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Abstract

In this paper we consider the 2D Dirichlet boundary value problem
for Laplace’s equation in a non-locally perturbed half-plane, with data in
the space of bounded and continuous functions. We show uniqueness of
solution, using standard Phragmén-Lindel6f arguments. The main result
is to propose a boundary integral equation formulation, to prove equiv-
alence with the boundary value problem, and to show that the integral
equation is well posed by applying a recent partial generalisation of the
Fredholm alternative in Arens et al [J Int. Equ. Appl. 15 (2003) pp1-35].
This then leads to an existence proof for the boundary value problem.
Keywords. Boundary integral equation method, Water waves, Laplace’s
equation

This paper is concerned with the boundary integral equation method for a
problem in potential theory, namely the Dirichlet boundary value problem in a
non-locally perturbed half-plane. The main aim of the paper is to discuss the
well-posedness of this problem and of a novel second kind boundary integral
equation formulation.

Our motivation for studying this problem is that it arises in the theory of
classical free surface water wave problems, for which boundary integral equation
methods are well-established as a computational and theoretical tool [B1, B2,
HZ, FD]. In particular, accurate numerical schemes, based on boundary inte-
gral equation formulations, for the time dependent water wave problem have
been proposed and fully analysed in [B1, B2, HZ], these papers providing a full
nonlinear stability analysis for the spatial discretisations they propose. A signif-
icant component in this analysis is the well-posedness of the boundary integral
equation formulation.

A key restriction in the analysis in the above papers is the requirement that
the free surface be periodic (in 2D) or doubly-periodic (in 3D). This restriction
is helpful theoretically and computationally. It enables the boundary integral
equation on the free surface to be reduced to one on a (bounded) single peri-
odic cell, which can then be discretised with a finite size mesh. Moreover, the



boundary integral formulation is of second kind with a compact integral opera-
tor, and therefore standard Riesz/Fredholm theory gives well-posedness via the
Fredholm Alternative.

As a step towards a broader extension of the results of [B1, B2, HZ], this
paper is concerned with studying the Dirichlet boundary value problem for
Laplace’s equation in a perturbed half-plane 2 without the requirement that
the boundary 02 of Q be periodic. To simplify our task somewhat, we impose
other conditions on the boundary, namely: the boundary surface is the graph of
a bounded continuous function (this excludes configurations relevant to breaking
waves); the surface is sufficiently smooth (at least Lyapunov, that is the unit
normal direction is Holder continuous).

We note that there exists a well-developed L? theory of the boundary integral
equation method for the Dirichlet problem when the boundary is the graph of
an arbitrary Lipschitz function and the Dirichlet data is in L?(9Q) (see e.g.
Verchota [V1], Meyer and Coifman [MC] and the references therein). However,
this theory does not extend to the case of data in L>°(9f2). In particular, even
if the boundary is smoother than Lipschitz, the standard double layer potential
operator is not well-defined on L*(9%2).

Addressing this difficulty, our aim in this paper is to develop a theory which
includes the case when neither the surface elevation nor the Dirichlet data ex-
hibit decay at infinity. To obtain a boundary integral equation formulation
appropriate to this case we make the ansatz that the solution can be repre-
sented as a double layer potential supported on the (infinite) boundary of the
domain, with the twist that we replace the standard fundamental solution of
Laplace’s equation in 2D with the Dirichlet Green’s function for a half-plane Qg
that strictly includes the domain 2. We note that the case of periodic surface
elevation and Dirichlet data will be included as a special case in the theory we
develop.

The boundary value problem we solve and the double-layer potential are
specified precisely in the next section. In §2 we describe the properties of the
half-plane Green’s function and the double-layer potential; the main issue is the
unboundedness of 92 and how this affects the double-layer potential and its
mapping properties.

In §3 we state the boundary integral equation and we prove results on its well-
posedness, and this enables us to establish the well-posedness of the boundary
value problem. In general terms the argument follows the usual pattern: we
first show uniqueness for the boundary value problem and next establish that
the integral equation formulation has at most one solution. Finally, we deduce
existence of a solution to the integral equation, and thus to the boundary value
problem. However, the unboundedness of 92 adds significant difficulties to
the analysis. First of all, uniqueness of solution for the boundary value problem
requires a Phragmén-Lindelof argument. Establishing uniqueness of solution for
the integral equation requires study of an additional mixed Dirichlet-Neumann
boundary value problem in the infinite domain Qg \ Q. To deduce surjectivity
from injectivity for the integral equation we cannot use the Fredholm alternative
as the integral operator is not compact. Instead we use a partial generalisation
of the Fredholm alternative, due to Arens et al. [A2], which applies when the
operator is only locally compact.

Notation: Throughout this paper = and y will denote points in the plane R?
such that x = (1, 22) and y = (y1,92). Given G C R?, let BC(G) denote the



space of (real-valued) bounded and continuous functions on G. For 0 < ar < 1,
let BC%%(G) C BC(G) denote the space of functions that are bounded and
Holder continuous with index . Let BC1®(IR) denote the space of functions v :
R — R that are bounded and continuously differentiable with ¢/ € BC%%(R).
Similarly, for a domain G C R2, let BCY*(G) denote the space of bounded
functions ¢ € CY(G) for which V¢ € BC%(G). All of these function spaces
are Banach spaces with their respective norms. In particular, the standard
norm on BC(G) is ||| go(q), defined by [[¥]|5o(q) = suPseq [¢(x)| and that
on BCY*(G) is ||| pgo.a () defined by

() = P(y)|
1%l seo.e(ay = I + sup T
BCo(G) BO@ z,y€G,x#y |£L‘ - y|

1 The Boundary Value Problem

Throughout we suppose that f € BCY<(R). The problem we wish to
solve will be set in the region Q = {z:z2 < f(x1)} with boundary I' =
{(z1, f(z1)) : 1 € R)}. Since f is bounded there exist f_, fy € R such that
fo < fx1) < fy for all 1 € R and since f/ is Holder continuous, I is a fairly
smooth (Lyapunov) surface.

Ty 'y I'e
Pl—or  _—r  _—r
f-

(a) The lines 'y, z2 = (b) The domain Q (¢) The domain Qg

f+, Tand z0 = f_
Figure 1: The domain for the boundary value problem

This paper is concerned with the solution, via a boundary integral equation
method, of the following Dirichlet boundary value problem: Given ¢ € BC(T'),
find ¢ € BC(Q) N C?%(9) such that

¢=¢oonl and A¢ =0 in Q. (1)
We choose H > fy. Then Q C Qy where Qp = {x eR?: 1y < H} and
'y := {x€R2:x2 :H}. Now let
Cp(z,y) = (x,y) — (a,y") = @(z,y) = D(a",y), @,y €0y, v#y,
where y" := (y1,2H — y9) is the reflection of y in I'y and

1 1
(I)(l',y) = -——In ) LE,yER%LK#y,
2 |z —y|

is the standard fundamental solution of Laplace’s equation in two dimensions.
Then @4 is the Dirichlet Green’s function for the half-plane Q.



To solve the boundary value problem we will look for a solution in the form
of the double layer potential

r on(y)

for some density p € BC(T'). Throughout n(y) = (—f'(y1),1)/+/1+ f/(y1)?

will denote the unit normal vector at y € T' directed out of 2. We will abbre-
viate the norm on BO(T) by |||.., so that |l = Il s = Subser ()]

Explicitly, for y € T, z € Qp,

0Pu(r,y) _ 1 (z—y)nly) 1 (o —y) (y)

P(z) := w(y)ds(y),  xe€Q, (2)

We will see shortly that ¢(x) is well-defined by (2) for all x € Qy (as a
Lebesgue or Riemann improper integral). This statement is no longer true if
we replace @y by @ in (2) unless p decays sufficiently rapidly at infinity (e.g.
w(z) = O(|z|™") as |z| — oo for some b > 1). It is this fact that makes the
choice of @y instead of ® in (2) essential to the analysis that is to follow.

As f € BCH(R), by definition, there exist constants C¢» and C,, such that

[f'(@)l <Cp and (1) = £ ()] < Calor — 917, 3)

for x1,y1 € R. We also define the constant Ciy 1= /1 + Cf/2 that will be used
later. Further, defining §4 := 2(H — f+), it holds that

0<5—<|y_yr|<6+7 yel.
We begin by establishing some straightforward bounds.

Lemma 1.1

For 2,y € T, |0 —y)n(y)] < Calas -y and |n@) —n(y)| < V5C.
|1 — y1|a~

Proof

Let g(y1) := /14 f'(y1)%, y1 € R. By (3) and applying the mean value theo-

rem, we have, for some & between z1 and yq,
_ / _ gl
@ =)0 = )| oy e

Further,

(@) + F' o)l (1) = /(w0

< Oy |21 — 11|”
oler) + 9(5) 1 =l

lg(z1) — g(y1)| =

and so

|f'(x1)g(y1) = f'(y1)g(z1)]
g(x1)g(y1)

(f'(@1) = F'()g(yr)  f'(y1)(g(x1) — g(y1))
9(x1)g(y1) g(x1)g(y1)
< 2Cq |z — |



Thus

/x1 1) — 2 1) — ) 2
@) - n@)f = <f( >mﬁ>){w§)< )> +(QZ&BQ$$))

< 5C,° |z — y1|

2 Properties of the Double-Layer Potential

In this section we establish the behaviour of the double layer potential given
by (2) when p € BC(T"). Throughout this section let ¢ denote the double layer
potential defined by

0Py (J), y) o

o(x) == T on@) w(y)ds(y),  x€Qp, (4)

for some p € BC(T).
We first derive a key bound on the integrand, given by (5) below. This
requires a simple preliminary result.

Lemma 2.1

If £ € Qy, y €T and z # y, then

3l —a”
Vy0uy)| < Sl
2m |z — y|

Proof
We have 0 < |z —y| < [z —y"| and 0 < |z —y"|* — |z —y|* = |z — 2" | |y — y"].
So

r r2 2
U eca @0 (l-vF -l
— +

Vy@r(z,y)| =
Vibalenl = e oyp o~ yf* [~y
¢ L=l —ylle —aT |y — v
S 2 2 2
27 | |z =yl |z —yl” |z —y|
z—z" =y |+ —
< |2[1 [z —y| Ir yl]
21 |z — y| lz—y"|
3lx —a”|
< —,
2m [z — y|
as required. O

It now follows from Lemma 2.1 that

‘8@;1(3:,;(;)‘ < 3|H—x2| 304
On(y)

x € Qp,yel. (5)
|z -yl 27rIx—yl

This bound, together with Lemma 1.1, implies that the double-layer potential
¢(z), given by (4), is well-defined for all x € Qpy and p € BC(T'). Further,



it follows from the bound in Lemma 2.1 together with standard local elliptic
regularity results [GT, Lemma 3.9 and Theorem 4.1] and standard results on
the differentiation of functions defined as integrals, that the following lemma
holds. Here and subsequently IV := {z" : € I'} denotes the image of I in I'py.

Lemma 2.2
¢ € C?(R?\ (T UTY)) and is harmonic in R? \ (T UT”).

Having established that ¢ is harmonic above and below I', we now prove
that it can be continuously extended onto I', specifically that the standard
jump relations for the double-layer potential remains valid in this case.

Theorem 2.3 _ _
¢ can be continuously extended from €2 to © and from Qg \ Q to Qg \ Q with
limiting values

outa) = [ S u)asty) £ (o), weT, (6)
where
6(x) = lim_ 6(x % hn(a)
Proof

It is clear, from the bounds in Lemma 1.1 and Lemma 2.1, that the right hand
side of (6) is continuous on I'. So we only need to show that, for every z* € T,
d(x) — dy(x*) as ¢ — z* with z € Q and ¢(z) — ¢_(z*) as z — z* with
€ Qp\ Q, and ¢4 (z*) given by (6).

Suppose z* € T and define ¢ € C(I') so that 1 is compactly supported and
Y(y) = 1 in a neighbourhood of z*. Let I; and I represent the double layer
potentials with densities ptp and (1 — 4)), respectively, so that ¢ = I + I.
Then, by Lemma 2.2, Is is continuous in a neighbourhood of x*. Further,
from the standard jump relations for the double layer potential on bounded
Lyapunov domains, [M1, Theorem 18.5.1 and Chapter 18, §13] or [G1, Chapter
2, §3, Theorem 2], it follows that I1(z) — I; _(z*) as x — 2* with € Q and
Ii(z) — I 4 (2%) as 2 — z* with € Qg \ Q, where I; 4 (z*) is given by

ha = [ 22 ) oaso) £ gt

(To see that the results of [M1] and [G1] apply, note that we can consider I; to
be a standard double layer potential supported on a closed Lyapunov curve with
density which is zero except in neighbourhoods of z* and its image point z*".)
Combining these properties of I; and I the result follows. (We note that this
partition of unity technique has been used previously: for the two-dimensional
case, see e.g. [C1], and for the three dimensional case, see e.g. [C2, PC]). O

Corollary 2.4
With ¢+ defined as in Theorem 2.3, it holds that u = ¢+ — ¢_.

Arguing similarly to Theorem 2.3 we also have the following result.



Theorem 2.5
The normal derivative of ¢ is continuous across I, in the sense that, for z € T',

n(x). (Vo(x + hn(x)) — Vé(z — hn(z))) — 0, as h — 0. (7)
Further, (7) holds uniformly for x on every compact subset of T

Proof

It is sufficient to show that, for every z* € I', (7) holds uniformly for z in
a neighbourhood of z*. So suppose z* € I' and define I;, I and ¥ as in
Theorem 2.3. Arguing as before we have that I3 is continuously differentiable
in a neighbourhood of z*. To see that I; satisfies (7) we apply the standard
jump relations [M1, Theorem 18.5.2 and Chapter 18, §13]. O

We next prove that ¢ in bounded in Qg (which, of course, includes T).

Theorem 2.6
There exists a positive constant Cr, dependent only on «, f+, H,Cy and Cy,
such that

jo(2) = | [ 22leD)

r On(y)

u(y)dS(y)‘ <Crlule, w€9m (®)

Proof
Note first that, for p € BC(T'), x € Qp, and defining ', := {y € T": |21 — y1]
< 26+}7

[ 2E,14)d5(0)] < el ) + (o)
where
L aq)H(xay) s ) — a(I)H(xay) S
Inear () = /Fx an(y) ‘d (¥); Trar(z) : /F\Fx on(y) ds(y).

We now bound I, and I, separately.
To bound Iz, () note that, for x € Qp, y €T,

o=yl > |z —yul —ly—yul = |v—y* >le—yulllz —yul - 6],
where yp is the projection of y onto 'y, that is, yg := (y1, H). fy e T\ T,
then

0t <1|x1—y1| <l|$—yH|~
2 2
Thus, for x € Qp, y € T\ Ty,
1
2
Using this inequality, the substitution r = (1 — y1)/(z2 — H) and (5), we have

1
2 =3 > 5 bo =yl = 5 [0 = 0)? + (H = 22)?].

3(H—=x
Ifar(l‘) g / (722)d5(y)
nr, 7|z —y|
(o)
in H -
< G / ( - z2) _dy,
T Jos (@1 —y1)* + (22 — H)
66(in e 1
< t / ———dr = 6Cins.
T J_ o l+T



To bound Iyear(z) we initially bound ey by

Inear(x) <11($)+12(J)), J?EQH,

where
_ [ [o2w 5= [ 221
Li(z) = /1“1 ) ‘ds(y)a I(z) : /FT on(y)

To bound I; we note that, where s = 21 —y; and ¢t = |xo — f(21)] (so that t =0
if x € T), it follows by the triangle inequality that

\ as(y).

(% + )2 <o =yl + |f(@1) = Fly) < A+ Cp) o —y].

Further, for € Qg and y € T', where zp := (x1, f(21)), it follows from Lemma
1.1 that

[(z — y)-n(y)| < |(zr — y)n(y)| +|(z — 2r)n(y)| < Ca|s]'T + ¢

Using these bounds we have

00(z,y) ‘ 1 (z —y)n(y)
— 2 lds(y) = — 2 ds(y
J a0 = 5 [ PR e
. )2 25 14+«
< Gm{+Cp) / P Cals T+t
27 _os, 8P+t
. )2 «
< Clnt(l + Cf ) <Ca(26+) +7T> )
2T o

To bound I3, we have, for all z € Qg,

0d(z,y")| 1 1 1
N | S5 < —.
on(y) 27 |z —y"| T wo_
Thus
8(I>(mayr) C(int/ 4Cint6+
— | ds(y) < ds(y) = .
/rm on(y) | BW S 5 f, B0 = =5

Putting these bounds together, we have shown that (8) holds with

46 14+ Cp (Cu(264)”
CF - Cint(6+—++ + f( ( +) +7T>)

To_ 27 «

O

Properties of the double layer potential evaluated on the boundary I' are
particularly important. We define the double layer potential operator K by

(K)(x) :=2 " on(y)

Y(y)ds(y), €T, 9)

for ¢ € BC(I).



We now prove three mapping properties of the operator K. These mapping
properties are:

K : BC(T') — BC%*(I)

K : BC%S(T') — BCY%*tA(T),ifa+ B <1

K : BC%S(T') — BCOYe+A=1(T), if B € (0,1) and a + 8 > 1.

We first prove the first two properties together. It is convenient in this proof
to use the notation BC*%(T) for BC(T') and, for 3 € (0,1), BC*#(T') is the set
of ¢ : I — R for which ¢ € BCY#(R) where ¢(x1) := é((z1, f(x1))).

Theorem 2.7
For 3 € [0,1 — «), K is a bounded operator from BC%#(T") to BC***+A(T'). In
particular, for some C' > 0, depending only on o, 3, f+, H,C, and Cy-,

[Kip(2) = K(2)] < Clollpoos lz =277, @zel.  (10)

Proof
We already know, from Theorem 2.6, that K¢y € BC(I') with ||[Kv|, <
2Cr ||¢|| - In the straightforward case where z,z € I' with [z, — 2| > 1,
we have

K9 () = Kob(2)| < 40T [0 <ACr 18]l pgosry o — 2|77
To consider the case when z,z € T and |21 — 21| < 1, we write

Ky(x) — Ky(z) =2[I(x,2) — I(z",2")],

([0 oeGa)]
ro2) = [ |t S s

We examine I(z,z) first. Let I'y := {y € T': [x1 —y1| < t}, for ¢ > 0, and
let Tui={yeQ:iy1=a1£2,y2 > f- =1} U{y: |z — 1| < 2,92 = f- — 1},
and note that the interior of I'y UT'y is a Lipschitz domain. By Gauss’ theorem
and Green'’s first theorem, cf. [CK, (2.42)], we know that

0% (w,y)

1
TY) 4s(y) = =, €Ty, 11
/ nly) SW =g wel ()

where

and thus

/ {awx,y)_a@(z,y)
ToUTy on(y) on(y)

Using this identity, we split I(z, z) into four integrals,
I(:L‘, Z) = Il(xv Z) + I2(x7 Z) + Ig((E, Z) + I4((E, Z)a

} ds(y) = 0.

where

— 00(z,y)  0%(2,y) —(x
nwe) = [ |G- D o) () aso)

B 09(r.y) %))
hiw2) = /\[ Sy O Wy) (@) ds(y),

Y S 1 C Y (0| N
nwd) = [T )| )

—vto) [ |t - S asty)

Ii(w, 2) on(y) on(y)



in which r = |x; — 21| < 1, see Figure 2.

e
2r
Ty ——
2

f-1
Figure 2: The point z, the surfaces I'y and T'y.

By Lemma 1.1, for z,y € T,

on(y)

Note also that, for z,y € I', |[¢(y) — ¥ (2)| < 2[[¢ o = 21¥| geo.o(ry- Thus, for
0<f8<1l—aq,

1 _
‘ < —Cylz1 —y1]” !
21

[U(y) — ()] <2 ||¢||Bco,ﬁ(r) |z — y|ﬁ < 2Ci” ||¢||Bcoﬁ(r) |1 — yl|ﬁ-

To bound I (x, z), we note that if |x; —y1| < 2r then |z —y1| < 3r, and
therefore

1 o
B2 < 2O Co lWllpgoany ()7 | [ o=l asto)

2r
+/ 21— |7 dS(y)]
oy
1 1+ 8 > a—1 o a—1
< = it Ca ¥l pcosry (2r) |7 ds + s|™ " ds

—2r —3r

1 a
< 2P 43Ot P Ca [0 s ry l — 2T (12)

Turning to Iz(z, z), we note that if |z1 — y1| = 2r, £ € I" and & lies in the
closed interval between x1 and z; then [§&5 —y1| = r > |& — x1] so |21 — 1] <
|z1 — &1 + |6 — 1| < 2]& — y1|- So, by the mean value theorem, we have

1 1

2 2
lz—yl” [z -yl

<16 |z — 2|

w1 — |’
and, by Lemma 1.1,

|(n(y) —n(z)).(z — 2)| + [n(2).(z — 2)|
V5Ca |21 — 1| |2 — 2] + Ca Jz1 — 2| F.

In(y).(x = 2)| <
<

Combining these inequalities we have, for 2r < |z1 —y1| < 2, that |21 — y1| <

10



% |z1 — y1| and

0P (z,y) 3<I>(z,y)‘
on(y) on(y)

1 1 1 1 |n(y)(a:—2)|
il — ny)(z—-—yl+s-—m—
27 o —y*  |e—yf? MmN gy =~y

1 [/24(3¢ -

%( 2(a>+x/5+1>0alx—zllm1—y1|“27 (13)

so, letting Cy := % (242(2010) +5+ 1),
B < 20CaCin [Wllpensy o= [ o=l ds(y)

2\I'2r

< 401CoCin TP ¥l peo.sry |z — 2| /: s*T02ds
9lt+a+p

1—-a-g

To bound I3(z, z) we note that, for i = 1,2,

0 0%(z,y) 1 <ni(y) _ zw(aﬁ - yi))

X

C1CaCint 7 191l pco.s(ry lz — Z|a—Ha :

Ozi on(y) — 2r|e -yl & —yf*
so that

00(z,y)| _ 3v2

—2
9| < 5 -

Hence, by the mean value theorem,

e o < B2 o s [l 911z =l 7).

on(y) on(y) ‘\ 27

Thus, since, for y € T\ T, [z —y| S|z —y|— |z —z| 2 |z —y| - 12> L |z -y,
it holds that

8@(x,y) 5‘<I>(x,y)‘ 6\/5 -2
- < T —z||x — . 15
‘ on(y) on(y) = | /1l yl (15)
Hence,
12v/2 o
Bz € o [l e -2l [ s7s
2
612
g T int ||w||BCO,ﬁ(F) |J? — Z| .

Now turning to I4(z, z), we can apply (15) once more to get, since |z —y| > 1
and |z —y| > 1 on 'y,

3v2
fa(@,2)] < Z—fnwnwm—a ds(y)

Ty
3v2

< B+ S = fI) Wl peosr) o =]

11



Finally, we examine the reflected portion. By applying (15) and noting that
I(x",2") is never singular we can see that

el < ol [Tt - S asy)
< B it ol [maxfjo -7 127 =17 )
2 o 1
< 2l oA [ s
< 3@0 9]l pcosry |z = 2
Therefore the required bound (10) holds. O

In the next theorem, and in the rest of the paper, for € T, let t(z) denote
the unit tangent vector, with the horizontal component of t(z) chosen to be

positive (explicitly, t(z) = (1, f'(x1))/\/1 + f'(x1)? ). For ¢ € CY(I'), z € T,

we define
88 h—0 l
where
z1+h
= [ VT s
Let
d(z,y) = _QL lt(x).n(?é) e y).n(y)(x; y)-(z) |
for z,y € T.
Theorem 2.8

If 3 € (0,1) and a+f3 > 1 then K : BC*?(T') — BC**+~1(T) and is bounded.
Precisely,
oK
A2 [ ) — @) )~ @) ds(e), e,
r

and for some constant C' > 0, dependent only on o, 3, f+, H,C, and Cy-,

OK (@) OK(2)
‘ ds s

a+p—-1
)

< Clllipeosr e — 2|

for z,z € T.

Proof
Let © = (21, f(z1)) € T'. For h € R, let xp, = (x1+h, f(z1+h)). Then xp € T is
distance [ along I' from z and we need to examine } [K¢(z5) — K1p(z)]. Choose
m € Z so that m < x1 <m + 1 and, for ¢ > 1, set
I, = {yel:m—-t—-1<y<m+t+1},
L, = {veQip=mE{t+1),p2>f -1}
U{y|(m7f*_1)_y|:t+1ay2<f*_1}a

12



r1=m+1

/
Ity

Figure 3: The point =, the surfaces 'y and I, ;.

see Figure 3.
For ¢ > 1 let K; denote the double layer potential operator over the surface

T}, given by
0P(z, y)
Kiyp(x) = ——Y(y)ds(y).
i) = [ G wast)
Clearly, [T, ,| < 7t 46,4, and if ¢ > ﬁ—*ﬂ then |, ;| < 4¢. The domain enclosed
by T, UTY, , is a closed Lipschitz domain and applying (11) we have,

K (en) ~ K@)

0®(zn,y) 00(z,y)
/F;|: on(y)  on(y) }w(y)ds(y)

| 0P (zp,y) 0P(x,y)
/F[ on(y)  In(y) }[w@)—w(x)] ds(y)

: 00(wny)  OD(z,y)
—7W”A@[amw " ongy) |V

= dn(z,y) [¥(y) — ¥ (x)] ds(y)

0@ [ dule)isty)

Ut

= IL(2) + I(z) — () .(x)

where

1 [0(zn,y)  0P(x,y)
e = |ty - Tt

and

13



Now the integral I1(z,z) in the proof of Theorem 2.7 is identical to 1/4(z),
if we set ¥ = h. We again use the notation T'gp, = {y €T : |21 —y1| < 2h}.
So substituting z = xp, in (12) and as o + § > 1 we can see that |I,(z)] <
121H68(2% 4+ 3%) Cip “ T2 C, [0l peo.sry B~ — 0 as h — 0.

We now define

T I 0’ ) S FQha
dn(@,y) = { dn(z,y), y € T\ T'ap,

so that

Iy(z) = . dn(z,y) [V (y) — ()] ds(y).
t
Taking z = zp, t > 1 and using (13) we see that ‘Jh(x,y)‘ < CiCy |21 — yl|(y_2
for y € I'1 \ 'y, and with Cy defined as in the proof of Theorem 2.7. Similarly,

using (15), Jh(x,y)‘ < %5 |z — yl|72 for y € I, \ I'1. Thus, for 0 < h < 1,

~ C1Cy |21 —y1|* 72, y eI,
[@u(a9)]| < Diay) = { 02 [y — | yej\Ty.

Now D(x,-) [#(-) — ¥(x)] € LY(T}) and, for @ # y, dp(z,y) — d(z,y) as h — 0.
Hence by the dominated convergence theorem we have, as h — 0,

Iy(z) — . d(z,y) [¥(y) — ()] ds(y).
It is clear that

Ies) = [ dlw.w)as(y)

as h — 0 so that

—2 = 1
s hlir%)l

-

Now for z,y € ' and x # y, we have the bound,

Ki(zn) — Ki(x)]

d@wnww—w@n®@wwmw/ d(z, y)ds(y).(16)

’ ’
t U, t

3 _
A, y)| < oo =917 (1)

Hence by (15) with z = z;, and letting ¢ > 46—_+7'r7 so that ‘fr,w ds(y)‘ < 4t, we

have

d(z,y)ds(y)

’
TGt

6/2 _
< —/ |z —y| "% ds(y)
™ Jry,

6—\/575—2/ ds(y) < 24\/51&—1. (18)
T T,

™

N

14



Arguing similarly to the derivation of (16) and (18), we have

d(z", y)(y)ds(y) = d(z",y) (Y(y) — ¥(z)) ds(y)

r Ty

) [ A6 is)

Ut

and
[ dmmast| < 22
Thus, and by (16) and (18),
T = [, e e ) v

" / (dlz.y) — (")) (b(y) — () ds(y)
T

—0ta) [ () = da ) ds(o).

Letting t — oo we see that

8K€;i(x) - /F [d(z,y) — d(=",y)] [Y(y) — ¢ ()] ds(y),

for x € T, as required.

We now show that the surface derivative is Holder continuous. (Kv) (x)
= 0K¢(z)/0s will be a useful shorthand to employ for the next section of the
proof.

For z,y € T' we show a further inequality for d(z,y). As t(z).n(y) =
t(z).(n(y) — n(x)) and by applying Lemma 1.1 we have

1 a—
d(z,)] < 3= 2+ V5)Ca for = 1], (19)

Using (17), (19) and as ¢ € BC%?(T") we have

1
s|*TP2 ds
1

1
(K@) < @+ VEICaCin ™ [l scnacr [

™

3 ® o,
+;Cint ||w||BCO,ﬁ(F)/1 |S| dS

1
< - ((2+ VB)CaCint” +3) Cine 1]l poosry -

Let Cy = % ((2 + \/E)CaCintﬁ + 3) Cint and therefore (K1) (z) exists as an
improper integral.

We now consider [(K¢) (z) — (K¢)'(z)|. For |1 — 2z1] > 1, we can utilise
the above bound to obtain

[(K) (@) — (K4) (2)] < 202 [l gy < 2Ca 0]l oy b — 212277

15



Similarly to Theorem 2.7, we split the integral into parts for |z; — z1| < 1,
namely

(Kv)'(x) = (K¥)'(2) = 2[Li (2, 2) + L2, 2) + Is(, 2) + Lu(z, 2)]

where
B2) = [ den) ) — o) - d0) ) - v dst).
hiz.z) = Lﬁmjﬂaw—d@wHW@%ﬂM@Nﬂwv
Iz.z) = LwJaaw—aawnww—w@n®@»
Li@,2) = —Ashd@ﬂHW@—¢@ﬂ®@%

with 7 = |21 — y1|. We bound I; in the same manner as in Theorem 2.7. By
(19) and as |z1 — y1| < 2r implies |z1 — 11| < 37,

1 2r _ 3r _
A 2] < 2 in *Ca 191l pco.s(ry [/ Ella 2+/ |52+ QdS]
—2r —3r

1 atB—
< ;(20&671 + 3a+571)cint1+ﬁca ||7/’|‘Bcoﬁ(r) |z — 2] o

Before we can proceed to the next two integrals, we must prove a final in-
equality for d(x,y). We again note that |x1 — y1| < 21&1 — w1, if 2r < |z — y41]
and & € [x1,z1], £ € T. So by the mean value theorem we have,

1 1

4 4
lz =yl [z -yl

|z — 2|
X 5'
|1 — y1l

Further, from Lemma 1.1, we can deduce that [t(z) — t(y)| < V5Cq |71 — y1|”
and |(z —y).t(y)| < Colz1 —y1|"™. Now by applying the above bounds,
21—yl < Sle—wl o — 2] < Fler—wl |z—yl < Cilzr — 1| and
|z1 — 21| < |z — 2|, so that

n(y).(z —yit(x).(r —y) _ny) -z —ytz).(z —y)

+n@»u—ynwﬂx—aﬂ

< C3Cqlr — 2 o — |2
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and
t(z)n(y) t(z).n(y)
2 2
|z — v |z =y
1
z—y>  |z—y)?

< OuColz— 2| o — | 2.

In(y).(t(z) — t(2))|

2
|z —

|(t(2) — t(y))n(y)| +

where C5 = 2232+ (i 2% 4 /50 ® +297 (3140 +-1) and Oy = 21310 Chy
+v5Ci+%. Hence

1 o _
[d(w,y) = d(z,9)] < 5-(2Cs + Ca)Calw — 2" o1 =y 7

Thus turning to I3 we have

2
(s, 2)| < ~(2C5 + C)CaCine 01l peos 17— 21° / 15172 ds
2r

S

S 25—1(203 —+ 3)C(ycint Hw”BCOvﬁ(F) |:|Jj — Z|a+ﬁfl + |J,‘ — Zla:| .

For I3 we utilise (17) and the mean value theorem again to obtain

3 ©
@Al < 2O lWlponsm o=l [ 157 ds

3 o5
—(27 )Gt 1l pgosry |2 = 21

To bound I4(z, z), by (19) we obtain

<

—_

(o)
[La(z,2)] < —(2+\/5)Cint||1P||Bco,ﬁ(p>lx—2|ﬁ/ 5|77 ds

s 2r

1. _
< ;2 12+ V5)Cin 1Yl poo.sry 12 — 2|

Thus we conclude that K1 € BC%*+/=1(T). O

Remark 2.9

Let N € N be such that Na > 1. Then we can apply Theorem 2.7 repeatedly
to see that K : BC(T') — BC%A(T), for all 3 € (0,1). Finally, we now apply
Theorem 2.8 to this result, to see that KN+!: BC(I') — BCYA(T), for every
B e (0,a).

Theorem 2.10
If o € BOYA(T') and 3 € (0,1) then, for the double-layer potential ¢, defined
by (2), it holds that ¢ € BC*#(Q) and ¢ € BC#(Qy \ Q).

Proof

From Theorem 2.3 and Theorem 2.6 we see that ¢ € BC(Q) and ¢ € BC
(Qp \ ). It remains to show that V¢ € BC%#(Q) and V¢ € BCOP(Qpy \ Q).
Let z* := (x},23) € T’ and define x € C*°(R) such that, for y; € R,

_ L, |y1| < %a

17



Figure 4: The point 2*, the surface I' \ I'"* and the domain Q7.

Let Ty :={yeTl:|yy—zj[<1}and I :={y e |y; —af| < 5} C T, and,
fixing 0 < e < %, Qf := {y € Qy : [y1 — 27| < & — €}, see Figure 4.
Next we split ¢ into three parts,

o(x) = [ (x) + I2(x) + I3(x), x € Qg,

where

L(x) = /F%H(x’y)m )(1 = x(@} — y1))ds(y),

on(y)
n@ = [ Wf;j’)u() (% — 1)ds(y),
h@) = [ Pt - nis)

We now examine I7, Iy and I3 separately. We take C' > 0 to be a constant
independent of z*, but not necessarily equal at each use. By Lemma 2.2, I;(x)
is harmonic in Qf and, by Theorem 2.6, I; is bounded, for x € Qy, by

[ (2)] < Cr |11 = Xl 1l = Cllull
Furthermore, by the elliptic regularity results [GT, Theorem 3.9, Lemma 4.1]
and as 7 is at least distance € away from I'\ I'*, then VI; € BC%!(Q}) and

1
VIl peoa(a: < € llulls

Now, by [G1, Chapter 2, §19, Theorem 3] and as u € BCY“A(T) then VI, €
BC%#(Q) and

HVI2||BCOB < Clixllper. B(T) el e B(T) -

Similarly, VI € BC*#(Qg \ ) and VL2l goosma) < Cllellpersr). It is
clear that I3 € BCQ(QH), i.e. I3 is bounded and continuous with bounded and
continuous first and second derivatives, and we have

IV I3l oo (u) < sl pez(u < C:

Thus, there exists C' > 0 such that |V gcos@rary < C, for all z* € T'.
Hence V¢ € BC*P(Q) and, similarly, V¢ € BCY#(Qg \ Q). O
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3 The Boundary Integral Equation and Well-
posedness

In this section we begin by reformulating the boundary value problem as a
boundary integral equation. The results of the previous section, in particular
Lemma 2.2, Corollary 2.4 and Theorem 2.6, imply the following theorem.

Theorem 3.1
Suppose p € BC(T') and ¢ is defined by (2). Then ¢ satisfies the Dirichlet
boundary value problem (1) if and only if

oule) = | %;T(@w“@ds@) gul),  wer. (20)

We can write (20) in operator notation as

(I - K)/'[/ = _2¢07

where T is the identity operator and K is defined by (9).

We next show that the boundary value problem and boundary integral equa-
tion are well-posed, this notion dating back to Hadamard [H1] who wrote that
a problem is well-posed if a solution exists, is unique and depends continuously
on the data.

To prove uniqueness for the boundary value problem, we use the following
Phragmén-Lindel6f-type result, an extension of the maximum-minimum princi-
ple from bounded to unbounded domains (cf. [F1, §2.5]).

Theorem 3.2
If u € BCO(Q2) N C%(Q) is harmonic in Q then

sup u(z) < supu(z).
€N zel

Proof

We assume, without loss of generality, that sup,cp u(z) = 0 and suppose that
there exists x; € Q such that u(x;) > 0. Choose zy € R?\ Q with dist(zq, Q) >
1 so that In|z — x| > 0 for all z € Q. Let a > 1 be sufficiently large that
|z4 — 20| < a and define G, := QN {z: |z — 20| < a} (see Figure 5).

N/

Figure 5: The domain G, and points zg, z.

Zo

Defining v € C(Q) by

1 In |z — zo|

v(r) == u(z) — §U($+)m,
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clearly v is harmonic in Q. Further v < 0 on I" and, if a is chosen large enough,
v < 0 on the boundary of G,. Thus it follows from the maximum principle
for finite domains [K1, Corollary 6.9] that v(z) < 0 for all x € G,. However
v(z4) = 3u(x4) > 0 which is a contradiction since x4 € Gl. O

The above result has the following corollary.

Corollary 3.3
The Dirichlet boundary value problem (1) has at most one solution.

We next prove that the integral operator (I — K) is injective, where K is
given by (9). To do this we initially study a mixed homogeneous boundary value
problem in the infinite strip domain between I'y and T'.

Theorem 3.4
Suppose that
o(z) = | ———u(y)ds(y), € Qy\Q,
@)= | ~ang) *Wdsb) \
where p € BCYA(T), for some 3 € (0,1), and that g—ﬁ = 0 on I in the sense
that

lim n(x).—Vgi)(x + n(z))

=0 zel.
h—0,h>0 h ’

Then ¢ = 0 in Qg \ Q.

Proof

We define S := Qu \ Q,Sa :={z€S:|ri|<Ayand Es :={zx € S : || = A}.
Since u € BCYA(T), it follows from Lemma 2.2 and Theorem 2.10 that ¢ €
BCYA(S) N C?(8) and that ¢ is harmonic in S. Noting also that ¢ = 0 on I'gy
and g—ﬁ =0 on TI', applying Green’s first theorem we see that

o¢
Vo)2dr = p—ds = O(1
[, oras= [ ogtas=on)
as A — o0, so that V¢ € L?(S). Also, since
2 oo H 2
/(V¢)2d$ = / _8(;5(:5) dx = / / 94(z) dzo p dzy
S sl On —o0 f(z1) Iz
there exists a sequence A, — oo such that
2 H 2 H 2
/ % ds :/ 8¢—(x) dxs —l—/ 0¢(x) dzs — 0,
Ea, |00 f(an | 011 f(=an) | 021

as n — oo. Using the same sequence {4, } we have, by the Cauchy-Schwarz
inequality,

25, _ 1 99
/S(VQS) dz = nh—{go . ¢ands

n

2

lim / |qb|2ds/ ‘% ds = 0.
n—oo Ea Ba, on

n

N

20



Hence V¢ = 0 in S and, since ¢ € C*(S) and ¢ = 0 on 'y, ¢ = 0in S as
required. [l

Now combining the above result with the properties of the double layer
potential and the mapping properties of the integral operator K, we prove the
injectivity of (I — K).

Theorem 3.5
(I — K) is injective on BC(T).

Proof
Let u € BC(T) satisty (I — K)u = 0, that is p = Ku. By theorems 2.7 and 2.8,
p € BCHA(T) for all B € (0,q).

By Theorem 3.1, ¢, defined by (2), satisfies the boundary value problem (1)
with ¢y = 0. Using Corollary 3.3 it follows that ¢ = 0 in ) so that V¢ = 0 in
Q. Hence, by Theorem 2.5, g—ﬁ = 0 on I' in the sense of Theorem 3.4. Thus,
by Theorem 3.4, ¢ = 0 in Qp \ Q and so, in the ¢+ notation used in Theorem
2.3, ¢+ = 0 on I'. Finally, by Corollary 2.4, up = ¢4 — ¢_ = 0. Therefore
(I = K)u=0= p =0 and hence (I — K) is injective. O

To prove the surjectivity of the integral operator (I — K) we use a result
from Arens et al. [A2], which applies to integral equations on the real line of
the form

M(s) —/ k(s — 8)z(s, b()dt = o(s), s €R, (21)
— 0o

where A € C, the functions «, z and ¢ are assumed known and 7 is the solution

to be determined, in the case that k € L'(R) and z € BC(R?) where R? :=

{(s,t) e R?: s #t}.

In general, the integral operator in (21) is non-compact (for example, this is
certainly the case if K # 0 and z = 1). In [A1, A2] the invertibility of individual
integral operators of the form (21) is deduced by embedding them in a larger
family of integral operators, where this family is chosen so that it has certain
compactness and translation invariance properties. Let B := B(f4, f—,Cy/, Cy)
denote the set of f € BCY*(R) such that f_ < f(z1) < fy, ¥1 € R, and such
that (3) holds. We will apply [A2, Theorem 3.18] to a family of operators
generated by the set B.

We note that the integral equation (20) is equivalent to the integral equation
on the real line

N 0Py (z,y) TR e
i) =2 [ I T PAPOU = ~2(s). seR (@)
In this equation z and y are the points x = (si(s)), y = (t, f(t)) and ﬁ,% €
BC(R) are defined by (s) := p((s, f(s))) and ¢o(s) := ¢o((s, f(5))), s € R. So
we define the kernel ky, dependent on f € B, by

[
881{7(56,1/) L+ f/(t)2, s, teR,s#t
N(Y) (s f(s) = (6.1 (1)
Define x € L'(R) by

kf(s,t) =2




and let

t
zp(s,t) := ng s,t e R, s #t,
s0 ky(s,t) = k(s —t)zs(s,t) and the integral equation (22) takes the form (21)
with A = 1. Further, by Lemma 2.1 and Theorem 2.6, it holds that, for some
constant C > 0,

ks (s, )] < Cri(s — 1), (23)

for all s,t € R with s # ¢t and all f € B. Thus z¢ € BC(@) for f € B.

Theorem 3.6
The operator (I — K) is invertible on BC(T'). Further, for some constant C7,
dependent only on fi, Cy/, C, and H, we have that

(1 - K <.

)~ ||BC(I‘)
Proof
To prove this theorem we show that all five conditions of [A2, Theorem 3.18] are
satisfied by the family of operators generated by B, namely the set of integral op-
erators with kernel ky = k(s—1t)z¢(s,t), for some f € B. Let V := {2 : f € B}.

By (23) condition 1 holds with b = 2. Using [A2, Lemma 4.4] it follows
that V' is §-sequentially compact (as defined in [A2]), so condition 2 is satisfied.
It is clear, from the definition of B, that V' is closed under the action of the
translation operator T, : BC(R?) — BC(R?), defined by Tyz = z(- — a,- — a),
a € R, z € BC(R?), so condition 3 is satisfied. To show that condition 4
is satisfied we note that the definition of B is the same as in [A2] and apply
Corollary 4.5 of [A2]. Theorem 3.5 ensures that condition 5, injectivity of I — Ky
on BC(T), for f € B, is satisfied.

Thus [A2, Theorem 3.18] applies and the result follows. O

Remark 3.7

Let K* denote the adjoint operator of K, defined by (20) with 8%‘;1178;”) replaced
by %ﬁigiy). [A2, Theorem 3.18] implies that I — K* is also invertible as an
operator on BC(T') and that I — K and I — K* are invertible operators on
LP(T), 1 < p < oo. Further, the constant C; can be chosen, dependent only on
f+,Cy,Cq and H, so that

max H(I— K

max H(I - K*
1<p<oo

1<p<oo

< .

)_1HLP(F) = >_1||LP(F)

We can combine the previous results into a final theorem.

Theorem 3.8
The Dirichlet boundary value problem defined in §1 has exactly one solution.
This solution satisfies the bound

[p(x)] <suplo(y)|, =€, (24)
yel

that is, the problem is well-posed.
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Proof

Theorem 3.6 implies that the integral equation (20), equivalent to (22), has
exactly one solution p. Therefore, by Theorem 3.1, there exists a solution to
the boundary value problem and Corollary 3.3 tells us that this is the unique
solution. Finally, applying Theorem 3.2 we obtain (24). O
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