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Abstract

Data assimilation is a statistical technique that combines information from observations
and a mathematical model in order to make the best estimate of a state at the current time,
where the best estimate is known as the analysis. Basic data assimilation theory relies on
the assumption that the background, model and observations are unbiased. However, this
is often not the case and, if biases are left uncorrected, can cause significant systematic
errors in the analysis. When bias is only present in the observations, VarBC (Variational
Bias Correction) can correct for observation bias, and when bias is only present in the
model, WC4DVar (Weak-Constraint 4D Variational Assimilation) can correct for model
bias. However, when both observation and model biases are present, it is unknown how the
different bias correction methods interact, and the role of anchor (unbiased) observations
becomes crucial for providing a frame of reference from which the biases may be estimated.

We highlight the importance of correctly specifying the background error statistics
in VarBC to ensure that the analysis is more precise than the prior estimate. We then
demonstrate the characteristics needed in anchor observations to effectively reduce the
contamination of biases in the analysis, when one or both types of bias are corrected for.
We find that the location and timing of anchor observations is important in their ability
to reduce the contamination of bias, as well as having precise anchor observations. In
this thesis we study the mathematical theory underpinning VarBC and WC4DVar, and

demonstrate our results in a toy numerical system.
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Chapter 1

Introduction

The mathematical models that describe the dynamics of the atmosphere are sensitive to
their initial conditions, which means that small errors in the initial conditions grow into
larger errors in the forecast. To minimise errors in the initial state, observations are in-
corporated with the model in a technique known as data assimilation, which provides a
better estimate of the initial state, known as the analysis, and thus provide more accurate
and more precise forecasts. Satellite observations are vital for improving weather fore-
casts (English et al., 2013; Eyre et al., 2022), but satellite radiance data often contain
significant biases (Dee & Uppala, 2009) which would reduce the accuracy of the numerical
weather predictions. Thankfully, most centres now correct for observation bias using a
technique known as VarBC (variational bias correction) (Dee, 2004), which allows more
of the satellite data available to be used effectively. VarBC has been developed under the
assumption that model biases are negligible. However, when both observation and model
biases are present, the observation bias is 'corrected' towards the model’s (biased) clima-
tology, leading to an incorrect observation bias correction and therefore a biased analysis.
To overcome this, unbiased observations (known as anchor observations) are used as an
unbiased reference point to anchor the observation bias correction to the truth. Unfor-

tunately, typical anchor observations such as radiosondes can be sparse and infrequent
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(ECMWF Geographical Coverage, 2023). Therefore it is important to know how to use
anchor observations effectively so that they can have the most impact, and it is important
to have knowledge of where newer developments of anchor observations, such as radio
occultation measurements, are needed the most.

Most previous studies have focused on the overall consequences of correcting for obser-
vation bias in the presence of model bias (e.g. Auligné et al., 2007; Dee & Uppala, 2009;
Han & Bormann, 2016) (or vice versa, the overall consequences of correcting for model
bias in the presence of observation bias (Laloyaux et al., 2020a)). They have touched on
the importance of unbiased reference information such as anchor observations, but have
not studied the characteristics of anchor observations needed to effectively reduce the con-
tamination of bias. Eyre (2016) discussed the importance of using anchor observations
when correcting for observation bias in the presence of model bias, presenting results from
a scalar system, and highlighted the consequences of giving too much weight to previous
estimates of the state, rather than to the anchor observations.

This thesis aims to understand the multivariate theory of why observation bias correc-
tion can give inaccurate or imprecise results, and to understand the role of anchor obser-
vations in improving these results. We will study the equations of VarBC and illustrate
our results in a simple numerical system. By understanding the underlying theory behind
VarBC, we will begin to be able to explain why more complicated systems can struggle,
and therefore where future research and developments should focus their improvements of
operational VarBC.

The structure of the thesis is as follows. In chapter 2 we will describe the background
theory needed for the rest of the thesis. We will begin by describing basic data assimilation
theory in section 2.1. We will then describe the operational observing network in section
2.2, and how VarBC corrects for observation biases in section 2.3. We will discuss the
mathematical models in use in numerical weather prediction in section 2.4, and how model

biases can be corrected for using a technique known as WC4DVar (weak-constraint 4-
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dimensional variational assimilation) in section 2.5. In chapter 3 we will present the current
state of work on observation bias correction and identify the gaps that will be addressed by
our work, with the final section (section 3.3) highlighting our research questions which we
will answer throughout the thesis. Chapter 4 is our first results chapter, with results and
discussion on the negative impact that mis-specifying background error statistics has on
the analysis in VarBC. In chapter 5, we describe the set up of an idealised numerical system,
that is used to illustrate results of the subsequent chapters. In section 5.1 we discuss the
simple model chosen and in section 5.2 we describe the set up of the data assimilation
system, including how we generated the observations, background and constructed the
bias correction schemes. In chapters 6 and 7 we present results for the role of anchor
observations in VarBC, in the presence of both observation and model biases: in chapter 6
we study a VarBC system in the context of 3-dimensional variational assimilation, focusing
on the importance of the location of the anchor observations; in chapter 7 we study a
VarBC system in the context of 4-dimensional variational assimilation, focusing on the
importance of the timing of the anchor observations. Chapter 8 is our final research
chapter, which compares: correcting for observation bias in the presence of model bias,
correcting for model bias in the presence of observation bias, and correcting for both
sources of bias simultaneously. Finally, we present our overall conclusions and discussion

in chapter 9.
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Chapter 2

Background data assimilation
theory and sources of Earth

observations

In this chapter we will discuss the background information needed to understand the ma-
jority of the thesis. In section 2.1 basic data assimilation theory will be introduced, both
for 3D and 4D variational assimilation. In section 2.2 we will introduce the current observ-
ing network and discuss the uncertainties associated with different observations. We will
then describe current bias correction techniques to account for some of these uncertainties
in section 2.3, with a particular interest in VarBC (variational bias correction). In sec-
tion 2.4 we will introduce the mathematical models used in numerical weather prediction
and discuss how errors can arise in them. Finally, in section 2.5 we will discuss a model
bias correction technique known as WC4DVar (weak-constraint 4-dimensional variational

assimilation).
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2.1 Data assimilation in NWP

In numerical weather prediction (NWP), we have access to prior information from pre-
vious forecasts and current observations of surface and atmospheric geophysical fields.
Bayes’ theorem combines the probability that a prior event will occur with the conditional
probability of a current event, so can be used to link data from forecasts and observations

(Efron, 2013). Bayes theorem is given by,

p(y[x)p(x)

ply) 21)

p(xly) =

where x and y are random variables and p indicates a probability distribution function.

In NWP, we can define y € R™ to be the data from observations and x € R" to be the
state we are interested in modelling. Therefore p(x), the probability distribution function
(pdf) describing the state, is the prior pdf that contains all of the previous knowledge
about the system before assimilating the new observations; p(y|x) is the likelihood of the
observations, given the state; and p(y) is the prior probability of the observations (Lorenc,
1986).

If we assume that the errors in the model state and the observations are Gaussian and

unbiased, then the pdfs for the prior and the observation likelihood are,

)(:71 ex —lx—be _1x—xb .
P = e p (- 50— x")TB (x —x")), (2.2)
X)= ———7€&X —} — h(x)TR Y (y — h(x
p(ylx) 22 R p( 5 (¥ = h(x))"R™(y — A )))7 (2.3)

where |-| indicates the determinant; x® is known as the background state and is generated
by a previous forecast; h(x) is known as the observation operator, which is a function that
transforms the state from the vector space of the model variables into the vector space

of the observations; By € R"*™ is known as the background error covariance matrix and
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R ¢ R™*™ is known as the observation error covariance matrix. By is the matrix that
describes the covariance of errors in the background and R is the matrix that describes
the covariance of the errors in the observation process, for example instrument errors and
representativeness errors (Bouttier & Courtier, 2002). The diagonals of the background
and observation error covariance matrices are the error variances, which describe how
precise the background states and observations are expected to be. The off-diagonals
are the error cross covariances between the components of the background state (for the
background error covariance matrix) or between the observations (for the observation
error covariance matrix). It is assumed that the background and observation errors are
uncorrelated.

Therefore, by combining equation (2.1) with equations (2.2) and (2.3), the posterior

pdf of the state given the observations, is proportional to

pxly) cexp {5 (o) B (o) (y () "R y—hx) ) |

(2.4)
The probability distribution function with the smallest variance will give the most precise
estimate. If the statistics are of Gaussian form, then the state with the minimum a
posteriori variance (the mean) is also the state with the maximum a posteriori probability
(the mode) (Van Leeuwen & Evensen, 1996). The maximum a posteriori probability is
known as the MAP estimate. Therefore, to find the minimum error variance estimate,

the MAP estimate can be found by minimising the negative of the expression inside the

exponential function of equation (2.4), i.e.
1 _ _
max p(x]y) = min 5 ((x - x") "By (x = x") + (y = h(x)) "R (y — h(x)) ). (2:5)

The function to be minimised is known as the cost function. When observations are

only taken at one time step then the cost function for 3DVar (3-dimensional variational
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assimilation) is given by (Lorenc, 1986)
1 b\ TR—1 by, L Tp-1
J(x) = 5 = x7) "B (x = x7) + 5 (y — h(x)) "R™(y — h(x)). (2.6)

Minimising the cost function simultaneously minimises the difference between the state
and the background in the first term and minimises the difference between the state and
the observations in the second term. The first product in equation (2.6) measures the
difference between the state x and the prior state xP. This is weighted by the inverse of
the error covariance matrix By, which describes the uncertainty in the background state.
The second product in equation (2.6) measures the difference between the observations y
and the state in observation space h(x). These are weighted by the inverse of the error
covariance matrix R, which describes the uncertainty in the observations. Both By and
R are symmetric and positive definite.

In order to explicitly minimise equation (2.6), it is assumed that h(x) is approximately
linear. Therefore, h(x) can be approximated by the first order Taylor expansion around
x" to give,

h(x) ~ h(x") + H‘xb (x —xP), (2.7)

where H‘xb € R™*" is the Jacobian of h(x) with respect to x at x”, which for simplicity,

we will denote as H. Differentiating equation (2.6) with respect to x gives,
VJ(x) =B (x —x") - H'R ™ (y — h(x)), (2.8)
Substituting equation (2.7) into equation (2.8) linearises the gradient of the cost function,
VJ(x) =Bl (x —x") —HTR !(y — (h(x?) + H(x — x"))). (2.9)

The state that minimises equation (2.6) will be the best estimate of the state, given pre-
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vious knowledge of the state from the background and observations. In data assimilation
this is known as the analysis state and is denoted by x* (Lorenc, 1986). By substituting x
with x* in equation (2.9), equating equation (2.9) to 0 and rearranging, the state analysis
is given by,

x* =x" + (B! + HTRH)'H'R 1 (y — n(x)), (2.10)

where y — h(x) is known as the innovation vector. The product of error covariance

matrices can be rewritten using the Sherman-Morrison-Woodbury formula to give,

(B' + H'R™'H)'H'R~! = B.H"(HBH" + R)™! =K, (2.11)

which is denoted as K and is known as the Kalman gain matrix. In this thesis we will use
the form of K as given on the right hand side of equation (2.11) as it is does not include
explicit inverses of By and R.

Therefore substituting K back into equation (2.10) gives us (Lorenc, 1986),

x* =x" + K(y — h(x)), (2.12)

which is known as the best linear unbiased estimate (or BLUE) solution, when Gaussian-
ity is assumed and the observation operator is approximately linear. The solution, given
by the analysis x?, depends linearly on the difference between the observations and the
background state. The Kalman gain matrix describes the sensitivity of the state to the ob-
servations: if K is small then the state analysis will be more dependent on the background
and if K is large then the state analysis will be more dependent on the observations. As
the solution to equation (2.12) requires explicitly minimising the cost function, equation
(2.6), it is in general too computationally expensive to calculate the BLUE for a realistic
system, but it is useful in understanding the theory behind the bigger systems. Oper-

ationally, equation (2.6) would be minimised by using numerical minimisation methods
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such as the conjugate gradient method or quasi-Newton methods (e.g. Liu et al., 2018;
Gratton & Tshimanga, 2009; Courtier et al., 1994).
The BLUE solution can be used to understand the errors in the analysis. The analysis,

background and observation errors can respectively be denoted as

e =x*—x' £=x"-x' €=y nx, (2.13)

where x' is the true state and e denotes the error.

The analysis error can then be defined in terms of the background and observation
errors. This can be calculated by first subtracting the true state from both sides of
equation (2.12) and then adding and subtracting h(x") from within the innovation vector
to give,

x* —x' = xP — x' + K(y — h(x') + h(x") — h(x)). (2.14)

The analysis, background and observation errors from equation (2.13) can be substituted

b

into equation (2.14). Then writing x* as x> — €2, equation (2.14) becomes,

€ =€” + K(e° — (h(xP) — h(x" — €d))). (2.15)

T

b

) using the Taylor expansion about the background state cancels

Approximating h(xP — €

the h(x") term, so that equation (2.15) becomes,

€ = €” + K(e, — Hed), (2.16)

o €2 = (I-KH)e? + Ke°, (2.17)

where we have again used that H is the Jacobian of the observation operator h with respect

to the state at the background state xP.
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The expectation value of the error is formally defined as,

(e) = /Oo ep(€)de, (2.18)

—00

where € is the error and p(e) is the probability distribution function of the error (Baoding,
2007). Taking the expected value of equation (2.17) gives the expected value of the state
analysis errors,

(€) = (I - KH)(€?) + K(e°), (2.19)

where the angled brackets denote the expected value. Taking the expected value of the
errors is a generalisation of the mean error. Therefore, if the expected value of the errors
is zero, this implies that the error is unbiased. Since so far we have assumed that the
observation and background errors are both unbiased, equation (2.19) implies that the
expected value of the analysis error is zero and therefore the state analysis is also unbiased.

Assuming that the background and observation errors are unbiased, the background
and observation error covariance matrices can be expressed as the expected value of
the background/observation errors multiplied by their respective transposes (Bouttier &

Courtier, 2002),
B, = (?ePT), R = (°€°h). (2.20)

When By and R are expressed in this way, we will refer to them as the true background
and observation error covariance matrices for the system.

The analysis error covariance matrix, A, can be defined similarly as
A = (e*eT). (2.21)

By substituting equation (2.17) into equation (2.21), A can be expressed in terms of the

10
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background and observation errors as,

A = ((I-KH)e® + Ke®)((I - KH)e? + Ke®)T). (2.22)

It is assumed that the background and observation errors are uncorrelated such that
(€°€PT) = 0 and (€2€°T) = 0. Then substituting equation (2.20) into equation (2.22) gives

the most general expression for the analysis error covariance matrix,

A =(I-KH)B,(I-KH)T + KRKT. (2.23)

When K is dependent on the true background and observation error covariance matri-
ces, as defined in equation (2.20), we can simplify A further. We will show the derivation
here, and in chapters 3 and 4 we will extend the derivation to the VarBC case analyse the
analysis error covariance matrix in the case when the background error covariance matrix
is ill-defined. First, we expand the second brackets in equation (2.23) and factorise the

resulting last three terms by K7,

A =(I-KH)B, + (-BH' + KHB,H" + KR)K". (2.24)

Substituting K = ByHT (HB,H" 4+ R)~! from equation (2.11) into the second brackets

in equation (2.24) gives,

A = (I-KH)B,+(-B,H'+B,H'(HB,H'+R) 'HB,H'+B,H'(HB,H"+R) 'R)K".
(2.25)

Factorising out the the last two terms in the second brackets leaves,

A =(I-KH)B, + (-B,H' + B H'(HB,HT + R)"!(HB,H" + R))KT. (2.26)

11
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Therefore, cancelling out the terms multiplied by KT leaves the optimal analysis error

covariance matrix, given by

Ao = (I - KH)B, (2.27)

Equation (2.27) shows that the analysis error covariance matrix in an optimal system will
always have elements that are reduced from the equivalent elements in the background
error covariance matrix by the term —KH, as the analysis is a combination of the back-
ground and the observations.

So far we have only studied the 3-dimensional case, which is where observations from
one point in time are compared to a model at the same time. An equivalent state analysis
can be formed for the 4-dimensional case, which compares observations with a model
across a time window in order to get the best fit of the analysis in the whole window
instead of at just one time step. The cost function for 4DVar (4-dimensional variational

assimilation) is given by,
1 1
J(x0) = §(X0 —x0)" By (x0 — x7) + 5 Z(Yi — hi(x:)) "R (y; — hi(xi)),  (2.28)

1=0

where xq is the state at the initial time of the window; ¢ is the observation time; N + 1
is the total number of time steps where states are observed; and x; is the state at time ¢
given by,

X; = mi—1(Xi—1) = Mo—i(Xo), (2.29)

where m;_1(+) is the model that evolves the state from time i — 1 to time ¢ and mg_;(-) is

the model that evolves the state from the initial time to time ¢, given by,
mgﬁi(Xo) = mz;l(mi,Q(...mo(Xo)...)). (230)

In equation (2.28), the summation has been taken over independent observation times.

12
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This means we are assuming that the observations at different times are uncorrelated
(Thépaut et al., 1993). Many operational centres now use 4DVar (Gustafsson et al., 2018;
Kwon et al., 2018) to numerically estimate the state analysis, but here we will explicitly
minimise equation (2.28) to understand how the errors in the background and observations
can contaminate the analysis.

To minimise equation (2.28), we first take the gradient of the cost function with respect

to the initial state xgq,

N
VJ =B (%o —x0) + Y Mg .. ML HIR; (v; — hi(moi(x0))), (2.31)
i=0
where M} for i =0, ..., N is the transpose of the Jacobian of m;(-), known as the adjoint
model at time i. Equation (2.31) can be rewritten by writing the summation in vector
form to give,

VJ =B l(xo—x)+H'R 4, (2.32)

where the hat notation denotes a matrix in time and H, R and d are given by,

H,
Ry 0
. H, M, .
0 Ry
HyMpy_1..Mjg
¥o — ho(xo)
R — hi(mg(x
a_| ¥ 1(. 0(x0)) ' (2.34)

yn — hn(mo—n(x0))

Approximating h;(mo—i(xo) using the Taylor expansion around xb, as in equation

13



1

10

11

12

13

14

15

16

(2.7), linearises the innovation vector to give,

¥o — (ho(x§) + Ho(xo — x§))
y1 — (hi(mo(x§)) + HiMo(xo — x}))

Q.
|

(2.35)

yn — (hn(mosn(x4)) + HyMp 1. Mo (xo — x§))

By substituting equation (2.35) into equation (2.32) and setting equation (2.32) to zero

gives the state analysis for the 4-dimensional case,

x=x2+ B +H R H)H R A, (2.36)

X

~b

where d = is equation (2.34) when xo = x§. Using the Sherman-Morrison-Woodbury
AT s —1 4 AT — AT o AT

formula to rewrite (B;!+H R 1H)_lH R as B.H (HB,H +R)! asin equation

(2.11) gives,

x3 = xb + B,H (ABH +R)d", (2.37)

which is the form of the 4-dimensional state analysis equation that we will use in this
thesis.

Note that in 4DVar, By is defined as a static matrix, but can be considered to be
quasi-static, as the implied covariances are given by MB,M?. This means that although
at the beginning of the window, By is given by the static background error covariance
matrix, it will evolve throughout the window according to the model dynamics. This is

an important advantage of 4DVar to 3DVar.

2.2 Observing network

Data assimilation requires a range of observations to give global coverage and to give

information on many variables in a dynamical system. Observations can come from, for

14
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example, satellites, land surface measurements, marine measurements, upper air mea-
surements and ground-based radar, respectively giving observations of radiances, air/sea
temperatures, humidity, wind speed/direction, pressure and rainfall, to name a few.

A large part of the observing network is made up of satellite observations, which have
made a large contribution to the improvement of NWP forecasts (English et al., 2013;
Eyre et al., 2022). There are two types of Earth observation orbits: polar orbiting/LEO
(low Earth orbiting) satellites and geostationary satellites (Eyre, 2000). Polar orbiting
satellites follow an orbit that crosses both polar regions. They are relatively close to the
Earth, normally about 850 km above the surface, so have high horizontal resolution, but
are only able to get one or two observations of a particular point per day. Geostationary
satellites rotate at the same speed as the Earth, which means they always observe the
same location, so they have great temporal resolution. However, to rotate at the same
speed, geostationary satellites must be approximately 35800km away from the surface
which means that they have a lower horizontal resolution than polar orbiting instruments
with the same field of view.

Satellites provide various information, which can either be heavily pre-processed to
extract model variables such as temperature and humidity, or can be taken as raw mea-
surements. Some examples of the preferred data types for assimilation options, as reviewed

in Eyre (1997) and updated in Eyre et al. (2022) are:

e passive temperature/humidity soundings (as radiances);

e wind information, in the form of atmospheric motion vectors (AMVs) where features

are tracked using geostationary satellites;

e passive microwave imagery which give information on water vapour, cloud water and
ice, precipitation and wind speed, but in recent years there has been a move towards

assimilating microwave imagery as radiances;
e passive visible/infra-red imagery, primarily giving information on water vapour;

15
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e radio occultation (RO), known as GPS-RO, which retrieves the refractivity or bend-
ing angle, which can be related to meteorological variables, as described below in

equation (2.39).

In this thesis we will focus on satellite radiances and radio occultation.

In order to compare radiance observations with model states such as temperature and
pressure, the observation operator, h(x), is a form of the radiative transfer equation, which
models the radiative processes along an optical path, thus predicting the model’s version
of the radiance observations. An approximate radiative transfer equation that is used to
model the atmosphere upwelling radiance L(v,0) at a frequency v and viewing angle 6,

neglecting scattering effects, is given by,

L(v,0) = (1 — N)L°"(v,0) + NLY(v, 0) (2.38)

where N is the fractional cloud cover (assumes unit cloud top emissivity), and L (v, 6)
and L9(v, ) are the clear sky and fully cloudy top of atmosphere upwelling radiances.
The clear sky top of atmosphere upwelling radiance data is a function made up of radi-
ances from the surface and radiances emitted by the atmosphere, which are dependent
on frequency, viewing angle, mixing ratios, surface emissivity and temperature. The fully
cloudy top of atmosphere upwelling radiance is a function of frequency, viewing angle,
temperature and cloud top temperature (Eyre, 1991; Eyre & Woolf, 1988; Saunders et al.,
1999, 2018). The combined radiance observations from IASI (Infrared Atmospheric Sound-
ing Interferometer), AIRS (Atmospheric Infrared Sounder) and AMSU-A (Advanced Mi-
crowave Sounding Unit-A) instruments have the largest observation impact on numerical
weather prediction systems compared to any other observation type (Lorenc & Marriott,
2014). Radiance observations give global coverage, with observations of the same location
generally available twice daily (Met Office NRT Quality Monitoring, 2023).

RO uses both GPS (global positioning system) and LEO satellites. Data is received
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from the LEO satellite whenever a GPS satellite rises or sets such that its ray path can
traverse the Earth’s atmospheric limb. The ray is refracted through the atmosphere and
can be characterised by the bending angle, as shown in figure 2.1, which can be transformed
to a vertical profile of refractive indexes (Kursinski et al., 1997). The refractive index and
refractivity can then be related to meteorological variables by the following approximation

(Eyre et al., 2022),
Te

P e
N:/‘ilf—l—l-ﬁgﬁ—l—figﬁ

T + kg W (2.39)

where N = (n — 1) x 10° is the refractivity with n the refractive index; p is pressure; 7' is
temperature; e is the water vapour pressure; n. is the electron density; f is the frequency;
W is the liquid water density; and k; for ¢ = 1,..,4 are empirically derived coefficients.
RO provides information on temperature for the stratosphere and upper troposphere and
humidity for the lower troposphere, due to different terms in equation (2.39) becoming
more/less significant at different atmospheric levels.

Figure 2.2 shows the horizontal distribution of all assimilated GPS-RO data for a given
6 hour 4DVar assimilation window, which has been taken from EFCMWF Geographical
Coverage (2023). The observations are distributed fairly evenly across the horizontal
domain, with good coverage over both the land and ocean. As the data comes from a 6
hour window, this shows that the majority of the Earth is observed at least twice every 12
hours, but the observation time for a particular location depends on when the satellites
are in the correct position for that location.

Another important source of observation data used in NWP is radiosondes, which have
been used in NWP for over seven decades and provide upper air temperature, pressure,
humidity and wind measurements (Sun et al., 2013). There are approximately 800 land
stations that report temperature measurements regularly, which usually give data either
once or twice a day (Ingleby, 2017). There is also some coverage over the oceans, when

radiosondes are released from ships, but this is very limited. The density of radiosondes

17



Ray bending angle

GNSS

Tangent point —*

LEO

Figure 2.1: A schematic diagram of an LEO (low earth orbiting) satellite receiving a sig-
nal from the GNSS (global navigation system satellite) that has been refracted in the atmo-
sphere. Note that the bending angle has been exaggerated for the illustration. Figure from
Gleisner et al. (2022) under the Creative Commons Attribution 4.0 International License:
http://creativecommons.org/licenses/by/4.0/
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Figure 2.2: Geographical coverage of GPS-RO data on 18th October 2023 at 00UTC. Figure from
ECMWEF website, accessed on 18th October 2023 (ECMWF Geographical Coverage, 2023)
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increases in the northern extratropics, as can be seen in figure 2.3 which shows the tem-
perature radiosonde data coverage from 5 radiosonde types from ECMWEF on the 13th
February 2023 at 12UTC. This shows the disparity between the radiosonde data coverage
between the land and the ocean and thus between the northern and southern hemispheres.
There are also large gaps in the radiosonde coverage across Africa, south-western Asia and
Australia, which can be due to, for example, less funding for meteorological observations,

less populated areas, or difficult to access land coverage.

Geographical coverage
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Figure 2.3: Geographical coverage of used radiosondes that gave temperature data on 15th February
2023 at 12UTC. Figure from ECMWEF website, accessed on 14th February 2023 (ECMWF Geo-
graphical Coverage, 2023).
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Errors arise across all observation types and can be categorised into random and sys-
tematic error; a systematic error (bias) is an error that does not average out to zero,
whereas a random error averaged across many realisations would give zero. Errors can
occur due to damaged, old or limited observations, approximations in the observation
operator and representativity between the state and observation. Random error can be
accounted for within a data assimilation system through the use of R, the observation er-
ror covariance matrix, as discussed in section 2.1, but biases cause an additional problem
to the DA system, as DA theory is based on the assumption that observation errors are
unbiased.

Radiance observations have a large impact on the NWP DA system, but also contain
significant biases (Dee & Uppala, 2009). Radiance biases can be due to problems with an
instrument’s calibration, deficiencies in the instrument, and due to the assumptions made
in the radiative transfer equation, to estimate variations of equation (2.38). The magni-
tudes of the biases vary across instruments and channels, but can be up to approximately
3.5K, when transferred to the model variable temperature (Saunders et al., 2013). By
comparing the observations with the background state, it has been found that the bias
can be parameterised into three structures: the scan bias, the air mass thickness bias,
and the orbital bias. The edges of a scan tend to have a larger bias compared to the
centre, as can be seen in figure 2.4, which is from Harris and Kelly (2001) and shows the
uncorrected scan bias across the satellite’s swath in different latitudinal bands. This bias
occurs as the radiation measurements across a satellite’s swath are different, even if view-
ing a horizontally homogeneous atmosphere, due to different solar radiation effects such
as, reflection off the clouds and surface, and scattering in the upper atmosphere (Wark,
1993). Biases that occur due to mis-representing the physics of the atmosphere have been
shown to be correlated with the air mass thicknesses, as different air mass thicknesses are
a good representation of different parts of the state, such as temperature or humidity (He

et al., 2016). Finally, the SSMIS (Special Sensor Microwave Imager/Sounder) and MWRI
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(Microwave Radiation Imager) instruments suffer from specific instrument biases, which

are caused by the open design of the conical scanners. Although this leads to errors due

to poor calibration and due to solar intrusion (solar radiation hitting the inside of the

instrument and therefore affecting the observations), the periodical nature of the errors

means that the general structure of the biases remains the same across each orbit, hence

these biases are known as orbital biases (Booton et al., 2014).
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Figure 2.4: Uncorrected scan bias by latitude band, NOAA 12, MSU 2, February 1997. Figure
from Harris and Kelly (2001), copyright ©2001 John Wiley & Sons, Ltd

RO measurements in the lower atmosphere contain cold biases due to the large refrac-

tivity gradients in the lower troposphere and to the spatial distribution of water vapour

(Ao et al., 2003). RO measurements above 5km do not need to be bias-corrected as any
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biases occurring in the bending angles are small in comparison to other biases within the
DA system (Healy & Thépaut, 2006; Cucurull et al., 2014).

Radiosondes also contain biases in their raw data, which are mainly caused by radiative
effects; a warm bias is present during the day due to sunlight heating the sensor and a
cold bias is present at night as the sensor emits longwave radiation. There are also some
smaller biases caused by lags in sensor response to changing temperatures as the radiosonde
rises. An attempt to correct these biases at each radiosonde site is made, based on simple
algorithms given by the radiosonde manufacturers and meteorological agencies (Sun et
al., 2013). Therefore, radiosondes are considered to be unbiased when used in the data

assimilation system.

2.3 Observation bias correction

Radiance observations have the largest impact in reducing forecast error in a data assimi-
lation compared to other observations, but only if their biases can be corrected (Cardinali,
2009). There are broadly three types of observation bias correction technique. The first is
a static bias correction, which is currently used to correct some scan biases and has been
used to correct air mass biases. It works by estimating the bias by comparing observa-
tions and the background states, and correcting the observations using an assumed bias
correction function (Harris & Kelly, 2001). The estimated bias is not usually updated at
the beginning of each cycle, so if the observation biases vary over time, the bias estimates
need to be manually updated.

The next observation bias correction technique is defined as the “offline” bias correc-
tion in Auligné et al. (2007). The bias coefficient is calculated by minimising a similar
cost function to equation (2.6), but which is dependent on on a new parameter: 3, the
bias coefficient, where there would be a unique bias coefficient for each channel of each

instrument. This minimisation is performed prior to the estimation of the state analysis.
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Therefore, like the static technique, the offline correction is dependent on the state back-
ground, but unlike the static technique, is updated at each cycle. This allows the bias
coefficient to react to changes in the observation bias, due to, for example, an instrumen-
tal failure or contamination, but is quite susceptible to contamination from biases in the
background (Eyre, 2016).

The final observation bias correction technique is known as VarBC (variational bias
correction), which adaptively calculates the bias coefficient, 3, by defining the cost func-
tion, equation (2.6), to be dependent on both the state and the bias coefficient, such
that the bias coefficient is updated at the same time as the state (Dee, 2004). VarBC is
the most common operational observation bias correction technique for satellite radiances
(Gustafsson et al., 2018; Kwon et al., 2018), as it is updated at each cycle and is the least
affected by model bias (Eyre, 2016), so this thesis will only study VarBC further.

In VarBC, a bias correction function is added to the observations to be corrected, such
that the k' observation type (for example, an individual channel of a particular satellite

instrument) is estimated to be,
Vi = hip(x) + €° + ¢ (xP) (2.40)

where y,, is the k" observation type; hy is the corresponding observation operator; X is
the state; e° is the random error in the observation; ¢ is the bias correction function.

Operationally, the bias correction function for the k™ observation type is given by
Tk
cr(x) = sy, + Z Bripki(x") (2.41)
i=1

where sj, is constant per scan angle and is used to partially describe the scan angle bias;
Dk, are the 7, predictors used for the kth observation; and Bk, are the corresponding
observation bias correction coefficients that are updated at each cycle in VarBC for each

observation type (Cameron & Bell, 2018). The vector 3 € R" is defined to hold all

24



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

values of ) ; and the function c¢(x,3) € R™ is defined to hold the bias correction for all
observations that are bias-corrected, where mq is the number of biased observations. For
simplicity, we will refer to 3 as the observation bias coefficient.

Generally, the following predictors are used operationally: air mass thicknesses, which
are the differences in height between different pressure levels; Legendre polynomials to
describe the spatial variation of bias across a scan; Fourier series to describe orbital bias
(only used for SSMIS and MWRI); and a constant predictor which is not dependent on
location, which is given by p; o = 1 (Cameron & Bell, 2018; Di Tomaso & Bormann, 2011;
Dee & Uppala, 2009).

In figure 2.5 we have reproduced a global map from the Met Office from the ATMS
instrument on the 9th April 2013, of the air mass thickness predictors p; and ps, which are
the thicknesses between 850-300hPa (figure 2.5a) and 200-50hPa (figure 2.5b) respectively.
Air mass thicknesses are a function of temperature, so as the temperature increases, the
thicknesses will increase. It has been shown that there are high correlations between
radiance biases and some air mass thicknesses, reflecting the channel weighting functions
and the background error correlations (Harris & Kelly, 2001). Figures 2.5a and 2.5b show
that, in general, as one thickness increases, the other decreases, for example around the
equator, the lower altitude thickness bias is positive, whereas the higher altitude thickness
bias is negative. However, this relationship is not linear: there are locations where one
thickness picks up a bias that the other does not, for example at 60°N, 170°W there is a
location of positive bias in figure 2.5b that has zero bias in figure 2.5a.

In figure 2.6 we have produced a similar global map, but of pg, one of the scan angle
bias predictors. In general, satellite swaths will have a larger bias on the edges, compared
to the centre, but as the relationship is not as simple as a quadratic curve, the scan
angle biases are depicted by a Legendre polynomial, with each predictor representing the
different polynomial terms. Figure 2.6 shows the positive values of the predictor on the

edges of the swath, which dip to negative in the middle.
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Figure 2.5: Air mass thickness bias predictors py: 850-300hPa (a) and py: 200-50hPa (b) on world
maps for the ATMS (Advanced Microwave Technology Sounder) satellite on the 9th April 2013.
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Figure 2.6: Bias predictor pg, a scan angle bias predictor.

In VarBC a new control vector is defined as the state and the observation bias coeffi-

cient, given by,

X
v = € R, (2.42)

B

where n is the size of the state and r is the size of the observation bias coefficient. A new
background error covariance matrix, dependent on both the state and the observation bias
coefficient, is defined as,

B, 0
B, = e R(H7)x () (2.43)

0 Bg

where By is the state background error covariance matrix as defined in equation (2.20);
By is the observation bias coefficient background error covariance matrix and is a measure

of how large the observation bias coefficient background errors are. It is assumed that the
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background error covariances between the state and the observation bias coefficient are
zero (Dee, 2004). The observation operator acting on the control vector, which contains
the bias correction and the observation operator that transforms the state to observation

space, is defined as,

hy(v) = h(x) + ¢(x", B), (2.44)

where the bias correction function is dependent on a previously derived background state,
but the observation bias coefficient 3 is variable. The bias correction function ¢(x, 3)
will be zero for observations that are not bias-corrected within VarBC.

Therefore, the cost function for VarBC is given by,

Jv) = 30 =B v W) (- )Ry - (), (245)

where vP is the background of the state and bias coefficients; y is the vector that contains
all observations; and R is the observation error covariance matrix, as defined in equation
(2.20) (Auligné et al., 2007).

In order to explicitly minimise equation (2.45), it is assumed that h,(v) is approxi-
mately linear. The term h,(v) can be approximated using the Taylor expansion about v”

by approximating h(x) and c¢(xP, 3) separately,

h(x) ~ h(x") + H(x — x") (2.46)

c(x,8) = ¢(x*,8°) + Cs(B - B"). (2.47)

where Cz € R™*" is the Jacobian of ¢(xP, 3) with respect to the observation bias coeffi-
cient B at x and B and m, is the number of bias-corrected observations. The linearised

observation operator and bias correction can be stored in one matrix as,
H, = <H CB) e R (), (2.48)
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1 Differentiating equation (2.45) and equating it to zero, as in equations (2.8) to (2.12),
2 gives the minimum of the cost function for VarBC, which we will refer to as the analysis
s control vector, given by,

v =vP + K (y — hy(v?)), (2.49)

4+ where the superscripts a and b denote the analysis and background respectively; and K

5 is the Kalman gain matrix for v, given by,

K, = B.H(H,B,H! + R)™! ¢ R(*F7)xma, (2.50)

6 The Kalman Gain matrix, Ky, can be split into its x and 3 parts as follows,

K«
K, = ) (2.51)
Ks
7 where
K, =BH"(H,B,H! + R)"! ¢ R™™ (2.52)
Ks =BgCh(H,B,H] +R)™' € R"™™, (2.53)
8 Since By is block diagonal, equation (2.49) can be split into its state and observation
o bias coefficient parts:
x* = xP + Ky (y — hv(v?)), (2.54)
B =B+ Kply = he(v")). (2.55)
10 Equations (2.49), (2.54) and (2.55) can be used to derive expressions for the errors in

11 both the state and the observation bias coefficient in an equivalent method to calculating

12 the state analysis error equation for the general 3D DA case in equations (2.14)-(2.17).
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The errors in the control vector, state and observation bias coefficient analysis, background

and observations are given by,

€ x® — x*

€ =v*—v' = = , (2.56)
6% IBa o ,Bt
€’ xP — x¢

e =vb vt = = , (2.57)
eg ,Gb _ Bt

63 =Yy - hv(vt) =Yy - h‘(xt) - C(Xta IBt)7 (258)

where the t superscript denotes the true value of the state, bias coefficient or control
vector respectively. The true bias coefficient is the theoretical vector that would perfectly
correct the observation bias in the bias correction. The control vector analysis equation,
equation (2.56), can be written in terms of the background and observation error equations.
Subtracting the true control vector from both sides of equation (2.49) and adding and

subtracting h(v') in the innovation vector gives,
v = vl =vP - v L K (y — by (VD) 4 By (VE) — By (V). (2.59)

Substituting the analysis, background and observation control vector error equations from

equations (2.56)-(2.58) and substituting v* = v® — € into the expanded h,(v!) gives,
€l =€) + Ky (e + h(x" — €)) + c(x” — €, 8" — €) — hu(v")). (2.60)

Approximating h(x" — €?) and ¢(xP — €2, 8" — eg) using the first order Taylor expansion

around xP and 8P respectively gives,

€ =€’ + K (2 — (H+ Cy)ed — C[geg), (2.61)
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where Cy is the Jacobian of the bias correction with respect to the state x. In this thesis we
will assume that the errors that come from mis-specifying the state in the bias correction
function are very small, so that we can ignore the C, term. Operationally, this is realistic
as the bias correction function (equation (2.41)) only changes over large regions of the
state, so inaccuracies in the state will be negligible. We can therefore assume Cy = 0.

Rearranging equation (2.61) to factorise the background errors together gives,

€ = (I-K.H,)ed + K,e. (2.62)

Equation (2.62) can be separated into its x and 3 parts using equations (2.56)-(2.58) to

give,

a
EX

(I-KH)el — K(Cgej + Kyel, (2.63)

€% = (I-KsCpeh — KgHe: + Kgel. (2.64)

Equation (2.63) differs from the state analysis error equation when not using VarBC,
equation (2.17), as equation (2.63) is dependent on both the state background error and
the bias coefficient background error. Taking the expected value of equations (2.63) and

(2.64) gives,

(€x)

() = (I - K3Cp)(eg) — KgH(ey) + Kp(ey). (2.66)

(I- K.H)(e?) — K Cp(ep) + Ky (e}), (2.65)

Equations (2.65) and (2.66) show that the biases in the state and observation bias co-
efficient analyses are dependent on both the biases from the state and observation bias
coefficient backgrounds.

As in equation (2.20), assuming that the background errors are unbiased, the control

vector background error covariance matrix can be expressed as the expected value of the
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background error multiplied by its transpose,
B, = (e2ePT). (2.67)

Assuming that the analysis errors are unbiased, which means from equations (2.65) and
(2.66) that assuming the observations have been correctly bias-corrected and that the
background errors are unbiased, the analysis error covariance matrix for the control vector
can also be expressed as,

A, = (e*eT). (2.68)

By substituting equation (2.62) into equation (2.68) and following the same method as in
equations (2.22) to (2.23), A, can be expressed in terms of the background and observation
errors as,

A, =(I1-K,H,)B,I-K,H,)" + K,RK!. (2.69)
The analysis error covariance matrix A, is a matrix which can be split into its state and
bias coefficient parts as,

A A,
A, = 7 e RO, (2.70)

Ag, Agp
where Ay describes the covariances in the state analysis errors; Ag describes the covari-
ances in the observation bias coefficient analysis errors; and Ayg and Apgy describe the
covariances between the state analysis errors and the observation bias coefficient analysis
errors. Therefore, in the case where the true background and observation error covari-
ance matrices are used within the system such that K is optimal and following the same

method as for the general DA case (equations (2.24) - (2.27)), the optimal control vector
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1 analysis error covariance matrix is given by,
Ay opt = (I-KH,)B,. (2.71)

> Equation (2.71) has the same form as equation (2.27), but includes both the state and the
s observation bias coefficient.

4 The VarBC analysis equations (2.54) and (2.55) can also be calculated in a 4D system,
s by extending general 3D DA theory to 4D DA theory (equations (2.12) to (2.37)). By

s defining the observation operator on v at the i*" time step as,

hy, (V) = hi(mo—si(X0)) + ci(mo—si(x0)®, B), (2.72)

7 where mg_,; is the model that takes the state from the initial time step to the i*" time
s step as defined in equation (2.29) and both the observation operator transforming xg to
o observation space and the bias correction function are dependent on time. Note that even
10 if A and ¢ do not explicitly change in time, their evaluation will change in time as x;
11 changes in time. Therefore the linearised observation operator and bias correction are

12 given by,

HoMy_o Cg,
ﬂ — e R(N-‘rl)ﬁh ><n’ éﬁ — c R(N+1)m1 ><7” (273)

HyMo_ N Csy

13 which can be defined in one matrix as

H, = <H 636) e RV Hmix(nr), (2.74)
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Therefore the analysis equations for 4DVarBC (4-dimensional VarBC) are given by

x3 = xb + KXCAIE, (2.75)
B = B> + Kyd., (2.76)

where Ky and K/g are the time dependent Kalman gain matrices for the state and bias

coefficient given by

N A [~ AT ~ ~T ~\ —1

K, = B.H (HBXH +CBsC + R) , (2.77)

A AT [ ~T & AT A\l

K = BsC, (HBH + C3BsC; + R) (2.78)
and (Ai‘lj is the time dependent innovation vector given by

Yo — ho(x§) — co(x5, 8")
b y1 = hi(mo(x4)) — e1(mo(x§), B°)

d, = _ : (2.79)

Y — ha(mosn(x5)) — en(mosn(xf), B°)

We will use the 4DVarBC analysis equations in chapter 7.
In the next section we will discuss the different models used in data assimilation for
numerical weather prediction, how uncertainties can occur, and how we can correct for

model biases.

2.4 Models used in NWP

Mathematical models in NWP are equations that are used to represent the evolution of the
atmosphere. They describe the approximate physics and dynamics of the atmosphere to

give information on, for example, temperature, pressure and zonal/meridional velocities,
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which are known as the model states. Models are used in NWP both to give temporally
continuous global information and to create forecasts of the weather for the next days
and weeks. The atmospheric dynamics can be approximated numerically by discretising
the equations into grid boxes to cover the given region of interest. Their scales can vary
from the global, where the Earth’s atmosphere is projected onto a grid with grid boxes
representing around 10km in length, to regional scales, where smaller regions, such as the
UK, are projected onto grids with grid boxes representing 1-3km each (Gustafsson et al.,
2018).

Most global models solve the compressible non-hydrostatic equations of motion (Walters
et al., 2017; Prill et al., 2022; Gustafsson et al., 2018). Using the non-hydrostatic model
allows smaller scale dynamics to play a role in the evolution of the model when using a
high resolution grid scale (Staniforth & Wood, 2008). Some centres use nested models,
which use the same model for both global and regional scales (Gustafsson et al., 2018).
There are nested short to medium range forecasts which have high resolution grid boxes:
used to give a more detailed representation of smaller scale atmospheric processes as well
as to represent surface features such as coastlines and orography. The global configura-
tions provide short to medium-range weather forecasts and are used in the nested models
as the boundary conditions for the regional models.

As is the case with observational error, models also contain sources of uncertainty
which can cause both systematic and random errors. In a model simulation, three types
of uncertainty can occur: initial condition uncertainty; boundary condition uncertainty;
and model uncertainty. When the model is very sensitive to the initial conditions, a small
perturbation from the true value changes the model drastically. Data assimilation helps
to reduce initial condition uncertainty, as it compares the most recent model forecast with
the latest observations to provide more accurate initial conditions. Boundary condition
uncertainty occurs both at the boundaries of regional models, as only a limited domain is

modelled, as well as on the boundaries between atmosphere and the land/ocean. Model
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uncertainty stems from both structural and parametric uncertainty. As parameters vary,
sometimes the solution can bifurcate to an entirely different behaviour. Therefore, as-
sumptions made in the parameters of models, or in the models themselves can lead to
both systematic and random model error as the model variables and their dynamics are
misrepresented.

Some amount of random model error can be accounted for within the system by us-
ing perturbations to atmospheric state variables to give an ensemble of forecasts. The
perturbations are amplified by chaotic processes, resulting in forecasts that diverge from
each other and thus give a better understanding of the model error present in forecasts
(Slingo & Palmer, 2011). The use of ensemble systems will not be discussed in this thesis.
However, systematic model error is more difficult to account for and can arise due to a
variety of reasons, with some examples given below.

There are known temperature and humidity biases in the upper troposphere/lower
stratosphere. Temperature biases have been observed at the ECMWEF (European Centre
for Medium-Range Weather Forecasts) and Met Office in the extratropical lowermost
stratosphere to be within 0.3K in short forecasts of less than 24 hours (Dyroff et al.,
2015; Carminati et al., 2019), but if left to run, this bias will grow. Moist biases have been
found in both the IFS (Integrated Forecasting System - ECMWF') and MetUM (Met Office
Unified Model) in the lowermost stratosphere, with a maximum of approximately 170%
of the observed values (Bland et al., 2021). Humidity biases will also cause collocated
cold biases due to the additional radiative cooling (Forster & Shine, 2002; Maycock et al.,
2011).

At the extratropical tropopause there are sharp vertical gradients of water vapour, po-
tential vorticity and temperature that the NWP models struggle to resolve, which creates
a moist bias in the lower stratosphere, leading to a cold bias (Kriiger et al., 2022; Stenke
et al., 2008). There is some uncertainty in the cause of the moist bias, but explanations in-

clude: the misrepresentation of dynamical transport and mixing processes; and numerical
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diffusion and insufficient model resolution in the semi-Lagrangian advection scheme (al-
though a moist bias of similar order is also found in Eulerian formulated models) (Kriiger
et al., 2022).

Temperature biases have also been shown to be caused by the under-representation of
aerosols in NWP models. There tends to be a cold bias in regions with a high concentration
of aerosols, for example over India and China, due to anthropogenic activity. There also
exists aerosol-caused warming effects, which tend to be over remote areas or oceans, where
aerosol-radiation interaction or aerosol-cloud interaction seem to have large effects on the
temperature (Huang & Ding, 2021).

The air that flows over and around hills and mountains causes a drag on the atmo-
sphere, and is another large source of uncertainty in NWP due to the governing role the
orographic drag has on the atmosphere’s general circulation. Global models now have
sufficient resolution to resolve large-scale mountain waves, which have an impact on the
location of midlatitude jets (Brayshaw et al., 2009). However, the drag exerted on the at-
mosphere due to subgrid-scale orography, which generates gravity waves that create drag
forces on flows up to the stratosphere and mesosphere (Bacmeister, 1993), still needs to
be parametrised and is parametrised differently depending on the horizontal scales of the
orographic features and across different models. The representation of this orographic

drag is still a cause of major uncertainty in NWP models (Elvidge et al., 2019).

2.5 Model bias correction

Strong-constraint data assimilation assumes that the model is perfect (ie. has no error)

so that the state at the i + 1*" time step is given by,

X1 = mi(x;) (2.80)
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where m; is the model that evolves the true state x' at time 4 to time i + 1, as in equation
(2.29). However, as we have seen that model biases do exist, there are several ways that
they can be corrected. Longer timescale biases within the model climatologies can be
handled by adding constant artificial sources and sinks to the equations of motion (Saha,
1992), whereas methods which allow corrections of shorter timescale model errors use
the difference between analyses and 6-hour forecasts to calculate an explicit correction
(Jean ThiéBaux & Morone, 1990). This thesis will focus on another method known as
WC4DVar (weak-constraint 4-dimensional variational assimilation), in which model error
is accounted for by relaxing the assumption that the model is perfect and calculating the
model error simultaneously with the estimate of the state (Sasaki, 1970; Derber, 1989). We
have chosen to focus on WC4DVar as it has been used operationally to correct for model
bias (Laloyaux et al., 2020a) and is a comparable method to VarBC, as both methods
correct for the biases adaptively within the data assimilation system.

WC4DVar is used to estimate model error between time steps in an assimilation win-
dow or forecast. In this formulation of 4DVar, an extra parameter n is included within
the variational assimilation to represent model error. Therefore, in the weak-constraint

formulation, equation (2.80) is extended to,

X1 = mi(X}) + M1, (2.81)

where n} 1 1s the true model error that comes from evolving the state between time i and
i + 1. If the model error is approximately equal at each time step within the assimilation
window such that n{ = 1}, ;, then the model error ' describes a bias, such that WC4DVar
can be used to solve model bias. In this thesis, we assume the model error is constant,
such that n* will be referred to as the model bias. As each x; can be written in terms

of the state at the previous time step, x;11 can be written in terms of xo and n' in the

38



10

11

12

13

14

15

16

17

18

following way:

xj 1 = mi(mi—1(...(mo(x5) +0°)...) + 1) + n' := Mmo—i1 (x4, 1"), (2.82)

where the model taking the state from the initial time step to the (i +1)*® time step when
model bias is present, is a function of both the state and n* and is denoted as mg_y;11.

In reality, the true model bias is unknown so the model bias is estimated, which is
defined as m, known as the model bias parameter. The error in 7 is assumed to be
Gaussian with random error, with mean 0 and error covariance matrix Q. In order to
make the best estimate of the state and the best estimate of the model bias parameter, xq
and n are simultaneously calculated in each assimilation cycle (Wergen, 1992; Zupanski,
1993; Bennett et al., 1996; Vidard et al., 2004). Defining the control vector as a vector
that holds both the state and the model bias parameter, gives,

X0
p= e R?", (2.83)

n
where xg € R” is the state at the initial time in the assimilation window; and n € R" is
the model bias parameter. Defining the background error covariance matrix as the state
and model bias parameter parts gives,

B, O
B, = (2.84)

0 Q
where By € R™*" is the state background error covariance matrix as defined in equation
(2.20) and Q € R™ " is the model error covariance matrix which describes the random
error in the estimate of the model bias parameter. It is assumed that the background

error covariances between the state and the model bias parameter are zero.

When the state at a particular time step is given by the model evolution of the initial
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1 state plus the model bias parameter, the observation operator is therefore a function of

> both the state and the model bias parameter,

hpi(xi) = h’i(mo—ﬂ(XOan))? 1= 17"‘7N7 (285)
hpo(%0), 1 =0. (2.86)
3 Then the cost function in terms of p (Laloyaux et al., 2020a) is given by,
1 1
J(p) =5 —p")" B (p— ") + 5 D (yi — hi(x) "R (yi — hilxi). (287)
i=0

Considering x; as a function of xg and 1 (x; = Mmp 0-i(X0,n)) and approximating h;(x;)

by the first order Taylor expansion around xB and n® gives,

h; (Xz) ~ h,’(mp’o_ﬂ'(xg, ’l’]b)) + Hx,z’Mi—l X ... X M()(XO — XB)
i—1
+H (Y Mg x . x M +T)(n—n"), (2.88)
j=1
+ where Hy 1 and My, are the linearised observation operator and model with respect to xg

s at the k™ time step and I is the identity matrix.

6 Therefore the gradient of the cost function, equation (2.87), is given by,

_ ~ T 14
VJ=B,'(p-p")—H,R d,. (2.89)

7 The hat symbols denote matrices that hold values from more than one time step. d
s contains the innovation vectors y; — hi(x;) for all i € [0, N] and H,, is the linearised

o observation operator with respect to both x and 1, given by,

H, = (Hp ﬂpn> (2.90)
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1 where we have defined

HXO

)

pr = HX7¢MZ'_1...M0 s (2.91)

HX7NMN_1...M0

0

Hpn = HXJ(Z;:ll Mifl---Mj + I) . (292)

HX,N( ;V:EI MNfl...Mj + I)

> Note that ﬂpn is the linearised observation operator with respect to n, but, as h; is a
s function of x; (which is a function of xg and n) the linearised observation operator is
4 calculated via the chain rule, such that I:Ipn is dependent on H,.

5 Using the same method as in equations (2.8) to (2.12), the gradient of the cost function
6 for WC4DVar can be rearranged to give the analysis vector for both the state and the
7 model bias estimate,

b LT s AT A _qab
P*=p +ByH, (HpoHp +R,) d,.

(2.93)

s We denote BpI:IFT)(I:IpoI:Ig + Rp)*l = K, as the Kalman gain matrix for WC4DVar.

o Equation (2.93) can be split into the state and model bias parameter by first separating

w K,
B, 0| (H, o B, 0| [H, | ;-
K, = > [(Hp Hpn> R (209)
0 Q) \H,, 0 Q) \H,,
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Therefore, substituting equation (2.94) into equation (2.93) and splitting p into its xo and

1 parts gives the state and model bias parameter analyses,

AT A AT N A T - ~b

x3 xp . B.H, [H, B:H, +H, QH, + R]7'd, (2.95)
- AT -~ AT A AT - b | ’

n® n° QH, [H, B:H, +H, QH, +R]'d,

Laloyaux et al. (2020a) explored the use of these coupled equations in correcting for
systematic errors arising in a simple two-layer quasi-geostrophic channel model. They
suggested that WC4DVar could be used to correct for model biases if the background and
model error covariances have different spatial structures. This is achievable operationally,
as model biases, which have large scales, are more prominent in the stratosphere, and
background (initial condition) errors are more prominent in the troposphere, which have
smaller scales across shorter timescales. As a result of this, and the large amount of radio
occultation data available in these areas, WC4DVar is now implemented at ECMWF in
the stratosphere, reducing temperature biases in the analysis by up to 50% (Laloyaux et
al., 2020b).

The error equations for the analyses, backgrounds and observations in WC4DVar are

given by,
€ =x5—xb, € =x)—x, (2.96)
€ =y; — hi(x}) = y; — hi(ho—i(x5,m")), (2.97)
e&=n"-n' € =n"-n" (2.98)

In order to write the state and model bias parameter analysis error equations in terms
~b
of the background and observation error equations, we initially need to expand d,. For

~b
simplicity we expand d,, at the i*" time step, but this can easily be extended to the full
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vector. Initially, we write out the full definition of dgi,
d = y; — hi(rioi (x5, ")) (2.99)
Next we add and subtract the true observation operator at the i*" time step,
dp, = ¥ — hi(o—i(x6,0")) + hi(imoi(xh,m")) — hi(7io—i(xg,1"))- (2.100)

Substituting equation (2.97) into equation (2.100) and substituting the background state
and background model bias parameter for their respective background errors plus their
truths (as in equations (2.96) and (2.98) respectively) gives,

dgl = 6(2-) + hl(ﬂLo_n(XB — EE, ’I”[b — 62)) — hi(ﬁ”Loﬁi(XB, ’l’]b)) (2101)

Approximating the observation operator using a first order Taylor expansion around the
true state and true model bias parameter, and cancelling out the observation operator

terms gives dgi in terms of the background and observation errors,
i—1
dgz = 6? — Hx,iMifl X ... X M()EE — HXJ(Z M, x..x Mj + I)Eg (2102)
j=1

Therefore, by using the definitions of H,, and I:Ip" from equations (2.91) and (2.92)
respectively, the full innovation vector can be written in terms of the observation and
background errors as,

A= —Hy e M, e

x —X pn€n7

(2.103)

where €° is the vector that holds the observation errors at all times.
In order to calculate the state analysis error equation in terms of the background and

observation errors, we subtract x{, from both sides of the state part of equation (2.95),
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and substitute the analysis and background error equations, equation (2.96). Finally, we

~b
substitute equation (2.103) for d,. Therefore the state analysis error equation is given by,
a b a1 A T 2 T S1—120 ¥ b _¥1 b
e; =€, + BiH, [H, BxH, +H, QH, +R| (¢’ —H, € —H;,¢€)) (2.104)

Similarly, by subtracting n* from both sides of the model bias parameter part of
equation (2.95), substituting the error equations from equation (2.98) and substituting
~b
equation (2.103) for d,, gives the model bias parameter analysis error equation as,
e =e>+ QM [H, B,H' +¥H, QH. +R7 e —H, - H, ).  (2.105)
no Py LT 7Px X" px Pn Pn Px &x pn®n/- .
Both the state and model bias parameter analysis errors are dependent on the state and

model bias parameter background errors. This shows that, when the system is cycled,

errors in the state are coupled with errors in the model bias parameter.

2.6 Summary

In chapter 2 we have introduced basic variational data assimilation theory and have demon-
strated how data assimilation combines data from observations and mathematical models.
We have shown that both observations and models are sources for uncertainty, which can
have a significant impact on an accurate estimate of the state if the error is systematic,
rather than random. To combat these biases, we have shown two adaptive bias correc-
tion techniques that are designed to correct for observation and model biases respectively,
by including an additional parameter in the control vector. In chapter 3 we will present
several studies that explore bias correction in data assimilation, which will motivate our

research questions.
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Chapter 3

Motivation for research questions

In this thesis we wish to understand how best to correct for observation and model bi-
ases, using VarBC and WC4DVar respectively, and how to reduce the contamination of
model/observation biases when correcting for observation/model biases by utilising unbi-
ased observations. In this chapter we will discuss some important studies in the field of
data assimilation to understand where the gaps in knowledge lie, in order to form our re-
search questions that will create the basis of this thesis. In section 3.1 we will discuss how
the background error covariance for the state and observation bias coefficient are chosen
operationally within VarBC, and present a previous study on the impact of mis-specifying
the state background error covariance matrix in a general DA system. In section 3.2 we
will discuss previous studies on observation/model bias correction and their reliance on

unbiased reference data. In section 3.3 we pose our research questions.

3.1 Specifying background error covariances in VarBC

We have shown in chapter 2 that, in data assimilation, the background error covariance
matrix describes the relationships between the errors in the background states. In VarBC

the background error covariance matrix is made up of the state and observation bias
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coefficient background error covariance matrices, as was shown in equation (2.43). Op-
erationally, both the state and observation bias coefficient background error covariance
matrices are only approximations of the true background error covariance matrices of the
system, which means that the optimal background error covariance matrices are not used.
Eyre and Hilton (2013) demonstrated the impact of mis-specifying the state background
error covariance matrix in a data assimilation system without bias correction, but there
have not been any studies on the mis-specification of the background error covariance
matrices in VarBC.

In this section we will initially describe how the state and observation bias coefficient
background error covariance matrices are estimated operationally, by following two papers:
Bannister (2008a) and Cameron and Bell (2018). We will then describe the method of
quantifying the impact of mis-specifying the state background error covariance matrix in
Eyre and Hilton (2013), so that we can extend this method to a VarBC system in chapter
4. The discussion of these papers will lead to developing research question 1, which will
be explained in section 3.3.

Bannister (2008a) describes the role of By to spread information (both about the
background and observations) horizontally and vertically so that information is shared
across the domain and between variables. In a cycled system, the true By can be calculated
by evolving the analysis error covariance matrix from the previous cycle forward to give
the forecast error covariances using the Kalman filter equations (Kalman, 1960). These
evolve the previous analysis error covariance matrix according to the model and account

for some model error. The forecast error covariances P! are given by,

P! = My_nyP*ML v + Q, (3.1)

where P? is the analysis error covariance matrix from the previous cycle; Mg,y is the

Jacobian of the forecast model from the beginning to the end of the assimilation window,
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as described in equation (2.31); and Q describes the error variances in the model. If Pf
were known, then it would be the optimal choice for By, given the linearity, Gaussianity
and unbiased model property assumptions hold. However, operationally it would be too
computationally expensive to calculate Pf explicitly, as Pf would require matrix multipli-
cations of matrix dimension n x n, where n is the size of the state. In a global system, n
could be all state variables (temperature, pressure, humidity etc) across all latitude and
longitude values, as well as all vertical values, so n could have a size of approximately 10°.
Therefore, By is taken to be an approximation of the background error statistics in the
system.

In Bannister’s 2008 review paper (Bannister, 2008a), three methods are described to
estimate the background error covariance matrix. The first method relates the innovation
vector to the background and observation errors, which means that the background errors
of model variables that are directly observed can be approximated (Rutherford, 1972).
However, this method is limited to the number of in-situ observations (such as radiosondes)
available and can only be calculated for background variables that have direct observations.
The NMC (National Meteorological Centre) method (Parrish & Derber, 1992) uses the
statistics of the differences between pairs of forecasts valid at the same time but taken
from different initial times. As the forecast differences are usually averaged over a period
of a few months, the NMC method is useful for estimating climatological background
error covariances (Bouttier, 1996). However, this method struggles in poorly observed
locations as there will be smaller updates to the forecasts in those regions. The ensemble
method uses an ensemble of forecasts, to calculate the statistics of the difference between
ensemble members (based on Houtekamer et al., 1996). As the ensemble method uses
forecasts from the current time it is able to produce a more flow-dependent By than
the NMC method. However, it can only provide as many modes of errors as there are
ensemble members. Therefore operationally, a mixture or combination of these methods

is used to estimate the state background error covariance matrix, with some centres using a
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hybrid approach that combines a climatological state background error covariance matrix
with a flow-dependent background error covariance matrix that includes 'errors of the
day' (Gustafsson et al., 2018). However, the calculation of the state background error
covariance matrix is, unfortunately, still only an estimate of the true background error
covariance matrix.

Unfortunately, there have been far fewer studies into how the observation bias coef-
ficient background error covariance matrix Bg in VarBC should be calculated. The bias
coefficient background error covariance matrix, Bg, determines how large the update on
the estimate of 3 will be, given the uncertainty in the previous estimate. The uncertainty
in the observation bias coefficient can originate from the assumed structure of the obser-
vation biases, as well as the model error impacting the previous estimate. The methods
used to estimate the state background error covariance matrix cannot be used for the
observation bias coefficient background error covariance matrix, as it is assumed that the
observation bias coefficients are roughly constant between assimilation windows, such that
the previous analysis observation bias coefficient is taken to be the background observation
bias coefficient of the subsequent cycle (Dee, 2005). At the Met Office, the method for
approximating By is given in Cameron and Bell (2018). Bg is approximated as diagonal,

with error variances Vg, defined by,
Nogerr
-1 b 2 p—1
V= %mefzk : (3.2)
k=1

where py ; are the predictors corresponding to the ith observation bias coefficient for the
k'™ bias-corrected observation type, as defined in equation (2.41); Rj are the k observa-
tion error variances; m;p is the number of bias-corrected observations; and Npgerr is the
weighting (divided by mj) given to the observations when determining the observation
bias coefficient. Npgerr is defined at the Met Office so that the difference between the

initial estimate of B3 and the best estimate of 3 halves in hy cycles, such that Nygerr is
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given by,
1

Nigerr = max(Mayeg, mmin)T, (3.3)
2ht —1

with maye the expected number of observations per cycle for the given channel; mmpi,
is the minimum number of observations; and hy is the chosen difference halving time
in units of data assimilation cycles. muy, is included in case there is a period of low
observation numbers, to stop the observation bias coefficient being based on a very small
number of observations. In the usual case when mayg > Mmin, the difference halving time
is determined by hy (which at the Met Office is 8 DA cycles, corresponding to 2 days).
This results in a minimum difference halving time across all observations, which means
the observation bias coefficient can be calculated from information from all bias-corrected
observations. The calculation of the bias coefficient background error covariance matrix
is also clearly an approximation and is defined to limit how much the bias coefficient can
vary between each cycle, rather than the true bias coefficient background error covariance
matrix.

We have shown that it is too computationally expensive to calculate the true back-
ground error covariance matrices for the state and observation bias coefficient and that
operationally, only assumptions can be used. Eyre and Hilton (2013) showed the impact
of mis-specifying the state background error covariance matrix on the analysis error co-
variance matrix in a system without bias correction, but as the bias coefficient background
error covariance matrix may also be mis-specified, this is clearly a problem that can be
extended to the VarBC case. We will describe Eyre and Hilton’s method here as we will
extend it to include VarBC in chapter 4. Eyre and Hilton (2013) began with the general
equation for the analysis error covariance matrix, given by equation (2.23) and repeated
here for simplicity:

A =(I-KH)B,(I-KH)T + KRKT. (3.4)

If the background error covariance matrix used in the system is the true background error
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covariance matrix, then the optimal K is given by,

K(B,) = B;H'(HB,H" + R) !, (3.5)

where although K is dependent on By, H and R, it is denoted to be a function of By
as this dependency is what is being investigated. Therefore the optimal analysis error

covariance matrix is given by,

Aoy = (I- KH)By, (3.6)

as was derived in equation (2.27). As the state background error covariance matrix is
usually only an approximation, Eyre and Hilton (2013) consider a sub-optimal case of
equation (3.4), whereby By is an approximation, denoted by B%. Therefore the sub-

optimal K, denoted by K? would be given by,

K*(B?) = BSHT(HB*H' + R) ! = K* (3.7)

and thus the sub-optimal analysis error covariance matrix would be given by,

Ay = (I-K*H)B,(I-K*H)" + K°R K*T. (3.8)

Note that equation (3.8) is now linear in By, as the true By comes from multiplying the
background error in the system with its transpose, whereas B in K originates from using
a mis-specified background error covariance matrix in the DA system. By multiplying out
the brackets from the first term in equation (3.8), Agy, can be rewritten in terms of the

optimal analysis error covariance matrix (A% ), which is equal to Agp¢ in equation (3.6),

a
opt

50



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

but using B% instead of By, plus an additional term,
Agp =A%, + (I-K*H)(B, — B)(I-K*H)", (3.9)

(see also section 4.2) (Watts & McNally, 1988). In order to demonstrate the impact of the
difference term on the sub-optimal state analysis error covariance matrix, Eyre and Hilton
set up a simple numerical system. Their simple experiment consisted of one state variable
which was directly observed by one observation, such that the Jacobian of the observation
operator was H = 1, with observation error variance R = 1 (H and R are no longer in
bold to show that they are scalar). Their assumed background error variance is constant,
given by By = 1 and they vary the true background error variance. For each value of
the true background error variance, the optimal and sub-optimal analysis error variances
are plotted, shown in figure 3.1 as blue diamonds and red crosses respectively. Figure 3.1
comes from Eyre and Hilton (2013). When By is smaller than the true background error
variance (ie. the right hand side of the figure, B > 1), then the background error variance
has been underestimated, so the system risks giving too much weight to the background
state. When Bj is greater than the true background error variance (ie. the left hand side
of the figure, B < 1), then the background error variance has been overestimated, so the
system risks giving too much weight to the observations. In figure 3.1, the 1-1 line has
been plotted as the solid black line which shows the value of the analysis error variance if
it were equal to the true background error variance.

The process of data assimilation is used in order to make a better estimate of the
state, by combining the observations and background. Therefore, it is assumed that the
analysis error variance will be 'better' (ie. smaller) than the background error variance.
From the equation for Agp, equation (3.4), this is known to be the case for the optimal
analysis error variance, and is shown in figure 3.1, as Agp is always smaller than the

true background error variance (the black line). However, figure 3.1 shows that there is a
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1 By = 0.33 ]

Figure 8.1: Analysis error variance, A, as a function of the true background error variance, B,
where the assumed background error variance is Bo = 1, and the assumed (and true) observation
error variance is R = 1. Aqpy is calculated from equation (8.6) and A is Aguy, from equation (3.9).
The diagonal line through the origin is the line A = B. The dashed vertical line shows the value of
B = By, at which the analysis enters the danger zone for Asuw,. (©)British Crown Copyright, the
Met Office, from Eyre and Hilton (2013). Reproduced by permission of John Wiley and Sons Inc.

range, defined by Eyre and Hilton as the “danger zone”, where Ag,, is greater than the
true background error variance, shown by the shaded region. In this region, using data
assimilation would actually be detrimental to the estimate of the state and highlights the
danger of overestimating the value of the background error variance.

The existence of the danger zone is a cause for concern when estimating the state
background error covariance matrix in a system without bias correction. In VarBC, the
observation bias coefficient background error covariance matrix is also only an estimate of
the true background error covariance matrix, which therefore poses the question of what is
the effect of mis-specifying both the state and the observation bias coefficient background
error covariance matrix in VarBC? This leads to research question 1, given in section 3.3,
and will be studied and discussed in chapter 4, by extending the work by Eyre and Hilton

(2013) which has just been described.
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3.2 Correcting for either observation or model bias and the

importance of unbiased observations

Standard data assimilation methods assume that there are no biases present in the system.
However, as shown in sections 2.2 and 2.4, biases can occur in both observations and in
the model. Dee (2005) discusses the complications of having both observation and model
biases present. If the source of the bias (ie. observation or model) is unknown, Dee suggests
that it could be better to use 'bias-blind' data assimilation, whereby no bias correction
technique is used, otherwise the source of the bias may be wrongly attributed, which can
lead to a biased analysis. If the source of the bias is known and can be characterised by
known parameters, then both observation and model biases can be corrected by including
additional parameters into the data assimilation system, as described in chapters 2.3 and
2.5 respectively. The separation of biases requires additional reference information, for
example, knowledge of the causes of biases, or independent observations.

Some observations are used to anchor biased observations and/or biased models to the
truth, which are known as anchor observations (Eyre, 2016). Anchor observations will not
be completely free of biases, but we assume that the biases they contain are significantly
smaller than other biases in the system, or have been bias-corrected prior to use in the data
assimilation cycle. Currently, several types of observations are used as anchor observations
within NWP systems. Radiosondes are used to anchor temperature, pressure and humidity
in the troposphere, but as was shown in figure 2.3, these measurements are mostly over
the land in the northern hemisphere. RO measurements provide anchor information about
temperature in the stratosphere and upper troposphere with good spatial coverage across
the Earth. Some radiance observations are used as anchor observations, as it is assumed
that the model bias is much bigger than the observation bias in the variables that they
observe, or they are bias-corrected prior to use in the DA system. For example, AMSU-

A channel 14 is used to anchor the upper stratosphere (Di Tomaso & Bormann, 2011);
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selected hyperspectral infra-red window channels are used to anchor skin temperature at
the Met Office; and selected ozone channels from hyperspectral infrared instruments are
used to anchor the upper tropospheric/lower stratospheric ozone analysis at ECMWF
(Han & McNally, 2010). However, the assumption that observation biases are small for
these observations can be wrong, for example biases in the observation operator may be
large (Han & Bormann, 2016).

In this section we will explore three studies that discuss correcting for observation
and/or model biases: Eyre (2016), Laloyaux et al. (2020a) and Lorente-Plazas and Hacker
(2017). In this thesis we are interested in how one bias can be corrected for, when the
other bias is present. The first study (Eyre, 2016) demonstrates the importance of unbiased
observations when correcting for observation bias in the presence of model bias. We will
discuss the results from their scalar theoretical example in this section and, in sections 6, 7
and 8, we will further this discussion by extending the theoretical study from a scalar to a
vector system. The second study (Laloyaux et al., 2020b) demonstrates when WC4DVar
is able to correct for model bias and the effect of correcting for it in the presence of
observation bias. In this section we will discuss the results, with particular interest on
when both biases are present. In chapter 8 we will extend this by exploring the role of
unbiased observations when correcting for model bias in the presence of observation bias.
The final study (Lorente-Plazas & Hacker, 2017) demonstrates the ability of a simple
numerical system in the presence of both observation and model biases to correct for one
or both of the biases. We will discuss their experiments and results, as in chapter 8 we
will set up a similar numerical system, but that also includes unbiased observations. We
will extend the work of Lorente-Plazas and Hacker (2017) to understand the importance
of the unbiased observations when correcting for either type of bias.

Eyre (2016) explores the use of anchor observations, as additional reference informa-
tion when correcting for observation biases in the presence of model bias in a simple

scalar system. By defining the analysis as the weighting between the background, anchor
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observations and bias-corrected observations, Eyre analytically studied how the anchor
observations could limit the contamination of model bias on the analysis in a scalar sys-
tem. Eyre (2016) described three simple experiments to test the sensitivity of the fraction
of analysis bias to model bias when different weightings and model relaxation rate were
used.

In the first experiment, the weighting given to the anchor observations was varied,
whilst keeping the total weight of both the biased and anchor observations constant.
Keeping the total observation weight constant implicitly kept the background weighting
constant as the background and observations weights were constrained to sum up to 1.
When no weight was given to the anchor observations, the analysis bias was given by
the model bias. When no weight was given to the biased observations then the fraction
of analysis bias to model bias dramatically reduced. Therefore, this experiment showed
that, when less weight is given to the anchor observations, the analysis will have a greater
contamination from model bias.

In the second experiment, the importance of the weighting of both observations com-
pared to the background was tested, by varying the total observation weight and thus
reducing the background weight. The anchor and biased observation weights were taken
to be equal. When the observation weight was zero, the analysis bias was given by the
model bias. When the background weight was zero, the model bias did not influence the
analysis bias at all. Therefore, as more weight went towards the background, there was a
greater contamination of model bias on the analysis.

In the third experiment, the rate that the model relaxed to its climatology was varied.
When the model relaxation rate was zero, the analysis bias was independent of the model
bias, but as the relaxation rate was increased, the analysis bias became a larger fraction
of the model bias.

The second and third experiments showed that the contamination of model bias on

the analysis would be reduced, if the calculation of observation bias coefficients came from
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data where model biases were small and slowly varying, or calculated in regions where
there are many anchor observations, such as the troposphere in the northern hemisphere.

Overall, Eyre (2016) demonstrated that model bias will contaminate the observation
bias correction, and that anchor observations play an important role in mitigating the
damaging effects of model bias. However, what is not discussed is the role of anchor
observations within a non-scalar system.

Some research has been carried out to understand how model bias can be corrected
using WC4DVar. Laloyaux et al. (2020a) used WC4DVar in a simple numerical system
(both with and without observation biases) to correct for model bias and then applied
this to the ECMWF system in Laloyaux et al. (2020b). Laloyaux et al. (2020a) tested
how well the simple system was able to differentiate between background and model error
by using one of two different model error covariance matrices in their experiments. One
model error covariance matrix Qg was defined to have short length scales, such that it
was equal to the given background error covariance matrix (Q = Byx). The second
model error covariance matrix Q; was defined to have large length scales, so that it was
different to the background error covariance matrix and to align with the hypothesis that
model error has longer length scales to background error. Experiments were undertaken
to demonstrate how WC4DVar could distinguish between background and model error,
and how it performs in the presence of observation bias.

In experiments without observation biases, Laloyaux et al. (2020a) found that the
experiment that used Q, struggled to estimate model bias, as WC4DVar was attributing
the model error to background error. However, when By and Q had different length scales
(ie. Q; was used), WC4DVar was able to correctly attribute the model error, and thus
performed well in correcting for the model bias. They repeated the experiment using
when the observations were limited to one area (instead of being homogeneous across the
domain), to simulate, for example, many observations taken around an airport. In this

case, they found that WC4DVar was unable to estimate the model error in regions without
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observations, despite having a scale separation between By and Q);.

In their final experiment, Laloyaux et al. added an uncorrected bias to all observations
within the system. As was found in Dee (2005), they found that there was less overall bias
in the analysis if model bias correction was not used at all, because the model bias was
wrongly corrected towards the observation bias when model bias was explicitly accounted
for.

Overall, Laloyaux et al. (2020a) demonstrated that model bias could be corrected
for using WC4DVar, if the length scales of the background and model error covariance
matrices were significantly different and if observations were available across the domain.
The separation of scales can be achieved if the model error covariance matrix is restricted
to represent errors on length-scales where the spectral energy density of background errors
is small. This is a well-verified approximation in the IFS, as model biases are prevalent
in the stratosphere and initial condition errors on smaller spatial and temporal scales are
prevalent in the troposphere (Laloyaux et al., 2020b). However, Laloyaux et al. (2020a)
also showed that WC4DVar failed in the presence of biased observations, so concluded
that unbiased observations were crucial in correcting for model bias in the presence of
observation bias. In the stratosphere, the use of unbiased observations is very achievable,
due to the large amount of radio occultation data available, but in the lower or upper
atmosphere, unbiased observations can be more sparse.

Both Eyre (2016) and Laloyaux et al. (2020a) have shown the need for unbiased obser-
vations when correcting for one bias in the presence of the other, but more work needs to
be done to understand what characteristics are needed in anchor observations to properly
mitigate the contamination of bias. How does the location of the anchor observations in
space and time influence their ability to reduce the contamination of model bias? How
does the state background error covariance matrix transfer information between observed
and unobserved states? This gap in knowledge in the use of unbiased observations in bias

correction schemes leads to research question 2, discussed in section 3.3.
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In Lorente-Plazas and Hacker’s (2017) paper, the interaction between observation and
model biases without unbiased observations in data assimilation is tested. Lorente-Plazas
and Hacker (2017) performed several numerical experiments on a simple system to test how
much bias filtered into the state analysis when each bias was corrected for, by including
additional parameters into the control vector, as in VarBC and WC4DVar (as discussed
in chapter 2, sections 2.3 and 2.5). The experiments used Model III developed by Lorenz
(2005), because the model had large-scale correlations between neighbouring grid points
and it combined small and large scales, which can be compared to the interaction between
mesoscales and synoptic scales in the atmosphere. Model bias was added to the system
by changing the forcing term in the model that evolved the system forwards in time.
Observation bias was added to the observations by either adding a constant homogeneously
to all observations; or by spatially varying the observation bias. The latter case will not
be discussed here. Two types of experiments were described in order to compare how well
the bias corrections performed in comparison to not bias-correcting: bias-aware, where
the biases were explicitly corrected for; and bias-blind, where biases were ignored, both
of which were described in Dee (2005). In this way, the contamination of the model and
observation biases were isolated and they were able to demonstrate the contamination of
one bias when the other was being corrected.

In total, nine experiments were presented with different combinations of biases present,
and corrected for: one control experiment which had no observation or model biases, with
no bias correction; three 'bias-blind' experiments that had observation and/or model
biases that were not corrected for; five bias correction experiments that had observation
and/or model biases present and one/both were corrected. Each experiment used 100
ensemble members which had random error in the observations with error variance = 0.5
and random error in the background state, where the error variance was calculated using
the Kalman filter and inflated by a mean factor of 1.1 and standard deviation of 0.6 at

the initial time.
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In the control experiment, the state RMSE (root mean square error) was equal to the
standard deviation, with a negligible bias. In the completely bias-blind experiments, the
state RMSEs and the magnitudes of the biases were comparable when only one source
of bias was present, although the signs of the biases were opposites. As the state RMSE
and the standard deviations of the bias-blind experiments were similar, these biases were

chosen for the later experiments.
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Figure 3.2: Time series of prior RMSE for different experiments (colours) using (a) a perfect
model with and without spatially constant observation bias = 0.3, and (b) an imperfect model with
model bias = 2. Legends show specified observation biases and the augmented vector estimated
in the assimilation. From Lorente-Plazas and Hacker (2017) ©American Meteorological Society.
Used with permission.

Figure 3.2 comes from Lorente-Plazas and Hacker (2017) and shows the time series
of the state RMSE for eight of the experiments described above (other than when both
model and observation biases were added, but only model bias was corrected for), when
a perfect model was used (figure 3.2a) and when a biased (imperfect) model was used
(figure 3.2b). We will focus on figure 3.2b, where both observation and model biases were
present.

When the experiment was bias-blind to both observation and model biases (green line,

99



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

figure 3.2b), the state RMSE was surprisingly small, despite not correcting for either bias.
This was due to the experiment design, as the observation and model biases had opposite
signs, so combining them naturally cancelled them both out.

When observation bias was corrected, but the system was bias-blind to the model bias
(red line, figure 3.2b), the state RMSE was much larger compared to the other experiments
and diverged as time evolved. However, when model bias was corrected, but the system
was bias-blind to observation bias (gold line), the state RMSE was much lower. Later
experiments suggested that this was because the state was more sensitive to error variances
in the background observation bias estimate than error variances in the background model
bias estimate. If only one bias was corrected, then the non-corrected bias would filter
into the bias-corrected estimate. Therefore, uncorrected model bias would have a larger
impact on observation bias correction as it was absorbed into the observation bias estimate
and therefore affected the state estimate, whereas when uncorrected observation bias was
absorbed into the model bias estimate, it did not have as large an effect on the state
estimate.

When both model and observation biases were corrected for (blue line), the state
RMSE was the lowest of all the experiments when both observation and model biases
were present. Lorente-Plazas and Hacker suggested that knowledge of the a prior: model
error appeared to be unnecessary, and the system only needed to know that model bias
existed. Although, they did acknowledge that in a complex geophysical model, the form
of a parametric model to represent model errors is not always known.

Lorente-Plazas and Hacker (2017) demonstrated that in the presence of both obser-
vation and model biases, correcting for model bias and not observation bias reduced the
state RMSE more than only correcting for observation bias, but correcting for both biases
simultaneously reduced the state RMSE the most. However, their experiments do not
include any unbiased observations when both sources of bias were present, which both

Eyre (2016) and Laloyaux et al. (2020a) showed to be crucial in anchoring the bias correc-

60



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

tion techniques. This raises the question of how well both VarBC and WC4DVar perform
comparatively to each other in the presence of both sources of bias, when unbiased ob-
servations can be used. This therefore leads to research question 3, which is discussed in

section 3.3.

3.3 Research questions

In chapter 3 we have presented important studies in the field of bias correction in data
assimilation to understand where the gaps in knowledge lie. We will consider the following

research questions which will be the basis for the rest of this thesis:

RQ 1: What are the consequences of mis-specifying the background error
statistics in VarBC?

The background error covariance matrices for both the state and the observation bias
coefficient are not exactly known and, operationally, are an estimate of the true back-
ground error covariance matrix (Bannister, 2008a; Cameron & Bell, 2018). Eyre and
Hilton (2013) showed the damage that a mis-specified state background error covariance
matrix can make in a 3DVar data assimilation system without bias correction, but did
not investigate the impact of mis-specifying the background error covariance matrices in a
VarBC system. We will demonstrate the impact that mis-specifying both By and Bg have
on the state and bias coefficient analysis error covariance matrices, when using VarBC.

RQ 1 will be answered in chapter 4.

RQ 2: What criteria are needed in the anchor observations in order to suc-
cessfully reduce bias in the analysis when both model and observation biases
are present but only observation bias is accounted for?

Eyre (2016) and Laloyaux et al. (2020a) both demonstrated the need for anchor obser-
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vations when correcting for observation/model bias in the presence of both sources of bias,
so that the bias correction was not corrected towards the wrong source of bias. However,
neither studied which properties of anchor observations were more important in reducing
the contamination of bias within a bias correction scheme. Therefore, we will study the

following;:

¢ RQ 2.1: Where are anchor observations most effective in reducing the
contamination of bias? In chapter 2.2, we have discussed that, geographically,
anchor observations do not cover all atmospheric variables across the Earth. There-
fore, where do anchor observations need to lie in comparison to model biases and
biased observations in order to successfully mitigate the contamination of model bias

on the observation bias correction? RQ 2.1 will be answered in chapter 6.

¢ RQ 2.2: When are anchor observations most effective in reducing the
contamination of bias? In 4DVar, observations can be spread throughout the
assimilation window. Does the ability of anchor observations to reduce the contam-
ination of bias in the bias correction differ, depending on whether they are closer to

the beginning or end of the window? RQ 2.2 will be answered in chapters 7 and 8.

¢ RQ 2.3: Does the quality of the anchor observations matter in reducing
the contamination of bias? Eyre (2016) demonstrated how the weighting given
to the anchor observations impacted how sensitive the bias in the analysis was to
the model bias. In a non-scalar system, how do the error covariances between the
background errors and the observation errors interact, and would it be better to
have a full coverage of anchor observations with low precision, or a smaller coverage

with higher precision? RQ 2.3 will be answered in chapters 6, 7 and 8.

RQ3: How important are anchor observations when correcting for model

and/or observation bias?
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Lorente-Plazas and Hacker (2017) compared correcting for observation and/or model
bias in the presence of both biases and found that correcting for only model bias reduced
the error in the state analysis more than only correcting for observation bias, although
they found correcting for both simultaneously reduced the error even more. Operationally,
bias correction methods are mostly used when anchor observations are available. There-
fore, what difference does using anchor observations make when trying to correct one or
both biases in the presence of both? How much better do the bias correction methods
perform when they are able to use anchor observations to mitigate the contamination of

bias? RQ 3 will be answered in chapter 8.

These research questions will be tackled by analytically studying the relevant analysis
equations in VarBC or WC4DVar and will be illustrated using simple numerical systems.
These techniques will allow us to understand the basic theory and to visualise the equa-
tions, which allows us to interpret the equations in both scalar and vector systems under

specific assumptions.

3.4 Summary

In chapter 3 we have presented several papers that have demonstrated bias correction
techniques when both model and observation biases were present. We showed the need
for more understanding of when unbiased observations are able to disentangle model and
observation biases and developed research questions which will be used to shape the re-
maining ideas discussed in this thesis. In the next chapter we will answer research question
1, by studying the effect of mis-specifying the observation bias coefficient background error

covariance matrix in VarBC.
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Chapter 4

Mis-specification of background

error statistics on a VarBC system

4.1 Introduction

As already discussed in section 2.3, VarBC is very important operationally as it allows the
use of biased radiance observations in NWP. However, we showed in section 3.1 that the
background error covariance matrices of both the state and the observation bias coefficient
are only approximations of the true background error covariance matrices. In this chapter
we will study the implication of mis-specifying both By and Bg in VarBC.

In section 3.1 we gave an overview of Eyre and Hilton (2013), which demonstrated how
mis-specifying the state background error covariance matrix can cause the state analysis er-
ror covariance matrix to be larger than the background error covariance matrix in a 3DVar
system. In section 3.1 we also discussed how, when using VarBC, the observation bias co-
efficient background error covariance matrix is only an estimate of the true background
error covariance matrix, designed to limit the growth in the observation bias coefficient,
rather than reflect the 'true' bias coefficient background error covariance matrix (Cameron

& Bell, 2018). Therefore, in this chapter we extend the work of Eyre and Hilton (2013)
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to include VarBC, in order to answer research question 1: what are the consequences of
mis-specifying the background error statistics in VarBC? We will demonstrate the effect of
under- and overestimating both the state and observation bias coefficient background error
covariance matrices on the state and observation bias coefficient analysis error covariance
matrices, in order to highlight the consequences of mis-specifying them.

We will start by calculating the VarBC analysis error covariance matrix equation when
the background error covariance matrix is mis-specified, by following the method in Eyre
and Hilton (2013). The results are then presented in a simple scalar system to give further

understanding.

4.2 Sub-optimal analysis error covariance matrix equations

for the state and observation bias coefficient

In section 2.3 the analysis error covariance matrix in a VarBC system that contains both
the state and observation bias coefficient analysis error covariance matrices, was given in

its most general form in equation (2.69) as,
A, = (I-K,H,)B,([I-KH,)T + K,RKT € RO"7)x(n+r) (4.1)

where K is the sensitivity of the control vector to the observations; Hy is the linearised
observation operator which is a Jacobian of the control vector with respect to the state
x and the observation bias coefficient 3; B, is the background error covariance matrix
for both x and 3; and R is the observation error covariance matrix. Note that equation
(4.1) is equivalent to equation (2.69) and has just been repeated here for convenience
for the reader. If the background and observation error covariance matrices are the true
background and observation error covariance matrices, then K, is optimal. In this case,

we showed in equation (2.71) that the optimal analysis error covariance matrix can be
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written as,

Ay o = (I-K(H,)By,, (4.2)

which is equivalent to equation (2.71), but has been shown here again for convenience.
However, when the background error covariance matrix is mis-specified, i.e. the as-
sumed background error covariance matrix B inputted into the system is not equal to the
true background error covariance matrix By, then the Kalman gain matrix will be given
by,
K? = B*H! (H,B*H! + R)!, (4.3)

where we have denoted K% to be the suboptimal Kalman gain matrix when the assumed
background error covariance matrix is used. Note that, operationally, the observation
error covariance matrix would also only be an assumption of the truth, but, as we are
only interested in the effect of mis-specifying the background error covariance matrix in
this work, we assume the true R has been used. Then, following the same method as
in Eyre and Hilton (2013) but for the control vector that contains both the state and
the observation bias coefficient, we can calculate the sub-optimal analysis error covariance

matrix. Substituting K% into equation (4.1) gives,

A? = (I-K*H,)B,(I - K*H,)" + K2RK*". (4.4)

a

The analysis error covariance matrix, A%,

is still dependent on the true B, as B, comes
from the background errors in the data assimilation system itself, whereas the B% in K%
comes from the assumed error covariance matrices inputted into the system. As K% is
no longer dependent on B, (but instead is dependent on B%), A% can not be reduced

in the same way as in equations (4.1) and (4.2). Adding and subtracting the assumed

background error covariance matrix to the true background error covariance matrix in

66



10

11

12

13

14

15

16

equation (4.4) gives,
A? = (I - K*H,)(B, + B* - BY)(I - K*H,)T + K*RK?T, (4.5)

and expanding gives,
A% = (I-K{H,)B{(I-K{H,)" + KiRK;" + (I-K}H,)(B, - B})(I-KiH,)". (4.6)

The first two terms are equal to equation (4.1) for B, = B%, which we showed in equation

(4.2) can be simplified to Ay opt. Therefore, equation (4.6) can be simplified to
Aj =AY+ (1- K{Hy)(By - BY) (I - K{H,)T, (4.7)

where AY 1 is equation (4.2) when By = BY. Equation (4.7) is an extension of equation
(10) in Eyre and Hilton (2013) to include the observation bias coefficient in the control
vector in the analysis error variance when both the state and background error covariance
matrices are mis-specified. It is the sum of the optimal analysis error covariance matrix
if the assumed background error covariance matrix is equal to the true background error
covariance matrix, and a product of matrices which is linearly dependent on the difference
between the true background error covariance matrix and the assumed background error
covariance matrix.

In order to determine how the state analysis error covariance matrix and the obser-
vation bias coefficient analysis error covariance matrix are dependent on the errors in the
assumed state and bias coefficient background error covariance matrices, we can separate

A? from equation (4.7) into its x and 3 parts, as

Ay Ay
A, = (4.8)
ABX A.B
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as in equation (2.70) in section 2.3. To write equation (4.7) in terms of its state and
observation bias coefficient parts, we first expand A7 ¢ by writing: K in terms of K§

and K3; Hy in terms of H and Cg; and B in terms of BY and Bj:

a n+r Ki B?‘ 0
v,opt — (I - H, CB ) s (49)
K? 0 B3

where I € RO (+7) js the identity matrix of dimension n + 7 (ie. the dimension of
the state and bias coefficient combined); H € R™*" is the linearised observation operator
as defined in section 2.1; Cg € R™*" is the linearised bias correction with respect to 3 as
defined in section 2.3; BS € R™*" and Bj € R™" are the assumed state and bias coefficient
background error covariance matrices respectively; K% € R™ ™ is the sensitivity of the

state to the observations and is given by,

K = B:H'(HB:H' + C;B3C! +R) ™

(4.10)
which is equivalent to the Ky as defined in equation (2.52), but for By = B} and Bg = B;
and Kaﬂ € R™™ ig the sensitivity of the bias coefficient to the observations and is given
by,
-1
% =BjCj(HBJH" + C3B3C) + R) (4.11)

which is equivalent to the K as defined in equation (2.53) but for By = B and Bg = Bj.
Simplifying equation (4.9) gives the form of the optimal analysis error covariance matrix

for the state and observation bias coefficient when B, = B as,

. [@-KHB; -KiCsBj
v,opt T )

~K3HB®  (I' — K%Cj)BY

(4.12)

where A?

v.opt 15 symmetric, and can be shown by expanding K{CsBj and KZHBY respec-
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tively to show they are equal.
Next, to continue expanding A% into its state and observation bias coefficient parts,

we expand the second term of equation (4.7) into its x and 3 parts,

(I - K?/Hv)(BV - B%)(I - KiHv)T

K? B, — B2 0 a T
G W [ S WICE
(4.13)
which gives,
_ [ -KH)(Bx - By -KiCs(Bs — Bp) y (" -KH)T  —(K3H)"
-KEH(B, - BY)  (I' - KjCp)(Bs — Bj) —(KiCp)"  (I' —K3Cp)"
(4.14)

Therefore expanding the final matrix multiplication from equation (4.14) and adding to
equation (4.12) gives us the analysis error covariance matrix in terms of its x and 3
elements. We can separate the four elements of the matrix into Ay, Ay, Agy and Ag as

in equation (4.8) to give,

Ay = (I" - K{H)B; + (I" — K{H) (By — BY)(I" - K{H)T + K(Cp(Bg — Bj)(KiCp)', (4.15)

Ays = —KiCyBj + (I" — KiH)(B, — BY)(-K3H)" — KiCy(Bs — Bj)(I" — K3Cp)", (4.16)
Agy = ~K¥HB? — K3H(By — B2)(I" - K3H)T + (I - K3Cg)(B; — B3)(-K2Cp)T,  (4.17)

Ag = (I" = K%Cp)B% + K¥H(By — B2)(K3H)" + (I — K3Cp)(Bs — BY)(I" — K3Cp)".
(4.18)
It is simple to check that Ayg and Ag, are transposes of each other and can be calculated
by expanding K% and Kfj respectively as in equations (4.10) and (4.11). Axp and Apgy

represent the analysis error covariances between the state and the bias coefficient. In
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this chapter we are only concerned with how the mis-specification of By and Bj impact
A, and Ag, not Ayg and Agy, as the cross-covariance matrices are less important when
estimating the state and the observation bias coefficient. Therefore, we will not study A4z
and Agy any further.

Equations (4.15) and (4.18) show that the analysis error covariance matrices for both
the state and observation bias coefficient are sensitive to the mis-specification of both
the state and the observation bias coefficient background error covariance matrices, as
both are dependent on By — BY and Bg — Bj. The sensitivity of the state analysis error
covariance matrix to the mis-specification of By and Bj in equation (4.15) is controlled
by K% and the sensitivity of the bias coefficient analysis error covariance matrix to the
mis-specification of B{ and Bj in equation (4.18) is controlled by K.

In equation (4.15), if K§Cp tends to the zero matrix, which would occur when: the
bias correction is independent of the observation bias coefficient (Cz = 0), which would be
more similar to a static correction scheme as described in section 2.3; or when the assumed
state background error variance is very small (B — 0, therefore K% — 0), then A, will
be independent of the mis-specification of Bg. However, these are uninteresting cases as
they would mean the data assimilation is entirely reliant on the state background, rather
than observations, to make an update to the system. Equivalently, in equation (4.18),
if K%H tends to the zero vector, which would occur when: there are no observations
(H = 0); or when the assumed bias coefficient background error variance is very small
(B — 0, therefore K — 0), then Az would be independent of the mis-specification of
B%. However, these are also both uninteresting cases as the observations would not be
used in the VarBC system. Therefore it is clear that, in general, both Ay and Ag are
sensitive to the mis-specification of both B and Bj.

In order to understand equations (4.15) and (4.18) further, we will study the theoretical
scalar case when there is one state that is observed by one biased observation, which is

corrected using VarBC.
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4.3 Scalar example

The danger zone of the analysis error variance in the scalar case was defined in Eyre
and Hilton (2013) to be when the analysis error variance is larger than the corresponding

background error variance. We can extend this to VarBC, such that the danger zone of

2

the state analysis is when o2 > of , where o2,

is the scalar state analysis error variance
and ng is the scalar state background error variance. Furthermore, we can define the
danger zone of the bias coefficient analysis to be when agﬂ > O'gﬁ, where agﬁ is the scalar
bias coefficient analysis error variance and agﬁ is the scalar bias coefficient background
error variance.

In order to investigate when the state and bias coefficient analysis error variances fall

into the danger zones based on the choice of state and bias-coefficient background error

variances, we look at the scalar cases of equations (4.15) and (4.18), which are given by,

O = (1= kZh)oig + (1 = k3h)* (o7 — o77) + (kies)* (ot — o), (4.19)

025 = (1= kjeg)ons + (k3h)* (0t — oi) + (1 = kfics)*(0b5 — 063), (4.20)

where k%, kf, h and cg are given in italic lower case to show that they are scalar and kg

and kj are given by,

2
a ngh
_ 7 4.21
02?4 oﬁ%c% + o2 (4.21)
o?2c
K = b5 P (4.22)

B of2h? + Uﬁ%c% + 02

Equations (4.19) and (4.20) are symmetric to each other. The first term for both the state
and bias coefficient analysis error variance are the optimal analysis error variances if the
assumed background error variances are correct. The self-sensitivity background terms are

the difference terms for their own background error variances, multiplied by (1 — k%h)? or
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(1-— k‘g%)z respectively. The cross-sensitivity background terms are the difference terms
for the other background error variances (ie. the bias coefficient background error variance
for the state analysis error variance and the state background error variance for the bias
coefficient analysis error variance), multiplied by (k%cs)? or (k‘gh)2 respectively.

In order to test when equations (4.19) and (4.20) fall into their respective danger
zones, we study o2, and agﬁ when the parameters have given values. The observations are
assumed to be direct and the biases linear with respect to 3, such that h = cg = 1. For
each experiment we vary either k2 or kg and either oﬁi or aﬁ% and keep the other values
constant. Note that k% and kzg would be dependent on U{f{ and ag%, but for simplicity, we
have varied them mutually exclusively so that our results are less reliant on the specific
parameters chosen. In practice, varying k% would be equivalent to varying the observation
error variance.

In figure 4.1 we have plotted o2, from equation (4.19) whilst varying the sensitivity of
the state to the observations (k2) and the assumed state background error variance (o92).
The true state background error variance (o) is 0.75, which is denoted by the dotted line:
when 072 is to the left of the line it has been underestimated; and when it is to the right of
the line it has been overestimated. The assumed bias coefficient background error variance
is set to ag% = 1. The state analysis error variance has been plotted for two cases of the
true bias coeflicient background error variance: when agﬂ = 1.5 (ie. the bias coefficient
background error variance has been underestimated) in figure 4.1a; and when agﬁ =0.5
(ie. the bias coefficient background error variance has been overestimated) in figure 4.1b.
The boundary of the danger zone is marked by the white dashed contour line at the value
of the true state background error variance. State analysis error variance values larger

than the contour fall into the danger zone, as o2, > ng in these areas. The white spaces

2

are where o,

are negative, so have been removed. These negative error variance values
come from impossible values of k% as it would require the observation error variance to

also be negative, so are unrealistic.
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Figure 4.1: o2 varying both k% and of2. h = cg = 1. of = 1, o, = 0.75. (a) ofy = 1.5
(underestimating oiz) and (b) ofy = 0.5 (overestimating oiz). White dashed line shows when

02, = ot . Black dotted line shows when o2 = of, .
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In figure 4.1a, the state analysis error variance only falls into the danger zone when
Jﬁi is greater than twice the true value, as the true state background error variance was
defined as 0.75. This suggests that underestimating the state background error variance
keeps the analysis error variance away from the danger zone.

In figure 4.1b, the danger zone has been reduced compared to figure 4.1a, which implies
that overestimating ag% reduces the likelihood that o2 will fall into the danger zone. As
in figure 4.1a, underestimating the background error variance, or also putting more trust
into the observations (such that k2 > 0.3) keeps the state analysis error variance away
from the danger zone.

In figure 4.2 we have again plotted o2, from equation (4.19), but have now varied k2 and
Ug%. The true observation bias coefficient background error variance is aﬁﬁ = 0.75, which
is shown by the dotted black line. When aﬁ% is to the left of the dotted line it has been
underestimated and when it is to the right of the dotted line it has been overestimated.
The assumed state background error variance is set to aﬁi = 1. The state analysis error
variance has been plotted for two cases of the true state background error variance: when
o2 = 1.5 (ie. the state background error variance is underestimated) in figure 4.2a; and
when o= 0.5 (ie. the state background error variance is overestimated) in figure 4.2b.

In figure 4.2a, we have underestimated the state background error variance, which has
meant that o2, is always less than the true state background error variance, 1.5, and thus
the danger zone has disappeared, which is consistent with figure 4.1. However, the values
of the state analysis error variance are more dependent on k% than aﬁ%, with larger state
analysis error variance when k2 is smaller.

In figure 4.2b, we have overestimated the state background error variance. The danger
zone occurs when the bias coefficient background error variance has been underestimated,
but in this case, the sensitivity of the observations (ie. the value of k%) does not impact
whether the state analysis error variance is in the danger zone.

Overall, figures 4.1 and 4.2 show that, for the scalar case, the danger zone of o2, is
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Figure 4.2: As in figure 4.1 but varying k% and of%. ofg = 0.75, 02 = 1. (a) of, = 1.5

(underestimating o2, ) and (b) of, = 0.5 (overestimating of,). White dashed line shows when

o2 = o} . Black dotted line shows when Uﬁ% = agﬁ.
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avoided when the state background error variance is underestimated, as was the case in
a data assimilation system without bias correction (Eyre & Hilton, 2013). Furthermore,
the likelihood of falling into the danger zone is further reduced when the bias coefficient
background error variance is overestimated. In general, the likelihood of falling into the
danger zone is also reduced when k% is larger, which can happen when more weight is
given to the observations, as can be seen by decreasing o2 in equation (4.21). This makes
sense as the higher the weighting of the observations, the less the weighting of the back-
ground error variances, so mis-specifying the background error variances will have less
of an impact. Therefore, mis-specifying the background error covariance matrices will
be more detrimental in regions with sparser observations, for example, over the southern
hemisphere in the lower troposphere, as we discussed in chapter 2.2.

The scalar equations for o2, and agﬁ mirror each other, so the results for o2, and O'Zﬂ
are symmetric between the self-sensitivity and the cross sensitivity parts. We found that
in order to avoid the state analysis danger zone, it is better to underestimate the state
background error variance and overestimate the bias coefficient background error variance.
Therefore, in order to avoid the bias coefficient analysis danger zone the opposite is true: it
is better to underestimate the bias coefficient background error variance and overestimate
the state background error variance. Therefore, in order to safely avoid one danger zone,

we risk falling into the other.

4.4 Conclusions and summary

To understand why VarBC may not produce the optimal estimate when correcting for
observation bias, we have studied the consequences of mis-specifying the state and obser-
vation bias coefficient background error covariance matrices in VarBC, in order to answer
research question 1.

Eyre and Hilton (2013) found that mis-specifying the background error covariance
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matrix in a system without bias correction could lead to the occurrence of a danger zone,
in which analysis error variances are larger than the background error variances. In this
chapter we have extended their work to a VarBC system, to account for mis-specifying both
the state and bias coefficient background error covariance matrices. In VarBC, both the
state and bias coefficient analysis error covariance matrices can be calculated, therefore we
found that both a state and bias coefficient danger zone can exist. In equations (4.15) and
(4.18) we have shown that both of these analysis error covariance matrices will be different
from the optimal analysis error covariance matrices if the state and/or bias coefficient
background error covariance matrices have been mis-specified.

In order to more clearly understand the impact of mis-specifying the background error
covariance matrices, we have studied the analysis error variance in a scalar example (equa-
tions (4.19) and (4.20)), where we were easily able to vary some of the parameters. As in
Eyre and Hilton (2013), we defined the state danger zone to be when the state analysis
error variance was larger than the true state background error variance. We also extended
Eyre and Hilton (2013) to include a bias coefficient danger zone, which we defined as
when the bias coefficient analysis error variance was larger than the true bias coefficient
background error variance. In these danger zones, the data assimilation system was detri-
mental in estimating the analysis statistics, as the analysis had larger error variances than
the background.

Across four different experiments (figures 4.1 - 4.2) we varied the values given for the
state sensitivities to the observations and the assumed state/bias coefficient background
error variances to test when the danger zone was avoided. Our results showed that un-
derestimating the state background error variance and overestimating the bias coefficient
background error variance avoided the state analysis danger zone, but that the opposite
was true to avoid the bias coefficient analysis danger zone: we needed to overestimate the
state background error variance and underestimate the bias coefficient background error

variance. As avoiding one danger zone made the other danger zone more likely, it poses
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the question: which danger zone is more detrimental to the overall analysis estimate? If
the state analysis error variance is larger than the state background error variance, then
the data assimilation system has not improved the state analysis estimate from the back-
ground estimate and hence there has been no improvement in using data assimilation to
estimate the state. However, if the bias coefficient analysis error variance is larger than
the bias coefficient background error variance, then the observation bias correction will
not adapt to changing observations and would perhaps be more similar to a static bias cor-
rection scheme, which can be more sensitive to model biases, as was discussed in chapter
2.3.

In this chapter we have mostly studied the impact of mis-specifying the background
error variances in a scalar system, to begin to answer research question 1. However,
this work should be extended to study the impact of mis-specifying the background error
covariance matrices in a vector system, particularly understanding the impact of mis-
specifying the background error covariances compared to mis-specifying the background
error variances.

Chapter 4 has demonstrated the impact of mis-specifying the state and bias coefficient
background error variances in VarBC, in order to understand why VarBC may give sub-
optimal results when correcting for observation bias. In the next chapter we will discuss
the design of the numerical experiments that will later be used to support our theoret-
ical findings in chapters that study the role of unbiased observations in the presence of

observation and model biases.
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Chapter 5

Experimental design

In this chapter we will discuss the design of a simple numerical DA system that uses the
Lorenz 96 model (Lorenz, 1996). This system will be used in chapters 6 - 8 to demonstrate
our theoretical results in a multi-variable system. The Lorenz 96 model has been used
in many DA test systems to study predictability, particularly in weather and climate
prediction (e.g Brajard et al., 2020; Fertig et al., 2007; Ott et al., 2004). We have chosen
the Lorenz 96 model as on average the errors from a perturbation grow, and because the
model parameters can be chosen to control how quickly it displays chaotic behaviour, so we
can control how quickly a perturbed model deviates from the true model and therefore can
perform controlled experiments with model error. It is also useful to use a low-dimensional
model compared to an operational model, as it allows us to visualise our results, without
having to control or assign too many parameters. However, the Lorenz 96 model is a
simplified model compared to operational models, which means that the experiments will
miss out some complexities, for example, all variables have the same length scale and

therefore will have similar dynamics to each other.
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5.1 Lorenz 96

The Lorenz 96 model (Lorenz, 1996) (which we will refer to just as Lorenz 96) is a system
of coupled ordinary differential equations which describe the transfer of a quantity via
advection, dissipation and external forcing. The system contains n variables: X, ..., X,

on a periodic circular domain, and is governed by n equations:

dX
d—tk = —XpoXp—1+ X1 X1 — Xp + F, (5.1)

where £k = 0,...,n — 1 is the spatial index and F' is independent of k. Note that as the
spatial domain is circular, Xo = X,, and X1 = X,,11. The first two terms, — X o X 1 +
Xi_1Xka11, are the advection terms: they simulate the flow out of and into the k™ variable.
The third term, — X, is the internal dissipation, where a fraction of the quantity present
is destroyed or dissipated. The fourth term, F', is the simulated forcing which is added to
each variable X..

For very small values of F', the solutions of equation (5.1) decays to the steady solution,
such that Xg = ... = X,,_1 = F. If F is larger, then the solutions have periodic behaviour
and if F is larger still, the solutions have chaotic behaviour. Karimi and Paul (2010)
tested how Lorenz 96 changes behaviour with different sized spatial domains (ie. varying
n) and with different forcing parameters (ie. varying F'). They found that the solutions to
equation (5.1) switched between chaotic and periodic behaviour when the spatial domain
was varied. For example, when n = 38 and F' = 5, the solution had periodic behaviour,
but when n = 22 or n = 47 (and F' = 5) the solution had chaotic behaviour. Increasing
the forcing term to 10, regardless of the size of n, also caused the solution to have chaotic
behaviour. Several data assimilation experiments that have used Lorenz 96 have chosen
n = 40 and F' = 8, which gives a solution with chaotic behaviour (e.g. Brajard et al.,

2020; Fertig et al., 2007; Ott et al., 2004).
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Lorenz (1996) argues that equation (5.1) can be reasonably compared to an atmo-
spheric variable such as atmospheric temperature on a latitudinal circle. Each state so-
lution tends to lie between about -5 and 10 with no true periodicity. Also, due to the
symmetry in the model, all the variables have statistically similar behaviour. When the
number of variables is around 36 (or higher) the error doubling time for the model can
be comparable to the error doubling time of global circulation models, which is about 1.5
days, assuming 1 time unit of the model is 5 days (Lorenz, 2005). However, it should be
noted that this is a simplification, partly because the global circulation models have errors
that grow differently in different scales. For example, planetary and synoptic scales may
grow more slowly, whereas smaller scales are more likely to have errors that would grow
(and dissipate) much more quickly. Equation (5.1) does not account for these different
scales, but is useful for a basic comparison to some atmospheric variables.

In our experiments, we have numerically solved equation (5.1) using the fourth order
Runge-Kutta scheme, with time step dt = 0.0125, which is approximately equal to 1.5
hours (given that the time unit of equation (5.1) is 5 days). As in other previous data
assimilation studies that used Lorenz 96 (e.g Brajard et al., 2020; Fertig et al., 2007; Ott
et al., 2004), we chose n = 40 and F' = 8 to give a solution with chaotic behaviour. We
initially ran the model for 10° time steps from a sine curve to allow the model to settle into
its climatology and took the final time step as the initial conditions for our experiments.

In figure 5.1 we have plotted Lorenz 96 for 100 time steps for four evenly distributed
state variables (xg, X109, X20 and x30) from our initial conditions (black lines) and from
perturbed initial conditions (blue lines), where the perturbation has come from adding
a random number from a Gaussian distribution with mean zero and variance one to the
initial conditions. The values of the perturbed and true trajectories roughly stay within the
same maxima and minima, but the perturbed trajectory deviates from the true trajectory
across the time steps, especially when the initial condition is very different to the true

initial conditions, as for state x19. Increasing the time step would exacerbate the difference
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Figure 5.1: Two model runs with the Lorenz 96 model from true initial conditions (black) and
perturbed initial conditions (blue) for 100 time steps, where the time step is given by 0.0125.

between a perturbation and the true run. In our numerical experiments in chapters 6 -
8 we have chosen the time step of 0.0125 so that the system does not exhibit chaotic
behaviour quickly and random perturbations do not immediately deviate substantially
from the true trajectory. This allows us to have more control over the system.

In our numerical experiments in chapters 6 - 8 we are interested in how model bias
contaminates the data assimilation system. We can add model bias to the system by
changing the forcing term in equation (5.1). In figure 5.2 we have run an experiment,
whereby we have changed the forcing parameter for each run. The black line has the
'true' forcing of 8, and the other trajectories have forcings of 8.8 and 12 respectively.
When the forcing has only been changed by 10% to 8.8, the trajectory is very similar
to the true model, but when the forcing has been increased by 50%, the trajectory has
changed more drastically. As we saw in chapter 2, operationally, the model biases tend

to be smaller than the observation biases. Therefore, in chapter 6 we have set the biased
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Figure 5.2: Two model runs with the Lorenz 96 model with different forcing values, initialised from
the same initial conditions, time step = 0.0125.

model to have a forcing of 8.8, so that the model trajectory has not significantly changed,
and the bias only has a small effect on the analysis. In chapters 7 and 8 we want to directly
compare the observation and model bias corrections, so want the observation and model
biases to have similar impacts on the analysis. Therefore, we have chosen the larger forcing
of 12 in those chapters so that the model causes a similar overall bias in the analysis as
the biased observations cause in the analysis. Obviously, in an operational system model
biases will often be more complicated and could vary across the domain, for example land
surfaces can be difficult to model and sharp vertical gradients can be difficult to capture
in the equations, as we discussed in section 2.4. However, this simple introduction of
model biases is useful as an initial step in understanding how well the data assimilation

can estimate a model bias with known structure.
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5.2 Data assimilation set up

In this section we will discuss the setup of the DA system we will use in our numerical
experiments.

Although usually in data assimilation the truth is unknown, in our numerical experi-
ments we are able to use the numerical solution of equation (5.1) as our true state (denoted
by x*), which forms the basis of our identical twin experiments. It is useful to know the
truth to demonstrate our theoretical findings as we can explicitly know the errors in the
system, so can easily compare different scenarios. We have set the data assimilation cycles
to occur every 10 time steps to allow perturbations in the model to slightly deviate away
from the truth between analyses. The cost function was minimised using the conjugate-

gradient method.

5.2.1 Simulating observations

We set the observations to directly observe the state, such that

y = Hx' + e° € R™, (5.2)

where y € R™ is a vector that holds all observations, with m the number of observations;
x' € R% is a vector that holds the true state; H € R™ is the linearised observation operator
that maps the state from state space to observation space; and e° is the observation
error which could be random and/or systematic. We have defined the observation error
covariance matrix R to be o2 multiplied by the identity matrix. This means that we have
assumed that the random part of the observation errors are uncorrelated, an assumption
that has been used in the past in operational numerical weather prediction in order to
simplify the inverse matrix, although modern numerical weather prediction systems tend

(¢}

to now use satellite inter-channel correlations (Waller et al., 2016). €° is a vector of

84



10

11

12

13

14

15

16

17

18

19

20

21

22

23

random numbers from a Gaussian distribution with mean b° and variance 2. We will
set some observations to have a known bias and some to be unbiased (which will be the
anchor observations). For the biased observations, 0° is nonzero so that the observation
error is both random and biased. For the unbiased observations, b° is zero such that the
observation error is random and unbiased.

Operationally, the majority of observations come from indirect observations such as
radiance observations (Lorenc & Marriott, 2014). In our numerical experiments we have
chosen to include only direct observations, as this simplification allows us to understand
where the errors in the observations come from, as well as the structure of the errors.

Therefore the linearised observation operator, H, has values of 1 where the state is observed

and 0 if the state is not observed.

5.2.2 Generating the background error covariance matrix

At the initial time the background states are defined as the truth plus an error, given by,

x? = x' +eP e RY, (5.3)

b

where x" is a vector containing the background states and e is the background error

b

» is a vector of random numbers from a

which could be random and/or systematic. e
Gaussian distribution with mean b® and error covariance matrix B.. If elements from bP
are zero, then the background states associated with those elements will have unbiased
random error and if elements of bP are nonzero then the background states associated
with those elements will have random and biased error. Two forms of By are used within
this thesis. One is created using the climatological background error covariance matrix of
the system, which is explained below in section 5.2.2.1. This is used so that there are no

additional errors from mis-specifying the background error covariance matrix, as explored

in chapter 4. The other background error covariance matrix used has error variances
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given by a prescribed ng and error correlations given by the SOAR (second order auto
regressive) correlation function, which has previously been used to model the background
error correlations of the atmosphere (e.g. Ingleby, 2001; Simonin et al., 2014). The SOAR

correlation function is given by,

k  _x
o= (14 2 )e (5.4)
Ly,

where k is the index from 1 to 5; Ly, is the length scale; and e is the exponential function.

n
20

For values greater than %, sj is repeated in opposite order such that the vector s (which
contains all si) is palindromic. To calculate By, s is transformed into a circular matrix
and multiplied by ogx. We have used the SOAR correlation function to calculate By, to
control the length scales of the error correlations.

At subsequent cycles, the background states are taken to be the analysis states of the
previous cycle after they have been evolved forward via the numerical solution of equation

(5.1) to the correct time step. However, the background error covariance matrix is taken

to be static, such that it is constant for different assimilation cycles.

5.2.2.1 Generating a climatological B

Note that this explanation of calculating the climatological background error covariance
matrix has been adapted from our description in Francis et al. (2023).

A sample estimate of the climatological By matrix is derived from an ensemble of DA
experiments cycled in time. The estimate of By is sensitive to the assumed value of By used
within the data assimilation system for the experiments. We therefore repeat the method
a second time with the new estimate of By, to get a second estimate of By. We found
that two iterations were sufficient for the estimate of By to converge to an appropriate
climatological estimate for Lorenz 96, assimilating observations at every spatial variable.

On the first iteration, the background error covariance matrix for the state is calculated
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using the SOAR error correlation function as in equation (5.4), with error variance o2, = 1

and length scale Ly, = 1. At the initial time, an ensemble of 15 background states are
calculated using equation (5.3), each with a different random error and b® = 0. From the
observations and background states, an ensemble of analyses was generated. The analysis
ensemble was then evolved forward via the model by 10 time steps to give the background
ensemble at the start of the next assimilation window. The background ensemble at any

given time step greater than 0 is given by,

b
Xit1,i = mt(x?,i)a 5F+1,z' = 522'7 (5.5)

where t is the time index; 7 is the ensemble member index; and my(x;,;) is the assimilation
model that takes the state from time step ¢ to ¢t + 1. Note that if the forcing has been
changed to add a model bias, then m; could be different to the true model. The errors
between the background of each ensemble member and the true state at the same time
are given by,

€ :xg—xi«. (5.6)

The analysis ensemble was cycled for 700 assimilation windows to provide in total 10500
samples (700 cycles x 15 realisations) of the background error, equation (5.6). 700 cycles
were chosen to ensure that By was not dependent on a particular time step, so that it
could be used statically across multiple windows. We chose to only use 15 realisations as
we needed some realisations to account for the background error at the initial cycle, but
as there was already a lot of data from the 700 cycles, to save on computing power, a
small number of realisations was adequate. From these 10500 samples of 62 we were then

able to update the climatological estimate of the By matrix, by calculating the sample
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covariances of all state background errors €?

Xt,i’
700 <15 /b b \(.b zb
o b b B D=1 i:l(ijt,,- - exj)(Exk;t,i - exk) 57
OV(€dj, v Exbyi) = 10500 — 1 ) (5.7)
where ezjt . and ezkt . are the background errors for the 7" and k'™ variables of the state

at time t, ensemble member 7; and EEJ- and E)tzk are the mean background errors from the
10500 samples at state variables j and k respectively. If the model has a bias, then the
background errors will also be biased. However, as we are comparing the background
errors to each other (and they would all have the same bias), the bias would not affect the
error covariances, as the values are just how much they vary around the mean.

To remove noise caused by the limited sample estimate of By, we set the covariances
between state variables further than 5 grid points apart to 0. An example of the back-
ground error covariance matrix from the initial iteration is shown in figure 5.3, when the
observation and background error variances are initially equal and set to 1 and the true
forcing is used. Figure 5.3a shows the random noise on the error covariances and figure
5.3b shows By when the noise has been removed. As the state variables are on a circular
domain, xg and x39 have a correlation to each other as they would be next to each other
in the domain.

Using the new By, a new background error covariance matrix was calculated from
equations (5.5) to (5.7), again using 700 cycles and 15 realisations. After removing the
random noise, this background error covariance matrix was taken to be the climatological
background error covariance matrix in the numerical experiments, as further iterations
were not found to make significant changes. Again, an example of the state background
error covariance matrix is shown in figure 5.4, when the observation and background error
variances are initialised to equal 1 and the true F' is used. Figure 5.4a shows the back-
ground error covariance matrix after the cycling, and figure 5.4b shows the background

error covariance matrix after the random noise has been removed. When the observa-
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Figure 5.3: The climatological By calculated from an ensemble, after the initial iteration.

tion error variances are larger, then the state analysis error variances are larger, so the
background error variances in the next cycle are also larger and when the observation
error variances are smaller, the opposite is true, ie. the background error variances of the
next cycles are smaller. However, the general structure of By remains the same for all

experiments that use the climatological B..
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Figure 5.4: The climatological By calculated from an ensemble, after the second iteration.
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5.2.3 Correcting for observation bias (VarBC)

We will now describe the observation bias correction setup that uses VarBC, as described
in section 2.3. The observation bias is added to the observations linearly, as shown in
equation (5.2), with a constant bias across all observations. This means that, in this
case, the observation bias correction is not a function of x”, only a function of the scalar

observation bias coefficient such that it is given by,

c(x",B8) = B, (5.8)

where the 3 that is to be predicted is a direct estimate of the true bias (8* = °). This
can be compared to equation (2.41), where we have chosen one predictor, with p(x) = 1.
The linearised bias correction about the state (Cy) and observation bias coefficient (Cpg)

respectively as in equation (2.48) are therefore,
Co=0, Cp=1. (5.9)

As the bias is constant across all observations, 5 is a scalar. Therefore the control vector
is given by,

X

v = . (5.10)
B

At the initial cycle, the background observation bias coefficient is defined as the true

observation bias coefficient plus an error,

5P =B+ el (5.11)
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where 3% is the true observation bias coefficient; and eg is the error in the observation bias
coefficient background, generated by a random number from a Gaussian distribution with
mean zero and variance agﬁ. As for the state background error covariance matrix, U%B
is defined in two different ways, depending on the experiment. Either the climatological
Jg 5 1s calculated simultaneously with the state background error covariance matrix, in the
same method as described in section 5.2.2.1, or it is predefined by a given value, which
will be defined in each experiment. When the climatological 0%5 is calculated, it is an
order of magnitude smaller than the state background error variances. This is because the
observation bias is set to be constant across cycles, so there is less room for error growth.
The background error covariances between the state and the observation bias coefficient
are manually set to zero, to align with the separation of the state and observation bias
coefficient in the cost function, equation (2.45).

In subsequent cycles, 8” is defined as the 8 from the previous cycle. Note that the
observation bias coefficient is considered to be roughly constant between cycles, so the

model evolving the observation bias coefficient analysis between cycles is just the identity.

5.2.4 Correcting for model bias (WC4DVar)

In this section we will describe the model bias correction set up, that uses WC4DVar, as
described in chapter 2.5. A model or background bias can be added to the system in two
ways: by adding a biased error to the background (ie. bP is nonzero) to give a background
bias; or by changing the forcing term in equation (5.1) to give a model bias, such that the
model that evolves the state forward in time is different to the model that generates the
observations. Note that artificially adding a background bias is only useful if the system is
not cycled, as a biased analysis will lead to a biased background in the next cycle anyway.

If the forcing term in equation (5.1) is changed from F' to Fijased, then a model bias
will occur in the form of

Xi 11 = mi(x;) + ', (5.12)
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where x; is the state at time ¢; m; is the assimilation model which now uses Fjjaseq instead

of F; and n' is the true model bias, calculated by
nt = (Fbiased - F) X dt. (513)

As Fiiaseq is constant across all states, the model bias can be estimated as a scalar 7

multiplied by a vector of ones, such that the control vector for WC4DVar becomes,

p= . (5.14)

The background model bias estimate is defined as the true model bias plus a random error,

’)’]b = nt + 62, (515)

b

where ep

is the error in the model bias estimate background, given by a random number

2
bn*

from a Gaussian distribution with mean zero and variance o The background model
bias estimate error variance is defined as ten percent of the average state background
error variances, as the model errors will be much smaller than the background errors,
because the model errors are the errors in the estimate of 1 at one time step, whereas the
background errors are the accumulation of errors across the whole window. The model
bias is taken to be approximately constant between cycles so that 1P in future cycles is

given by the n® of the previous cycle (so the model between cycles for the model bias

estimate is the identity).

5.3 Summary

In chapter 5 we have discussed the set up for the numerical experiments that will be used

in chapters 6-8. The Lorenz 96 model was described in more detail, with some basic exper-
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iments to demonstrate the dynamical behaviour. An explanation of the data assimilation
set up was given, as well as an explanation of the two bias correction techniques used. In
the next chapter, we study the characteristics of anchor observations needed to be able to
reduce the contamination of model bias in observation bias correction in 3DVar to begin to
answer research question 2. We will use numerical experiments with the set up described

in chapter 5 to demonstrate our theoretical results.
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Chapter 6

The role of anchor observations in
VarBC in the presence of model
bias. Part I: The importance of

the location of anchor observations

6.1 Introduction

In section 3.2 we discussed the results of Eyre (2016) who demonstrated, in a scalar system,
the need for anchor observations when correcting for observation bias in the presence of
model bias. Eyre (2016) showed that, if model bias is present in a VarBC system, then, as
the number of anchor observations reduces, the observation bias correction is more affected
by model bias, so the analysis will be pulled towards the model bias. In this study, we
extend the work of Eyre (2016) by looking at a multivariate system with explicit random
error to understand the importance of the locations of anchor observations and the anchor

observation uncertainty characteristics in reducing the effect of the model bias on the
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observation bias correction in order to answer research questions 2.1 and 2.3. Note that
this chapter has been adapted for this thesis from our paper: Francis et al. (2023).

In section 6.2 we will extend current VarBC theory to include both bias-corrected
and anchor observations to demonstrate the role of anchor observations in reducing the
contamination of model bias in 3DVarBC: in section 6.2.1 we study the importance of the
location of the anchor observations relative to the bias-corrected observations; in section
6.2.2 we study the importance of the location of the anchor observations relative to the
locations of model bias; and in section 6.2.3 we demonstrate how bias in the analysed bias
correction coefficients filters into the state analysis in subsequent cycles. In section 6.3
we test the theory using the idealised 40 variable model of the atmosphere as described
in chapter 5 to show: how the observation bias coefficients are affected by model bias,
depending on the precision of the anchor observations (section 6.3.1.1); the effect of anchor
and bias-corrected observations observing different parts of the state (section 6.3.1.2);
and how the model bias contaminates both the observation bias correction and the state
estimation when VarBC is cycled (section 6.3.2.1). Finally we present our conclusions and

further discussion in section 6.4.

6.2 The importance of anchor observations in 3DVarBC:

theoretical results

We can extend current VarBC theory, as described in section 2.3, to include two obser-
vation types: one that is bias-corrected, which will be labelled y ;), and one that is not
bias-corrected, which will act as our anchor observations, labelled y (). Note that we
assume that the anchor observations are unbiased.

In order to separate the roles of the bias-corrected and anchor observations, we write
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equations (2.54) and (2.55) in terms of y ;) € R™ and y(5) € R™?, as

a b
X =x + KXy(l)d(l) + ny(2>d(2), (61)

B = Bb + K,By(l)d(l) + Kﬁy(g)d@), (6.2)

where we have assumed that there are no correlations between the errors in the bias-
corrected and anchor observations and where the innovation vectors for the bias-corrected

and anchor observations are given by,

dy =y — hay(x") = c(x",8°);  dig) =y — he)(x). (6.3)

We have denoted K and K to be the sensitivities of the state analysis to the

Y1) *¥(2)

bias-corrected and anchor observations respectively; and Kﬁy@) and Kgy@) to be the sen-
sitivities of the bias coefficient analysis to the bias-corrected and anchor observations

respectively. These four Kalman gain matrices are stored in the matrix Kj:

K K

KV — BVHI(HVBVHg + R)fl _ XY (1) XY (2) c IR(TL+T)><(T)11+T)12)7 (64)

K/BY(I) Kﬁ}’@)

where Hy now includes the linearised observation operators from both types of observa-

tions and is given by,

H,(v) = e RimiFm2)x(ntr) (6.5)

H ;) is the Jacobian of the bias-corrected observation operator h(;)(x); H(g) is the Jacobian
of the anchor observation operator hy)(x); and Cg is the Jacobian of ¢(xP, B) with respect

to 8. B,y is the background error covariance matrix for the state (B,) and the bias
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coefficient (Bg), assuming that there are no error correlations between the state and
observation bias coefficient, as given by equation (2.43) in section 2.3. The observation
error covariance matrix (R) for the bias-corrected and anchor observations, is given by,

R(l) O

R = € RUmFma)x(mitms) (6.6)

0 R(Q)

From equation (6.2) the sensitivities of the bias coefficient analysis to the bias-corrected
observations, anchor observations, state background and bias coefficient background re-

spectively are given by:

op*
o = Koy 6.7
ay(l) By (1) (6.7)
op*
Ao = Koyp) 6.8
8y(2) By (2) (6.8)
op*
OxP = _KBY(l)H(l) - Kﬁy(g)H@)a (6.9)
op*
agb 1 Koy Cs (6.10)

where we have used the convention that a partial derivative is a row vector. We will use
equation (6.9) to study the dependency of 3% on the state background in 3DVarBC, which
is the mechanism for model bias to be passed into the bias coefficient analysis.

b via equation (6.9), we need to

In order to understand the sensitivity of 8% to x
know what Kﬁyu) and Kﬁy(2) are dependent on. Expanding equation (6.4) into its x, 3,

bias-corrected and anchor observation parts gives,

1
T T T T T
_ (Bl BaHE) [HQBH] + CByCl Ry HBHY,
T T T
BﬁCB 0 H(Q)BXH(I) H(Q)BXH(Q) + R(g)

(6.11)
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1 As (H,B,H! + R) is symmetric, from equation (4.2) in Lu and Shiou (2002), we can

> calculate its inverse by denoting,

-1

W X
(H,B,H! + R)™! = ,
xXT 7

s such that the inverse of a block symmetric matrix is given by,

(W — XZ1xT)-1 —(W - XZ'XT)-1xz! 6.12)
—Z7 1XYW - XZ'XT)=! z7! + 27 1XT(W - XZ1XT)~1xZ! ’ '
4+ where
W = H()B,H{}) + C3sBsCj + Ryy), (6.13)
X = HBsH[y, (6.14)
Z = HyBHj + Ry (6.15)

s Hence combining equations (6.11) and (6.12), the expressions for Ky Ky s Kaya

6 and Kﬁy(z) are given by,

Ky, = B:H{ (W - XZ~'X") ™! (6.16)

—-BH,Z ' X" (W -XZ'X"),

Ky, = — BH (W - XZ7'X")"'XZ™! (6.17)
+BH} (Z7 + 27X (W - XZ7'X")"'XZ71),

Kpy,, = BsCj(W — XZ'X")~!, (6.18)

Kpy, = —BpC3(W —XZ'X")~"'XZ"". (6.19)
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Therefore we can rewrite Kﬁy@) in terms of K5y<1):
T T -1
Kﬁ}/(z) = _Kﬁyu)H(l)BxH(Q) (H(2)BXH(2) + R(2)) . (6-20)

This shows that the sensitivity of the bias coefficient analysis to the anchor observations
is dependent on the sensitivity of the bias coefficient analysis to the bias-corrected obser-
vations and vice versa (Kﬁyu) is also dependent on K5y<2)).

As Ky, can be written in terms of Kagy,,,, we can rewrite the sensitivity of the bias

coefficient analysis to the state background, equation (6.9), so that it is written in terms

of K5y<1):
oB?
where we have defined D as,
D = B H,) (H)BiH/y + Rz)) 'Hyy). (6.22)

In order to understand how biases in the model are passed into the bias coefficient
analysis, we define the errors in the analysis, background and observations for both the

state and the bias coefficients as follows:

€ =x* —x', €z =B — B, (6.23)
e’ =xP —xt, eg = B> - Bt L =vP -t (6.24)
€ =yu — h(l)(xt) —c(x", 8%, €= Y2 — M) (x"), (6.25)

where the t superscript denotes the true value of the state, bias coefficient or control
vector. The true bias coefficient is the theoretical vector that would perfectly correct the
observations in the bias correction if the biased observations had no random error.

The expected value of the analysis errors in the state and bias coefficient can be

99



10

11

12

13

14

15

16

17

18

calculated as in equations (2.65) and (2.66), but including both observation types and is

given by,

<€i> = <€E> + KXY(1) <€(1)> - KXY(1)HV(1) <€5> + KXY(Q) <Eg> - KXY(Q)HV(Q) <€5>7 (626)

<6%> = <GE’> + Kﬁ)’(l) (e7) — KﬁY(l)HVu) <6\t/‘> + Kﬁ)’(z) (€3) — KﬁY(z)HV(z) <65>7 (6.27)

where H,, = <H(1), CB) and H,, = <H(2), 0), see equation (6.5). If the right
hand side of equation (6.26) is nonzero then the state analysis is biased. If the right hand
side of equation (6.27) is nonzero then the bias coefficient analysis has a bias. Biases in 3%
will filter into x* when 8% becomes B in the next cycle, as will be shown in more depth
in section 6.2.3.

In this chapter we are interested in the effect of model bias in the form of background

bias, as any model bias will accumulate across the window and be seen as background

b

b) is nonzero. Assuming that c(xt, 3") is

bias in the next cycle. We therefore assume (e
the true bias correction, then (€9) = 0 as 6?1) is not dependent on the state background.
We assume the anchor observations are unbiased ((€9) = 0). To isolate the effect of
background bias on the bias coefficient analysis, we make the theoretical assumption that
the initial bias coefficient background has no bias (<eg> = 0). In subsequent cycles, <eg>
will be propagated from the previous cycle, so this assumption can only be possible for the
first cycle. We will demonstrate the impact that a biased background bias coefficient has

on the state and bias coefficient analyses in sections 6.2.3 and 6.3.2.1. Therefore, when

there is only background bias in the system, equation (6.27) becomes:

()

(€5) = —Kpy, <H(1), Cﬁ) — Kayg <H(2) 0) ’

<€?>:07 <€c2)>:07<€g>:0

= _KBY(l)H(1)<E)]2> — KBY(Q)H(2) <€)kz> (628)
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As we can rewrite K5y<2) in terms of K5y<1) as in equation (6.20), this simplifies to,

(€3) = — Ky, Ho(I- D)(€)) := (€§)i=0, (6.29)
<€c1)>:07<€c2)>:07<€}()3>:0

where D is as defined in equation (6.22) and we denote (€j) with the above assumptions to
be <e%>t:0 to highlight that this is only valid for the initial cycle. In the next few sections
we will study equation (6.29) to see how (€%)i=o is affected by background bias when we
vary the anchor observation parameters.

The effect of the background bias on 3% will be small if at least one term in the
product Ky ,,H(1)(I— D) is also small. If Kgy ,, is small, then the sensitivity of the bias
coefficient analysis to the bias-corrected observations, equation (6.7), would be small. If
H(,) is small, then the bias-corrected observations would not be used to determine the
state analysis. Therefore, as these are both uninteresting cases for determining the bias
coeflicient analysis, in this study we will focus instead on when the magnitude of I — D is
small depending on the parameters given in the system.

Note <ez,>t:0 can also be rewritten in terms of the sensitivity of the bias coeflicient
analysis to the state background, equation (6.21), such that equation (6.29) becomes

(€B)emo = D0 (eh). (6.30)

Therefore if the sensitivity of the bias coefficient analysis to the state background reduces,
less model bias will be able to contaminate the analysed bias coefficient.

In the subsequent sections we look at the importance of the location of the anchor ob-
servations relative to the bias-corrected observations for reducing I — D and thus reducing

the contamination of model bias in the observation bias correction.
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6.2.1 Position of anchor observations relative to bias-corrected observa-

tions

In this section we want to understand how anchor observations can reduce the contamina-
tion of model bias on the bias coefficient analysis depending on whether the bias-corrected

and anchor observations observe the same state variables.

6.2.1.1 Anchor observations fully observe the domain

In order to understand the role of anchor observations in reducing the contamination
of model bias in VarBC, we first consider an almost perfect case where we have anchor
observations everywhere in the domain. If H(;) and H, are both equal to the identity,
that is, the state is fully observed directly by both bias-corrected and anchor observations,

then D, equation (6.22) is given by,

Dl -1 = Bx(Bx + Rez)) ' :=Dr. (6.31)
Equation (6.29) is then given by,
<€%>t:0‘D:DI = —Kgy, ‘H(l):H(z):I(I — Di)(ey) == (€}3)1=0,D;- (6.32)

Equation (6.32) shows that, even with complete observation coverage, <673>t=0,D1 is still
nonzero, as it is still a function of the state background bias. However, if Dy tends to
the identity, then the right hand side of equation (6.32) would tend to zero, such that
the observation bias correction would no longer be contaminated by the background bias.
The term Dy would tend to the identity when the elements of Ry) are much smaller than
the equivalent elements of By. This would occur when the anchor observations are much
more precise than the state backgrounds that they observe.

Overall, equation (6.31) shows that, even with anchor observations at every model
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grid point, we still have model bias contaminating the bias coefficient analysis. This can
only be reduced by having anchor observations that are much more precise than the state

backgrounds that they observe.

6.2.1.2 Anchor observations partially observe the domain

Anchor observations and observations to be bias-corrected could observe different parts
of the state. Therefore in this section we derive equations for the expected value of the
bias coefficient analysis error and the sensitivity of the bias coefficient analysis to the state
background when the anchor observations do not observe the whole domain. .

Let the state x be separated into two parts: x4 and x, such that x = <x£, xi) .
Let the anchor observations only observe a subset of the state, such that they only observe

variables in x,. Bias-corrected observations could observe variables in x4 and x,. Then

the linearised bias-corrected and anchor observation operators will be given by,

Hy = (H(1)¢’ H(w) : (6.33)

H(2)|H(2)¢:0 = <0, H(2)¢> = Ha)p, (6.34)

where Hy) , 8 related to observations of x4 and Hy) " and H ) ., are related to observations
of x;. We have denoted Hy),, to be the Jacobian of the anchor observation operator when
the state is only partially observed by anchor observations, ie. anchor observations only

observe variables in x,;.

The background error covariance matrix which describes the relationships between Xg
and x?p is,
B B
B, = | 7 |, (6.35)
T
B,, Bx,

The magnitude of By, determines how much information about the observations will be

Xy

shared between the state variables (Bannister, 2008a). For example, if the elements in
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1 B are small then there are weak correlations between the errors in xg and XZ‘

Xgy

We are interested in how the value of D, equation (6.22), affects the sensitivity of
the bias coefficient analysis to the state background. When the anchor observations only
observe a subset of the state, we denote D by,

D D
_ Dp _ p¢ poy 7

D| :
H)=H),
Dpyg  Dpy

and the block elements can be calculated by expanding equation (6.22) for x4 and xy,

-1
o BX¢ BX@P 0 BX¢ Bxdﬂl) 0
Dy =t = 0, Hp +R)
H(2> H(Q)P B HT ()TZ) B B HT
Xepap Xqp (2)7/) Xpp Xep (2)1,21

X (0, H(Q)w> )

Dpy  Dpgy

Dpye  Dpy

2 Such that the block elements of D}, are given by,

Dps =0, (6.36)
Dpgs = By, Hy), (Ho) By Hiy, + Rz) " Hy), (6.37)
Dpyy = 0, (6.38)

Dpy = By, Hy), (H), By, Hy, + Rep)) " Hy,. (6.39)

3 Then the sensitivity of 8% to x", equation (6.21), when H(y) = H(yy, is given by,

op*

IxP = Kovo e, <H(1)¢’ —H),Dpgy +Hy, (I - Dpw)> - (6.40)

Ho)=H),

4 The first block element of the matrix in equation (6.40) (ie. —Kpgy,,, ‘H(Q)—H(Q) H),) gives
- p
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the sensitivity of 3% to Xg and the second block element of the matrix in equation (6.40)
(ie. —Kpy, |H(2):H(2)p[_H(1)¢Dp¢)w +H), (I-Dpy)]) gives the sensitivity of B to xJ).
The terms Dy and Dy are zero (from equations (6.36) and (6.38)) so do not appear
in this equation, but their role would be to vary the sensitivity of 3% on xg. Therefore as
D, and Dy, are zero, the sensitivity of 3* to xg is not explicitly dependent on anchor
observations, when anchor observations do not observe state variables in x4. However,
there is some implicit dependence of anchor observations in K5y<1). If Dpgy and Dypy
change magnitude, then this will vary the sensitivity of 3% to Xa. Therefore, as Dpgy and
D, are explicitly dependent on the anchor observations, the sensitivity of 3% to x,, is also
explicitly dependent on the anchor observations, as, in this case, the anchor observations
observe state variables in x.

Substituting Dy, into equation (6.29) gives (€});=0 when the anchor observations ob-

serve part of the state:

(e5) = —Kpy, <H(1)¢<€E¢> — [Hqy,Dpoy — Hy, (I - Dyy)] <6§w>) (6.41)

: = (€3)i=0,D,

where (eP ,) and (P ) are the biases in the background state variables xg and xz respec-
tively. We will use this equation further in sections 6.2.1.3 and 6.2.2 to show how the
sensitivity of the bias in 3% varies depending on the location of the model bias in relation

to the anchor observations.
6.2.1.3 Special case: anchor observations and bias-corrected observations ob-
serve different parts of the state

Next we look at the case where anchor and bias-corrected observations observe different
parts of the state to understand the importance of the background error covariance matrix.

Let the bias-corrected observations only observe x4 and anchor observations only observe
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xy. Then the observation operators of both observation types will be given by:

<H(1)¢’ O> = H(l)p’ <07 H(Z)d,) = H(Q)p: (642)

where we have denoted Hyy, and H sy, to be the Jacobians of the observation operators

when both bias-corrected and anchor observations only partially observe the state.
Substituting equation (6.42) into equation (6.41) gives the expected value of the bias

coeflicient analysis when anchor and bias-corrected observations observe different parts of

the state,

(€5)i=0D,, = —Kpy,,Ha, <<€E¢> - Dp¢¢<62¢>>’ (6.43)
HuypH2)p

which is equivalent to equation (6.41) but with Hy, = 0.
The right hand side of equation (6.43) will reduce if (e? ) Dy (€2 ,) tends towards

zero. The term Dy,4y, from equation (6.37), is linearly dependent on B Therefore, the

Xpy
strength of the background error covariances between xg and XZ will influence how small
the difference term in equation (6.43) is. In the case when the model biases (€’ ,) and
(P ¢> have similar sign and magnitude, if D4, tends to the identity, then the difference
term will reduce and the expected value of the bias coefficient analysis error will tend to
zero. In practice, the model biases may be similar for different parts of the state and
the background error correlations between these two states could be large when restricted
to specific atmospheric layers higher in the atmosphere. However, this will not be the
case when the bias-corrected and anchor observations observe states vertically far apart,
for example, biases in stratospheric temperatures tend to be much bigger than biases in
tropospheric temperatures.

To understand the importance of B when the anchor and bias-corrected observa-

Xy

tions observe different parts of the state, let us look at the case when B = 0. In this

Xy

case we can simplify K, from equation (6.4), as the off-diagonal blocks in (H,B,H' +R)
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T T
T T T

Substituting equations (6.44) and (6.45) into H,B,H! 4 R gives a block diagonal matrix.

Then K, from equation (6.4), can be simplified to:

Kaole,, —0 Kwels,, -

KV’BX -0 = ™ BX¢'¢ 0 @ BX¢’¢’ 0 (646)

" Koy s, o Kovols,, o

X = X =

where Ky ,, and Kgy , can be simplified from equations (6.18) and (6.19) to give
— T T T ~1

Koy I, o = BsCs (Huy, By, Hiy), + CsBsCh + Reyy) ™, (6.47)
Kaye) ‘BXW =0 (6.48)

As Ksy, = 0, then, from equation (6.8), the sensitivity of the bias coefficient

) ‘Bx o5 =0
analysis to the anchor observations is zero when there are no background error cross cor-
relations between the states observed by the anchor observations and the states observed
by the bias-corrected observations. This means anchor observations do not play a role
in determining the bias coefficient if anchor observations do not observe the same state
variables as the bias-corrected observations and no information is passed between x4 and
xy via By, . Therefore, if bias-corrected and anchor observations observe different state
variables, nonzero background error covariances allow the anchor observations to be used
to determine the bias coefficient and therefore reduce the effect of the background bias in
3%. We will use this result in section 6.2.2.

So far we have not considered that the background bias may change magnitude de-

pending on location. In the next section we will investigate scenarios where the location
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of the model bias differs relative to the location of the anchor observations.

6.2.2 Position of anchor observations relative to model bias

In reality, biases in the model will not be uniformly distributed throughout the domain.
For example a version of the ECMWEF IFS model has a cold bias between 100-10hPa and a
warm bias above 10hPa (Laloyaux et al., 2020b). In this section we explore the case when
the model bias, and therefore background bias, varies across the domain. For simplicity,
we assume that some parts of the domain are biased and others not. We continue to
assume that the anchor observations only observe a subset of the state, but assume that
the bias-corrected observations could observe the whole state.

Figure 6.1 is a schematic diagram which depicts the different possibilities of the loca-
tions of the background bias in relation to the observations. The presence of background
bias is shown by the patterned red background; the red circles show the parts of the state
observed by the bias-corrected observations; and the blue circles show the parts of the state
observed by anchor observations. In (a) the background bias is in x, which is observed
by anchor observations and some bias-corrected observations, in (b) the background bias
is in x4 which is only observed by bias-corrected observations and in (c) the background
bias is in both x4 and x, such that the whole state that is observed has background bias.
In the next sections we assume that the background biases in x4 and x, (when present)

have the same sign and magnitude. These scenarios are discussed below.

6.2.2.1 Background bias in state variables that are observed by anchor ob-
servations, but not in all state variables observed by bias-corrected

observations (figure 6.1a):

If (b ¢) = 0 (ie. there is no background bias in xg, the state variables observed only by the
bias-corrected observations) but (€” ,) # 0 (ie. there is background bias in XZ, the state

variables observed by both the bias-corrected and anchor observations) then the expected
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Figure 6.1: A schematic diagram depicting the location of the background bias in relation to the
bias-corrected and anchor observations, where H(y, is the observation operator relating the bias-
corrected observations to xy; H1), is the observation operator relating the bias-corrected obser-
vations to xy; and H)  is the observation operator relating the anchor observations to zy. The
background bias is shown by the patterned background. In (a) there is only background bias in
xy, which is observed by the anchor observations and some bias-corrected observations, (b) there
is only background bias in xy, which is only observed by the bias-corrected observations and (c)
there is background bias in both x4 and xy, which is observed by both bias-corrected and anchor
observations.

value of the bias coefficient analysis, equation (6.41), becomes,

(€3)i=0,D,, = Koy, [Hy, Dpgw — Hiy, (T—Dyy)] (€, ). (6.49)
The effect of background bias from xz in equation (6.49) would be reduced if the matrix in
the square brackets tends to zero. This could occur if both Hy) »Dpoy and Hp) (I-Dyy)
tend to zero, or if their difference tends to zero. If the bias-corrected observations observe
state variables in x,; (so they observe the same part of the state as the anchor observations)
such that Hy) ,, is nonzero, then the second term in the square brackets would tend to zero
if Dpy tends to the identity. From equation (6.39), this would occur if Ryy) b 18 smaller

than By, or in other words, the anchor observations were more precise than the state

Xep)
backgrounds that they observe, as we saw for a simplified case in section 6.2.1.1. If the
bias-corrected observations observe state variables in x4 (so they observe different parts
of the state to the anchor observations) such that Hy), is nonzero, then Hy) »Dpov would
tend to zero if Dy4y tends to zero. Using equation (6.37), Dpgy would tend to zero if

the background error covariances B are small, which would mean less information is

Xy
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passed between Xg and XZ, than when the background error covariances are larger.
Therefore, if anchor and bias-corrected observations observe the same state, the anchor
observations can reduce the effect of the background bias in the state when the anchor
observations are more precise than the state backgrounds they observe. If there are bias-
corrected observations that observe a different part of the state to the anchor observations,
which does not have background bias, then smaller background error covariances between
the two parts of the state will limit the amount of background bias able to contaminate
the estimate of the bias coefficient, as the anchor observations cannot share information
about the background bias to the bias-corrected observations. This is in contrast to section
6.2.1.3, in which we showed that if anchor and bias-corrected observations observe different
states, but the background bias observed was the same, then they would need nonzero
background error cross correlations for the anchor observations to pass information about

the background bias to the bias-corrected observations.

6.2.2.2 Background bias not in state variables observed by anchor observa-

tions (figure 6.1b):

If there is no background bias in XZ (ie. there is no background bias in state variables
observed by anchor observations), such that (eEw> = 0, but there is background bias
in xg (ie. there is background bias in state variables only observed by bias-corrected

observations), then the expected value of the bias coefficient analysis, equation (6.41),

reduces to,

(€3)i=0p, o ~Kpy, Hay, (e2,). (6.50)
ex2 =

In this case, the anchor observations cannot reduce the effect of the background bias in Xg
via Dy, as (€3)i=0,D, is no longer dependent on Dy, and no other variables in equation (6.50)

are explicitly dependent on the anchor observations. Therefore, if anchor observations

do not observe the parts of the state that have background bias, they cannot explicitly
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reduce the effect of background bias on 8*. Anchor observations will only have an effect
on background bias implicitly through Kﬁy(l)’ as Kﬁy(l) is implicitly dependent on Hy)
and R y) (see equation (6.19)). However, a small Kpgy,, would mean the bias coefficient
analysis is almost independent of the bias-corrected observations, so we are not interested

in this case.

6.2.2.3 Background bias in state variables observed by both anchor and bias-

corrected observations (figure 6.1c):

If we have background bias in both Xl?) and XZ then we come back to equation (6.41) which
gives the same results as in section 6.2.1. This is that giving a higher weighting to the
anchor observations will reduce the contamination of background bias on the observation
bias coefficient. If there are similar background biases in state variables observed by
either bias-corrected or anchor observations, then background error covariances between
state variables become more important in sharing information about the background bias.

In sections 6.2.1 and 6.2.2 we have shown that in order for the anchor observations to
have the biggest impact on reducing the effect of background bias on 3%, both anchor and
bias-corrected observations need to observe states with similar background biases. If both
anchor and bias-corrected observations observe the same parts of the state, the effect of
the background bias is smallest when Dy, tends towards the identity, as was shown in
section 6.2.1.1, which occurs when anchor observations are precise. If both anchor and
bias-corrected observations observe background bias, but do not observe the same state
variables, background error correlations with large magnitudes are important in reducing
the effect of background bias on 3%, as was shown in section 6.2.1.3, as Dy is linearly

dependent on B equation (6.37).

quw )
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6.2.3 The effect of a biased bias coefficient analysis on the state analysis

in further cycles

So far we have only looked at the contamination of background bias in 3%, not in x®.
However, any bias in the bias coefficient analysis will filter into the bias correction and
therefore the state analysis in the next cycle. Within this section we extend the theory
developed so far to understand the impact of background bias on the state analysis via
the implementation of VarBC.

Cycle 1 (Theory so far): At the initial time, we assume that @ is unbiased.
We assume the mean anchor observation errors are zero by definition. When the bias
correction function is dependent on the true state and bias coefficient, ¢(x?, B'), we assume
it is perfect, such that the expected value of the bias-corrected observation errors are zero.
Then the mean values of the errors in the observations and bias coefficient background at

the first cycle are denoted by,

(€9)1=0 = <Y(1)t:0 - h(l)(xgzo) - C(ngmﬁgzo» =0, (6.51)
(€3)1=0 = <Y(2)t:0 - h(z)(xztezo» =0, (6.52)
(€)i—0 = 0. (6.53)

If we assume that there is a bias in the state background, which arises from a model
bias, then from equations (6.26) and (6.27) we have that the expected value of the analysis

errors at the first cycle for the state and bias coefficients respectively are,

(€2)i=0 = (I — Ky, Hpy) — Kyy, Hz)) (€) 10, (6.54)

(€f)i=0 = (—Kay, Hir) — Kay, Hi) ) (€2)1=0. (6.55)

Note that equation (6.55) is equivalent to equation (6.29).

Cycle 2: We assume the bias coefficient is approximately constant between cycles such
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that ((—:B)tZl = (€})1=0- We assume that the expected value of the errors in both bias-
corrected and anchor observations are still zero as the observation errors in equations (6.51)
and (6.52) are not dependent on the background state and background bias coefficient.
The state background is the previous state analysis evolved forward via the linearised
model M, plus a bias increment, nAt. So the expected value of the background and

observation errors at the second cycle are given by,

(eB)i=1 = (e})i=0 = (—Kpay,, Hiy — Kay, Hiz))(€X)i=0, (6.56)
(eX)i=1 = Mo1((€2)i=0) + nAL, (6.57)

(€9)1=1 = <Y(1)t:1 - h(l)(xgzl) - C(ngla,@g:l» =0, (6.58)
(€3)i=1 = (Y (2y1=1 — h2)(X{=1)) = 0. (6.59)

Then substituting equations (6.56)-(6.59) into equations (6.26) and (6.27) we have that

the expected value of the analysis errors for the state and bias coefficient at the second

cycle are,
<ei>t:1 = (I - KXY(1)H(1) - KXY(2>H(2))<€E>t:1 - KXY(1)05<6%>75:0; (660)
(€f)i=1 = —(Kay Ho) + Kpy o H)) (€)1 + (I — Ky, Cp) (€l 1=0- (6.61)

The expected value of the state analysis is now dependent on both (eP);—; and (eg)tzo.
This shows that if the bias coeflicient analysis is biased at time ¢, then this will contaminate
the estimate of both the state and the bias coefficient analysis at time ¢t 4+ 1. As <€2>t:1 =
<e%>t:0, we see that in future cycles we cannot assume (eB) = 0, as any bias in the bias
coefficient analysis will become the bias in the bias coefficient background. Therefore,
this shows that it is important to reduce the contamination of background bias in the
observation bias coefficient, as (e%) feeds into future cycles and contaminates the state

analysis.
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6.3 Numerical results

In this section we demonstrate the theoretical results from section 6.2 using the Lorenz
96 model and data assimilation set up as described in chapter 5.

We want to demonstrate the ability of anchor observations to reduce the contamination
of background bias on the analysed observation bias coefficient. In each experiment we
compute the bias coefficient analysis over a given number of realisations with random
error in the observations and initial background values. The number of realisations varies
in each experiment due to the computational cost and the error variances chosen. From
these realisations we obtain the mean and the standard deviation of the bias coeflicient

analysis. We can illustrate the bias in the analysed bias coefficient with the ratio

a_ @t
U’ (6.62)

0
where | - | is the absolute value; 32 is the mean 3® over all realisations; ' is the true bias

and o,z is the standard deviation of 5% from all realisations. This shows the bias associated
to the mean value of 52 in relation to the error standard deviation. We will refer to this
ratio as the bias ratio. If the bias ratio is large, then the bias can be considered significant
in comparison to the random noise, but if the bias ratio is small, then the bias in the bias
coefficient analysis will be lost within the random error and so will be insignificant. The
bias ratio at 0.1 is plotted for reference as a dotted line in figures 6.2, 6.3 and 6.4 and is

referred to as the “reference ratio”.

6.3.1 One Cycle Experiments (No model evolution)

In the first two experiments (sections 6.3.1.1 and 6.3.1.2) we use 1DVar to calculate the
analysis of the state and bias coefficients at the initial time step. To simulate a model bias,

we set the state background to have a bias, to represent any bias that has accumulated
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from running a previous cycle forward using the model. The background state is given by

the truth plus an error,

x? =x' +eb + bP e R, (6.63)

B> =pB"+ej €R, (6.64)

where e is the random error in the state background calculated from a Gaussian distribu-
tion with zero mean and from the error covariance matrix By; b is the bias in the initial
state background; and eg is the random error in the bias coefficient background calculated

from a Gaussian distribution with zero mean and error variance U%ﬁ.

6.3.1.1 The effect of varying the anchor observation error variance

First we present an experiment to illustrate the results found in section 6.2.1.1. The the-
oretical results show that in a system fully observed by anchor observations, small anchor
observation error variances reduce the contamination of model bias on 5%. Therefore in
this experiment, we observe all spatial variables with both bias-corrected and anchor ob-
servations, such that every spatial variable is observed twice: once by the bias-corrected
observations and once by the anchor observations.

In figure 6.2 we plot the bias ratio as in equation (6.62) from 3000 realisations after
one cycle and vary the anchor observation error standard deviation, to test the importance
of the weighting given to anchor observations in reducing the effect of model bias in the
analysed bias coefficient. The bias-corrected observation error standard deviations (o4(1))
are set to 1, so that they are approximately 10% of the variability of the state. By is
calculated via an ensemble, as described in sections 5.2.2.1 and 5.2.3, and is calculated with
0o(2) = 1. We have used the same B, for the different values of 0, (7), as, although this gives
a sub-optimal B, for the system, it isolates the effect of varying the anchor observation

error variance. A background bias of 0.15 has been added to the initial conditions, as in
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equation (6.63). The bias is approximately 1.5% of the variability of the state and was
chosen so that the system could still control the background bias. o) has been varied
from one tenth of o,(1) to ten times 041 (ie. between 0.1 and 10). The blue crosses are
the results from the 3000 realisations and the orange line is the analytic result given by
equation (6.29), to give the 'true' bias ratio for the system.

In figure 6.2 the bias in the observation bias coefficient becomes more significant as
the anchor observation error standard deviation increases. There is some variation in the
bias ratio when calculated from the realisations, which is due to the random error in the
observations and background, but they follow the shape of the analytic solution. The
result that the bias ratio increases with larger anchor observation error variance is in line
with the results found from equation (6.32), as we showed that if the anchor observation
error variance is small, then the effect of the background bias on $# would be small. This
is because the ratio D in equation (6.22) will tend to the identity as 0,2 reduces. The
ratio increases as o,(z) increases, which shows that as less weight is given to the anchor
observations, the bias in the analysed bias coefficient increases. This occurs as background
bias dilutes the analysis of the bias coefficient and pulls the VarBC system away from
the truth. In the limit where the anchor observation error variance is large, the anchor
observations receive insignificant weight in the analysis and so the biased observations are

bias corrected towards the background bias, instead of to the truth.

6.3.1.2 The location of the anchor observations relative to the background

bias

Next we present experiments to demonstrate the results found in sections 6.2.1.3 and
6.2.2, such that we have anchor and biased observations observing different state variables
that do and do not have background biases. In section 6.2.2 we showed how the role of
the anchor observations in reducing the effect of background bias changes depending on

whether or not anchor observations observe state variables that have background bias.
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Figure 6.2: The bias ratio, equation (6.62), from running the system with different values of
anchor observation error standard deviation (042y). Both biased and anchor observations are at
every location in the domain. The bias-corrected observation error standard deviations are set to
1. The background error covariance matriz is calculated from an ensemble, see section 5.2.2.1.
A bias of 0.15 was added to all background state variables. The orange line is the analytic ratio,
calculated from the linearised observation operators and error covariance matrices in the system
and the blue crosses are the numerical ratios, calculated by averaging over 3000 realisations.

When anchor and biased observations observe different parts of the state, as in section

6.2.1.3, then the influence of the anchor observations is dependent on the background error
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covariances between state variables.

In figure 6.3 we have plotted the ratio, equation (6.62), from 1000 realisations after
one cycle. The observations are spaced evenly at every other spatial variable such that the
biased observations observe all even state variables (xg, x2, x4 etc) and anchor observations
observe all odd state variables (x1, 3, x5 etc). The observation error standard deviations
are equal to 1. By is given by the SOAR correlation function, with agx = 1, as defined
in equation (5.4) in section 5.2. The bias coefficient background error variance 0%6, is
also equal to 1. To demonstrate the effect of different background error covariances, we
have varied By by varying the length scale, Ly,, along the x-axis in figure 6.3. When Ly, is
small, the background error covariances between state variables are small, and when Ly,
is increased, the background error covariances between state variables are larger. Larger
length scales will mean more background information is shared between parts of the state
that are spatially further away from each other. We have considered three cases where a
bias of 0.3 has been added to the background state in three different locations: in state
variables that are observed by biased observations; in state variables that are observed by

anchor observations; and in state variables that are observed by both types of observations.

Background bias only in state variables observed by anchor observations
(orange line): In figure 6.3, when background bias is only in state variables observed by
anchor observations (orange line), the bias ratio is insignificant when the error covariances
of By are short. As the length scale of By is increased, the bias ratio also increases, which
means 5% has a more significant bias in comparison to the random error. This reflects the
results found from equation (6.49), as we found that in order to reduce the contamination
of background bias in state variables observed by the anchor observations in (e%)tzo, less
information had to be passed between the state variables observed by the anchor and
bias-corrected observations, ie. with smaller background error correlations. However, in

section 6.2.1.3, we showed that if the anchor and bias-corrected observations observed
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Figure 6.3: The bias ratio in equation (6.62) at one cycle when the length scale of By has been
varied. Biased observations observe all even state variables (xo, xo etc), anchor observations
observe all odd state variables. The dotted line is the reference ratio. A bias of 0.3 was added to
the background: in state variables only observed by biased observations (blue); in state variables only
observed by anchor observations (orange); in state variables observed by both types of observations

(green).

different parts of the state and the error correlations in B tended to zero, then the

Xgp
anchor observations would not be seen in the VarBC system. Hence this scenario would
not be ideal as it would either mean that 3? is affected by background bias, or that the
anchor observations are not used within the VarBC system.

Background bias only in state variables not observed by anchor observations
(blue line): In figure 6.3, when background bias is only in state variables that are observed
by the biased observations (blue line), the bias in ratio remains significant regardless of
the magnitude of the covariances in By. This reflects the theoretical results, as equation
(6.50) is independent of D, which means that the anchor observations cannot directly
reduce the effect of background bias in state variables if they do not observe the parts of
the state that have background bias.

Background bias in state variables observed by both anchor and bias-

corrected observations (green line): In figure 6.3, if background bias is in state
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variables observed by biased observations and in state variables observed by anchor ob-
servations (green line), then the bias ratio is initially significant compared to the random
error when the length scales of By are small and becomes less significant as more informa-
tion between background state variables is shared. As was shown in equation (6.43), figure

6.3 shows that By, , is important in reducing the effect of the background bias from parts

Xgy
of the state that both are and are not observed by the anchor observations. If background
bias is in the system, then having strong background error correlations between the posi-
tions of bias-corrected and anchor observations that observe state variables with similar
background biases is the best possibility, as the anchor observations have the biggest effect

in reducing the contamination of background bias on the estimate of the observation bias

coefficient, whilst still being used within VarBC.

6.3.2 Cycled Experiment

In the experiment in section 6.3.2.1 the system is run over 50 cycles to demonstrate how the
bias in the bias coefficient will accumulate and be passed into the state analysis. On the
first cycle, the background state and bias coefficient are set up as in equations (6.63) and
(6.64), but with zero added background bias so that b® = 0. This means the first few cycles
will act as a spin up period to allow the background bias to settle into an equilibrium.
In future cycles, the background values at cycle T are given by the analysis values at
cycle T'— 1 after they are evolved forwards in time. The bias coefficient background is
evolved by the identity, ie. the previous bias coefficient analysis is taken to be the bias
coefficient background. The state background is evolved forward by numerically solving
the Lorenz 96 model from equation (5.1), as described in section 5.1, but replacing F' with
Flhiased = 8.8 to add a bias to the model by changing the forcing term.

We set the assimilation window length to be 10 time steps, which represents approx-
imately 7.5 hours in the real atmosphere, as discussed in section 5.1, to allow the back-

ground errors to sufficiently grow within each window.
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6.3.2.1 How bias in the state analysis and bias coefficient analysis accumulates

when the system is cycled

Finally, we have an experiment to demonstrate the results from section 6.2.3, which show
the effect of having a bias in 8% on the state analysis in the next cycle. These show
how the contamination of the background bias in 3% leads to a biased 3P, which in turn
contributes to the bias in the state analysis.

We run an experiment that has 100 realisations over 200 cycles. In figure 6.4 we plot
the bias ratio from equation (6.62) for the bias coefficient analysis (bottom panel), but

have included a similar ratio for the norm of the state analysis bias given by,

40 (=
10 =1 (T3 — )2

Oax

: (6.65)

where 72 is the average state analysis across all realisations for the spatial variable z;; x?
is the true value of the spatial variable x;; 40 is the number of state variables; and 7.
is the mean value of the standard deviations of the state analysis from 100 realisations,
where the mean is calculated over all state variables. We have both anchor and biased
observations at every location; the observation error standard deviations are 1; and B,
is the climatological background error covariance matrix, as described in sections 5.2.2.1
and 5.2.3. We have added a model bias by multiplying the forcing term in the model used
to evolve the analysis by 1.1, such that Fjaseq is 8.8, but have not added a model bias via
the initial conditions, as explained in section 6.3.2. Multiplying the forcing term by 1.1
only changes the state values by 0.01 over one cycle, allowing the model bias to still be
constrained. We plot the ratios over 200 cycles to show the evolution of the bias in the
state and the bias coeflicient.

In figure 6.4 the ratios for the state and the bias coeflicient start at approximately

zero and then the state ratio increases towards 0.1 and the bias coefficient ratio increases
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Figure 6.4: The ratios in equations (6.62) and (6.65) over 200 cycles for 100 realisations. Fpigseqd =
8.8, error variances are 1, By is calculated by an ensemble (section 5.2.2.1). Anchor and biased
observations observe every state variable.

towards 0.12. When the ratios are above 0.1 then we consider the biases to be significant
in comparison to the random error. Note that the magnitude of the ratios would be larger
if a larger background bias were chosen, fewer state variables were observed, or there was
less weighting given to the observations, which we do not show here. Therefore the 0.1
line has been included in the bias ratio to show general trends, not the exact value of
parameters which causes the bias to be significant. The bias in the first cycle is near zero
for both the state and the bias coefficient because no background bias has been added to
the initial conditions. There is only a background bias from the second cycle as model
bias is added via the forcing term Fjj.504 Which evolves the state analysis forward, so that

the state analysis of the first cycle becomes the state background of the second cycle and
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so on. We would expect the bias in both the state and the bias coefficient to grow with
each cycle, as we showed in equations (6.60) and (6.61); the bias in x* and S* are the
accumulation of the previous state and bias coefficient biases. In figure 6.4, the bias ratio
in the state appears to reach saturation after approximately 20 cycles and the bias ratio
in the bias coefficient reaches saturation after approximately 90 cycles. As the model bias,
7, is constant in time, the state and bias coefficient analyses reach an equilibrium between
the background bias and the truth from the anchor observations. We would expect an
equilibrium to exist, as VarBC relies on the background and the anchor observations as
sources of the truth, so if they are different, then the analysis will be pulled between the
two until it reaches an equilibrium. However, it is not straightforward to analytically

evaluate what the equilibrium should be.

6.4 Conclusions and Discussion

In order to study how background bias can contaminate the observation bias correction,
we have looked at the role of anchor observations in VarBC. The conclusions are based
on general optimal estimation theory and we have demonstrated the results with idealised
experiments.

In this study we have focused on the importance of the anchor observations in reducing
the contamination of the background bias in the bias coefficient analysis, as opposed to
reducing the effect on the state analysis. This is because if the bias coefficient analysis
has systematic error, then observations will be wrongly bias corrected and the systematic
error will filter into the state analysis, as was shown when the system was cycled in section
6.2.3 and figure 6.4.

In a theoretical world where we could have a full coverage of anchor observations, we
showed in equation (6.32) that the background bias can still contaminate the bias coef-

ficient analysis. The only way that background bias could not affect the bias coefficient
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analysis at all, would be to have zero random error in the anchor observations. However,
as this is only possible theoretically, we can only look at reducing the contamination of
background bias on the bias coefficient analysis, not completely removing it. We showed
in equation (6.31) and figure 6.2 that the effect of the background bias is reduced when
the anchor observation error variance is smaller than the state backgrounds that they ob-
serve. Operationally, the anchor observation error variance needs to reflect the uncertainty
associated to the observations. However, it is possible to change the weighting given to
the anchor observations by using more anchor observations within the system, if they are
available. Therefore, although we have showed that more precise anchor observations will
reduce the contamination of background bias on the observation bias correction, this result
also extends to the importance of a higher spatial frequency of anchor observations, to
increase the weighting given to the anchor observations within the system and thus have
the biggest impact in reducing the contamination of background bias.

In equations (6.41), (6.49), (6.50) and figure 6.3 we showed that the contamination
of background bias on the bias coefficient analysis can only be reduced by the anchor
observations if the anchor observations also observe state variables that have similar back-
ground bias. Anchor observations have typically been from radiosondes which mostly have
coverage over land, but with the increased use of radio occultation (RO), the spatial and
temporal distribution of anchor observations in the upper troposphere and stratosphere
has increased. Radiosondes and RO give a good coverage of anchor observations for tem-
perature in the troposphere and stratosphere, but variables such as humidity and wind
speed are less well observed by anchor observations. This means that although the spatial
coverage of anchor observations is increasing, there are still significant parts of the model
domain where background bias could still contaminate the bias coefficient analysis.

We showed in equation (6.49) and figure 6.3 that if background bias only exists in state
variables observed by the anchor observations, such that bias-corrected observations do

not observe state variables with background bias, then the anchor observations will pass
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the background bias into the bias coefficient analysis if there are strong error correlations
between the background state variables. This could occur for example in the lower tropo-
sphere, as radiosonde measurements are mostly taken over land, with little coverage over
sea. If there exists a temperature bias over the land but not the sea and there are strong
horizontal error correlations between the land and the sea, then the background bias could
be passed into the bias coefficients via the radiosondes.

In equation (6.50) and figure 6.3 we showed that, if there is no background bias in the
state variables that are observed by the anchor observations but there is background bias
in state variables observed by the bias-corrected observations, then the anchor observations
cannot explicitly reduce the effect of background bias in other state variables. Therefore,
areas that are most at risk of contamination of background bias within the observation
bias correction will be locations with fewer anchor observations such as humidity in the
upper troposphere, which is only sparsely observed by radiosondes, but is known to have
background biases.

We showed in equation (6.41) and at the end of section 6.2.2 that, if both biased
and anchor observations observe state variables that have background biases, then an-
chor observations can reduce the contamination of background bias on the bias coeflicient
analysis. We saw in figure 6.3 that if the anchor and bias-corrected observations observe
different parts of the state that have similar background bias characteristics, then the
background error covariances become more important: larger background error correla-
tions will transfer more information about the background bias between state variables
and so will reduce the contamination of the background bias on the bias coefficient anal-
ysis. In an operational system, the length scales of By will be locationally dependent, for
example, the length scales of B, will be larger at higher altitudes (Ingleby, 2001). There
will also be an element of flow dependency, such that the background error covariance
matrix will deform with the flow (Bannister, 2008a). This chapter shows that anchor

observations that observe different variables/locations to the bias-corrected observations

125



10

11

12

13

14

15

16

when both variables/locations have similar background biases, will have the largest impact
in reducing the contamination of background bias when they are in systems with larger
background error covariances, such as in the upper atmosphere. When similar background
biases are present in systems where background error covariances are small between vari-
ables observed by bias-corrected and anchor observations, such as between locations of
observations across a front, then anchor observations will only have a small impact in
reducing the contamination of background bias on the observation bias correction.

This chapter has aimed to derive new insight on the role of anchor observations for
mitigating the impact of model bias in VarBC. Our theoretical findings have been tested in
a toy system. The next steps for this work should be to understand how the assumptions
made hold in an operational system, for example how the bias predictors used operationally
allow the state and bias coefficient domains to be more clearly separated, such that the
bias coefficient is less affected by state background bias. In the next chapter we will extend
this work by studying the role of anchor observations in a 4-dimensional system, to study
when, in an assimilation window, anchor observations have the biggest impact in reducing

the contamination of model bias.
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Chapter 7

The role of anchor observations in
VarBC in the presence of model
bias. Part II: The importance of
the timing of the anchor

observations

7.1 Introduction

In chapter 6 we demonstrated the role of anchor observations in 3DVar, in reducing the
contamination of background bias when observation bias was being corrected for using
VarBC. We focused on the importance of the spatial distribution of anchor observations,
relative to the biased observations and the importance of precise anchor observations in
order to answer research questions 2.1 and 2.3.

In this chapter, we extend chapter 6 to demonstrate the role of anchor observations in
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a 4DVar system when observation, background and model biases are present. Studying a
4DVar system allows us to show the importance of the timing of the anchor observations
within an assimilation window, relative to the biased observations and therefore be able
to answer research question 2.2. We demonstrate the theory of how anchor observations
are used in 4DVarBC to reduce the contamination of background and model biases. We
study the importance of precise anchor observations, as well as their timing in the window,
relative to the biased observations.

In section 7.2 we extend current 4DVarBC theory to include both bias-corrected and
anchor observations. We then look at the impacts of background and model biases in
section 7.3, by deriving the analysis error equations when both bias-corrected and anchor
observations are used and when background and model bias are present. To further our
understanding of the equations, we study simple cases in sections 7.3.1, 7.3.2 and 7.3.3
that only have bias-corrected and anchor observations at one time step each in the window.

Finally we test our results using a simple numerical system in section 7.4.

7.2 4DVarBC with two observation types

We want to look at the role of anchor observations in VarBC when the observations are
spread throughout the window. We therefore extend the 4DVarBC analysis equations,
equations (2.75) and (2.76), in section 2.3 to include both bias-corrected observations
(¥(1y) and anchor observations (y()). Splitting y into two observation types gives the

analysis equations in terms of x¢ and 3 as

N . ~b . b
XO = Xg + KXY(l)dV(l) + KXY(Q) dV(2)7 (71)
N . ~b . b
B = ﬂb + Kﬁ)’u)dv(l) + K@Y(z)dv@)’ (7'2)
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1 where &'3(1) and 85(2) are as defined in equation (2.79), but for observations that either

> are or are not corrected for:

Yy — hayo(x) — co(x§, B)

ab Y1 — h(l)l(mO(xg)) —-a (mo(xg), ﬁb)

YN — hayn (mosn(x4)) — en(moon(x4), 8°)

Y2)0 — h2)0(x4)
b
b Y21 — h)1(mo(xg))
dv(2) == : . (74)

Yeyn — heyn(mosy(x4))

3 Note that the numbers outside the brackets represent the time step and the numbers
4 inside the brackets represent the bias-corrected and anchor observations respectively. The
5 terms ny(l) and ny(Q) are the sensitivities of the state analysis to the bias-corrected and
¢ anchor observations respectively and Kﬁyu) and Kgy@) are the sensitivities of the bias
7 coefficient analysis to the bias-corrected and anchor observations respectively. The terms

8 ny(l), ny(Q), Kﬁyu) and Kﬂy@) can be calculated by separating K, into its 4 separate

9 parts:

A A

Kivay Kave e Rt x(may+mz) (7.5)

K, = BVI:IE(I:IVBVI:II + ]_f{)—l =1 )
Kﬁ)’u) Kﬁ)’(z)

10 Note that this takes the same form as equation (6.4) in chapter 6, but the elements
1 may vary in time (as the observation operator is state dependent). The terms nyu)’
12 ny(Q), Kﬂy@) and Kﬁy(2> are all time dependent, as they are dependent on the linearised

13 observation operators for the bias-corrected and anchor observations, ﬂ(l), fl(g) and Cﬁ,
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which are given by,

H1)0Mo-0 H 2)0Mo-0
& . ZNO) m(1y, Xn & : ZI-V@) m(g)y, XN
H(l) = : € R&i=0 ™(1); 77 H(g) = : € R&vi=0 (2 2",
Hyn,, Moy, H )N, Mo N,
(7.6)
Cs,
A Na)
Cs = c RXi=o () X (7.7)
CBN<1>

which are equivalent to the linearised observation operators for 4DVarBC in equation
(2.73), but for ﬂ(l) and ﬂ(2) defined for the bias-corrected and anchor observations re-
spectively. The dimensions N(;) and N,y are the number of timesteps observed by bias-
corrected and anchor observations; mq), and my), are the number of bias-corrected and
anchor observations in space at the i*" time step; n is the number of state variables; and

r is the size of the observation bias coefficient vector.

7.3 4DVarBC with model bias that is not accounted for

In this section, we assume that there is a model bias at each time step which is not
explicitly corrected for, as well as the observation bias that is explicitly corrected for
using VarBC. We want to calculate the bias in the state and observation bias coefficient
analyses to understand how the model bias contaminates the estimate of the state and
observation bias coefficient and to discern how the anchor observations can mitigate this
contamination. We will use a similar method for calculating the analysis error equations
as we did for the 3DVar case in chapter 6, but extend it to the 4DVar scenario to include

both state background and model biases. We assume that the model that evolves the state
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from the initial time to time ¢ is given by,

mo—i(x0) = mi_y (-..(mg(x0) +0})... + mi_1) + mf = mg_;(x0,m"), (7.8)

where the true model, m', is acting on the state at the initial time, x¢, with an added error,
nt. We assume that i} is constant throughout the time window (we will therefore denote
Nt as ') and can therefore consider ' as a model bias. We have denoted mf_,,(x0,n")
to be the model that evolves both the state and the model bias forward from the initial

time step to the i time step, as defined in equation (2.82).

Let the errors in the backgrounds, analyses and observations be defined by,

b b ot b b t t t
€, =X)—Xy, €3=08"-0, e=x4-%X; €53=p0p"-0, (7.9)

Y1y, — hyo(xh) — co(xf, BY)
€ = : , (7.10)

Y(©2)o — h(2)0 (XB)

Y@ng, ~ Mg, (Mo, (%0))

where the true model trajectory does not contain a model bias and is given by,

mgﬁi(xo) = mgfl(...(mg(x[)))...). (7.12)

Note that we have only included the instrument error in the observation error in equations
(7.10) and (7.11), but the error that comes from evolving the state forward to the time
step of the observations using the incorrect model will be considered later in equation
(7.15).

To calculate the state and observation bias coefficient analysis errors, we first subtract
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the true state and bias coefficient from equations (7.1) and (7.2) respectively to rewrite the
differences between the state and bias coefficient analysis and the state and bias coefficient

background in terms of their error equations, equation (7.9), to give,

b S ~b S ~b

Gi = €4 + KXY(l)d(l) + ny(2>d(2), (713)
a % +b % 3

€ = € + Ky, d(1) + Kpy o d o). (7.14)

We then manipulate the innovation vector so that it can be written in terms of the obser-
vation, background and model errors. Note that we will only show the innovation vector
at the i*" time for the bias-corrected observations for simplicity, but this can be repeated
for either bias-corrected or anchor observations across the whole window. We can start to
write the bias-corrected innovation vector at the i*" time step in terms of its errors in the

following way,

Y1), — hvi(mosi(x0), B°) = y (1), — hv, (mb_;(x5), BY) (7.15)
+ hy, (mgaz (XB), Bt) — hy, (mo—si (X(t))a ﬂt)

+ hy, (Mmo—i(x6), B°) = hy, (mo—i(xg), B°)

where hy, (mo—i(%0), B) = h(1),(mo—i(%0))+ci(mo—i(Xo), B), as defined in equation (2.72).
The term y; — hy,(m}_;(x5), B") is given by €y, from the ith term in equation (7.10)
and can be considered the instrument error; hy,(mf_,;(x§), B%) — hy, (mo—i(x}), B°) is the
difference between the true model and the used model, so can be defined as the model
error; and hy, (mo_i(x5), B%) — hy, (mo_i(x]), B°) is the difference between the true state
and observation bias coefficient with the background state and observation bias coefficient,
which can be defined as the background error. We can therefore study each term separately.

The model error can be rearranged by writing mo_;(x})) in terms of the true model
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1 and the model bias as in equation (7.8) to give,

hVi (mg—n‘(xg)vﬁt) - hVi (mo—ﬂ'(xg)vﬁt) = h‘Vi (mgﬁi(xg)vﬁt) - h’Vi (mg—n(XB?nt)aBt)?
(7.16)

Equation (7.16) can be expanded to

hy, (mgai(xg)a IBt) — hy, (mO—n‘(XB)HBt) =

T, (M 55(x5), BY) = b, (i (- (mo (x0) + 1)) + 0", 8. (7.17)

Then approximating mg_;(x§, n*) about mo_;(x}) using the Taylor expansion gives,

th‘ (mg—n'(x(t))a IBt) - hVi (mo—ﬂ'(x(t))?ﬁt) ~

i—1
hy, (mf)ﬁi(xg)a ﬁt) — hy, (mgaz(xg) + Z Mi—l"'Mjnt + "7t7:3t)' (7.18)
j=1

> Finally approximating hy,(-) using the Taylor expansion about x} and 3°, and cancelling

3 the hy, (mf_,;(x5), B) terms gives the model error as,

1—1
th‘ (mgai(x‘(ﬁ))ngt) - th’ (mo—ﬂ'(x‘(c])nat) ~ _(H(l)i + CXZ)(Z Mi—l"‘Mj + I)nt' (7'19)
j=1

4 This is the accumulation of the model biases at different time steps, due to evolving the
s state forward to the time step of the bias-corrected observations using a biased model.
6 The background error in equation (7.15) can also be rearranged, by initially writing
7 X{ as XB — €°, as in equation (7.9), to give,

hy, (Mo—si(x5), BY) = hy, (Mo—yi(x0), B) = hy, (Mo (x§ —€2), B” — €3) — hy, (mo—i(x5), B°).

(7.20)
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) using the Taylor expansion about XB gives,

Approximating mg_;(x — €
hVi (m0—>i (Xg)a /Bt) - h’Vi (m0—>i (xg)a IBb)

~ hvi (mO_H'(XB) — Mi_l...Moeg,,@b — 62) — hvi (mo_n‘(xg),,@b). (7.21)

Finally approximating hy,(-) using the Taylor expansion about x{ and B® and cancelling

the hy, (mo_(xP), B°) terms gives the background error as,
hu, (Mo—i (%), BY) = hy, (mosi(x4), B°) ~ —(F (1), + Cx,)Mi_1..Moel — Cpe  (7.22)

This is the background error (or bias if taking the expected value) after it has been evolved
forward to the time step of the bias-corrected observations. It is the error that comes from
initially using an imperfect x” in the observation operator and bias correction function.
The errors in the bias-corrected innovation vector at the i*" time step are given in
equation (7.15) as the sum of the instrument error, the model error from evolving the
state to the time step of the bias-corrected observation and the background errors from
using an incorrect background state and incorrect background observation bias coefficient.

Therefore, the errors in the bias-corrected innovation vector are given by,

i—1
d?l)Z = (—j(()l)i — (H(l)l + CXz)(Z Mifl---Mj + I)’I]t — (H(l)l + Cxi)Mifl'--MOEE — Cﬁzﬁg
j=1

(7.23)
As in section 2.3, we will assume that Cx, = 0, as, operationally, the bias correction is
dependent on the broad regions of the state, so inaccuracies in the background state will
have a negligible effect on the bias correction.

By applying the same method to the anchor observation innovation vector, the anchor
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observation innovation vector at time ¢ can be rewritten as,

i—1
dl(oz)l = 6(()2)1_ — H(Q)z (Z Mi_l...M]‘ + I)’l’]t — H(Q)iMi_l...M()Gg. (724)
j=1

The errors in the anchor observation innovation vector are also the sum of the instrument
error, the model bias from evolving the state to the time-step of the anchor observations
using a biased model, and the background error from using the wrong state background.

By combining equations (7.13), (7.14), (7.23) and (7.24), the analysis error equations

are given by,

b K 5 4 b A~ b s 5 . b
€5 = €5+ Koy, () —H)el — Cpeg — nH(l)) + Ky, (€l — Hppye — nH<2))a (7.26)
where ﬁH(l) and ﬁH(Q) have been denoted by

0

Hy,m
MHq) = H),(Min +n) ; (7.27)

H(I)N(l) (ZJ'=11 MN(I) ~Mjpn +n)

0

He),n
MH) = H,),(Min +n) ; (7.28)

Nioy—1
Ha)n,, (8 Mg, -Mjpn +1)

where 7y o and 7y (o) 1€ the model biases that accumulate from evolving the state to

the time step of the bias-corrected and anchor observations respectively.
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If we take the expected value of equations (7.25) and (7.26) it will give us the bias in
both the state analysis and the observation bias coefficient analysis. We can assume that
the anchor observations have no bias and that the bias-corrected observations have no bias
when they are corrected by the true bias correction, such that <€(()1)> = (e‘(j2)> = 0. For
simplicity, we assume that the bias coefficient background has no bias such that <eg> =0,
which could be true for the first cycle. Then the expected value of the analysis errors is

reduced to,

<€i>t=0 - _<_I + KXY(l)H(l) + KXY(Q)H(2))<62> - KXY(1) <ﬁH(1)> - KXY(Q) <ﬁH(2)>? (7'29)

A A A A b A N A N

which we have denoted as (€}):=0 and (€}):=o to mean the expected value of the analysis
errors at the first cycle. Equation (7.30) is equivalent to the bias coefficient analysis
equation in 3DVar, equation (6.28), in chapter 6, but in the 4DVar case there are now also
additional model biases that come from evolving the state forward in the window using a
biased model.

As K, takes the same form as K, in equation (6.4) of chapter 6, we can also rewrite
Kgy@) in terms of K'By(l) as in equation (6.20) to give,

. . A N A AT 3
Kﬁ)’(z) = _Kﬁyu)H(l)BXH(Q)(H(2)BxH(2) + R(z)) L (7.31)

We can therefore rewrite (€})i=o, so that it is no longer explicitly a function of KBY@) to

give,

<€aﬁ>t:0 = —Kﬁwn [IA{(l)(I - ﬁﬂ(z))@?) + <77H(1>> - I:I(l)]j<ﬁH(2>>] (7.32)
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where we have written

D = B,H 5 (H(5)B.Hy, + R) ! (7.33)
for simplicity. The term D is the ratio between the background error covariance matrix
and the sum of the background and anchor observation error covariance matrices. Other
than Kﬁyu) and (ﬁH(2)>, D is the only term in equation (7.32) that is dependent on the
linearised anchor observation operator and the anchor observation error covariance matrix.
Just as in chapter 6, although we want to know when the bias in the bias coeflicient
analysis is reduced, we are not interested in reducing Kﬁyu)v as it would mean reducing
the sensitivity of the bias coefficient analysis to the bias-corrected observations.

Equation (7.32) shows how the state background and state model biases contaminate
the estimate of the observation bias coefficient analysis. It is similar to the bias coef-
ficient analysis error equation for 3DVarBC, equation (6.29), derived in chapter 6, but
also includes the model biases that accumulate to reach the timing of the bias-corrected
observations ((7g (1)>) and anchor observations ((fg (2))).

We want to understand how the timing of anchor observations impacts their ability
to reduce the contamination of background and model biases in 4DVarBC. In order to
simplify equations (7.29) and (7.30), we study three simple cases where the anchor and
bias-corrected observations vary in time relative to each other. This reduces the time-

dependent matrices as each observation type will only be valid at one time step.

7.3.1 Bias-corrected observations at ¢t = 1, anchor observations at t = 2

In our first example, the anchor observations are set to be later than the bias-corrected
observations to test the anchor observations’ ability to reduce the contamination of back-
ground and model biases when they are later than the bias-corrected observations. If

the analysis is calculated at ¢ = 0, then assuming that the bias-corrected observations
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observe states at t = 1 and anchor observations observe states at ¢ = 2, then the linearised

observation operators from equation (7.6) are given by,

0 0
PAI(l) = | Hq), Mo | I:I(z) = 0 , (7.34)
0 H5), MM

where again the number in brackets denotes the bias-corrected or anchor observations and
the numbers without brackets denote the time step. The model biases to evolve the state

to the biased and anchor observations from equations (7.27) and (7.28) respectively will

be,
0 0
ﬁH(l) = | Hay,n|> ﬁH(2> = 0 . (7.35)
0 H),(Min + 1)

As we have anchor observations at the second time step, we can denote
Dy = B,MyM{H/y (H (), MiM¢B,MjM{H/y, + R3),) Hy),. (7.36)

Note that we have included Hy), at the end of Ds, but not in the original D in equation

2
(7.33). The term H,), does not appear in equation (7.33) because the linearised anchor
observation operator appears in the model bias term in equations (7.25) and (7.26) instead
and cannot be easily separated. We have chosen to include Hy), in equation (7.36) (instead
of writing DoH),) so that all of the terms that are explicitly dependent on the anchor
observations are within one term (D3).

Therefore substituting equations (7.34), (7.35) and (7.36) into equation (7.32) gives

the bias in the estimate of the observation bias coefficient analysis when bias-corrected
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observations are at ¢ = 1 and anchor observations are at t = 2 as,

(€8)1=0 = —[Kpayy, li=1 (H (1), Mo(I-D2M1 Mo ) (€2)+H 1y, (n) —H (1), MoD2 (M1 (n)+(n))),
(7.37)

where [Kgy(1>]t:1 is the value of Kﬁy(l) at the first time step (as at the other time steps it

b

») is the background bias that comes from the state. The term

will have values of 0). (e
H(), (n) comes from the model bias when the system has evolved from the initial to the
first time step to reach the bias-corrected observations. The term H ), MoD2(M;(n) +
(n)) is the weighting of the model biases from the first and second time steps that occur
when the system is evolved forward to the time step of the anchor observations. The
linearised anchor observation operator and the anchor observation error covariance matrix
are both only defined within Dy. Therefore, the characteristics of the anchor observations
and their role in reducing the contamination of model bias is described through Ds.

Equation (7.37) can be rearranged such that the model biases from the first and second

time steps are factorised separately to give,

(€8)i=0 = —[Kpy, =1 H1y, Mo(I — DoMiMy)(€}) + (I — MgD2M; ) (n) — MoDa(n))].

(7.38)
If the left hand side of equation (7.38) is zero, then the bias coefficient analysis has zero
bias, which would mean the state background and model biases would not have contami-
nated the observation bias coefficient analysis. In order for the matrix multiplied by (€?)
in equation (7.38) to tend to zero, DoM 1M, would have to tend to the identity. In a
theoretical case, this would occur when Do = M, 1Ml_l, which would happen when R3),
tends to 0 and Hyy),, My and M, are full-rank and are invertible, although this is not
a generalisable result as we would not necessarily expect H(s), to be invertible. In the
scalar (theoretical) limit, this case would be when the anchor observations have zero ran-

dom error. If Dy = Mglel, then the term I — MyDsM; would also be zero and hence
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there would be no contribution from the model bias from the first time step. However, if
the anchor observation error variance was zero such that Dy = My 'M; !, then MDa(n)
in (7.38) would tend to —M; (). As M; ! is nonzero, (€3) would also be nonzero. This
shows that the bias in <eg> can never fully be removed unless Kﬁy(l) = 0or Hy), =0,
which are both trivial cases. However, as 1 is multiplied by the inverse of the linearised
model at the first time step in the limit when the anchor observation error variance tends
to zero, then any part of 1) that is projected onto growing modes will decay, and any part of
7 that is projected onto decaying modes will grow. If the model has growing modes, then
the inverse of the linearised model multiplied by the model bias would decay the model
bias. In general, atmospheric models have errors that grow (Lorenz, 2005; Simmons et
al., 1995), therefore although the term —M;j ! (n) would not be zero in the limit with zero
anchor observation error variance, the model bias would be reduced.

In the more realistic case where the anchor observation error variance is small (instead
of 0), the term DoM; M/ would only tend towards the identity. This is because DoM;Mj
is approximately the ratio between the background error variances and the sum of the
background and anchor observation error variances. Therefore, if the anchor observations
observe states at a time step later than the bias-corrected observations, then the anchor
observations can reduce the contamination of state background bias and model bias from
the first time step, but the anchor observations will detrimentally introduce a model bias
into the bias coefficient analysis. This additional model bias occurs when the system is
evolved from the time step of the bias-corrected observations to the time step of the anchor
observations, but would be small if the anchor observations are precise for model bias that

is projected onto growing modes.

7.3.1.1 Anchor and bias-corrected observations observe different spatial states

Next we will split the spatial domain into sections: x4 and x,, as we did for the 3DVar

case in section 6.2.1.2. This will test how well the anchor observations can reduce the
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contamination of background and model biases in the observation bias coefficient, where
the biases come from states the anchor observations do not observe. We will assume bias-
corrected observations can observe anywhere in the domain, but anchor observations only

observe states in x,,. Then the observation operators become,

H(1)1 = <H(1)1¢, H(1)1w> ) (7.39)

H), = (0, H(2)2w> ) (7.40)

where H(1)1¢ is related to bias-corrected observations of x4 at time ¢ = 1 and H(1)1w

and H(y), are related to observations of x, at times ¢ = 1 and ¢ = 2 respectively. The

2y

background error covariance matrix which describes the relationships between xg and xa

is,

B., B«
By = ¢ . (7.41)
B;,, B,

The tangent linear models for the first two time steps are given by,

M, = . M, = . (7.42)

As the matrix Dy (equation 7.36)) determines how much control the anchor observations

have over the observation bias coefficient, we calculate it for this case. It will be given by,

By, By, M0T¢> M0Tw¢ M1T¢> MlTw 0 -1
D> = T T T T T T -] 0, Hey,, )
Biw Bxy My, My, My, M, H(2)2w
(7.43)
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1 where we have denoted [...]”! to be the inverse matrix in equation (7.36). We can write

2 equation (7.43) in block element form as,

Dy, =0 (7.44)

Mg, )M{, H(; (7.45)

_ T
Doy, = [(B%M% +B Lypg™7(2)2,,

X

T
+ (BX¢ M + BX¢,¢,

0¢¢ M0¢)M’i[‘wH’é[‘2)2¢]["']_1H(2)2

Y
D;,, =0 (7.46)
Dy, = [(By, Mg, + Bx, Mg, )M{, d)H(TQ)% (7.47)
T T T T T —1

s where for simplicity, we have denoted the ¢ and v blocks of elements in Ds to be,

(7.48)

4+ Now that we have calculated Dy for the case when anchor observations are at ¢ = 2 and
s bias-corrected observations are at ¢t = 1 when we have split the spatial state into ¢ and 1,
6 we can use this to determine where the anchor observations can reduce the contamination
7 of state background and state model biases, relative to the spatial domain. In equation
s (7.38) the state background bias is pre-multiplied by I - DaM;Mjy. As Dg, and Dy, are
o both zero, then calculating I — DoM;Mj gives,

I- D%lewoM% - DQolew Mow 7D2¢wM1w¢M0¢w - D%lewMOw

I-DoM My =

7D2wM1w¢M0¢ — Dy, M, Mow I- DQlewM%w - DQlewMUw

(7.49)

¥
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If the state background bias is split into its two spatial parts such that it is given by,
(ey=1|[ """ 1, (7.50)

then

(I - DyM; M) (ed) =
(I- DQolewM% - D2¢wM1wM0w¢)<€g¢> - (D%lewM%w + D2¢wM1wM0w)<efl;w>
_(D2

lequod) + DQd)M1¢M0,¢¢)<EZ¢> + (I — DQle MOM) — DQ,M,leMO,l/,)(eb >

I,l/)
(7.51)

¥ ¥

Equation (7.51) shows that both the state background bias that is only observed by the

bias-corrected observations ((e> ,) and the state background bias that is observed by both

b

kinds of observations ((€,

)) are somewhat controlled by the anchor observations through
the operator Ds. We calculated an equivalent equation for when the anchor observations
do not observe the whole state in 3DVarBC in equation (6.41), chapter 6. In the 3DVar
case, (€’ ,) was not multiplied by any elements of D and as a result, (P ,) could only be
reduced implicitly by the anchor observations through the background error correlations
between the states x4 and x,. In the 4DVar case, more information is spread across the
domain by the model, which means that anchor observations will have more control over
state background biases in states that are only observed by the bias-corrected observations,
not the anchor observations. It should be noted however, that this spreading is limited
to the advection velocity of the model and that anchor observations may still not be able
to control background biases from states observed by bias-corrected observations that are
far away from the anchor observations.

Unlike in 3DVar, model biases from different spatial states in the domain will also

contaminate the observation bias coefficient analysis. In equation (7.38) the model bias

7 has been left-multiplied by I — MyDoM; and MyDs respectively. In the case where
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anchor observations do not observe the state ¢, the term I — MoDsM; is given by,

I— Mo, D2, My, —Mo,, D, My, —Mo, D2, M1, — MogyD2, My,

I-MyDsM,; =
—Mo,,D2,, My, — Mo, D2, , My, I-Mg,,Ds, M, —Mo,Dy, M,
(7.52)
Therefore, if the model bias is split into its spatial parts such that it is given by,
<77¢>
(m) = , (7.53)
<77w>

then

(I —MoD2My)(n) =

(I =My, Da,, My, — My, D2, My, ){ng) — (Mo, Da,, My, + MogyD2,Mi,,)(n,)

—(Mo,, D2, My, + Mo, D2 My, )(ng) + (I = My, D2, My, — Mo, Dy, , My, )(ny)
(7.54)

As for the background bias in equation (7.51), equation (7.54) shows that the model bias in
the first time step from both the states observed only by bias-corrected observations ({n,))
and states observed by both bias-corrected and anchor observations ((n,,)) are controlled
by anchor observations through the variable Do. Just as for the state background bias,
the model spreads information between states that are and are not observed by the anchor
observations, which allows the anchor observations to be able to control model biases in
some of the states that they do not observe, as long as the dynamics of the model expand
far enough.

In equation (7.38), the term that comes from the model bias at the second time step

is given by,
(Mo, D2, + Mo, D2,)(n,)
(Mo, D2,,, + Mo, D2, ) (1)

MoD2(n) = (7.55)

In equation (7.55) there is no (1) term. This is because equation (7.55) is the model bias
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1 that comes from reaching the time step of the anchor observations (¢t = 2). Therefore,
2 as the anchor observations do not observe x4 and the bias-corrected observations do not
3 observe states later than at ¢ = 1, there is no model bias associated with the state x4 at
4+ time t = 2. This means that any bias associated with a state that is not observed by the
s anchor observations will not be propagated further than the time step they are observed

¢ (ie. the time step of the bias-corrected observations).

7 7.3.2 Anchor observations at ¢t = 1, bias-corrected observations at ¢ = 2

s In this next section, we set the anchor observations to observe states earlier in the window
o than the bias-corrected observations, such that we have anchor observations at ¢ = 1 and
10 bias-corrected observations at ¢ = 2 (the analysis time will still be at ¢t = 0). Then the

11 linearised observation operators are given by,

0 0
H(l) = 0 ) H(2) = H(2)1M0 ) (756)
H 1), M, M, 0

12 and the model biases that come from evolving the state to the time step of the biased and

13 anchor observations respectively are given by,

0 0
ﬁH(l) = 0 i ,'/;’H(Q) = H(2)ln . (7'57)
H(1)2 (Ml’r, + 77) 0

12 As the anchor observations are at ¢t = 1, we denote,

D, = ByMyH}y) (H(5), MoB:MgH/5 + R3),) "Hyy,. (7.58)
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Substituting equations (7.56), (7.57) and (7.58) into equation (7.32), we find the expected
value of the bias coefficient analysis error when the anchor observations are at t = 1 and

the bias-corrected observations are at t = 2 is given by,
(€3)i=0 = —[Ky li=2H(1),[M1Mo(T—D 1 Mo)(€2) + My () + (1) —M 1 MoD1 (n)], (7.59)

where [Kgy(l)]tzg is the value of Kﬁya) at the second time step (as at the other time

b

2} is the state background bias that comes

steps it will have values of 0). The term (e
into play when comparing the biased background with both the bias-corrected and anchor
observations. The terms Mj(n) and (n) are the model biases associated with evolving the
initial state to the time step of the bias-corrected observations and the term M;MyD1(n)
is the model bias associated with evolving the state from the initial time step to the
time step of the anchor observations. Note that, as we are calculating the bias in the
observation bias coefficient, the model bias associated with the anchor observations has
been multiplied by M1Mj as it has been evolved to the time step of the bias-corrected
observations, in order to compare with the other biases at the same time. The linearised
anchor observation operator and the anchor observation error variance only appear in Dy,

hence the anchor observation statistics will only directly impact D;.

Equation (7.59) can be rearranged to give,
(€8)i=0 = =Ky, i=2H(1), [M1Mo(T — D1 M) (€?) + My (I — MoD1)(n) + (m)] (7.60)

where we have factorised the model biases from the same time step together, such that
the term M; (I — MyD;)(n) is the model bias associated with the first time step and the
term (n) is the model bias associated with the second time step. If D1Mj tends to the
identity, then the dependency of (€}) on (€®) will tend to zero. If D;Mj tends to the
identity and Mg and D5 are full rank, then MyD; will also tend to the identity, reducing

the second term (M;(I — MyD;)(n)) to zero. Hence if the anchor observations reduce
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the contamination of state background bias, they will also reduce the contamination of
model bias that comes from evolving the system to the first time step. The terms DM
and MoD; will tend to the identity when H(2)1 and M; are full rank and the anchor
observation error variance is very small, i.e. when we have very precise anchor observations.
Therefore, the more precise the anchor observations, the smaller the contamination of state
background bias and model bias from the first time step. However, there is a (n) term,
caused by evolving the state to the time step of the bias-corrected observations, that is left
behind in this reduction, which is only multiplied by K By and Hy),. The contamination

of this final (1) on (€f) could only be reduced if either Kﬁy(l) or Hyy, are small, which

2
would be trivial cases. Therefore, if the bias-corrected observations observe states that are
later in the time window than the states observed by the anchor observations, then there
will be a model bias caused by evolving the state to the bias-corrected observations, that
the anchor observations cannot explicitly reduce the effect of. This additional model bias
is worse than the additional model bias in equation (7.37) when the anchor observations
were later in the window, as, in equation (7.60), 1 is not multiplied by Dy, so the anchor
observations have no control over it, whereas in equation (7.37) the additional model bias

is multiplied by —MgD2, which, as we showed in section 7.3.1, will decay with more precise

anchor observations.

7.3.2.1 Anchor and bias-corrected observations observe different spatial states

We will again split the spatial domain into two sections: x4 and xy, where x4 and xy
do not overlap, to test how well anchor observations can reduce the contamination of bias
in states they do not observe. We will assume bias-corrected observations can observe
states in both x4 and x,, but anchor observations can only observe states in xy, to test

the ability of anchor observations to reduce the contamination of bias when they do not
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observe every state. Then the observation operators become,

H(l)g = <H(1)2¢, H(l)%}) 5 (7.61)

H(2)1 = (O, H(2)1UJ) ) (762)

where H(1)2¢, is related to bias-corrected observations of x4 at time ¢ = 2 and H(l)zw and
H(Z)lw are related to observations of x, at times ¢t = 2 and ¢ = 1 respectively. If we use

B and My from equations (7.41) and (7.42), then D; becomes,

B., Bx M] M 0
Dl == ¢ oY (V) Oy - [...]_1 <0’ H(2)1 ) , (763)
T T T ¥
Biyw  Bxy Mo, My, H(2)1¢
where we have denoted [...] ™! to be the inverse matrix in equation (7.58). Multiplying the

matrices in equation (7.63) together gives,

T T T T -
0 (BX¢M0¢’¢H(2)1¢ + B MOwH(Q)lw)[...] 1H(2)1¢

D, = . (7.64)

Xy

T T 1T T 13T 1
0 (BXWMOWH(?)lw+BXwM0wH(2)1w)[-~-] H(Z)lw

We can denote each block element of Dq as,
D, = (7.65)

for simplicity.
From equation (7.60), the state background bias is pre-multiplied by I — DMy, which

is given by,

I- DM, = I-Dy, My, —Di,,My, (7.66)

—Dy My, I—-D1,My,
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If the state background bias is split into x4 and x,, parts as in equation (7.50), then the

contamination of state background bias on the observation bias coefficient analysis is given

by,
(I - D1¢1/,M0¢¢)<6)12¢> - Dld)wMOw <€E¢>
~Dy, My, (€ ) + (I— Dy, Mo, )(€2)

(I— D My)(e?) = (7.67)

Equation (7.67) shows that both the state background bias that comes from the states

only observed by bias-corrected observations ((e? ,)) and the state background bias that

b

comes from the states observed by both observations ({€y,)) are somewhat controlled by
the anchor observations, as they are both multiplied by an element of Dy. This is a similar
result to the result we found in section 7.3.1.1: anchor observations that are later than
the initial time step have some control over the state background bias in states they do
not observe, as some information can be spread across the domain by the model, despite
the anchor observations only observing a subsection of the domain. It should again be
noted that the model can only spread information at the rate of the advection velocities,
so anchor observations could only control the contamination of the state background bias
in regions near to where they are observing.

Model biases from different spatial states in the domain will also contaminate the
observation bias coefficient analysis. In equation (7.60), the model bias that comes from
evolving the state to the first time step (the time step of the anchor observations) is pre-

multiplied by I — MDy, which, when the anchor observations only observe xy, is given
by,
I _M%Dlw - Molew
I-MyD, = . (7.68)
0 I-My,,D1,, —Mo,D,
When the model bias is split into the x4 and x,, parts, as in equation (7.53), the contam-

ination of model bias from the first time step on the observation bias coefficient analysis
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is given by,

(ny) — (Mo, D1, + Mo, D1,){ny)
(I Mo,,D1,, — MowD1¢)<n¢>

(I— MoDy) () = (7.69)

In equation (7.69), the model biases from both the states observed by only the bias-
corrected observations ((1,)) and from states observed by both bias-corrected and an-
chor observations ((n,,)) appear. However, the model bias that is only observed by the
bias-corrected observations is not multiplied by D1, which means that, when anchor ob-
servations are earlier than the bias-corrected observations, the anchor observations will
not explicitly be able to control the contamination of the model bias, which comes from
evolving the model to the time step of the anchor observations, from states they do not
observe. This is more similar to the 3DVar case in equation (6.41), chapter 6, as the
model bias that is not observed by the anchor observations will only be able to implicitly
be reduced by the anchor observations through the background error correlations between

X and Xy, that appear in Dy, and Dy,,.

7.3.3 Anchor and bias-corrected observations at the same time

If the analysis is calculated at ¢ = 0 and both anchor and bias-corrected observations

observe states at ¢t = 1 such that the linearised observation operators are given by,

Ha) = , Hp) = : (7.70)
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then the model biases that come from evolving the state to the bias-corrected and anchor

observations respectively are,

. 0 . 0
T’H(l) = 9 ’r’H(Q) = * (7'71)
H),m H),m
The expected value of the bias coefficient analysis error, equation (7.32), is therefore given
by
(€8)1=0 = — Ky, li=1H1y, [Mo(T — D1Mo)(€}) + (T — MoD1)(n)], (7.72)

where D is as defined in equation (7.58). If D1M tends to the identity, then MyD; will
also tend to the identity, so <eg> will tend to zero. The terms D1 Mg or MyD; tend to the
identity when the anchor observation error variance tends to zero. Therefore, if anchor
observations and bias-corrected observations observe states at the same time step, then,
although a bias is added when the system is evolved to the time step of the observations,
the contamination of both state background bias and model bias will be reduced with
more precise anchor observations. Reducing the contamination of model bias in VarBC
when anchor and bias-corrected observations are at the same time step gives an equivalent
result to reducing the contamination of model bias in VarBC in a 3DVar system, as was

shown in chapter 6.

7.3.3.1 Anchor and bias-corrected observations observe different spatial states

We will again split the spatial domain into two sections: x4 and xy, where x4 and xy
do not overlap, to test how well the anchor observations can reduce biases in states they
do not observe. We will assume bias-corrected observations can observe states in both

x4 and X, but anchor observations can only observe states in x,. Then the linearised
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observation operators become,

H(1)1 = <H(1)1¢, H(1)1w> ; (7.73)

H(2)1 = (O, H(2)1UJ) ) (774)

where H(1)1¢ is related to bias-corrected observations of x4 at time ¢ = 1 and H(l)lw and
H(Z)lw are related to observations of x, at time ¢ = 1.

In equation (7.72), I — D;Mj is multiplied by (€?) and I — MyD; is multiplied by
(n). D; can be calculated explicitly as in equation (7.64), as the anchor observations are
again at the first time step. Therefore, the term (I — D;Mjg)(eb) has also already been
calculated in equation (7.67), where we found that the anchor observations could control
background biases in states they do not observe, as long as the states are close enough to
the anchor observations so that information can be transferred by the model.

We have also already calculated (I — MoD;)(n) in equation (7.69). We found that
the model bias that came from states the anchor observations did not observe ({n,))
was not explicitly controlled by the anchor observations, so the only way to reduce the
contamination of model bias in those areas would be if the background error correlations
between states x4 and x, are strong enough to pass information about the model biases

between them, as was the case for 3DVar in chapter 6.

7.3.4 Summary of theoretical results

By studying the three simple theoretical cases for anchor observations at different times

to the bias-corrected observations, we found:

e When the anchor observations were later than the bias-corrected observations, more
precise anchor observations were able to reduce the contamination of background
bias and model bias associated with reaching the time step of the bias-corrected

observations, but an additional model bias was introduced that came from evolving
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the state to the time step of the anchor observations. This additional model bias
was weighted by the inverse of the model when the anchor observations were more
precise, so growing errors in the model would be reduced, but would never completely

disappear.

e When the anchor observations were earlier than the bias-corrected observations,
more precise anchor observations were able to reduce the contamination of back-
ground bias and model bias associated with reaching the time step of the anchor
observations, but an additional model bias was introduced in evolving the state to
the time step of the bias-corrected observations, which could not be reduced with

more precise anchor observations.

e When the anchor and bias-corrected observations were at the same time, more precise

anchor observations could reduce both the background bias and the model bias.

This therefore suggests that to reduce the most contamination of bias on the observation
bias coeflicient analysis, it is best to have the bias-corrected and anchor observations at

the same time step.

7.4 Numerical Experiments

In order to demonstrate our theoretical results of how anchor observations could reduce the
contamination of model bias in observation bias correction in 4DVarBC, we demonstrate
the theory by using a simple numerical system that has a multi-variate spatial domain
and can be run over many time steps.

We use the Lorenz 96 model (Lorenz, 1996), as described in chapter 5, to create the
data assimilation system. The observations are generated from the true model with a
random error of error variance 1 (unless stated otherwise) and the biased observations

have a bias of 0.5. Note that as all the observations have the same bias, only one bias
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coefficient is used, so § is scalar, as described in section 5.2.3. There are bias-corrected
and anchor observations directly observing the state at every spatial location, but three
different temporal sampling of the observations are considered: when the bias-corrected
observations are at ¢ = 5 and the anchor observations are at t = 10; when the anchor
observations are at ¢ = 5 and the bias-corrected observations are at ¢t = 10; and when the
anchor and bias-corrected observations are both at the end of the window (¢ = 10). This
is analogous to the theoretical cases described above in sections 7.3.1, 7.3.2 and 7.3.3. A
bias is added to the model which is used to evolve the system forward in time, by changing
the forcing parameter F' to 12 (= Fpjased). The observation and model biases are chosen
so that they cause a similar bias in the state analysis when only one bias is present. The
initial cycle has no added background bias, but background bias will naturally accumulate
in the later cycles if the analysis of the previous cycle is biased. The assimilation length
is 10 time steps, which gives the biased model enough time to sufficiently evolve away
from the true model; we present the results over 20 windows. We have repeated the
experiments for 1000 realisations, which are all initialised with different random errors in
the background and observations and then averaged over all realisations.

In figures 7.1a and 7.2a we have plotted the mean state analysis across all realisations
and all states: the circles are the mean state analyses at the beginning of each window,
and the tails are the analysis trajectories across the windows. The dashed black line is
the mean true trajectory across all states which uses the true model (F' = 8). In figures
7.1b and 7.2b we have plotted the mean observation bias coefficient analysis across all
realisations. The observation bias coefficient analysis has been plotted at the time of the
biased observations, but is considered to be constant across the window.

In figure 7.1 we have plotted the mean state analysis and the mean observation bias co-
efficient analysis when the anchor observation error variance is equal to the bias-corrected
observation error variance (= 1). We have shown three timings of the bias-corrected and

anchor observations relative to each other, which are shown by the different transparencies
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of the circles. It is obvious in figure 7.1a that the state analysis has been contaminated
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Figure 7.1: VarBC to correct for observation bias in a 4DVar system, with anchor and bias-

corrected observations at different times in the window. 03(2) =1.
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by model bias as, not only is there a bias of between approximately 0.4 and 0.7 over all
cycles, but the analysis trajectories also do not follow the true trajectories. This bias
in the state analysis has occurred despite having anchor observations at every spatial lo-
cation. The state analysis bias trajectories increase over the window as the model bias
is pulling the state analysis away from the truth. This gives an additional bias in the
background in the following cycle, so that VarBC is now being contaminated with both
background bias and model bias. The analysis bias is initially close to zero as there is no
background bias in the initial cycle. The observation bias coefficient in figure 7.1b has
been underestimated by between approximately 0.5 and 0.8 due to the contamination of
model bias. The observation bias coefficient is also predicted to be negative, whereas the
true observation bias is positive (=0.5), which means that VarBC is correcting observation
bias in the opposite direction. However, it should be noted that this change of sign is due
to the small magnitude of the true observation bias, so when the system underestimates
the observation bias coeflicient, the estimate is pulled below zero. If the true observation
bias were bigger, then underestimating it would not necessarily lead to a change in sign
in the estimate of the observation bias. The observation bias was chosen to be 0.5 here as
we wanted the model and observation biases to have the same effect on the analysis.

In the theory, we showed that when the anchor observations were earlier in the window
than the bias-corrected observations, there was an additional model bias term that could
not be controlled by the anchor observations, so the analysis would have a larger bias
than if the bias-corrected observations were earlier in the window. We can see that the
observation bias coefficient has a larger bias when the anchor observations are at t = 5
(the lightest dots) in figure 7.1b as the observation bias coefficient is further away from
the true observation bias than the other cases. The state analysis also has a larger bias
when the anchor observations are earlier in the window as the lighter mean state analysis
in figure 7.1a is further away from the truth. There is not much difference between when

the bias-corrected observations are at t = 5 (earlier than the anchor observations) and
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when the bias-corrected observations are at ¢ = 10 (the same time as the anchor observa-
tions), as both the mean state analysis and mean observation bias coefficient analysis give
similar results for both cases. However, in general there is a small increase in bias when
anchor observations are later in the window than the bias-corrected observations, which
reflects the additional bias added when reaching the anchor observation time step that
we saw in equation (7.38). This difference is however negligible in figure 7.1a. Overall,
these numerical results agree with our theoretical results, as they show that when anchor
observations are earlier in the window than the bias-corrected observations, model bias
will more strongly contaminate the observation bias correction, leading to a larger state
analysis bias. Ideally, we would want the anchor observations to be at the same time (or
slightly later if necessary) as the bias-corrected observations, in order to reduce the most
contamination of background and model bias in the analysis.

Figure 7.2 is similar to figure 7.1, but we have now plotted the mean state analysis
and mean observation bias coefficient analysis when the anchor observation error variance
is 03(2) = 0.1 and the bias-corrected observation error variance is 03(1) = 1, to test the
impact of more precise anchor observations. Again, the three timings of the anchor and
bias-corrected observations are shown by the transparency of the circles.

In figure 7.2a the mean state analysis bias has substantially reduced for all timings of
the observations, which shows that more precise anchor observations has reduced the bias
in the mean state analysis, regardless of the timing of the anchor observations. This is
especially true when the anchor observations are later in the window, as the state analysis
now lies almost exactly on the truth. In the first two cycles there is now a negative bias,
but this disappears by the third cycle. This suggests that VarBC has over-compensated
for the model bias in the first two cycles and takes a few cycles to find the balance between
the anchor observations and the model. Interestingly, the bias in the forecast at the end
of the window is a similar magnitude to the bias at the beginning of the window when the

anchor observations were less precise (figure 7.1). This suggests that, as the model bias
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Figure 7.2: As in figure 7.1 but with more precise anchor observations (03(2) =0.1).

1 has not been corrected for, the model is trying to reach its (biased) climatology, but is

> always pulled back by the anchor observations in the analysis at the next cycle. This is
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important as, although the analysis at the beginning of the window is much closer to the
truth when we use more precise anchor observations, the forecast throughout the window
is still biased.

In figure 7.2b the mean observation bias coefficient analysis is still biased, but has a
much smaller bias than when the anchor observations were less precise (figure 7.1b). The
bias in the observation bias coefficient analysis is now approximately 0.2, compared to

approximately 0.6 when ag( = 1. This shows that more precise anchor observations has

2)
improved the estimate of the observation bias coefficient, as it has reduced the contami-
nation of model bias in the observation bias coefficient analysis.

Overall figure 7.2 agrees with our theoretical results as more precise anchor observations
has reduced the contamination of state background and model biases on the state and
observation bias coefficient analyses. More precise anchor observations have removed the
most bias in the state and bias-coefficient analyses when anchor observations are later in
the window. There is a larger bias when anchor observations are earlier than the bias-
corrected observations, as was predicted from the additional model bias from the bias-

corrected observations in equation (7.32), which the anchor observations had no control

over.

7.5 Conclusions and Discussion

We have demonstrated the role of anchor observations in reducing the contamination of
model bias in a 4DVarBC system. We initially examined the theory about how the timing
of the anchor observations can reduce the contamination of model bias on the estimate
of observation bias in VarBC and then demonstrated these results in a simple numerical
System.

We calculated the bias coefficient analysis error equation for a 4DVarBC system when

both anchor and bias-corrected observations were used. Equation (7.32) showed that
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some amount of model bias will always contaminate the estimate of the observation bias
in VarBC, as having anchor observations with zero random error would not be possible
operationally.

In order to better understand the role of anchor observations in time, we have looked
at three simplified cases: when the bias-corrected observations observe states before the
anchor observations; when the bias-corrected observations observe states after the anchor
observations; and when the bias-corrected and anchor observations observe states at the
same time step.

In section 7.3.1 we showed that when anchor observations observe states after the bias-
corrected observations, more precise anchor observations will reduce the contamination of
the background bias and the model bias associated with evolving the state to the time step
of the bias-corrected observations. We found that there was an additional model bias that
was associated with evolving the state to the time step of the anchor observations, that
could not completely be removed even with very precise anchor observations. However,
when the anchor observations were more precise, we showed that this term would be
reduced as it became a product of the model bias and the inverse of the linearised model.
As atmospheric dynamics are described by models with growing errors (Lorenz, 2005;
Simmons et al., 1995), this shows that the additional model bias would be reduced. We
illustrated this result in the medium transparency line in figures 7.1 and 7.2, as increasing
the precision of the anchor observations reduced the bias in both the state analysis and
the observation bias coefficient analysis.

In section 7.3.2 we showed that when anchor observations were earlier than the bias-
corrected observations, more precise anchor observations could reduce the background bias
and model bias associated with evolving the state to the time step of the anchor observa-
tions, but that there was an additional model bias associated with evolving the state to the
time step of the bias-corrected observations that the anchor observations could not con-

trol. This meant that, unlike for the additional model bias when the anchor observations
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were later than the bias-corrected observations, more precise anchor observations would
not reduce the additional model bias term when bias-corrected observations were later in
the window than the anchor observations. We demonstrated these results in the lightest
transparency line in figures 7.1 and 7.2, as using more precise anchor observations reduced
the bias in the state and observation bias coefficient analyses. However, the lightest line
had the most bias compared to the other timings of the anchor observations. This reflected
our theoretical results when the anchor observations were earlier than the bias-corrected
observations, as the bias in the lightest line showed the additional model bias that could
not be controlled by the anchor observations.

Finally, in section 7.3.3 we showed that if the anchor and bias-corrected observations
observe states at the same time step, then the contamination of state background bias from
all observable states can be reduced by more precise anchor observations. More precise
anchor observations will also reduce the contamination of model bias that comes from
evolving the state to the observed time step, but only in spatial states that are observed
by the anchor observations. We demonstrated these results in figure 7.2 as we found that
reducing the error variance of the anchor observations reduced the bias in both the state
and observation bias coefficient analyses when the anchor and bias-corrected observations
were at the same time.

We have shown that if bias-corrected observations are later in the window than the
anchor observations, an extra model bias will contaminate the estimate of the observation
bias correction, regardless of the precision of the anchor observations. It is therefore safer
for anchor observations to be later in the assimilation window, so that there are fewer
bias-corrected observations after the anchor observations. In practice, the network of
satellite radiance observations from polar orbiting satellites provide data at a particular
point at least once every 6 hours, but this could be early or late in the window, depending
on where the satellite is giving data for (Met Office NRT Quality Monitoring, 2023). In

contrast, anchor observations such as radiosondes only provide data every 6 or 12 hours
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(ECMWEF Geographical Coverage, 2023), so usually give information in the middle of
a 6 hour window. Therefore, future developments of anchor observations should look
to develop observations that are available at more frequent times, for example in the
continued expansion of radio occultation instruments. If changing the timing of the anchor
observations is not possible, data assimilation centres could look into changing the timing
of the assimilation window (Milan et al., 2020), so that the available anchor observations
fall at the end of the window.

At ECMWEF, a quasi-continuous data assimilation system is used, whereby new ob-
servations are used in regular updates to the analysis within an inner loop, so that more
observations can be used within the window, as the final analysis update uses less com-
puting power and therefore the cut off time for observations is shorter (Lean et al., 2021).
This would likely not change the amount of radiosonde data available for each window,
as they are so infrequent, but could change the amount of satellite data available. This
could be beneficial if later radio occultation data is available as we have shown that later
anchor observations are better at reducing the contamination of model bias, but could
have a detrimental impact if more bias-corrected observations are used at the end of the
window and if there is also a model bias present in the system, as we have shown that
bias-corrected observations later in the window can be associated with model biases that
anchor observations cannot reduce.

This chapter has aimed to derive insight into the role of anchor observations in a 4DVar
data assimilation system, when both observation and model biases are present and when
observation bias is corrected for, in order to answer research question 2. This extended
the work of chapter 6 to test the importance of the timing of the anchor observations, as
well as their spatial distribution and precision, as was discussed for 3DVarBC. The next
steps for this work would be to test the results on a system that more closely relates to an
operational set up where the anchor observations only observe small parts of the domain

and where the observation or model biases are spatially variant so that the bias spatial
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structures between the observation and model biases are different. VarBC could also be
tested on systems that only have model bias present and do not have observation bias

present, to test whether VarBC would try to correct for the wrong type of bias.

7.6 Summary

In chapter 7 we have derived analysis error equations for the state and observation bias co-
efficient when both anchor and bias-corrected observations are used and when background
and model biases are present. Using these equations we have discussed the importance
of the timing of the anchor observations in 4DVarBC as well as how the precision of the
anchor observations impacts their ability to reduce both state background and state model
biases. In the next chapter we will consider the role of anchor observations when correcting
for model bias in the presence of observation bias. We will then compare the importance

of anchor observations when using VarBC, WC4DVar or both simultaneously.
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Chapter 8

The interaction between VarBC
and WC4DVar and the role of

anchor observations

8.1 Introduction

In chapters 6 and 7 we studied the characteristics of anchor observations needed to ef-
fectively reduce the contamination of model bias on the observation bias correction. In
chapter 3.2 we discussed how model bias can be also corrected for, using a technique known
as weak-constraint 4DVar (WC4DVar). Laloyaux et al. (2020a) demonstrated that biased
observations would contaminate the estimate of the model bias in WC4DVar, unless an-
chor observations were also present. This work did not, however, study the characteristics
needed in anchor observations to effectively reduce the contamination of observation bias
in the presence of model bias. As we showed in section 2.2, anchor observations can be
sparse in both space and time, especially in comparison to satellite radiance observations.

Therefore, in this chapter we will study the interaction between correcting for observation
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and model biases simultaneously, and the role anchor observations play in mitigating the
contamination of bias from one source (model/observation) on the correction of the other
to answer research question 3.

In section 8.2 we will initially study the theory of how observation bias contaminates the
estimate of the model bias, and how anchor observations can mitigate this contamination,
when only model bias is corrected for. Although in practice WC4DVar would not be used
without also correcting for observation bias, we isolate the contamination of observation
bias on the correction of model bias to mirror chapters 6 and 7, and to obtain theoretical
results for a simpler problem. Together with the previous chapters, this can be used to
provide insight into how WC4DVar and VarBC interact, which is more difficult to study
theoretically. We will study three simple cases in sections 8.2.1.1, 8.2.1.2 and 8.2.1.3,
where the biased and anchor observations are only at one time step each in the window.
We will then demonstrate our theoretical findings in a simple numerical system in section
8.2.2. Finally in section 8.3, we will compare the numerical experiments for the VarBC
results from chapter 7 with the WC4DVar case, as well as with numerical experiments that
correct for both observation and model biases respectively, to compare the role of anchor
observations in each bias correction technique. Overall conclusions will be discussed in

section 8.4.

8.2 WC4DVar with uncorrected observation bias

We want to study the role of anchor observations in WC4DVar when both observation and
model biases are present, but only model biases are being accounted for. To accomplish
this, we split up the observations in the analysis error equations for WC4DVar, equation
(2.95), such that we have biased observations y(;) and anchor observations y ), as we did
for the VarBC cases in chapters 6 and 7. We therefore have two observation operators for

both observation types: h() (p) and h(y) (p), where p is the vector containing the state,
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x, and model bias parameter, 1, defined in equation (2.83), and the numbers in brackets
represent the biased or anchor observations. The biased observations will not be corrected
for. The linearised observation operator, equation (2.90), is split into two observation

types (denoted by ﬂ(l)p and I:I(Q)p) such that ﬂp from equation (2.90) is given by,

X H H
- | (1)x A (1) 5.1)
He), He),
where
H, o 0
Hp, = | Hp Mio1.Mo |» Hp, = | Hy) O M. M;+1) [ (82)
H), «Mny_1.. M Hy, (O My M +1)

Note that equation (8.2) is equivalent to equations (2.91) and (2.92), but the (k) denotes
the biased or anchor observation type. The observation error covariance matrix for the
two observation types becomes

Ry O

R = (8.3)

0 Ry

where we have assumed that the error covariances between the biased and anchor obser-
vations are zero. Then the state and model bias analyses can be extended from equation

(2.95) to give,

b

a o b % 3

XO = XB + ny(1>d(1)p + KXy(Z)d(2)p7 (84)
a . ~b . ~b

nt=n"+ Koy dayp + Kayoy de2),,» (8.5)
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1 where Ky Ky oy Ky and Kpy , are calculated by expanding,

- T - T
ny 1 KXY 2 BX 0 H(l)x H(2)x
) @ | _ »

~ ~ ~ T ~ T

Knyu) Kny<2) 0 Q H(l)n H(2)n
. . T A -1
Hay, Hu), | (Bx 0} [Hp), Hp), N Rg) 0
N ~ AT N )
Hp), Hp), ) \ 0 Qf \Hpy), Hgp), 0 Ry

(8.6)

> where B, is the state background error covariance matrix and Q is the model error co-
s variance matrix, as defined in equation (2.84). As the inverse matrix in equation (8.6)
4+ is symmetric, we can calculate the inverse as in equation (4.2) in Lu and Shiou (2002)

5 to explicitly calculate ny(l), K Knym and KUY(E)‘ Therefore, following the same

Xy(2)7
s method to calculate Kyy , , Kxy,,, Kyy,, and Ky, in equations (6.16) - (6.19), K can

7 be separated as follows

Ky, = BxH() (W - XZ7'X") "' - B,H,, 27 ' X"(W - X2'X") ", (8.7)

Ky, = —BxHy) (W - XZ7'X")XZ ! + ByHpy (27 + 27 X"(W - XZ'X")XZ ),
(8.8)

Ky, = QH ) (W—XZ'XT)"' - QHp Z'X"(W - XZ'X") !, (8.9)

~ AT _ _ _ A~ _ _ _ _ _
Ky, = —QHy) (W —XZ7'X")7'XZ7 ' + QHy), (27" + 27X (W - XZ'X")"'XZ ™),
(8.10)

8 where we have denoted W, X and Z to be the element blocks from the matrix to be

o inverted in equation (8.6),

W =H(;),B.H;) +Hq), QHy), + R, (8.11)
N ~ T
X = H(l)xBXH(Q)x + H(l)UQH(z)n’ (812)
N AT o AT .
7 = H(Q)XBXH(Q)X + H(2)"QH(2)TI + R(g) (8.13)
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W, X and Z come from the HBpHT + R term, where, W and Z correspond to the biased

and anchor observations respectively, and X corresponds to the cross term. If X is 0, then

Ky ) and Knyu) would only depend on the biased observations and ny<2> and Kny(z)

(1
would only depend on the anchor observations.
The error equations for x* and n* can be extended from equations (2.104) and (2.105)
to include two observation types and are given by,
b % . : b_ ¥ by | K . : b_ ¥ b
€5 = & + Kyy, (€01 — Hu e — Hy, €) + Kuy, (€) — Ho), € —Hg), €7)  (8.14)

6?) = EB + Kﬂ)’(n (é?l) - I:I(l)xelf - I:I(l)neg) + Kny@)(é&) - I:I(g)xe)li - I:I(Q)ne]f)) (8.15)

where the biased and anchor observation error vectors in time are given by,

Yo = M), (%6, 1") Y) — M@, (x6,1n")
€y = ya), — hay, (Moi(x4,1")) » €y = | ye), — ), (Mmosi(xg,nt) |

(8.16)

where 1m0_;(x},n") is the model that evolves both the state and the model bias to the ith
time step, as defined in equation (2.82).

To calculate the bias in the model bias parameter, we take the expected value of the
errors in equation (8.15). Assuming that the state background bias and the model bias
parameter background bias are zero ((€2) = 0, <e};> = 0), which could be true for the initial
cycle; and the anchor observations are unbiased ({€(y) = 0), so that the only expected
value of error term, that is nonzero, is from the biased observations, then the expected

value of the state and model bias analysis error equations, equations (8.14) and (8.15)
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respectively, become,

A

<€;ac>t=0 = KXY(l) <é(()1)> (8'17)

(€g)i=0 = Koya, <é‘()1)). (8.18)

Therefore, the amount of observation bias that contaminates either the estimate of the
state or the model bias parameter is dependent on the sensitivity of the state or model bias
parameter to the biased observations. Note that equations (8.17) and (8.18) would look
the same if we only had biased observations, but when we have both observation types, the
terms nyu) and Kny<1> are dependent on both the anchor and the biased observations.
Therefore, the following section will focus on how the anchor observations vary ny ~ and
Knym in order to demonstrate how the anchor observations can reduce the contamination
of observation bias in WC4DVar.

In the following section, we investigate the role of anchor observations when the biased
and anchor observations observe one time step each, which could be the same or different

time steps to each other. In order to simplify the system further, we observe a scalar

system, so that only one state is observed between the biased and anchor observations.

8.2.1 Scalar system with anchor and biased observations at one time

step

To simplify the equations for ny(l) and Kny(l) we study a scalar system with observations
only observing one time step. If the system is scalar such that there is only one state that is
observed by both the anchor and bias-corrected observations, and both of the observations
are only at one time step (this could be the same or different time steps with respect to
each other) then the observation error covariance matrices from equation (8.3) will now

2

be given by the variances (ao(k)) at the time steps they are observed and 0 everywhere
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else. The background and model error variances for the scalar system will be denoted by,

By =o0p, Q=0 (8.19)

We assume that the observation operators for both observations are equal and given

by the identity as if we have direct observations, such that they are given by
by, (i) = i, (8.20)

where the (k) denotes the biased or anchor observations respectively and i is the time step.
Operationally, this assumption is unlikely as biased observations would often be satellite
radiance observations, which require a more complicated observation operator. However,
we make this assumption to simplify equations (8.7) and (8.9), in order to understand the
importance of the anchor observation error variance.

We define the model to be a simple linear model given by,
xip1 = m(x;) +n=ax; +n, (8.21)

and choose « to be a constant between 0 and 2. When « is less than 1, the errors in the
model decay and so the errors can be considered stable, and when « is greater than 1, the
errors in the model grow and so the errors can be considered unstable.

If the observations can either be at time t = 1 or ¢t = 2, then the observation operator
for observations at time 1 and the observation operator for observations at time 2 are

given by,

hiey, (@1) = 21 = mo(z0) + 1 = azo +1, (8.22)

h(y, (m2) = 22 = my(21) + 1 = mi(mo(x0) + 1) + n = a’zg + (a + L)n. (8.23)
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In our experiments we will set O'%X =1, 0(21 = 0.1 and 05(1) = 1, so that the biased
observations and background have the same error variances and the model error variance
is ten times smaller than the background error variance. We want the model error variance
to be smaller than the background error variance as the model error variance only reflects
the error at one time step, whereas the background error is the accumulation of error
across the window.

and K

) for five values of a:

In sections 8.2.1.1, 8.2.1.2, 8.2.1.3 we will plot nym
ranging from 0.5 to 1.5, varying the anchor observation error variance, unless specified
otherwise. Changing « alters the stability of the errors in the model and changing the
anchor observation error variance alters the precision of the anchor observations. Note
that in a non-scalar system, changing the precision of the anchor observations could also
refer to changing the overall weighting given to the anchor observations, which accounts
not only for the error in a single observation, but also the combined effect of several anchor
observations which are spatially close to each other. We vary a to ensure we have a wider
variety of model conditions when making our conclusions. We vary the anchor observation
error variance to test the role of the anchor observations in reducing the contamination of
observation bias on the estimate of the state and the model bias. As we are only varying
the anchor observation error variance (not the biased observation error variance or the
background error variance), the analysis error variance for the system will change with
different 03(2), and so the background error variance should also change in subsequent
cycles. However, in this simple system, we want to demonstrate the extent that the
anchor observations can reduce the contamination of observation bias in both the model
bias parameter and the state analysis. Therefore, we only reduce the anchor observation
error variance to demonstrate the role of the anchor observations. In reality, the anchor
observations often make up a small portion of the observation data and so varying the
anchor observation error variance would not have a large impact on the analysis error

variance. It is therefore reasonable not to change the background error variance when the
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1 anchor observation error variance is altered.
2 In the following sections we present explicit cases of the anchor and biased observations

s observing the state at either the first or second time step.

4+ 8.2.1.1 Biased and anchor observations at t =1

5 If both biased and anchor observations are at ¢ = 1, then the linearised observation

6 operators for the biased and anchor observations would be,

0 0 0 0

ﬁ(l)x = | Hy Mo | = || FI(U" =|Huy, | =|1] (8.24)
0 0 0 0
0 0 0 0

ﬁ(2)x = | Haop Mo | = || > ﬁ(z)n =|Ho, [=|1]: (8.25)
0 0 0 0

7 The linearised observation operators with respect to 1 are independent of a as both of the
s observations are only at the first time step, so they are not dependent on the linearised
o model.

10 Therefore by substituting equations (8.24) and (8.25) into equations (8.7) and (8.9),
11 the sensitivities of the state and model bias parameter analyses for the scalar case when

12 anchor and biased observations are at the same time, are given by,

2 2
OéO'be'O(Q)
Ky Jie1 = , (8.26)
® a?ap,051) + A205,05(5) T 04051y T 94T5(2) T To(1)%0(2)
agag(z)

[Kﬂ}’u)]t:l = 2 o 3 3 R (8.27)

aop 02 )+ a20p, 02 ) + 0302y T 03020 + 051,02

13 where [Kyy,  Ji=1 and [Kny(l)]tzl are the sensitivities at ¢ = 1 (at the other times the

Y1)

14 sensitivities will be 0). The numerator in equation (8.26) shows that the sensitivity of the
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state to the biased observations is proportional to the stability of the errors in the model

(

«), the state background error variance (of, ), and the anchor observation error variance
(o
o

(2)). If either the state background error variance or the anchor observation error
variance is large (ie. less weight is given to the state background or anchor observation),
then the state estimate will be more dependent on the biased observations. The same

is true for the numerator in equation (8.27), which is proportional to the model error

2
q

) and the anchor observation error variance (0(2)

variance (o (2)): if either the model error
variance or the anchor observation error variance is large, then the model bias parameter
estimate will be more sensitive to the biased observations. These two equations show
that giving more weight to the anchor observations or bias-corrected model would likely
mean less weight is given to the biased observations and hence less observation bias would
contaminate the estimate of the state and the model bias parameter. As the denominator
of equations (8.26) and (8.27) is more complicated than the numerators, to understand how
the denominators of equations (8.26) and (8.27) impact the sensitivities of the state and
model bias parameter to the biased observations, we will run simple numerical experiments
with given parameters, as described in the introduction of section 8.2.1.

In figure 8.1 we have plotted Ky, (red) and Ky, (blue) whilst varying the anchor
observation error variance, which ranges from 10 times smaller to 10 times bigger the
biased observation error variance (0(2)(1) = 1). They have been plotted for 10 values of
a, from 0.5 to 1.5, shown by the increasing transparency of the lines (where the darkest
lines are the smallest values of « and the lightest lines are the largest values of «). Ky,

is always smaller than Ky, . for the corresponding values of «, which suggests that the

Y1)
observation bias would have a larger impact on the state analysis, than on the model bias
coefficient analysis. This makes sense as Kyy and Ky, are proportional to agx and O'?l
respectively in equations (8.26) and (8.27) and we have set o to be much smaller than

aﬁx, as the model error variance is only valid at one time step, whereas the background

error variance would be the error accumulation across a whole window. Increasing the
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Figure 8.1: Kyy,, (blue) and Ky, (red) when biased observations at t = 1, anchor observations
at t =1 for different values of a.

anchor observation error variance has increased the sensitivity of both the state and the
model bias parameter to the biased observations, as was predicted in equations (8.26)

and (8.27), because K, and ny(l) are both proportional to O'g( We would expect

¥(1) 2)

that the sensitivities of the state and model bias parameter to the biased observations
increases with increased anchor observation error variance, as putting less trust into the
anchor observations would suggest more trust needs to be put into the biased observations.
Importantly, this shows that more precise anchor observations will reduce both Ky - and
Kny<1> when biased and anchor observations are at the same time step. As the biases in the
as shown in

state and model bias parameter are directly proportional to Ky ., and K,

Y1) Y(1)?

equations (8.17) and (8.18), the state and model bias parameter will be less contaminated
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by the observation bias.

8.2.1.2 Biased observations at ¢t = 1, anchor observations at t = 2

In the next case, we set the biased observations to be at time ¢ = 1 and the anchor
observations to be at time t = 2, again in a scalar system. The linearised observation

operators would be given by,

0 0 0 0
1), = Hqoy Mo | =] Hpy, = Huy, | = 1] (8.28)
0 0 0 0
0 0 0 0
H), = 0 =lo|, Hp,= 0 = o |. (829
H), ,MiMy a? Hy, (M +1) a+1

Substituting equations (8.28), (8.29) into equations (8.7) and (8.9) gives the sensitiv-
ities of the state and model bias parameter analyses to the biased observations when the

biased observations are earlier than the anchor observations as,

Ky 2ol + Dot Oay) (8.30)
X t=1 — ’ ’
Yo a0y, (03 + 0505 + %05 (y)) + 08(05) + (@ + 1)205)) + 054)055)

2( .2 3 2
04(05() — @0y )

20 (02 + 03(2) + a2a§(1)) + ag(ag(z) + (a+ 1)205(1)) + ag(l)ag@)

Koy li=1 = . (8.31)

Equations (8.30) and (8.31) are immediately more complicated than equations (8.26) and
(8.27), when the anchor and biased observations were at the same time step. However,

K

Xy (1) is directly proportional to 0‘3. This

is still directly proportional to ng and Kny(l)
shows that, as more weight is given to the background and model respectively, the sen-
sitivity of the state and model bias parameter to the biased observations will be smaller,

and hence there will be less contamination of observation bias on the state and model
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bias parameter estimates. As it is less clear how the precision of the anchor observations

impacts Kyy,,, and Kny(l)a we will test how K,y ,, and K, , vary with given parameters.

Y (1) Y (1) Y (1)

— Ky, when a=0.5
—— Kxy,, When a=0.5
— Ky, when a=0.6
0.4 — Kxy,, When a=0.6
— Ky, when a=0.7
—— Kxy,, when a=0.7
— Ky, When a=0.8

—— Kxy,, when a=0.8

o
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| — Kay,, Whena=0.9
—— Kxy,, when a=0.9
—— Ky, when a=1.1
Kxy,, when a=1.1
Kay,, when a=1.2
Kxy,, When a=1.2
Kny,, When a=1.3
Kxy,, when a=1.3

Kny,, When a=1.4

Sensitivity to biased observations
o
N

I
o

Kxy,, when a=1.4

Kny,, when a=1.5

Kxy,, when a=1.5

0.04

10! 10° 10!
Anchor observation error variance

Figure 8.2: Ky ,, (blue) and Ky, (red) with biased observations att =1 and anchor observations
at t = 2 for varied «.

In figure 8.2 we have plotted Kyy ,, (red) and Ky, (blue), when we have varied the

V(1)
anchor observation error variance between 10 times smaller and 10 times larger the biased
observation error variance (03(1) = 1), as in figure 8.1. This has been plotted for 10
values of a between 0.5 and 1.5 (with increasing transparency as « gets larger). Ky, is
negative when the anchor observation error variance is small, which means that the model
bias parameter analysis would be updated by the observations in the opposite sign to the

innovation vector.

K

X¥(1) for the corresponding value of « for all values of the anchor

is larger than Kyy
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observation error variance, which is what we expect from equations (8.30) and (8.31) as

ny<1) is directly proportional to ng and K,

) is directly proportional to Ué, and we have

defined the model error variance to be much smaller than the background error variance.
This suggests that the observation bias will more greatly contaminate the state analysis,
than it will contaminate the model bias parameter analysis. When the anchor observation
error variance is increased, so does the sensitivity of both the state and the model bias
parameter to the biased observation. This is as we would expect as putting less weight
into the anchor observations would mean more weight is put into the biased observations,
but this was not so obvious from equations (8.30) and (8.31) alone. This suggests that
more precise anchor observations will have a larger impact on reducing the contamination
of observation bias in both the state analysis and the model bias parameter analysis. As
« increases, the gradient of ny(l) becomes steeper for increasing anchor observation error
variance. This means that as the errors in the model become more unstable, the value of

K.

XY (1) becomes more sensitive to the anchor observations.

8.2.1.3 Biased observations at ¢t = 2, anchor observations at ¢t =1

In our final experiment we set the biased observations to be at ¢ = 2 and the anchor
observations to be at t = 1. Therefore, in our scalar system the linearised observation

operators are given by,

0 0 0 0
ﬁ(l)x = 0 =10|; ﬁ(l),, = 0 = 0 , (8.32)
Hqy, , M1 Mo a? Hy, , M a+1
0 0 0 0
ﬁ(2)x = Heou, Mo | = || > H(z)q7 = How | = | 1] (8.33)
0 0 0 0
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Substituting equations (8.32), (8.33) into equations (8.7) and (8.9) gives the sensitivi-
ties of the state and model bias parameter analyses when the biased observations are later

than the anchor observations as,

o?oi (a(2a —1)02 + 0(2)(2))

) 02(2a302 — a0 + Ug(l) — (a+1)*0d) + 0'(2)(1)(0‘20%x + 03(2))
Ko g e o2(0?ol, + aol + (o + 1)05(2)) (3.35)
ey :
) 03(20303 — a0 + 02y — (a+ 1)40d) + 02y (%0, +05y)

where [Kyy , Ji=2 and [Kyy ;=2 are the sensitivities at t=2 (at the other times the sen-
sitivities will be 0). The terms Kyy ) and Ky ,, are again proportional to ng and ag
respectively, which suggests that the sensitivities of the state and model bias parameter
estimates are strongly dependent on the state background and model error variances re-
spectively. As the relationship between the sensitivities and the precision of the anchor

and K,

observation is still unclear from equations (8.34) and (8.35), we will plot Ky ()

Y(1)
for different values of v and ag@).

In figure 8.3 we have plotted Kxy, (red) and Ky, (blue) whilst varying the an-

Y1)
chor observation error variance for different values of o (lines are more transparent as
« increases). There are now negative values of Ky, when the anchor observation error
variance is very small and when the model is stable, which would mean that the state anal-
ysis would be updated by the observations with the opposite sign to the biased innovation
vector.

Unlike in the previous two cases, Ky ,, is not always smaller than Ky for the

Y (1)
corresponding value of «. This is unexpected from equations (8.34) and (8.35), but is due
to the difference term on the numerator of ny<1), which did not exist for the previous two
cases. This suggests that the contamination of observation bias on the state analysis may

be smaller in some cases than the contamination of observation bias on the model bias

parameter analysis. This is detrimental to the system, as the more that the observation
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Figure 8.3: Ky, (blue) and Ky
att =1, for varied c.

v, (red) when biased observations at t = 2, anchor observations
bias contaminates the model bias parameter analysis, the worse the model bias correction
will be. Bias in the model bias parameter analysis will then filter into the state analysis
in subsequent cycles, increasing the state analysis bias further.

When the anchor observation error variance is increased, the sensitivity of the state to
the biased observations increases as we would expect, however the sensitivity of the model
bias parameter to the biased observations either increases or decreases depending on the
stability of the model. As « increases, the gradient of Knyu) changes between positive,
to negative, then back to positive again (positive when o > 1.6, not shown here). In

general, K,y . is not very sensitive to the anchor observation error variance, regardless of

Y(1)

a, which suggests that the anchor observations only have a small impact in reducing the
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contamination of observation bias in the model bias correction when they are earlier in

the window than the biased observations.

041 —— Kpy,, when 0%, =0.1
—— Ky, When oy =0.1
—— Ky, when ofy) =1
—— Ky, When ofy) =1
Kny, When o, =10

0.39
Kiy,, when o, =10

o
N

Sensitivity to biased observations

0.01

Figure 8.4: Kyy,, (blue) and Ky, (red) when biased observations at t = 2, anchor observations
at t =1 for different values of a and 3 values of o4(2)-

To test how the sensitivities of the state and the model bias parameter to the biased
observations are dependent on the stability of the model, for the case when anchor ob-
servations are earlier than the biased observations, we have varied o over a larger range.

In figure 8.4 we have plotted K,y (blue) and Ky (red) when we vary a for 3 val-

Y(1) Y

ues of ag(g): 0.1, 1 and 10, shown with increasing levels of transparency for larger 03(2).

Each curve of Ky increases with increasing anchor observation error variance, as we

Y(1)

saw in figure 8.3. However, for K, the lines for the different anchor observation error

Y(1)°

variances cross each other. When « is less than 1, Ky, increases with increasing anchor
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observation error variance as expected, but when « is greater than 1, K,y ,, decreases with

Y(1)
increasing anchor observation error variance. This shows that when the anchor observa-
tions are earlier in the window than the biased observations, the anchor observations do
not necessarily perform as we would expect and increasing their precision does not always
reduce the contamination of observation bias on the model bias parameter. The ability
of the anchor observations to reduce the contamination of observation bias on the model
bias parameter is dependent on the stability of the model. It should be noted however,
that these numbers are dependent on the other parameters chosen (e.g. non-varied er-
ror variances), which means that the impact of having anchor observations earlier in the

window and their ability to reduce observation biases needs to be researched further in a

non-scalar system in order to come to a more robust conclusion.

8.2.2 Numerical experiments in a multi-variable system

Our theoretical results have mostly focused on a scalar system, in order to somewhat
simplify the analysis error equations for the state and model bias parameter, equations
(8.17) and (8.18). In order to understand the role of anchor observations when correcting
for model bias in the presence of observation bias in a non-scalar system, we test the
importance of the timing and the precision of the anchor observations in a simple numerical
system, with the same parameters as described in section 7.4 for the 4DVarBC case, but
details will be repeated here for the convenience of the reader.

We use the Lorenz 96 model (Lorenz, 1996), as described in chapter 5 to create the
data assimilation system. The climatological background error covariance matrix is used,
as described in section 5.2.2.1, and, as the model bias parameter is scalar, Q is scalar
and is defined as 10% of the mean state background error variances. A bias is added
to the forecast model by changing the forcing parameter, such that Fijaseq = 12. The
anchor and biased observations are generated from the true model with a random error of

error variance 1 (unless stated otherwise). The biased observations also have a constant
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bias of 0.5 added to the random error. There are biased and anchor observations directly
observing the state at every spatial location, but the observations vary in time: when
the anchor and biased observations are both at the end of the window (¢ = 10); when
the biased observations are at ¢ = 5 and the anchor observations are at t = 10; when
the anchor observations are at ¢ = 5 and the biased observations are at £ = 10. This is
analogous to the theoretical cases described above in sections 8.2.1.1, 8.2.1.2 and 8.2.1.3.
The observation and model biases are chosen so that they cause a similar bias in the
state analysis when only one bias is present. The initial cycle has no added background
bias, but background bias will naturally accumulate in the later cycles if the analysis of
the previous cycle is biased. The window length is 10 time steps, which gives the biased
model enough time to sufficiently evolve away from the true model; we present the results
over 20 windows. We have repeated the experiments for 1000 realisations, which are all
initialised with different random errors in both the background and observations, and then
average the results over all realisations. The model bias parameter 7 is scalar as the model
bias is spatially and temporally invariant.

In figures 8.5a and 8.6a we have plotted the mean state analysis across all realisations
and all states for two different anchor observation error variances: the circles are the mean
state analyses at the beginning of each window, and the tails are the trajectories across
the windows. The dashed black line is the mean true trajectory across all states which
uses the true model (F' = 8). In figures 8.5b and 8.6b we have plotted the mean model
bias parameter analysis across all realisations. As the model bias parameter analysis is
constant throughout each window, it is plotted as one dot at the beginning of the window.

In figure 8.5 we have plotted the mean state analysis and the mean model bias param-
eter analysis when the anchor and biased observations have the same error variance (as
described above). The biased and anchor observation times vary for the three experiments
as explained above, which are shown by the varying transparency of the lines.

In figure 8.5a, the state analysis has been shifted vertically away from the truth for
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Figure 8.5:

(b) Mean model bias parameter analysis

WC4DVar to correct for model bias only, with anchor and biased observations at

different locations in time. 03(2) =1.

183



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

all three cases, but the analysis trajectory closely follows the true trajectory (albeit also
shifted away from the truth), which suggests that most of the model bias has been suc-
cessfully removed and the bias in the state analysis is caused by the observation bias. The
mean state analysis initially starts at the truth as there is no background bias in the first
window.

In figure 8.5a it is clear that the state analysis has the most bias when the anchor
observations are earlier in the window than the biased observations. This shows that
anchor observations should be later in the window to have the biggest impact on reducing
the contamination of observation bias. The case that causes the smallest bias in the
state analysis is when the biased observations are earlier in the window than the anchor
observations. This makes sense as equation (8.17) showed that the contamination of
observation bias in the state analysis was controlled by the sensitivity of the state to the
biased observations. Observations later in the window will have a larger weighting in the
data assimilation system, so the analysis will have a larger sensitivity to later observations.
Therefore to reduce the contamination of observation bias, it is better to have a smaller
weighting given to the biased observations (by having them earlier in the window) and a
larger weighting given to the anchor observations (by having them later in the window).

In figure 8.5b, there is only a small contamination of observation bias in the mean
model bias parameter analysis. This was as we predicted in the theory in sections 8.2.1.1,

8.2.1.2 and 8.2.1.3 as we showed Kny<1) was generally much smaller than Ky for the

Y1)
scalar case, which implied that less observation bias would contaminate the model bias
parameter than the state analysis. In general, the mean model bias parameter analysis has
the largest bias when the anchor observations are earlier in the window than the biased
observations (lightest circle) and it has the smallest bias when the biased observations are
earlier in the window than the anchor observations (middle circle).

In figure 8.6 we have again plotted the mean state analysis and the mean model bias

parameter analysis for different observation times in the window. However, the anchor
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1 observation error variance is now ten times smaller than the biased observations and is

> given by ‘73(2) = 0.1, to test the impact of using more precise anchor observations.
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Figure 8.6a shows that with more precise anchor observations, the bias in the state
analysis has been reduced for all three cases, but a small bias still remains. This is in line
with our theory in sections 8.2.1.1, 8.2.1.2 and 8.2.1.3, as we showed that more precise
anchor observations would reduce Kiy ) which would in turn reduce the contamination
of observation bias on the state analysis error.

In figure 8.6b the bias in the model bias parameter analysis has been reduced when
more precise anchor observations are used in comparison to figure 8.5b, especially when
the anchor observations are later in the window. In our theoretical results we showed that,
when the anchor observations were before the biased observations, increasing the precision
of the anchor observations did not necessarily reduce the sensitivity of the model bias
parameter to the biased observations and hence reduce the contamination of observation
bias on the model bias parameter. In figure 8.6b the bias in the mean model bias parameter,
when the anchor observations are earlier than the biased observations, has in general
been reduced (but not as much as when anchor observations are later), although it takes
the system several cycles for the model bias parameter to reach an equilibrium with a
small bias. As our results in sections 8.2.1.1 - 8.2.1.3 were dependent on the stability of
the errors in the model, our multivariate numerical experiments should be tested on a
different system, perhaps on an operational model with simulated observations, to test
whether theoretically increasing the precision of the anchor observations ever increases
the bias in the model bias parameter, when the anchor observations are earlier in the
window. Alternatively, to avoid this odd case, it would be better to avoid having anchor

observations earlier in the window than the biased observations.

8.2.3 Summary of WC4DVar when not correcting for observation bias

In this section we have looked at how observation bias contaminates the estimate of model
bias in WC4DVar. In equation (8.18) we showed that the contamination of observation

bias on the model bias parameter can be constrained by K the sensitivity of the

nyy»
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model bias parameter to the biased observations, which is implicitly dependent on the
anchor observations through the linearised anchor observation operator and the anchor
observation error variance. In sections 8.2.1.1, 8.2.1.2 and 8.2.1.3 and figures 8.5 and
8.6 we demonstrated the role of anchor observations in reducing the contamination of
observation bias by studying three simple cases: when the anchor and biased observations
observe the same time step; when the biased observations observe a state earlier than
the anchor observations; and when the biased observations observe a state later than the
anchor observations.

For all three cases, the sensitivity of the state to the biased observations increased
as the anchor observation error variance was increased. This is what we would expect,
as giving less weighting to the anchor observations would suggest that more sensitivity
needs to go to the other sources of information. In figure 8.6a, we demonstrated that
increasing the precision of the anchor observations reduced the bias in the state analysis
compared to figure 8.5a. Therefore, combining our theoretical and numerical results show
that more precise anchor observations will reduce the sensitivity of the state analysis to
the biased observations and therefore reduce the contamination of observation bias on the
state analysis.

When the anchor observations were later in the window (either at the same time step
or later than the biased observations), we showed in sections 8.2.1.1 and 8.2.1.2 that
reducing the anchor observation error variance also reduced the sensitivity of the model
bias parameter to the biased observations, which would mean less of the observation bias
could contaminate the model bias parameter analysis. However, when anchor observations
were earlier in the window in section 8.2.1.3, reducing the anchor observation error variance
did not always correlate to a reduction in the sensitivity of the model bias parameter
to the biased observations. In our numerical results we found in figures 8.5b and 8.6b
that reducing the anchor observation error variance reduced the bias in the model bias

parameter for all three cases, even when the anchor observations were earlier in the window
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than the biased observations. However, when the anchor observations were earlier, it took
more cycles for the model bias parameter to reach an equilibrium between the observation
bias and the anchor observations.

In our numerical results in figure 8.5a, we found that having biased observations earlier
than the anchor observations reduced the most contamination of observation bias. This
was also true for the model bias parameter in figure 8.5b, where the contamination of ob-
servation bias on the model bias estimate was most reduced when the anchor observations
were later in the window than the biased observations, although the differences between
the three cases were less significant than for the state analysis. This result makes sense
as equation (8.18) showed that observation bias contaminates the model bias estimate via
the sensitivity of the model bias parameter to the biased observations. In a data assimi-
lation system, observations later in the window have a larger impact on the analysis than
observations earlier in the window. Therefore, the earlier the biased observations in the
window, the less impact they will have on the state and model bias parameter analyses

and so there will be less contamination of observation bias.

8.3 Comparison of the role of anchor observations when cor-

recting for observation bias, model bias, or both

In chapter 7 we studied the role of anchor observations in 4DVarBC in the presence of
model bias. We found that having anchor observations at the same time step or later than
the bias-corrected observations reduced the most contamination of model bias, as, if the
bias-corrected observations were later in the window, more model bias could accumulate
which the anchor observations could not control. In our WC4DVar experiments in the
presence of observation bias, we similarly found that having the anchor observations later
in the window than the biased observations meant that there was less of a contamination of

observation bias on the model bias correction. In both techniques we found that using more
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precise anchor observations reduced the contamination of bias in the system. In this section
we will demonstrate the ability of the anchor observations to reduce the contamination of
model and observation bias when both are being corrected for simultaneously. As we found
similar results for the ability of the anchor observations to reduce the contamination of bias
in both 4DVarBC and WC4DVar, we would expect that anchor observations would reduce
the most contamination of both observation and model biases on the other correction,
when they are precise and later than the biased observations.

As we described in section 3.2, Lorente-Plazas and Hacker (2017) compared correcting
for observation and/or model bias in a simple numerical system to test which method
reduced the most root mean square error in the analysis. However, they did not include
experiments that used anchor observations, which we have shown to play an important
role when both observation and model biases are present. In this section we will extend
the results of Lorente-Plazas and Hacker (2017) by comparing our numerical results for
VarBC and WC4DVar in the presence of both observation and model biases when anchor
observations are available. We will also compare the separate use of the correction methods
with their simultaneous use, in order to correct for both observation and model biases
simultaneously. We will not study the theoretical equations for combining VarBC and
WC4DVar, as they are too complicated to be insightful. All of the numerical results come
from the same system as described in sections 7.4 and 8.2.2, with observation and model
biases that cause similar state analysis biases.

In table 8.1, the table of values shows the mean difference between the state analysis
and the truth, where the mean is taken over all 40 state variables, all 1000 realisations

and over all time and is calculated by the following,

1 20 1 40 1 1000
20 <0 Z (1000 Z(xzw) - xi,z)) ’ (8.36)
i=1 j=1

t=1

where j is each realisation; ¢ is each spatial state; and ¢ is each cycle. We have only
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calculated the differences at the beginning of each window (to give the difference in the
analysis bias, not its trajectory in the window), which is why ¢ is between 1 and 20, where
20 is the number of cycles. We will refer to these mean differences in equation (8.36) as

the mean state analysis bias.

- iased = tunbiased = 10 thiased = 5 tunbiasea = 10 Yiased = 10, tunbiased = 5
State bias = 5 5 5 5 5 = = =
Oy = 0.1 Oo2) = 1 Og2) = 10 Og2) = 0.1 Oo2) = 1 Og2) = 10 Ooz) = 0.1 Ogz) = 1 Oy) = 10
No correction - 0.324 - - - - - - -
VarBC -0.014 0.477 - -0.014 0.492 - 0.117 0.609 -
WC4DVar 0.033 0.169 0.278 0.017 0.118 0.289 0.064 0.226 0.291
Both - -0.008 -0.019 - -0.007 -0.014 - -0.012 -0.020

Table 8.1: Table of mean state analysis biases when observation and model biases are present and
no/one/both bias correction techniques are used. 9 cases are presented: when biased and anchor
observations are at different times in the window and when the anchor observation error variance
18 varied. All values rounded to 3 decimal places.

In table 8.1 we have presented the mean state analysis bias when there is both ob-
servation and model bias present, but when: neither bias has been corrected for; obser-
vation bias has been corrected for using VarBC; model bias has been corrected for using
WC4DVar; and both biases have been corrected for using VarBC and WC4DVar simulta-
neously. Within each of these correction techniques we have varied where the observations
are in the window: both the anchor and biased observations at ¢ = 10; biased observa-
tions at ¢ = 5, anchor observations at ¢ = 10; and biased observations at ¢ = 10, anchor
observations at ¢ = 5. For each of these we have also varied the anchor observation error
variance between 0.1 and 10. The results for VarBC and WC4DVar are equivalent to
those shown in sections 7.4 and 8.2.2. Where we have left results blank, we have not done
the experiments, as we felt they would not give any extra information to our results for
the computing power needed to complete them. For example, the bias would either be
significantly larger or smaller than the other values, so were considered unimportant.

The first thing to note from table 8.1 is that in all cases, there is still a bias within
the state analysis, albeit very small when both bias correction techniques are used. This

is important, as in this system we have complete spatial coverage of anchor observations
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that directly observe the state. Operationally, we would expect a less extensive coverage
of anchor observations (Eyre et al., 2020) and yet full coverage of anchor observations still
leads to an analysis state that is biased.

Comparing the experiments that correct for one or two biases with the experiment
that did not correct for any biases (rows 2,3,4 compared with row 1), when the anchor
observation error variance is 1 and the observations are at the same time, we see that
either correcting for model bias or both model and observation biases reduces the state
analysis bias from 0.324 to 0.169 and -0.008 respectively. However, only correcting for
observation bias using VarBC increases the state analysis bias from 0.324 to 0.477. The
result for using VarBC in the presence of model bias reflects the results in Dee (2005), who
suggested that correcting for only one type of bias could be worse than performing “bias-
blind” assimilation and also reflects the results in Eyre (2016) who showed that correcting
for observation bias can exacerbate the effect of model bias. Operational centres have
found that correcting for observation bias using VarBC is vital in order to use radiance
observations, so it is important to note here that in this experiment we have specifically
chosen the observation and model biases to cause similar magnitudes of bias in the state
analysis, whereas usually one bias would dominate the other. Also, predictors are used
in operational VarBC, which have been designed to mitigate the contamination of model
bias in the observation bias correction (Cameron & Bell, 2018; Harris & Kelly, 2001), so
we would expect operational VarBC to perform better than not correcting for observation
bias at all.

Next we compare the experiments that have small anchor observation error variance
(the green columns) with the experiments with anchor observation error variance equal to
1 (the yellow columns). In table 8.1, more precise anchor observations have reduced the
bias in the state analysis when using either VarBC or WC4DVar compared to using anchor
observations with the same error variance as the biased observations. This is particularly

true for VarBC where more precise anchor observations have reduced the bias in the state
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from 0.477 to -0.014 (rounded from -0.0141), 0.492 to -0.014 (rounded from -0.0137) and
0.609 to 0.117 respectively for the three cases of observations in time, which shows the
importance of precise anchor observations, particularly when correcting for model bias
in VarBC. This is an extension of Eyre (2016), who demonstrated the need for anchor
observations in VarBC in the presence of model bias in a scalar system, whereas here we
have shown the importance of precise anchor observations in a 40-variable 4DVar system.

Now we look to the three groups of columns outlined with the bold lines; when the
biased and anchor observations are at different times in the window. The mean state
analysis bias in table 8.1 has the largest magnitude between equivalent experiments when
the anchor observations are earlier in the window, as we could clearly see from figures
7.1a and 8.5a. This suggests that, for anchor observations to have the largest impact in
reducing the contamination of bias when correcting for only one type of bias, they need
to be towards the end of the window (or at least at the same/later time step to the biased
observations). This reflects our results in the theory for VarBC and WC4DVar in sections
7.3 and 8.2 respectively.

Lorente-Plazas and Hacker (2017) suggested that correcting for both biases simulta-
neously was better than only correcting for one. However, in our table 8.1, we see that
there is an exception to this, which is when the observation bias has been corrected using
VarBC with very precise anchor observations. In this case the mean state analysis biases
are -0.014 (rounded from -0.0141), -0.014 (rounded from -0.0137) and 0.117 for the three
observation times respectively, which is lower when compared to correcting for both with
very imprecise anchor observations, which have mean state analysis biases: -0.019, -0.014
and -0.012 for the three respective observation times. Therefore, this suggests that cor-
recting for VarBC with precise anchor observations could reduce the state analysis bias
more than correcting for both with less precise (or fewer) anchor observations. This is im-
portant as implementing both correction techniques operationally requires a lot of time to

set up, as well as a lot of prior knowledge about the system in order to create both model
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bias parameter and observation bias coefficient background error covariance matrices.
In table 8.2 the table of values for both the mean observation bias coefficient bias and
the mean model bias parameter bias are given for the same experiments as in table 8.1.

The mean observation bias coefficient bias is defined as,

1000

20
o > . > (B = B), (8.37)
20 1000

t=1 j:l

and the mean model bias parameter bias is defined as,

1000

20
o > — > (=), (8.38)
20 £ \1000 &

= J:

which are the means of the biases in the observation bias coefficient and model bias pa-
rameter over all realisations and all cycles. Studying the mean observation bias coeflicient
and model bias parameter analyses demonstrates how having both model and observation

biases can contaminate the estimate of the other. In table 8.2a, all of the values of the

3" bias thiased = Lunbiased = 10 thiased = 5, tunbissea = 10 thiased = 10, tunpiasea= 5
Ooz’=0.1 | Ogz/=1 | Oop'=10 | 04p=0.1 | Opp’=1 | 0427=10 | 0,5°=0.1 | 0yp’=1 | g,p°=10
VarBC -0.193 -0.589 - -0.178 -0.588 - -0.309 -0.694 -
Both - 0.008 0.020 - 0.004 0.013 - 0.013 0.022

(a) Table of mean observation bias coefficient bias. True observation bias coefficient = 0.5.

A thiased = tunbiased = 10 thiased = 5/ tunbiasea = 10 thiased = 10, tunbiasea= 5
0 bias 2-0.1 2= 2= 10 2= 0.1 221 Z=10 2=0.1 I=1 2= 10
Oo(2) = 9. Oof2) = Oop2) = Oof2) = 9. Ooi2) = Tof2) = Uapjist Tof2) = Oop2) =
WC4DVar -0.002 -0.009 -0.014 -0.001 -0.007 -0.018 -0.004 -0.012 -0.015
Both . -4x10™* 3x10° - -6x10™ -7x107 2 -2x10™ 8x10°

(b) Table of mean model bias parameter bias. True model bias parameter = 0.05.

Table 8.2: As in figure 8.1 but for the mean observation bias coefficient bias (when using VarBC)
and the mean model bias parameter bias (when using WC4DVar).

observation bias coefficient bias are larger in magnitude than the equivalent values of the
model bias parameter bias in table 8.2b. This is as expected as the true observation bias
coefficient is ten times larger than the true model bias parameter. However, the bias in

the observation bias coefficient is more than ten times larger the bias in the model bias
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parameter. This demonstrates that observation bias correction is more largely impacted
by model bias than model bias correction is impacted by observation bias. It should be
noted that the value by which the observations/model are contaminated, is dependent on
the model/observation bias present in the particular system, and the biases in our ex-
periments, have been chosen so that both the observation and model biases cause similar
biases in the state analysis.

The conclusions for the precision and timing of the anchor observations are mostly
the same as in table 8.1, except for the model bias parameter when correcting for both
observation and model biases. The bias in the model bias parameter is most reduced when
the anchor observations are earlier in the window than the biased observations. As this
is the opposite result for both the state and the observation bias coefficient analyses, this
suggests that the model bias parameter has taken in some of the bias from the system
in order to reduce the bias in the state and/or observation bias coefficient. As correcting
for both biases simultaneously has reduced the bias in the model bias parameter to a
value close to zero for all three cases of observations in time, we will regard this case as
unimportant, but this may present a problem if the biases in the model bias parameter
were significantly larger.

Correcting for both observation and model bias gives the most accurate estimates of
the biases compared to using only one or neither bias correction technique in both tables
8.1 and 8.2. The biases in the observation bias coefficient and model bias parameter are
very small, which suggests that biases have been correctly attributed to their sources.
However, we wanted to confirm that this is not because we have full spatial coverage of
anchor observations and therefore the system has a good knowledge of the truth. The
orange columns in tables 8.1, 8.2a and 8.2b represent when the anchor observations have a
very large error variance (03(2) = 10) in comparison to the biased observations (Jg(l) =1),
so can be regarded as practically unused in the system. We can see that the biases have

increased for all times of the observations, but the biases remain negligible (from -0.008 to
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-0.019, -0.007 to -0.014 and -0.012 to -0.020 for the mean state analysis bias). This shows
that, in our experiments, correcting for both observation and model biases simultaneously
reduces the bias in the state analysis, regardless of the use of anchor observations, which
is consistent with the Lorente-Plazas and Hacker (2017) results, which did not consider
anchor observations at all. This could be because, although the model and observation
biases have similar spatial structures (i.e. they are both constant over the spatial domain),
they have different temporal structures, so this may be how the system is able to separate
them. We tested this hypothesis by reducing the window to two time steps, so that the
model and observation biases would contaminate the system at two and one time steps
respectively (ie. their temporal structures are more similar). The system was still mostly
able to correct for both biases simultaneously, leading to a negligible bias in the state
analysis of approximately 0.015 when the observations were at the same time step. This
is just under a doubling of the magnitude of the bias when the window length was ten
time steps (-0.008), so does not disprove this hypothesis, but as the bias is still small, it
suggests that the different structures between the observation and model biases is not the
only cause.

Dee (2005) suggested that biases can only be correctly attributed to their source if the
structure of the biases is known. In our experiments, the system knows that the bias in
both the model and the observation is just a constant added to the data. Operationally,
the form of the bias may not be known and is only an assumption. Therefore, it is likely
that correcting for both biases simultaneously performed well in our experiments because
the structure of the biases was known. Correcting for both biases simultaneously should
thus be tested on a system where the form of the bias is unknown, or mis-specified, in
order to understand the effect of assuming the bias correction function. This additional

work is beyond the scope of this project.
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8.3.1 Model and observation biases acting in different directions

So far we have only demonstrated the results of experiments where both the observation
and model biases pull the state analysis in the same (positive) direction. In this next
section we use a negative observation bias of 3 = —0.5 so that the observation and model
biases pull the state analysis in opposite directions. We have set the observation error
variances to be equal (=1) and the anchor and biased observations are both at the end of

the window (¢ = 10).

State bias
No correction -0.018
VarBC 0.476
WC4DVar -0.185
Both -0.001

Table 8.3: The mean state, observation bias coefficient and model bias parameter analysis biases
when the observation and model biases act in different directions. ty;ased = tunbiased = 10. 03(2) =
1.

In table 8.3, we have presented the mean state analysis bias, the mean observation bias
coefficient analysis and the mean model bias parameter analysis when the observation and
model biases act in opposite directions. When no bias correction technique is used, the
mean state analysis bias is -0.018 (compared to 0.324 when 3 is positive). This is close
to zero and so shows that the two biases naturally cancel each other out, without having
to use either bias correction technique. When only one bias correction technique is used
(i.e. either VarBC or WC4DVar), the state analysis bias is significantly larger than when
no bias correction technique is used, giving a mean state analysis bias of 0.476 (using
VarBC only) and -0.185 (using WC4DVar only). These values are similar in magnitude to
when the observation bias was positive (table 8.1), which shows that the observation bias
and model bias interact in a similar way when correcting for only one bias, regardless of
whether the observation and model biases act in the same or opposite directions. This is

also supported by the fact that the observation bias coefficient bias and the model bias
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parameter biases have similar magnitudes to when 3¢ was positive. Finally, if both model
and observation biases are corrected for, then the mean state analysis bias is the smallest
at -0.001, which is smaller than correcting for one type of bias or correcting for neither.
Therefore, this gives the same results as in Lorente-Plazas and Hacker (2017), that if the
observation and model biases act in opposite directions, then our numerical experiments
give smaller biases when either both or neither of the biases are corrected for, compared
to when only one is corrected for. As previously discussed, more research is needed in a
numerical system that mis-specifies the form of the biases, to check whether correcting for

both would still perform so well in a more realistic system.

8.4 Conclusions

The aim of this chapter has been to understand the role of anchor observations in the in-
teraction of 4ADVarBC and WC4DVar. This was approached by first studying theoretically
how uncorrected observation bias contaminates WC4DVar, to mirror the studies in chapter
7, where theoretical results were discussed for how uncorrected model bias contaminates
4DVarBC. We then compared numerical experiments that corrected for observation bias,
model bias, or both simultaneously to compare how well the anchor observations were
able to disentangle the observation and model biases when either one or both biases were
corrected for.

In equation (8.17) and figures 8.5a and 8.6a we demonstrated that using more precise
anchor observations reduced more of the contamination of uncorrected observation bias
on the state analysis in WC4DVar. This mirrors the conclusion of chapter 7, that more
precise anchor observations reduced more of the contamination of uncorrected model bias
in 4DVarBC. However, in table 8.1, we showed that anchor observations had a larger im-
pact in reducing the contamination of uncorrected model bias in VarBC, than in reducing

the contamination of uncorrected observation bias in WC4DVar. When we have referred
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to more precise anchor observations, we have used it to mean a smaller anchor observation
error variance such that they are given more weight in the analysis. The precision of
observations can also be reduced by having a larger number of anchor observations in one
area (which is easier to achieve in practice than having more precise individual observa-
tions). As we showed in chapter 2.2, anchor observations, particularly radiosondes, are
quite sparse. Therefore areas with less coverage of anchor observations, for example in the
southern hemisphere in the troposphere will be more susceptible to biases contaminating
the model or observation bias corrections. Therefore, this work shows that future anchor
observing networks should aim to either reduce the anchor observation error variance, or
as this can be difficult in practice, aim to increase the frequency of observations, in order to
increase their weighting within the data assimilation system. Further studies in this area
should also test correcting for observation/model biases in systems with inhomogeneously
spaced anchor observations, to study how well the anchor observations can reduce the
contamination of bias when they are not evenly spaced throughout the domain, as would
occur in operational observations. Presumably, the ability of the anchor observations to
reduce the contamination of biases in locations that are unobserved would reduce, as we
found for VarBC when anchor observations did not observe the whole domain in chap-
ters 6 and 7, where the background error correlations between states and the model were
given greater importance. However, this should be tested thoroughly on a more realistic
numerical system and so is beyond the scope of this thesis.

In figure 8.5 we demonstrated that having anchor observations later in the window
and biased observations earlier in the window significantly reduced the contamination of
uncorrected observation bias when correcting for model bias, compared to having the ob-
servations at other times. This mirrors the conclusion of chapter 7 which also found that
anchor observations later in the window reduced more of the contamination of uncorrected
model bias in 4DVarBC. In fact we showed in table 8.1 that, when correcting for either

or both observation and/or model bias, having anchor observations later in the window
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reduced the most bias in the state analysis. Therefore, regardless of the correction tech-
nique used, in order to ensure the least contamination of bias on the analysis, it is safest
to have anchor observations later in the window so that biased observations are less likely
to be later than the anchor observations. Therefore, as previously discussed in chapter 7,
as radiosondes tend to only provide data every 6 or 12 hours (ECMWF Geographical Cov-
erage, 2023), continued work should be put into developing anchor observations that can
provide more regular data updates, such as in the expansion of radio occultation satellite
observations (e.g. Harnisch et al., 2013; Cucurull et al., 2018), or alternatively, operational
centres could look to change the timing of the assimilation windows so that the anchor
observations occur at the end of the window.

In table 8.1 we found that correcting for both observation and model biases simulta-
neously significantly reduced the bias in the state analysis, compared to only correcting
for one, regardless of the weighting given to the anchor observations. This reflected the
results found in Lorente-Plazas and Hacker (2017), who did not consider anchor observa-
tions in their experiments. This tentatively suggests that, if both observation and model
biases are corrected for, then fewer anchor observations would be required to achieve an
equally accurate analysis (to only correcting for observation bias). However, in order to
more robustly demonstrate that correcting for both biases simultaneously is better than
only correcting for one and to test when anchor observations become important in disen-
tangling the biases, the numerical results should be repeated in a numerical system where
the structure of the biases is mis-specified as Dee (2005) predicted that biases could only

be attributed to their correct sources if the forms of the biases were known.

8.5 Summary

In chapter 8 we have demonstrated the impact that anchor observations can make in a

system correcting for model bias in the presence of observation bias and then compared
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the numerical results to systems that only correct for observation bias, or that correct
for both biases simultaneously. We have found that, in answer to research question 2.3,
precise anchor observations are important in reducing the contamination of bias, but they
are particularly important when correcting for observation bias in the presence of model
bias, answering research question 3. In answer to research question 2.1, the timing of the
anchor observations significantly impacted their ability to reduce the contamination of
bias: we concluded that, when correcting for model bias, it is more important for anchor
observations to be later than the biased observations, and when correcting for observation
bias, it is important for the observations to be at the same time. In the next chapter we
will discuss the overall conclusions for the whole thesis, discussing the implications of the

results and where the results fall short.
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Chapter 9

Conclusions

In this thesis we have discussed how the presence of observation and model biases in a data
assimilation system can be detrimental to our estimate of the state, despite an attempt
to correct for one or both of the biases using VarBC (for observation bias) or WC4DVar

(for model bias).

In section 3.3 we defined research question 1 as:

e RQ1: What are the consequences of mis-specifying the background error statistics

in VarBC?

In chapter 3 (section 3.1) we discussed the work of Eyre and Hilton (2013), who demon-
strated that the analysis error variances in variational data assimilation could be larger
than the corresponding background error variances if the background error covariance ma-
trix was mis-specified. They defined this scenario as the “danger zone”, as it meant that
performing data assimilation would degrade the estimate of the state from the background.

In chapter 4 we extended this work to a VarBC system, where both the state and bias
coefficient background error covariance matrices could be mis-specified, in order to answer

RQ1. We found that the consequences of mis-specifying the background error statistics
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was the presence of danger zones for both the state and the bias-coefficient analyses. If
the state analysis fell into the danger zone, then the assimilation of observations would
degrade the state analysis from the state background. Similarly, if the bias coefficient anal-
ysis fell into the danger zone, the assimilation of observations would degrade the estimate
of the observation bias correction from the observation bias coefficient background. In a
scalar example, we showed that the state analysis was more likely to fall into the danger
zone when the state background error variance was overestimated and the bias coefficient
background error variance was underestimated. The opposite was true for the bias coef-
ficient: the bias coefficient analysis was more likely to fall into the danger zone when the
state background error variance was underestimated and the bias coefficient background
error variance was overestimated. This means that if one danger zone is avoided, then the
other danger zone is more likely. Operationally, the state and bias coefficient background
error covariance matrices are usually estimated, based on prior knowledge of the system,
without knowing what the 'true' background error covariance matrices are. Therefore it
would be difficult to know whether the background error covariance matrices are being
under or overestimated. However, this work has aimed to derive insight into why systems
may be performing unexpectedly when using VarBC, rather than suggesting to purposely
under or overestimate the background error covariance matrices in the future.

Although we derived vector equations for the analysis error covariance matrices when
the background error covariance matrices were mis-specified, the majority of the results
from chapter 4 were based on a scalar system. In a non-scalar system, both the variances
for each state variable and the covariances between state variables could potentially be
mis-specified. Therefore, future work should study the implications of mis-specifying the
background error statistics within VarBC in a vector system, to understand the impact
of mis-specifying both the variances and the covariances. Eyre and Hilton (2013) studied
both a scalar and vector system when observation bias correction was not used. They

found that an example of the danger zone also existed for a realistic non-scalar case, but
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the primary cause of the danger zone was due to mis-specifying the variances, rather than
the correlations. Therefore, as the analysis error covariance matrix equations for VarBC
have a similar structure to the analysis error covariance matrix equation when VarBC
is not used, we would hypothesise that, in VarBC, mis-specifying the background error
variances would be the primary cause of the danger zone, rather than mis-specifying the
background error correlations between the state variables or between the bias coefficient

variables.

In section 3.3 we defined research question 2 as:

e RQ2: What criteria are needed in the anchor observations to successfully reduce
bias in the analysis when both model and observation biases are present but only

observation bias is accounted for?
In order to tackle this problem, we broke RQ2 down into three sub questions:

e RQ 2.1: Where are anchor observations most effective in reducing the contamination

of bias?

e RQ 2.2: When are anchor observations most effective in reducing the contamination

of bias?

e RQ 2.3: Does the quality of the anchor observations matter in reducing the contam-

ination of bias?

In chapter 3 (section 3.2) we discussed how uncorrected biases can contaminate the data
assimilation system, as well as contaminating the estimate of the bias correction. If both
model and observation biases are present, then Eyre (2016) showed in a 3-dimensional,
scalar system that anchor (unbiased) observations are vital in preventing the observation

bias correction from drifting towards the model bias.
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In chapter 6 we extended Eyre (2016)’s work to understand the role of anchor obser-
vations in a 3-dimensional, non-scalar VarBC system in the presence of model bias (in the
form of background bias), in order to answer RQ2. In answer to RQ 2.1, we found that
anchor observations were most effective at reducing the contamination of background bias
in the observation bias correction when they observed the same states as the bias-corrected
observations. Therefore, this work showed that the regions most at risk of contamination
from model bias are regions where anchor observations are sparse, such as temperature
observations in the upper atmosphere (above the stratosphere) or the lower troposphere in
the Southern Hemisphere. However, we found that if the anchor and bias-corrected obser-
vations observed different regions or variables, the background error correlations between

these states became more important:

e If the anchor and bias-corrected observations observed states with similar back-
ground biases, then large background error correlations successfully allowed the an-

chor observations to reduce the contamination of bias in states they did not observe.

e If the anchor observations observed states with background biases, but the bias-
corrected observations did not observe states with background biases, then large
background error correlations would detrimentally transfer biased information from

the anchor observations to the bias-corrected observations.

e If the anchor observations did not observe states with background biases, but the
bias-corrected observations observed states with background biases, then, regardless
of the background error correlations, the anchor observations could not reduce the

contamination of bias on the states they did not observe.

Operationally, we cannot control whether the background error correlations are large or
small, as the correlations will be dependent on the system and the model. Therefore,

regions with large background error correlations, such as along a front, will transfer more
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information about model biases from the anchor observations to the bias-corrected obser-
vations, than regions with small background error correlations, for example across vertical
layers separated by a temperature inversion that prevents mixing. As we have shown,
this can have either a favourable or detrimental impact on the amount of model bias that
can contaminate a system, so can be used to derive insight into why VarBC systems may
give less accurate results than expected. In answer to RQ 2.3, we found that more precise
anchor observations were more able to reduce the contamination of model bias on the ob-
servation bias correction, due to the anchor observations being given a greater weighting
in the analysis. A greater weighting of anchor observations could be achieved either with
individual instruments that are more precise (although this is difficult to achieve in prac-
tice), or by increasing the number of anchor observations in a particular area. Increasing
the number of anchor observations is more achievable with the continued expansion of
radio occultation instruments, as they can give a global coverage of data (although this
is limited to temperature measurements in the stratosphere and upper troposphere, or
humidity measurements in the lower troposphere).

In chapter 7 we extended chapter 6 and Eyre (2016) to understand the role of anchor
observations in a 4-dimensional, non-scalar VarBC system in the presence of model bias.
In answer to RQ 2.2, we found that anchor observations were most effective at reducing
the contamination of model bias in the observation bias correction when they were at the
same time step as the bias-corrected observations in the assimilation window. In answer to
RQ 2.3, when the anchor and bias-corrected observations were at the same time step, we
found that more precise anchor observations were able to reduce the contamination of both
background and model biases on the estimate of the state and observation bias coeflicient
analyses, as we found for background biases in the 3DVar case in chapter 6. If anchor
observations were later than the bias-corrected observations, then an additional model bias
term would occur in the analysis that came from evolving the state to the time step of the

anchor observations. This was somewhat reduced with more precise anchor observations,
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and in our theoretical analysis we found that the reduction of this bias, when precise
anchor observations were available, depended on using a model that had growing errors.
If anchor observations were earlier in the assimilation window than the bias-corrected
observations, then an additional model bias term would occur in the analysis that came
from evolving the state to the time step of the bias-corrected observations. The anchor
observations had no control over the additional model bias and the model bias would
not reduce, regardless of the precision of the anchor observations. As satellite radiance
observations tend to give data across a time window (Lean et al., 2021), it would be safer
for anchor observations to be at the end of the window, so that they are either at the same
time or later than the bias-corrected observations. Changing the timing of the anchor
observations is not always possible operationally, as observations such as radiosondes tend
to have set times. However, increasing the number of radio occultation instruments would
allow more anchor observations of the stratosphere and upper troposphere to be available
across the time window, which would therefore provide more anchor observations at the
end of the window. Alternatively, the timing of the assimilation windows could be shifted
so that anchor observations such as radiosondes would be forced to the end of the window.

We presented the theoretical results of chapter 6 and 7 for a general vector system, but
we only demonstrated the numerical results using our simple Lorenz 96 system, which only
had one bias coefficient and had observations at every location. Operationally, predictors
are used in the bias correction function, which have been chosen to reduce the contamina-
tion of model bias (Harris & Kelly, 2001; Cameron & Bell, 2018). Therefore, our numerical
experiments should be extended into a more realistic system, where the bias correction
function is defined by a number of predictors, as well as having inhomogeneously spaced
anchor observations. This would test how the spatial distribution affects the role of anchor
observations in reducing the contamination of model bias in a realistic system, especially

when there are large regions that are not observed by anchor observations.
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In section 3.3 we defined research question 3 as:

e RQ3: How important are anchor observations when correcting for model and/or

observation bias?

In chapter 3 (section 3.2) we discussed a comparison study of the analysis RMSE (root
mean square error) when correcting for observation and/or model bias when both biases
were present (Lorente-Plazas & Hacker, 2017). Lorente-Plazas and Hacker found that, in
the presence of both biases, only correcting for model bias reduced the state RMSE more
than only correcting for observation bias, but correcting for both observation and model
biases simultaneously had the biggest improvement on the state RMSE. However, these
experiments were undertaken without the use of anchor observations, which have been
shown to be vital when correcting for observation or model bias in the presence of both
biases (Eyre, 2016; Laloyaux et al., 2020a).

In chapter 8 we extended Lorente-Plazas and Hacker (2017) by comparing the role of
anchor observations when correcting for observation and/or model bias when both biases
were present in order to answer RQ3. We found that anchor observations were important
when correcting for observation or model bias, but particularly made an impact when
correcting for observation bias using VarBC. Our results when using anchor observations
conflicted with the results in Lorente-Plazas and Hacker (2017), who did not use anchor
observations, as we found that using precise anchor observations in VarBC reduced the
state analysis bias more than using precise anchor observations in WC4DVar. Furthermore,
we found that using precise anchor observations in VarBC reduced the state analysis
bias more than using very imprecise anchor observations when correcting for both biases
simultaneously. This is important operationally, as most operational centres use VarBC to
correct for observation bias, but few use WC4DVar to correct for model bias (Gustafsson
et al., 2018). Therefore, these results show that it is more important to focus on improving

the precision of anchor observations (by increasing the precision of individual instruments
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or increasing the number of instruments), rather than necessarily moving to a WC4DVar
system.

However, in line with the results in Lorente-Plazas and Hacker (2017), we found in
chapter 8 that correcting for both biases simultaneously reduced the state analysis bias
more than only correcting for one, for each equivalent case (precision of anchor observa-
tions and/or timing of anchor observations). This result was true even when the anchor
observations had very low precision, which suggested that correcting for both observation
and model biases simultaneously performed very well, without the need for anchor obser-
vations, as was the case in Lorente-Plazas and Hacker (2017). This is counter-intuitive
as we would expect the system to perform badly if there is no 'truthful' reference infor-
mation to anchor the system. However, we believe this may be due to two factors, which
would need to be tested further. The first is that, although the observation and model
biases had similar spatial structures, their temporal structures were different, as the model
bias accumulates across the assimilation window, whereas the observation bias only occurs
where there are biased observations. This means that the system is able to disentangle
the two biases and therefore correct them separately. The second factor is that the spatial
structures of the observation and model biases was known, which means that the system
could more easily identify each bias individually.

In chapters 7 and 8 we studied the theory behind model bias contaminating VarBC,
and observation bias contaminating WC4DVar. However, we did not study the theory
of combining VarBC and WC4DVar, due to the complexity of the equations. Therefore,
to have more robust conclusions about the effectiveness of correcting for both biases si-
multaneously, the numerical experiments should be repeated in a more realistic system,
where the anchor observations are more inhomogeneously spaced, and the structure of the
biases have been mis-specified. This would test whether using both VarBC and WC4DVar
simultaneously really would significantly reduce the state analysis bias, with the anchor

observations that we have available.
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