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Abstract

The purpose of this thesis is to investigate efficient calculation methods for

integrals of the form

I ::/ efpvQF(’U)dva

o0
where p > 0 and F' is a given analytic function, and to apply these calculation
methods to particular integrals of this type that arise in applications in acoustics. It
is well known that the simplest integration rule, the midpoint rule, is exponentially
convergent as the step-size h — 0, if F'is bounded and analytic in a strip surrounding
the real axis, and that the contour integration arguments used to prove this lead to
modifications to the midpoint rule that retain this exponential convergence in the
case that F' has pole singularities that may lie close to the real axis. In practice
this midpoint rule has to be truncated. In the first part of this thesis we derive,
by contour integration arguments, a new error estimate for a truncated version of
the midpoint rule, modified with a correction factor to take into account simple
poles of the integrand near the real axis. This estimate assumes that F' is bounded
on the real axis but not necessarily in a strip surrounding the real axis. In the
second, larger part of the thesis, we consider the evaluation of the 2D acoustic quasi-
periodic Green’s function, the solution to the problem of acoustic propagation from
an infinite array of line sources in free space. We derive a new representation for this
Green’s function, in terms of integrals of the above form, and apply the truncated
modified midpoint rule to obtain concrete approximations. We compare our new
approximations for this Green’s function with existing methods of evaluation, for
the test examples selected in the review paper of Linton (J. Eng. Math. 33, 377-
401, 1998), and through more systematic testing over the full range of parameter
values. We also use our general error estimate to derive a rigorous error estimate,
as a function of the various parameters, for our new approximations to this Green’s

function.
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Chapter 1

Introduction

This thesis is concerned with efficient computational methods for integrals of the

form

I:= /_OO f(v)dv (1.1)

where, for some p > 0,

flvy=e""F(v), veR, (1.2)

and F' is an analytic function with simple poles which may lie close to the real line.
Numerical integration (numerical quadrature) is a well-known topic of numerical
analysis that deals with approximating integrals that are difficult to compute. Different
numerical methods are available and introduced in [11], [27], and [18] for computing
different types of integrals and equations of scientific and engineering problems. We
will study for arguably the simplest of all methods, but we will see that it is
a very efficient method. This approximation is called the truncated midpoint rule

approximation with step size h, given by
N+1

IN:=h Y f((k—1/2)h), h>0. (1.3)

In the case where F' is analytic in a region near the real axis except for simple poles,

the midpoint rule (1.3)) can be replaced by a modified version of I}¥ which we denote



CHAPTER 1. INTRODUCTION 2

by I}V, given by

LY =1+ Cp
N+1 n (1.4)

=h Z f((k—=1/2)h) +im Z(sgn(lmvk) — g(vg)) Ry,

k=1

(see [7], |2, |26]), which includes an additional finite sum CF, called a correction
factor, arising from the residues Ry of the function F'(v) at its poles vy lying near

the real axis; the function g in (|1.4) is defined by

g(v) := i cot (w (% + %)) — —itan(rv/h).

This thesis focuses on the truncated midpoint rule applied to approximating I; we
initially follow the previous work of Goodwin [17], LaPorte [26] and Al Azah [2]
to introduce propositions, which this thesis is based on (see §1.1 for detail of our
original contributions). In Chapter 2 we present two propositions and a theorem
and the proofs of these propositions using contour integration and Cauchy’s residue
theorem (see Propositions , , and Theorem . In Chapter 3, we consider a
specific application of the integral in the area of acoustics, in particular the
accurate computation of Green’s functions for time-harmonic acoustic propagation,
where the source of acoustic excitation is a coherent line source in free space in two-
dimensional problems. In section 3.3 we present an integral formula for a particular
Green’s function Gg, that has been written as an integral of the form 1. The
problem is to calculate the Green’s function G% for an infinite array of line sources at
(Tn, yn) for n € Z, where x,, = xq, y, = yo+nd, (3 is the quasi-periodicity coefficient,

and d is the period, so that G% is the unique solution of

(V2 + k)G Z 5(Y — nd)e™? (1.5)

n=—oo
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that satisfies appropriate radiation conditions. In section 3.4, we divide our numerical
implementations into 3 parts. In part A, we show how Gg can be approximated by
using the standard midpoint rule; the numerical approximation obtained agrees
with the result given in [28]. A similar test is performed to approximate G% by
the modified midpoint rule. By comparing the results of the two tests, we find
that the modified midpoint method we propose is more accurate in approximation
to the solution of this problem than the original midpoint rule. In part B, we
turn our attention to including contributions related to all the poles in the domain
Sg:={v e C:|Ilm(v)] < H}. We have presented a formula for the correction factor
in this case. In part C, we derive a new integral formula for the Green’s function,

involving a natural number M, namely

. M-
G4(X,Y) Z L(kry)e™Pd 4 Ry, (1.6)

where the remainder R); can be expressed as a sum of integrals of two forms, the

first form is given by (1.1]) while the second form, obtained by a simple substitution,

1= /_OO fv)dv, (1.7)

flo) =R ()

We apply the standard and the modified midpoint rules to both forms and the

18

where

numerical results show the efficiency of using the modified version of the midpoint
rule and that, for a fixed number of quadrature points, the accuracy increases
significantly with increasing M. In section 3.5, we compare our numerical results
with the results given in 28] and [30] with the same values of X, Y, k, 8, and d, given
in [28]. We show that our approximation is more accurate than the results given

in [28] and [30] with much less computation. In our practical implementation we
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use Python, which is an excellent programming language for developing scientific
and engineering applications, which provides numerous packages (such as, Numpy,
Sympy, Scipy, and Matplotlib...etc); see [8], |25, and [23].

In Chapter 4, we present a bound on |E;Y| (the error in approximating
by ) based on our new Theorem , choosing an appropriate value of H (in
the definition of Sy) and an appropriate value of the step size h. We also test our
approximation systematically in test A using a wide range of values for d and in test
B, restricting to d > 1. From these two tests, we see that the modified midpoint
rule approximation is accurate and efficient, provided X is not too large and d is
not too small.

Many authors have studied this type of approximation or, more commonly,
have studied the related trapezium rule approximation to (1.1) with a quadrature
point at zero. That is, they have studied the evaluation of I by the trapezium rule

approximation with an infinite summation given by

I,:=h i F(jh), h>0, (1.8)

j==o0

the modified trapezium rule,

where CF is the correction factor, and the further approximation of the sum (1.8

by the truncated trapezium rule given by

N
Ly :=h Y f(jh), h>0; (1.10)
j N

J==

see |17], [39], [20], [34], [16] and [37]. A comprehensive introduction to the trapezium
rule can be found in the review paper by Trefethen and Weideman [38|. If F is

analytic in the strip —H < Imz < H, for some H > 0, then I, converges to [
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exponentially, as h — 0, precisely, for some C' > 0,
| —I,| < Ce 2t/ (1.11)

(see e.g. [17] and |20]). When the singularities of the integrand F' are poles, precisely
F is analytic in —H < Imz < H apart from a finite number of poles, then ((1.11))
still holds, as long as [ is replaced by a modified version of the trapezium rule
which we indicate by I}, which includes an additional finite sum depending on the
residues of the function F' at its poles. That this is true is clear from the main
derivation of in Goodwin [17] (and see Turing, p.181, [39]), but this seems to
be explicitly noted first by Reichel and Chiarella |15] when computing an integral
representation for the complementary error function (also see Reichel and Matta [32],
Hunter and Regan [22], and Al Azah and Chandler-Wilde [3], [4]). This modification
was developed later for a more general case in Bialecki (see |7],Theorem 2.2), where

it is shown that the error bound of the modified trapezium rule is given by

e—2mH/h

—27H/h 00
-1 < ﬁ—/ (f(E+iH))| + | f(t—iH)ldt,  (112)

—00

(see also [26], 2], and [3]). In a practical implementation we have to truncate the
trapezium sum, approximating the modified trapezium rule approximation by the

truncated modified trapezium rule approximation, given by

N
Lin=h Y f(jh)+Cp, h>0, (1.13)

j=—N
where CF is the same correction factor as defined in ([1.4]).

Remark 1.1. Many authors study a generalized trapezium rule formula, given by

I(h,a)[f] =R f((j — a)h), (1.14)

jET
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for h > 0 and o € [0,1), as an approximation to I. Note that I(h,a)[f] =
I(h,0)[f], where f(t) = f(t —ah), for t € R, i.e., I(h,a)[f] is the trapezium
rule in the standard sense for a shifted function f(t). Note further that I(h,0)[f]

and I(h,1/2)[f] are the standard trapezium and midpoint rule.

1.1 The contributions of this thesis

The contributions of this thesis are of two types. Firstly, we derive new rigorous
error bounds on the error in the truncated modified midpoint rule. Let us compare
our work with previous work in [26], [2], [38], and [3]. As we discuss in more detail in
Chapter 2, previous authors [3] and |2] split the total error into two primary sources
of error to derive the bound on the error in the truncated modified trapezium rule
approximation. The first source of error is the discretization error which is the
difference between I, given in (1.1]), and the infinite sum of the modified trapezium
rule I}, given in . For F' defined as in ((1.2)), in the case that F is even, the

bound on this error obtained in [2] and [3] is given by

11 < 2y/m My (F)er™* 25
al >

_ 1.15
VPl — e 2™ ) ( )

on the assumption [Assumption 1.2.1, [2|], that F'is analytic except for simple poles
and is O(1) at infinity in the strip Sy, and where My (F) is the supremum of the
function F on I'y = {z € C : Im(z) = H}. The second source of error is the
so-called truncation error, which is the difference between the infinite sum of the
trapezium rule and the truncated sum of the modified trapezium rule (|1.13)),

given (in the case that F' and f are even) by

;= Iyal = 120 ) f(kR)). (1.16)

k=N+1
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The bound [Eq. (57), [3]] implies that

(1.17)

2
I — I, | < MOHOR(p)emph?(N+1) (1 + 2ph*(N + 1)) |

ph(N + 1)

where MA(F) := sup,s 4 |F(t)] for A > 0. The sum of (1.15) and (1.17) gives the
total error in approximating the integral ((1.1) by the truncated modified trapezium
rule, i.e.,

|EN] < [T = Tl + [T = Iyl

In this thesis, we bound E;N = I — [}V by a more direct, one step approach (see
Theorem 2.9). In more detail, we approximate I in (L.1)) by the truncated modified

midpoint rule I;V, given by (1.4)), the error in this approximation is given by
* N * N

and our error estimate is

2/7M;(H, (N + 1)h)ert*—2mH/h
V(L — e2mitih) (1.18)
4 e PINHLA? (Ml((N TOh 2HMs(H, (N + 1)h))

BN <

p(N +1)h
where, for A > 0,
M;(A) :=sup |F(t)]. (1.19)
t>A

My(H, A) == sup [|[F(=A+iy)|+ |[F((A+iy)]],

0<y<H
and

M;(H, A) = ,EE£A|F(t+iH)|' (1.20)

Note that, importantly, the bound (|1.15)) requires that F' is bounded on I'y (which
implies that the even function F' is also bounded on I'_g), so that also F'(z) = O(1)

as Re(z) — oo with z € Sy, uniformly in Im(z), for —H < Im(z) < H. In contrast,
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our new bound only requires that F' satisfies Assumption 2.1 below, so that
F' need not to be bounded on I'y, we need only that F'is bounded on R. Thus our
new theory applies to Example 3 in §2.2.3, while the bound does not. More
significantly, our new theory applies to the Green function example in chapters 3
and 4. The bound does not apply to this application.

In Chapter 3, we propose an approximation to evaluate the 2D quasi-periodic
Green’s function. We provide a new integral representation of the quasi-periodic
Green’s function, which involves a number of sources M, given by . The
standard midpoint rule and modification of the midpoint rule are techniques that
can be used in the approximation of the integral representation of Green’s function
for a problem involving wave propagation in the periodic structure. We apply
these techniques, and we show, through numerical calculations when simple poles lie
close to the real axis, that the modified midpoint rule approximation is significantly
more accurate than the midpoint rule (see the results in Table . We compare
our approximation with the best known techniques given in [28|, notably Ewald’s
method, and with the asymptotic correction term method in [30]. Our approximation

achieves high accuracy with N = 6 quadrature points, and M = 3 (see the results

of comparison in Tables [3.12] and [3.13). The results in Parts A and B suggest

that it is enough, to achieve high accuracy, to include in our correction factor in
the modified midpoint rule only residues associated to the poles nearest to the real
axis. The results of Part C make clear that it is advantageous, in terms of accuracy
and efficiency, to use our new representation (3.108)) with M > 1, rather than the
existing representation (M = 1).

In Chapter 4 we apply our new Theorem [2.9, showing how the theoretical
bound on the actual error is obtained, by choosing an appropriate value of H (in
the definition of Sy) and an appropriate value of h to minimize the bound on the
error. We provide a completely explicit error bound in Theorem . Linton in |28,

p.394| suggests that accurate computation in the case when X = 0 is particularly
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challenging. Theorem reduces to a simpler statement in that case (see Corollary
4.11)).



Chapter 2

Modified Midpoint Rule

Approximation

2.1 A modified midpoint rule approximation rule
for when [’ has simple poles near the real-axis

In this chapter we are concerned with understanding the error in the midpoint rule
approximation , modifying this approximation in the case when F' has poles
that lie close to the real line, and with deriving a new representation and error
bound for the error in these approximations. The derivation of , using contour
integration and Cauchy’s residue theorem, dates back in a special case at least to
Turing in [39], and was analysed in more general cases in Goodwin [17], Schwartz
[34], and Stenger [37]. The exponential convergence rate of the trapezium
rule approximation depends on the width, H, of the analytic strip around the real
axis, and the accuracy of the trapezium rule approximation deteriorates when the
function f has singularities near the real line. But, when the singularities are poles,
the contour integration argument used to derive the exponential convergence of
the trapezium rule approximation, leads to a modification of the trapezium rule

approximation by a correction factor which depends on the residues of f at the

10
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poles. This seems to have been noticed explicitly first by Chiarella and Reichel |15]
in the context of evaluating an integral representation for the complementary error
function (see also Matta and Reichel [32], Hunter and Regan [22], and Al Azah and
Chandler-Wilde [3], [4]), and was developed into a general theory in Bialecki |7]. In
practice, as we have discussed already in Chapter 1, the trapezium rule ([1.8)) and
its modified version have to be truncated to finite sums as and ,
and the correct balance between N and h has to be made. This is not addressed
in the above papers but is studied by Chandler-Wilde and Al Azah in [3], [4], and
by La Porte |26] and Al Azah [2]. In all these works they represent the error in the
truncated modified trapezium rule approximation as the sum of a discretization error
and a truncation error. It is important to note, however, that the error estimates
stated in [3], [2] and [26], involving the supremum My (F'), given by (L.15), are not
helpful in cases where My (F') = 4+o00. This is the case, in particular, for our function
in Chapter 3.

To solve this issue, in the first section we will, using the contour integral
arguments of propositions [2.3]and [2.4], derive a new error estimate for the truncated
modified midpoint rule (i.e., a new bound on |I — I;V]), given in Theorem 2.9 In

contrast to previous estimates:

e our contour integral method argument leads directly to a bound on |I — I}V,

there is no need for additional argument to estimate |I; — [N| (cf. (1.17)));

e cxcept that F' is required to be bounded on the real axis, we impose no

constraint on the behaviour of F' at infinity, making the following assumption:

Assumption 2.1. For some H > 0, where Sy :={v € C: |Im(v)| < H}, we have
that

(i) F is analytic in Sy except for finitely many simple poles at vy € Sy, with
Im(v) #0 for k=1,2,3,...,n.

(ii) F is continuous on Sy \ {v1, v, ..., Up }.
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(ii1) Fort € R, F(t) = O(1) as t — £oo.

In the second section, we will provide three numerical examples and estimate the
error caused by the modified midpoint rule approximation. Note that all integrals
of the examples in this chapter and the rest of the thesis are of the form of (2.10)).

Given h > 0 define the function g(v) by

g(v) := i cot (w <% + %)) = —itan(rv/h), (2.1)

which is an odd meromorphic function with simple poles at v = (k — %)h, for k € Z.

For v = x + iy, with  and y real with y > 0, we have

26—27ry/h
1 =9l = =am (2.2)
similarly, for y < 0,
2627ry/h
1+ 90l = (2.3)

It is convenient to state a bound here that is required for vertical integrals in
Theorem From the definition (2.1)) of g(v), for v = nh + iy with n € Z and

y € R, we have that

61‘71'(n+1/2)77ry/h + efifr(n+1/2)+7ry/h
g(’U) - (eiw(n+l/2)—7ry/h _ e—iﬂ(n—l—l/?)—i—ﬂy/h) (24)
Recalling that e*™("*+1/2) = +j(—1)" we have
( ) Z‘(_l)nefﬂy/h _ Z’(_l)neﬂy/h 67ry/h _ efﬂy/h (2 5)
v) = — = i
9 i(_l)ne—ﬂy/h + l’(_l)neﬂy/h G—Try/h + eﬂ'y/h
SO
6—7ry/h _ eﬂ'y/h
1= 0] = |1+ s 26)
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Im/\
H FH,N
—(N+Dh+oHd """ (N +1)h+iH
| o0, AGEN
| vs | Un-1 |
l . | Re
1 U2 1
~(N+WVDh—iH o (N+1D)h—iH
—H I'_mn

Figure 2.1: The contour Cy y used in the proof of Proposition The dots on
the real line are the poles of g(v) at (k — 1/2)h, for k € Z.

Hence

11— g(v)| <272/ for y >0, (2.7)

and similarly

11+ g(v)| <22/ for y<O. (2.8)

All of the integrals we consider in this thesis have an integrand of the form
f(v) =" F(v), (2.9)

for some p > 0, with F' satisfying Assumption 2.1} and we wish to compute the

integral

= / F(v)dv = / e F(v)do. (2.10)
Note that the function f(v) is a product of the entire function e and F(v); if
F satisfies Assumption then f also satisfies Assumption 2.1} In the case that
F' satisfies Assumption , Figure shows the poles (all simple poles) of the

function f located above and below the real line, and the simple poles of g; these

are all located on the real line. For any h > 0, we define the truncated midpoint
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rule formula by
N+1

LN =h Y f((k—1/2)h). (2.11)

Remark 2.2. In the following propositions, starting with Proposition[2.3, we assume
that Assumption holds, which implies, in particular, that all the poles of f in
Sy are simple. It is possible, with some increase in complezity, to allow also higher

order poles. If the pole at vy, is of order ny then the summation

> 9o Ry

in (2.12) needs to be replaced by

n

> Restaf ) = 3 ol S (0= w01 0),

1 ng — 1)' vy U™k

and similar changes need to be made in the residue calculations in Proposition [2.4}
For example, if n, = 2, i.e f has a double pole at vy so that

fo g

J0) = o + e+ T)

where f is analytic near vy, then

Res(gf,vi) = g (vi) f-2 + g(vi) f-1.
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We apply Cauchy’s residue theorem to prove the following propositions.

Proposition 2.3. If Assumption holds and f is given by then

(N+1)h (N+1)h n
N == (/ f(t+iH)g(t+7jH)dt—/ f(t—iH)g(t—iH)dt) +i7TZg(vk)Rk

(N+1)h —(N+1)h =1

+ —/0 [F(=(N + Dh +ig)g(—(N + Dh +iy) — F(N + Dk +iy)g(N + 1)k + iy)] dy

+3 /_H [F(=(N + Dh+iy)g(—(N + Dh+iy) — F((N + Dh+iy)g(N + Db+ iy)] dy,
(2.12)

where Ry := Res(f,vx) = lim (v — vg) f(v), provided (N + 1)h > max | Re(vy)|.

VIV

Proof. Let Cy n denote the positively oriented rectangular contour with vertices at
(N+1)h+iH and —(N+1)h+iH, with N large enough so that this contour encloses

the poles {vy,vq,...,v,}. Applying Cauchy’s residue theorem, we have, where g is

defined by ,
g f()g(v)dv = 2mi < Z Res(fg, (k—1/2)h) + Z Res(fg,vk)> (2.13)
H,N k=—N k=1
where
Res(fg, (k — 1/2)h) = = f((k — 1/2)h),
and
Res(fg,vx) = g(vg)Rg.
Thus
%/ F@)gw)do = —h S F((k—1/20h) +in 3 g(v) R, (2.14)
Cy,N k=—N k=1
B =3 glon) e : /C RGN (2.15)

where I} is defined by (2.11)). Now Cp v is the sum of four paths Cy, Cy, Cs, and
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Cy, so that

/CH,N fw)glv) = {/01 +/02 Jr/c3 +/C4} F(v)g(v)dv, (2.16)

where
(N+1)h—iH (N+1)h

F(v)g(v)dv = / f(t— iH)g(t — iH)dt,

—(N+1)h

[t = /

—(N+1)h—iH

(N+1)htiH o
/ F(0)g(w)dv = / F(0)g(v)dv = / FN +1)h+ig)g(N+ Dhtiy)idy,
Ca —-H

(N+1)h—iH
—(N+1)h+iH (N+1)h
F(0)gv)dv = / F(v)g(w)dv = — / J(t+ i) gt + iH)dr.
Cs (N+1)h+iH —(N+1)h

and

—(N+1)h—iH H
f(v)g(v)dv = / f(v)g(v)do = — / H VDb in)g(~ (N DRy

Cy (N+1)h+iH

Thus

CH,N (N+1)h 7(N+1)h

_ (N+1)h (N+1)h
-1 f(v)g(v) = % (/ f(t+iH)g(t+ iH)dt —/ ft—iH)g(t — iH)dt)

~

i ( / N+ DR ig)g(=(N + D+ iy)dy

H
- / F(N + Db+ ig)g((N + Db+ iy)dy) |
—H
(2.17)
Hence ([2.15]) becomes
1 (N+1Dh (N+1)h "
N = / f(t+iH)g(t+z’H)dt—/ f(t—iH)g(t —iH)dt —i—iWZg(vk)Rk
2\ Jo(vtm ~(N+1)h k=1

+ /0 [f(=(N+1h+iy)g(=(N + 1)h +iy) — f(N + 1)k +iy)g((N + 1)h +iy)| dy

N = N .

/_H f(=(N+1h+iy)g(=(N + 1)h +iy) — f(N + Dh+iy)g((N + 1)h +iy)] dy.
(2.18)

_|_
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]
Im
H un
—(N 4+ D)h+aH =777 T (N +1)h+iH
E . U;n iCIJ;N
: Uy V2 X
%ZZZIIZZZZZZZZZIZZZZtZZZZIZZZZZZZZZIIZZZZZ:? >
: . : Re
" Ve
—~(N+1)h—iH ____: T (N +1)h —iH
—H ' mn

Figure 2.2: The blue contour C}; 5 encloses the poles {vy, vy, ..., v, } and the red
contour C'y y encloses the poles {Um+1,---, Un}, these contours used in the proof of

Proposition

Proposition 2.4. If Assumption holds and f is given by (@) then

(N+1)h —(N+1)h 0
— Ydv = d d d .
1= [ ftoyo= /Nﬂ)hf(v)wr [ /(thf(v) v, (219)

and
(N+1)h 1 [(N+DR
/ :—/ [f(t —diH)dt + f(t+iH)]dt
—(N+1)h 2 N+1)h

(N + Dh+iy) — f(—=(N + 1)h +iy)|dy

—(N+1D)h+iy) — f(N + 1)h +iy)|dy + wi Z sgn(Imuvy) Ry,
H k=1

l\DI@
\N

l\:>|N

provided (N + 1)h > max | Re(vy)|.

Proof. Let Cfly ~ be defined as in Figure 1.2, and consider

/ci f(v)dv. (2.20)

H,N
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Chw is the positively oriented rectangular contour with vertices —(N + 1)h, (N +
1)h,£(N 4+ 1)h +iH, and N large enough so that C;;’N encloses the simple poles

{v1,v2, ..., v} (see Figure 2.2). By applying Cauchy’s residue theorem, we have

f(v)dv = QWiiRk, (2.21)
k=1

+
CH,N

where Ry := Res(f,vy), for k =1,2,...,m. Note that

%f@)dvz{ [ «f [

1,H,N 2,H N 3,H,N 4,H N

} f(v)dv (2.22)

where
(N+1)h
[, twi= [ fea
CT,H,N —(N+1)h
(N+1)h+iH H
/ fv)dv = / f(v)dv = / FUN + 1)h + iy)idy
Clun (N+1)h 0
(N+1)h+iH (N+1)h
/ f(v)dv = —/ f(v)dv = —/ f(t+iH)dt,
Cimn —(N+1)h+iH ~(N+1)h
and

[ seio=— [ fa = [T o o iyan

IH’N (N+1)h

Similarly, C'; v is the negatively oriented rectangular contour with vertices —(N +
Dh, (N + 1)h, £(N + 1)h — iH, and N large enough so that C} y encloses the
simple poles {41, ..., Un } (see Figure[2.2). Making a similar application of Cauchy’s

residue theorem, we have

/C f)dv=—2mi Y Ry, (2.23)

I;,N k=m-+1
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where Ry = Res(f,vg), for k =m +1,...,n. Note that

CHNf(v)dv:{/ +/ +/ +/ }f(@dm

1,H,N 2,H,N 3,H,N 4,H,N

where
(N+1)h
[ twi= [ e,
Clmn —(N+1)h
(N+1)h—iH 0
| swa= | fedo = [ (N + Db+ igyidy
02_,H,N (N+1)h —H
—(N+1)h—iH (N+1)h
/ f(v)dv = / f(v)dv = —/ f(t —iH)dt,
Cy N (N+1)h—iH —(N+1)h
and

/C fv)dv = /_(NH)h f(v)dv = /i{ F(=(N + 1)h + iy)idy.

LH,N (N+1)h—iH

Now we have

(N+1)h (N+1)h H
f(v)dv :/_ f(t)dt—/_ f(t+iH)dt+/0 [f(N+1)h+iy)— f(—(N+1)h+iy)|idy

Chrn (N+1)h (N+1)h
(2.24)
and
(N+1)h (N+1)h 0
(0)dv = / F(#)di— / Flt—iH)dt+ / [F(— (N4 1)hig)— F((N+1)hiy)idy.
Can —(N+1)h ~(N+1)h “H

(2.25)

Combining (2.24) and (2.25)) we obtain

(N+1)h (N+1)h
: ( / o+ / - f(v)dv) = [ g0y [ i f i
+ %/0 [f((N + Dh+iy) — f(—(N + 1)h + iy)]idy
+ %/H[f(—(N + Dh+iy) — f((N + Dh + iy)lidy,

(2.26)
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Also, from (2.21)) and ([2.23) we have that

1 ( (v)dv + f(v)dv) =1 2": sgn(Imuy,) Ry, (2.27)
CIJ;N Cu.n

2
k=1

and this equals the right-hand side of (2.26)). Hence,

(N+1)h (N+1)h n
/_ ft)dt = 1/_ [f(t+1iH) +f(t—Z'H)]dt—i—mz,sgn(lm(vk))]%k

(N+1)h 2 ) _(Ny1)h

_ %/0 (N + D+ iy) — f(—(N + 1 + iy)]dy
- %/Hm—(zv + Dh+iy) — F((N + Db+ iy)]dy.
a (2.28)
]

Corollary 2.5. In the case that f is given by (2.9), and Assumption holds, then

the error,
EY =1-1), (2.29)
s given by

(N+1)h

EN = E (/(NH)}L ft+iH)(1 - g(t+iH))dt+/ ft—iH)(1+g(t - iH))dt>

(N+1)h —(N+1)h
il / (N + D+ ig) (1 — g(—(N + Db+ iy)
~FN + DR+ ig)(1— g((N + D)+ ig))ldy

+i/ FIN + Db+ ig) (1 + g(N + )b + iy))

2 /) u
—(N+1)h
— f(=(N+1Dh+iy)(1+ g(—(N + 1)h + iy))]dy +/_ f(v)dv
+ /(N+1)h f(v)dv + Cp,
(2.30)
where
Cp=im Y (sgn(Im(vy)) — g(ve)) Ra, (2.31)

k=1
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will be known as the correction factor.

Proof. Subtracting (2.12) from (2.19)) gives

1 (NDR n —(N+1)h
EY =~ / [f(t —iH)dt + f(t +iH)]|dt + mi Z sgn(Im(vy)) Ry + / f(v)dv
2 J-(N+1)h — —o
[ pwdo= g [ Db i)~ F-( 4 D i)y
(N+1)h 2 Jo
.0
i . .
— 5 | O D ig) - SV + Db+ i)y
-H
1 (N+1)h (N+1)h n
- = / f(t+iH)g(t+iH)dt—/ f(t—iH)g(t —iH)dt —iﬂZg(vk)Rk
2 —(N+1)h —(N+1)h k=1
. H
? . . . .
— 5 | U+ DR+ ig)g(~ (N 4+ Db+ ig)dy = SN + D+ in)g(V + D+ i)y
0
-
? . . . .
- 5/ [f(=(N +Dh +iy)g(—=(N + Dh +dy)dy — f(N +1)h +iy)g((N + 1)h + iy)]dy,
-H
(2.32)
which simplifies to give O
Remark 2.6. We can rewrite the formula for Cr in as
Cr=mi Y _ Gu) (2.33)
k=1
where
2R, —e=2miok/h) - Im(vy,) < 0,
G (vx) = 11 e—2milon/h)
1, Im(vg) > 0.

Corollary 2.7. If the conditions of Corollary 2.1 are satisfied and also F (and so

f) are even, in which case n is even and exactly m = n/2 the poles of F' are in the

upper half-plane, then simplifies to

N+1

IN =2h> " f((k—1/2)h)
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and simplifies to

(N+1)h
EN :/ Ft+iH)(1— gt + iH))dt
—(N+1)h

n z/ F(—(N + Db+ i) (1 — g(—(N + 1)h + iy))
0 (2.34)
— f((N +1)h +iy)(1 — g((N + 1)h + iy))]dy

m

—1—2/(00 f(v)dv+27m'2(1 — g(vg)) Ry,

N+1)h o1
where the sum is over the poles in the upper half-plane.

Proof. Substituting t = —s, the second term in ([2.30)) is, recalling that ¢ is odd,

—(N+1)h (N+1)h
—/ f(—s—iH)(1+g(—s—iH))d$:/ f(=s—iH)(1+g(—s —1iH))ds,
(N+1)h —(N+1)h
(N+1)h
- / F(s 4+ iH)(1 — g(s + iH))ds,
—(N+1)h
i.e.
(N+1)h (N+1)h
/ FE+iH)(1 = g(t + iH))dt = / F(t—iH)(1 + gt — iH))dt.
~(N+Dh ~(N+Dh

Similarly, substituting ¢ = —y into

- / [f (= (N+1D)h+iy) (I+g(=(N+1)h+iy)) = f(N+1) htiy) (1+g(N+1) htiy))|dy,

—-H

we have, in the case when f is even, that

—/0 [F(—(N+1)—it)(1+g(—(N+1D)h—it))— f(N+1)h—it)(14+g((N+1)h—it))]dt,

= — /H[f((N+1)h+it)(1—g((N+1)h—H't)—f(—(N—i—l)lH—it)(1—g(—(N—i—1)h—i—it)))]dt,

_ /H[f(—(N+1)h+it)(1—g(—(N+1)h+it)—f((N+1)h+z’t)(1—g((N+1)h+z’t)))]dt.
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Also, substituting t = —v in f:O(ONH)h f(v)dv , we have
—(N+1)h (N+1)h 0
| e [ g = [ po
o . (N+1)h

_ / fw)dv,
(N+1)h
SO

/_—(N+1)h f(v)dv + /OO f(v)dv = 2/(00 f(v)dv.

o0 (N+1)h N+1)h
In the case when F' is even, then every pole in the upper half plane has a corresponding
pole in the lower half plane (i.e. if vy is pole in the upper half plane, then —uvy is a
pole in the lower half plane). So there is an even number of poles (i.e. n = 2m, for
some m € N), and, if we order the poles so that the first m poles are in the upper

half plane, then

Crp =iy [sgn(Im(vy)) — g(ve)| Re + [sgn(-Im(vy)) — g(—vi)]| By

=im > [1— g(vp)]Ri + [1 + g(ve)| Ry

= Z(l — g(vk)) (R, — }N%k)
k=1

where

Ry = Res(f, —uvg).

Now, we will show that ék = — Ry, , where Ek and Ry are the residues of f(v) at

—uvy and vy respectively. Explicitly,

Ry, = vlig}lk(v — i) f(v) (2.35)
and
R, = lim (v+v,)f(v). (2.36)

V——Vg
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In the case when f is even, Ry can be written as

R, = lim (v+uv)f(—v)

V——Vg

=— lim (—v —wvg)f(—v).

—V— Vg

This is obviously
Ry = —Ry.

Therefore the formula (2.31]) simplifies to

m

Cp=2mi» (1—g(vi)) Ry

k=1

Hence ([2.30]) becomes

(N+1)h
EN :/ Ft+iH)(1— gt + iH))dt
—(N+1)h

H/o [F(=(N + Dh +iy)(1 — g(—(N + Dh + iy))

— SN+ Dh+iy)(1 = g((N + 1)h +1y))]dy

m

—1—2/(00 f(v)dv+2m'2(1 — g(vg)) Ry

N+1)h o1

24

(2.37)

O

Definition 2.8. In the case that Assumption holds, let the modification of the

truncated midpoint rule, denoted by I;N, be the formula with the addition of

the correction factor , that is define

LN =1+ Cp
N+1

=h Y f((k=1/2)h) +im Y [sgn(Im(vy)) — g(vn)] Ry,

k=1

(2.38)
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and let E;N be the error in this approximation, that is
EN =1-1N, (2.39)
Next we will propose a theorem for bounding the error of the modified truncated

midpoint approximation, defined by ([2.39)).

Theorem 2.9. [If Assumption holds and f is given by and f is even, then,

for0 < h < 2—2, so that pH? — % <0, it holds that

/T M;3(H, (N + 1)h)erH*—2rH/h

h \/ﬁ(l _ 6—27TH/h) (240)
_ 2p2 [ Mi((N +1)h)
PNFLH® 2HM,(H, (N + 1)h
+e ( SN T T2 (N + 1)h)
where, for A >0,
M, (A) :=sup |F(t)|. (2.41)
t>A
My(H, A):= sup [[F(=A+iy)| + [F(A+iy)] (2.42)
0<y<H
and
M3(H,A):= sup |F(t+iH)|, (2.43)
—A<i<A
Proof. Since E}Y := 1 — I} and [NV := I} 4+ CF, from Corollary we have
(N+1)h
BN :/ ft+iH)(1—g(t+iH))dt
—(N+1)h
H
b [T+ DR+ i) (3= g~ + Db i)
0 (2.44)

— SN+ Dh+iy)(1 = g((N + 1)h +iy))]dy

+ 2/(00 f(v)dv.

N+1)h

Using the bound ({2.2)) for the first integral and the bound ([2.7)) in the second integral
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gives

N e-2mH/h (N+1)h ‘ 00
BN < e [ el ) 2 [ ),
— € —(N+1)h (N+1)h (2.45)

H
+ 2/ e 2| F(—=(N + D)h 4+ iy)| + |f((N + 1)+ iy)|]dy.
0
Using ([2.9)), then

(N+1)h
/ ft+iH)dt| =
N+1)h

(N+1)h
/ PUHH B (¢ 4 i H ) dt
(N+1)h

(N+1Dh
< Ms(H, (N + 1)h)e!”” / e PP dt (2.46)
—(N+1)h

< Ms(H, (N + 1)h)\/§eﬂH2.
p

We have also

2 ‘/ f(t)dt‘ =2 ‘/ e"’tzF(t)dt‘
(N+1)h (N+1)h

~ (2.47)
< 2M;((N +1)h) / e dt.
(N+1)h
Using integration by parts, we find that
/oo thd efp(N+1)2h2 ( )
2 e dt < ———— 2.48
(N+1)h p(N +1)h
SO
00 efp(N+l)2h2
2/ ftdt‘<M N+ 1)h)—————. 2.49
‘Nﬂm<) (N DDy 249

Also, 2 [T e/ ]| f(—(N + D + iy)| + |F(N + 1)h + iy)||dy

H
< 9eP(N+1)*h sup [|[F(=(N + 1)h+iy)|+ |[F((N + 1)h +iy)|] / epy2’2”y/hdy
0<y<H 0

< 2He PNV qup [|[F(=(N + 1)h + iy)| + |F((N + 1)h +iy)]],

0<y<H

(2.50)
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since pH? — 5—;} <0, for 0 <y < H. Hence

V| < 2VAM (L (N + 1)h)erH”—2mH/h
- 1 — ¢—2mH/h
Vol —e ) (2.51)

O

Note that if we use the bound ({2.2)) for the second integral in (2.44)), this term
will blow up at y = 0. For this reason we choose the bound ({2.7)).

2.2 Numerical examples

Now, we will consider three numerical examples. These examples are presented
to show the accuracy and efficiency of the modified truncated midpoint rule. The
first example will be the simplest case when the function FF = 1 in , the
second example will be the complementary error function, and the function in
the third example is given by . All integrands in these examples are entire
and meromorphic functions. Practically, the integrals in these examples will be
approximated by the modified midpoint rule defined by . Theoretically, we

will test the error estimate, proved in Theorem 2.1.

2.2.1 Example 1:

Let
1= / e dr = V7 = 1.7724538509055159, (2.52)

i.e. I is defined by (2.10) with f(v) = e, p = 1, F(v) = 1. The integrand in this

example is an entire function. The example demonstrates the approximation by the
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truncated midpoint rule (2.11)),
N+1 N+1
IN=h Y e WU Zgp N " e (1207, (2.53)
k=—N k=1

Since f does not have singularities we do not need to apply the modified midpoint
rule (i.e. in this case, the midpoint rule = the modified midpoint rule). For numerical
results, we let N = 4,6,8,10,12, and compute IV, the actual error EY = [ — IV,
and the theoretical bound on the error E} given by below. Table below
shows the calculation of the truncated midpoint rule I}¥ with different numbers of
quadrature points N and step size h = /7/(N + 1); see the discussion in §2.2.1.1

below. From the table we can see that I}Y gives 7 correct digits with four quadrature

points for h = 0.7926 and 16-digit accuracy with 12 quadrature points with h =

0.4915.
N | h=y/n/(N+1) | I} |[I —IN| | RHS of (2.57
4 0.7926 1.7724533078535685 5.430x10~7 | 2.961x10°F
6 0.6699 1.772453849893308 1.012 x107° | 6.336 x10~°
8 0.5908 1.7724538509036283 | 1.887 <1072 | 1.313 x10~ !
10 0.5344 1.772453850905513 | 2.886 x10~° | 2.672 x10~
12 0.4915 1.7724538509055159 0 5.363 x10~16

Table 2.1: Approximating the integral 1) using the truncated midpoint rule

For completeness, let us also approximate the integral I by the composite
trapezoidal rule, i.e., approximate I by Iy given by (1.10). As in the above
calculations for the midpoint rule we take, as recommended in [2| and [26], h =

V/7/(N + 1). Since the integral has no pole in this example, Cr = 0 and I, y = I} v,
where I}; v is given by (1.13). From (L.15) and (L.17) it follows, since My (F) =

MWFDR(F) =1 and p = 1 for this example, that

L= Innl = I — Iy,

<= Il + [T = Iyl
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Cn 2/ 1427
< g TN+ (1 — e‘ér_(NH) + O 1)) . (2.54)
N |h=+/r/(N+1)| Ln I — I.n| | RHS of (2.54
4 0.7926 1.7724541459790366 | 2.950 <107 | 8&.111x10°7
6 0.6699 1.7724538515256285 | 6.201 x1071Y | 1.434 x107°
8 0.5908 1.7724538509067571 | 1.241 x1072 | 2.582 x10~12
10 0.5344 1.7724538509055183 | 2.442 x10~ | 4.695 x10~1®
12 0.4915 1.772453850905516 | 2.220 x10-'0 | 8.585x10~1°

Table 2.2: Approximating the integral 1} using the truncated trapezium rule

In Table [2.2| we plot I, n, |I — I, |, and the right hand side of (2.54) against
N. Comparing Tables and [2.2] we see that:

e For N < 10, the trapezium rule error, |I —Ij y|, is slightly smaller, by a factor

ey € [1.181,1.840], than the midpoint rule error, |1 — IV].

e Similarly, the error bound for the trapezium rule (the RHS of ([2.54))) is smaller,

by a factor cy’ € [3.650,6.246], than the error bound for the midpoint rule

(the RHS of (2.57)).

Recall, as discussed in §1.1, that these error bounds are obtained by somewhat

different arguments.

2.2.1.1 Theoretical error estimate using theorem 2.1

In this case Assumption is satisfied for every H > 0, and for every H > 0,
EY =1-1) =1-IN=E;:"N. For our example 1 we have p= 1, F' = 1, and, for
H>0,and A > 0, Mi(A) =1, M3(H,A) =1, and My(H, A) = 2, so by Theorem
2.1, provided h < 27 /H,

2ﬁ€H2—2wH/h 219
_ NI —_ | pN| — | =N —(N+DFRE 2
(=1 = |Ey| = By < 1 — o—2rH/h te ((N—{— 1)h

T 4H) .
(2.55)

For simplicity, we choose specific values of H and h as follows:
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e We choose H = 7/h to minimize the expression H% — 27 H /h (this choice also

ensures that h = & < ﬁ”) to obtain

s
H

2\/_ —m?/h? 2,2 1 47
E *N e A —(N+1)?h - el I 2.56

e We choose h = /+7; (as recommended in [26] and [2]), so that ”—2 =(N+
1)2h2 in the above bound (2.52), so that we equalise the exponents of e~/

and e~ ip (256). With this choice of h (2.56) becomes

. ,W 2\/m 1
1= 1) = |BY| = 1B < =0 (1 — o v U) |

V7(N+1)

(2.57)

In Table 2.1 we tabulate |[I — I}¥| for these choices of H and h, and also tabulate

the right-hand side of (2.57)), showing that, indeed the bound ([2.57)) is satisfied.

2.2.2 Example 2

The complementary error function, erfc, is defined by
erfc(a) := —/ e dt, aeR. (2.58)
It is also well known that, for a > 0,

erfc(a) =

I, (2.59)

where

oo e—t2
= / <, (2.60)

oo 12+ a?

The integrand here

i.e. I is given by (2.10) with f(t) = a2, p=1 F(t) = t2+ 5.

is a meromorphic function with two simple poles at ¢ = +ia. The function erfc(a)

is implemented in the Python library Scipy as the function Scipy.special.erfc(a).
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Evaluating erfc(a) for a = 0.1, we find that

I = 0.8875370839817152....

Note that Chiarella and Reichel [15] were the first to bound the error of the modified
trapezium rule for this example. Since then Matta and Reichel [32] proposed to use
the modified trapezoidal rule using the quadrature points kh, k € Z, and H = 7/h,

i.e, approximating

T a2 — k2h2 + g2 1 — e2ma/h’

h —a2 1 N f(k)2h2 2
erfc(a) ~ ane (— + Z ¢ - for 0<a<H. (2.61)
k

This formula blows up when a is close to zero. Hunter and Regan [22| proposed,

alternatively, to use the midpoint rule to resolve this difficulty, i.e, to define

N — ahe " NZH e~ (k=3)h? B 2ahe=® T e—(k—3)%h? 262
o= - ’ '
T N (k- %)th +a? T = (k — %)2h2 + a2

take H = m/h, and to approximate erfc(a) by the truncated modified midpoint rule

given by the expression

N+ —2 . if a<H,
oy S (2.63)
Iy, if H<a
Note that the expression
2 —2ma/h 9
Cr . (2.64)

- 1+€—2Wa/h - 1+€2wa/h’

is the correction factor term.
Table below shows the calculation of I}Y for different values of N and h; we
selected the value of h by arguing as in (§6, Table 1, [38]). Our version of this

argument is as follows. Noting that EY = E;V, for H < a, by Theorem 2.1 for
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H < a with p =1, we have that,

. o2/TMs(H, (N + 1)h)eH*~2H/h
Y| = gy < YU D)

(1 — e-2mH/h) (2.65)
J—— (M< (D) o (A, (N 4 1)h)) |

We choose H as large as possible i.e., H = a — € with € very small, and then choose

h to approximately equalise the exponents in , i.e. so that
—(N +1)*h* ~ H* —27H/h.
Precisely, we choose h > 0 so that
—(N +1)2h? = —27a/h,

i.e. we choose

2ma Ve 1/3 -2/3
h= (W) = (2ma)Y3(N +1)72/3. (2.66)

In the case a = 0.1, this gives
h=C(N+1)"%3 where C=(0.2r)"3 =0.856498... (2.67)

From Table we see that the midpoint rule gives 2-digits accuracy with 30
quadrature points for h = 0.0867, while it gives 15-digits accuracy for h = 0.008 with
N = 1000. Also from table we can see that the error decreases with increasing

N.
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N | h=(02m)3(N+1)723 | IV 11— I}

15 0.134 0.8687219048806953 | 1.881 x 1072
30 0.0867 0.8861014678620067 | 1.435%x10~3

45 0.066 0.8873745231948752 | 1.625 x10~*
65 0.052 0.8875245520535163 | 1.253 x10~°
95 0.040 0.8875366656566775 | 4.183 x10~7
1000 0.008 0.887537083981715 | 3.330 x10~16

Table 2.3: Approximating the integral 1) using the truncated midpoint rule.

2.2.2.1 Theoretical error estimate using Theorem 2.1

In Example 2 Assumption is satisfied for all H > 0 with H # a; choosing

H =mn/h and h = /7 /(N + 1), equation 1) becomes

|EpN| < e VHD (w_M?’( (N Dh) | M(N + Db) + 2My(H, (N + 1)h)\/m(N + 1)

1—e— 2m(N+1) ’/T(N T 1)
(2.68)

where My(H, A),M3(H, A), and M;(A) are given for A > 0, by (2.41)) (2.42)) and

(2.43) respectively. Let us compute now these upper bounds:

1. First we compute M3(H,A) = sup |F(t+ iH)|, for H > 0, H # a, and
—A<t<A

A > 0. We have, for t € R,

1 B 1
((t+iH)2+a?|  |(t+iH) — (ia)]2
1
T+ i(H - )|t +i(H +a)|

|F(t+iH)| =

Further,

it 4+ i(H —a)||t +i(H +a)] = /12 + (H — a)>\/12 + (H + a)?

> |H —al||H +a| = |H* — d?|.

Hence

1
[F(t+iH)| <

— 2.
< o (2.69)
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Thus

Ms(H, A) < (2.70)

|H? —a?|’
fora >0, H > 0, with H # a, and A > 0.

2. Secondly, we calculate M;(A) = sup |F'(t)|, for A,a > 0. We have, for A > 0

t>A

and t > A,
1 1
|F(t)] = P S5 (2.71)
Thus, for t > A > 0, we have
1
[E®) < =5 (2.72)
1
M;(A) < T (2.73)

3. Finally we compute My(H, A) = sup |F(A+iy)+F(—A+iy)|, for A, H > 0.

0<y<H
For0<y<H,
1 1
F(A+1 = - = - -
FAT W = e~ AT =Gy
B 1
AT iy —alA+iy+a)
and

A+i(y—a)|JA+i(y+a) = VA2 + (y — a)2\/A2 + (y + a)?

> |A||A| =

SO

[F(A+iy)| < (2.74)

1
A2
Similarly

1
F(-A+iy)| <
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SO

2

Hence by (2.68)), and (2.70)), (2.73)), and (2.75]), for N € N, if the step size is chosen
as h = /m/(N+1) and H # a, then, where A = (N + 1)h = /(N + 1)7, the

actual error of the modified midpoint rule is bounded by

(2.75)

_ 2\/mM3(H, A) M, (A)
EN| = I — [V < e7™0VHD AN 2M,y(H, A)\/7(N + 1
| h ‘ | h ’—6 (1_€,2ﬂ(N+1)> 7T(N—|—1)+ 2( ) ) 7T< + ) )
< -+ 2/ N 1 N 4y/m(N +1)
= |H? — a?|(1 — e 27 (N+D) A2 /2(N £+ 1) A?

2T
< —7I'(N+1)
= (|H2 — 2]

1+4n(N +1)
(1 — e 2r(N+D)

(x(N + 1))
(2.76)

In Python we calculate the actual error of the modified midpoint rule and the
theoretical bound on the error using (2.76), choosing a = 0.1, and H = 7/h and the

results are shown in the Table [2.4] below.

N|h=yr/(N+1)| N |ExN| RHS of (2.76) | RHS/ |E;V|
2 1.02 0.8875379054906791 | 8.215x10~" | 1.129x10 * | 137.43

4 0.79 0.8875370849504878 | 9.687 x10~ 0 | 1.859 x10~7 | 191.94

6 0.66 0.8875370839830392 | 1.324x10 2 | 3.279 x10~ 0 | 247.70

8 0.59 0.8875370839817172 | 1.998x10™ | 5.927 x10~® | 296.62

10 0.53 0.8875370839817152 | 0 1.083 x107 15

Table 2.4: Approximating the integral (2.60)) using the modified truncated

midpoint rule.

From Tables and above, we can see that the truncated midpoint rule

is less efficient than the modified truncated midpoint rule. From Table we can
see that the convergence is amazingly fast, with 6 digits accuracy for h = 1.02 with
only two quadrature points and 16 digits accuracy for h = 0.53 with 10 quadrature
points. Also from Table [2.4| we can see that the RHS of is greater than the
actual error, providing a check for the validity of .
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2.2.3 Example 3

Given a > 0, let us consider now the evaluation of the integral

e a [ e cos(v?)
I = eV F(v)dv = — ————dv

T 00 U2 + Cl2 (277)

—00

~ 0.88554505848746,

where
a cos(v?)

F(v) = m.

(2.78)

This function has simple poles at v = £ia. The truncated midpoint rule is

N+1

ah e~k cos(t2)
N =— M 2 2.79
PR e b

where ¢, = (kK — 1/2)h. In cases, as here, where a is the distance to the nearest

N | h Iy |EY]

25| 0.0975 | 0.882318615701214 3.2 x1073

50 | 0.0622 | 0.8854611392879025 | 8.3 x107~°
100 | 0.0394 | 0.8855448097583446 | 2.4 x10~7
200 | 0.0249 | 0.8855450584638402 | 2.3 x10~
500 | 0.0135 | 0.88554505848746 | 0

Table 2.5: Approximating the integral 1) by truncated midpoint rule.

—2/3

singularity to the real axis, a choice of h proportional to N is, recommended

as optimal in Trefethen and Weideman [38|, and we make the specific choice ([2.64))
giving,

1= IN| = O(e-CraV+0*?), (2.80)

see the results in Table [2.5] The truncated modified midpoint rule is

N+1

~  ah
JhN:“? 3

k=—N

e~ () cos(t2)  2cos(a?)e”’~2ma/h

t% + g2 1+ e—2ma/h

(2.81)
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We use for this rule, first of all the choice h = /7 /(N + 1) used in Example 2 (see
the results in Table , and secondly the different choice h = \/ 7/(V2(N + 1))

motivated by the theoretical error analysis below (see the results in Table [2.7)).

N| h | LY £,

2 [1.0233 [ 0.8856811311523397 | 1.3x 10"
5 | 0.7236 | 0.885544725476039 | 3.3 x10~7
20 | 0.3867 | 0.885545058487462 | 8.8x10~1°

Table 2.6: Approximating the integral 1} by IN.

h | N | BN R.H.S of [2.85|
0.860 | 0.8855473331714725 | 2.2 x10°% | 3.8 x10~
0.608 | 0.8855450554333251 | 3.05x107° | 6.5 x1073
0.325 | 0.885545058487461 | 1.1x10716 | 7.29%x10~©

Table 2.7: Approximating the integral 1} by IV,

SEINE

From Tablesandwe see that our approximation with h = \/ 7/(V2(N + 1))
is more accurate than our approximation with h = \/m , for instance, when
N = 2 in Table [2.7] we obtain 5-digits accuracy, while we only obtain 3 correct
digits for the same number of quadrature points in Table [2.6]

Now let us find the upper bounds on F' defined by that are needed for
the error bound . We start with the simplest upper bound

a cos(t?)

M, (A) = sup m

It is clear that | cos(t)| < 1 for all real numbers, and also

t? + a?| > t* > A%

for t > A. Thus
M(A) < —. (2.82)
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The second upper bound on F' is

a cos(v?)

Ms(H, A) = sup m;

—A<t<A

where v =t +1H. Now

6i(t+iH)2 + efi(tJriH)Q

cos((t +iH)?) = 5
eit?—2Ht—iH? | —it’+2Ht+iH?
- 2
>0 —2Ht | 2Ht
| cos((t +iH)?)| < ‘ ; < - cosh(2Ht)

< 62HA

— Y

for —A <t < A. Also we have

(t4+iH)? 4+ a?| = |(t +iH)* — (ia)?| = [t +i(H — a)||t +i(H + a)|

= /12 + (H — a)2\/t2 + (H + a)?

> |H —a||H +a| = |H* — d*|.

Thus

ae2HA

Ms(H A < ————.
s(H, )_7T|H2—a2|

(2.83)

The third upper bound is

B acos((—A +1y)?) acos((A +iy)?)
WA = S0 ST+ ) T (A i) + o

For y < H, |cos((A +iy)?)| < cosh(24y) < 4. Also,

(A +iy)* + a| = [(A +iy)* = (ia)*| = [(A+i(y — a))|[(A+i(y + a))]
=V A2+ (y — )2V A + (y + a)?

> |A]|A] = A
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Thus

2ae2HA

TA2

So choosing H = /(N + 1)(2"/4=2""4) and h = \/ﬂ/(ﬁ(N + 1)), to approximately
minimize the error bound, so A = h(N + 1) = \/7(N + 1)/v/2, we get

My(H, A) < (2.84)

Y| < ehova (W\H2 _ af‘\(/ff ay * afj;m + ﬁf) . (289)
with
2HA = 27(N +1)(1 — 27%2),
2rH/h = 2m(N + 1)(2"/% - 1),
and

H _ 1 (23/4 o 21/4)'

A2 V(N +1)
Note that the error bound ([2.85|) suggests that when N increases by 1, the error in

the approximation decreases by at least a factor

eirvE 2 (0.683. (2.86)

2.2.4 Conclusions regarding the numerical examples

The new error bound proposed in Theorem 2.1 was tested by examples 1, 2, and 3,
and we have shown how fast the actual error decreases with increasing N. From the
above results, we see that the standard midpoint rule and the modified midpoint
rule give accurate results. But with the suggested modification, the numerical
approximation is improved greatly and we achieve significant levels of accuracy
in each example with small numbers of quadrature points. In Example 1, where
I is defined by with F' = 1, we applied the midpoint rule approximation

and the trapezium rule approximation; the results are shown in Tables and 2.2
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We derived the error bounds and for the midpoint rule approximation
and the trapezium rule, respectively. As discussed in §1.1, these error bounds are
obtained by somewhat different arguments. In Example 3 the bound on the error in
the trapezium rule approximation does not apply, because the function ([2.78))

is only bounded on the real axis.



Chapter 3

Quasi-Periodic Green’s Function

3.1 Introduction

In scattering theory, the boundary integral equation method is a widely used technique
in many branches of physics and engineering. In the numerical calculations for
solving these integral equations, a large number of evaluations of some relevant
Green’s function are required. Many mathematics researchers have been interested
in the topic of electromagnetic and acoustic fields scattered by periodic surfaces
(diffraction gratings) with quasi-periodic incident plane waves, where the corresponding
Green’s function of the 2D Helmholtz equation is also quasi-periodic. The obvious
sum of sources and Fourier series representations for this Green’s function contain
series which converge very slowly and so are inappropriate for numerical work.

In this chapter we will present an integral representation for the quasi-periodic

Green’s function in the form

[ /w e (o), (3.1)

—00

where F'is analytic in a neighborhood of the real axis except for simple poles. We will
apply the numerical method proposed in chapter 2, namely the truncated modified

midpoint rule, to evaluate this quasi-periodic Green’s function for the 2D Helmholtz

41
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equation. We will show that our new methods are effective, indeed that they appear
to be competitive in operation counts and accuracy compared with other effective
ways of evaluating the Green’s function. In particular, we make a comparison in
section 3.5 with Ewald’s method, recommended as the most efficient computational
method in the review paper [2§|, and with another new method proposed in [30].
This chapter is organized as follows. In section 3.2 we introduce some notations
relating to the Green’s function and the Helmholtz equation, using the notations
in 28] and [14]. In section 3.3 we introduce the problem; our starting point is
the notations and formulas for the quasi-periodic Green’s function from [28]. We
present three formulas for the quasi-periodic Green’s function and the main focus
is on the integral representation. We show an integral representation for the quasi-
periodic Green’s function in the form , and we calculate a correction factor
term Gfm’mﬂ which depends on the residues of functions F. at their poles vy,
and vim . We divide section 3.4 into 3 parts. In part A we apply the truncated
midpoint rule and the modified truncated midpoint rule to approximate (3.30)),
where the number of sources represented explicitly is M = 1; the results show
increases in the accuracy with increasing N (see Tables and . In part B we
turn our attention to including contributions related to all the poles in the domain
Sg = {v € C: |Im(v)] < H} and present a formula for the correction factor in
this case. The results are slightly more accurate than Part A. In Part C, we derive
a new integral representation for the quasi-periodic Green’s function written in the
form , where 2M — 1 sources are computed explicitly, for some M € N. We
apply the modification of the truncated midpoint rule in this part (see the numerical
results in the Tables and. In section 3.5 we compare our method with other
methods, presented in [28], namely Ewald’s method and the asymptotic correction
term method of [30], and we show that the proposed numerical method is robust,

accurate and efficient.
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3.2 The Green’s function for the 2D Helmholtz
equation in free space.

We will adopt notations to introduce our problem and the equations that are the
same as used in [14] and |28]. All implementations are done in Python in this chapter,
as discussed in the introduction. Before finding the Green’s function for periodic
structures we need to clarify some important concepts that we use in our case. In
2D problems we will use Cartesian coordinates Oxyz; everything in the z—direction
will be constant, so our mathematical problem to be solved just depends on z and
y. Also, r will be the vector r = (z,y) € R% Let the pressure U at time ¢ at the
point whose position vector is r be given by U(r,t). Then U satisfies

1 9*U

AU = — 2~
v 2 ot

(3.2)

which is the wave equation, where A = 59—;2 + 88—;2 in 2D. If time-dependence is time

harmonic, i.e. U(r,t) is given by

for some angular frequency w = 27 f > 0, with f = frequency, the pressure is
given by
U(r,t) = Ru(r)e ™), (3.3)

where u(r) = A(r)e’?") satisfies the Helmholtz equation
(A +k*)u =0, (3.4)

where k = w/c = 27 /) is the wave number, and ) is the wavelength. In

the case when the domain is unbounded, the acoustic pressure u should satisfy the
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Sommerfeld radiation conditions,
u=0(rY?), (3.5)

(% - @k) u=o(r-'/?), (3.6)

as r:=|r| = \/m — o0; 1 is the radial direction. A line source generates an
acoustic pressure that depends on its location. When the line source is along the
z-axis, the solution to equation depends only on r; at the receiver position
r = (x,y) the solution is

u(r) = %Hél)(kr), (3.7)

where Hél) is the Hankel function of the first kind of order zero. To within
multiplication by a constant, this is the unique solution to (3.4) in R? \ {0} that

satisfies (3.5)-(3.6) and depends only on 7. The constant (—i/4) in (3.7)) is chosen
so that

Au+ k*u = §(x)d(y),

where ¢ is the one-dimensional Dirac delta function. When the line source is parallel
to the z-axis through what we will refer to as the source position, ro = (z0, yo),

the solution to equation ([3.4]) is
Tl —l ()
u(r) = G(r,rg) := ZHO (klr — ro|) = IHO (kR), (3.8)

where R = |r —ro| is the distance from the source to the receiver. The function
G(r,rp) is called the fundamental solution of equation (3.4). Denote the
source point by rg = (xg, ¥o), and the field point by r = (x,y). The Green’s function

G satisfies the Helmholtz equation

(V2 + DG = 6(X)6(Y) (3.9)
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where X =2 — 20, Y =y — 159,50 R = VX2 4+ Y2

3.3 The free space quasi-periodic Green’s function

G%(X,Y) for the 2D Helmholtz equation

We turn now to the main topic of this chapter, the derivation and computation
of representations for the two-dimensional quasi-periodic Green’s function for the
Helmholtz equation. This function G4(X,Y’), defined for £ > 0 and § € [k, k], is

the unique solution of the inhomogeneous Helmholtz equation

(V2 +E)GE = 6(X Z 5(Y — nd)e™?d (3.10)

n=—oo

that satisfies appropriate outgoing radiation conditions implying that (cf., (3.8

and |28]),
GYUX,Y) = — Z H (kr,, )et@m?. (3.11)
where r,, = \/X2+ (Y —md)2. This representation for Gg is commonly

known as a spatial representation.

To explain the physical meaning of this Green’s function, let r = (z,y), and
let ro = (0, Y0) be an initial source position, and consider an infinite array of line
sources in free space at the positions r, = (z,,y,), for n € Z, where z,, = ¢, and
Yn = Yo+ nd. Setting X =x—x9, Y =y —1o, Gg(X, Y'), given by , is the field
at r due to an infinite array of sources at ry, n € Z, with a phase shift ¢/*? from one

source to next. Note that 1} and 1) imply that Gg(X ,Y') is quasi-periodic

as a function of d, meaning that

e iBdyd z —i (1) inBd __ vd
GHX,Y+d) = n_ZwH (krp_1) Zn;X,HO (kry)e™ = G4(X,Y).

(3.12)

As we noted in §3.1, this Green’s function arises in the integral equation
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formulation of two-dimensional problems of scattering by diffraction gratings, where

a plane wave

u'(r) = ehrd g — (z,y) € R?, (3.13)

with d = (—cos,sinf) and € [—7/2,7/2], is incident on a diffraction grating, a
surface S that is the graph of a function f, periodic with some period d, taking the

form

S={(z,y):yeR,z=f(y)}

In this application, as u’ is quasi-periodic with period d, i.e.
u'(z,y +d) = ePul(x,y), (3.14)
with
p=ksind € [k, k], (3.15)
it is natural to look for a solution to the problem of scattering by the diffraction
grating S that is also quasi-periodic with the same period d, i.e. that satisfies

u*(,y +d) = e Pu(z,y), (3.16)

where u® is the field scattered by S. The quasi-periodicity (3.16|) can be achieved

by looking for the scattered field as the integral

u(r) = s Gcﬁl(x — o, Y — Y0)9(ro)ds(ro), (3.17)

where S; = {(x,y) : 0 <y < d,z € f(y)} is a single period of S, (x¢,yo) = re, and
¢ € C(5) is an unknown density that can be determined by enforcing the boundary

conditions on S;. E.g., in the case of a sound-soft surface S, u®* = —u’ on S; so that
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¢ satisfies the boundary integral equation

i Gg(x — 20,9y — Y0)0(ro)ds(ro) = —u'(r), r €S (3.18)

Note that the quasi-periodicity (3.12) of G ensures that u*, given by (3.17), satisfies
the quasi-periodicity (3.16)).
The Green’ function Gg,(X ,Y') can also be expressed as an eigenfunction expansion,

the spectral representation ( [28] and [10]):

4X)Y)=—— _ 1

where 3, := 3 + n2n/d,

VB — k2 B > k

Yr = (3.20)

—i/RE— B2, if B < K.

As is well known, the expressions for the quasi-periodic Green’s function
which are given in (3.11]) and converge extremely slowly, and many analytical
methods have therefore been developed to produce fast convergent periodic Green-
function formulas, including Kummer’s transformation (see [28|, [35], [40], [41]),
Ewald’s method (see [28], [12], |5], [13], [40], [24], [33]), lattice sum methods [2§],
and [33], the fast Fourier transformation method [43|, and integral representations
(see [28], [24]). Singh in [36] evaluated the 2D periodic Green’s function efficiently
using the p-Algorithm, and the results are shown to speed up the convergence
of the free space periodic Green’s function in both spatial and spectral domains.
Yasumoto and Yoshitomi in [42] have shown that the lattice sums for the free-
space periodic Green’s function can be evaluated by an efficient method based
on recurrence relations for Hankel functions and a Fourier integral representation,

leading to a highly accurate evaluation of the periodic Green’s function without



CHAPTER 3. QUASI-PERIODIC GREEN’S FUNCTION 48

costing more time in computation.

In the 1998 review paper by Linton [28|, a number of analytical methods
are employed to derive suitable expressions for computation of the 2D periodic
Green’s function. One of the techniques given in this paper that seems well-suited
for efficient computation is the integral representation. The integral representation
method was originally presented in [31] for converting the infinite sum in a spatial
representation of the Green’s function to an improper integral. Twelve years later,
Linton has shown an alternative integral representation for the 2D quasi-periodic
Green’s function with 1D periodicity and he has highlighted that "[while the| integral
representations [(2.14) and (2.15), in [29]] can be used for the accurate and efficient
computation of [the Green’s function|, the numerical implementation needs care due
to the singular and/or oscillatory integrals" [29, p 10].

Both the spatial and spectral representations, and above are
slowly convergent sums. Next, we will compute these representations in Python
with the same sets of parameters values, taken from [28]. Also we will present an

integral representation for the quasi-periodic Green’s function.

3.3.1 Spatial representation

This is (see (3.11))

i < A
GHX,Y) = - > H (kry ), (3.21)

n=—oo

where 7, = 1/(X2+ (Y —nd)?. This formula is known to converge very slowly,
requiring a partial sum with many terms to obtain acceptable accuracy [9]. We code
up the function (3.21)) (see Appendix A.1) using Python to study the behaviour of
the partial sum

N

b= HP(kr,)em, (3.22)

n=—N
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as NN takes larger and larger values. The results are shown below in Table for
specific parameter values (X = 0,Y = 0.04, 8= v/2/4, k = 0.5,d = 4), taken from
[Table 2, [28]].

N Green’s function values
5000 | -0.4634247357 - 0.3530848710 i

Table 3.1: Computing (3.21)) with N = 5000.

Table [3.1] shows the Green’s function calculation with N = 5000; the value
of the quasi-periodic Green’s function agrees with the value given in (Table 2, [28|,

p.397), also with N = 5000, to 10 significant figures.

3.3.2 Spectral representation

This is (see (3.19))

I & e mlXlgifY

Iz Yo

n=—oo

GY(X,Y) = (3.23)

1 N e_7n|X|€i5nY

2d Yn

where we have written, for n € Z,

V 5721_]{:2’ if |Bn| > ka

Bn = +n2w/d, v, := (3.24)

iR, if B <k

The spectral form (3.23)) has fast convergence when |3, > k, unless |X| is small,
due to the exponentially decaying term e~ x|, If |3,| < k, then v, = —i\/k2 — 32,
and so the term |e X[ = [IXIVF=FL =1 (see 9], [28]).

N values of Gg
5000 | -0.4595441802 - 0.35091331201

Table 3.2: Computing 1} at N = 5000.

We code up ([3.23)) (see Appendix A.2) with the same values as in (Table 2, [28],
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p.397), and we obtain the same result, G%¢ = —0.4595441802 — 0.3509133120i

with NV = 5000, as in (Table 2, [28], method 2).

3.3.3 An integral representation of the form (1.1)) for the 2D

periodic Green’s function

In 28|, Linton transforms the Green’s function spatial representation into a form

more appropriate for computation. He obtains

S H (hry)emH =

n=1

™ 0

e BR)d — o—kdu)(y2 — 24y,)1/2"

by use of the Hankel function representation (3.99)) and summing a geometric progression.
(For more detail see §3.5.3.) It follows from ({3.17)) and (3.25)) that the 2D periodic

Green’s function has an integral representation as (Eq. (2.37), [28])

. —ikY  poo k(Y -d)u X (u2 — 2%iu) /2
Gg(X, Y) = ZZH((JU(M) e / (e cos[kX (u iu) '/
0

o e—i(Bt+k)d _ e—kdu)(u2 _ Qiu)l/Q

. 3.26
B etkY /oo e—k(Y+d)u COS[]{IX(U2 _ Q’iu)l/Q] ( )
21 Jy  (efBRd — ekdu)(y2 — 2y)1/2"
To convert the integrals in (3.26)) into the form
I= / e’ F(v)dv, (3.27)
we first substitute u = v? into (3.26)) to get, for —d <Y < d,
i —ikY  poo k(Y —d)v? 2 _ 9:\1/2
d T e e cos[k Xv(v® — 2i)'/?]
GB(X’ Y) Ty HO (kr) T /0 (efi(BJrk)d _ efkdUQ)(UZ _ 22~)1/2 dv (3 28)

kY /oo e—k(Y+d)v2 COS[kXU(UQ _ 22~)1/2]
T Jo

(ei(B—R)d — g=kdv?) (12 — 2)1/2
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We also substitute u = v? into (3.25)) to obtain

> . e R o0 k(Y =d)v® cogl kX (0?2 — 24)1/?]
1) imga __ He cos[ (v? —2i
n§:1 Hy "/ (kry)e™® = - /0 (PRI — o) (12 — 971/ dv.  (3.29)

It follows from (3.28)) that

G Y) = S HO ) = [ e e )y — e [ e ()
00Y) = THO ) - S [ e R () - e (o),

s 2T
(3.30)
ie.,
J —q ) efikY ezkY N
X.Y)=—H;"(kr)— I~ - I 31
where
I* = / e+ Fy (v)dv, (3.32)

with p_ = k(d —Y) > 0 in the first integral and p, = k(d+Y) > 0 in the second

integral, and with F.(v) given by

cos[kXv(v? — 2i)1/?] T o
F_(v) = (e—iB+R)d — o—kdv?) (32 _ 97)1/2" 2 <arg(Vv? —2i) < 9 (3.33)
and
cos[kXv(v? — 2i)1/?] T T
F,(v):= (@GR — ki) (2 — )2 2 < arg(vVv? —2i) < 3 (3.34)

Let us examine the analyticity of the functions F(v), starting with function

F_(v). Clearly,
_ fslv)

0= i hw

where
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f3(v) = cos(kXvvv? — 2i).

Now fi(v) = 22 —2i is a multiple-valued function with two branches. FEach
branch is a single-valued function. Precisely, defining the function f; by fi(v) :=
Vv — (1414)y/v+ (1+1), where Re(y/v & (1414)) > 0, so that Re(v/v2 — 2i) > 0,
for v € R, f; has branch points at £(1 + i), and branch cuts as in Figure .

It is obvious from Figure that, for H € (0,1), f; is analytic in the domain

4
=== branch cuts of f;
3 @ branch points of f;
2 .
1 =———mmmm e m e m e -—-=--0
S
T 0
>
e -
_2 .
_3 .
-4 T T T T T T
—4 -3 -2 -1 0 1 2 3 4

X - Real

Figure 3.1: Corresponding branch cuts of v/v? — 2i.

Sy ={veC: |Im(v)] < H}. The function fo(v) = e iFHthd _ e=kdv® jg an entire

function and

e~ i(BtR)d _ e—kdvz -0
— e—i(ﬁ+k)d _ 6—kdv2‘

This holds if and only if, for some n € Z,

—i(B + k)d + 2int = —kdv®

o B+ k)d—2inT

< v Iod
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PR i\/i(ﬁJrk)d—Qz’mr

kd
— v ==I\iw,
= v =01, =+ wy, (3.35)

where |/w,  denotes the principal square root and

(B+ k)d —2nm

w, = o for neZ. (3.36)

From the definition of the principal square root, (/w, > 0 if w, > 0,\/w, =
in/—w; with \/—w, > 0if w, < 0. The function f3(v) = cos(kXvvv? — 2i) is an

entire function because it has a convergent series everywhere, precisely

= ka)2”(v — 2i)"
PRI

n=0
and, using the ratio test,
-1 n+1 2n)!
D en)
n—00 (2n + 2)! (—1)"

= Jim, ((2n + 2)1(2n + 1)) =0

so that the series is absolutely convergent for all v € C. Thus, provided (8 + k)d ¢

277, so there are no poles on the real line, then Assumption [2.1]is satisfied by F_(v),

provided also H € (0,1) is chosen, so that (v ,) # H, for n € Z.

Similarly, the function F (v) = fz(f 3)(fl oy With fi(v) and f5(v) as defined above

and with fo(v) := e!(0=Rd _ e=kdv® o that fo(v) = 0, if and only if

/4wt (3.37)

n?

+
vy ,, 1= *e
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for some n € Z, where

(B —k)d -2
i k)d " for nez. (3.38)

w

We are concerned with approximating the integrals I~ and I* by using the
truncated midpoint rule and modification of this rule discussed in Chapter 2. But,
before applying the proposed numerical methods, we first find the closest poles of

F.(v) to the origin and then calculate the residues of Fi(v) at these poles.

3.3.3.1 The closest simple poles of F..(v) to the origin

Now w, =1+ % = 2137?, and since /i = j:(\/Li + Z\/LE) = Feim/4
V5= 2w, with 0 < argy/wg < /2. (3.39)

Figure 3.2: The position of v, in the complex plane where w, = 1 + % — 2m

kd
Zp 1= /W, , in the case when m, given by 1} has the value m = 0.

Clearly, given H € (0,1), the poles vy, lie in Sy if and only if [Im(v, ,,)| < H.
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Further

[vinl = Vlwg|
and

_ ., _

(v, = 5l
] (3.40)
= NG jw;, |

As is illustrated in Figure , it follows from w, = 1+ % — 2,%”, with —7/2 <

arg/w, < m/2, and from the definition of vy, in (3.39), that /' (v) has infinitely
n +n

many poles. Let us denote by P~ the set of all these poles so,

P i={v_,:neZiu{v,, ncl}
= {e™*wy :n € ZYU{—e™* S uws :n €L}

(3.41)

For H € (0, 1], let P denote the set of poles in P~ which have imaginary part with

modulus less than H, i.e,

Py ={vi, € P" :|Im(vy,)| < H}. (3.42)

From the definitions w;; := 1+ 2 — 2™ and 3 := ksin® € [—k, k], it is clear that

k~ kd
_ B
—14+ =
W, + =
=1+sind € 0,2].
Further, for general n € Z,
_ 6 2mn
— 14+ 227>
w,, + i il = 0

— n< I;—d(l +sind). (3.43)
T
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Py Py Py PR Se— Y Re

Figure 3.3: The position of the values of w,,, for n € Z; m is given by l}

From Figure (or the definition of w;, ) we see that the distance between w;,
and w,, ., is 2m/kd. Let m € Z be such that |w,,| and |w,, | are the two smallest
values of |w;|. In other words, m € 7Z is the largest integer such that w,, > 0, so

that, by (3.43)),
kd
m = {2—(1 + sin H)J : (3.44)

T
(Note that, for z € R, we denote by |x] the largest integer < z). Thus, the closest
poles to the real axis are v ,,, and vy, ,, with m given by , which correspond
to the smallest values of |w,, | and also, by (3.40]), correspond to the smallest values

of [Im(v,)|; let’s denote these poles by
S0 i= V., S1I= UL, S2i= —Sg =1, S3i= =81 =0U_,.. (3.45)

As an example, in Python, we work out (3.44) for the case k = 0.5, § = 0.353,
d=4, X =0and Y = 0.04, for which gives m = 0 and, from Figure (cf.
Figure and Figure (3.5)), w,, = wo ~ 1.706 and w,,+1 = w; ~ —1.44.

B _ 2mn
k kd

In like manner, defining w; :=1 —
Vi =™ wl, 0 <argy/wl < /2, (3.46)

the set of poles of F (v) is

Pt .= {vin ‘n ey ={+e™*\J wt :n e}, (3.47)
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from math import floor

from numpy.lib.scimath import *

d=4; k=0.5; beta= 0.353; Y=0.04; X=0
theta=pi/4

a=1+(beta/k)

m=Ffloor (kxd*a/ (2#pi))

print('m="',m)

print('m+l=', m+1)

n=m
wl=a-2#pixn/(kxd) m= 0
print('wl=",wl) m+ls 1

vm=exp (1j*pi/4a)*sqrt(wl)
print('v_m=",vm) wl= 1.706

n=med v_m= (0.9235799911215055+0.92357999112150547)
wzza-2xpixn/ (kkd) w2= -1.4355926535897932

print('w2=",w2)

umlzexp (Lpd /43 vsqrE(H) v_{m+1}= (-0.847228615424961+0.84722861542496123)
print('v_{m+1}=', vml)

Figure 3.4: Computing w,,, w,, ; and v,,, v, ;.

Im

e

Figure 3.5: The positions of vy ,, and vy ;.

and the set of poles which have imaginary part with modulus less than H is

Py = {vin : |Im(vi7n)] < H}. (3.48)

Similarly to (3.45)), the poles closest to the real line are

4ot +o ot +._ ot +_ ot
8o = ULy 81 = UL 40, Ss = —8;, and sy = —sy, (3.49)

where

m:= | —(1 —sinf)| . (3.50)
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3.3.3.2 Residues of F.(v) at the poles v} ,, and v{,,

Let R ,, denote the residue of f_ at vy,,, where
() == e """ F_(v) (3.51)

is meromorphic for [Im(v)| < 1 with poles at vy,,, n € Z, i.e. at v € P~. Provided
Im(vy,,)| # 0, i.e. vi,, # 0, the pole at vy,, is simple. The function F_ is of form
p/q where ¢ has zeros at vy ,,, and also p(vy,,) # 0 and ¢'(vy,,) # 0, provided

V1 ,n # 0. Thus we can use the formula
p(U:Em, )6_/)7 (U:_tm)2

Rim=TRes(fo,vim) = pr— : (3.52)
q (U:I:m)

where p(vi,,) = ((vin)? — 20) "2 cos(kXviny/ (Vi )? —2i) and ¢'(vi,,) =

_ _ - 2
2kdvz e Fven)” 50 we have

(i(wy; —2))7/2 cos(kX\/z'wg Vilwy — 2))et-wn |

Ri,.=+ TRy e (3.53)
Similarly, where f, (v) := e *+®)°F,(v), for Rf,, = Res(fy,vin) we get
Rt — iy — 2))~12 cos(k X \/iwit \/i(w;; — 2))e~+wn | (3:54)

kedei™/4 /w:{e—ikdwj{

So the functions f_ and f, have residues R%,, and RY,, at vL,, and v{,,, for each

n. Since F_ and F are even, then R}, = —R_,, so = —s¢ and s3 = —s;, and

—,n

+ _ _pt + ot + ot
RY, =—RT,, and s; = —s5 and s3 = —s7.

—,n
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3.3.3.3 The correction factors

Now we derive the formulas for the correction factors which arise from the residues

of Fy(v) of its poles. The correction factor Cr, given by (2.31)), for F' = F_ is

Cp. =Gp:=1in Z (sgn(Imv™) — g(v7)) R, (3.55)

vTEPy

where R7, = Res(f_,v7,,) is given by (3.52) and (3.53). The correction factor for

F= F+ is
Cp, =G =im Z (sgn(Imo™) — g(v™)) R, (3.56)

vt EPI';
where R} ,, = Res(f4,v7,,) is given by (3.54).Thus the modified truncated midpoint

approximations to I~ and /' are

N+1
Ly =h Y e UV p ((j—1/2)h) + G (3.57)
j=—N
and
N+1
Ly =h Y e U VDN ((j—1/2)h) + G (3.58)
j=—N

Now, let us choose H € (0,1) so that only the closest poles to the real line
are included in the correction factor. Recall that sy, s9, s1, and s3 are the nearest
poles to the origin, let GEm,mH denote the total of the sum for the two pairs
of poles s, 51, $2, 83, and let G, and G;mH denote the contributions from the pairs
S0, S2 and s, s3, respectively, so that

GF

m,m+1

=Gy, +Gp

m—+1 :

(3.59)
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By using the facts that sy = —so, 53 = —s1, R} ,, = —R_,,,and R, ,, ., = —R_, .4,

G, = imR,, (sgn(Im(so)) — g(s0)) — im R, (—sgn(Im(so)) — g(—50))
= iR, (sgn(Im(so)) — g(s0)) — im R, (—sgn(Im(so)) + g(s0))

= 2miR,, (sgn(Im(so)) — g(s0))
Gy =2miR, (sgn(Imsg) —icot(mso/h + 7/2)). (3.60)

Similarly,

Gr,,,, =2miR, ,(sgn(Ims;) —icot(msy/h + m/2)). (3.61)

Since Im(sp) > 0 and Im(s;) > 0, these simplify to

Gy, = 2miRy(1 — icot(mse/h + g)), (3.62)
G, = 2miRy, (1 — icot(ms; /h + g)). (3.63)

Now, we derive a formula for G, that is well suited to numerical calculation, but

before that, it is necessary to find the residue of f_ at the poles sq and sq, since

R, =—R”,, and, by (3.53),

(l(w;l - 2))71/2 COS(/{:X\/iw%\/Z'(w;l _ 2))€fip_w:n

Rym = 3.64
o okdei™/4\ fw e—ikdwn (3.64)

and
(0 = D) s X\ iy =2

3 - —1 w.
2kde™/*y Jw,, e mt1
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It is convenient to use the formula that

14+ 621'71'(50/h+1/2)

veot(m(so/h +1/2)) = T

which implies that

. _262i7r(so/h+1/2)
1 —icot(m(so/h+1/2)) = T ARG R (3.66)
so (3.60) may be written as
B o _262i7r(50/h+1/2)
Gy =2miR,,, [ — o2imGo/h i/ (3.67)
Thus
o — e~ r=wm(j(w,, — 2)) 7Y 2cos(kX \/iw;,\/i(w;, —2)) 2e¥T(s0/h+1/2)
Fn, — T kedei™/4 fw e~ ikdwm 1 — eZim(so/h+1/2)’

(3.68)

and similarly

e~ = "mi1(i(w,, 4 — 2)) " 2cos(kX \/z‘w;zﬂ \/i(w;lﬂ —2))  9p2in(si/h+1/2)

kdetm/4 /w7—n+le—ikdw;+1 "1 — e2im(s1/h+1/2)"

(3.69)

Ferl = _ﬂ-l

Combining (3.68) and (3.69)), we obtain that

. ~2mi (efﬂ—wwwm — 2)) 72 cos(kX T, /1w, —2)) _eHernitd)

Foom+1 kdeim/4 e—ikdwy, /w;L 1 — 62i(7rso/h+%)
P (1w gy — 2)) 72 COS(BX \ i1 (W1 — 2)) it /)
+ ; T
e ikdw, Wi q 1 — e%ilms1/ht3)

(3.70)
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Similarly,
v =2m (e (i, — 2)) 72 cos(kX /iwnhfi(wg —2)) ek /)
Frm41 kdeim/4 e—ikdwfn\/ﬁ 1—e 2i(msd Jh+m/2)
| il = D) eos(kX i il —2)) ety
o~ ikdwy, w;H 1 — e2i(rsy /htm/2)
(3.71)

Let us relate (| and (| - to the general formulas and (| -

Suppose that sg, s1, 2,53 € S; and H € (0, 1) is chosen so that
Py = {s0, 51,52, 3}

in which case (since sy = —sg and s3 = —s1)

P}; - {807 51, —S50, _Sl}-

Then G = G

et Similarly, if s§,s{,s3,s5 € S; then G} = G;Cm if H €

m+41

(0,1) is chosen so that

P _{507817827 }_{807817_+_81}

But it may or may not be the case that s, s1, 57, s; are contained in S;. To ensure
that contributions from these poles are included in the correction factors only when
these poles lie in S; we modify the above formulas. Let H denote the Heaviside step

function defined by

H(t) := B (3.72)
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Then we modify (3.70) and (3.71)) to

GF

m

_ 4 H(1 — [Imvy,,|)e =" (i(w,, — 2)) "2 cos(kX \/iw,,/i(w,, —2)) e(mso/h+3)
mt1 T T e—z’kdw,_n\/w_— 1 — 2i(mso/h+73)

B(1 — [Tmoy e (i — 2)) 72 08(kX w04 /i(w 0 — 2))

e—ikdw;+1

+

7“Um—0—1

62i(ﬂ81/h+g)
1— €2i(7r31/h+72r))

(3.73)
and
N _ 2 <H(1 - |Imvi’m|)e*"p+w’tl(i(w;§ —2))" 2 cos(kX /1w /i(w, — 2)) e2i(msg [h+m/2)
Fonm1 + e—ikdwjg\/@ 1 — e2i(msd /h+m/2)
B(L — [0}, Je e (i) — 2)) 72 cos(BX, fiw 1 filwh o — 2))
' e ik W1

62i(7rs{r/h+7r/2)
1 — 2i(xsf /htm/2) |7

(3.74)

__—2m
Where Ai = TdeiT/%-
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3.3.3.4 The positions of simple poles v}, and vim of the functions f.

To illustrate the formulas (3.35) and (3.37) the poles v, and v{, have been
calculated with the same parameter values we used in Tables and [3.2] which

are k = 0.5,d = 4,8 = 0.353; vy, , w,, vim, and w;" are defined respectively in
(3.39),(3.36)),(3.37) and (3.38). The results are shown in Table below, and as
plotted in Figures [3.6] and [3.7]

4 —, ..
[ ] = branch cuts of f_
[ ] @ branch points of f-
3 1 ® Y @ simple poles of f_
[ ] @® The nearest poles to the origin
[ ]
21 [ o
[ ] [ ]
1 ® C
()
(@)}
©
E 0
'
>
-1 < ®
[ ] [ ]
-2 [ ] ]
[ J
[ ([ ]
—3 - ® L
[ ] [ ]
[ ]
[ ]
_4 T T T T T T
-4 -3 -2 -1 0 1 2 3 4
X - Real

Figure 3.6: The positions of the poles v ,,.

Figures [3.0] and [3.7] illustrate that there are infinitely many poles. These poles
lie on the lines y = x and y = —x. In the horizontal strip [Im(v)| < 1, there are
finitely many simple poles. In particular, in Figure [3.6] there are 4 simple poles inside
the strip, the poles with n = 0, 1, which are plotted with red points. In Figure[3.7]the
only poles located inside the strip are the poles at 4-(0.3826834323-+0.3826834323

i), with n = 0, which are plotted with red points.
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4 _
[ J —— branch cuts of f,
o o ® branch points of f,
31 ° )
PY @® simple poles of f;
[ ] ® The poles inside the strip
2 [ ] [ J
([ J [ J
1 L
0]
2 o
£ 0
1 .
>
-1 L
[ J [ J
—2 [ J [ J
([ J
[ J [ J
—3 1 ° [ ] [ J °
[ J
([ J
—4 T T T T T T
-4 -3 -2 -1 0 1 2 3 4
X - Real
Figure 3.7: The positions of the poles v ,,.
n U:E,Tl U:t,n
0 +(0.9238795325+0.9238795325 i ) + (0.3826834323+4-0.3826834323 1 )
1 | £(-0.8469019637 + 0.8469019637 i ) | 4(-1.1934612341 + 1.1934612341 1 )
2 | £(-1.5126266105 + 1.5126266105 i) | + (-1.7306490239 +1.7306490239 i )
3 | £(-1.9643919134+41.9643919134 1 ) + (-2.1368065824 + 2.13680658241 )
4 | £(-2.3301570583 + 2.33015705831 ) | £ (-2.4772441740 + 2.4772441740 i )
5 | £(-2.6458322402 + 2.6458322402i) | £ (-2.7762447702 + 2.7762447702 1 )
6 | + (-2.9276653787 + 2.92766537871 ) | £(-3.0460353496 + 3.0460353496;)
7 | £ (-3.1846539681 + 3.184653968i) + (-3.2938014023 + 3.2938014023i )
8 | + (-3.4223993372 + 3.4223993372i) + (-3.5241912554 + 3.5241912554i)
9 | 4+ (-3.6446691963 + 3.6446691963 1) | + (-3.7404171333 + 3.7404171333 i)
1| + (1.5570323430 + 1.55703234301 ) | + (1.3104361625 + 1.3104361625 1)
-2 | £ (1.9987861426 + 1.9987861426 1 ) | =+ (1.8132951395 +1.8132951395 1 )
-3 | £(2.3592249513 + 2.3592249513 i ) +(2.2042766590 + 2.2042766590 i )
-4 | £( 2.6714675176 + 2.6714675176 1 ) | +( 2.5356718866 + 2.5356718866 i)
-5 | 4(2.9508532705 + 2.9508532705 1 ) | 4 ( 2.8285028271 + 2.8285028271 i )
-6 | 4 (3.2059836792 + 3.2059836792i ) | £ (3.0937395769 + 3.0937395769 i )
-7 |+ (3.4422561900 + 3.4422561900i) + (3.3379665811 + 3.3379665811i )
-8 | + (3.6633214443 + 3.66332144431) + (3.5655037826 + 3.56550378261)

Table 3.3: The positions of the poles v ,, and vI}n for the parameter values k =
0.5,d =4, = 0.353.
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3.4 Numerical implementations

3.4.1 Part A

In this section, we will utilize our numerical integration method stated in Chapter 2,
namely the truncated midpoint rule I}¥, given by , and the modified truncated
midpoint rule approximation I;V, given by (2.38). These approximations 7Y and
;N to the integrals I* in (3.31)) will be denoted [Jj\t,’h and [}i,fh, respectively.

Firstly, we apply the truncated midpoint rule approximation / ]j\t, , to approximate
to speed up the convergence of the 2D quasi-periodic Green’s function; the
results agree with the results given in [Table 2, [28]|. Secondly, we apply the
modification of the truncated midpoint rule to (3.31)) with two sets of parameter
values, taken from (Table 2, and Table 3 |28]). We obtain more accurate results

than the results by the truncated midpoint rule (see Tables , and .

3.4.1.1 Approximating G4(X,Y) using Iy,

Let Gg(X, Y) be given by l) and let Iy, and ]IJ\;,h be the truncated midpoint

rule approximation to I*, given by

Iop="h Y f-(t), (3.75)

Lon="h Y flt), (3.76)

where t; = (j — 1/2)h. We denote the corresponding approximation function, our

approximation to G% = G4(X,Y), as Gg’N’d. Thus our approximation becomes

e—ikY eiky
P N (3.77)

“LHD (k) —

d ., ~hNd . _
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i.e.

he_iky N+1

Gyt = L H (k) = = T TR (- 1/2)h)
j=—N
o o (3.78)
- Z e PR R (5 —1/2)h),

with h > 0 and N € N. As an example, we approximate G% by GZ’N’d with specific
parameter values, those selected in (Table 2, [28]), namely X = 0,Y = 0.04,d =
4,5 = \/5/4, and £k = 0.5. The results are shown in Table below. Table

N | h=1/VN Computed values of G4(X,Y)

20 0.2236 -0.45951515467317416 -0.3509165080999708 i
40 0.1581 -0.4595299616985824 -0.3509132423529163 1
60 0.1290 -0.45952987827307495  -0.3509130813007889 i
80 0.1118 -0.45952987962395764  -0.35091308 7226241151
100 0.1 -0.4595298794549343 -0.35091308692604817 i
120 0.0912 -0.4595298794797906 -0.3509130869373357 i
140 0.0845 -0.45952987947731505 -0.3509130869385231 1
160 0.0790 -0.4595298794773376  -0.350913086938193 i
180 0.0745 -0.4595298794773792  -0.350913086938212551
200 0.0707 -0.45952987947737456 -0.3509130869382181 i
500 0.0447 -0.459529879477374 -0.3509130869382171 i

Table 3.4: Approximating the integrals 1} using the truncated midpoint rule.

shows the computed values of GZ’N’d for different values of NV and we have chosen h
as 1/v/N. As can be seen from Table the value of Gg’N’d with N = 100, agrees

with the result given in (Table 2, [28]) to 10 significant figures.

3.4.1.2 Approximating G%(X,Y) using I;ﬁl

We have concerned ourselves so far with approximating the quasi-periodic Green’s
function by means of the truncated midpoint method. To speed up the convergence
of this method and obtain more accurate results (at least 3 digits accuracy when

N = 2 for the same parameter values), we use I, and I, the truncated modified
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midpoint rule approximations to I*, given as follows:

vy =1y, +Gr (3.79)
for the first integral in (3.30)), and
I =1y, + G}WmH (3.80)

for the second integral in (3.30)), where G, and Gt .., are given by 1} and

3.74]) respectively. Let G;h’N’d denote the corresponding approximation to G4, so

4 ehNd —q ) efikY . eikY o
Gﬁ ~ G,B = ZHO (]{ZT) — 7 Nh ? N,h (381)
B QT Sl e e 2
e 4 0 ( T) — 27‘(‘ N,h+ Fm,m+1 - 271' N,h+ Fm,m+1 . (38 )

Thus our approximation to the quasi-periodic Green’s function is given by

* w o—ikY EAL v , -
Gy = ZH(()l)(kr) -5 (h Y e TR E (- 1/2)h) + G, L,
J=N

kY N+1 A -
o (h Z e—P+((J—1/2) )h F+((j o 1/2)h) + G;m7m+1> )
j=—N
(3.83)
Table below shows results for the same values of X, Y, k and 3, as in Table

m, the values selected in (Table 2, [28]), with h = 1/v/N.
Comparing our approximation in Table with the approximation in Table

3.5 we see that:

1. For N = 10 in Table [3.5] the accuracy of our approximation reaches 9 digits
using the modified truncated midpoint rule, while in Table [3.4] the original
truncated midpoint rule needs 80 quadrature points to reach the same level of

accuracy.
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0.70 | -0.4594854212614863 -0.35088663343756266 i | 5.173 x10~°
0.44 | -0.45952966230238584  -0.3509131961459821i1 2.430 x1077
10 | 0.31 | -0.45952987908298915 -0.3509130874116392i 6.161 x10~1°
15 | 0.25 | -0.4595298794831383 -0.3509130869411522i | 6.468 x10~'2
20 | 0.22 | -0.4595298794773115 -0.35091308693809115i | 1.406 x10~13
25 | 0.20 | -0.45952987947737534 -0.35091308693822176i | 4.834 x10~1°
30 | 0.18 | -0.459529879477374 -0.350913086938217i 1.241 x1071

N | h M.M.R approximation to G4(X,Y) I — Iy,
2
5

Table 3.5: Approximating the integrals (3.30) using the modified truncated
midpoint rule with £ = 0.5, X =0,Y = 0.04, 5 = 0.353 and d = 4.
2. In Table the approximation achieves 10 digits accuracy for N = 15, and

13 correct digits for N = 20.

3. The computed value of the Green’s function in Table[3.4] by using the modified
truncated midpoint rule when N = 30 is the same as the value of the Green’s

function given in Table [3.4] with N = 500 quadrature points.

4. In Table the truncated midpoint rule needs 20 quadrature points to obtain
4 digits accuracy, while the modified truncated midpoint rule achieves 3 correct

digits in Table with only two quadrature points.

These results support our proposed modified method, illustrating that when a simple
pole lies close to the real line, the modification greatly improves the accuracy of the
midpoint rule.

Now we carry out a calculation with the modified truncated midpoint rule
approximation with another set of values of the parameters, taken from (see Table
3, [28]), which are X = 0, Y = 0,04, k = 2.5, f = 5v/2/4. Again we choose
h = 1/\/N The true value, obtained with N = 500, is

Gg(X, Y) = —-0.3538172307170537 — 0.1769332382522048i.

The results are shown in Table B.6] below.

From Table [3.6] we see that, also with higher values of the parameters k and [, the
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N | h=1/V/N M.M.R approximation to G4(X,Y) I -1y,

5 0.447 -0.353825286089919 -0.176944086931745651 | 1.351 x10~%°
15 0.258 -0.3538172388682319  -0.17693324073820155 1 | 8.521 x10~%
25 0.2 -0.3538172307191948  -0.176933238446288 i 1.940 x10~10

35 0.169 -0.35381723071614285 -0.17693323824769377 i | 4.602 x 1072

45 0.149 -0.353817230717085 -0.1769332382523834 1 | 1.813 x10713

95 0.134 -0.35381723071705284 -0.176933238252196951 | 1.08 x10~4

Table 3.6: Approximating the integrals (3.30]) using the modified midpoint rule
with k = 2.5, X =0,Y = 0.04,3 = 5v/2/4 and d = 4.

modified midpoint rule works well and, again, the accuracy increases with increasing

the number of quadrature points.

3.4.2 Part B

Now we turn our attention as in (3.57) and (3.58) to including contributions related
to all the poles in the domain Sy = {v € C : |Imv| < H}, given H € (0,1). In

particular we have in mind to define H as
H := min(—,0.9) (3.84)
:= min(—-, 0.9). .
ph’
Recall that the poles are given by vy ; = +e™*, Jw; , for j € Z, with w; defined by
-
w14 22T (3.85)

Recall also from the previous section that the magnitude of the imaginary part of the

poles is [Im(vy ;)| = \/ |w2;\. Assuming that H is large enough so that Sy contains
at least one pole, the poles v ; are in Sy if and only if j =n~ +1,...., N7, for some

integers n=, N~ € Z, withn™ +1 < N~. Heren™ and N~ are the unique integers

ng 41

. wN_ “ e u)7n+l 11]7” P w

—9H? 0 2H?

Figure 3.8: Illustration of —



CHAPTER 3. QUASI-PERIODIC GREEN’S FUNCTION

satisfying

From , w, _ > 2H?, ie.

B 2mn~ 9
1P > 9K2,
tE T kd C

Since = ksinf (see ([3.43))) this is equivalent to
kd
n- S %(1 + sinf — 2H2)
Further from (3.86]) we have
kd
n~+1>—(1+sinf —2H?),
2

SO

n- = V;—d(l +sinf — ZHQ)J :

™

Similarly, from (3.88)-(3.89), —wy_ < 2H* < —wy__,, so that

N~ = V;—d(lJrsineJrzH?)J :

™

71

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)
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Arguing exactly as we did when deriving (3.70) and (3.71), G and G}, given by
(3.55) and (3.56|), can be written as follows:

GF:% i e (i(wy — 2)) Y2 cos( kX\/zw \/ 621'7;(?;%/;&1/2)
R S e thdw; \/E 1 _ e2im(vy ;/h+1/2)
(3.92)
and
Gt = % NZ+ o~y 7 (i(wf ~1/2 ¢og kX\/zw \/ gmz(?,i’jfﬂﬂ) |
R e kdwf \/Z 1 _ o2im(vf ;/h+1/2)
(3.93)
where
nt = V;—i(l —sinf — QHQ)J
and

Nt .= Edu — sinf + QHQ)J
s

We implement a similar test to our approximation in Part A for the proposed

approximation of G% given by

N+1

—2kY
Gf ~ G = O (k) — (h Z SR R (5 —1/2)h) +G;>

(h NZH e U R (- 1/2)h )+GF> :
(3.94)
where p_ =k(d—Y) and py = k(d+Y).

Let’s compare the approximations of Part A with those of Part B. In both
parts, we apply the modified truncated midpoint rule approximation to . In
Part A the correction factors arise from the residues of F at the nearest poles to the
origin (up to 4 poles, see the formulas and ( - In Part B the correction

factor is expressed as a sum of the residues of the F at all the finite number of

poles in Sy, given by (3.92) and (3.93]).
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N | h=1/V/N M.M.R approximation to G4(X,Y’) I—1Iy,
2 0.707 | -0.45948692526488744 - 0.35088365572094561 | 5.20x107°
5 0.447 -0.45952966620006297 - 0.35091319030000881 | 2.37x 10"

10 0.316 -0.45952987908248777 - 0.35091308740489124i | 6.11x 10719

15 0.258 -0.4595298794831636 - 0.3509130869411313i | 6.48 x10~'2

25 0.20 -0.45952987947737534 - 0.35091308693822176i | 4.83x10~1°

30 0.182 -0.459529879477374 - 0.350913086938217i 1.24 x10716

Table 3.7: Approximating the integrals by the modified truncated midpoint
rule using all the poles in Sg, with k = 0.5, X =0,Y = 0.04, 3 = v/2/4 and d = 4.

As a first test of our Part B implementation, we make a computation in Table
for the same parameter values used in Table [3.5 In this first test the results in
Table are identical to those in Table 3.5 This is to be expected as there are, for
each NV, at most four poles in Sy, so the Part A and Part B approximations should

be identical.

N |h=1/VN M.M.R approximation to G§(X,Y) 11— Iy,

) 0.447 -0.3530494857481016 -0.17628333487515266 i 1.0 x1073
15 0.258 -0.353817225845444 -0.17693324291877913 i | 6.746 x10~%
25 0.2 -0.3538172307510323 -0.17693323829580487i | 5.527 x 10~

35 0.169 -0.35381723071716836 -0.17693323825110102 i | 1.109 x10~'2

45 0.149 -0.35381723071704113 -0.17693323825224047 i | 3.780x 10714

95 0.134 -0.3538172307170541  -0.17693323825220297 i | 1.88 x10~1°

Table 3.8: Approximating the integrals (3.30) by the modified truncated midpoint
rule using all the poles in Sy with k = 2.5, X = 0,Y = 0.04,8 = 5v/2/4 and
d=4.

Tables and show results corresponding to higher values of k and S,
namely the parameter values X =0, Y = 0.04, k = 2.5 and 3 = 5v/2/4. For these
parameter values the approximations and are different. For the results
in Table in Part A, we have 2 terms in the correction factor, while in Table
3.8, when N =5 we have 3 terms in the first sum and 4 in (3.93), and from
N =15 to N = 55, we obtain 6 terms in each sum in and . Of course,
in Table 3.8 we are including all the poles in Sy with H = min(0.9, 7/ph); and note
that H = 0.9 for all small enough h.
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Let us comment on the benefit or otherwise of the Part B approximation
(the correction factor accounts for all the poles in Sy), compared to the Part A
approximation (the correction factor accounts only for the poles closest to the real
axis). In some cases (e.g., Tables 3.5 and 3.7) there is no difference between these
approaches because the Part A approach already takes into account all the poles in
Sy. Table 3.8 and 3.6 are results for parameter values where the approximations
are different, but the Part B approximation is only marginally more accurate, and
only for N > 15. It would be good to do a more thorough numerical investigation,
but based on these limited results our recommendation is to use the more efficient

Part A approximation.

3.4.3 Part C

In this part we, first of all, derive a new integral representation for the quasi-periodic
Green’s function. We follow the same steps as used in [28] to derive (3.26)) which
represents one of the sources in (3.11)) explicitly and the rest of the sources as
integrals of the form (3.1). In this part we show a new formula for the quasi-
periodic Green’s function which, for any M € N, represents the first 2M — 1 of
these sources explicitly, with the remainder of the sources represented as integrals
of the form (3.1)), see (3.108)). (Note that reduces to (3.26) when M = 1.)
The point of this new representation for computation is that the integrals in
can be evaluated by the same modified midpoint rule approximation as we used in
Part A, but we shall see that, for the same amount of work, we obtain much more
accurate results with values of M > 1 than for M = 1.

Let us now derive . Our method of proof is an extension of the argument
used to prove (3.26) in 28] and [31]. We begin with the geometric series that, for
M e N,

ZZ”ZZM(1+z+z2—|—z3+ ....... )= : (3.95)
n=M
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provided |z| < 1. Let z = /A+hd=kdu g5 that |2| = e~k < 1, for all u > 0, with

equality if and only if u = 0. Then, by (3.95),

00 in(B+5) d ok eiM(ﬁ+k)d—(M—1)kdu
> e = — o 40 (3.96)
n=M

—2ieThY kYU o5 1/ (u*—2iu .
Multiplying both sides in (3.96|) by 2 LS VA" )], we obtain that

TV u2—2iu

—2je~*Y i em(“k)dek“(y_”d) cos[k X/ (u? — 2ui)]
™ Vu* —2ui

3.97
—9%e —ikY zM(,@+k)d ku(Y—(M-1)d) COS k.X / U2 _ 2Zu ( )
N v (ehdu — i(B+R)d) /2 — 2y
Integrating both sides in (3.97)) with respect to u from 0 to oo, we see that
I / Z — e~ ikY zn(ﬁ+k)d ku(Y —nd) COS k’X / — 2UZ
o Vu® — 2ut (3.99)
e—ikY oo SiM(B+k)d ku(Y —(M—1)d cos k:X\/m '
- T /0 (ekdu — ci(B+F)d) ViZ — 2iu
Now, using the result from [6], Equation 5.14 (16),
' _2 . o _—bu 2 2 "
B H () = 2 [T oVl — 2ui] (3.99)

T Jo Vu? — 2ui

for a € R, b > 0. Using this result with a = kX and b = k(nd — Y'), we see that

—9 —ikY oo ku(Y —nd) ,inkd kX 2_9;

HO (k) = —2° / ¢ T coskX VIR = 2] pnd— vy > 0,
s 0 vu? — 2iu

(3.100)

as kr, = \/(kX)?+ (k(nd —Y))2. Thus, reversing the order of integration and
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summation in (3.98]), we see that

S i — e~ tkY /oo ein(ﬁ+k)deku(Y—nd) COS[]CX\/M] "
Lo v (3.101)

— Hél) (kry)e™?e.
n=M

Also

B —24e~hY [0 oiM(B+k)dpku(Y — ) cos[k X /(u? — 2iu)] 5102
J = o chdu _ ez(ﬁJrk) \/_722” du (3.102)

_zie—ikY/ e(M=1)i(B+k)d+ku(Y —Md) cos kX\/m (3 103)
0

(e=iB+R)d — e=kdu)\/uZ — 2y

i H(l)(kr )einﬂd _ e tkY /oo (M =1)i(B+k)d+ku(Y —Md) cos[k;X /—(ug — Qiu)]d
0 n T 0 (e—i(ﬁ-l—k)d _ e—kdu), /u2 — 2u
(3.104)

In particular, when M = 1, the formula (3.104]) is

oo —9 —ikY 9] ku(Y d) kX — %
N HP (kry)enit = =2 / cosk XV (2 = 2] ) (5105
T o (eiB+R)d e—kdu), /02 — i

n=1

and this agrees with Linton’s (Equation 2.36, ) Arguing similarly we deduce

that

Z HY (k)P = ZH (r_y)e~mod

—27,6““’/ / (= M)i(B=R)do=ku(Y+Md) o5l X\ /(u? — 2iu)| y
u
T 0 (ei(B=R)d — e—hdu)\ /42 — iy,

(3.106)
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Thus we conclude that

—1 = 1) in,
GHX.Y) =~ R_ZOO H (kr, )0
_ _ZZ{ Z 1 k‘?“n mﬁd+ Z H k?“n) infd + Z H k??“n) mﬂd}
n=1-M n=M n=-—0o0
(3.107)

ie.,

. M-1

(1) in,
Gg(X,Y):Z Z HyY (kr e

e~ kY 00 oM=1)i(B+R)dphu(Y =Md) g k‘X\/m (3.108)
e~ iBHR)d _ p=kdu)\/y2 — 2y

etkY 'B k)de=ku(Y+Md) ¢og /{:X\/m
B /O (e1(B=R)d — e—kdu)\/y2 — 24y

In order to apply the standard and modified midpoint rule approximation to (3.108]),

we express the Green’s function formula (3.108)) in two forms.

3.4.3.1 Form 1

We try to write the integrals in (3.108)) in the form

= / h e " F(v)dv. (3.109)

[e.e]

Substituting u = v? into (3.108)), we have

. M-1
(1) in
G4(X, Y)—I H (kr,, ) e
1-M

iy /oo (M—1)i(B k) k(Y =Md)o? o6 ] Xy /(0% — Qi)]dv (3.110)
o ) —i(Brk)d — o—hdv?)\ /12 — 2]

B QikY /oo (1-M)i(B— k)d —k(Y+Md)v? cos[k X v/ (v? _Qi)]dv
2 J_ (e?f=k)d — €_kdv2)\/m |
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These integrals have the form (3.109) with p = p_ and p; and F = F_ and F,

respectively, where

(M—=1)i(B+k)d kX 2 _9;
F(v) = S coslkXuy/(vR - Z)] (3.111)
(e—i(B+k)d _ e—kdv2>m

(1=M)i(B—Fk)d kX 2 _ 9,
Fo(v) =5 — cos|kXvy/(v? — 20)) (3.112)
(el(B—R)d — e—kdv?) /2 — 2

and p1 := k(Y £ Md) > 0. The truncated midpoint rule approximation to [ is given

by
N+1
I5,=h > e ™F(v,), (3.113)
n=—N
where h = /o< and v, = (n—1/2)h. The proposed approximation to G4(X,Y)
is
d N —i (1) mpa e ™ -« 2
GHXY) = GY(X.Y) = — > Hy (ke — o > e (uy)
n=1—-M n=—N
heiky N+1 e
- Z e PR E (vy,).
n=—N

(3.114)
A modification of the truncated midpoint rule that takes into account the poles of

F' = F, which lie nearest to the real axis, is given by

N+1

LE =h Y e ™ Fu(v,) + Gyl (3.115)

Fm,m+1
n=—N

where the correction factors G;; oy AT€ obtained following the same steps as (3.59)),

so that
. 2i(mso/h+3) 2i(ms1/h+73)
— % o (M=1)i(B+k)d [ p— € - €
G hppmin = 27i€ (R+7m | o2imsoliiy) T Rom 1— e2z‘(m1/h+§)) '

(3.116)
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Since

(3.117)

B ' B e2i(mso/h+5) B e2i(ms1/h+7)
Ghpppy = 20 <R+;m 1 — e2i(mso/h+3) + R mi 1_ e2i(7rsl/h+72r)>

it follows that
— % (M =1)i(B+k)d ~—
Fm,m+1 - 6( ) ( ) GFm,'m-Q—l'
Similarly,

+ % _ _(1=M)i(B—k)d ~+
Fm,m+1 =€ CTYFm,m-&-l7

where G, . and Gy .y, are defined in 1} and 1) Similarly to 1) and

(3.74), we adjust these definitions to include only poles in the strip S;, obtaining

a-*  — 4 H(1 — [Imvy,,|)e "™ mP=(i(w,, — 2)) "2 cos(kX \/iw;,, /i(w,, — 2)) e2imso/h+3)
Frym+1 = 777 B_ikdw;l\/w__ 1 — e?i(frso/thg)
H(1 = [Tmoy e om0 (i — 2)) 72 cos(kX \fiw,4/iw,, —2))
+

e2i(7rsl/h+%)
1— €2i(7r51/h+727)) ’

(3.118)
and
ot — 4 H(1 — [Imvl,, e mes (i(w), — 2)) Y2 cos(k X \/iwg,\/i(wy, — 2))  eilmsi /t/2)
Fom+1 — 0t e—ikdw, /w;ﬁ 1 — e2i(msy /htm/2)
| O I e i, —2) 7 cos(kXy fiwh, 1\ fi(wh ) —2))
o ikdwy w;rlﬂ
e?i(ﬂsf/h—&-w/?)
1— €2i(7rsl+/h+7r/2) ’
(3.119)
where Ay 1= SIS and [n(z,m)] = /5 n(g )] = /5

+
and |[Im(v,m)| = \/@, (vl ,,0)] = |w"§+1|, also sg, s1, sg, and sj are
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defined in (3.45) and (3.49)), respectively. Thus our approximation is

* N
Gy

Numerical results are shown in Table below with A =

(X,Y

M-1 —ikY
H (1) k?” 'mﬁd _ he
§ n
2T
n=1—-M
heiky N—+1

2T
n=—N

N+1

—o_v? — %
Z (& p- HF_(UTL) + GFm,m+1

n=—N

Z e PHURE (u,) + G;;:,m+1'

(3.120)

7/p(N +1). The

modified truncated midpoint approximation (M.M.R) gives more accurate results

than the standard midpoint rule (M.R) for the selected parameter values, and the

accuracy increases as M is increased.

N | M | M.R approximation to Gg(X7 Y) M.M.R approximation to GZ(X, Y)

20 | 1 | -0.4595858507315276 -0.35099941195444506 i -0.4595298794951679 - 0.35091308691452977 i
30| 1 |-0.45951495074046667 - 0.3509168421969744 i -0.459529879477247- 0.350913086938063 i

40 | 1 | -0.4595292485922545 - 0.350910077265403 i -0.459529879477373 - 0.35091308693821976 i
20 | 2 -0.45952963961026716- 0.35091036653857255 i -0.4595298794773731 - 0.35091308693821827 i
30 | 2 |-0.45952997736545376 - 0.3509132466351009 i -0.4595298794773739- 0.3509130869382171 i
40 | 2 -0.4595298603878907- 0.3509130840252365i1 -0.45952987947737395 - 0.3509130869382171 i
20 | 3 -0.45952995116241235- 0.3509132388442773 i -0.4595298794773740 - 0.35091308693821716 i
30 | 3 | -0.45952987758771896- 0.3509130809012767 i -0.4595298794773740 - 0.35091308693821716 i
40 | 3 -0.45952987971926484 - 0.35091308724701836 i | -0.4595298794773741- 0.3509130869382171 6 i
20 | 4 -0.4595298644133187- 0.35091308159931256 i -0.45952987947737417 - 0.3509130869382172 i
30 | 4 |-0.45952987967839276 - 0.35091308724045633 i | -0.45952987947737417- 0.35091308693821727 i
40 | 4 -0.45952987947009977- 0.35091308692548984 i | -0.45952987947737417- 0.3509130869382172 i

Table 3.9: Comparison between the efficiency of the truncated midpoint
approximation and the modified truncated midpoint rule approximation for
X=0,Y =004, =+2/4, k=0.5and d = 4.

3.4.3.2 Form 2

Now we show another useful form for numerical calculation for equation (3.108)

which is equivalent to form 1, by substituting u = (

3.108)), so the formula
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(3.108) becomes

. M-1
—1 in
i) =7 5 e

n=1-M
iy o eM=Di(B+R) Y MG (5=)? - 20)]
LN (6—i(,3+k)d —h(Z=) ) ( J;f — 2
L Oo6(17M>i(ﬁfk>de—k<Y+Md>(¢%Qcos (=) —20)]
2y S R ) L2
(3.121)
where p_ = —

E(Md—-Y) >0, py = k(Md+Y) > 0. In order to evaluate the integrals

in we follow the same steps we have done for Form 1. We first write
in the form (|3.124]); we have

. M-1
-t in
GHXY) = D0 H (kra)e

n=1-M
o—ikY oo e(M-1)i(B+k)dp—v? cos[k:X(%) ((\/%)2 — 2i)]
2\ /p— J_o (e—i(B+k)d

=) S 2

dv

othY o e M)iB—k)dg—? cos[kX (5 ) ((ﬁ) — 2i)]
- dv,
2my/p+ J (eiwfk)d _ o h =) )7 -2
(3.122)
where Re (\%)2 —2i > 0. Thus
) Ly M " i o—ikY ey
G3(X,Y)=— Hy 7 (kry)e™” — I~ 1 3.123
e =7 X A el eIt (312)
where
oo ~ o0 5 v
= v)dv = e " F dv, 3.124
[ Ewde= [ et (3.121)
and

v

Fi(v) = Fi(\/ﬂ

).
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Explicitly,
~ , D sl X () [() — 20)
F_(v):=F_( )= : o . (3.125)
\/ P— (e—z(ﬂ+k)d —e \/T ) (\/%)2 — 92
and
v e(I=M)u(B k)dcos[k;X(\/ZTr) ((\/27)2 — 2i)]
Fy(v) = Fy(—=) = ——— e —— (3.126)
vV P+ (61(5—) —e VP ) (\/TT) — 21
Further, let
2 v
fe(v) == e Fi(v) = e Fa(—=). (3.127)

Let fﬁ 5 be the truncated midpoint rule approximation to I *+ given by

N+1

I, =h Z G ﬁ) (3.128)

where h = \/7/(N + 1) as recommended in [2|, and ¢, = (n — 0.5)h. Then our

approximation is

GN(X,Y) ~ - MZ_I H (kr,,)e™? — e Iy, — ﬁfg L (3.129)
4 Ny 2my/p— 2y /py
. M-1 " m,@d pe—iky Nt » ¢ heity Nl e
- ZnZMH (krp)e _Wn_z e nF_(\/P_—)_%\/ﬂn; F+(\/m)

(3.130)
We implement in Python with the same values of XY,k ,d and § as in
Part A. Since our approximation depends on the values of h and N, we choose an
appropriate value of h as recommended in [2|, which is h = /7x/(N + 1), with
different values of N. In order to obtain a high accuracy approximation, it is

desirable to apply the modified truncated midpoint approximation to the formula

3.124)). Let IN]*Vih be the truncated modified midpoint rule approximation to I* ,
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given by
I =13, + Gk (3.131)

Fm,m+17

where éf is the appropriate correction factor. Then the truncated modified

n+1

midpoint rule approximation to (3.124)) is

—ikY kY

I (3.132)

. M-1
v —1 1) inBd *—
GN(X,Y)~ L HO (k) einfd — ffc
A 4 n;M 0 o /o= VM 2w /oy

To calculate the correction factors é;mm and é;m 1 W€ first find the residues

+1

of f1(v) at their poles. Since F_(v) has simple poles at

— R /4 _
Uy, 1= Ee A ws

it follows that the function F_(v) = F_( \/ZT) has poles at

Ui = /P = 2™ o2\ 0, (3.133)

Similarly F,(v) = F+(\/%) has poles at

U = /prvL = 2™ o /w (3.134)

where w, and w; are defined in (3.36) and (3.38), respectively. The functions
F_(v) and F, (v) have residues, denoted by ﬁ;n and Ein, at the poles (3.133)) and

(3.134)). Calculating these residues, repeating the procedure of (3.51- , We see

that, where

fe(v) == e " Fy(v), (3.135)

the residues of f_(v) and f (v) are

Res(f-,77,) = Rim (3.136)
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and
Res(f1,v%,) = Rin, (3.137)
where
Ry = t/peM-DiGRdp- (3.138)
and
RY,, = 4+ /preld-Mie-hdpt (3.139)

where R ,,, and RT,,, are defined by (3.53) and (3.54), respectively. Thus the

residues of the functions fy (v) are

/p—eM=DIBERA (4 — 2)) 712 cos(kX fiwy, \/i(w;, — 2))e""nP-
2kdeim/4\ /w e~ ikdwn

Ri,=+

(3.140)

and

==K /5 (i(wit — 2)) 7Y/ cos(kX \/iwyg \/i(wif — 2))e~ " P+

Ri, ==+
+ 2k dein/4 /w;lb—e—ik:dw:{

(3.141)
By the definition of the correction factor in Chapter 2, given by (2.31), for F' =

ﬁi(v), and repeating the steps from ([3.59))- 1) we obtain

B [~ 62i(7r§(')/h+%) ~ e2i(7rs~1/h+%)
and
é-{— o R+ e z(7rsO /h+3) E-{— e z(7rs1 /h+3) (3 143)
= &M m + ym—+1 5 .
Fm,m1 * 1 — 2ilmsy /htT) ot 1 — 2ilrst /htE)
where

50 1= Uy g = e Sp_\Jwr, (3.144)

§1:=0) 1 = =™ /ooy wi iy, (3.145)
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and sp := —5p and s3 = —s; where m is defined in (3.44)). Also,
5 = L = €7

Tt o ot _ im/4 [t
81 = Vymy1 =€ V P+ Wit
55 := —3¢ and 3§ := —5, where m is defined in (3.50). Thus

and

—M)i(B—k)d
G;m,m+1 = 6(1 Jil6F) V p-‘rG_F‘—'m’erlu

where G, - _ and G;m ... are given by |} and 1)

85

(3.146)

(3.147)

(3.148)

(3.149)

Similarly to (3.73)) and (3.74)), we adjust these definitions to include only poles

in 57, obtaining

H(1 — [Imvy ,[)e ™"~ (i(w,, — 2))~1/2 cos(k:X\/iw%\/i(w% —2)) e%(mso/ht3)

G

=A_
m,m+1 e—tkdwy, /w;z

+

1 — 2i(mso/h+3)

H(1 — [Tmoy e (i — 2)) 72 c0s(kX it 10/i(w,0 — 2))

—ikdw_ -
e m—+1 wm+1

p2i(ms1/h+7)
1— e2i(ws~1/h+§))

(3.150)
and
o _ 4 H(1 - |Imvi7m|)e*"w’tp+(i(w$ —2))712 cos(kX /iw \/i(wy, —2))  e2i(m2/htn/2)
Frmy1 — “0F e,ikdwjn\/wj 1 — e2(ims2/h+m/2)

B(L — [0}, Je 0 (i) — 2)) 72 cos(bX fiwh g filwh o — 2))

+ .
—ikdw +
e KRRV ATIAR

(2i(n 8 [htm/2)
1— 62i(775~3/h+ﬂ/2)) ’

(3.151)
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—97i piei(l—M)i(ﬁ%Ek’)d

where A4 = T , and H is defined in (3.72). Hence our approximation
is
. M-1 —ikY N+1
G*N(X Z HY (kr,)e™Pd — € h Z —12 Fo(—2) 4 LG
; )€ P — e '
" n=1-M 2m \ n=—N V P- Frnom
ikY N+1

e ~
- h nF + G+ ,
27-[- /p+ Z / +) Fm,m+1

(3.152)
where t, = (n — 1/2)h and h = \/7/N + 1.

We perform a similar test to Form 1, but now we approximate I + given by
(3.124]), by the modified truncated midpoint rule approximation, given by (3.152)),

with the same set of input values that we used for Table 3.9 The results are

shown in Table [3.10

The numerical results for evaluating (3.110) and (3.122))

N | M | the truncated midpoint rule approximation the modified truncated midpoint rule approximation
20 |1 -0.45958585073152763-0.35099941195444506 i | -0.4595298794951679-0.3509130869145297 i

30 | 1 | -0.45951495074046667-0.35091684219697433 i | -0.459529879477247-0.35091308693806295 i

40 | 1 | -0.4595292485922545-0.350910077265403 i -0.45952987947737 3-0.3509130869382199 i

20 | 2 | -0.45952963961026716-0.35091036653857255 1 | -0.45952987947737306 -0.3509130869382183 i
30 | 2 | -0.45952997736545376 -0.3509132466351009 1 | -0.4595298794773739 -0.3509130869382171 i
40 | 2 | -0.4595298603878907 -0.3509130840252366 1 | -0.45952987947737395 -0.35091308693821716i
20 | 3 | -0.45952995116241235-0.3509132388442773 1 | -0.459529879477374 - 0.3509130869382171 i
30 | 3 | -0.45952987758771896-0.3509130809012767 i | -0.4595298794773741 -0.35091308693821716 i
40 | 3 | -0.45952987971926484- 0.3509130872470183 i | -0.459529879477374- 0.3509130869382171 i

20 | 4 | -0.4595298644133188 -0.35091308159931256 1 | -0.45952987947737417- 0.3509130869382172 i
30 |4 |-0.45952987967839276- 0.3509130872404562 i | -0.45952987947737417- 0.3509130869382172 i
40 | 4 | -0.4595298794700997-0.35091308692548984 i | -0.45952987947737417- 0.35091308693821716 i

Table 3.10: Comparison between the efficiency of the truncated midpoint
approximation and the modified truncated midpoint approximation when N =
20,30,40 with M =1,2,3,4 for X =0,Y = 0.04,k = 0.5 and § = v/2/4.

using the modified truncated midpoint approximation formula and the truncated
midpoint approximation with the same inputs, taken from (Table 2, [28]), with
M = 1,2,3,4, are shown in Tables and [3.10] We obtain the same results
from both forms. From Tables and we see that the accuracy achieved
by the modified truncated midpoint rule approximation is dramatically increased,

achieving 10, 12, 14 digits accuracy for N = 20, 30,40 with M = 1, compared to
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the accuracy of the approximation by the standard midpoint rule which achieves
only 4,4, 6 digits accuracy, respectively, for the same numbers of quadrature points.
For N = 20, 30,40 with M = 4, we see that the modified truncated midpoint rule
obtains 15 digits accuracy, whereas the truncated midpoint rule achieves only 7,9, 11
correct digits for NV = 20, 30, 40 respectively. Thus for both forms, we achieve faster
convergence using the modification, and significantly higher accuracy with larger

values of M.

3.5 Comparison with other methods

Now, as promised at the beginning of the chapter, we compare results from our
modified midpoint rule approximation with Ewald’s method (E.M.), recommended
as the most efficient computational method in the review paper [28|, and with
the recent asymptotic correction terms method (A.C.T.) of [30]. The modified
truncated midpoint rule (M.M.R.) shows perfect agreement with these state-of-the-
art methods. We first state the approximation formulas for these methods which
have been applied to evaluate the quasi-periodic Green’s function. The first formula

is Ewald’s, given in |28 Eq.(2.65)] as

My ;
G%(Xa Y) ~ —— Z € |:6’meerfc (fg—a’ + —) + e_vaeI'fC (L _ _):|

4 i Ymd d 2a d
Mo N 2n
1 4 1 (kd a’r?
_ impBd el el E m
4 ZMe Zon! (Qa) HH( d? )’
m=— 2 n—=—

(3.153)
where f3,,, and ~,, are given in and above (3.21)), and M;, My, N € N and a > 0 are
parameters to be chosen that determine the accuracy of this approximation. The

second is the asymptotic correction terms formula, proposed in [30, Eq.(3.6)], given

by

M-1
S° H (k) (3.154)

n=1-M

GYX.Y)~ o (M) +o_(M) -

| .
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where
o (M) — __Z lei(ﬂ:kY—wM) etfo (1+C /M—I—D /MZ)
I VM(1 — ¢iox) * =
Cy = Ay kd e
4 = :I:/ + m,
—1 £ 4kY
Aj: = %7 ai:d<ki6)7
B —9 + 16k%(3Y? — 2X2) + 24kY

S 128 ’

and
By 3A et 3etoE (1 + elox)
Di = -

k2d?  2kd(1 — efo=) 8(1 — eiax)?

The third is our approximation, given by

. _iky N+1
GHX,Y) =~ GiN(X,Y) Z HY (kr,)emPd — he %Y S et () + Gy
h ) 4 0 n 27T me+1
n=1-—-M n=—N
heikY N+1

— ”U,?L +,%
27'(' Z € o F+< ) G Fnm41?

n=—N

(3.155)

where G and G;jmﬂ are given by (3.118)) and (3.119)), respectively. Ewald’s

formula involves the complementary error function erfc and an exponential integral

E,, defined in (7.2.1) and (5.1.4) in [1], respectively, as

erfe(z / Pdt =1 — erf(2)
\/_

and

To evaluate (3.153) requires the evaluation of a sum with 2M; + 1 terms,
each term requiring two evaluations of erfc, plus evaluations of a double sum with

(2Ms + 1)(N + 1) terms, each term requiring evaluations of an exponential integral.
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To evaluate the asymptotic correction terms formula requires the evaluation
of the same sum with 2M — 1 terms, each term requiring evaluation of the Hankel
function, plus computation of o (M). Our approximation formula requires
the evaluation of a sum with 2M — 1 terms, each term requiring an evaluation of
a Hankel function, plus two N + 1 term sums to evaluate the two midpoint rule

approximations. Table summarises these computational requirements.

Method | Computations needed to evaluate the approximations Numbers of terms for data of Table 3.13
M.M.R | A 2M — 1 term sum, with a Hankel function to evaluate in each term, plus 2M —-1=5
two N + 1 term sums to evaluate the two midpoint rule approximations 2(N+1)=14
A.CT. | A2M —1 term sum, with a Hankel function to evaluate in each term 2M —1 =513
E.M. A 2M; + 1 term sum, each term requiring 2 evaluations of erfc, plus a 2M;+1=9
(2M5 + 1)(N + 1) term sum, each term needing evaluation of an exponential integral | (2M5 + 1)(N +1) = 145

Table 3.11: Computational requirements of the modified truncated midpoint rule
method (M.M.R), the asymptotic correction terms formula (A.C.T) and Ewald’s
method (E.M).

Tables [3.12] and [3.13] compare our method with E.M. and A.C.T, using the

same parameter values previously selected in [28] and [30]. Table shows the
results for X = 0, Y = 0.04, £k = 0.5 and § = \/5/4, which corresponds to an
incident wave of wavelength 47 at 45° to a grating, and Table [3.13| shows the results
for X =0,Y =0.04, k = 10/4 = 5/2 (a higher frequency), and 8 = 5v/2/4, which
corresponds to an incident wavelength 47 /5 at 45° to a grating. The use of Ewald’s
method accelerates the convergence of the series significantly; according to
Linton |28] the optimal values of the parameters My, My, N and a are N = 7, M = 3,
M, = 2 and a = 2 (see [28, Table 2|) for the parameter values of Table [3.12] and
N =28, My =4, My = 2 and a = 1 ( |28, Table 3|) for the parameter values
of Table [3.13] to achieve 10-figures accuracy in both the real and imaginary parts,
as sought by Linton. The asymptotic correction terms method requires M = 936
(see |30, Table 1]) and M = 257 in (see [30, Table 2|) to reach the same accuracy for
the same parameter values. In Tables and we compare these results with
our approximation. We obtain the same 10-figure accuracy with M =3 and N =6

in both tables.
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Method | N | M | M, | My | a |GY(X.Y)

EM. 7 |N/A| 3 2 2 | -0.4595298794 - 0.3509130869i
ACT. | N/A| 936 | N/A | N/A | N/A | -0.4595298794 - 0.3509130869i
MMR.| 6 3 | NJA [ N/A [ N/A | -0.4595298794 - 0.3509130869i

Table 3.12: Comparison between our method and Ewald’s method (3.153|) from
[28] and the asymptotic correction terms method (3.154)) from [30]

Method | N | M | M; | My | a | GL(X.,Y)

E.M 28 | N/A 4 2 1 -0.3538172307 - 0.1769332383i

ACT. [N/A | 257 | N/A | N/A | N/A | -0.3538172307 - 0.1769332383i

M.M.R. 6 3 N/A | N/A | N/A | -0.3538172307 - 0.17693323825i

Table 3.13: Comparison between our method and Ewald’s method (3.153|) from
[28] and the asymptotic correction terms method (3.154) from [30]

The modified truncated midpoint rule approximation for these two test cases
taken from [28] and [30] shows good agreement with both Ewald’s method and the
asymptotic correction term method. For these specific test cases, used in [28], [30],
our method does not require such a large number of terms to be calculated in order

to reach 10 significant figures as the other methods, we are comparing with, taken

from [28] [30](see Tables [3.11} [3.12 and [3.13)), so that our computational method

appears to be more efficient. Also, our method has only two truncation parameters
M and N to adjust, unlike Ewald’s method, which requires four parameters to be
chosen. On the other hand, the A.C.T. method only has the parameter M; to
achieve a specific accuracy it is a matter simply of increasing M until this accuracy
is reached. It is unclear for our method, except by trial and error in a specific
case, how to choose M and N optimally. (The same comment applies to the four
parameters of Ewald’s method.) Having said this, in Section 4.2 (see Tables 41-44)
we will establish choices of M and N which provide high accuracy over wide ranges

of the parameters X,Y. k,d, and .



Chapter 4

Error Analysis

In this chapter we provide a bound on the actual error in the modified truncated
midpoint rule based on our new Theorem [2.9] for F' = F_, given by (3.33). This
function is analytic in the strip Sy = {v € C : |Im(v)|] < H}. We will apply
our new Theorem showing how the theoretical bound on the actual error is
obtained. In Section 4.1 we first provide a bound on the actual error | E;"|, choosing
an appropriate values of H (in the definition of Sy) and an appropriate value of
h. Then we turn our attention to find the upper bounds of F_(v), denoted by
M® M® and M®, and we show a completely explicit error bound in Theorem
In section 4.2, we test the standard truncated midpoint rule approximation and
the modified truncated midpoint rule more systematically throughout the possible
range of parameter values (see tests A and B). For these two tests, we see that the
modified truncated midpoint rule is more accurate and efficient, provided X is not

too large and d in not too small.

4.1 Bound on the actual error E,’;N

Here we demonstrate a bound on |E;N| = |[I — IV], when I* is approximated by

the truncated modified midpoint method, this approximation denoted by I}fh. By

91
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Theorem [2.9] we have

N 2/TMs(H, (N + 1)h)ept*=2nH/h
B < (1 = 2Ry
(4.1)

provided h < 27/pH. We choose a fixed H € (0, 1), close to 1 (e.g.H = 0.9) and
choose h to equalise the exponents in e ?OVHD*h* ang epH*—2mH/h (i.e choose h so

that pH? — 2mH/h = —p(N + 1)?h?). Precisely, let

p(h) == p(N + 1)*h* + pH*h — 27 H, h > 0.

Then pH? — 2rH/h = —p(N + 1)?h?) <= p(h) = 0. Further since p(0) =
—27H < 0, p'(h) = 3p(N + 1)?h% + pH? > 0, for h > 0. The equation p(h) = 0

has a unique positive solution of that, we will denote it by h*. Let ¢ := Z—i, where

ht = (p(?;ﬁ)z,)l/?’. Then We can express the p(h*) = 0 as

¢+ 3bp —1=0 (4.2)

where
H2
b= ) 4.3
3(N 4+ 1)2(h*)? (4.3)

Clearly (4.2) has a unique real solution ¢ with ¢ € (0,1). From the standard formula

for solutions of cubic equations

1

SO¢N%7

as b — oo, and ¢ — 1, as b — 0. We will require the following Lemma

for bounding ¢ in terms of b (see |26], Proposition 2.3.17).
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Lemma 4.1. Ifb > 0 and ¢ is given by (4.4), then

1 1
<< —-
1+ 3b 140

(4.5)

1/3
By setting h = h* = he > ¢ = (p QﬂH)Q) L and A := (N +1)h* in (@)

(N+1 1+3b
we have
|E*N < e P(N+1)%h*2 2yTMp,a + My + o MHA
S V(1 = 72T H) T (N + 1)hs

(4.6)

_ o P(NHL2(hF )2 2v/m M, o Ma o)

(1 — e D) T o+ )i
Let a = p(N + 1)? so that —p(N + 1)*(h*¢)? = —a(hT¢)?. Since ht¢ > ¢ > 0, it
follows that

a(ht¢)? > ac®

= —a(ht¢)? < —ac?

s e—a(thqb)2 < 6—@02

where
PPN + 17 0
(N + 1)2/3(27r)2/3 +H4/3p2/3]2' :

Also, p(N + 1)ht¢ > p(]\lf——::;l);h+ =:15>0,

1
_ —— <
p(N + 1)hto =

’

Wy |

where
p?/32m(N + 1)HY/3

(27r)2/3(N + 1)2/3 + p2/3H4/3‘ (4-8)

5 —
Using ([4.5)), further, where s := w

J’_
h 1 >1+b

1+b  hte~ ht

h*¢ <
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—2rH _ —27mH(1+Db) —2nH s
o < o =—s5s = etrte <e
—2rH 1 1

= l—ehfe >1—¢"° = 7 = )

1 —ehte 1—e3
where

H2
s = (2rH)Y3(N + 1)*3p1/3 4 —3p .

Hence

|5

S e_aC2 ( 2\/7_TMH:A + ]\4;14 +2HMH,A> ]
VPl —e=#) §

94

(4.9)

(4.10)

Next, we concern ourselves with deriving formulas for the terms My1)n, Mu,(n+1)n

and MHWN+Dh we denote them respectively as MM M@ and M®).

4.1.1 A bound for M M@ ArG)

From the definition of these three upper bounds in Chapter 2,Theorem [2.9] given
by (2.41), (2.42), and (2.43), let F' = F_. We will find these upper bounds of the

function £ which is given by (3.33))

cos[k Xvvv? — 2i]

B (U) - (e—kva _ ei(ﬁ—i-k)d), /02 — 9%

where suprema of F_(v) are given respectively by

MW = sup |F(v)| for A>0,

v>A

M® = sup |F(t+iH)| for 0<H <1,

—A<t<A

and

M®) = max |F(A+iy)+ F(—A+iy)| for 0<H<1.

O0<y<H

(4.11)

(4.12)

(4.13)

(4.14)
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4.1.1.1 A bound for M@

First , let us bound M

MO = sgg |F(v)] (4.15)
where
()| = | cos(kXvvv? — 2i)| (4.16)
N ek iy — 5] '
For A >0 and v > A, we have
’e—kva N ei(ﬁ+k)d| > ‘B_kdvzl i |€i(ﬂ+k)d|
. (4.17)
=1 — e F,
Forv>A >0, ehdv?  o—kdA? , SO
o—hdv? _ ei(ﬁ+k)d| > ] e hdA? S 0,
SO
1 1
e—kdv? _ gi(B+k)d| < 1 — o—kdA2’ (4.18)
v>A>0. Also,
”UQ . 22'1/2 _ (,U4 + 4)1/4 2 41/4 — \/E, (419)

v € R. Now, for z,y € R,

| cos(x + 1y)| = \/0052(x)cosh2(y) 4 sin®(x)sinh?(y)
= \/(1 — sin?(z))cosh?(y) + sin?(z)sinh?(y)
= \/coshQ(y) — sin®(x)cosh?(y) + sin?(z)sinh?(y)

= \/coshQ(y) — sin®(x)(cosh?(y) — sinh?(y)).
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Since cosh?(y) — sinh®(y) = 1, it follows that

|cos(z + iy)| = \/coshz(y) —sin?(x) < \/coshz(y) = cosh(y). (4.20)
We have shown (also see |1] equation[4.3.84, p 75]),that, for z = x + iy € C,
| cos(z)| = | cos(z + 1y)| < cosh(y) = cosh(Im(z)).

Thus for v € R,

| cos(kXvvv? — 2i)| < cosh(Im(kXvvVv? — 2i))

(4.21)
= cosh(kXvIm(vv? — 2i)).
Now vv? — 2i = x + yi, with
A v+ Vot +4
2
and
—v2
y ==+ V2 :
v2 4+ Vot +4
Since cosh is even function (4.21]) becomes
: V2
| cos(kXvvv? — 2i)| < cosh(kXv ), (4.22)
v2+ Vot +4
since v* 4+ 4 > v*, this implies that,
| cos(kXvvv? — 2i)| < cosh(kX), (4.23)
for all v € R. By (4.18)), (4.19) and (4.23]) we have
h(kX
F(v)] < —-ShX) (4.24)

\/5(1 _ e*deQ)'
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Hence

h(kX
MW = sup |F(v)| < cosh(kX) o~
v>A V2(1 — ehkdA?)

(4.25)

4.1.1.2 A bound for M®

Now, let us bound M® in the case when F = F_. From the formula (3.33)), we

have that

oo Jeos[kX(t+iH)((t + i H)? — 20)V?|
|F<t + ZH)’ - |€—kzd(t+iH)2 - ei(5+k)d||(t + iH)Q _ 2i|1/2 (4.26>

Lemma 4.2. Given H € (0,1), andt € R, if v=1t+ iH, then

lv? —2i| > 1 — H>. (4.27)

Proof. Notting that |[v? — 2i| = [v — (1 +4)||v + (1 + 7)|, we have

v —2i| = |t +iH — (L +d)||t +iH + (1 +1)]

=|t—1)+i(H-1||(t+1)+i(H+1)|
(4.28)

=/t =12+ (H - 1)2\/(t+1)2 + (H + 1)

>|H—1||[H+1|=|H*-1|=1- H%

It is useful to note that, if —A <t < A, H € (0,1), and v = ¢+ iH, then

|efkdv2 N ei(BJrk)d’ > ‘efkd(t+iH)2| . ’ei(,BJrk)d‘ > ekd(HLt?) _1 (4‘29>

Note also that with ¢ = +H, the e*#*~#) _ 1 will be zero. It means when ¢ = H,
there is a pole located on the line Im(v) = H, if the distance between this pole
and other poles is zero the bound on |e %" — ¢iF+Md| — (. So for this reason,

it is a sensible to choose H which does not pass through the points, that make

|67kdv2 . ei(ﬁ+k)d| 7& 0.
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We have two cases

Case 1 |H? —t?| > ¢
o For t? > H? + ¢, and v =t +iH, then

—kdv ei(,@+k)d‘ > lei(6+k)d| . yefkvaI

e
> 1 — k%) (4.30)
>1— efkde — efkde<€kde o 1) > kdEefkde.
e For t? < H? — ¢, and v =t +iH, then
|€—kdv2 _ ei(ﬁ—kk)d‘ > ’e—kdv2’ . ‘ei(b’—i—k)d”
> ekd(HLt?) 1
(4.31)
> kde > kdee .
So, for |H? — 2| > €, we have
1 ekde
e—kdv? _ ci(BHk)d| = kde (4.32)

Case 2 |H?> —t?| < ¢
We now consider the case |H? — t?| < e. In this case we can not obtain a positive
lower bound on |e~#%* — ¢i(0+k)d| \where v = t+iH and 0 < H < 1. We use another

way to find a positive lower bound, so

e—kdv2 _ ei(ﬁ'i‘k‘)d _ e_kd(tQ_HQ)e—Qthkd _ ei(ﬁ'i‘k)d
_ p2iHtkd ( kA(H?—1?) _ ei((ﬁ+kz)d+2tde)> (4.33)

— 6—2thlcd<T o eiat)
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2 42
where r = eFUH"—t%) and

a(t) = (8 + k)d + 2t Hkd. (4.34)

Taking absolute values we have

|ekdv® _ BRI — | _ gie| = | — cosa — isina (4.35)

SO

|ekdv® _ gilA+R)d) — \/(7“ — cosa)? + sin®a > [sina(t)| (4.36)

Note that |sin «(t)| is not bounded below by a positive constant on the whole real

—(B+k)d

line, since [sina(t)] = 0 if ¢t = =572, for some n € Z. So it can be useful to

obtain a lower bound if we choose ¢ close to +H or —H. Let
o == (B+k)d £ 2H?kd (4.37)

i.e,

o = a(xH).

If we choose t = +H or t close to +H, then «(t) will be close to the corresponding
value o, and, if sina® # 0, then [sina(t)| > 0 for ¢ close to +H. So, assuming that
we choose H € (0,1) so that sina® # 0, to show that [sina(t)| > 0 for ¢ close to
+H, we have two cases, case A and case B.

Case A Suppose [t — H| < §, for some § > 0 small enough. The difference between

a(t) and a(H) is

a(t) — a(H) = —2kdH(H — t) = 2kdH (t — H)
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so that

sin(a(t)) = sin(a(H) + (alt) - a(H))
= sin(a™ — 2kdH (H —t)) (4.38)

= sin(a™) cos(2kdH (H —t)) — cos(a™) sin(2kdH (H — t))

Taking absolute values and applying the reverse triangle inequality, we have

|sin(a(t))| > | sin(a™)|| cos(2kdH (H —t))| — |cos(a™)|| sin(2kdH (H — t))].
(4.39)

Now, simplifying by using | cosa™| < 1, and | sinz| < |z| , for x € R,

|cos(a™)|| sin(2kdH (H —t))| < 2kdH|H — t|

and

|sin(a(t))| > | sin(a™)|| cos(2kdH (H — t))| — 2kdH|H — t|,
(4.40)

— | sin(a*)\/1— sin?(2kdH(H — t)) — 2kdH|H 1|

Since sin?(2kdH (H —t)) < 4H?k?d*(H — t)? , it follows that

V1 - s (2kdH(H — 1)) > /T - 407 (H — 1),

SO

|sin(a(t))| > |sin(a™)|\/1 — 4H2k2d2(H — t)? — 2kdH|H — t|, (4.41)

provided 2kdH|H — t| < 1. Hence, provided 2kdH|H —t| < 1,

ek — R > Jsin(a(t))] > | sin(a™)|\/1 — 4H2k?d>(H — t)? — 2kdH|H — t|.
(4.42)

Now suppose that | sin(at)| > 0, and let § = 2kdH|(H — t)| and p = | sin(a™)| €
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(0, 1], so that (4.42) is
|e_k"l”2 — R > /T — 62 — 6.

If 0 <p/2, then —0 > —p/2, and

‘e—kva - ei(/a”rk)d’ > p\/1—p?/4—p/2
:]—9 (\/4—}72_1)

2
p(3 —p?)

2(14 /4 —p?)’

since 3 — p? > 2 and 4 — p? < 4 it follows that
|6—kdv2 _ 6i(6+k)d| > 1_9‘
-3

So if | sina™| > 0, and 6 = 2kdH|H — t| < ‘Sin—;ﬂ, then

e he? _ (i8R > |sina”|
P 3 .

101

(4.43)

(4.44)

(4.45)

(4.46)

Recall as case 2 condition that |H*—t?| = |H+t||H —t| < e. If t is close to +H, then

|H +t| is close to 2H, so this condition is quite similar to § = 2kdH|H —t| < @,

) ina+
if we take € = %

Case B

Similarly for case B, suppose |t + H| < ¢ for some small §, so the difference between

a(t) and o= = a(—H) is

a(t) —a(—H) = 2Hkd(t + H).

(4.47)
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Then
sin(a(t)) = sin(a(—H) + (a(t) — a(—H)))

= sin(a” + 2kdH(H +t)) (4.48)

= sin(a™) cos(2kdH (H +t)) + cos(a™) sin(2kdH (H +t)).

Taking absolute values, applying the reverse triangle inequality, also simplifying by

using |cosa | < 1, and | sinz| < |z| , for z € R, we have

Isin(a(t))]| > | sin(a™)|| cos(2kdH (H +t))| — |cos(a™)|| sin(2kdH (H + t))|

> | sin(a”)||cos(2kdH (H +t))| — 2kdH|H + t| (4.49)

> | sin(a”)|\/1 — 4H2k2d2(H + 1) — 2k*d*H|H + t|.

provided 2kdH|H + t| < 1. Hence, provided 2kdH|H +t| < 1,

e~k — BT > Jsin(a(t))| > | sin(a”)|\/1 — 4H?k2d2(H + t)? — 2kdH|H + t|.

(4.50)

Now suppose that | sin(a™)| > 0, and let 0 = 2kdH|(H +t)| and p = | sin(a™)| < 1,
so that

|ehdv® _ BRI > /T =62 — 4. (4.51)

If 0 <p/2, then —0 > —p/2,

|6—kdv2 _ ez‘(ﬁ+k)d| > p\/m i p/2
p
:—(v4—ﬁ—&) (4.52)

2
p(3 —p?)

2(14 /4 —p?)

since 3 — p? > 2 and 4 — p? < 4 it follows that

ek _ (iB+h)d) > g‘ (4.53)
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So if | sina~| > 0, and 8 = 2kdH|H + t| < 5271 then

ye—kdv2 — lFRd| > %. (4.54)

Recall as case 2 condition that |H? — ¢?| = |H + t||H —t| < e. If t is close to —H,

then |H — t| is close to 2H, so this condition is quite similar to § = 2Hkd|H + t| <

|sina™|
2

2kdH|H —t| < % , then

, if we take € = % Clearly, in case A, when t is close to +H, specifically

ye—kdv2 N ei(,8+l<:)d| > ‘Sina+|‘
- 3

Also,in case B , when ¢ is close to —H, specifically 2Hkd|H + t| < % , then

—kdv? ei(ﬁJrk)d’ > | sin 04_|.

e 3

Case C
For ¢ is not close to +£H,( i.e, the other values of ¢ is not covered by Cases A and

B), for which

—
okdH|H —t| > ‘SH;O‘ | (4.55)
and
okdH|H +t| > |S“;O‘ J (4.56)
then T
AH PP\ H? — 2] > | sina™ || sina~|
4 (4.57)
— 3o > | sina™|| sina |
— €:=
16 H2k?d?

So , if we are not in case A or case B, then we are in case C and that tells us

|H? — t?| > €, we are in case 1 with

| sina*|| sina”|

16 H2k2d?

(4.58)
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Hence

. + . —

with e which is defined in (4.58). It is convent to recall the following standard

calculation as a lemma.

Lemma 4.3. For a,b € R, va+ib = £(x + iy), where

a++va*+b?
T=\—F—
2 Y

_ 0]
V2a + 2va? + 02

Now we find the supremum of F'(v) on I'y y, for H € (0,1), i.e. forv =t+iH

Y

with —A <t < A. Forv =t+iH with —A <t < A, v?*—2i = (*— H*)+2i(Ht—1),
so that by Lemma , we have vv? — 21 = = + iy, with

\/t2 — H2+ \/(H? + t2)2 + 4(1 — 2H?t)
xr =
2

and

. (= 1)1V |
V&~ H2 4 (HE 2+ a(1 - 20H)

Thus Im(vvv? — 2¢) = Im[(t + i H ) (z + iy)], i.e.

Im(vvv? —2i) = xH + yt = f(t),

where, for t € R,

Ft) = H\/t2 — H?+ /(H? +12)? +4(1 - 2H1) (Ht — 1)[tV/2
i \/tQ_HZJF\/(H2+t2)2+4(1—2tH)
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H(t* — H*) + H\/(H? + 12)2 + 4(1 — 2Ht) + 2t|(Ht — 1)

Va\J#2 — H 4+ (Y + 2 1 4(1 — 2tH)

Thus

sup |cos(kXvvVv? —2i)| < sup cosh(kXIm(vvv? — 2i))

UEFHyN UGFH’N

= sup cosh(kXf(t)).

—A<t<A

Lemma 4.4. For |t| < A,
|2t(Ht — 1)| < 2A(AH + 1)
Proof.
|2t(Ht — 1)| = |2t||Ht — 1|
< 2It|(H|t| + 1) <2A(AH +1).
Lemma 4.5. Suppose that A > 1. Then, for |t| < A, we have
t? — H?| < A%,
Proof. 1f |t| < H, then
it — H*|=H>-t* < H*> <1< A%

If H < |t| < A, then
[t — H?| =t* — H*> <t* < A%

Hence

[t* — H?| < A?) |t| < A

105

(4.60)

(4.61)

(4.62)

(4.63)
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Lemma 4.6. For 0 < H <1 and |t| < A we have

2 — H? +\/(H2 +t2)2 + 4(1 — 2tH) > 2(1 — H?)

Proof. consider |t| > H and let

g(h) = (H* + t*)* + (4 — 8Ht)

SO

(H? +1%)* 4+ (4 — 8Ht)| > |(H? +t*)|* — |4 — 8H{|

> (H? + |t]*)* — 8H]|t| — 4

> (2H?)* —8H? — 4 > 4H* — 8H* — 4.

We can write the L.H.S of (4.64)) as

106

(4.64)

(4.65)

J(t, H) = ?—H?*+/(H2 +t2)2 + 4(1 — 2tH) = t*—H*++/(H2 — t2)2 + 4(Ht — 1)2

since (H? — t*)? + 4(Ht — 1)? > (H? — t?)?, it follows that

t2 — H?> + \/(H2 — £2)2 £ 4(tH — 1)2 > t* — H> 4+ \/(H? — 12)2

where

0, if H?>—12>0
t? — H>+ |H* —t*| =

242 — H?) if *— H?>0.

If t = H, then (4.66)) becomes

J(H,H) =0++/0+4(H?—1)2=2(1 — H?).

(4.66)

(4.67)

(4.68)

(4.69)
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We use 12— H?+/(H? — t2)2 + 4(Ht — 1)? in two different cases to obtain the same

lower bound, so

2 — H? + /(H2 — 22 + 4(Ht — 1)2 > * — H* + /(H? — 12)?
(4.70)
=t — H* + |H?> —#*|.

If t2 > 1, ie [t| > 1, then

2 — H2+\/(H2 — 12)2 + 4(Ht — 1)2 > 2(1 — H?). (4.71)

o 12— H?+ \/(H2—12)2+4(Ht —1)2 > > — H> + 2|Ht — 1|. If |t| < 1 and

0 < H <1, then

t* — H* +2|Ht — 1| =t* — H* + 2(1 — Ht)
= (t— H)?—2H?+2 (4.72)

>2-2H*=2(1 - H?).

Hence

2 — H? + \/(H? +12)2 + 4(1 — 2tH) > 2(1 — H?). (4.73)

Lemma 4.7. Suppose A > 1, Then, for |t| < A, we have

(H? +12)* +4(1 — 2tH)| < A* +4(1 + A)? (4.74)

Proof. If A > 1 then, for |[t| < A, using Lemma 5

(H? + %) +4(1 — 2tH)| = (H* —t*)* + 4(Ht — 1)?,
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< A* 441+ HA)?

(4.75)
< A 41+ A)?
for H < 1. O
So our upper bound on |cos(kXvvv? — 27)] is
|cos(kXvvv? — 2i)| < cosh(kX f(t)), (4.76)
where
o) < HA* 4+ H(A? +2A+2)+2A(HA+1) HQA*+A+1)+ A (4.77)
- 21— H? a V1- H? '
for 0 < H < 1. Thus, for all t e R, H € (0,1), A > 1,
M® = sup |F(t+iH)|
e (4.78)
< cosh(kX(H(2A*+ A+ 1)+ A)/(V1— H?)) '
o mHvl — H? ‘
4.1.1.3 A bound for M®)
For the third maximum of F_ , that is
M®) = max |F(A+iy)+ F(—A+iy)| for 0<H<1. (4.79)

O0<y<H

We have

| cos[kX (A +iy)((A +iy)? — 20)'/?]
[F(A+ )| = le—Rd(A+iv)? _ Gi(B+h)d|| (A 1 iy)? — 20[V/? (4.80)

and
| cos[kX (—A +dy)((—A +iy)? — 20)'/]|

|[F(—A+1y)| = |e—kd(—Ativ)® — ci(BHRA[[(— A + iy)2 — 2i[\/2 (4.81)




CHAPTER 4. ERROR ANALYSIS 109

Now, we will find the bound on |F(A + iy)|, we will start with the numerator of
(4.80)), we assume throughout that A > 1. Let r = A + iy, we have

max _|cos(kXrvr? — 2i)| < max cosh(kXIm(rvr? — 2i))

0<y<H 0<y<H
A2 — 2 21 A2)2 4 4(1 — 2yA) + 2t|(Ay — 1
- Cosh(kXy( y®) +y/ (12 + A2)2 + 4(1 — 2yA) + 2t|(Ay )|)7
0sy=H \/5\/A2 —y2 +/(y2 + A2)2 + 4(1 — 2Ay)
= Jnax, cosh(kX f(v)),

(4.82)

i) = y(A* — o) +yV/(y° + A7) +4(1 — 24y) + 24|(Ay — 1) (4.83)
\/5\/,42 — 2+ /(y® + A2)2 + 4(1 — 2A4y)

Now, we find the bound on |f(y)|, we begin by finding the bound on the expressions

in numerator. So, for A > 1, and 0 <y < H < 1, we have

A% — 2 < A% (4.84)

Also, for A> 1, and 0 <y < H, we have

2A|Ay — 1| < 2A(HA +1). (4.85)

Lemma 4.8. For A>1, and0<y< H <1

I(y? + A%)? +4(1 — 24y)| < A* + 4(1 + A)? (4.86)

Proof. Since

(v + A%)* +4(1 - 24y) = (y° — A*)* +4(1 — Ay)*,
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it follows that,

(> — A% +4(1 — Ay)?| = |y° — A?] + 4]1 — Ay|*, (4.87)

by Lemma 4.8, for |y| < A, we have

(y® — A2+ 4(1 — Ay)?| < A* +4(1 + A)2. (4.88)

Lemma 4.9. For A>1, and 0 <y < H <1, then

AZ — 2 4 /(2 + A2)2 +4(1 — 24y) > 2(A% — 1) (4.89)

Proof.

A=y 4 P+ AR AL 2Ay) = AP — /(T — AT+ Ay

> AP AT = oA ) 2 (A 1),

(4.90)
for A>1. ]
Thus,
cosh(kX(HA%* 4+ H /A" +4(1 + A)2 + 2A(HA + 1)))
[f(y)] < WAZ —1 (4.91)
Now
(A+iy)® = 20| = [(A—1) +i(y = DI[(A+1) +i(y + 1)
— VAP (- DA+ (y+ 1) (4.92)

>(A-1)(A+1)=4%-1
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for A>1. For A>1and 0 <y < H <1, then

|€7kd(A+iy)2 i ez‘(ﬁ+k)d| > ‘ez’(6+k)d| i |efkd(A+iy)2|
> 1 — ehdly* =A%) (4.93)

>1-— e R4 S .

Then, for 0 <y < H,and A > 1,

M® . = max |F(A+iy) + F(—A+iy)|

- 2cosh(kX(HA? + H\/A* +4(1+ A2 + 2A(HA +1)/(2V/ A2 — 1)))
- (1 — e~kdA%)\ /A2 — 1
_ 2cosh(kX(H(2A? + A+ 1)+ A)/(VA2-1)))

(1 — e=kdA?)\ /A2 1 '

(4.94)
Thus, by MM, M) and M® our bound on |E;V| is
20 /T M@ MDD
|E;N| < e ( VT — +—+ 2HM<3>) (4.95)
VPl —e7%) §

where ac?, §, and s, are defined in (L.7), ([4.8), and (4.9) respectively. We see that

we have shown the following result.

Theorem 4.10. For N € N, then for every H € (0,1) such that (3+k)d+2H?kd #
7, if we choose the step size h = h*, where h* = h*0, and if A = (N + 1)h* =

(N+1)2/3(2n H)/3
s = L then

o [ 2T M® MO
|EN| < e < VT — + —— + 2HM(3>) (4.96)
Vp(l—e=) s

where
p'/3(2m)*(H)**(N + 1)

2 _
ac” = [(N + 1)2/3<2ﬂ-)2/3 +H4/3p2/3]27

Hp

g = (QWH)Q/?)(N+ 1)2/3p1/3+ ;
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p?/32m(N + 1)HY?
(27r)2/3(N T 1)2/3 4 p2/3H4/3’

where M, M? and M? are defined in (4.25)), (4.78)), and (4.94)) respectively. Linton

in (p.394, [28]) suggests that accurate computation in the case when X = 0 is

s =

particularly challenging. The above theorem reduces to the following simpler statement

in that case.

Corollary 4.11. For N € N, then for every H € (0,1) such that (8+k)d+2H?*kd #
7, if we choose the step size h = h*, where h* = h*0, and if A = (N + 1)h* =

%21 and X =0, then

*IN —ac? 2ﬁ 1 A
B < e (mH\/ﬁ(l —e*)(1 — H?) * 5V/2(1 — e—hdA?) - (1-— e—deQ)\/m> ’
(4.97)

where ac?, s and 3 are as defined in Theorem[{.10,

4.2 A more systematic testing

4.2.1 Systematic testing A

Recall that G‘é(X, Y') is given by equations (3.108))-(3.112]). In this section, we carry

out a more systematic testing of the accuracy of the approximations G (X,Y) and
GiN(X,Y) to G4(X,Y), investigating dependence of the accuracy on the various
parameter values. Recall that G} (X,Y") is the approximation to G%(X,Y’) given by
replacing the integrals in by truncated midpoint rule approximations, i.e.,
GN(X,Y) is given by (3.113). G;V(X,Y) is the approximation given by replacing
the integrals in by the modified truncated midpoint rule approximation.
Now we perform a more systematic testing of the accuracy of the approximation
GiN(X,Y) defined in over the full range of possible parameter values. It is
enough (because the value of G%(X ,Y) depends only on the values of kS, kd, kX,

and kY') to fix k = 1. For various fixed choices of X we compute the maximum
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error as [3 varies over the interval 0 < 3 < p/2, where p = 27/d, d varies over the
range 107! < d <10, and Y over the range ed <Y < (1 —¢)d, for some small € > 0
that we take as e = 0.01. The reason for choosing these restricted parameter ranges

for Y and (8 is that:

e By (3.12) it is enough to consider Y in an interval of length d, 0 <Y < d.
But the quasi-periodic Green’s function blows up when X =0 with Y =0 or
Y = d. To avoid that we choose the range ed <Y < (1 — €)d, for some small

e > 0.

e Asnoted by Linton [28], it is enough to restrict consideration to /3 in an interval

of length p = 27 /d, since
G5, (X,Y)=G4(X,Y), for BeR.

E.g., considering f in the restricted range —p/2 < 5 < p/2 is enough. Further,
from (3.11)) it follows that

GL(X)Y) = GH(X, -Y),

so it is enough to consider f in the restricted range 0 < § < p/2.

We show in Table {4.1| the maximum values of the error |G — G3V| over
the ranges 0 < 8 < p/2, 1071 < d < 10 and 0.01d < Y < 0.99d, for N =
20,30, 40,50 with M = 10,15,20,25, and for X = 0,1,2,3,4,10. Note that we
compute G3°°(X,Y) with M = 50 to estimate the true value of G$(X,Y’), and we
replace the true maximum by a discrete maximum, replacing the intervals [0, p/2]
and [0.01d,0.99d] by 0(10)p/2 and 0.01d(10)0.994, i.e., by 10 points equally spaced
on the respective intervals and including the two end points. Similarly we replace
the interval d € {10" : —1 < r < 1} with the ten points d € {10" : r = —1(10)1}.

Similarly, we perform a more systematic testing of the standard midpoint rule
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N

M

max |G — G|

20

10

3.5 x10~ "

M

max |G — G|

30

15

1.0 x1071°

20

10

5.7 x10~7

40

20

3.5x10~H

30

15

1.1 x107%

20

25

7.6 x1071°

40

20

3.8 x10~1

(a) with X =0

20

25

7.2 x1071®

N

M

max |GP% — G|

(b) with X =1

20

10

1.4 x107°

M

max |G — GYY|

30

15

2.3 x107Y

20

10

7.2 x1073

40

20

3.3 x10° 13

30

15

6.2 x1078

50

25

8.4 x1071°

40

20

0.3 x10712

(c

) with X =2

20

25

8.2 x1071°

N

M

max |G3P% — G|

(d) with X =3

20

10

0.25

M

max |GP% — G|

30

15

7.4 x107°

20

10

1016.2

40

20

2.8 x10710

30

15

304.6

50

25

3.9 x10° 14

40

20

18.59

(e) with X =4

20

25

0.178

(f) with X = 10

Table 4.1: The maximum of |G3°% — G;V|
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GY(X,Y). In Table 4.2 we show the maximum value of the error |G — G¥| over

the same set of input parameters that we used in Table [4.1]

N

M | max |G} — G|

20

10 | 2.9 x10~*

30

15 | 3.4 x107°

40

20 | 4.5 x107®

20

25 | 5.8 x1071

(a) with X =0

N

M | max |G — GV |

20

10 | 7.1 x107*

30

15 | 6.3 x107°

40

20 | 5.7x107®

20

25 | 5.2 x10710

(c) with X =2

N

M | max |G}™ — GV

20

10 | 3.8 x107*

30

15 | 3.4 x107°

40

20 | 4.4 x1078

90

25 | 5.7 x1071°

(b) with X =1

N

M | max |G — G¥|

20

10 | 1016.20

30

15 | 304.63

40

20 | 18.59

50

25| 0.17

(d) with X = 10

Table 4.2: The maximum of |G} — G|
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4.2.2 Systematic testing B

We repeat the above testing with the difference that we restrict d to the range
1 < d < 10, avoiding very small values of d. We replace the interval d € {10" : 0 <
r < 1} with the ten points d € {10" : » = 0(10)1}.

We show in Tables [£.3] and [4.4]the maximum values of the errors |G*° — G|
and |G30 — G|, for N = 10,20, 30, 40,50 with M = 5,10, 15, 20, 25, and with X =
0,1,2,10. Again we use G;?(X,Y) with M = 50 as the true value of G§(X,Y).

N | M | max |G;?%0 — G| N | M | max |G3?% — G|
10 | 5 | 5.135 x1071° 10| 5 | 3.833 x1071°
20 | 10 | 1.157 x10~* 20 | 10 | 1.230 x10~ 4
30 | 15 | 1. 043 x10~ 30 | 15| 1.09 x10~
40 | 20 | 9.103 x107% 40 | 20 | 9.693 x10~1°
50 | 25 | 7.850 x10~1° 50 | 25 | 9.09 x10~%
(a) with X =0 (b) with X =1
N [ M | max |G — G;Y| N [ M | max |G — G;Y|
10 5 | 1.713 x107* 10 | 5 | 0.985
20 | 10 | 1.285 x10~ ™ 20 | 10 | 2.05 x10~"
30 | 15 | 1.158 x10~ 30| 15 | 1.12 x107
40 | 20 | 9.912 <101 40 | 20 | 8.98 x1071°
50 | 25 | 8.427 x1071° 50 | 25 | 7.54 x1071°
(c) with X =2 (d) with X =10

Table 4.3: The maximum of |G3°% — G;V|
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N | M | max |G} — G| N | M | max |G — GV
10] 5 0.6840 10 5 0.6865
20 | 10 0.1153 20 | 10 0.1157
30 | 15 1.91 x1072 30 | 15 1.92 x1072
40 | 20 3.26 x1073 40 | 20 3.28 x1073
o0 | 25 5.57 x10~* 50 | 25 5.592 x10~4
(a) with X =0 (b) with X =1
N | M | max |G} — G| N | M | max |G} — GV
10| 5 0.6939 10 | 5 | 0.9850
20 | 10 0.1170 20 | 10 | 0.1593
30 | 15 1.941 x10~2 30 | 15 | 2.64 x1072
40 | 20 3.315 x1073 40 | 20 | 4.51 x1073
o0 | 25 5.65 x10~4 50 | 25 | 7.69 x10~*
(c) with X =2 (d) with X =10

Table 4.4: The maximum of |G3*° — G¥|

We have tested the accuracy of the modified truncated midpoint rule G3V (X, Y)
and the standard truncated midpoint rule G¥(X,Y’) over a wide range of values
Y, B,d with rather small values of N = 10,20, 30, 40,50, and M = 5,10, 15, 20, 25,
and the results are shown in Tables [4.1] [4.2] and [4.4] above. From Tables
and it is clear that, for the same values of N, the modified truncated midpoint
rule provides more accurate results for smallest values of X than the results of the
truncated midpoint rule shown in Tables[4.2] and Also, from both Tables[.1]and
4.2, we can see that the modified truncated midpoint rule when X = 10 has the same
value as the standard truncated midpoint rule with X = 10; the correction factors
in the modification are negligible when X = 10. Further from Tables and
the modified truncated midpoint rule is more accurate in the range 1 < d < 10 than
in the range 0.1 < d < 10. These observations are consistent with the theoretical

bound in Theorem in Section 4.1 which blows up as X — oo and as d — 0.



Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis aimed to:

e develop numerical methods for efficient calculation of integrals of the form

:/ e F(v)dv, p>0, (5.1)

—00

in the case when F'is analytic near the real line except for simple poles, and

provide new error estimates for such methods;

e implement these methods to treat the problem of computing the free space

quasi-periodic Green’s function in two dimensions.

In Chapter 2, building on the previous work of |17, [2], |26/ and [3] - see
Propositions and - we showed that the truncated midpoint rule can be
improved in terms of efficiency, in particular when simple poles of F' lie near the
real line, by including a correction factor based on a calculation of the residues of
F' at its poles (which lie inside the specified domain Sg). The resulting numerical
method was termed the modified truncated midpoint rule. Furthermore, Theorem

2.9 which is a new theorem, was proved, providing an error estimation when F is

117
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even and Assumption [2.1]is satisfied. This error estimate is given by

N 2/TMs(H, (N + 1)h)epH*=2nH/h
|E] < (1 = ez
(5.2)

where the various notations are as defined in (2.42), (2.43), and (2.41]) in Chapter
2.

In Chapter 3 we considered the problem of computing acoustic propagation
from an infinite array of line sources in free space. We showed a new integral
representation for the quasi-periodic Green’s function, given by , of the form
. We applied the numerical integration methods proposed in Chapter 2 to
this integral. The accuracy of the method is discussed in Section 3.4 (numerical
implementation) where we saw that 15-digit accuracy was achieved with a small
number of quadrature points N and a small value of M (e.g N = 20 and M = 4,
see Table . Also, for particular sets of test case parameter values suggested in
the review paper 28|, we compared our method with others such as the asymptotic
correction terms method, proposed in [30], and Ewald’s method, as discussed in [28|.
The results showed, in particular, that the efficiency of our method far surpasses
the asymptotic correction terms method’s efficiency.

The first section of Chapter 4 is concerned with theoretical error estimates for
the modified midpoint rule approximations to the quasi-periodic Green’s function
proposed in Chapter 3. Using the general Theorem , i.e., the inequality , we
proved as Theorem a rigorous bound on the actual error in our approximation.
We also in Chapter 4 tested our approximations more systematically by numerical
experiments over the full possible range of parameter values. It is clear from
Tables . T] and [£.2] that the modified truncated midpoint rule approximation is more

accurate and efficient than the standard truncated midpoint rule approximation.
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Clearly, we have achieved our objectives, and we are delighted to present a
new, robust, accurate, and efficient computation method for the 2D quasi-periodic

Green’s function.

5.2 Future work

There are many extensions that could be considered to the work that has been done
in this thesis. Firstly, in Chapter 2, in considering the modified midpoint rule for
integrals of the form , we have made the standing Assumption that the only
poles of the function F' that lie near the real axis are simple poles. The extension
of the methods of this thesis to higher order poles, while somewhat complicated, is
relatively clear, as indicated in Remark [2.2 A useful piece of additional research
would be to work this out in detail (cf. |7]). Much less clear, but important for many
applications, is the possibility of extension to the case where there are singularities
near the real axis that are not poles, notably branch point singularities (cf. the brief
discussion in [21]).

In Chapters 3 and 4 we talked about computing the quasi-periodic Green’s
function, i.e., computing the acoustic field due to an infinite array of line sources
in free space. This thesis showed that the quasi-periodic Green’s function can be
written as an integral of the form (b.1)), where F' is an analytic function except
for simple poles in a strip around the real line. The truncated modified midpoint
rule approximation can be used to approximate this quasi-periodic Green’s
function, and we have demonstrated by computations that this can be an effective
method. But it would be a useful extension to carry out further numerical investigations
of the methods that we have proposed, and further comparisons with the other
methods for computation of this Green’s function that we have cited from the

literature.
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Notably, at the end of Section 3.4.2 we have made some comparisons between

modified midpoint rule approximations that:

e Include a correction factor associated to just the nearest poles of F' to the real

axis;

e Include a correction factor associated to all the poles of the function F' that

lie within distance 0.9 of the real axis.

Based on limited examples our recommendation from these computations are that
there is no particular advantage to including all the poles within distance 0.9, it
is enough to construct the correction factor using just the (up to 4) nearest poles.
But, as we discussed at the end of Section 3.4.2, it would be good to carry out a
more thorough numerical investigation across a wider range of examples. Similarly,
following computations in Chapter 3 for the particular parameter combinations used
previously as test cases in the review paper 28|, in Section 4.2 we have carried out
more systematic testing over a wide range of parameter values, but it would be good
to repeat these using a finer discretisation grid to obtain a better approximation to
the true maximum error over the ranges of parameter values that we explored.

It would also be good, as further work, to apply the general methods and
analysis of Chapter 2 to other examples. One example of this sort would be to
apply the methods in Chapter 2 and Chapter 3 to the problem stated in [19], which
is the problem of propagation from an infinite array of coherent line sources above
an impedance plane. In particular |19, Eqs (20), (21)] provide a representation for
this Green’s function to which the methods and analysis of Chapters 2 and 3 may be
applicable. Indeed, the poles of this integrand in [19] are the poles of the integrand
in Chapter 3 plus a finite number of additional poles associated to the impedance

boundary condition.
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Appendix A

A.1 Python code for spatial representation

from scipy.special import hankell

from cmath import exp,sqrt

d=4

X=0

Y=0.01%d

k= 0.5

beta= sqrt(2)/d

N=5000

sum=0

for n in range(-N,N+1):
kr = k¥xsqrt(X#x2+(Y-n%d)*x2)
sum += hankel1(0, kr)xexp(ljxbetaxnxd)

6= (-1j%0.25)*sum

print("6=",6)

A.2 Python code for spectral representation

from cmath import exp,sqrt,pi

d=4

X=0

Y=0.04

k=0.5

beta=sqrt(2)/4

N=5000

sum=0

p=(2xpi)/d

for n in range(-N,N+1):
betal=beta+nxp
gamma=-1j*sqrt(kxx2-betal**2)
sum += exp(-gammaxabs(X))*exp(1j*xbetal*Y)/gamma

6=(-0.5%1/d)*sum

print("6=",6)

126



APPENDIX A.

A.3 Python codes part C

from cmath import sqrt,cos,exp,pi
from math import floor
from numpy.lib.scimath import *
from scipy.special import hankell
from MyFunctions import Hankelsum
d=4
k=0.5
beta=sqrt(2)/4
Y=0.04
X=0
N=10
M=3
RUHBH BRI
sumA=0
alpha=0.5
rho=kx(Mxd-Y)
h=sqrt(pi/(rhox(N+1)))
for j in range(-N,N+2):
v= ((j-alpha)*h)
a=exp(1j*(M-1)*(beta+k)*d)*xcos (kxvxXxsqrt (v¥*2-2%1j))

b=(exp (-1j*dx(beta+k)) -exp (-k#d*xvxx2) ) *xsqrt (vx2-2%1j)
sumA +=exp (-rhoxv**2)*(a/b)
print("h*sumA=", h*sumA)
E=1+beta/k
m=Ffloor (Exkxd/ (2%pi))
print('m="',m)
n=m
W1=E-2%pixn/(k*d)
print('wl=",wl)
s0=exp(1j*pi/4a)*sqrt(wl)
print('s0=",s0)
n=m+1
W2=E-2%pixn/(k*d)
print('w2=",w2)
sl=exp(1j*pi/4a)*sqrt(w2)
print('sl="',s1)
# calculation G1

76 ¥ 2

pl=cos(k*Xxsqrt(1j*wl)*sqrt(1j*wl-1j*2))*exp(2*1j*(pixs0/h+ pi/2))*exp(-rho*1j*wl)

fl=exp (-1jxk*d*wl)*sqrt(wl)*sqrt(1j*wl-1j*2)*(1-exp (2*x1j*(pi*s6/h+pi/2)))

p2=cos (k*Xxsqrt(1j*w2)*sqrt (1j*w2-1j*2))*exp (2*1j*(pixs1/h+pi/2))*exp(-rhox1j*w2)
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f2=exp (-1jxk*d*w2)*sqrt(w2)*sqrt(1j*w2-1j*2)*(1-exp (2*x1j*(pi*xsl/h+ 2 76 ¥ 2
61=((-2%1j*pixexp(1j*(M-1)*(beta+k)*d)) / (kxdxexp(1j*pi/4)))*(pl/f1+p2/F2)
print('61="',61)
B
sumB=0
rhol=kx (Y+Mxd)
hl=sqrt(pi/(rhol*(N+1)))
for j in range(-N,N+2):
v=((j-alpha)*hl)
al=exp(1j*(1-M)*(beta-k)*d)*cos(k¥Xxvxsqrt(vx*2-2%1j))
bl=(exp(1j*d*(beta-k))-exp(-kxd*(v¥*2)))*sqrt(vx*2-2%17)
sumB +=exp (-rhol#v**2)*(al/bl)
print("h*sumB=", h*sumB)
El=1-beta/k
ml=floor (Elxk*d/(2%pi))
print("m1=",m1)
n=ml
wa=E1-2xpi*n/(k*d)
s3= exp(1j*pi/4)*sqrt(wa)
print('wa="',wa)
n=ml+1 2 76 ¥ 2 A
wh=E1-2%pixn/(k*d) -
s4= exp(1j*pi/4)*sqrt(wb)
print('wb=", wb)
#calculate G2
p3=cos (k*X*sqrt(1j*wa)*sqrt(1j*wa-1j*2))*exp(2%1j*(pi*s3/h1+pi/2))*exp(-rhol*1lj*wa)
f3=exp (-1jxk*d*wa)*sqrt(wa)*sqrt(1j*wa-1j*2)*(1-exp (2*1j*(pi*s3/h1+pi/2)))
p4=cos (kxX*sqrt(1j*wb)*xsqrt(1j*wb-2%13))xexp ((2%x1j*(pi*s4/h1+pi/2)))*exp(-rholx1j*wb)
fa=exp (-1jxk*d*wb)*sqrt(wb)*sqrt(1j*wb-1j*2)*(1-exp (2*x1j*(pi*s4/h1l+pi/2)))
62= (-2%1j*pi%exp(1j*(1-M)*(beta-k)*d)/(kxd*exp(1j*pi/4)))*(p3/f3+pa/fa)
print('62=", 62)
H=(-1j%0.25)*Hankelsum(X,Y,k, beta,d,M-1)
Gappro =H-exp(-1j*k*Y)*(h*sumA+G1)/(2#pi)-exp(1j*k*Y)*(hlxsumB+G62)/(2xpi)
print("Gappro=",Gappro)
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