special subvariety other than a component of S itself.

Consecrurke 1.6 ([Pin05, Conj. 1.3]). Let S be a Shimura variety and let V' be an
irreducible Hodge generic subvariety of S. Then the intersection of V' with the special
subvarieties of S having codimension greater than dimV is not Zariski dense in V.

In order to relate this to Theorem 1.3, we introduce a class of special subvarieties
of A, which come from endomorphisms of abelian varieties. We recall that A, is an
irreducible algebraic variety over Q. For any algebraically closed field k& containing Q
and any point s € Ay(k), we write A, for the principally polarised abelian variety
over k (defined up to isomorphism) corresponding to the point s.

For any ring R, the set

Mg = {s € A4(C) : there exists an injective homomorphism R — End(4;)}

is a countable union of algebraic subvarieties of A,4. Each irreducible component of
Mg is a special subvariety of A,. We call a subvariety of Ay a special subvariety of
PEL type if it is an irreducible component of Mg for some R.

If R 2 Z, then Mg, is strictly contained in A,. Hence the set ¥ defined in Theo-
rem 1.3 is contained in the union of the proper special subvarieties of PEL type of A,.
Furthermore, as we prove in Proposition 5.5, for g > 3, all proper special subvarieties
of PEL type of A, have codimension at least 2. Thus, Conjecture 1.6 predicts that
the intersection C'N ¥ of Theorem 1.3 should not be Zariski dense in the curve C,
that is, it should be finite.

For each special subvariety of PEL type S C A, there is a largest ring R such
that S is a component of Mpg. We call this ring R the generic endomorphism ring
of S, and we call R®z Q the generic endomorphism algebra of S. We say that a point
s € S(C) is endomorphism generic if the endomorphism ring of A, is equal to R.
Note that all points in the complement of countably many proper subvarieties of S
are endomorphism generic.

We call S C Ay a special subvariety of simple PEL type if it is a special subvariety
of PEL type and its generic endomorphism algebra is a division algebra. (Equivalently,
Ag is a simple abelian variety for endomorphism generic points s € S(C).) We call S
a special subvariety of simple PEL type I or II if it is a special subvariety of PEL
type whose generic endomorphism ring is a division algebra of type I or II in the
Albert classification (see section 2.B). Thus the set 3 in Theorem 1.3 is the union of
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the endomorphism generic loci of all special subvarieties of simple PEL type I or II,
excluding A, itself.

In section 5.C we establish the following bounds on the dimensions of special subva-
rieties of PEL type in A . These are not necessary for proving Theorem 1.3, but they
are interesting for understanding the Zilber—Pink conjecture in the context of special
subvarieties of PEL type. In particular, when g > 3, Proposition 5.5 guarantees that
intersections between a Hodge generic curve and all proper special subvarieties of PEL
type in Ay are predicted to be “unlikely” by the Zilber-Pink conjecture.

Prorosition 1.7. — Let § C Ay be a special subvariety, not equal to Ag.
(i) If S is of simple PEL type, then dim(S) < dim(A,) — g*/4.
(i) If S is of PEL type, then dim(S) < dim(Ay) — g+ 1.

We also prove a finiteness result for special subvarieties of simple PEL type I or IT of
bounded complexity (Corollary 8.4). This is the analogue of a special case of [DR18,
Conj. 10.3], using our notion of complexity (cf. discussion of complexity of special
subvarieties below Conjecture 1.4).

Prorosition 1.8. Define X CAg as in Theorem 1.3. For each b € R, the points s€ ¥
such that |disc(End(Ay))| < b belong to only finitely many proper special subvarieties
of simple PEL type I or II.

1.D. HicH-LEVEL PROOF STRATEGY FOR THrOorREM 1.3. — We now outline the strategy
of the proof of Theorem 1.3, which is carried out in sections 5 to 8, making use of
Theorem 1.2. For our notation and terminology around Shimura datum components,
see [DO21, §§2.A & 2.B].

Let G = GSp,, and let (G, X *) denote the Shimura datum component defined in
section 5.A, which gives rise to the Shimura variety A4. By Lemma 5.1, the Shimura
subdatum components (H,XIJ_FI) associated with special subvarieties of simple PEL
type I or IT lie in only finitely many G(R)-conjugacy classes. Hence it suffices to prove
Theorem 1.3 “one G(R)-conjugacy class at a time.” Thanks to Lemma 5.1, this means
that we choose positive integers d, e, m and let Hy be the subgroup of G = GSp,,
defined in (5.2) for these d, e, m. We prove Theorem 1.3 with ¥ replaced by 4 m,
namely, the union of the endomorphism generic loci of all proper special subvarieties
of A4 of simple PEL type I or II whose underlying group is G(R)-conjugate to Hy.

Let 7 denote the standard quotient map X+ — A4(C) and let F,; denote a Siegel
fundamental set of X, as defined in [Orr18, §2] and [DO21, §2.G].

In order to prove Theorem 1.3 for ¥, ,, we follow the same proof strategy as
[DO22] (which proves the analogous result for g = 2, d = 2, ¢ = m = 1). The idea is
to apply the Habegger—Pila-~Wilkie counting theorem [HP16, Cor.7.2] to a definable
set of the form

D={(y,z) eY xC:ze€ Xy},

where Y C R" is a semi-algebraic parameter space for subsets X, C X T and € =
71(C(C)) N F,. The parameter space Y has the following properties:
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(1) For every rational point y € YNQ", X, is a pre-special subvariety of X whose
underlying group is G(R)-conjugate to Hy.

(2) For every point s € $¢ ., there exists z € 7 1(s) N F, such that z lies in X,
for some rational point y € Y N Q", with the height H(y) polynomially bounded in
terms of End(As).

Consequently, if CNXg ¢ is infinite, and if the large Galois orbits conjecture holds,
then the number of points (y, z) € D with y € Y N Q™ grows reasonably quickly with
respect to H(y). Then the Habegger-Pila-Wilkie theorem tells us that D contains
a path whose projection to Y is semi-algebraic and whose projection to € is non-
constant. We can conclude by a functional transcendence argument as in [DO22,
§6.5].

1.E. PROOF STRATEGY: PARAMETER SPACE. — The strategy described in section 1.D is
the same as that applied in [HP16], [DR18], [DO21], [DO22], and others. The new
ingredient required to apply the strategy described in section 1.D in our case is to
construct a suitable parameter space Y for special subvarieties of simple PEL type I
or IT and prove that it satisfies property (2) above.

To construct Y, we will choose a suitable representation p: G — GL(W), where W
is a Q-vector space, and a vector wy € W such that Stabg(wg) = Hp. Then we
define Y to be the “expanded p-orbit” of wg in Wr:

Y = Aut,(q)(Wr) p(G(R)) wo.
For each y € Y, we define H, = Stabg, (y) and
X, ={z€ X" :2(S) c H,}.

If y € Y NQ", then Hy is a Q-algebraic subgroup of G, which is G(R)*-conjugate
to Hy. By Lemma 5.1, we have H, g = gHorg ' for some g € G(R)" and, for each
component X;’ of Xy, (Ho,g_lX;') is a Shimura subdatum component. By Lem-
ma 5.2, there is only one Shimura subdatum component with group Hy. We denote
this component by Xa' . Therefore, g’le+ = XS' for every component X;r of X,.
Hence, X, is connected and (H,, X,) is a Shimura subdatum component of (G, X ™).

This establishes property (1) of section 1.D. To establish property (2) of section 1.D,
we use the method of [DO22, Prop. 6.3]. All we have to do is understand how funda-
mental sets in H,, vary through the G(R)-conjugacy class. A quantitative description
of these fundamental sets is given by [DO22, Th. 1.2], but it requires as input a suitable
representation p and bounds on the lengths of certain vectors in p. This input is given
in Propositions 6.1 and 7.1, which together generalise [DO22, Prop. 5.1] (which is the
case d = 2, e = m = 1). The representation is constructed in Proposition 6.1, and the
construction of vectors w,, with bounds for their lengths is found in Proposition 7.1.

To explain how Theorem 1.2 is used, we outline the proof of Proposition 7.1. Let
L =7% and let V = Lg = Q2, with the standard action of G = GSp,, on V.
Choosing a lift § € 771(s) induces an isomorphism L = H;(A,,7Z), hence an action
of End(As) on L. The polarisation induces a (D, T)-skew-Hermitian form 1t on V,
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where D = End(A4;) ® Q and t is the Rosati involution. We use Theorem 1.2 to
choose a weakly unitary or weakly symplectic D-basis {v;} for (V,1) contained in L.
Suitable multiples of the {v;} yield a symplectic or a-unitary Dg-basis for (Vg,)
(see section 3.B for definitions). The choice of a symplectic or a-unitary Dg-basis for
(Vk, 1) is equivalent to the choice of an element u' € Sp,,(IR) such that s € v’ X
This element v is called #~! = wh in section 7, and its construction is detailed in
Lemmas 7.3 and 7.4.

We then use the bound from Theorem 1.2(iv), via Lemma 7.3(iii), together with the
fact that v; € L, to obtain v € Sp,,(Z) such that the entries of the matrices vg and
(vg)~! are polynomially bounded (Lemmas 7.5 to 7.7). Since 7 is Sp,, (Z)-invariant,
we still have 771(s) N vgX{ # @. From ~g, we construct a vector (denoted w, in
section 7) suitable for use as input to [DO22, Th. 1.2], which gives the height bound
for y = p(b™1u)w,.

1.F. Remark on errecTiviTY. — We note that Theorem 1.2 and Theorem 8.5 are
effective. As such, the obstructions to effectivity in Theorem 1.5 are (1) its dependence
on the (ineffective) Habegger—Pila—Wilkie theorem (as stated in [DR18, Th. 9.1]) from
o-minimality and (2) the ineffectivity in [DO22], as explained in Remark 4.3 therein.
Obstruction (1) was recently overcome for the André—Oort conjecture for non-compact
curves in Hilbert modular varieties by Binyamini and Masser [BM21] using so-called
Q-functions. It seems plausible that these techniques could also apply to our setting.

1.G. OurLINE oF THE PAPER. — The paper is in two parts. The first part, sections 2
to 4, proves Theorem 1.2. It deals only with modules over division algebras and skew-
Hermitian forms, with no mention of Shimura varieties. The second part, sections 5
to 8, proves Theorem 1.3. The main new ingredient is Theorem 1.2.

In section 2, we introduce terminology around division algebras and their orders,
as well as various lemmas used throughout the calculations in sections 3 and 4. In sec-
tion 3, we define the notion of a skew-Hermitian form on a module over a division
algebra with involution and define several notions of well-behaved bases with respect
to a skew-Hermitian form. Section 4 consists of the proof of Theorem 1.2, which
involves substantial calculations.

Section 5 introduces Shimura data and establishes the basic properties of special
subvarieties of simple PEL type I and Il in A,4. The representation and vectors required
as input for [DO22, Th.1.2] are constructed in sections 6 and 7, as sketched in sec-
tion 1.E. The application of Theorem 1.2 is found in section 7, specifically Lemma, 7.3.
Finally section 8 states some slightly stronger versions of Theorems 1.3 and 1.5 and
completes their proofs.

1.H. Norarion. We shall use the following notation for matrices. If A and B are
square matrices, we will denote by A @ B the block diagonal matrix with blocks A
(top-left) and B (bottom-right). We will write A®? to denote the block diagonal
matrix A® --- @ A with A appearing d times.

We shall write Jo = ( % §) and J,, = JE™? for each even positive integer n.
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2. DIVISTON ALGEBRAS

In this section, we introduce the notation and terminology we shall use for division
algebras. A key definition is a norm |-|p on an R-algebra with positive involution.
We establish useful properties of this norm and of the discriminants of orders in
division algebras. We also include some broader preliminary lemmas, on discriminants
of bilinear forms and versions of Minkowski’s second theorem.

In this paper, our main interest will be in division Q-algebras with positive invo-
lution of Albert types I and II. However, we have stated many of the definitions and
results in this section in greater generality, such as for semisimple algebras over any
subfield of R. We do this not only because this greater generality is often natural, but
also it is sometimes necessary as we wish to apply the results to D ®g R where D is a
division Q-algebra, but D ®g R might not be a division algebra. We have not stated
all results at their greatest possible generality, if doing so would require additional
complications while not being required for our application.

Throughout this section, k denotes a subfield of R. Later in the paper, we will
usually use k = Q or K = R. Whenever we say k-algebra, we mean a k-algebra of finite
dimension. If V' is a k-vector space or k-algebra, then Vi denotes V ®; R.

2.A. SEMISIMPLE ALGEBRAS, NORMS AND TRACES. As a reference on semisimple alge-
bras, reduced norm and trace, see [Rei75, §9].

Let D be a semisimple k-algebra. Then D = []°_, D; for some simple k-algebras
D+, ..., D,. For each i, let F; be the centre of D;, which is a field.

We write Trdp,,r, and Nrdp,,r, for the reduced trace and reduced norm respec-
tively of the central simple algebra D;/F;. Letting Trp,,, and Nmpg,, denote the
trace and norm of finite extensions of fields, we define

Trdp, = ZTrFi/k oTrdp,/r,, Nrdp/ = HNmFi/k oNrdp,/F, -
i=1 i=1

Note that Trdp/; and Nrdp /. are compatible with extension of scalars. By this, we
mean that, if K is a field containing k and Dg = D® K, then Trdp/, = Trdp, /k [D
and similarly for Nrdp /. This is true even though the simple factors of D might not
remain simple after extension of scalars. Note also that Trdp,,(ab) = Trdp i (ba) for
all a,b € D.

Suppose that D is a simple k-algebra and let F' be the centre of D. Let

d = /dimp(D) = Trdp,p(1), e=[F:k].
Then dimy, (D) = d?e. We will use the notation F, d, e from this paragraph throughout
the paper whenever we talk about simple algebras, without further comment. Note
that Trp/p(a) = dTrdp/p(a) and Nmp/p(a) = NrdD/p(a)d for all @ € D, where
Trp,r and Nmp,p are the non-reduced trace and norm.
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2.B. DIVISION ALGEBRAS WITH POSITIVE INVOLUTION. Let D be a semisimple k-alge-
bra. An involution 1 of D means a k-linear map D — D such that § o = idp and
(ab)T = blal for all a,b € D. (We follow the convention of [Mil05, §8] by requiring
involutions of k-algebras to be k-linear. This is important for Lemma 3.1. Thus, with
our definition, an “involution of the second kind” of a central simple F-algebra is
not an F-algebra involution. However, an involution of the second kind can still be
handled within our framework by taking k to be the fixed subfield of F'.)

For every a € D, we have TrdD/k(aT) = Trdp/i(a). Consequently, the bilinear
form D x D — k given by (a,b) — Trdp;(ab') is symmetric. The involution { is said
to be positive if this bilinear form is positive definite (equivalently, if the non-reduced
trace bilinear form (a,b) — Trp;(abl) is positive definite).

Division Q-algebras with positive involution (D, t) were classified by Albert into
four types, depending on the isomorphism type of Dg [Mum?74, §21, Th. 2].

Typel. — D = F, a totally real number field. The involution is trivial. (In this case
Dg = R¢.)

Type 11 D is a non-split totally indefinite quaternion algebra over a totally real
number field F. (Totally indefinite means that Dg = Ma(R)¢.) The involution is
of orthogonal type, meaning that after extending scalars to R it becomes matrix
transpose on each copy of My(R).

Type Ill. — D is a totally definite quaternion algebra over a totally real number
field F. (Totally definite means that Dg = H¢ where H is Hamilton’s quaternions.)
The involution is the “canonical involution” defined by a + Trdp/r(a) — a.

Type IV. — D is a division algebra whose centre is a CM field F. The involution
restricts to complex conjugation on F. (In this case Dr = My4(C)®.)

2.C. Tue Norm |-|p. — Let (D, t) be a semisimple k-algebra with a positive involu-
tion. We define a norm |-|p on Dy by:

la|p = y/Trdp, /r(aal).

This is a norm in the sense of a real vector space norm (that is, a length function).
Note that |af|p = |a|p for all a € Dg.

The norm |-|p is induced by the inner product (a,b) + Trdp, r(ab’) on Dg.
This inner product (together with an orientation of Dg) also induces a volume form.
Whenever we refer to the covolume of a lattice in Dg, we use this volume form. (Note
that the covolume is the absolute value of the integral of the volume form over a
fundamental domain, so it is independent of the choice of orientation.)

If D is a semisimple k-algebra, then

Dg = [ [ M., (K),
i=1
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where K; = R, C or H. If D is equipped with a positive involution f{, then we can
choose the isomorphism so that { corresponds to conjugate-transpose on each simple
factor [Voi21, Prop. 8.4.7]. Throughout the paper, whenever we choose an isomorphism
between Dy and a product of matrix algebras, we implicitly assume that it has this
property.

Let |-|r denote the Frobenius norm on any matrix algebra over R, C or H:

M5 = M;x My
G k=1

Then, for any a = (ai,...,a,) € [[; M, (K;), we have

-
jalh = >l
i=1

The following lemma will be used repeatedly throughout sections 3 and 4. It is
well-known in the case Dg = M,,(R) or M,,(C) — see, for example, [HI85, p.291].

Levva 2.1, — Let (D, 1) be a semisimple k-algebra with positive involution. Then
lablp < |a|p|b|lp for all a,b € Dg.

Proof. — Identify Dr with []\_, My, (K;) and write
a=(ai,...,a.), b=(b1,...,b.) € f‘[MS(KZ)
i=1
Then
bty = S laabille < el < (Slasle)” (Sllle)” = lalb b
=1 i=1 =1 =1

This calculation uses the submultiplicativity of the Frobenius norm and the following

inequality, valid for all non-negative real numbers x1,..., Ty, Y1,...,Yr:
T T T
(2.1) sz‘yi < (Z @"z) (Z yi>~
i=1 i=1 i=1

Since the Frobenius norm is less well-known over H, we remark that, just as in the
real and complex cases, submultiplicativity of the Frobenius norm follows from the
Cauchy—Schwarz inequality

(i x]@j) (i yjfj) < (i xjfj) (ES: yij) for all z,y € K".
j=1 j=1 =1 =1

The Cauchy—Schwarz inequality over H can be proved by considering the discriminant
of the quadratic polynomial (377_; z;t+y;)(32;_, T;t+7;), which is non-negative for
all t € R, and then applying the arithmetic mean—geometric mean inequality to the
left hand side. |
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We say that a semisimple k-algebra D is R-split if Dg = My(R)® for some positive
integers d and e. Note that a division Q-algebra with positive involution is R-split if
and only if it has type I or II in the Albert classification, and these are the types of
algebras that we focus on in this paper.

Lemma 2.2, — Let (D, 1) be an R-split semisimple k-algebra with positive involution
and let F be its centre. Then, for all a € Dy :

(i) INrdp,/ (a)lp < dU=D/?al};

(ii) [Nrdp, /r(a)| < (de)=?/?|a|E.
Proof. — Identify Dg with Mg(R)¢ and write

a=(ag,...,ae).

For each 4, the matrix a;al € Mg(R) is symmetric and positive definite and therefore
diagonalisable with positive eigenvalues. Let its eigenvalues be A1, ..., A;q. Note that
la;|% = Tr(a;al) = A\j1 +- - -+ A\ig. By the arithmetic mean-geometric mean inequality,
(2.2) det(ai)z/d = det(aiaf)l/d = ()\il e )\id)l/d < d_l()\il + -+ )\id) = d_1|ai|%.

(i) We have Nrdp, /g, (a) = (det(a1)1g, ..., det(ac)lq) where I; denotes the identity
matrix in My (R). Hence

INtdp, /()| = Y _|det(a;)Talf =) d|det(a;)]?
=1 i=1

<> d(d Mal2) ! = a0 o
=1

i=1
© d
<d=(YJai?)" = aly.
i=1

(ii) Using (2.2) and another application of the AM-GM inequality,

e

1/e ¢
Nedp, (@)% = ([[ldet(@) ) < e Y d 7 aift = (de) Halh. O

=1 =1

2.D. Tue HermiTE cONSTANT AND MINKOWSKI'S THEOREMS. — Let 7, denote the Her-
mite constant for R”, that is, the smallest positive real number such that the following
holds: For every lattice L in R™ with the FEuclidean norm and volume form, there exists
a vector v € L satisfying |v| < /7, covol(L)}/™.

It is immediate from the definition that 7, > 1 for all n. As a consequence of
Minkowski’s theorem on convex bodies,

(2.3) Yo <AV = AT(5 + 1),
where V,, denotes the volume of the unit ball in R™.

Lemwva 2.3, For all positive integers n, we have vy, < n.
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Proof. — According to [AQ97, Th. 1.5], I'(z) <2*~! for all real numbers x> 1. Hence
Nx+1)=al(z) <z

for all © > 1. Furthermore, for x = 1, we have I'(x +1) = 1 = 2. Thus I'(z + 1) < 2”
for all z > 1. Plugging this into (2.3), we obtain v, < (4/7) - (n/2) < n for all n > 2.
It is clear that 3 = 1 [Cas97, App.], so the lemma is also true for n = 1. O

Lemma 2.3 is not optimal for large n. Indeed, our proof itself shows that ~,, < %n
for n > 2. Using Stirling’s approximation to the Gamma function, one can obtain
Tn < 2n/me 4+ o(n) as n — +o0o. However we have chosen to use Lemma 2.3 because
we need a simple bound for the Hermite constant which is valid for all n > 1, without
hidden constants or special cases for small n, as we wish to avoid fiddly special cases
when calculating the (non-optimal) constants in Proposition 4.5.

A version of Minkowski’s second theorem for the Euclidean norm also holds with
the Hermite constant:

Tueorem 2.4 ([Cas97, Chap. VIIL, Th.1]). — For every lattice L in R™ with the Eu-
clidean norm and volume form, there exist vectors eq,...,e, € L which form a basis

for R™ and which satisfy |e1|---|en| < 72/2 covol(L).

With some book-keeping, we can obtain a version of Theorem 2.4 for vector spaces
over a division Q-algebra. This is the same method as the proof of a version of
Minkowski’s second theorem over number fields in [BG06, C.2.18].

Prorosition 2.5. — Let D be a division Q-algebra. Let V' be a left D-vector space of
dimension m. Let L be a Z-lattice in V. Let |-| be any norm on Vg induced by an
inner product, and use the associated volume form to define covol(L).

Then there exists a D-basis wy,...,wy, for V such that:
(1) Wiy -y Wm € L,’

i1 m/2 .

(ii) |wil[wa] -+ [wim| < 4/p5),, covol(L)V/1PQ,

Proof. — Let n = dimg(V) = [D : Q)m. Choose e1,...,e, € L as in Theorem 2.4.
Order the e; so that |e;| < |e;41| foralli=1,...,n— 1.

For i =1,...,m, let g; denote the smallest positive integer ¢ such that the D-span
of e1,...,eq has D-dimension equal to i. Let w; = eg4,. By construction, for each 7,
the D-span of wy,...,w; has D-dimension equal to i. Hence wy, ..., w,, is a D-basis
for V.

For 1 < i < m, the vectors ej,...,e4—1 are contained in a D-vector space of
D-dimension ¢ — 1, so they are contained in a Q-vector space of Q-dimension at most
[D: Q](i — 1). These vectors are Q-linearly independent, so

¢ —1<[D:QJ(i—-1).
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Since the lengths |e;| are increasing, we deduce that
[D:Q]
wi| P < Jepgri-1+1 Y < [ leppaici-1)+4l-
j=1

Hence by Theorem 2.4,

H|wi|[D:Q] < H|6i| < A2 covol(L). 0
i=1 i=1

Let D be a division Q-algebra, R an order in D and L a torsion-free R-module of
rank m. Combining Proposition 2.5 with Theorem 2.4 applied to R and Hadamard’s
inequality, we could prove that there exist ws,...,w,, € L forming a D-basis for
D ®p L and satisfying [L : Rwy 4 - -+ Rw,,] < Co|disc(R)|™/2. However this method
of proof gives a constant Cy > 1, so this is weaker than Theorem 1.1.

2.E. DiscriMINANTS OF BILINEAR FORMs. — If A is a Z-module, we write Ag for A®zQ.
If A is free of finite rank and ¢: Ag X Ag — Q is a bilinear form, we write disc(A, ¢)
for the determinant of the matrix (¢(e;, e;));,; where {ei,...,e,} is a Z-basis for A
(the determinant is independent of the choice of basis).

Lemma 2.6. Let L be a free Z-module of finite rank and let ¢: L x L — 7Z be
a non-degenerate bilinear form. Let M C L be a Z-submodule such that ¢|nrxnr is
non-degenerate. Let

M* ={x e L:¢(x,y)=0 forally € M}.
Then
(i) [L: M + M*] < |dise(M, ¢)|; and
(i) |disc(M, ¢)| < |disc(L, ¢)||disc(M, §)|.
Proof. — Since ¢|prx s is non-degenerate, Lo = Mg © Md Let m: Lg — Mg denote
the projection with kernel Mé
If z € L and 7(z) € M, then z — 7(z) € ker(r) N L = M~+. Hence z € M + M+,
Conversely, if z € M + M*, it is clear that 7(x) € M. Thus 7~ 1(M) = M + M*.
Let
M*={zx € Mg : ¢(x,y) € Zforall y € M}.
If v € L, then ¢(m(z),y) = ¢(z,y) € Zfor ally € M so w(x) € M*. Thus (L) C M*.
Thus we obtain
L/(M+ M%) =L/m~Y(M)=n(L)/M C M*/M.
It is well-known that [M* : M| = |disc(M, ¢)|, so this proves (i).
Since M and M~ are orthogonal with respect to ¢,
(dise(M, §)]|disc(M~, ¢)] = |disc(M + M*, )
= [L: M 4 M*)?|disc(L, ¢)| < |disc(M, ¢)|?|disc(L, ¢)|.
Since |disc(M, ¢)| # 0, this proves (ii). O
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2.F. ORDERS AND DISCRIMINANTS. Let £ = Q or R. If V is a finite-dimensional
k-vector space, then a Z-lattice in V' means a Z-submodule L C V such that the
natural map L ®z k — V is an isomorphism.

Let D be a semisimple Q-algebra. An order in D is a Z-lattice in D which is
also a subring. Note that if V' is a D-vector space and L is a Z-lattice in V, then
Stabp(L) = {a € D : aL. C L} is an order in D. (This is proved on [Rei75, p. 109]
when V' = D, and the proof generalises.)

If R is an order in D, the discriminant disc(R) is defined to be the discriminant
of the k-bilinear form (a,b) +— Trp(ab) on R, where Trp /g is the non-reduced
trace. The trace form of a semisimple algebra is non-degenerate, so disc(R) # 0.
Furthermore, Trp g(a) € Z for all a € R, so disc(R) € Z.

If D is a simple Q-algebra, then Trdp g(a) € Z for all @ € R [Rei75, Th. 10.1].
Since Trp /g = d Trdp q, it follows that disc(R) € d?*eZ so

(2.4) \disc(R)| > d¥°e.

Now suppose that (D, 1) is a simple Q-algebra with a positive involution. According
to [DO22, Lem. 5.6], for any order R C D, |disc(R)| is equal to the discriminant of the
symmetric bilinear form (a, b) — Trp;(ab’). Consequently, |disc(R)| is equal to dde
multiplied by the discriminant on R of the positive definite bilinear form which induces
the norm |-|p. We conclude that

(2.5) |disc(R)| = d’¢ covol(R)2.
For an order R in a simple Q-algebra D, let R* denote the dual lattice
R* ={a € D :Trdp/g(ab) € Z for all b € R}.

Lemva 2.7. — Let D be a semisimple k-algebra and let R be an order in D. Let F' be
the centre of D and let O be an order in F which contains RN F. Then

[0: RN F)?|disc(OR)| < |disc(R)|.
Proof. — This follows from the facts O + RC OR and [0+ R: R|=[0: RNF|. O

Lemva 2.8. — Let D be a simple Q-algebra. Let F be the centre of D and let Op
be the maximal order of F. Let S be an order in D which contains Op. Define S*
analogously to R*. Then there exists an ideal I C O such that IS* C S and

Nm(I) < d~4¢|disc(S)].

Proof. — Let I = {x € Op : xS* C S}, that is, the annihilator of the finite O p-mod-
ule S*/S. By the structure theorem for finitely generated torsion modules over a
Dedekind domain, there is an isomorphism of Op-modules

S*/S = O0p/I1 ®O0p/ L& - & O/,
for some Op-ideals I1,I5,...,I,. Wehave I =1 NI,N---N1I. D I1I5---1I, and so
Nm(J) < Nm(l;) Nm(lp) - - Nm(I,.) = [S* : S].
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The index [S* : S] is equal to the absolute value of the discriminant of S with
respect to the reduced trace form. Thus [S* : §] = d=9"¢|disc(S)|. O

Lemva 2.9, — Let D be a simple Q-algebra. Let F be the centre of D and let O be
the mazximal order of F. Let R be an order in D. Let S = OpR. Let ¢ be the conductor
of RNF (as an order in the number field F'). Then

¢SCR and c¢R*CS".

Proof. — From the definitions of S and ¢,
¢S=c¢OrRC (RNF)RCR.
If c € c and a € R*, then for all b € S we have
Trdp/q((ca)b) = Trdp g(a(ch)) € Z
because c is in the centre of D and ¢b € ¢S C R. Thus ca € S*. ]

Lemwva 2.10. — Let D be a division Q-algebra and let V' be a left D-vector space of
dimension m. Let L be a Z-lattice in V' and consider the order R = Stabp(L) of D.
Let S = Endg(L) denote the ring of endomorphisms of L commuting with R. Then

|disc(S)| < |disc(R)|(@ emtDm®,

Proof. By Theorem 1.1, there is a D-basis vy, ..., v,, for V such that vy,...,v,, €L
and
(2.6) [L: Rvy + -+ Roy,] < |disc(R)|™/2.

Let N = [L: Rv; + -+ + Rop,] and s = dimg(Endp(V)) = d?em?.

Using the D-basis v1,..., 0, we identify Endp (V) with M,,(D°P). Note that
Endg(L) and M,, (R°P) are both Z-lattices in Endp (V).

For every a € M,,,(R°P) C Endp(V), we have

aNL C a(Rvy +---+ Rvy,) C Ruy + -+ -+ Ruy,, C L.

Hence Na € Endg(L).
Thus NM,, (R°?) C Endgr(L). Therefore

|disc(S)| < N2*|disc(M,, (R°P))| = N2¢|disc(R)|™.
Combining this with the bound for N from (2.6) proves the lemma. O

2.G. ANTI-SYMMETRIC ELEMENTS IN DIVISION ALGEBRAS OF TYPE [I. If (D, 7) is a divi-
sion Q-algebra with involution, we define

D~ ={a€D:a' =—a}.
If¢: VxV = Disa (D,7)-skew-Hermitian form on a D-vector space V and z € V,

then ¢(xz,2) € D, so D~ is important for the study of weakly unitary bases (see
section 3.A for the definition of (D, })-skew-Hermitian forms).
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Let (D, ) be a division Q-algebra with a positive involution of Albert type II.
Choose an isomorphism Dy 2 M3 (R)¢ (as always, we implicitly assume that { corre-
sponds to matrix transpose on each factor). Then Dy consists of those elements of
Mz (R)¢ in which all matrices are anti-symmetric. Hence Dy is a free Fr-module of
rank 1, so D~ is a 1-dimensional F-vector space. The following lemma can be proved
by calculations in Dy = My(R)¢.

Lemva 2.11. Let (D, 1) be a division Q-algebra with a positive involution of type II.
Let F be the centre of D.

(i) Ifa,b € D, then ab € F.

(ii) Ifa € D and b € D~, then aba’ = Nrdpr(a)b.

Lemma 2.12. — Let (D, 1) be a division Q-algebra with a positive involution of type I1.
Let R be an order in D and let n € Zq be a positive integer such that nRY C R. Then
there exists w € D such that:

(i) we D=~ {0};
(ii) wR* C R and R*w C R;
(iff) |w|p < 274&/*n7|disc(R)[/e.
Proof. Let F' be the centre of D and let Or be the maximal order of F. Let

c={a€0p : aOp C RNF'} be the conductor of the order RNF' in Op. By [DCD00, (2)],
we have the following inclusion of ideals in Z:

discp/g(RN F) € Nmp/g(c)discp/q(Or).
This leads to the following inequality of integers:
Nm(c)|disc(OF)| < |disc(RN F)|.
Since also |disc(R N F)| = [Of : RN F)?|disc(OF)|, we deduce that
Nm(c) < [Op : RN F)?.

Let S = OpR and ST = SN D™. Let I be the ideal of Of given by Lemma 2.8
applied to S. Let J = ¢2I (as a product of ideals of Of). Then by Lemma 2.9,
JSR* = ¢SIcR* C ¢SIS* C ¢SS Cc¢SCR,
R*JS =clcR*S C ¢IS*S C ¢SS C ¢S CR.
Hence if we choose w € JSN D™ ~\ {0} = JS~ ~\ {0}, then it will satisfy (i) and (ii).
Since S~ is a non-zero O p-submodule of an F-vector space of dimension 1, we can

write ST = I~ « for some ideal I~ C O and some o € D™, then use the multiplica-
tivity of ideal norms in Op to conclude that

covol(JS™) = Nm(J) covol(S™),
where we measure covolumes in Dy by the volume form associated with the restriction

of the inner product Trdp, /g (ab).

JIP — M., 2023, tome 10



4 C. Daw & M. Orr

Let St ={a€ S:a' =a}. Then ST NS~ = {0}. Thus the sum S* 4 S~ is direct.
This sum is also orthogonal because, if a € ST and b € S~, then

TrdD/Q(abT) = TrdD/Q((abT)T) = TrdD/Q(baT) = fTrdD/Q(abT)
so Trdp g (ab’) = 0.
For every a € S, we have na’ € n(OpR) = OpnR! € OpR = S. Hence
2na = (na +na') + (na —na') € S* +5-.
Thus 2nS C ST @ S, so
(2.7) covol(ST) covol(S7) = covol(ST @ S7) < covol(2nS) = 2*°n* covol(S).

Here we measure covolumes in both Dy and S+ ®z R by the volume forms associated
with the restriction of the inner product Trdp, /g (ab').

For all a,b € S, nab' € S and so Trdpg(ab’) € n~'Z. Consequently, covol(ST) >
= ka(ST) = =3¢ g0 by (2.5) applied to S and (2.7),

covol(S7) < % - 2%nte covol(S) = 247 - 272¢|disc(S)|/2.
Therefore, using Lemma 2.8,
covol(JS™) = Nm(c)? Nm(7) covol(S™)
< [0p : RN F* - 27%|disc(S)] - 227 |disc(S)| /2
= 272¢)7¢[Op : RN F)*|disc(S)]/2.
Applying (2.4) to S, we see that |disc(S)| > 2%¢. Using Lemma 2.7, we deduce that
covol(JS™) < 272¢|disc(S)| Y29 [0 : RN F)*|disc(S)|? = 27| disc(R)|?.
Since JS~ is a free Z-module of rank e, there exists w € JS— ~ {0} with

lw|p < vAe covol(JST)e < /e - 274 |disc(R)|?/°. 0

3. SkeEw-HERMITIAN FORMS OVER DIVISION ALGEBRAS

In this section, we introduce the notion of a (D, )-skew-Hermitian form on a vector
space over a division algebra D with an involution, and explain how this is related to
skew-symmetric forms over the base field. We define several notions of good behaviour
for bases relative to (D, T)-skew-Hermitian forms, such as symplectic and unitary bases
and a weakened version of these notions. Finally we prove the existence of norms on
D-vector spaces, which we call D-norms, which behave well relative to the action of D
and to a (D, 1)-skew-Hermitian form.

As in section 2, we are interested in applying the results of this section when
(D, 1) is either a division Q-algebra with a positive involution of type I or II, or the
semisimple R-algebra which arises from such a Q-algebra by extending scalars to R,
but we state the results in greater generality whenever it is convenient.
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3.A. Skew-HERMITIAN FORMS. Let k be any field. Let (D,t) be a semisimple
k-algebra with an involution. Let V' be a left D-module.
A (D, t)-skew-Hermitian form on V is a k-bilinear map ¢: V x V' — D which
satisfies
Uy, x) = —¢(z,y)" and ¢(az, by) = ay(z, y)b!
for all a,b € D and z,y € V. We say that a (D, )-skew-Hermitian form v is non-
degenerate if, for every x € V ~ {0}, there exists y € V such that ¢(x,y) # 0.

A (D, 1)-compatible skew-symmetric form on 'V is a skew-symmetric k-bilinear map
¢: V xV — k which satisfies

$laz,y) = ¢(x,a’y)

for all @ € D and z,y € V. A pair (V,¢), where ¢ is a (D, {)-compatible skew-
symmetric form, is called a symplectic (D, t)-module in [Mil05, §8].

Lemma 3.1. — Let (D, 1) be a semisimple k-algebra with an involution. Let V' be a
left D-module. Then the map 1) — Trdp,, 04 is a bijection between the set of (D, T)-
skew-Hermitian forms on V and the set of (D,T)-compatible skew-symmetric forms
onV.

Proof. It is clear that, if ¢ is a (D, t)-skew-Hermitian form on V', then Trdp ¢
is a (D, T)-compatible skew-symmetric form.

Let ¢ be a (D, T)-compatible skew-symmetric form. We shall show that there is a
unique (D, t)-skew-Hermitian form on V' such that ¢ = Trdp 5 9.

For each z,y € V, define a k-linear map o, ,: D — k by g ,(a) = ¢(az,y).
Because D is a semisimple k-algebra, (a,b) — Trdpx(ab) is a non-degenerate bilinear
form D x D — k [Rei75, Th. 9.26]. Hence there exists a unique element 5, , € D such
that

Qg y(a) = Trdp/k(aBs,y) for all a € D.

Define 9(x,y) = By, Using the uniqueness of the elements S, ,, it is clear that the
resulting function ¢»: V- x V' — D is k-bilinear.
If a,b € D and z,y € V, then

TrdD/k(abﬂz,y) = az,y(ab) = qS(abx,y) = abz,y(a) = TrdD/k(aﬂbz,y)'

By uniqueness of 3y, we deduce that ¢ is D-linear in the first variable.
If a € D and x,y € V, then

Trdp/k(aBey) = ¢ax,y) = —¢(a’y, x) = — Trdp,(a’By.) = — Trdpk(af] ,).

Again by uniqueness of By, ¥(z,y) = = (y, z)'.
Since ¢ is D-linear in the first variable and satisfies 1 (x,y) = —(y, 2)T, it is also
(D, 1)-anti-linear in the second variable. Thus it is (D, )-skew-Hermitian. O

Lemma 3.2, — Let (D, 1) be a semisimple k-algebra with an involution. Let V' be a
left D-module. Let ¢: V x V. — k be a (D,¥)-skew-Hermitian form and let ¢ =
Trdp/¢: V xV — k.
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Let W C V be a left D-submodule and define
le ={x eV :¢Y(w,x) =0 for all w € W},
W;‘ ={zx eV :¢(w,x) =0 for allw e W}.

Then Wi‘ = qu-
In particular, Wdf is a left D-submodule of V.

Proof. — Tt is clear that W, C W,
If x € Wdf- and w € W then, for all a € D, we have aw € W and so

Trdpg(a(w, ) = Trdp g (Y (aw, z)) = ¢(aw, x) = 0.

By the non-degeneracy of the reduced trace form, it follows that (w, z) = 0, that is,
T € Wd)l Thus Wé - Wj ]

Cororrary 3.3. — Let (D,t) be a semisimple k-algebra with an involution. Let V
be a left D-module. Let vv: V x V. — k be a (D,t)-skew-Hermitian form and let
¢ = Trdpyrv: V. x V. — k. Then ¢ is non-degenerate if and only if ¢ is non-
degenerate.

Proof. — Apply Lemma 3.2 to W =V. O

3.B. WEAKLY SYMPLECTIC AND WEAKLY UNITARY BASES. Let k& be a field satisfying
char(k) # 2 and let (D, t) be a semisimple k-algebra with an involution. Let V' be a
free left D-module and let ¢: V x V' — D be a (D, T)-skew-Hermitian form.

We will now define special properties relative to ¥ which may be possessed by a
basis of V. The notion of (weakly) symplectic basis is useful when D a division Q-al-
gebra of type I or k¢, and the notion of (weakly) unitary basis is useful when D is a
division Q-algebra of type II or Ma(k)®.

We say that a D-basis v1, ..., vy, for V is weakly symplectic if ¢(v;,v;) = 0 for all
i,j except when {i,j} = {2k — 1,2k} for some k € Z. If ¢ is non-degenerate, then
this implies that ¢ (veg_1,ver) # 0 for all k.

We say that a D-basis v, ..., v, is symplectic if ¥ is non-degenerate, the basis is
weakly symplectic and furthermore, ¥ (vog_1,var) = 1 for all k. When D is a field and
T =1id, a (D, )-skew-Hermitian form is the same thing as a symplectic form and this
definition agrees with the usual definition of symplectic basis.

We say that a D-basis v1,..., v is weakly unitary if ¥ (v;,v;) = 0 for all 4,j €
{1,...,m} such that ¢ # j. If ¢ is non-degenerate, then this implies that ¥ (v;, v;) # 0
for all .

For a general division algebra with involution (D, ), there is no canonical choice
of a non-zero element of D™, so there is no natural definition of “unitary basis” with
respect to a (D, 7)-skew-Hermitian form. In the special case Dy = Mg(k)® with d
even, let us define

wOZ(Jd,...,Jd)EDO_,
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where J; € My(k) was defined in section 1.H. If V' is a free left Dy-module equipped
with a (Dy, t)-skew-Hermitian form g, then we say that a left Dg-basis v1,...,vm
of V' is unitary if it is weakly unitary and ¢ (v;,v;) =wp for all i =1,...,m.

If (D, 1) is a division Q-algebra with positive involution of type II, a: (Do g, ) —
(Dg, t) is an isomorphism of R-algebras with involution, and V' is a left D-vector space
equipped with a (D, 1)-skew-Hermitian form v, then we say that a left Dg-basis for Vi
is a-unitary if it forms a unitary Dy r-basis for Vg viewed as a Dy r-module via a,
with respect to the (Do g, t)-skew-Hermitian form aloy: Ve x Vg — Dyr. The
elements v; of an a-unitary basis satisfy ¥ (v;,v;) = a(wo).

As an aside, which will be used in later calculations, we remark that, for any a € Dy,
the entries of the matrices which make up awp are (up to signs) a permutation of the
matrix entries making up a. Hence

(3.1) |awo|p, = |a|p,-

The following lemma shows how we can adjust a weakly symplectic or weakly
unitary basis to become symplectic or a-unitary. Note that it works only over Dg,
not over D, because it requires taking square roots.

Lemma 3.4. — Let (D, 1) be a division Q-algebra with a positive involution of type I
or II. Let a: (Mg(R)%,t) — (Dg,t) be an isomorphism of R-algebras with involu-
tion. Let V' be a left D-vector space equipped with a (D,1)-skew-Hermitian form
V: VXV = D. Let vy,...,v, be a left D-basis for V' which is weakly symplectic
(when D has type I) or weakly unitary (when D has type II).

Then there exist s1,...,Sm € D such that 51_11)1, ..., s7 0, form a symplectic or

Y m

a-unitary Dr-basis for Vi (according to the type of D) and, for all i,
[silp < (de)" 4|4 (vi,07)] 5",
where j is the unique index such that (v;,v;) # 0.
Proof. The proof is in two parts, depending on the type of D.
Type [ case. For each k =1,...,m/2, i =2k — 1 and j = 2k, let
tk = (de) ™ 2[¢p(vi,v;)|p € Ro.
Let s; = t;l/zw(vi,vj) and s; = t,i/z. Then

U(s; vi sy o) = s (v, v) (5T =1

since s; = s; and ¢, € R is in the centre of Dg.
Furthermore,
—-1/2 1/2
Isilp =t 210 (vi,v5) | = (de) /[ vi, 7)1,
while

15510 = t;/*11|p = (de)2t,/* = (de)* |y (vi, v;) |15
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Type I case. For each 4, ¢(v;,v;) € D™ {0} C Fy a(wp). Thus ¢ (v;, v;) = tia(wo)
for some t; € Fp'. Write a1 (t;) = (i1, ..., tie) € (RX). Let s; = a(s41, ..., 8ic) € Dy
where s;; € GL2(R) are defined as follows:
Vii; 0 . —t;; 0 .
Sij:< OJ\/tTj> lftl'j)(), sij:( 0 J—m) lftij<0.
Then
NrdDR/FK(Si) = a(det(sil), ey det(sie)) = Oé(til, e ,tie) = ti.

Hence by Lemma 2.11,

W(s; vy, 87 ) = 57 (v, i) (57T = Nrdp, g, (57719 (v, v1) = awo).

Furthermore,

€ e
il =D Tr(syyst;) = 2l
j=1 j=1

< \f4e X5 [t ? = /2e Trdp, r(tit]) = (2¢)'/2|ti|p.

By (3.1), this implies that
|sil D < (26)"?|tia(wo)|p = (de)"?[p(vi, v:) - U

Levma 3.5. — Let Do = My(k)® where d = 1 or 2 and let t denote the involution
of Dy which is transpose on each factor. Let V be a free left Dy-module and let 1y be
a non-degenerate (Do, t)-skew-Hermitian form V x V — Dy.

Then there exists a Dg-basis vi,...,vy for V and a k-basis ay,...,aq2. for Dq
with the following properties:

(i) {v1,...,0m} is symplectic with respect to o if d =1 and unitary if d = 2;

(ii) {a1,...,aq2¢} s an orthonormal basis for Dy with respect to |-|p;

(iii) {ayvj : 1 <r < d%, 1< j < m} is a symplectic k-basis for V with respect to
Trdp, /& vo-

Proof. — Write By = My(k). Write Fy for the centre of Dy, namely k°. Let uq, ..., u,
denote the standard k-basis of Fy = k°.
Let V; = uw;V. Then V = @le V; and each V; is a free left By-module. Because Vj
is a free left Do-module, rkp, (V1) = -+ = 1kp, (V). Let m denote this rank.
Because iy : V x V' — Dy is Fp-bilinear, it takes the form

¢0(($1,. .. ;me)a (y17 v ayE)) = (¢1($15y1)3 v 7’(/}6(-'17671/6)) for all Ti, Yi € V;a

where 9;: V; x V; = By are some non-degenerate (By, t)-skew-Hermitian forms.
Below, we shall prove the lemma with (Dy, V, ) replaced by (By, Vi, 1), yield-
ing a By-basis vi1,...,vim for (Vi,1;) and a k-basis b1,...,bs2 for By. Then letting
vj = (V1j,...,0e;), We obtain a symplectic or unitary Dy-basis for V. Furthermore
{vibj : 1 <i<e,1<j<d?} forms a k-basis for Dy which satisfies (ii) and (iii).
Now we prove the lemma for (By, V;,;), breaking into two cases depending on d.
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Case d = 1. When d = 1, By = k. Each V; is a k-vector space of dimension m
and v; is a non-degenerate symplectic form V; x V; — k. By the theory of symplectic
forms, there exists a symplectic k-basis {v;1,...,vim} for V;, proving (i).

Choosing b; = 1 gives an orthonormal k-basis of By with respect to |-|p,. Since
Trdp, k1 = 1, the bases vi1, ..., Vi, and by satisfy (iii).

Case d = 2, part (i). — We prove by induction on m that there is a unitary By-basis
Vi1, - - -, Vim using the Gram—Schmidt method.

First we claim that there exists z € V; such that ¢;(z,z) # 0. The image of
¥ Vi x Vi = By is a two-sided ideal in By, which is a simple algebra, so this image
is all of By. In particular, we can choose z,y € V; such that ¢;(z,y) is not skew-

symmetric, that is, 1;(x,y) + ¥i(y,x) = i(z,y) + pi(z,y)" # 0. Then ;(x,z),
¥i(y,y) and ¥;(z 4+ y,z + y) are not all zero. Choosing z to be one of z, y and x + y,
we obtain ¥;(z, z) # 0.

Then v;(z,2) € By = kJg so ¥;(z,z) = sJg for some s € k*. Letting v;; =
(551 fl’)z, we obtain that ¥;(v;1,v:1) = Ja.

Let V! = {v € V; : ¢;(vi1,v) = 0} = {v € V; : ¥;(v,v;1) = 0}, which is a left
By-submodule of V;. For every b € By \ {0}, we have

(3.2) Vi (bvir, vi1) = bi(vir, vin) = bJg # 0,
and so Bov;1 NV = {0}. For every v € V;, we have

v — ’(/Ji(’l},’l)il)Jd_lvil (S Vvil.
Hence V; = Byv;; @ V/ as a direct sum of left By-modules.

By (3.2), buy; # 0 for all b € By ~ {0}. Hence dimy(Bov;1) = 4 and so dimy(Vy) =
4(m —1). Every Bg-module whose k-dimension is a multiple of 4 is a free By-module,
so Bov;1 and V{ are free left Byp-modules. By induction, there is a unitary By-basis
Vi2, .« ., Ui for V. Then v;1, vi2, ..., Vim is a unitary By-basis for V;.

Case d = 2, part (ii) and (iii). — Let
bi=(58), b2=(84), bs=(8), ba=(87) € Bo=Ma(k).

These form an orthonormal k-basis for By with respect to ||z,
Since v; is (Bo, t)-skew-Hermitian,

;i (byvij, byrvjr) = brwi(vijavij’)bi"

Thus if _] 7& j/, we obtain Qlii(brl}ij, brlvij/) =0. If] = j/, then 1/Ji(vij,vij) = JQ, SO we
can calculate

1 if (rr) =(1,2) or (3,4),
Trdp, /1, ¥ (brvij, brvig) = Trdw, (k) (brd2bls) = =1 if (r,7') = (2,1) or (4,3),

0 otherwise.

Thus the bases v;1, ..., vy, and by, ..., by satisfy (iii) for (By, Vi, ;). a
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3.C. D1scRIMINANTS AND SKEW-HERMITIAN FORMS. The following lemmas are useful
for calculating discriminants of skew-Hermitian forms.

Levmma 3.6. — Let (D, 1) be a division Q-algebra with an involution and let R be an
order in D. Let r1,...,743, be a Z-basis for R. For a € D, let T, € Mg2,.(Q) be the
matriz with entries (Tg)i; = TrdD/Q(riar;). Then

det(T,) = +d-Pe disc(R) Nmp /g(a).
Proof. — Let M, € Mg2.(Z) denote the matrix which represents “multiplication by a

on the right” with respect to the basis r1,...,742.. Using the facts that Trdp q(zy) =
Trdpq(yx) for all x,y € D and that Trdp g is Q-linear,

2e
(Ta)ij = TrdD/Q(riar;) = TrdD/Q(r;[ria) = TrdD/Q (’I";r Zzzl(Ma)kirk)

d%e d%e
= (Ma)gi Trdp g (rar}) = > (Ma)ki (Th)i;-
k=1 k=1

Thus T, = M!Ty so
det(T,) = det(M,) det(T1) = Nmp q(a) det(7}).

Now T is the Gram matrix of the bilinear form (z,y) — d~! Trdp g(zy’) with
respect t0 1, .. ., rgze. Hence by [DO22, Lem. 5.6], det(T}) = +d~"¢ disc(R). O

The following lemma allows us to calculate the discriminant of Trdp g% on a free
R-module generated by a weakly symplectic or weakly unitary basis (weakly sym-
plectic or weakly unitary bases with respect to a non-degenerate form automatically
satisfy the condition about uniqueness of a permutation o). We have stated the lemma
more generally because we shall require it in one additional case: when m = 2 and

the matrix with entries ¢ (v;, v;) has the form (9%).

Lemwva 3.7. Let (D, 7) be a division Q-algebra with a positive involution of type I
or II. Let V be a left D-vector space with a non-degenerate (D, 1)-skew-Hermitian
form: V xV — D. Let R be an order in D.

Let vy,...,v, be a D-basis for V. Suppose that there is exactly one permutation
o € Sy for which (vi, vy(;)) # 0 for alli=1,...,m. Then

|disc(Rvy + -+ + Rvy, Trdp g 9)] = d= 4™ |disc(R)|™ [ | INmp,q (¢(v:, vo(:))-
i=1

Proof. — Choose a Z-basis 71,...,r4, for R. Let A € M,(Q) be the Gram ma-
trix of the bilinear form Trdp,pv¢: V x V. — Q with respect to the Q-basis
TLUL, T2U1, « vy Tg2eU1, T1V2, ..., Tq2eUm for V. Then A is made up of square blocks
Bi; € My2.(Q) where B;; is the matrix with entries

(Bij)re = Trdp jg ¥ (rxvi, mev;) = Trdp o (et (vs, v;)rp).

In other words, B;; is equal to the matrix Ty (y, ;) as defined in Lemma 3.6.
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Let 0 € S,,, be the permutation from the hypothesis of the lemma. By the permu-
tation formula for determinants, the blocks B;,(;) are the only blocks that contribute
to det(A) (although they need not be the only non-zero blocks of A). Indeed, we have

disc(Rvy + - + Rop, Trdp g ¢b) = det(A) = & [ [ det(Bio()),
i=1
which, by Lemma 3.6, is equal to

+ [~ disc(R) Nmp g (4 (vi, voi))). O
i=1
3.D. D-Norws. Let k be a subfield of R. Let (D, T) be a semisimple k-algebra with
a positive involution. Let V' be a left D-module. We say that a function |-|: Vg — R
is a D-norm if it is a norm induced by a positive definite inner product on Vg and it
satisfies the inequality

lav] < |a|plv] for all a € Dg, = € Vk.

Note that |-|p is itself a D-norm on Dg thanks to Lemma 2.1.

Let ¢: V x V — D be a non-degenerate (D, )-skew-Hermitian form. We say that
a D-norm || is adapted to 9 if it satisfies the following two conditions:

(1) covol(Ly) = 1 where Ly C V is the Z-module generated by a symplectic k-basis
for V' with respect to Trdp ;1. (Note that a symplectic basis always exists since
Trdp 9 is a symplectic form over a field. Furthermore, this condition is independent
of the choice of symplectic k-basis, because the matrix transforming one symplectic
basis into another has determinant 1.)

(2) [(z,y)lp < |z|ly| for all z,y € Vg.

The following two lemmas demonstrate the significance of condition (1) and estab-
lish the existence of a D-norm adapted to .

Lemma 3.8. — Let (D, 1) be a division Q-algebra with a positive involution of type I
or II. Let V be a left D-vector space with a non-degenerate (D, 1)-skew-Hermitian
form : V xV — D. Let |-| be a D-norm on Vg which satisfies condition (1) from
the definition of “adapted to 1.” Let L be a Z-lattice in V.

Then covol(L) = |disc(L)|'/?, where we use the volume form associated with |-|.

Proof. — Choose a symplectic Q-basis ey, . .., e, for V with respect to Trdp /g 1> and a
Z-basis f1, ..., fn for L. Let M be the matrix which maps eq,...,e, to f1,..., fn. The

Z-module generated by ey, ..., e, has covolume 1 by condition (1). Hence covol(L) =
|det(M)|. The matrix with entries ¢(f;, f;) is equal to MJ, M". So
disc(L) = det(MJ,, M") = det(M)?. O

Lemma 3.9. — Let (D, 1) be a division Q-algebra with a positive involution of type I
or II. Let 'V be a left D-vector space of dimension m, equipped with a non-degenerate
(D, t)-skew-Hermitian form ¢: V x V. — D. Then there exists a D-norm |-| on Vg
which is adapted to .
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Proof. — Identify Dg with M4(R)¢ where d = 1 or 2. By Lemma 3.5(i), there exists
a symplectic or unitary Dg-basis v1,...,v,, for Vg, according to the type of (D, 7).
Define the following norm on Vg:

m
S aiui| = S ol
=1

This is induced by the inner product (3" zv;, 370 y;vi) = Trdp, m (X0, ziy)).
It is a D-norm by Lemma 2.1.

Let aq,...,aq2, be the R-basis for Dy given by Lemma 3.5. Since aq,...,ag2, is
an orthonormal R-basis for Dr with respect to |-|p, {a;v;} is an orthonormal basis
for Vg with respect to |-|. Therefore the lattice generated by {a;v;} has covolume 1.
According to Lemma 3.5(iii), {a;v;} is a symplectic basis for Vg with respect to
Trdp, /g ¥. Thus the norm |-| satisfies condition (1).

By the triangle inequality for |-|p, we have

(3.3) ‘w(invi,Zijj)‘D < ZZ| (i, v; yj|D
i=1 =1 ;

=1 j=1

If Y(vi,v;) # 0, then ¥(vi,v;) = £1 or wp for all 4, j and so by (3.1), |z;|p =
|z (vi, v;)| p. Hence

(3.4) |29 (vi,v;)y! | < |23 (vi, v5) D1yl D = |2l plyi |-

Let o € Sy, be the permutation such that ¢ (v;, v (;y) # 0 (thus if (D, t) has type I,
then o = (1,2)(3,4)(5,6) - - -, while if (D, ) has type II, then o = id). From (3.3)
and (3.4), we obtain

W(ZWZ%%)! <3 dolungolo
i=1

By the Cauchy—Schwarz inequality, we get

W(inviazijj)b < (ZIMI%) (Z |yj|%) = ‘Zmz 5 ‘ZW;"D
i=1 j=1 i=1 =1 i=1 j=1

Thus the norm || satisfies condition (2). O

4. Proor or Tarorem 1.2

In this section we prove our main theorem on weakly unitary or symplectic bases
with respect to skew-Hermitian forms. The proof is based on the Gram—Schmidt
process, following an inductive structure. For technical reasons we may construct
either one or two basis vectors at each step of the induction. Lemma 4.4 constructs
the new basis vector(s) for each induction step, and then Proposition 4.5 consists of
calculations to keep track of the bounds during this induction.
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4.A. INITIAL VECTORS OF A WEAKLY SYMPLECTIC OR UNITARY BASIS. We would like to
begin by choosing v; to be the shortest non-zero vector in V' (with respect to a suit-
able D-norm), then inductively choosing a basis for '+, the orthogonal complement
of Dvy. However if we do this, 1(vq,v1) might be zero (indeed, if D has type I, then
it must be zero) and then Dv; 4+ V* is not a direct sum.

We will therefore instead choose either

(1) one short vector vy € V such that ¢ (vy,v1) # 0; or

(2) two short vectors v1,v9 € V such that the restriction of ¢ to Dv; + Duvsg
is non-degenerate, and vy, ve form a weakly symplectic or weakly unitary basis for
D’U1 + D’Ug.

Let V+ denote the orthogonal complement of v; (in case (1)) or of Dv; + Duy
(in case (2)). We will bound the discriminant of Trdp g 1 restricted to V+, and then
inductively obtain a weakly symplectic or weakly unitary basis for V1. Combining
this with v; and perhaps vy gives the basis for V' required to prove Theorem 1.2.

The following lemmas choose v and perhaps vo satisfying (1) or (2) above.

Lemma 4.1. — Let (D,T) be a division Q-algebra with an involution. Let V be a
left D-vector space, equipped with a non-degenerate (D,71)-skew-Hermitian form
v: VXV — D. Let wy,...,w, be a D-basis for V.. Then there exists a permutation
o € Sy, such that Y(wi, wey) #0 foralli=1,...,m.

Proof. If D is a field, then the non-degeneracy of ¥ implies that the matrix with
entries ¢ (w;, w;) has non-zero determinant. Then the result is immediate by express-
ing the determinant as an alternating sum over permutations in S,,. When D is
non-commutative, we cannot use determinants so we instead use a combinatorial ar-
gument (which is also valid in the commutative case).

The argument is based on Hall’s theorem on distinct representatives of subsets:

Tueorem 4.2 ([Hal35)). Let T be a set and let Ty,...,Ty, be subsets of T. Then

there exist pairwise distinct elements aq, ..., a,, satisfying a; € T; if and only if, for
every k=1,...,m and every choice of k distinct indices i1,...,i,, we have
(4.1) |T;, U---UT;, | > k.

We shall apply Theorem 4.2 with T'= {1,...,m} and

We claim that these sets T; satisfy the condition (4.1) in Theorem 4.2.
Indeed, suppose that (4.1) is not satisfied for some distinct 41, ..., ix. Let W denote
the left D-vector space spanned by w;, , . .., w;, . Consider the vectors w € W satisfying

(4.2) Y(w,wj) =0forall j € T;, U---UT;,.

Since (4.1) is not satisfied, (4.2) imposes |T;, U---UT;,| < k = dimp (W) left D-linear
conditions on w. Hence, there exists a non-zero w € W which satisfies (4.2). By the
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definition of the sets T; and of W, w is also orthogonal to w; for every j & T3, U- - -UT5, .
Thus w is orthogonal to all of V. This contradicts the non-degeneracy of .

Hence by Theorem 4.2, there exist pairwise distinct a1, ..., a,, such that a; € T;.
Since ay,...,a, are m distinct elements of {1,...,m}, the function o(i) = a; is
a permutation of {1,...,m}. By the definition of Tj, we have ¥ (w;, w,(;) # 0 for
all 4. |

Lemna 4.3. Let (D,T) be a division Q-algebra with a positive involution. Let V
be a left D-vector space of dimension m, equipped with a non-degenerate (D, t)-skew-
Hermitian form ¢: V xV — D. Let |-| be a D-norm on Vg. Let wq,...,wy be a
D-basis for V.

Then there exist i,j € {1,...,m} satisfying the following conditions:
)

(@) Jwillw;] < (fwilfwa] - fwm]) ™

(i) ¥ (wi, w;) # 0;
(iii) if i # j, then ¥ (w;,w;) = 0.

Proof. — Let o be a permutation as in Lemma 4.1.
Choose k € {1,...,m} so that |wg||w, ()| is minimal. Then

wrllwogel < (H willwaol)”" = ([T bl TLhsl) ™ = (T heal)”™
i=1 j=1 i=1

By the choice of o, we have 1) (wg, we(i)) # 0.

— If o(k) = k, then i = j = k satisfies the conditions of the lemma.

— Otherwise choose i € {k,c(k)} so that |w;| is minimal.

— If Y(w;, w;) # 0, then choosing j = i satisfies the required conditions.

— If Y(w;, w;) = 0, then choose j to be the element of {k, o(k)} which is different
from 4. This 7 and j satisfy the required conditions. |

In the remainder of this section, whenever we refer to a discriminant other than
disc(R), we mean the discriminant of Trdp g 9 restricted to the specified Z-module.

Levmva 4.4. — Let (D, 1) be a division Q-algebra with a positive involution of type T
or II. Let V be a left D-vector space with a non-degenerate (D, t)-skew-Hermitian
form ¢: V- xV — D. Let L be a Z-lattice in V such that Trdp,q¢(L x L) C Z. Let
R be an order which is contained in Stabp(L) and let n € Zq be a positive integer
such that nRT C R.

Then there exists an R-submodule M C L with the following properties:

(i) r:=dimp(D@r M) =1 or2;

(i) the restriction of ¥ to M is non-degenerate;

(i) [disc(M)| < (25,0 /d%€) "7 /2|disc(R) " disc(L)[7/™;

(iv) one of the following occurs:

(a) D has type I, r =2 and M = Rvy + Ruvy for some v1,vs such that

[$(v1,v2) [ D < Yer|disc (L)
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(b) D has type II, r =1 and M = Rv;y for some vy such that
Y (v1,v1)|D < Vaem|disc(L)[/ 4™

(¢) D has type II, r = 2 and there exist D-linearly independent vectors
v1,v2 € M such that 1 (vi,v2) = 0,

W (v1,v1) D, [(v2, v2)|p < 27%24 243, 0" |disc(R)|*/€|disc(L)[ /2™,
and

[M : Rui + Rua] < (7/8€)% (Vim /8)* 0| disc(R) |®|disc(L)| /™.

Proof. — By Lemma 3.9, there is a D-norm |-| on Vg adapted to 1. By Proposition 2.5,

there exists a D-basis wy, ..., w,, for V satisfying wq,...,w, € L and
2 2 2 . 2
wi] - Jwp| < AR2 covol(L)V/ 4 <42 |dise(L)|'/ 24,

where the second inequality comes from Lemma 3.8.
Choose i, j as in Lemma 4.3. Since |-| is adapted to ¢, we have

(4.3) [ (ws, w;)|p < |willw;| < Yazem|dise(L)] /e,

Proof'of (i)-(iii). — Let M = Rw; + Rwj, so that r =1if i = j and r = 2 if ¢ # j.

If i = j, then by Lemma 4.3, ¥(w;, w;) # 0, so the restriction of ¢ to M is non-
degenerate.

If ¢ # j, then by Lemma 4.3, ¥(w;, w;) = 0 and ¥(w;,w;) # 0. Consequently,
for any vector z € M, if x € Dw; \ {0} then ¢(z,w;) # 0 while if z ¢ Dw, then
Y(x,w;) # 0. Thus the restriction of ¢ to M is non-degenerate.

By Lemma 3.7, Lemma 2.2 and (4.3), we obtain that in both cases ¢ = j or i # j,

|disc(M)| = d~"*|disc(R)|"[Nmp g (¢ (wi, w)))|"
= d~ " “|disc(R)|"[Nrdp g (4 (wi, wy))| "
g d*dQer|diSC(R)|’r‘(de)7d2er/2|1/)(wi7wj) dDQE’r‘

< (dPe)~ 2 disc(R)|" - Ak en dise(L)] /™.

d2em
For the proof of (iv), we split into cases depending on the type of D and on whether
i=jorij.
Case (a). If D has type I, then D is a field and v is a symplectic form. Hence

Y(v,v) =0 for all v € V, so we must have i # j.
Let v1 = w; and vy = w;. The bound in (iv)(a) is (4.3).

Case (b). — If D has type II and ¢ = j, then let v; = w;. Then (iv)(b) holds thanks
to (4.3).

Case (¢). — If D has type II and i # j, then choose w € D™ as in Lemma 2.12. Let

[

w; = 2¢(w;, wj)ww; — wip(wy, wj)w;.
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Since Trdp g ¥(L x L) C Z, ¢(L x L) C R*. Hence 9 (w;, w;j)w and wip(w;, w;) € R,
SO w; € Rw; + Rw; = M. Furthermore wg and w; are D-linearly independent because

Y(wi, wy)w # 0.
By Lemma 2.11(i), wy(w;, w;), ¥ (w;j,w;)w € F. Using this, along with the facts
that 1 (w;, w;) = 0 and (wi(w;, w;))" = Y (w;, w;)w, we can calculate
(w, wh) = 20 (wi, wy)w b (wi, wy) (20 (ws, wy)w)'
= 2(wi, wy)w Y (wj, wy) (wip(wy, wy))!
— wip(wj, wy) W (ws, wy) (20 (wy, wy)w) +0
(4 2 = 2)p(w;, wj)wip(wj, wi)wi(wy, w;)

Using Lemma 2.11(ii) and the fact that ¢ (w;,w;) = 0, we can calculate
1/1(@%7101') = 2¢(wiawj)w ¢(wj7wz') —0=-2 NrdD/FW(wi,wj))w-

Thus w(w_;awl) € Fw= D_7 Y 1/’(“%“’;) = w(wjawi)T = w(w_;awZ)
Now let

!/
U1 :wi—wj,

vy = w; + W}
Clearly vy,vs € Rw; + Rw;» C M. Since w; = %(ful + vg) and wg = %(’1}2 —v1), the
vectors v1; and vy are D-linearly independent.

Since ¥(w’;, w;) = 1 (w;, w}) we can calculate

w(’Uth) = w(wlvwl) + ¢(wuw2) - w(wé’ wi) - w(w;aw;) =0,

Y(v1,v1) = PY(ws, w;) — P(w, wi) — h(wj, wi) + Y(w), wh) = =2 (wj, w;),

P(v2,v2) = P(wy, wi) + Y(wi, wh) + P(w), wy) + Y (w), w)) = 29 (wj, w;)
Consequently, using Lemmas 2.1, 2.2 and 2.12 and (4.3),

[W(v1,01)|p = [¥(v2, v2)|p = 2 (w), w)|p < 4|Nrdp (v (wi, w;))| plw|p
<4272 (wiy w))[5 - 27T dise(R) [P/
=272 /yen|disc(R)[*/€ - 7., [disc(L)[*/ 4™,

This proves the first inequality in (iv)(c).

Using Lemma 3.7, we have

|disc(Rv; + Rug)|'/?

|disc(M)|1/2

_ INmp,q(¢(ve,v1)) Y2 Nmp g (¢ (va, v2)) /2

INmp g (¢ (wi, wi))|V/2Nmp g (¢ (w;, w;))[V/2
_ INrdp g (v1,01))|INrdp /g (v2, v2))|

INrdp /g (¢ (wi, wy))[?

[M Rv, + Rvg]
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Now by Lemma 2.2 and the fact that if @ € F, then Nrdp g(a) = Nmp/g(a)?,
INrdp g (¢ (v1,v1))| = [Nrdp (¢ (v2, v2))|
= [Nrdp /(4 Nrdpp (¢ (ws, wy))w)|
=4%° |NmF/Q(NrdD/F(¢(wi7 wj)) |2 |NrdD/Q(W)|
= 4%¢|Nrdp /g (w)[|Nrd p g (¥ (wi, w;)) >
Therefore by Lemmas 2.2 and 2.12 and (4.3),

4%|Nrd 2|Nrd o)l
(M : Ry + Ro] = - N1dp/0(@) FINvdp g (wi, w;))
INvdp (¢ (wi, w;))]

= 4%|Nrdp /g (w)[*[Nrd p s (v (ws, w;))]?
< 4% (2e) 7wl T - (2) 72| (wi, wy) |75

< 2466—46 . 2—16577285,\/36‘(1180(]%)‘8 -’yism|diSC(L)‘4e/4em. 0

4.B. INDUCTIVE CONSTRUCTION OF WEAKLY SYMPLECTIC OR UNITARY BAsiS. — The follow-
ing theorem is a slight generalisation of Theorem 1.2, together with explicit values for
the constants. Compared to Theorem 1.2, we only require R C Stabp(L) (allowing
R G Stabp(L) is needed for the induction) and we add an additional parameter 7.
When R = Stabp(L), the parameter 7 is controlled by Lemma 4.6.

Provosirion 4.5. — Let (D, ) be a division Q-algebra with a positive involution
of type I or II. Let V be a left D-vector space with a non-degenerate (D, T)-skew-
Hermitian form: VXV — D. Let L be a Z-lattice in V' such that Trdp g (L x L) CZ.
Let R be an order which is contained in Stabp (L) and let n € Z~q be a positive integer
such that nRT C R.

Then there exists a D-basis vy, ...,vy, for V such that:

(i) v1,...,0m € L;

(i) the basis is weakly symplectic (when D has type I) or weakly unitary (when D
has type II) with respect to ;

(iii) the index of Ruy + -+ + Ruy, in L is bounded as follows:

[L: Rvy + -+ Ruy] < Cio(d, e, m)n©1(dem)|dise( R)| @2 (hem) | disc(L)| Cra(dem),
(iv) for alli,j € {1,...,m} such that ¥(v;,v;) # 0,
[¢(vi,v5)|p < Cra(d, e, m)nCrs(dem) \disc(R)|ClG(d’e’m) \disc(L)|C”(d’e’m).

The inequalities (iii) and (iv) hold with the values of the constants given by Table 1.

Proof. — The proof is by induction on m = dimp (V). Let M be an R-submodule
of L as in Lemma 4.4. Let r = dimp(D ®g M) = 1 or 2. Choose v; and perhaps vq
as in Lemma 4.4(iv).

For part (iii), the base case of the induction will be when m = r, and this is dealt
with in the three cases below. For part (iv), the base case is when m = 0, in which
case (iv) is vacuously true.
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TasLe 1.
d=1 d=2
C10(d,€, m (emQ)em(m+2)/16 (26m2)em(m+2)/2
Cii(d,e;m 0 l4em
C1a(d, e,m m(m +2)/8 m(m + 16)/4

)
)
)
Ci3(d, e, m) (m—2)/4 (m—1)/2
Cra(d, e,m) | (em?)mOm+2+20/32 | (9012 (m(m~+1)+14)/8
( ) 0 7
( ) | (m(m+2)—8)/16e | (m(m + 1) + 26)/16e
)

(m +2)/8e (m+1)/8e

015 d, €, m

016 d, e,m

C17(d, e,m

Let M* be the orthogonal complement of M in L with respect to 1. By Lem-
ma 3.2, M~ is also the orthogonal complement of M in L with respect to Trdp JQ Y-
By Lemma 2.6 and Lemma 4.4(iii),

|disc(M*)| < |disc(L)| - |disc(M)]
(44) 2 3 _\dZer/2) 3 [P (m+r)/m
< (Beom /) 2 disc( R |disc(L)| ™7/,

Now 1 restricted to M~ is non-degenerate, dimp (D ®p M+) = m — r < m and
R C Stabp(M™) so we can apply the lemma inductively to M. We obtain a D-basis

Vpgls---, Uy for D ®p M+ whose elements lie in M+ C L.
Now v1,...,v. € M are orthogonal to v,y1,...,v, and vy,...,v, form a weakly
symplectic or weakly unitary D-basis for D® g M. Hence by induction v, .. ., v, form

a weakly symplectic or weakly unitary D-basis for V. Thus (i) and (ii) are satisfied.
By induction,
[ML : Rvpy1+ -+ + Rug]
< Ciold, e, m — r)p@udem=r)|digc( R)|Cr2(dem=r)
- |disc(ML)|Craldem=r)

< Cro(d,e,m — r)nC“(d’em_T) |disc(R)|Cl2(d’e’m_T)

. (’yggem/d3€)d2er/2‘013(d,e,m—r) |disc(R) ‘Tclg(d,e,m—r)
. |diSC(L)|(m+r)/m'013(d,e,m—r) '

(4.5)

We now split into cases depending on the type of D and on whether r =1 or 2, as
in Lemma 4.4(iv). The proofs in the three cases are very similar, with just the details
of the calculations varying. For each case, the proofs of (iii) and (iv) are independent
of each other.

Case (a), part (it7). — This is the case when D has type I and r = 2.
When m = r = 2, from Lemma 4.4(iii) and (iv)(a), we have

el M)1/2
= IO < (3, ey dise(R).

L:R Ruy|=|L: M|="———+ <
[ v1 + Rug] = | ] [disc(L)[1/?
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This establishes (iii) when m = 2 because
(3e/€) < (4€)*/? = Cro(1,€,2),
011(1,6,2) :O, 012(1,672) = 1, 013(1,672) = 0.
When m > 3, we have, using the fact that M = Rwv; + Rvs, along with Lemma 2.6,
Lemma 4.4(iii) and (4.5),
[L:Rvy +---+ Rup) = [L: M+ M*Y)[M*: Rug+ -+ Ruy,]
< |dise(M)|[M* : Rug 4 --- + Ruy,]

< (92 /) |disc(R)[P[disc(L)[*™ - Cro(1, e,m = 2) (72, /€) o hem=2)
3 |diSC(R) ‘012(1,6,m—2)+2C13(1,e,m—2) |diSC(L)|(m+2)/m~013(1,e,m—2).

Now we can calculate: for the multiplicative constant:
Cro(1,e,m = 2) (72,,/e) U H O em=2) = (e(m — 2)2)(m=2m/16 (52 e/t
(emQ)e(mf2)m/16 . (em2)m/4

_ (emQ)e(m272m+4m)/16

- 010(1,€,m),
for the exponent of |disc(R)]:
-2 —4
24 Cra(l,em —2) + 2C1s(1esm —2) = 2+ 5 m . m4
= 012(17e,m),
for the exponent of |disc(L)|:
2 2 2 2 -4
7+7(m+ )~C'13(1,e,m—2):—%——(m+ Jm = 4)
m m m 4m
8+ (m*—2m—8) (m—2)m
- m = m = Clg(l,e,m).

Case (a), part (iv). For i =1, j = 2, Lemma 4.4(iv)(a) gives
(4.6) [ (v1,02)| D < em|disc(L)[™,

This establishes (iv) when ¢ = 1, j = 2 because, using Lemma 2.3 and the fact that
m>=2so0l< (m(m+2)+24)/32 and 1 < (m(m + 2) + 8)/16,

Yem < €M < 014(17657”)’

m(m+2) — 8
< BT T2 Ol e, m),
0 16¢ ClG( & m)
1 2-4 2
— < < m(m+ ) = 017(1767m)'
em ~ 8em 8em
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For 4,5 > 3, induction gives
[¥(vi,v)|p < Cra(1, e, m — 2)|disc(R)|“eem=2) dise(M+)rr(hem)
< Cua(l,e,m — 2)|disc(R)|Crethem=2)
(92 /€)° disc(R) P disc(L) (2 m) T e,

Now we can calculate: for the multiplicative constant (using Lemma 2.3):
Cra(l,e,m = 2) (72, /e) 7M™ = (e(m — 2)?)((m=2Im 202 (37 eym/®
< (emQ)((m—Q)m+24)/32 . (em2)m/8

_ (emQ)(m2—2m+24+4m)/32

= 014(13677”)7
for the exponent of |disc(R)]:
—2)m —8
Cie(1l,e,m —2) +2C17(1,e,m —2) = (mT)m +2- 8E = Ci6(1,e,m),
e e

for the exponent of |disc(L)]:

2 2
&017(1767’”1 - 2) = (m ha ) ' ﬂ = 017(17€7m)'
m m 8e

Case (b), part (ii7). — In this case, D has type Il and r = 1.
When m = r =1, from Lemma 4.4(iii) and (iv)(b), we have

disc(M)|1/2 .
B ||dlSC((L))|1/2 < (726/86) |dlsc(R)|1/2_

This establishes (iii) when m = 1 because
(V3e/8e)" < (20)° < (2¢)°/% = C10(2,¢, 1),
Ci1(2,e,1) = 14e > 0, Cia(2,e,1) =17/4>1/2, Ci3(2,e,1) = 0.
When m > 2, we have (using M = Rvy, Lemma 2.6, Lemma 4.4(iii) and (4.5))
[L:Rvy +---+ Rvup) = [L: M+ M*Y)[M*: Ruy + -+ + Ruy,]
< |disc(M)|[M* : Ruy 4 --- + Ru,,]
< (Yiem /8€)%¢|disc(R)||disc(L)[ /™
Cro(2,e,m — 1)pCr@em=1) (42 jg)2eCia(2em=1)

. ‘diSC(R) |Clz(276777l—1)+013(2,e,m—1) |diSC(L)|(m+1)/m~C’13(2,e,m—1).

[L: Rvi| =[L:M)]

Now we can calculate: for the multiplicative constant:
C10(2,€,m = 1) (Ve /8e)* 1T Eem=D) — (2¢(m — 1)2)(n =DM (7 /-e)er
< (2em?)em=Dm+1)/2 (gey,2)em
_ (26m2)e(m2—1+2m)/2

< 010(27 €, m)a
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for the exponent of 7:
C11(2,e,m — 1) = 1de(m — 1) < C11(2,e,m),
for the exponent of |disc(R)|:

1 1 2
14 Cia(2,e,m — 1) + Cra(2,e,m — 1) = 1 4 M= DmE15) | m

4 2
2+ 16m —15
— m—|—+ < C12(2,e,m),
for the exponent of |disc(L)|:
1 m-+ 1 1 m-+1)(m — 2
*‘i‘( )'013(276,771—1):*4——( )( )
m m m 2m
2 2-m-—2 -1
== * (m m ) = (m )m = 013(2,6,m).
2m 2m

Case (), part (iv). — For i = j =1, Lemma 4.4(iv)(b) gives
(4.7) [$(v1,v1)| D < Yaem|disc(L)[/ 4™
This establishes (iv) for ¢ = j = 1 because, using Lemma 2.3 and the fact that m > 1,
so (m(m+1)+14)/8 > 2,
Yiem < dem < (2em?)? < C14(2,e,m),
0<7=C15(2,e,m),
< 1-2426 < m(m+ 1) + 26

0 16e 16e

1 2 m+1
— << —~— = 2,e,m).
4dem ~ 8e 8e Cir(2,e,m)

For ¢ = 5 > 2, induction gives

= 016(27 €, m)7

(v, v;)|p < Cra(2,e,m — 1)pC1sZem=b | digc( R)|C16(2-em=1)
- |disc(M )| Zem=D)
< Ca(2, e, m — 1)pCrsZem=Ddjge(R)|Cro(2em—1)
(e /80)*[disc(R) [disc(L)| D/ m) romh,
Now we can calculate: for the multiplicative constant:
Cra(2,€,m = 1)(io /8)* 7Y = (2¢(m — 1)) (m=Dm S (45 /-e)m /4
< (2€m2)(m27m+14)/8 . (26m2)2m/8
_ (26m2)(m2+m+14)/8
= C14(2,e,m),
for the exponent of 7:

015(2,6,77?, - 1) =7= 015(2,67’”1),
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for the exponent of |disc(R)]:

-1 26
Ci6(2,e,m — 1) + C17(2,e,m — 1) = % + Sﬂ = C16(2,¢e,m),
e e

for the exponent of |disc(L)|:

1 1 1
mAl @ emo1y = mED m_mtl
m m 8e 8e

= C17(23 ¢, m)

Case (c), part (iti). This is the case where D has type II and r = 2.
When m = r = 2, from Lemma 4.4(iii) and (iv)(c), we have
[L: Ruy + Rvs] = [L : M][M : Rvy + Rus]
~ |disc(M)[/?
 |disc(L)[1/2
_ (18./8e)*|disc(R)||disc(L)|' />
b |disc(L)|1/2
= (7e/8€) (8. /8e)**n°** [disc(R)|*|disc(L)| /2.

[M : R’Ul + R’UQ]

(7e/8)* (v /8e)*n***|disc(R)|®|disc(L)| /2

This establishes (iii) when m = 2 because
(e /8% (12, /86)1° < 1+ (8¢)* = Cro(2,¢,2),
C11(2,e,2) =28, (C12(2,6,2) =9, C13(2,¢,2) =1/2.
When m > 3, we have (using Lemma 2.6, Lemma 4.4(iv)(c) and (4.5))
[L: Rvy + -+ Rop,)
=[L: M+ M>*][M : Rvy + Rvg][M™* : Rus + -+ + Ru,)
|disc(M)|[M : Rvy + Ru][M* : Rug 4 --- + Ruy,)
(12 /S€) 1| disc(R) P disc(L) 2/
(e /86)2 (2 B) 2?5 dise(R) ¥ disc(L) 1/
Cho(2,e,m — 2)nCn@em=2) (42 /g )deCis(2iem—2)

. |diSC(R)|C12(2,e,m72)+2C13(2,e,m72) |dISC(L) ‘ (m+2)/m~C13(2,e,m72)'

<
<

Now we can calculate: for the multiplicative constant:
C1o(2,€,m — 2) (Ve /86)* (V1o /8e) (6 T4 (2em=2)
= (2e(m — D) AT [P (3, 80P
< (26m2)e(m—2)m/2 -1 (2em?)2e™
_ (2em2)e(’m2—2m+47n)/2
= C10(2,e,m),
for the exponent of 7:

28e + C11(2,e,m — 2) = 28e + 1de(m — 2) = C11(2,e,m),
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for the exponent of |disc(R):

248+ C’12(2,e,m - 2) + 2013(2,6,771 - 2)

-2 14 241
:10+(m )ier )+(m—3):m=cm(2,e,ﬂﬂ’

for the exponent of |disc(L)|:

5 +2 —
R LCB( e,m_g)_i (m+2)(m = 3)
m m 2m
_ -1
6+(m m — 6) (m )m = C15(2,e,m).

2m 2m

Case (c), part (iv). — For i = j =1 or 2, Lemma 4.4(iv)(c) gives
(4.8) [ (vs,v5)|p < 27°/241242 07 |disc(R)|?/€|disc(L)|'/2e™.

This establishes (iv) for ¢ = j = 1 or 2 because, using Lemma 2.3 and the fact that
m > 2so (m(m+1)+14)/8 > 5/2,

)
5/2 1/2 2 < 75/261/2(46721)2 _ 23/265/2m2 < (2em2)5/2 < 014(2,6,771),

7=C15(2,e,m),
2 2.3+26 _ m(m-+1)+26
- = \ = 27 ) )
e 16e 16e C1(2,¢,m)
1 2 1
L =2 mrd < Crr(d, e,m).

2em  8e  8e
For ¢ = j > 3, induction gives
905 )l < Cua(2, e, — 2102 dise )| o=
- |disc(M )| Orr Zem=2)
< C14(2,e,m — 2)n@1e2em=2)|disc( R)|Cro(2em=2)
(Ve /80) | disc(R) ?|disc(L)| 2/ m) AT o),
Now we can calculate: for the multiplicative constant:

014(27 e,m — 2) (ﬁem/ge)‘lecn(ze,mfz)

= (2e(m — 2)2)((M=Dm=DHLD/S (2 jgo)(m=1)/2
< (2em? )(m —3m+16)/8 . (9e2)(4m—4)/8

(2em )(m +m+12)/8
< C1a(2,e,m),

for the exponent of 7:

015(2,6,77?, - 2) =7= 015(2,67’”1),
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for the exponent of |disc(R)]:

(m—2)(m—1)+ 26 m—1
Ci6(2 -2 2C17(2 —2)= 2-
16( , €, M )+ 17( , €, M ) 16e + Se
m2+m+24 _ m(m+1)+26
— < = C 27 ) )
16¢ 16¢ 16(2,¢,m)
for the exponent of |disc(L)|:
2 2 —1
mte C’17(2,e,m—2):LJr [
m m 8e
2 -2 1
= merm < m(m+ ) = 017(2,6,771). U
8em 8em

Levva 4.6. — Let (D, ) be a division Q-algebra with a positive involution. Let V be a
left D-vector space with a non-degenerate (D, T)-skew-Hermitian form ¥ : VxV — D.
Let L be a Z-lattice in V' such that Trdp g (L x L) C Z. Let R = Stabp(L). Then
disc(L)R' C R.

Proof. Let a € R and z,y € L. Then

Trdp g ¥(a'z,y) = Trdp g (a'¥(z,y)) = Trdp g (¢ (z,y)a’) = Trdp g ¥(z, ay).

Since ,ay € L, we conclude that Trdpq Y(atz,y) € Z.
Since this holds for all y € L, we have afz € L*. Consequently,

disc(L)a'z = [L* : L]a'z € L.

This holds for all z € L, so disc(L)a! € Stabp(L) = R. O

To complete the proof of Theorem 1.2, we combine Proposition 4.5 and Lemma 4.6.
The resulting exponent of |disc(L)| in (iii) is C11(d, e, m) + C13(d, e, m) and the ex-
ponent of |disc(L)| in (iv) is Ci5(d, e, m) + Ci7(d, e, m), while the other constants in
Theorem 1.2 are the same as the corresponding constants in Proposition 4.5.

~ r
5. AppLICATION TO THE Z1LBER—PINK CONJECTURE

In this section we study special subvarieties of PEL type from the point of view of
Shimura data. The main result of the section is that Shimura datum components of
simple PEL type I and II lie in a single GSp,, (R)-conjugacy class, which we describe
explicitly. We also establish a bound on the dimension of all special subvarieties of
PEL type in Ay, demonstrating that Theorem 1.3 is indeed a consequence of the
Zilber—Pink conjecture. We end the section by outlining the strategy of the proof of
Theorem 1.3 carried out in the subsequent sections.

For our notation and terminology around Shimura datum components, see [DO21,
sec. 2A and 2B].
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5.A. SHIMURA DATA. Let L = Z?9,let V = Lg and let ¢ : L x L — Z be the
symplectic form represented, in the standard basis, by the matrix Jy,. Let G =
GSp(V,¢) = GSp,, and let T' = Sp,,(Z). Let Xt denote the G(R)*-conjugacy
class of the morphism hg: S — Gg given by

(5.1) ho(a +ib) — (% 2)%7.

Then (G,X™) is a Shimura datum component and there is a G(R)"-equivariant
bijection X+ = H,, where H, is the Siegel upper half-space. The moduli space of
principally polarised abelian varieties of dimension g, denoted A, is the Shimura
variety whose complex points are T\ X .

Let S be a special subvariety of PEL type of Ay, as defined in section 1.C, and let R
be its generic endomorphism ring. Choose a point € X whose image s € A, is an
endomorphism generic point in S(C). Then z induces an isomorphism H;(A4s,Z) = L
and hence the action of R on A, induces an action of R on L.

Let H denote the centraliser in G of the action of R on L, which is a reductive
Q-algebraic group. We call H the general Lefschetz group of S. Note that H is only
defined up to conjugation by I', because different choices of x may lead to isomor-
phisms H; (As,Z) = L which differ by T'. (The group H is isomorphic to the Lefschetz
group of an endomorphism generic abelian variety parameterised by S, as defined
in [Mil99], thanks to [Mil99, Th.4.4]. However it seems to be more common to call
H N Sp or (HNSp)° the Lefschetz group, so we have added the adjective “general”
by analogy with the general symplectic and general orthogonal groups.)

The special subvariety of PEL type S is a Shimura subvariety component of A,
associated with a Shimura subdatum component of the form (H°, X4;) C (G, X7),
where H is the general Lefschetz group of S (see [Mil05, paragraph above Theo-
rem 8.17]).

We say that (H, Xy;) C (G, X ™) is a Shimura subdatum component of simple PEL
type I or II if it is a Shimura subdatum component associated with a special subvariety
of PEL type, where H is the general Lefschetz group, and its generic endomorphism
algebra is a division algebra with positive involution of type I or II. Note that in the
simple type I or II case, H = H°.

5.B. REPRESENTATIVES OF CONJUGACY CLASSES OF SHIMURA DATA OF siMmpLE PEL 1veE |
or II. The Shimura subdatum components of (G, X ) of simple PEL type I or 11
lie in only finitely many G(R)*-conjugacy classes. Indeed, we shall now explicitly
describe finitely many Shimura subdatum components which represent these G(R)*-
conjugacy classes. Note that, for convenience, these representative subdatum compo-
nents are not of simple PEL type, although they are of PEL type. This generalises
[DO22, Lem. 6.1], which is the case g =2, d =2, e =m = 1.

Let d, e, m be positive integers such that d?em = 2g, d = 1 or 2 and dm is even.
For fixed g, there are only finitely many integers d, e, m satisfying these conditions.
As we shall show, each triple d, e, m corresponds to a single G(R)"-conjugacy class
of Shimura subdatum components of simple PEL type I or II.
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Let Dy = Mg(Q)°. Define a Q-algebra homomorphism ¢o: Dy — May(Q) as follows:

— when d = 1: vo(a1,...,0e) = a1l ® - B aelp,.
— when d = 2:

. ( ay by e be ) _ arlam b1lop, EPES aelom belom
0 C1 dl T Ce de C1-[2711 dl-[?m CGIQm deI2m .

We view V as a left Dg-module via ¢q.
Let t denote the involution of Dy which is transpose on each factor. Since dm is
even, to(Dy) commutes with Jo, and so, for all a € Dy and z,y € V, we have

¢(a$7 y) = xtL(a’)tJ2gy = thZQL(a)ty = ¢(£C, aty)'
Thus ¢: V x V. — Q is a (Dg,t)-compatible symplectic form. By Lemma 3.1
and Corollary 3.3, there is a unique non-degenerate (Dy,t)-skew-Hermitian form

'l)/J()Z V xV — Dy such that ¢ = TrdDU/Q ’(/J().
Let Hy denote the centraliser of to(Dp) in G. In other words,

(52) Ho={¢""@g"® - @9®:g1,...,9. € GSpyp, v(g1) = - = v(ge)},

where v: GSp,,,, = G, denotes the symplectic multiplier character. This is a con-
nected Q-algebraic group, and it is equal to the general Lefschetz group of a special
subvariety of PEL type in which endomorphism generic points correspond to abelian
varieties isogenous to a product of the form A¢ x --- x A4 where Ay,..., A, are pair-

wise non-isogenous simple abelian varieties of dimension dm/2 with End(A;) =--- =
End(A4,) = Z.

Levva 5.1, — Let (H, X4;) C (GSpyy, Hy) be a Shimura subdatum component of
simple PEL type I or II. Let D be the generic endomorphism algebra of (H, Xﬂ) and
let F be the centre of D. Then Hg is a G(R) " -conjugate of the group Hy constructed
above for the parameters

d=+/dimp(D)=10r2, e=[F:Q], m=2g/d%.

Proof. — The tautological family of principally polarised abelian varieties on X T
restricts to a family of principally polarised abelian varieties on Xﬁ. The polarisation
induces a Rosati involution 1 of the endomorphism algebra of this family, namely D.
As we saw in the construction of the general Lefschetz group, D acts on V. Via this
action, the symplectic form ¢: V x V — Q is (D, )-compatible.

Since (D, 1) is a simple Q-algebra with a positive involution of type I or II, there
is an isomorphism «a: (Do r,t) — (Dg, 1) of R-algebras with involution (where Dy =
M4(Q)¢ for the parameters d and e specified in the lemma). We obtain an action of
Dy r on Vg by composing the action of Dr with «.

Since ¢ is (D, t)-compatible, it is also (Dg g, t)-compatible under the via o. Hence
there is a unique non-degenerate (Do r, ¢)-skew-Hermitian form ¢, : Vg x Vg = Do g
such that ¢ = Trdp, ,/r Yo, Where “(DoR,t)-skew-Hermitian” refers to the action
via a. (Note that 1, is in general different from vy because 1y is (Do, t)-skew-
Hermitian with respect to the action via ¢.)
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By Lemma 3.5, there exists a Dy g-basis vq,...,v,, for Vg with respect to the
action via ¢y which is symplectic (if d = 1) or unitary (if d = 2) with respect to .
There likewise exists a Do g-basis wy, ..., w,, for Vg with respect to the action via o
which is symplectic or unitary with respect to 1.

Define v € GL(V&) by

Y(to(ar)vy + -+ - + to(@m)vm) = ala))wy + - - + alam)wn

forallai,...,am € Dor. Because vy, ..., vy, and wy, . .., wy,, are symplectic or unitary
bases (depending on d) with respect to ¥y and v, respectively, we have

Ya(V(vi),7(v5)) = Ya(wi, w;) = tho(vj,v;)
for all 4, j. Because g and v, are (Do r, t)-skew-Hermitian with respect to the actions
via 19 and « respectively, it follows that

Ya(7(0),7(w)) = Yo(v, w)
for all v,w € Vg. Taking the reduced trace, we obtain ¢(v(v),v(w)) = ¢(v,w) for all
v,w € Vg. In other words, v € Sp(Vk,¢) C G(R)*.

Since «y is an isomorphism between the representations of Dy given by a and ¢,
vHoy ™! is the centraliser in G of the action of Dy g via a. In other words, YHoy ™! is
the centraliser in G of the action of Dg, which is the general Lefschetz group H. 0O
Levmya 5.2, For each triple of positive integers d, e, m satisfying d>em = 2¢g, d = 1
or 2 and dm even, there exists a unique Shimura subdatum component (H07X0+) of
(G, X™*) with group Hy. Furthermore, the Hodge parameter ho from (5.1) is in X .

Proof. — First note that hy € X * and hg factors through Hy . Hence if Xar de-
notes the Hy(R)*-conjugacy class of kg in Hom(S, Ho g), then (Ho, X{) is a Shimura
subdatum component of (G, X ™).

To establish the uniqueness, let XS' now denote any subset of X such that
(HO,XO+ ) is a Shimura datum component. Let Hgd denote the quotient of Hy by
its centre. By [Mil05, Prop.5.7(a)], X is in bijection with its image (X )2 C
Hom(S, H3;) under composition with the natural map Ho g — H§%.

Observe that H3d = PGSp¢, ;. Therefore, (X )*? is a product of PGSp,,,4(R)*-
conjugacy classes of morphisms S — PGSp,, 4 satisfying conditions SV1-SV3 from
[Mil05, §4]. From [Mil05, Prop 1.24], and the following paragraphs, there exists only
one PGSp,,,4(IR)-conjugacy class X,,q of morphisms S — PGSp,,,, g satisfying SV1-
SV3. It has two connected components X nt 4 and X, corresponding to the connected
components of PGSp,,,;(R). In other words, (X ) is equal to a direct product of
copies of the spaces X;'ld and X .

Consider the morphisms h;‘, hy S — GLa g defined by

hy ca+ib— (% b) and hy ta+ib— (§70).
Then (h$)®™4/2 and (hy)®™4/2 are non-GSp,,;(R)"-conjugate morphisms S —
GSp, 4 r satisfying SV1-SV3. Therefore, the images of their GSp,, 4(R)"-conjugacy

classes in Hom(S,PGSp,,,; ) are precisely X!, and X, .
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It follows that (X ) is the image in Hom(S,PGSp{,4z) of the GSpy;, ,(R)*-
conjugacy class of an element h € Hom(S, GSp;,,, ) of the form

((h3)®mdl2 . (hg)®mdl?),

for some sequence of signs in {4}¢. Since the image of h in Hom(S, GSp,, 2. )
(obtained by repeating each component d times block-diagonally) lies in a Shimura
datum, it satisfies condition SV2 of [Mil05], that is, the stabiliser of h in GSp,,, 42.(R)
is compact modulo the centre. This only holds when

h= b = (W)™, ()Y or b= BT = ()22, ()R,

This can be checked by observing that the centraliser of hi @ h, in GSp,(R) is
non-compact modulo the centre.

Note that the image of h* in Hom(S, GSp,,,42, ) is equal to hg. Since ho € X+
while the image of h™ is not in X, we conclude that XO+ must be equal to the
Hy(R)-conjugacy class of hg. O

CoroLLARY 5.3. If (H, X{) C (G, X) is a Shimura subdatum component of sim-
ple PEL type I or II and H = gHog™ ! for g € G(R)*, then X{; = gX; where
(Ho, X)) € (G, XT) is the unique Shimura subdatum component given by Lemma 5.2.

5.C. DiMENSION OF SPECIAL SUBVARIETIES oF PEL 1ype. — In this section we prove
Proposition 1.7: Proposition 5.4 is Proposition 1.7(i), while Proposition 5.5 is Propo-
sition 1.7(ii).

Prorosition 5.4. — Let S C Ay be a special subvariety, not equal to Ag. If S is of
simple PEL type, then dim(S) < dim(A,) — ¢*/4.

Proof. Let D be the generic endomorphism algebra of S. Following our usual no-
tation, let F' be the centre of D and let

d=+/dimp(D), e=[F:Q], m=2g/d?.

When D has Albert type IV, we need some additional notation. Let s € S(C).
Then Dg = M4(C)*/? acts R-linearly on the tangent space Ty(A,(C)). For each i =
1,...,e/2, let r; denote the multiplicity in Ty(As(C)) of the standard representation
of the i-th factor My(C) of Dg. Similarly let s; denote the multiplicity of the complex
conjugate of the standard representation of the i-th factor of Dr. The values r; and s;
are independent of the choice of s € S(C), and satisfy r; + s; = dm.

The dimension of special subvarieties of simple PEL type was determined by
Shimura [Shi63, 4.1]. Note that our m is the same as m in [Shi63], while our e is
called ¢ in [Shi63]. For a more modern account of this theory, see [BL04, Chap.9].
For each type of endomorphism algebra D, we quote the dimension of the special
subvariety from [Shi63, 4.1] and use some elementary inequalities.

When D has type I, d = 1, em = 2g and e > 2 since S # Ay, so m < g. Hence

aim($) = 3% (3 +1)e < bo(b +1) = 4¢* + Jo
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When D has type I, d =2, em = ¢g/2 and m < g/2 so

dim(S) = gm(m+1)e < 1g(39+1) = 1g° + 1g.
When D has type III, d = 2, em = ¢g/2 and m < g/2 so

dim($) = gm(m — De < 19(39 - 1) = 56° — 39,

When D has type IV, 2g = d?em and e > 2 since F is a CM field, so m < g.
Furthermore r; + s; = dm so r;8; < d2m2/4 for each 7. Hence,

/2
an($) = S < e 4 = g < 4
i=1
Hence in all cases,
dim(S) < §9° + 39 = 39(9 + 1) — 3¢° = dim(A,) — 3¢*. 0
Prorosition 5.5. — Let S C Ay be a special subvariety, not equal to Ag. If S is of

PEL type, then dim(S) < dim(Ay) — g+ 1.

Proof. — Note that g?/4 > g — 1 for all real numbers g, so Proposition 5.4 implies
the claim for special subvarieties of simple PEL type.

Let S C Ay be a special subvariety of non-simple PEL type. By adding level
structure, we may obtain a finite cover S’ — S which is a fine moduli space of abelian
varieties with PEL structure. Then there is a universal abelian scheme with PEL
structure A — S’. Since S’ is of non-simple PEL type, A is a non-simple abelian
scheme. Thus there exist non-trivial abelian schemes A;, A, — S’ such that A is
isogenous to A; X Ay. (There may be multiple choices of isogeny decompositions of A.
Choose any such decomposition.) Let g1, go denote the relative dimensions of A;
and A, respectively.

Set

T ={(s,51,52) €5 x Ay, x Ag, : Ay is isogenous to A, x Ag, }.

Since isogenies A, — Ag, X Ag, give rise to Hodge classes on Ay x Ag, x Ag,, the
locus T is a countable union of special subvarieties of S" x Ay, x Ag,.

By construction, the projection T' — S’ is surjective on C-points. An irreducible
complex algebraic variety cannot be contained in the union of countably many proper
closed subvarieties. Hence there exists an irreducible component T+ C T such that
the image of T is dense in S’. Hence dim(7'") > dim(S’) = dim(S).

Given any two abelian varieties A, and Ay, over C, there are only countably many
isomorphism classes of abelian varieties which are isogenous to A,, x Ag,. Further-
more each abelian variety of dimension g carries only finitely many PEL structures
parameterised by S’ (the natural morphism S" — A, is finite). Hence the projection
T — Ag, x Ag, has countable fibres. Therefore

gi(g1+1) n g2(92+1)

dim(7T7) < dim(A,, x Ay,) = 5 5
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Since g1 + g2 = g, we obtain

1o+ 1)+ 292092+ 1) = 2 ((91 + 92)® —2g192 + (91 + 92)) = 2(6° + 9) — 910
Therefore
dim(9) < dim(7T7") < dim(A,) — g1

Now g192 = ¢g1(g — g1) is a quadratic function of g; with a maximum at g; = g/2.
Hence, for 1 < g1 < g—1, g1 92 is minimised when g; = 1 or g—1. Thus g19o > g—1. O

6. (::ONS'I‘RUC'I‘IOV\ OF REPRESENTATION AND CLOSED ORBIT

This section constructs the representation required for the strategy outlined in
section 1.E and proves that it satisfies conditions (i) and (ii) of [DO22, Th.1.2].
These conditions are algebraic and geometric in nature. We also prove a small piece
of arithmetic information about the representation, namely Proposition 6.1(v), which
will be used to obtain more substantial arithmetic properties in section 7. This section
generalises [DO22, §§5.2 & 5.3].

We will actually construct two representations pr, pr: G — GL(W), which are
induced by left and right multiplication respectively in End(V'). The representation
to which we shall apply [DO22, Th. 1.2] is py,, while pg is an auxiliary object required
at the end of section 7.

Prorosition 6.1. — Let d, e and m be positive integers such that dm is even. Let
n =d?em. Let L = Z" and let ¢: L x L — Z be the standard symplectic form as in
section 5.A. Let V = Lq, let G = GSp(V,¢) = GSp,, o and let I' = Sp,,(Z).

Let Ey be a Q-subalgebra of End(V') = M,,(Q) such that Eg ¢ = Mam (C)¢ and the
resulting Ey c-module structure on Vg is isomorphic to the direct sum of d copies of
each of the e irreducible representations of Eyc. Let Hy be the Q-algebraic subgroup
of G whose k-points are

Ho (k) = (Eo ®q k) N G(k)

for each field extension k of Q.

Then there exists a Q-vector space W, a Z-lattice A C W, Q-algebraic representa-
tions pr, pr: G — GL(W), a vector wg € A and a constant Cig such that:

(i) StabG,pL (wo) = StameR (wo) = Ho,’

(i) the orbit pr.(G(R))wg is closed in Wg;

(iii) pr and pr commute with each other;

(iv) pr(T') and pr(T) stabilise A;

(v) for each u € G(R), if the group H, = uHoru™" is defined over Q, then there
exists d,, € R~ such that

dupr(Wpr(w)wo € A and d, < Cig|disc(S,)|"/?,

where S, denotes the ring uEqru~' N M, (Z).
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In our application to Theorem 1.3, Hy shall be equal to the group Hy defined
in (5.2). To achieve this, let d = 1 or 2 and define Dy and to: Dy — M, (Q) as in
section 5.B (with n = 2g). Let Ey be the centraliser of 1o(Dp) in M,,(Q), that is,

(6.1) Eo={fa e - o eM,(Q): f1,..., fo € Mam(Q)}.

It is immediate that intersecting this algebra Fy with G yields the same group Hy as
in (5.2). Furthermore, the map (f1, ..., f.) — fP¢@ fP4@- - @ f&4 is an isomorphism
of Q-algebras My,, (Q)¢ — Ey. By decomposing V' as a direct sum of dm-dimensional
subspaces, matching the block diagonal decomposition of elements of E, we see that V'
is isomorphic to the sum of d copies of each of the e irreducible representations of Ej.
After extending scalars to C, we conclude that Ey as defined by (6.1) satisfies the
conditions of Proposition 6.1.

Allowing more general choices of Fy in Proposition 6.1 than simply (6.1), and only
imposing conditions on Ey after extending scalars to C, ensures that the proposition
could be used as part of a similar strategy for proving the Zilber—Pink conjecture for
special subvarieties of simple PEL type III and IV, as well as types I and II.

6.A. CONSTRUCTION OF THE REPRESENTATION. Let o,0r: G — GL(End(V)) de-
note the left and right multiplication representations of G:

or(9)f =gf, or(g)f=fg "

Note that or(g)f = fg~! rather than fg so that or is a group representation.
The representations pr, and pgr in Proposition 6.1 are induced by o and or via a
linear algebra construction which we shall now explain, and hence one may think of
pr(u)pr(u) in Proposition 6.1(v) as being induced by conjugation by u € G(R).

Let v: G = GSp,, — G,, denote the symplectic multiplier character. Let W =
A" End(V), which is a Q-vector space of dimension (:;L) The representations re-
quired by Proposition 6.1 are defined as

pr =N"orL @2 pp=N"op@v™? .G — GL(W).

The powers of v are chosen so that both py, and pg restrict to the trivial representation
on the scalars G,,, C GSp,,.

Next we construct a vector wy € W satisfying Proposition 6.1(i). Observe that
dimg(Ep) = e(dm)? = mn so N"" Ey is a 1-dimensional subspace of W. This was the
reason we used the mn-th exterior power to define W.

Because Ej is a subring of End(V), for any field extension k of Q,

Stabg (k),q, (Eo) = G(k) N (Eo ®q k) = Ho(k).
Similarly Stabg(x),o,(Eo) = Ha,e,m (k). Consequently,
StabG’pL (/\mnEo) = StabG,pR (/\mnEo) = H,.

The action of Ey on A™" Ey via the mn-th exterior power of the left regular repre-
sentation is multiplication by the non-reduced norm Nmpg, ,o. Choose an isomorphism
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n: Egc — Mg (C). Let f € Egc and n(f) = (f1,..., fe) € Mg (C)®. Since the irre-
ducible representations of Ey ¢ are projections onto the simple factors of Mgy, (C)°,
and each irreducible representation appears d times in V¢, we have

det(f) = Hdet(fi)d-

Hence

Nmp, .je(f) = [ [ No,, e (fi) = [ ] det(fi)*™ = det(f)™.
=1

i=1

If f € Hy(Q) C G(Q), then det(f) = v(f)"/? so
N, /q(f) = v(f)™/>.

Hence the action of Hy on A" Ey via pr, is multiplication by Nmg, /@ Qu—mn/2 =1,
Thus for any w € A™" Ey, we have pr,(Hp)w = w, while

Stabg,pL (’LU) C Stabc;pr (/\mnEo) = H,.

Thus Stabg ,, (w) = Hp.

For similar reasons, the action of Hy on A""Ey via A"" o is multiplication by
NmE; Q7 and hence the action of Hy on A™"Ey via pg is trivial. It follows that for
any w € N""Ey, Stabg,,, (w) = Hy.

Let A = N""M,,(Z), which is a Z-lattice in W. Let Sy = Eg N M,,(Z), which is an
order in Fy. Then A™" Sy is a free Z-module of rank 1 contained in A. Choose wq to
be a generator of A"" Sy (it does not matter which generator we choose).

Since wg € A" Ey, the argument above shows that wq satisfies Proposition 6.1(1).
It is clear that p; and pr commute, so Proposition 6.1(iii) holds. It is also imme-
diate that Proposition 6.1(iv) holds. Most of this section will be devoted to proving
Proposition 6.1(ii). Since the proof of 6.1(v) is short, let us first include it here.

Proof of Proposition 6.1(v). — By definition,
pr(w)pr(u) = N""op(u)or(u) € GL(N"" End(V)),

where o (u)or(u) € GL(End(V)) is conjugation by u. Hence pr(u)pr(u)wg is a
generator of the Z-module A" uSou~"!.

Let d, = covol(S,)/ covol(uSpu~—!) with respect to the volume form induced by
the non-reduced trace form on Sy, g. Then dy,pr(u)pr(u)wy is a generator for A™"S,,
and therefore is in A.

Conjugation by u pulls back Trg, . /r to Trg, ;. /r. Hence

d., = covol(S, Trg, , /r)/ covol(So, Trg, . /r) = V/|disc(S,)]/|disc(So)|. O

6.B. Proor or cLosep orsir. — According to [BHC62, Prop. 6.3], in order to show
that pr(G(R))wy is closed in Wx (in the real topology), it suffices to prove that
pL(G(C))wy is Zariski closed in We. Therefore, for the rest of this section, we shall
deal entirely with linear algebra and algebraic geometry over C.
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Set
Q = {g € End(V¢) : 3s € C s.t. for all v,v" € Vi, ¢(gv, gv’) = sp(v,v")}.

Note that @ is equal to the union of G(C) with the set of elements of End(V¢) whose
image is contained in a ¢-isotropic subspace of V. In particular,

G(C) = {g € Q : det(g) # 0}.

Let ey, ..., e, be a symplectic basis for (Vg, ¢). Then @ is a Zariski closed subset
of End(V¢) because it is defined by the polynomial equations

®(ges, ge;) =0 for each 4, j except when {i,j} = {2k — 1,2k} for some k,
¢(ge1, ge2) = d(ges, gea) = -+ = d(gen—1, gen).

Furthermore, @ is a homogeneous subset of End(V¢), that is, it is closed under mul-
tiplication by scalars.

Consequently, for any map from End(V¢) to another vector space whose coordinates
are given by homogeneous polynomials of the same positive degree, the image of @ is
homogeneous and Zariski closed. (This is because such a map induces a morphism of
varieties between the associated projective spaces, and the image of the projective alge-
braic set (@Q~{0})/G,, under such a morphism will again be a projective algebraic set.)

Note that or : G(C) — GL(End(V¢)) extends to a C-algebra homomorphism
End(Ve) — End(End(Ve)) = M,,2(C) defined by the formula oy, (g)f = gf. Consider-
ing oy, as a representation of the multiplicative monoid End(V¢), it induces a monoid
representation

/\anL : End(VC) — End(/\m" End(Vc))

Here A"" o, is a homogeneous morphism of degree mn, so the set (A" o) (Q)wy is
a homogeneous Zariski closed subset of We.

Levmvia 6.2, — There exist vectors uy, . .., um €V such that the map §: End(V) — V'™
defined by 6(f) = (f(u1),..., f(uny)) restricts to an isomorphism of Q-vector spaces
Ey— V.

Proof. — By the hypothesis of Proposition 6.1, we can decompose V¢ as a direct sum
of irreducible Ey c-modules

e

d
(6.2) Ve=@ BV
i=1j=1

such that the action of Eyc = Mg, (C)¢ on V;; factors through the i-th copy of
Mg, (C). Since My,,(C) is a simple algebra, it has a unique irreducible representa-
tion (up to isomorphism), so we may choose an isomorphism of My, (C)-modules
0”-: Cdm — V;j

Label the standard basis of C¥ as ey for 1 < k < d, 1 < £ < m. Given f € Eoc,
write N(f) = (f1,..., fe) € Mgm(C)¢. Fori=1,...;e, k=1,...,dand £ =1,...,m,
let fire € C™ denote the column of f; indexed by k and ¢ (ordered to match the
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basis vectors ex¢). The action of Ey ¢ on Vj; factors through the i-th copy of Mg, (C)
and 6;; is an Mg, (C)-module homomorphism, so

J(0i(exe)) = 055 (filere)) = 0ij(fire)-
For/=1,...,m, let
e d
Uy = ZZQU(eﬂ) e Ve.
i=1 j=1
(Note that the index j is used twice in this expression.) Then

e d
(6.3) Flue) =33 0i(fi0)-

i=1 j=1
If f € ker(d) N Eo,c, then f(ug) =0 for £ = 1,...,m. Since (6.2) is a direct sum
and the 6;; are injective, it follows from (6.3) that f; jo = 0 for all 4, j and £. In other
words f = 0.
Thus 0|, . is injective. In particular §|g, is injective. Since
dimg(Ep) = dime(Eoc) = ed*m? = dimg (V™)
and ¢ is a linear map, it follows that d|g, is an isomorphism Ey — V™. O

Levmma 6.3. — There exists a linear function ¢: W — Q such that ((wg) # 0 and

C((N™ o) (9)w) = det(g)™((w)
for all g € End(V) and all w € W.
Proof. Define ¢ to be the linear map on mn-th exterior powers induced by J from
Lemma 6.2. Then ( is a linear map W = A"™" End(V) — A""V™ = Q. We identify
A""V™ with Q (the choice of isomorphism A™"V™ 22 Q is not important).
Since §|g, is an isomorphism Ey — V™ and wy is a generator of A™" Ey, we deduce
that ((wp) is a generator of A" V™. In particular ¢(wg) # 0.

Let 71, End(V) — End(V™) denote the direct sum of m copies of the tautological
representation of End(V) on V. Then

5(or(9)f) = T(9)é(f)
for all f, g € End(V). Taking the mn-th exterior power, we get

C((N""or)(g)w) = det(r(9))¢(w) = det(g)™ ¢ (w)
for all g € End(V) and w € W. O
Lemva 6.4, — pr(G(C))wo = {w € (N""o1)(Q)wo : ((w) = ((wp)}.

Proof. — If g € G(C), then we can write g = sg’ where s € C* and ¢’ € Sp,,(C).
(Choose s to be a square root of v(g).) Then ¢’ € Q, pr.(9) = (N""o1)(g') and

pr(g)wo) = det((A""o1)(g")™¢(wo) = ¢(wo),
so pr(g)wo is in {w € (N""o)(Q)wo : {(w) = ((wo)}-

JIEP. — M., 2023, tome 10



LaTTicES WITH SKEW-HERMITIAN FORMS AND UNLIKELY INTERSECTIONS II/|5

Conversely, if w = (N""o)(g)wo for some g € Q and ¢(w) = ((wp), then

det(g)™ ¢ (wo) = C((N""oL)(9)wo) = ((w) = ((wo).

Since ((wg) # 0, we deduce that det(g)™ = 1. In particular det(g) # 0. Together with
g € Q, this implies that g € GSp,,(C). Furthermore,

pr(g) = (N""o1)(g) ® det(g)™ = (N""o1)(g),
s0 pr(g)wo = w. Thus w € pr.(G(C))wyp. O

Thus pr(G(C))wy is Zariski closed in W, so by [BHC62, Prop. 6.3] pL(G(R))wo
is closed in Wpg in the real topology.

7. ARITHMETIC BOUND FOR THE REPRESENTATION

In this section, we bound the lengths of the vectors v, of [DO22, Th.1.2] (here
renamed w,, ), when applied to the representation py, defined in section 6. This bound is
arithmetic in nature, being in terms of discriminants of orders in Q-division algebras.
The argument generalises [DO22, §5.5] and Theorem 1.2 plays the role of [DO22,
Lem. 5.7].

Prorosition 7.1. — Let d, e and m be positive integers such that dm is even. Let
n = d’em. Let L = Z" and let ¢: L x L — Z be the standard symplectic form as
in section 5.A. Let G = GSp(Lq, ¢) = GSp,, g and let I' = Sp,,(Z). Let Hy be the
subgroup of G defined in (5.2). Let W, AC W, pr,pr: G — GL(W) and wy € A be
as in Proposition 6.1.

Then there exist positive constants Cig, Cog, Co1 and Cas such that, for each u €
G(R), if the group H, = uHogru™"' is defined over Q and Lg is irreducible as a
representation of H, over Q, then

(a) there exists w, € Aut,, q)(Ar)wo such that pr(u)w, € A and
lw.| < Cho|disc(Ry,)|“;

(b) there ezists v € I' and h € Hyo(R) such that
lyuhl| < Cou|disc(Ru)| 72,

where R, denotes the ring Endp, (L) C M,,(Z).

u

Note that Lg is irreducible as a representation of H,, if and only if R, g is a division
algebra. Because R, g is G(R)-conjugate to Endg, (Lgr), Ry is an R-split algebra
with positive involution. Hence whenever R, g is a division algebra, it must be of
type I or II in the Albert classification, and d must equal 1 or 2 for Proposition 7.1
to be non-vacuous.

Let V = Lg = Q%. Define Dy = My(Q)¢, to: Dy — M,(Q), t: Dy — Dy and
Yo: V xV — Dgy as in Section 5.B.

By Lemma 3.5, we can choose a Dg-basis w1, ..., w,, for V which is either sym-
plectic or unitary depending on the type of Dy.
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Define a symmetric Q-bilinear form o¢: V x V — Q by

m
oo(T1wy + -+ Ty Wi, 1w + -+ + YW )) = Trdp, /g (Z xwf)
i=1
for all 1,...,Zm,Y1,---,Ym € Dp. This bilinear form is positive definite because ¢
is a positive involution. In fact, a lengthy calculation shows that oy is the standard
Euclidean inner product on V' = Q", but we shall not need this fact.
As in the statement of Proposition 7.1, let v € G(R) be such that H, = uHo’Ru_l
is defined over Q and V is irreducible as a representation of H,,. Let D = Endyy, (V),
which is a division algebra of type I or II depending on whether d = 1 or 2. By
construction, V is a left D-vector space of dimension m.
Because 1o(Dg) = Endg, (V) and H,, = uHg gu~!, we have

D = uo(Dor)u~t N M, (Q).
Let oo: Dy r — Dr be the isomorphism of R-algebras
a(d) = wo(d)u™".

Let f = a0t o ™!, which is a positive involution of Dg. A calculation using the
fact that v € G(R) = GSp,,(R) shows that ¢ is (Dg, t)-compatible, that is, T is the
adjoint involution of D with respect to ¢. This has two consequences:

(1) 1 is defined over Q, that is,  is an involution of D and not just of Dg.

(2) There is a non-degenerate (D, f)-skew-Hermitian form ¢: V x V' — D such
that ¢ = Trdp,q ¥, thanks to Lemma 3.1.

We are thus in a position to apply Theorem 1.2 (with R = R,, = Stabp(L)). Let
V1, ..., Uy, be the resulting weakly symplectic or weakly unitary D-basis for V.

Define a Q-bilinear form o: V x V — Q by

m m m
0(2 Tiv;, Z yivz‘) =Trdp/q (Z :cly;r)
i=1 i=1 i=1
for all x1,...,Zm,Y1,.-.,ym € D.

Lemma 7.2, — The bilinear form o is symmetric and positive definite. It takes integer
values on Ryvi + -+ + Ryv,m and it satisfies

\disc(Ryv1 + -+ + Ryvm,0)| = d~4 " |disc(Ry)|™.

Proof. — The form o is symmetric because Trdp/q(zy") = Trdp,g(yz') and it is
positive definite because t is a positive involution of D.
For each a € R, and y € L, the map

z — ¢(z,a'y) = plaz,y)

is Z-linear and maps L into Z. Since ¢ is a perfect pairing on L, this implies that
a'y € L for all y € L. Hence a' € Stabp(L) = R,,.

Thusifzi,...,Tm, Y1, ., Ym € Ry, then each xiy;( isin R, and so TrdD/@(xiyiT) eZ.
Hence o(>_ wivi, Y yiv;) € Z.
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For each i, the restriction of o to R, v; is isometric to the inner product associated
with |-|p on R,,. Hence |disc(Ryv;,0)| = d’d2e|diSC(Ru)| and so

|disc(Ryv1 + -+ + Rytm, 0)] = d~ e |disc(Ry,)|™. O

Lemva 7.3. — There exists an R-linear map 0: Vg — Vi with the following properties:
(i) O(a(a)z) = to(a)f(x) for alla € Dog, x € Vi;
(ii) ¥ = a0 0%¢o;
(iii) o0(0(z),0(x)) < Casldisc(R,)|“*40(x,x) for all x € Vi, where the constants
depend only on d, e and m (and not on u).

Proof. — Use Lemma 3.4 to choose $1,...,8y € Dﬁ such that sflvl, s o, is a

r m
symplectic or a-unitary Dg-basis for Vg.
Define 6: Vg — Vr by

O(x1v1 4+ -+ + TpU) = Lo(a_1<$181>)’w1 4+ Lo(oz_l(xmsm))wm

for all z4,...,2,, € Dg.

— Claim (i) holds because «: Do g — Dy is a ring homomorphism.

— Claim (ii) holds because sflvl, ...,s- 1, is a symplectic or a-unitary Dg-basis

' 9m

for Vg while w1, ..., wp, is a symplectic or unitary Do r-basis for D. Thus
a(l/Jo(H(s;lvi)ﬁ(s;lvj))) = a(Yo(ws, w;)) = w(sflvi,sjflvj) for all 4, 5.
— For claim (iii): for every « = zqv1 + - - - + U, € Vi, where x1,..., 2, € Dg,

oo(0(x),0(x)) = Trdp, »/r (Z a Mot (misi)t>

i=1

= Z Trdp, ./r (a_l(xisis;rx;r))

i=1

m m
= ZTrdDm/R(xisist;r) = Z|mlsl|2D
i=1 i=1

m
<Y lailblsifh < (| max |sif})o(@,2).
=1 ’

.....

Thanks to Lemma 3.4 and Theorem 1.2(iv), we have

max ||} < (de)'/?  max  [¢(vi,v;)|p < Casldisc(R,)|“>,
1=1,....m 1,7=1,....m

where the constants depend only on d, e and m. Combined with (7.1), this proves
claim (iii). O

Lemma 7.4, Leth =u='071: Vg — Vg. Then uh = =1 € Sp,,(R) and h € Hy(R).
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Proof. Firstly, 6 € Sp,,(R) by the following calculation, which relies on Lem-
ma 7.3(ii):
0"¢ = 0" (Trdp, ,/r © Yo) = 0" (Trdp, /r © 0 o)
= TrdDR/R oo (9*’1/)0) = TrdDR/]R [¢] ’(/) = ¢
Since Sp,,(R) C GSp,,(R) = G(R) and ue G(R), it follows that h € G(R). By defi-

nition, Hy = Zg(10(Dy)) and so it remains to prove that h commutes with the action
of Dy on V. For a € Dyr and z € Vg, we have

h(wo(a)z) = u 107 (1o(a)z) = u  ala)d ™ ()
= o(a)u™ 107 (z) = 1o(a)h(x)

where we use Lemma 7.3(i) and the fact that a(a) = utg(a)u™! (from the definition

of o). Thus h commutes with all a € 1o(Dy). O
Lemva 7.5. There exists a Z-basis {e},... e} for L such that the coordinates
of the wvectors 0(e}),...,0(el) in Vg = R™ are polynomially bounded in terms of
|disc(Ry,)]-

Proof. Let Aq,...,\, denote the successive minima of R,v1 + -+ + R,v,, with
respect to . By Theorem 2.4 and Lemma 7.2, we have

Ao Ap < 'ygz/ezm covol(Ry,v1 + - -+ + Ryvp) < Car|disc(R,)| ™™,

where Cs7 depends only on d, e and m.
For each i, \? = o(v,v) for some v € R,v1+- - -+ Ry, and so A; > 1 by Lemma 7.2.
We deduce that, for each i,

A < CQ?‘diSC(Ru”_m.

Let A],..., A, denote the successive minima of L with respect to o. Since R,v1 +
<+ Ryvm C L, X, < \; for each i. By [Wey40, Th. 4], there exists a Z-basis e}, ..., e,
for L such that

0'(6;, 6;) < CQg/\é,

where Csg depends only on n. Combining the above inequalities, we obtain

o(el,eh) < Cs|disc(R,)| ™.

17 71

Combining this with Lemma 7.3(iii), we obtain that
o0(0(€}),0(e})) < Casldisc(Ry)| 40 (€}, €]) < Caoldisc(R,)|C*

7 1) -
for some constants C3g, C3; independent of u € G(R). Since og is a fixed posi-
tive definite quadratic form on Vg, this implies that the coordinates of the vectors
0(ey),...,0(c),) are likewise bounded by a polynomial in |disc(R,,)|. O

n

Let 4" be the matrix in GL,,(Z) which maps the vectors €], ..., e}, to the standard
basis of L = Z".

L.emvia 7.6. — The entries of the matrices v'uh, (y'uh)~! € GL,(R) are polynomially
bounded in terms of disc(Ry,).
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Proof. — Let A = y'uh = v'07' € GL,(R). Observe that A maps 0(e}),...,0(el)
to the standard basis. In other words, the entries of A~! are the coordinates of
6(e}),...,0(el,) and so are bounded by Lemma 7.5.

By Lemma 7.4, det(uh) = 1, while |det(y")] = 1 since v/ € GL,(Z). Hence
|det(A)| = 1. By Cramer’s rule, each entry of A is a fixed polynomial in the entries
of A=1, multiplied by det(A). We conclude that the entries of A are polynomially

bounded in terms of disc(R,,). O

We now show that we can modify v/ € GL,(Z) to obtain v € Sp,,(Z), with a
similar bound on ~uh. This establishes Proposition 7.1(b), and we will subsequently
use it to prove Proposition 7.1(a).

LLemvia 7.7. — There existsy € T = Sp,,(Z) such that the entries of yuh and (yuh)™!
are polynomially bounded in terms of |disc(R,,)|.

Proof. — Let ey,...,e, denote the standard basis of L = Z™.
According to Lemma 7.4, uh € Sp,,(R). Consequently,

o(v ey rey) = o((uh) Tty " rey, (uh) Ty Tley) for all i, j € {1,...,n}.
By Lemma 7.6, the entries of (uh)~'4/~! are polynomially bounded in terms of
|disc(R,)|, and hence the same is true of the values ¢(v'~te;, 7'~ te;).

Hence, by [Orrl5, Lem. 4.3], there exists a symplectic Z-basis { f1, ..., fn} for (L, ®)
whose coordinates with respect to {y'~'es,...,7 e, } are polynomially bounded in
terms of |disc(Ry,)|. Applying v/, we deduce that the coordinates of v f1,...,~' fn with
respect to the standard basis are polynomially bounded.

Let v € GL,(Z) be the matrix such that e; = ~f; for each i = 1,...,n. Since
{f1,--., fn} is a symplectic basis, we have v € T'. We have just shown that the
coordinates of 7' f; = 'y~ !
the entries of the matrix v/y~! are polynomially bounded in terms of |disc(R,,)|.

Multiplying (7/uh)~! by vy~ and applying Lemma 7.6, we deduce that the entries
of (yuh)~! are polynomially bounded in terms of |disc(R,)|. Thanks to Lemma 7.4,
|det(yuh)| = 1, so it follows that the entries of yuh are also polynomially bounded in
terms of |disc(Ry)]. O

e; are polynomially bounded for each i. In other words,

Let S, = Endg, (L) = uEoru~' NM,,(Z), where Ej is defined in (6.1). By Propo-
sition 6.1(v), there exists d,, € Rs such that

dupr(w)pr(w)ywo € A and  d, < Cyg|disc(S,)|"2.
In order to prove Proposition 7.1(a), we shall use the vector
Wy, = dypr(yu)wy € Wg.

Observe first that d,pr(yu) € Aut,, (@)(Ar) thanks to Proposition 6.1(iii), and that
pr(ww, = pr(y)dupr(u)pr(u)wy is in A thanks to Proposition 6.1(iv) . Hence w,
satisfies the qualitative conditions of Proposition 7.1(a), and it only remains to prove
the bound for |w,,]|.
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Lemma 7.8. |w,| < Csg|disc(R,)|“53.
Proof. — According to Proposition 6.1(i), Hg,em = Stab,,(a)(wo). Therefore

wy, = dyupr(yu)we = dypr(yuh)wp.

The homomorphism pr: G — GL(W) is given by fixed polynomials in the entries
and inverse determinant. Since the entries of yuh and det(yuh)~' are bounded by
Lemma 7.7, we deduce that the entries of pr(vyuh) are likewise polynomially bounded
in terms of disc(R,,).

Meanwhile, by definition, d,, is polynomially bounded in terms of disc(S,). By Lem-
ma 2.10, disc(S,) is polynomially bounded in terms of disc(R,). We conclude that
|wy| is polynomially bounded in terms of |disc(R,)|, as required. O

8. CasEs oF Z1LBER—PINK

In this section, we prove Theorems 1.3 and 1.5. The proofs follow closely [DO22, §6].
We refer to notation and terminology from [Orrl8, §2.2 and 2.4].

8.A. Proor or Tureorem 1.3. — In fact, instead of proving Theorem 1.3, we will prove
the following, more general theorem. (Recall that, by Proposition 5.5, for g > 3, all
proper special subvarieties of PEL type of A, have codimension at least 2.)

Tueorem 8.1. — Let g > 3 and let C be an irreducible algebraic curve in Ag. Let
S denote the smallest special subvariety of A, containing C. Let Q denote the set of
special subvarieties of Ay of simple PEL type I or II of dimension at most dim(S) —2.
Let X denote the set of points in Ay(C) which are endomorphism generic in some
Z €.

If C satisfies Conjecture 8.2, then C' N'Y is finite.

Conjecture 8.2 is the natural generalisation of Conjecture 1.4.

CONJECTURE 8.2. Let C and X be as in Theorem 8.1 and let L be a finitely generated
subfield of C over which C is defined. Then there exist positive constants Cs4 and Clss
such that

# Aut(C/L) - s > Caa| disc(End(A,))|“
forallse CNX.

Let L = Z?%9 and let ¢ : L x L — Z be the standard symplectic form as in
section 5.A. Let G = GSp(Lg, V) = GSp,, and let I' = Sp,,(Z). Define ho: S — Gg
as in (5.1) and let X denote the G(R)-conjugacy class of hg in Hom(S, Gg). Then
(G, X ™) is a Shimura datum component and so Stabgg)(ho) = R* K} where K7 is
a maximal compact subgroup of G(R)™ [Mil05, Chap. 6].

Let (P, S, K ) be a Siegel triple for G, as defined in [Orr18, §2B], where K, is a
maximal compact subgroup of G(R) such that K = G(R)* N K. By the results
of Borel quoted in [Orrl8, §2D], there exists a Siegel set & C G(R) with respect to
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(P, S, Koo) and a finite set Cq C G(Q) such that Fg = CeS is a fundamental set
for T in G(R).

Let F = (Fo N G(R)")hg. Since I' C G(R)*, F is a fundamental set in X for I.
If we denote by m : X* — A, the uniformising map, then 7|5 is definable in the
o-minimal structure Rap exp (see [PS10] for the original result and [KUY16] for a
formulation in notations more similar to ours).

As explained in section 1.D, ¥ is the union of sets X4 ¢ .,,, where d, e, m are positive
integers satisfying d?em = 2g, d = 1 or 2 and dm is even. Since there are only finitely
many choices for such d, e, m (given g), in order to prove Theorem 8.1, it suffices to
prove that C'N X4 ¢ is finite for each d, e, m.

From now on, we fix such integers d, e and m. Let Hy C G be the group defined
in (5.2) associated with these parameters. Let X = Ho(R)*%ho, so that (Hg, X;") is
the unique Shimura subdatum component of (G, X*) given by Lemma 5.2.

By Propositions 6.1 and 7.1, there exists a finitely generated, free Z—module A,
a representation p;, : G — GL(Ag) such that A is stabilised by pr(T"), a vector
wo € A and positive constants C19 and Cog such that:

(1) StabG,pL (wo) = HO;

(ii) the orbit pr(G(R))wy is closed in Ag;

(iii) for each u € G(R), if the group H, = uHogu~"! is defined over Q and Lg is
irreducible as a representation of H,, over Q, then there exists w, € Aut,, (q)(Ar)wo
such that pr(u)w, € A and

lw,| < Croldisc(R,)[C?,
where R,, denotes the ring Endg, (L) C My, (Z).

By [DO22, Th. 1.2], there exist positive constants C3¢ and C3; with the following
property: for every u € G(R) and w, € Aut,, (q)(Ar)wo such that H, = uHggpu~!
is defined over Q and pr(u)w, € A, there exists a fundamental set for I' N H, (R) in
H,(R) of the form

B,Fqu' NH,(R),
where B, C T is a finite set such that
lpr (b~ u)wy| < Cglw, |

for every b € B,,.

For any w € Ag, we write G(w) for the real algebraic group Stabg, ,, (w). Fixing
a basis for A, we may refer to the height H(w) of any w € A (namely, the maximum
of the absolute values of its coordinates with respect to this basis.)

Lemma 8.3. Let P € ¥y ¢ m. There exists z € m~H(P)NTF and
w € Auty, (q)(Ar)pr(G(R))wo N A
such that z(S) C G(w) and
H(w) < CaC%7 |disc(R)| €207,
where R = End(Ap) = Endg(w) (L) C May(Z).
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Proof. — Let 2/ € =1 (P)NJF. Since P € Xy m, it is an endomorphism generic point
of a special subvariety S C Ay of simple PEL type I or II with parameters d, e, m.
Therefore, there is a Shimura subdatum component (H,Y ™) C (G, X ™) of simple
PEL type I or II such that 7(Y ") = S and 2’ € Y*. (In particular, 2/(S) C Hg.)
By Lemma 5.1, Hg = uHpgu™' for some u € G(R)", and so we write H, = H.
By Corollary 5.3,

Y+ = uXar = UHQ(R)+hO == HU(R)+uh0

Let R,, = Endg, (L). Since H,, is the general Lefschetz group of S, R,, is the generic
endomorphism ring of S and, hence, isomorphic to End(Ap). Since S is a special
subvariety of simple PEL type, R, g is a division algebra. Hence Lg is irreducible as
a representation of H,,.

By Proposition 7.1(a), there exists w, € Aut,, (¢)(Ar)wo such that

prww, € A and  |w,| < Cyg|disc(R, )|,

Hence, by [DO22, Th.1.2], there exists a fundamental set for I' N H, (R) in H,(R) of
the form

F. = B,Fgu ' nH,(R),
where B, C T is a finite set such that
L (b u)wy| < Caglw, |7
for every b € B,. Therefore, we can write 2’ € H, (R) " uhg as
2 =~bfu~tl - uhg

for some vy e T'NH,(R), b € By, and f € Fg.

Set

z2=b"1y"1Y = fhg € FghoN XT =7,

where the last equality uses the fact that Stabgg)(ho) C G(R)". Since b,y € T,
we obtain z € 7~ }(P) N T,

Let w = pr(b~'u)w,. As in [DO22, Prop.6.3], we can show that z(S) C G(w)
and that G(w) is a I'-conjugate of H,, so R, = Endg.,)(L). Consequently, z and w
satisfy the requirements of the lemma. O

We can now deduce Proposition 1.8.

Cororrary 8.4. — Define ¥ C Ay as in Theorem 1.3. For each b € R, the points s € ¥

such that |disc(End(Ay))| < b belong to only finitely many proper special subvarieties
of simple PEL type I or II.

Proof. — The proof is essentially the same as [DO22, Cor. 6.4]. O

The proof of Theorem 8.1 now proceeds as in [D022, §6.5] with some modifications,
which we outline below (following the notation from [DO22, §6.5] mutatis mutandis).

(1) The argument is carried out inside X+ = H, instead of Hs.
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(2) If P € ¥g4em, then P is endomorphism generic in some special subvariety
Z €  (where Q is defined in Theorem 8.1). Then Z is an irreducible component
of Mg, where R = End(Ap) (see definitions in section 1.C). Since Mg is Aut(C)-
invariant and its (analytic) irreducible components are algebraic subvarieties of Ag,
for each o € Aut(C), o(Z) is also an irreducible component of Mg. Thus, o(Z) is
also a special subvariety of simple PEL type I or IT with the same parameters d, e, m.
Furthermore, dim(o(Z)) = dim(Z), so o(Z) € Q. Since End(A,(p)) = End(Ap),
o(P) is endomorphism generic in 0(Z), so 0(P) € g e m.

(3) In the definition of the definable set D, we replace G(R) with G(R)*. That is,
w € Aut,, (¢)(Ar)pL(G(R)T)wo, as in Lemma 8.3. Then

g¢ € Aut,, () (Ar)pL(G(R)™)

for all t. So g, 12, is in the same connected component of X as z, € € € X . We con-
clude that g, 12 lies on the unique pre-special subvariety of X+ = JH, associated
with Ho, namely, X (see Lemma 5.2).

(4) By the inverse Ax-Lindemann conjecture, the smallest algebraic subset of X+
containing C is an irreducible component of 771(S), which we call S.

(5) As in the penultimate paragraph of [D022, §6.5], we choose a complex algebraic
subset B C Aut,, (q)(Ac)pr(G(C)) of dimension at most 1 whose image under the
map g — ¢ - wq is B. Here, the map

-t Aut,, (@) (Ac)pL(G(C)) x (X)) — (XT)¥ = 3(]
(which is used in [DO22, §6.5], but not explicitly defined there) is given by
(apL(g),z) —r g-x
for each a € Aut,, (g)(Ac) and pr(g) € pr(G(C)). This is well-defined since
Aut,, (q)(Ac) Npr(G(C)) C pr(Z(G)(C)) and ker(pr) C Z(G),

and Z(G), the centre of G, acts trivially on (XT)V.
(6) In the final step, we conclude that B - (X )V has uncountable intersection
with C and, hence, contains it. Therefore, .S is contained in B - (Xar )V, but

dim(B - (X)) < 1+ dim(X{) < dim(S) — 1,
delivering the contradiction.

8.B. Proor or Tarorem 1.5. If C' is an algebraic curve over a number field, and
21 — C is an abelian scheme of even relative dimension g, we say that s € C(Q)
is an exceptional quaternionic point if End(2,) ®z Q is a non-split totally indefinite
quaternion algebra over a totally real field of degree e such that 4e does not divide g.
Note that these are precisely the points for which:

(i) A is simple and D := End(2s) ® Q has type I or IT; and

(if) 2As is exceptional in the sense of [DO21, Def. 8.1], that is, D is not isomorphic
to a subring of My(Q).
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Indeed, if A is simple, then D is a division algebra and hence embeds into My(Q)
if and only if dimg(D) divides g. If D has type I, then dimg(D) always divides g,
while if D has type II, then dimg(D) = 4e.

In order to prove Theorem 1.5, it suffices to prove the following theorem, by the
same argument as in [DO22, §6.7]. This theorem is a direct generalisation of [D022,
Th. 6.5]. Note that the image of C' — A, is Hodge generic if and only if the generic
Mumford-Tate group of the abelian scheme 2 — C'is GSpy, -

Turorem 8.5. — Let C be a irreducible algebraic curve and let 2 — C' be a principally
polarised non-isotrivial abelian scheme of even relative dimension g such that the
image of the morphism C — Ay induced by A is Hodge generic.

Suppose that C and 2 are defined over a number field L and that there ezists a
smooth curve C', a semi-abelian scheme A" — C' and an open immersion : C — C’,
all defined over Q, such that 2 = *A’ and, for some point sy € C'(Q) ~ C(Q), the
fibre 2, is a torus.

Then there exist positive constants Csg and Csg such that, for any exceptional
quaternionic point s € C,

# Aut(C/L) - 5 > Cag|disc(End(2A,))| <.

Proof. — After replacing L by a finite extension, we may assume that C’, 2’ — C’
and +: C' — C’ are all defined over L. After replacing C’ by its normalisation and 2’
by its pullback to this normalisation, we may assume that C’ is smooth. (Note that
this step, which is required in order to apply [DO21, Th. 8.2], was erroneously omitted
in the proofs of [DO21, Prop. 9.2] and [DO22, Th. 6.5].) Observe that 2 — C' satisfies
the conditions of [DO21, Th.8.2].

Let s € C' be an exceptional quaternionic point. The image of s under the map
C — Ay induced by  — C is in the intersection between the image of C' and a
proper special subvariety of PEL type. Since C is a curve defined over Q and special
subvarieties of A, are defined over Q, it follows that s € C(Q).

The remainder of the proof proceeds as in the proof of [DO22, Th.6.5]. The key
ingredients are:

(1) [DO21, Th.8.2], a height bound for exceptional points of C' (including excep-
tional quaternionic points) which generalises [And89, Chap. X, Th. 1.3];

(2) endomorphism estimates of Masser and Wiistholz [MW94] (a version using
present notations is [DO22, Th. 6.6]).

O
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