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Abstract
We determine the asymptotics of the block Toeplitz deter-
minants det 𝑇𝑛(𝜙) as 𝑛 → ∞ for 𝑁 ×𝑁 matrix-valued
piecewise continuous functions 𝜙 with a finitely many
jumps under mild additional conditions. In particular, we
prove that

det 𝑇𝑛(𝜙) ∼ 𝐺𝑛𝑛Ω𝐸 as 𝑛 → ∞,

where 𝐺, 𝐸, and Ω are constants that depend on the
matrix symbol 𝜙 and are described in our main results.
Our approach is based on a new localization theorem
for Toeplitz determinants, a new method of computing
the Fredholm index of Toeplitz operators with piecewise
continuous matrix-valued symbols, and other operator
theoreticmethods. As an application of our results, we con-
sider piecewise continuous symbols that arise in the study
of entanglement entropy in quantum spin chain models.
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1 INTRODUCTION

For amatrix-valued function𝜙 ∈ 𝐿∞(𝕋)𝑁×𝑁 defined on the unit circle𝕋 = {𝑧 ∈ ℂ ∶ |𝑧| = 1}with
Fourier coefficients 𝜙𝑗 , define the Toeplitz determinants 𝐷𝑛[𝜙] of the finite block Toeplitz matrix
𝑇𝑛(𝜙) by

𝐷𝑛[𝜙] = det 𝑇𝑛(𝜙) = det(𝜙𝑗−𝑘)
𝑛−1
𝑗,𝑘=0

, 𝑛 ∈ ℕ.

The asymptotic behavior of 𝐷𝑛[𝜙] as 𝑛 → ∞ is well understood when 𝜙 is sufficiently nice and
it is given by the well-known Szegő–Widom limit theorem, see [11, 32]. For symbols possessing
zeros, certain kinds of singularities, jump discontinuities, or having a nonzero winding number,
the large 𝑛 behavior of Toeplitz determinants is nearly completely understood only when 𝑁 = 1

and given by the Fisher–Hartwig asymptotics. For details we refer to [14, 16] and also to [10, 15]
for more general information.
This paper is concerned with the asymptotic behavior of block Toeplitz determinants with

Fisher–Hartwig symbols. Specifically we deal with the case of symbols with jump discontinu-
ities. Our approach is based in part on the localization or separation theorem [6] which states that
when the symbols 𝜙 and 𝜓 do not have common singularities and satisfy certain invertibility and
smoothness criteria off the singularites, then

lim
𝑛→∞

𝐷𝑛[𝜙𝜓]

𝐷𝑛[𝜙]𝐷𝑛[𝜓]
= det

(
𝑇−1(𝜙)𝑇(𝜙𝜓)𝑇−1(𝜓)

)(
𝑇−1(𝜙̃)𝑇(𝜙𝜓)𝑇−1(𝜓̃)

)
.

In the above, 𝑇(𝜙) is the semi-infinite Toeplitz operator defined on 𝓁2(ℤ+)
𝑁 , ℤ+ = {0, 1, … } with

matrix entry 𝜙𝑗−𝑘 and 𝜙̃(𝑒𝑖𝜃) = 𝜙(𝑒−𝑖𝜃). The localization theorem proved useful because if one
could find a canonical symbol that possessed one jump singularity and such that the determinant
asymptotics were known for the canonical symbol, then the asymptotics could be constructed for
an arbitrary symbol with a finite number of jumps by applying it to a pair of symbols with disjoint
singularities and then by repeatedly adding another canonical factor.
It might seem that this idea should easily transform to the matrix-valued symbol case. How-

ever, the localization theorem requires at each step that certain semi-infinite Toeplitz operators
be invertible. In the scalar case this is not an issue. This is because in the scalar case, if two invert-
ible Toeplitz operators have bounded symbols that have disjoint singularities, then the Toeplitz
operator with the product symbol is also invertible. However in the block case, one can only say
that the resulting operator is Fredholm with index zero.
Thus a new version of the localization theorem needs to be proved that does not require the

same invertibility conditions. This is what will be done in this paper. With the new version and
under appropriate conditions on 𝜙 we prove that

𝐷𝑛[𝜙] ∼ 𝐺𝑛 𝑛Ω𝐸, as 𝑛 → ∞, (1.1)

where 𝐺, 𝐸, and Ω are constants that depend on 𝜙 and can be described. Our main results
require some preparations and will be stated Section 2, where we also provide some comments
on the constant 𝐸. Some auxiliary results and their proofs, definitions such as 𝐼-regularity and
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122 BASOR et al.

𝐼-winding number, and operator theoretic preliminaries will be given in Section 3. The proofs of
the main results are given in Sections 4 and 5, which is followed by a brief discussion of a possible
alternate approach based on Widom’s perturbation result [30] and some open problems in
Section 5.4. Examples that illustrate our results will be given in Section 6.
In order to put our result into context, let us first recall a version of the Szegő–Widom theorem.

Therein 𝐹 = 𝑊 ∩ 𝐹𝓁2,2
1∕2,1∕2

stands for the set of all functions 𝑎 ∈ 𝐿1(𝕋) with Fourier coefficients
𝑎𝑛 satisfying

‖𝑎‖𝐹 ∶= ∞∑
𝑛=−∞

|𝑎𝑛| +( ∞∑
𝑛=−∞

|𝑛| ⋅ |𝑎𝑛|2)1∕2

< ∞.

Theorem 1.1 (Szegő–Widom). Let 𝜙 ∈ 𝐹𝑁×𝑁 be such that the determinant det 𝜙(𝑡) does not vanish
on all of 𝕋 and has winding number zero. Then

lim
𝑛→∞

det 𝑇𝑛(𝜙)

𝐺[𝜙]𝑛
= det 𝑇(𝜙)𝑇(𝜙−1),

where the right hand side is a well-defined operator determinant and

𝐺[𝜙] = exp

(
1

2𝜋 ∫
2𝜋

0

(log det 𝜙)(𝑒𝑖𝑥) 𝑑𝑥

)
(1.2)

in which log det 𝜙 is continuous on 𝕋.

Besides the original references of [29, 31, 32] a slightly different operator-theoretic proof can be
found in [11, sect. 10.25–10.32]. We remark that if both 𝑇(𝜙) and 𝑇(𝜙−1) are invertible, the proof
is easier than in the general case where the stated assumption on det 𝜙(𝑡) is equivalent to both
𝑇(𝜙) and 𝑇(𝜙−1) being Fredholm operators with index zero (see also Theorem 2.1 below). Notice
also that under the stronger assumption the Szegő–Widom theorem follows immediately from
the Geronimo-Case-Borodin-Okounkov formula (see [11, sect. 10.40] and the references therein).
Another proof based on a different approach which uses Banach algebras is given in [17]. We
remark that the class 𝐹 considered above can be replaced by more general classes such as Krein
algebras. Furthermore, in the scalar case (𝑁 = 1) a multitude of different proofs of the classical
Szegő Limit Theorem exist.
Let us now briefly recall what is known about the asymptotics of the determinants det 𝑇𝑛(𝜙)

for scalar (𝑁 = 1) symbols 𝜙with jump discontinuities. We assume that the symbol is represented
as a product

𝜙(𝑡) = 𝜙0(𝑡)

𝑅∏
𝑘=1

𝑢𝛽𝑘,𝜏𝑘 (𝑡) (1.3)

where 𝜙0 is a sufficiently smooth nonvanishing function on 𝕋with winding number zero, and the
functions 𝑢𝛽,𝜏 having a single jump at 𝑡 = 𝜏 are defined by

𝑢𝛽,𝜏(𝑡) = (−𝑡∕𝜏)
𝛽
= exp(𝑖𝛽 arg(−𝑡∕𝜏)), 𝑡 ∈ 𝕋, (1.4)
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 123

with |arg( ⋅ )| < 𝜋. The numbers 𝜏1, … , 𝜏𝑅 ∈ 𝕋 are distinct, and 𝛽1, … , 𝛽𝑅 ∈ ℂ are the jump param-
eters. The Fisher–Hartwig type asymptotics for the determinants det 𝑇𝑛(𝜙) is given by (1.1) with
the constant 𝐺 = 𝐺[𝜙0] defined in (1.2),

Ω = −

𝑅∑
𝑘=1

𝛽2
𝑘

and a more complicated but explicit constant 𝐸 ≠ 0. More specifically, in the case of multiple
jumps these asymptotics were first proved [5] under the assumption

(a) Re 𝛽𝑘 = 0 for all 1 ≤ 𝑘 ≤ 𝑅.

This condition was soon replaced [6, 8, 9] by the weaker assumption

(b) |Re 𝛽𝑘| < 1∕2 for all 1 ≤ 𝑘 ≤ 𝑅.

Finally, it was proved [16] that the asymptotics are valid even under the condition

(c) |Re 𝛽𝑘 − Re 𝛽𝑗| < 1 and 𝛽𝑘 ∉ ℤ ⧵ {0} for all 1 ≤ 𝑗, 𝑘 ≤ 𝑅.

This last condition on the parameters is sharp. Indeed, if merely |Re 𝛽𝑘 − Re 𝛽𝑗| ≤ 1 is assumed
and equality is attained for at least some 𝑗, 𝑘, then the Fisher–Hartwig asymptotics breaks down
and a generalized asymptotic formula has been proved [14]. Let us also remark that before the
general case (c) was established, the following modifications of (b),

(b1) 0 ≤ Re 𝛽𝑘 < 1 for all 1 ≤ 𝑘 ≤ 𝑅,
(b2) −1 < Re 𝛽𝑘 ≤ 0 for all 1 ≤ 𝑘 ≤ 𝑅,

have been dealt with by similar techniques [7].
Our main results concern the block case of Fisher–Hartwig symbols with jump discontinu-

ities. The assumptions we need to impose correspond in the scalar case to condition (b) above.
Therefore, while this covers a broad situation, it is not the most general case for which the
results can be expected to hold. Perhaps cases corresponding to (b1) or (b2) can be established
by slightly modifying our method, but what corresponds to case (c) or to the generalized Fisher–
Hartwig asymptotics (aka the Basor–Tracy asymptotics) is considerably more challenging and
seems currently out of reach.
As far as the authors are aware of, no general results for Fisher–Hartwig type symbols in the

block case are known up to now. It is possible that for very specific block symbols some results
have been obtained in the literature. For instance, the work of [2, 3] to be discussed below con-
tains non-rigorous results for particular block jump symbols. There are some cases that be can be
trivially reduced to the scalar case, for example, if the symbol can be transformed into to block
triangular matrix functions by (left/right) multiplication with nonsingular constant matrices.
Let us also note that for piecewise continuous symbols, it is quite obvious what kind of sym-
bols are their generalization to the block case. However, it is less clear what should constitute
the block analogue of general Fisher–Hartwig type symbols or even symbols that only involve
zero/pole-type singularities.
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124 BASOR et al.

1.1 Application: Entanglement entropy

In many instances entanglement entropy of various quantum spin chain models, such as the
XX, XY and Ising chains, can be computed using the Szegő–Widom limit theorem or determi-
nants involving Toeplitz matrices generated by 2 × 2 matrix-valued symbols that possess jump
discontinuities. The former, when the smooth symbol is matrix-valued, still requires the com-
putation of the constant in the expansion that is known only in rare cases, such as those of Its
et al. [24], inwhich the authors compute the vonNeumann entropy of entanglement of the ground
state of a wide family of one-dimensional quantum spin chain models (incl. the XX and the XY
models).
Jin and Korepin [25] were the first to rigorously compute the von Neumann entropy of the

ground state of the XXmodel, and in particular showed that the entropy grows like 1

3
log 𝐿 (where

𝐿 is the length of the chain) at a phase transition using the asymptotics of Toeplitz determi-
nants with piecewise continuous scalar-valued symbols. Toeplitz determinants with non-singular
matrix-valued symbols first appeared in the computation of the entropy of the XY model in [23]
and other more general one-dimensional models in [24].
The basic idea of how Toeplitz determinants enter the study of entanglement is as follows.

Consider the Hamiltonian

𝐻𝛼 = −
𝛼

2

∑
0≤𝑗≤𝑘≤𝑀−1

(
(𝐴𝑗𝑘 + 𝛾𝐵𝑗𝑘)𝜎

𝑥
𝑗
𝜎𝑥
𝑘
+ (𝐴𝑗𝑘 − 𝛾𝐵𝑗𝑘)𝜎

𝑦
𝑗
𝜎
𝑦

𝑘

) 𝑘−1∏
𝑙=𝑗+1

𝜎𝑧
𝑙
−

𝑀−1∑
𝑗=0

𝜎𝑧
𝑗
, (1.5)

where 𝜎𝑥
𝑗
, 𝜎

𝑦
𝑗
, 𝜎𝑧

𝑗
stand for the Pauli matrices which describe spin operators on the 𝑗th lattice site

of a chain with 𝑀 sites, 𝐴 is symmetric, 𝐵 is antisymmetric, and both are translation-invariant.
We note that this generalizes the XY model whose Hamiltonian is given by

𝐻XY
𝛼 = −

𝛼

2

𝑀−1∑
𝑗=0

(
(1 + 𝛾)𝜎𝑥

𝑗
𝜎𝑥
𝑗+1

+ (1 − 𝛾)𝜎
𝑦
𝑗
𝜎
𝑦
𝑗+1

)
−

𝑀−1∑
𝑗=0

𝜎𝑧
𝑗
, (1.6)

where 𝛾 ∈ [0, 1]. Further, when 𝛾 = 0, (1.6) provides the Hamiltonian of the XX model. We also
remark that at the critical value 𝛼 = 1, the XYmodel undergoes a phase transition. Going back to
the Hamiltonian in (1.5), if we divide the system into two subchains, denoting the part containing
the first 𝐿 spins by 𝐴 and the second part containing the remaining 𝑀 − 𝐿 spins by 𝐵 with 1 ≪
𝐿 ≪ 𝑀, then the von Neumann entropy 𝑆(𝜌𝐴) is given by

𝑆(𝜌𝐴) = − trace 𝜌𝐴 log 𝜌𝐴, (1.7)

where 𝜌𝐴 = trace𝐵 𝜌𝐴𝐵 and 𝜌𝐴𝐵 = |Ψ𝑔⟩⟨Ψ𝑔|. It turns out that (see, e.g., [24])
𝑆(𝜌𝐴) = lim

𝜖→0

1

4𝜋𝑖 ∫Γ(𝜖) 𝑒(1 + 𝜖, 𝜆)
𝑑 log𝐷𝐿(𝜆)

𝑑𝜆
𝑑𝜆, (1.8)

where Γ(𝜖) is the contour depicted in Figure 1 and oriented counterclockwise,
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 125

F IGURE 1 The contour Γ(𝜖) of the integral in (1.8).

𝑒(𝑥, 𝑦) = −
𝑥 + 𝑦

2
log

(𝑥 + 𝑦

2

)
−
𝑥 − 𝑦

2
log

(𝑥 − 𝑦

2

)
,

and 𝐷𝐿(𝜆) is the Toeplitz determinant of some symbol 𝜙 depending on the model.
In the XX model, 𝜙 is a scalar symbol and the standard theory of Toeplitz determinants apply.

In the 𝑋𝑌 model, the symbol is matrix-valued and given by

𝜙(𝜃) =

(
𝑖𝜆 𝑔(𝜃)

−𝑔(𝜃)−1 𝑖𝜆

)
, (1.9)

where

𝑔(𝜃) =
𝛼 cos 𝜃 − 1 − 𝑖𝛾 sin 𝜃|𝛼 cos 𝜃 − 1 − 𝑖𝛾 sin 𝜃| .

In [23] and [24], the entropy of the XY model and its generalization, respectively, is computed
using the Szegő–Widom limit theorem (1.1) when 𝜙 in (1.9) is sufficiently nice. However, in crit-
ical cases, such as when 𝛼 = 1, the matrix-valued symbol 𝜙 has jumps and the Szegő–Widom
limit theorem no longer applies. This motivates the study of the asymptotics of Toeplitz determi-
nants with piecewise continuous matrix-valued symbols, which we have initiated in this work
and in particular we discuss the specific results in the next section. Further, as will be dis-
cussed in Section 6, our results cover the critical case 𝛼 = 1, providing the asymptotics of 𝐷𝐿(𝜆)
in (1.8) when 𝜆 ∉ [−1, 1], and pave the way for further study in this direction. It is also worth
noting that when the chain is non-contiguous, as in [12], for example, it is no longer possi-
ble to deduce the study of the asymptotics of Toeplitz determinants directly and instead one
needs to deal with certain block structures where, nevertheless, Toeplitz matrices with piece-
wise continuous matrix-valued symbols still appear but they are not in the scope of our present
work.
In a related work of Ares et al. [2] the authors consider the Rényi entanglement entropy for

quadratic spinless fermionic chains with complex finite-range interactions, which leads to the
asymptotic study of Toeplitz determinants with piecewise continuous matrix-valued symbols.
More precisely, their work includes the study of quantum spin chain models with Dzyaloshinski-
Moriya coupling and a Kitaev fermionic chain with long-range pairing. As in the previous works
discussed above, a formula similar to (1.8) is used to compute the entropy 𝑆𝛼(𝑋) of the subsystem
𝑋with a particular choice of the Toeplitz determinant𝐷𝑋(𝜆), where 𝛼 ∈ [0, 1) and the limit 𝛼 → 1

provides the von Neumann entropy discussed above. More precisely, in [2], it is argued that the
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126 BASOR et al.

entropy is given by

𝑆𝛼(𝑋) = lim
𝜖→0

1

4𝜋𝑖 ∫Γ 𝑓𝛼(1 + 𝜖, 𝜆)
𝑑 log𝐷𝑋(𝜆)

𝑑𝜆
𝑑𝜆, (1.10)

where

𝑓𝛼(𝑥, 𝑦) =
1

1 − 𝛼
log

[(𝑥 + 𝑦

2

)𝛼
+
(𝑥 − 𝑦

2

)𝛼]
andΓ is similar to the contour of integration in (1.8)—we omit the full details and instead focus our
attention on the block Toeplitz matrix 𝐷𝑋(𝜆) that appear in (1.10). Indeed, in Section 6, we write
down thematrix symbol in (6.2) and then proceed to analyze the corresponding asymptotics using
our main results. It turns out that our findings are indeed in agreement with those obtained less
rigorously in [2].

2 BASIC DEFINITIONS AND STATEMENT OF THEMAIN RESULTS

We denote by (𝓁2)𝑁 = 𝓁2(ℤ+)
𝑁 the space of all ℂ𝑁-valued sequences {𝑥𝑛}∞𝑛=0 equipped with

the usual 2-norm, which can be identified with direct sum of 𝑁 copies of 𝓁2(ℤ+). Likewise,
𝐿∞(𝕋)𝑁×𝑁 stands for the space of all essentially bounded ℂ𝑁×𝑁-valued functions on 𝕋, which
can be identified with the space of all 𝑁 ×𝑁 matrices with entries from 𝐿∞(𝕋).
Given a bounded symbol 𝑎 ∈ 𝐿∞(𝕋)𝑁×𝑁 , the Toeplitz operator 𝑇(𝑎) and Hankel operator𝐻(𝑎)

are the bounded linear operators defined on (𝓁2)𝑁 via the matrix representations

𝑇(𝑎) = (𝑎𝑗−𝑘), 0 ≤ 𝑗, 𝑘 < ∞,

and

𝐻(𝑎) = (𝑎𝑗+𝑘+1), 0 ≤ 𝑗, 𝑘 < ∞.

Therein,

𝑎𝑘 =
1

2𝜋 ∫
2𝜋

0

𝑎(𝑒𝑖𝜃)𝑒−𝑖𝑘𝜃 𝑑𝜃, 𝑘 ∈ ℤ,

are the (matrix) Fourier coefficients 𝑎𝑘 ∈ ℂ𝑁×𝑁 of the function 𝑎.
Throughout this paper, let Γ = {𝜏1, … , 𝜏𝑅} ⊂ 𝕋 be set of 𝑅 distinct points taken from the unit

circle. We allow the case of 𝑅 = 0, that is, Γ = ∅.
Let 𝑃𝐶(𝕋; Γ) stand for the set of piecewise continuous functions 𝜙 ∶ 𝕋 → ℂ which are contin-

uous on 𝕋 ⧵ Γ. In other words, 𝜙 can have only jump discontinuities at the finitely many points
𝜏1, … , 𝜏𝑅 ∈ 𝕋. For the one-sided limits at the jumps we will use the notation

𝜙(𝑡 ± 0) = lim
𝜃→+0

𝜙(𝑡𝑒±𝑖𝜃).

Let 𝐼 ⊂ ℝ be a subset with the property that it does not contain two numbers whose difference
is a nonzero integer. In this paper, only the case of the open interval 𝐼 = (−1∕2, 1∕2) is of interest
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 127

to us. The consideration of the general setting here comes with no extra effort and might prove
useful in dealing with other cases of the determinant asymptotics elsewhere.
We call the function 𝜙 ∈ 𝑃𝐶(𝕋; Γ)𝑁×𝑁 𝐼-regular if

(a) 𝜙(𝑡) is invertible for all 𝑡 ∈ 𝕋 ⧵ Γ,
(b) for each 1 ≤ 𝑘 ≤ 𝑅, both 𝜙(𝜏𝑘 + 0) and 𝜙(𝜏𝑘 − 0) are invertible matrices,
(c) for each 1 ≤ 𝑘 ≤ 𝑅, one can choose the matrix logarithm

𝐿𝑘 =
1

2𝜋𝑖
log

(
𝜙(𝜏𝑘 + 0)−1𝜙(𝜏𝑘 − 0)

)
(2.1)

such that the real parts of all of its eigenvalues lie in 𝐼.

The above condition on 𝐼 guarantees that the𝐿𝑘’s are uniquely determined. Therefore, it is possible
to define the 𝐼-winding number of an 𝐼-regular function 𝜙,

wind(𝜙; 𝐼) = −

𝑅∑
𝑘=1

trace(𝐿𝑘) +
1

2𝜋𝑖

𝑅∑
𝑘=1

[
Δ log det 𝜙(𝑡)

]𝜏𝑘+1−0
𝑡=𝜏𝑘+0

. (2.2)

Here, 𝜏𝑅+1 = 𝜏1, and Δ(… ) denotes the continuous increment of the (continuous) logarithm of
the determinant on the arc (𝜏𝑘, 𝜏𝑘+1). Only for the sake of this definition we assume that 𝜏1, … , 𝜏𝑅
appear in this order on the unit circle, that is, 𝜏1 = 𝑒𝑖𝜃1 , … , 𝜏𝑅 = 𝑒𝑖𝜃𝑅 with 0 ≤ 𝜃1 < ⋯ < 𝜃𝑅 < 2𝜋.
For a continuous non-vaninishing scalar function 𝑐 ∈ 𝐶(𝕋), the (usual) winding number is

defined by

wind(𝑐) =
1

2𝜋𝑖

[
Δ log 𝑐(𝑒𝑖𝜃)

]2𝜋
𝜃=0

. (2.3)

In the case 𝑅 = 0 (i.e., Γ = ∅) the definition (2.2) comes down to

wind(𝜙; 𝐼) = wind(det 𝜙),

that is, the 𝐼-winding number of the (continuous and invertible) matrix function 𝜙(𝑡) equals the
winding number of its determinant det 𝜙(𝑡).
Basic properties regarding the notions of 𝐼-regularity and the 𝐼-winding number will be

established in Section 3.1.
The following theorem, which will be proved in Section 3.2, establishes the equivalence of four

conditions. These conditions (with 𝜘 = 0) will appear as the regularity assumption in our main
results.

Theorem 2.1. Let 𝐼 = (−1∕2, 1∕2), 𝜘 ∈ ℤ, and 𝜙 ∈ 𝑃𝐶(𝕋; Γ)𝑁×𝑁 . Then the following conditions
are equivalent:

(i) 𝑇(𝜙) is Fredholm on (𝓁2)𝑁 with index ind 𝑇(𝜙) = −𝜘 .
(ii) 𝑇(𝜙̃) is Fredholm on (𝓁2)𝑁 with index ind 𝑇(𝜙̃) = 𝜘 .
(iii) 𝜙 is 𝐼-regular and 𝜘 = wind(𝜙; 𝐼).
(iv) 𝜙 is 𝐼-regular and 𝜘 = wind(𝑐).
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128 BASOR et al.

Therein, 𝑐 is the continuous and nonvanishing function on 𝕋 defined by

𝑐(𝑡) =
det 𝜙(𝑡)∏𝑅

𝑘=1
𝑢𝛽𝑘,𝜏𝑘 (𝑡)

(2.4)

with 𝛽𝑘 = trace 𝐿𝑘 and the 𝐿𝑘 ’s given by (2.1), and the functions 𝑢𝛽,𝜏 are defined in (1.4).

Let us remark that if 𝜙 is invertible in 𝐿∞(𝕋)𝑁×𝑁 , then in condition (ii) the operator 𝑇(𝜙̃) can
be replaced by the operator 𝑇(𝜙−1) (see Proposition 3.10).
This theorem rephrases the well-known criteria for Fredholmness of block Toeplitz operators

on (𝓁2)𝑁 with piecewise continuous symbols in terms of 𝐼-regularity in the case of finitely many
jump discontinuities. More importantly, it provides an explicit way to determine the Fredholm
index either via the 𝐼-winding number in (iii) or via the winding number of a scalar function in
(iv).
We are aware of two further, but different approaches to compute the Fredholm index

of the block Toeplitz operator with piecewise continuous matrix symbol. One, which is
somewhat similar, can be found in the monograph by Gohberg, Goldberg, Kaashoek [20,
sect. XXV.3]. Another one, which can be applied to to a much larger class of symbols but
is perhaps less explicit, is based on approximate identities. It can be found in the mono-
graph by Böttcher and Silbermann [11, sect. 4.27–4.31] (see also the references and comments
therein).
To specify the smoothness condition in our main results we introduce two classes of functions,

which generalize the familiar class 𝐶1+𝜀(𝕋) of differentiable functions with a Hölder–Lipschitz
continuous derivative of order 0 < 𝜀 < 1.

Definition 2.2. Let 𝑃𝐶1+𝜀(𝕋; Γ) stand for the set of all functions 𝑎 ∈ 𝑃𝐶(𝕋; Γ) for which 𝑎 is
continuously differentiable on 𝕋 ⧵ Γ and has a derivative satisfying a Hölder–Lipschitz condi-
tion of order 𝜀 > 0 on each arc (𝜏𝑘, 𝜏𝑘+1), 1 ≤ 𝑘 ≤ 𝑅 with 𝜏𝑅+1 = 𝜏1. Here, as before, 𝜏1, … , 𝜏𝑅
appear in this order on the unit circle, that is, 𝜏1 = 𝑒𝑖𝜃1 , … , 𝜏𝑅 = 𝑒𝑖𝜃𝑅 with 0 ≤ 𝜃1 < ⋯ < 𝜃𝑅 < 2𝜋.
Furthermore, let

𝐶1+𝜀pw (𝕋; Γ) = 𝑃𝐶1+𝜀(𝕋; Γ) ∩ 𝐶(𝕋), (2.5)

which is the class of continuous functions with a piecewise Hölder-Lipschitz derivative.

Both 𝑃𝐶1+𝜀(𝕋; Γ) and 𝐶1+𝜀pw (𝕋; Γ) are Banach algebras with the norm

‖𝑎‖ = ‖𝑎‖∞ +

𝑅∑
𝑘=1

sup
𝜃𝑘<𝑥<𝑦<𝜃𝑘+1

|𝑎′(𝑒𝑖𝑥) − 𝑎′(𝑒𝑖𝑦)||𝑥 − 𝑦|𝜀 ,

where 𝜃𝑅+1 = 𝜃1 + 2𝜋.
For a matrix 𝐵 ∈ ℂ𝑁×𝑁 introduce the piecewise continuousmatrix function with a single jump

discontinuity at 𝜏 ∈ 𝕋 by

𝑢𝐵,𝜏(𝑡) = (−𝑡∕𝜏)𝐵 = exp(𝑖𝐵 arg(−𝑡∕𝜏)), 𝑡 ∈ 𝕋. (2.6)
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 129

Here |arg(⋅)| < 𝜋. The function 𝑢𝐵,𝜏 is the matrix analogue of the scalar function 𝑢𝛽,𝜏 defined in
(1.4).
Ourmain results concerning the asymptotics of det 𝑇𝑛(𝜙) for piecewise continuousmatrix sym-

bols𝜙 are as follows.Note that the description of the asymptotics requires a product representation
of the symbol 𝜙 which is the matrix analogue of (1.3). The existence of this representation will
therefore be part of the theorem.

Theorem 2.3. Let 𝜙 ∈ 𝑃𝐶1+𝜀(𝕋; Γ)𝑁×𝑁 . Assume that one (hence all) of the equivalent conditions
(i)–(iv) in Theorem 2.1 hold with 𝜘 = 0. Then 𝜙 admits a unique representation of the form

𝜙(𝑡) = 𝜙0(𝑡)𝜙1(𝑡)⋯𝜙𝑅(𝑡) (2.7)

where 𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 is an invertible function with wind(det 𝜙0) = 0 and

𝜙𝑘(𝑡) = 𝑢𝐵𝑘,𝜏𝑘 (𝑡), 1 ≤ 𝑘 ≤ 𝑅,

with the matrices 𝐵𝑘 ∈ ℂ𝑁×𝑁 having the property that the real parts of all their eigenvalues
𝛽
(1)
𝑘
, … , 𝛽

(𝑁)
𝑘

are contained in the interval 𝐼 = (−1∕2, 1∕2).
Moreover,

lim
𝑛→∞

det 𝑇𝑛(𝜙)

𝐺𝑛𝑛Ω
= 𝐸, (2.8)

where

𝐺 =exp

(
1

2𝜋 ∫
2𝜋

0

(log det 𝜙0)(𝑒
𝑖𝑥) 𝑑𝑥

)
, (2.9)

Ω = −

𝑅∑
𝑘=1

𝑁∑
𝑗=1

(𝛽
(𝑗)

𝑘
)2, (2.10)

𝐸 =

𝑅∏
𝑘=1

𝑁∏
𝑗=1

𝐺(1 + 𝛽
(𝑗)

𝑘
) 𝐺(1 − 𝛽

(𝑗)

𝑘
)

× det
(
𝑇(𝜙)𝑇(𝜙𝑅)

−1 ⋯𝑇(𝜙1)
−1𝑇(𝜙−11 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1)

)
. (2.11)

As will be seen below (see Proposition 3.2 and formula (3.2)) the matrices 𝐵𝑘 are similar to the
matrices 𝐿𝑘. However, due to non-commutativity in the block case, they are in general not equal
to each other except for the last ones, 𝐵𝑅 = 𝐿𝑅.
Note that the first part of the constant 𝐸 features the Barnes 𝐺-function, an entire function

defined by

𝐺(1 + 𝑧) = (2𝜋)𝑧∕2𝑒−(𝑧+1)𝑧∕2−𝛾𝐸𝑧
2∕2

∞∏
𝑘=1

((
1 +

𝑧

𝑘

)𝑘
𝑒−𝑧+𝑧

2∕(2𝑘)

)
(2.12)

with 𝛾𝐸 being Euler’s constant. Note that this part of the constant 𝐸 is always nonzero under
our assumptions.
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130 BASOR et al.

The second part of the constant 𝐸 is a well-defined operator determinant, that is, it is the deter-
minant of an operator of the form identity plus a trace class operator. In particular, the Toeplitz
operators 𝑇(𝜙𝑘) and 𝑇(𝜙−1𝑘 ), 1 ≤ 𝑘 ≤ 𝑅, appearing therein are invertible. Note that 𝑇(𝜙0) and
𝑇(𝜙−10 ) do not occur in the product. In fact, it need not be the case that 𝑇(𝜙0), 𝑇(𝜙−10 ), 𝑇(𝜙), or
𝑇(𝜙−1) are invertible. Our assumptions only imply that these four operators are Fredholm oper-
ators with index zero. To see this we can refer to Theorem 2.1 and Proposition 3.10 below. It is
therefore possible that the operator-determinant (and hence the constant 𝐸) is zero, namely when
𝑇(𝜙) or 𝑇(𝜙−1) is not invertible.
In the case of no jump discontinuities (i.e., 𝑅 = 0 and Γ = ∅) the previous theorem comes of

course down to the Szegő–Widom limit theorem. Already in this case, no other general explicit
expression is known for the operator determinant in the constant 𝐸 in the block case (𝑁 ≥ 2).
For certain very special classes the computation of 𝐸 can be done, such as for the smooth matrix-
valued symbol discussed above in (1.9) with 𝛼 < 1 an expression was found using rather involved
computations and Riemann–Hilbert analysis in [24]. See also [15, sect. 10] for a review of some
situations where effective evaluations have been obtained.
If one is not interested in the description of 𝐸, the formulation of the main result can be sim-

plified. One does not need the product representation (2.7) and the expressions for the constants
𝐺 and Ω can be stated differently.

Corollary 2.4. Let 𝜙 ∈ 𝑃𝐶1+𝜀(𝕋; Γ)𝑁×𝑁 . Assume that one (hence all) of the equivalent conditions
(i)–(iv) in Theorem 2.1 hold with 𝜘 = 0. Then the asymptotics (2.8) holds with the constants

𝐺 = exp

(
1

2𝜋 ∫
2𝜋

0

(log 𝑐)(𝑒𝑖𝑥) 𝑑𝑥

)
, (2.13)

Ω = −

𝑅∑
𝑘=1

trace
(
(𝐿𝑘)

2
)
, (2.14)

where the 𝐿𝑘 ’s are given by (2.1) and the function 𝑐 is defined in (2.4).
Moreover, the constant 𝐸 is nonzero if and only if both operators 𝑇(𝜙) and 𝑇(𝜙−1) are invertible

on (𝓁2)𝑁 .

Remark 2.5. It is clearly desirable to know whether the constant 𝐸 vanishes or not, since only if it
is nonzero the actual asymptotic behavior of det 𝑇𝑛(𝜙) is given by (2.8). We will mention here two
sufficient conditions for the invertibility of 𝑇(𝜙) on (𝓁2)𝑁 .
If𝜙 ∈ (𝐿∞(𝕋))𝑁×𝑁 is sectorial, then𝑇(𝜙) is invertible on (𝓁2)𝑁 . The function𝜙(𝑡) being sectorial

means that there exist invertible matrices 𝐵, 𝐶 ∈ ℂ𝑁×𝑁 and some 𝛿 > 0 such that

Re ⟨𝐵𝜙(𝑡)𝐶𝑥, 𝑥⟩ ≥ 𝛿‖𝑥‖2
for all 𝑥 ∈ ℂ𝑁 and for a.e. 𝑡 ∈ 𝕋. Here the Euclidean inner product and norm inℂ𝑁 are used. This
condition is equivalent to the existence of (possibly different) invertible 𝐵, 𝐶 ∈ ℂ𝑁×𝑁 and 𝛿 > 0

such that

‖𝐼𝑁 − 𝐵𝜙(𝑡)𝐶‖ℂ𝑁×𝑁 ≤ 1 − 𝛿

for a.e. 𝑡 ∈ 𝕋. For details on the notion of sectoriality and its generalizations we refer to [11,
sect. 3.1]. Notice that for instance, strictly positive definite matrix functions 𝜙 are sectorial.
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 131

The other, somewhat peculiar sufficient condition we want to mention is the following. If the
symbol 𝜙 ∈ (𝐿∞(𝕋))𝑁×𝑁 satisfies the condition

(𝜙(𝑡))∗𝜙(𝑡−1) = 𝐼𝑁, for a.e. 𝑡 ∈ 𝕋,

then the kernel of both 𝑇(𝜙) and its adjoint (𝑇(𝜙))∗ on (𝓁2)𝑁 are trivial. Here (𝜙(𝑡))∗ = (𝜙(𝑡))𝑇 is
the complex adjoint function. This result is due to Voronin [28] (see also [18] for further details and
generalizations). If, in addition, 𝑇(𝜙) is Fredholm, then we can conclude that 𝑇(𝜙) is invertible
on (𝓁2)𝑁 . Note that Fredholm criteria are known for piecewise continuous functions 𝜙.

3 PRELIMINARIES AND AUXILIARY RESULTS

3.1 Properties of I-regularity and I-winding number

Recall that the notions of 𝐼-regularity and the 𝐼-winding number have been defined in Section 2
for functions 𝜙 ∈ 𝑃𝐶(𝕋; Γ)𝑁×𝑁 , see in particular (2.1) and (2.2). Here 𝐼 ⊂ ℝ is a subset with the
property that it does not contain any two numbers whose difference is a nonzero integer. In this
paper, only 𝐼 = (−1∕2, 1∕2) is of interest. The basic result about these notions are stated next.

Proposition 3.1. Let 𝜙 ∈ 𝑃𝐶(𝕋; Γ)𝑁×𝑁 . Then

(i) wind(𝜙; 𝐼) is a well-defined integer for any 𝐼-regular function 𝜙.

If 𝐼 is an open set, then

(ii) wind(𝜙; 𝐼) is invariant under continuous deformations of 𝐼-regular functions.

If 0 ∈ 𝐼, then

(iii) wind(𝜙1𝜙2; 𝐼) = wind(𝜙1; 𝐼) + wind(𝜙2; 𝐼) provided 𝜙1 and 𝜙2 are 𝐼-regular functions having
no discontinuities in common,

(iv) every invertible 𝜙 ∈ 𝐶(𝕋)𝑁×𝑁 is 𝐼-regular and

wind(𝜙; 𝐼) = wind(det 𝜙),

that is, the 𝐼-winding number of 𝜙 coincides with the usual winding number (2.3) of the scalar
function det 𝜙.

Proof. (i): It is straightforward to show that the exponential of 2𝜋𝑖 times (2.2) evaluates to one.
Note that the matrix logarithms and the continuous increments are uniquely defined.
(ii): All quantities entering (2.2), in particular the matrix logarithms, depend continuously on

𝜙 in the 𝐿∞-norm if 𝐼 is open. Notice that this is no longer the case if we consider, for example,
the half-open interval [−1∕2, 1∕2).
(iii): The second term in (2.2) obviously splits additively if we apply it to the product 𝜙1𝜙2. In

view of the first term, let 𝐿𝑘 be the matrix (2.1) for the product 𝜙1𝜙2, and let 𝐿
(1)
𝑘

and 𝐿(2)
𝑘

be the
corresponding matrices for 𝜙1 and 𝜙2. Assume that, say, 𝜙1 is continuous at 𝜏𝑘. Then 𝐿

(1)
𝑘

= 0
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132 BASOR et al.

because 0 ∈ 𝐼 and the matrices 𝐿𝑘 and 𝐿
(2)
𝑘

are similar to each other. This implies that trace 𝐿𝑘 =
trace 𝐿

(1)
𝑘
+ trace 𝐿

(2)
𝑘
.

(iv): Note that the corresponding 𝐿𝑘 = 0 because 0 ∈ 𝐼.
Notice that statements (iii)–(iv) may no longer be true if one considers, for example, an open

interval 𝐼 not containing 0. □

For 𝐵 ∈ ℂ𝑁×𝑁 and 𝜏 ∈ 𝕋 we have introduced the functions 𝑢𝐵,𝜏 in (2.6) as a generalization of
the scalar functions 𝑢𝛽,𝜏 defined in (1.4). The functions are smooth on 𝕋 ⧵ {𝜏} and have a possible
jump at 𝑡 = 𝜏. In fact, they belong to 𝑃𝐶(𝕋, {𝜏})𝑁×𝑁 and the definition can be restated as

𝑢𝐵,1(𝑒
𝑖𝑥) = exp((𝑥 − 𝜋)𝑖𝐵), 0 < 𝑥 < 2𝜋,

and

𝑢𝐵,𝜏(𝑡) = 𝑢𝐵,1(𝑡∕𝜏), 𝑡 ∈ 𝕋.

In particular the one-sided limits at the jump 𝑡 = 𝜏 evaluate to

𝑢𝐵,𝜏(𝜏 + 0) = exp(−𝜋𝑖𝐵), 𝑢𝐵,𝜏(𝜏 − 0) = exp(𝜋𝑖𝐵).

In the scalar case, representations of 𝜙 as a product (1.3) play a role for the description of the
asymptotics of det 𝑇𝑛(𝜙). We will now generalize this product representation to the matrix case.

Proposition 3.2. Let 𝐼 ⊂ ℝ be an open interval of length atmost one and assume that 0 ∈ 𝐼. Suppose
𝜙 ∈ 𝑃𝐶(𝕋; Γ)𝑁×𝑁 is 𝐼-regular. Then 𝜙 admits a representation of the form

𝜙(𝑡) = 𝜙0(𝑡)𝑢𝐵1,𝜏1 (𝑡)⋯𝑢𝐵𝑅,𝜏𝑅 (𝑡) (3.1)

where 𝜙0 ∈ 𝐶(𝕋)𝑁×𝑁 is an invertible function and the real parts of all the eigenvalues of 𝐵𝑘 lie in the
interval 𝐼. Moreover,

wind(𝜙; 𝐼) = wind(det 𝜙0).

The matrices 𝐵1, … , 𝐵𝑅 and the function 𝜙0 are uniquely determined by 𝜙 and 𝐼.

Notice that due to the non-commutativity in the matrix case, the order of the factors in the
product (3.1) matters. As already noted, the 𝐵𝑘’s are matrices similar to the 𝐿𝑘’s defined in (2.1).

Proof. We prove the proposition by induction on the number 𝑅 of jump discontinuities 𝜏1, … , 𝜏𝑅.
In case 𝑅 = 0 there is nothing to prove. We just take 𝜙0 = 𝜙 and observe Proposition 3.1(iv).
Now let 𝑅 ≥ 1 and assume that the statement has been proven for 𝑅 − 1. Assume that 𝜙 has

discontinuities at Γ = {𝜏1, … , 𝜏𝑅}. We are going to show that we can write

𝜙(𝑡) = 𝜓(𝑡)𝑢𝐵𝑅,𝜏𝑅 (𝑡)

where 𝜓 ∈ 𝑃𝐶(𝕋; Γ ⧵ {𝜏𝑅}) is 𝐼-regular and wind(𝜓; 𝐼) = wind(𝜙; 𝐼). This is all that is needed to
apply the induction hypothesis to 𝜓 and finish the proof.
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 133

By assumption of 𝜙 being 𝐼-regular, we can find a matrix logarithm

𝐿𝑅 =
1

2𝜋𝑖
log

(
𝜙(𝜏𝑅 + 0)−1𝜙(𝜏𝑅 − 0)

)
with the real parts of all of its eigenvalues lying in 𝐼. We put 𝐵𝑅 = 𝐿𝑅 and observe

𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑅 + 0)−1𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑅 − 0) = exp(2𝜋𝑖𝐵𝑅).

Hence,

𝜙(𝜏𝑅 + 0)−1𝜙(𝜏𝑅 − 0) = exp(2𝜋𝑖𝐿𝑅) = 𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑅 + 0)−1𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑅 − 0)

and therefore

𝜙(𝜏𝑅 − 0)𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑅 − 0)−1 = 𝜙(𝜏𝑅 + 0)𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑅 + 0)−1.

Introduce 𝜓(𝑡) = 𝜙(𝑡)𝑢𝐵𝑅,𝜏𝑅 (𝑡)
−1. By the preceding equality, this function is continuous at 𝑡 = 𝜏𝑅.

In fact, 𝜓 ∈ 𝑃𝐶(𝕋; Γ ⧵ {𝜏𝑅})
𝑁×𝑁 . Evaluating the corresponding “jump ratios” for 𝜙 and 𝜓 at the

points 𝜏1, … , 𝜏𝑅−1 one notices that they are similar to each other,

𝜙(𝜏𝑘 + 0)−1𝜙(𝜏𝑘 − 0) = 𝑇−1
𝑘
𝜓(𝜏𝑘 + 0)−1𝜓(𝜏𝑘 − 0)𝑇𝑘, 𝑇𝑘 = 𝑢𝐵𝑅,𝜏𝑅 (𝜏𝑘),

which is due to the fact that 𝑢𝐵𝑅,𝜏𝑅 (𝑡) is continuous at 𝜏1, … , 𝜏𝑅−1. As a consequence the matrix
logarithm of 𝜓(𝜏𝑘 + 0)−1𝜓(𝜏𝑘 − 0) can be chosen to be similar to the matrix logarithm of

𝜙(𝜏𝑘 + 0)−1𝜙(𝜏𝑘 − 0),

1 ≤ 𝑘 < 𝑅. This proves that 𝜓 is 𝐼-regular as well.
Finally, we claim that wind(𝑢𝐵𝑅,𝜏𝑅 ; 𝐼) = 0. Indeed, use Proposition 3.1(i)-(ii) and employ a

deformation argument to show that themap 𝜆 ∈ [0, 1] ↦ wind(𝑢𝜆𝐵𝑅,𝜏𝑅 ; 𝐼) is constant. NowPropo-
sition 3.1(iii) implies wind(𝜓; 𝐼) = wind(𝜙; 𝐼). Thus we have shown all that was needed to apply
the induction hypothesis. □

In principle, given 𝜙 and the corresponding matrix logarithms 𝐿𝑘, one can derive formulas
expressing the 𝐵𝑘’s in terms of the 𝐿𝑘’s (and vice versa). These formulas show the similarity of
these matrices explicitly. Indeed, starting with the product representation (3.1) and using the
underlying definitions, we see that

𝑒2𝜋𝑖𝐿𝑘 = 𝜙(𝜏𝑘 + 0)−1𝜙(𝜏𝑘 − 0) = 𝑆−1
𝑘
𝜙𝑘(𝜏𝑘 + 0)−1𝜙𝑘(𝜏𝑘 − 0)𝑆𝑘 = 𝑆−1

𝑘
𝑒2𝜋𝑖𝐵𝑘𝑆𝑘,

for 1 ≤ 𝑘 ≤ 𝑅, thus

𝐿𝑘 = 𝑆−1
𝑘
𝐵𝑘𝑆𝑘 (3.2)

with

𝑆𝑘 = 𝜙𝑘+1(𝜏𝑘)⋯𝜙𝑅(𝜏𝑘) = (−𝜏𝑘∕𝜏𝑘+1)
𝐵𝑘+1 ⋯ (−𝜏𝑘∕𝜏𝑅)

𝐵𝑅 .

While this shows that 𝐵𝑅 = 𝐿𝑅, the relationship between all other terms becomes increasingly
complicated and may be of little use practically.
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134 BASOR et al.

It is also possible to prove the existence of product representations of similar kinds in which the
order of the “jump functions” 𝑢𝐵𝑘,𝜏𝑘 is permuted and/or where the continuous function 𝜙0 occurs
on the right instead of on the left. Due to non-commutativity, the 𝐵𝑘’s may have to be replaced by
similar ones and 𝜙0 may be different as well. For instance, under the same assumptions one can
prove the existence of a product representation

𝜙(𝑡) = 𝑢𝐵𝑅,𝜏𝑅 (𝑡)⋯𝑢𝐵1,𝜏1 (𝑡)𝜙0(𝑡)

with 𝐵𝑘 ≅ 𝐿𝑘 ≅ 𝐵𝑘. For the purpose of this paper, we could have worked with any such
representation, but for sake of definiteness we will focus on (3.1).

Corollary 3.3. Suppose 𝜙 ∈ 𝑃𝐶1+𝜀(𝕋; Γ)𝑁×𝑁 admits a product representation (3.1). Then the factor
𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 .

Proof. The issue is only the smoothness of 𝜙0. By assumption, 𝜙0 in the product representation
(3.1) is continuous. On the other hand, 𝜙0 can be expressed as a product of 𝜙 and the functions
(𝑢𝐵𝑘,𝜏𝑘 )

−1 = 𝑢−𝐵𝑘,𝜏𝑘 . Since each of these factors is in 𝑃𝐶
1+𝜀(𝕋; Γ)𝑁×𝑁 and since 𝑃𝐶1+𝜀(𝕋; Γ) is an

algebra, it follows that 𝜙0 belongs to 𝑃𝐶1+𝜀(𝕋; Γ)𝑁×𝑁 as well. Now it remains to apply (2.5). □

3.2 Proof of Theorem 2.1

We will now give the proof of Theorem 2.1. For the issue of Fredholmness we rely on the known
criteria as presented, for instance, in [20, sect. XXV.3], Theorem 3.1, in particular.
Indeed, for 𝜙 ∈ 𝑃𝐶(𝕋; Γ)𝑁×𝑁 the Fredholmness of 𝑇(𝜙) on (𝓁2)𝑁 is equivalent to

det Φ̂(𝑡, 𝜇) ≠ 0

for all 𝑡 ∈ 𝕋 and 𝜇 ∈ [0, 1] where

Φ̂(𝑡, 𝜇) = 𝜇𝜙(𝑡 + 0) + (1 − 𝜇)𝜙(𝑡 − 0)

is an auxiliary function. For 𝑡 ∈ 𝕋 ⧵ Γ, the function Φ̂(𝑡, 𝜇) = 𝜙(𝑡) and the above condition
amounts to the invertibility of 𝜙(𝑡) for all 𝑡 ∈ 𝕋 ⧵ Γ. On the other hand, for 𝑡 ∈ Γ, we have Φ̂(𝑡, 0) =
𝜙(𝑡 + 0) and Φ̂(𝑡, 1) = 𝜙(𝑡 − 0), which both have to be invertible. Furthermore, det Φ̂(𝑡, 𝜇) ≠ 0 for
all 𝜇 ∈ (0, 1) if and only if det(𝜇𝐼𝑁 + (1 − 𝜇)𝑆) ≠ 0 for all 𝜇 ∈ (0, 1)where 𝑆 = 𝜙(𝑡 + 0)−1𝜙(𝑡 − 0).
This means that none of the eigenvalues of 𝑆 can be a negative real number. However, this is
equivalent to saying that one can choose a matrix logarithm of 𝑆 such that all of the eigenvalues
of 𝐿 = 1

2𝜋𝑖
log 𝑆 are contained in the interval 𝐼 = (−1∕2, 1∕2). Combining all this shows that the

Fredholmness of 𝑇(𝜙) is equivalent to 𝜙 being 𝐼-regular.
It is straightforward to check that in the case of 𝐼 = (−1∕2, 1∕2), the 𝐼-regularity of 𝜙 is

equivalent to the 𝐼-regularity of 𝜙̃ where 𝜙̃(𝑡) = 𝜙(𝑡−1).
Thus the equivalence of (i)–(iv) in Theorem 2.1 regarding Fredholmness is established.
Now we turn to the formula for the Fredholm index. One possiblity to prove this quickly is to

use the product representation (3.1) along with a deformation argument. As shown in Proposi-
tion 3.2 such a product representation exist for every 𝐼-regular function 𝜙. We use it here with
𝐼 = (−1∕2, 1∕2).
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 135

Given that product representation, consider a parameter 𝜆 ∈ [0, 1] and introduce the family of
functions

𝜙𝜆(𝑡) = 𝜙0(𝑡)𝑢𝜆𝐵1,𝜏1 (𝑡)⋯𝑢𝜆𝐵𝑅,𝜏𝑅 (𝑡).

Note that for 𝜆 = 0we obtain indeed the function𝜙0 ∈ 𝐶(𝕋)𝑁×𝑁 appearing in the original product
representation, while for 𝜆 = 1 we have 𝜙1 = 𝜙. The map 𝜆 ∈ [0, 1] ↦ 𝐿∞(𝕋)𝑁×𝑁 is continuous.
Furthermore, due to the conditions on the 𝐵𝑘’s that the real parts of their eigenvalues lie in 𝐼, it
follows that the same holds for the 𝜆𝐵𝑘’s. From this it follows that the functions 𝜙𝜆 are 𝐼-regular.
By what have shown above that means that all Toeplitz operators 𝑇(𝜙𝜆) are Fredholm on (𝓁2)𝑁 .
Therefore, when we deform 𝑇(𝜙𝜆) along 𝜆 ∈ [0, 1], the Fredholm index remains constant and this
implies that

ind 𝑇(𝜙) = ind𝑇(𝜙1) = ind𝑇(𝜙0).

Furthermore, by Proposition 3.1(ii) the 𝐼-winding number remains invariant under continuous
deformation of 𝐼-regular functions, which implies that

wind(𝜙; 𝐼) = wind(𝜙1; 𝐼) = wind(𝜙0; 𝐼) = wind(det 𝜙0),

where the latter is inferred from Proposition 3.1(iv). To complete the argument we remark that for
every continuous and invertible function 𝜙0 ∈ 𝐶(𝕋)𝑁×𝑁 the Fredholm index is given by

ind 𝑇(𝜙0) = −wind(det 𝜙0),

the proof of which is not completely trivial (see [20, sect. XXIII.5]). This proves that

ind 𝑇(𝜙) = −wind(𝜙; 𝐼).

The equality of wind(𝜙; 𝐼) = wind(𝑐) follows because the definition of 𝑐 implies that 𝑐 = det 𝜙0.
Finally, we can conclude by analogy that ind 𝑇(𝜙̃) = wind(𝜙; 𝐼) noting that

ind 𝑇(𝜙̃) = −wind(𝜙̃; 𝐼) = −wind(det 𝜙̃0) = wind(det 𝜙0) = wind(𝜙; 𝐼).

In summary we have seen that all the expressions for 𝜘 in (i)–(iv) of Theorem 2.1 coincide. This
concludes the proof.

3.3 Operator-theoretic preliminaries

It is well-known and not difficult to prove that Toeplitz and Hankel operators satisfy the
fundamental identities

𝑇(𝑎𝑏) = 𝑇(𝑎)𝑇(𝑏) + 𝐻(𝑎)𝐻(𝑏̃) (3.3)

and

𝐻(𝑎𝑏) = 𝑇(𝑎)𝐻(𝑏) + 𝐻(𝑎)𝑇(𝑏̃). (3.4)
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136 BASOR et al.

In the last two identities and in what follows

𝑏̃(𝑒𝑖𝜃) = 𝑏(𝑒−𝑖𝜃). (3.5)

It is worthwhile to point out that these identities imply that

𝑇(𝑎𝑏𝑐) = 𝑇(𝑎)𝑇(𝑏)𝑇(𝑐), 𝐻(𝑎𝑏𝑐) = 𝑇(𝑎)𝐻(𝑏)𝑇(𝑐) (3.6)

for 𝑎, 𝑏, 𝑐, ∈ 𝐿∞(𝕋)𝑁×𝑁 if 𝑎𝑛 = 𝑐−𝑛 = 0 for all 𝑛 > 0.
We define the projection 𝑃𝑛 by

𝑃𝑛 ∶ {𝑥𝑘}
∞
𝑘=0

∈ (𝓁2)𝑁 ↦ {𝑦𝑘}
∞
𝑘=0

∈ (𝓁2)𝑁, 𝑦𝑘 =

{
𝑥𝑘 if 𝑘 < 𝑛

0 if 𝑘 ≥ 𝑛,

and put 𝑄𝑛 = 𝐼 − 𝑃𝑛. We remark that the image of 𝑃𝑛 can be identified with (ℂ𝑛)𝑁 ≅ (ℂ𝑁)𝑛 ≅

ℂ𝑛𝑁 . Below we will identify operators of the form 𝑃𝑛𝐴𝑃𝑛 with 𝑛𝑁 × 𝑛𝑁 matrices. On the other
hand, we will also think of 𝑛𝑁 × 𝑛𝑁 matrices 𝐴𝑛 as linear operators on (𝓁2)𝑁 .
In addition to the projections 𝑃𝑛 and 𝑄𝑛 we need

𝑊𝑛 ∶ {𝑥𝑘}
∞
𝑘=0

∈ (𝓁2)𝑁 ↦ {𝑦𝑘}
∞
𝑘=0

∈ (𝓁2)𝑁, 𝑦𝑘 =

{
𝑥𝑛−1−𝑘 if 𝑘 < 𝑛

0 if 𝑘 ≥ 𝑛.

Note that𝑊2
𝑛 = 𝑃𝑛 and

𝑊𝑛𝑇𝑛(𝑎)𝑊𝑛 = 𝑇𝑛(𝑎̃). (3.7)

The following useful lemmas will be needed in what follows.

Lemma 3.4 [32, Prop. 2.1]. Let𝐵 be a trace class operator and suppose that𝐴𝑛 and𝐶𝑛 are sequences
such that 𝐴𝑛 → 𝐴 and 𝐶∗𝑛 → 𝐶∗ strongly. Then 𝐴𝑛𝐵𝐶𝑛 → 𝐴𝐵𝐶 in the trace class norm.

Lemma 3.5 [17, Lemma 9.3]. Let 𝐴𝑛 = 𝑃𝑛 + 𝑃𝑛𝐾𝑃𝑛 +𝑊𝑛𝐿𝑊𝑛 + 𝐶𝑛 be a sequence of 𝑛𝑁 × 𝑛𝑁

matrices where 𝐾 and 𝐿 are trace class operators, and 𝐶𝑛 tends to zero in the trace class norm. Then
lim
𝑛→∞

det𝐴𝑛 = det(𝐼 + 𝐾) det(𝐼 + 𝐿).

Lemma 3.6 [32, formula (1.4)]. For bounded symbols 𝑎, 𝑏 ∈ 𝐿∞(𝕋)𝑁×𝑁 ,

𝑇𝑛(𝑎𝑏) = 𝑇𝑛(𝑎)𝑇𝑛(𝑏) + 𝑃𝑛𝐻(𝑎)𝐻(𝑏̃)𝑃𝑛 +𝑊𝑛𝐻(𝑎̃)𝐻(𝑏)𝑊𝑛.

We say that a sequence of matrices 𝐴𝑛 ∈ (Im𝑃𝑛) ⊂ (𝓁2)𝑁 is stable if and only if there is an 𝑛0
such that 𝐴𝑛 is invertible whenever 𝑛 ≥ 𝑛0 and

sup
𝑛≥𝑛0

‖𝐴−1𝑛 ‖(Im𝑃𝑛) < +∞. (3.8)

We will use stability in connection with the following basic facts.
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 137

Lemma 3.7 [10, sect. 6.2]. Let 𝑎 ∈ 𝐿∞(𝕋)𝑁×𝑁 and assume that 𝑇𝑛(𝑎) is stable on (𝓁2)𝑁 . Then 𝑇(𝑎)
is invertible on (𝓁2)𝑁 and

𝑇𝑛(𝑎)
−1 → 𝑇(𝑎)−1,

(
𝑇𝑛(𝑎)

−1
)∗
→
(
𝑇(𝑎)−1

)∗
strongly on (𝓁2)𝑁 .

Proposition 3.8 see, e.g., [11, Thm. 7.20], [10, Thm. 6.9], or [19]. Given 𝑎 ∈ 𝐶(𝕋)𝑁×𝑁 , the stability
of 𝑇𝑛(𝑎) is equivalent to the invertibility of both 𝑇(𝑎) and 𝑇(𝑎̃) on (𝓁2)𝑁 .

The previous result can be generalized to 𝑎 ∈ 𝑃𝐶𝑁×𝑁 (see [10, Cor. 6.12]). For completeness’
sake, we mention also the following criterion, which is related to Theorem 2.1.

Proposition 3.9 see [10, Thm. 6.5] or [11, sect. 2.41–42, 2.94]. Given 𝑎 ∈ 𝐶(𝕋)𝑁×𝑁 , the Toeplitz
operator 𝑇(𝑎) is Fredholm on (𝓁2)𝑁 if and only if det 𝑎 does not vanish on𝕋. In this case, ind 𝑇(𝑎) =
−wind(det 𝑎).

The following result about Fredholmness is probably known, but we could not find a reference
that pertains in particular to the index equality.

Proposition 3.10. Let 𝑎 ∈ 𝐿∞(𝕋)𝑁×𝑁 be invertible. Then 𝑇(𝑎̃) is Fredholm on (𝓁2)𝑁 if and only if
𝑇(𝑎−1) is Fredholm on (𝓁2)𝑁 . Moreover, in this case,

ind 𝑇(𝑎̃) = ind𝑇(𝑎−1).

Proof. The statements follow from the fact that the two operators 𝑇(𝑎̃) and 𝑇(𝑎−1) are equivalent
after extension. By this it is meant [4] that there exist Banach spaces 𝑍1 and 𝑍2 and invertible
bounded linear operators 𝐸1 and 𝐸2 between the appropriate direct sum spaces such that

𝑇(𝑎̃) ⊕ 𝐼𝑍1 = 𝐸1

(
𝑇(𝑎−1) ⊕ 𝐼𝑍2

)
𝐸2.

Indeed, consider the following extensions of 𝑇(𝑎̃) and 𝑇(𝑎−1) onto (𝓁2(ℤ))𝑁 ,

𝑇(𝑎̃) ⊕ 𝐼(𝓁2(ℤ−))𝑁 = 𝑃𝐿(𝑎̃)𝑃 + 𝑄, 𝑇(𝑎−1) ⊕ 𝐼(𝓁2(ℤ−))𝑁 = 𝑃𝐿(𝑎−1)𝑃 + 𝑄.

Here𝐿(𝑏) ≅ (𝑏𝑗−𝑘)
∞
𝑗,𝑘=−∞

stands for the Laurent operator on (𝓁2(ℤ))𝑁 ,𝑃 stands for the orthogonal
projection from (𝓁2(ℤ))𝑁 onto (𝓁2(ℤ+))

𝑁 = (𝓁2)𝑁 , 𝑄 = 𝐼 − 𝑃 is the complementary projection,
and 𝐽 ∶ {𝑥𝑛}∞𝑛=−∞ ↦ {𝑥−1−𝑛}

∞
𝑛=−∞ is a flip operator on (𝓁2(ℤ))𝑁 . We have the relations 𝐽2 = 𝐼,

𝐽𝑄𝐽 = 𝑃, 𝐽𝐿(𝑏)𝐽 = 𝐿(𝑏̃). These extended operators can be written as

𝐽
(
𝑃𝐿(𝑎̃)𝑃 + 𝑄

)
𝐽 = 𝑄𝐿(𝑎)𝑄 + 𝑃

=
(
𝐿(𝑎)𝑄 + 𝑃

)(
𝐼 − 𝑃𝐿(𝑎)𝑄

)
,

𝑃𝐿(𝑎−1)𝑃 + 𝑄 =
(
𝐿(𝑎−1)𝑃 + 𝑄

)(
𝐼 − 𝑄𝐿(𝑎−1)𝑃

)
= 𝐿(𝑎−1)

(
𝐿(𝑎)𝑄 + 𝑃

)(
𝐼 − 𝑄𝐿(𝑎−1)𝑃

)
,
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138 BASOR et al.

from which the equivalence is easily seen by noting that the operators 𝐽, 𝐿(𝑎−1), as well as

𝐼 − 𝑃𝐿(𝑎)𝑄 and 𝐼 − 𝑄𝐿(𝑎−1)𝑃

are invertible. □

3.4 Invertibility, stability, and determinant asymptotics for pure
jump symbols

For pure matrix jump symbols 𝜙 = 𝑢𝐵,𝜏 we are going to state the invertibility of 𝑇(𝜙) and 𝑇(𝜙)
on (𝓁2)𝑁 , and the stability of the sequence 𝑇𝑛(𝜙) under certain conditions on 𝐵. In addition, we
describe the asymptotics of the determinant det 𝑇𝑛(𝜙) as 𝑛 → ∞.
As we will see, the matrix case completely reduces to the scalar case, for which these results

are known. We refer to [11, Thm. 5.62] for invertibility, to [10, Cor. 2.19] for stability, and to [11,
Cor. 10.60] for the determinants. Actually, the results about the pure scalar symbols 𝑢𝛽,𝜏 can also
be seen directly. Indeed, if |Re 𝛽| < 1∕2, then the symbol is sectorial, that is, Re (𝑢𝛽,𝜏(𝑡)) ≥ 𝜀 for
some 𝜀 > 0, which implies invertibility of 𝑇(𝑢𝛽,𝜏) and 𝑇(𝑢̃𝛽,𝜏) and stability of 𝑇𝑛(𝑢𝛽,𝜏). The matrix
𝑇𝑛(𝑢𝛽,𝜏) is basically a Cauchymatrix and its determinant can be evaluated explicitly for any𝛽 ∈ ℂ.

Proposition 3.11. Assume that the eigenvalues 𝛽(1), … , 𝛽(𝑁) of an 𝑁 ×𝑁 matrix 𝐵 have real parts
in 𝐼 = (−1∕2, 1∕2). Then the operators 𝑇(𝑢𝐵,𝜏) and 𝑇(𝑢̃𝐵,𝜏) are invertible on (𝓁2)𝑁 and the sequence
𝑇𝑛(𝑢𝐵,𝜏) is stable. Furthermore,

det 𝑇𝑛(𝑢𝐵,𝜏) = 𝐸𝑛Ω(1 + 𝑜(1)), as 𝑛 → ∞

with

Ω = −

𝑁∑
𝑘=1

(𝛽(𝑘))2, 𝐸 =

𝑁∏
𝑘=1

𝐺(1 + 𝛽(𝑘))𝐺(1 − 𝛽(𝑘)),

where 𝐺(𝑧) stands for the Barnes 𝐺-function (2.12).

Proof. First notice that 𝑇(𝑢̃𝐵,𝜏) = 𝑇(𝑢−𝐵,𝜏̄). Hence the invertibility for 𝑇(𝑢̃𝐵,𝜏) will follow once it
is proven for 𝑇(𝑢𝐵,𝜏).
If 𝐵 = 𝑆𝐽𝑆−1 where 𝑆 is an invertiblematrix and 𝐽 is anothermatrix (such as the Jordan normal

form of 𝐵), then 𝑢𝐵,𝜏(𝑡) = 𝑆𝑢𝐽,𝜏(𝑡)𝑆
−1 and

𝑇(𝑢𝐵,𝜏) = (𝑆 ⊗ 𝐼)𝑇(𝑢𝐽,𝜏)(𝑆
−1 ⊗ 𝐼), 𝑇𝑛(𝑢𝐵,𝜏) = (𝑆 ⊗ 𝐼𝑛)𝑇𝑛(𝑢𝐽,𝜏)(𝑆

−1 ⊗ 𝐼𝑛).

Here 𝑆 ⊗ 𝐼 and 𝑆 ⊗ 𝐼𝑛 stand for the linear operators on (𝓁2)𝑁 ≅ ℂ𝑁 ⊗ 𝓁2 and (ℂ𝑛)𝑁 ≅ ℂ𝑁 ⊗ ℂ𝑛

defined by

𝑆 ⊗ 𝐼 ∶ (𝑥0, 𝑥1, 𝑥2, … ) ↦ (𝑆𝑥0, 𝑆𝑥1, 𝑆𝑥2, … )

and

𝑆 ⊗ 𝐼𝑛 ∶ (𝑥0, 𝑥1, 𝑥2, … 𝑥𝑛−1) ↦ (𝑆𝑥0, 𝑆𝑥1, 𝑆𝑥2, … , 𝑆𝑥𝑛−1)
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 139

where 𝑥𝑘 ∈ ℂ𝑁 . On a more formal level, 𝑆 ⊗ 𝐼 and 𝑆 ⊗ 𝐼𝑛 are the block Toeplitz operator and the
𝑛𝑁 × 𝑛𝑁 block Toeplitz matrix, resp., with symbol equal to 𝑆, a constant𝑁 ×𝑁 matrix function.
Hence, all issues can be reduced to the case where 𝐵 is of Jordan normal form. Notice first that

things become particularly simple if 𝐵 is of diagonal form, say,

𝐵 = diag(𝛽(1), … , 𝛽(𝑁)).

Then

𝑢𝐵,𝜏 = diag(𝑢𝛽(1),𝜏, … , 𝑢𝛽(𝑁),𝜏),

and a corresponding “diagonal representation” holds for the block Toeplitz operators and matri-
ces. By assumption the real parts of all 𝛽(𝑘)’s are in (−1∕2, 1∕2), and therefore the known scalar
results mentioned above imply the assertions.
Using a similar decomposition, it is easy to see that the general case where 𝐵 is of Jordan form

can be reduced to the case where 𝐵 is a simple Jordan block, say,

𝐵 =

⎛⎜⎜⎜⎜⎜⎝

𝛽 1 … 0

𝛽 ⋱ ⋮

⋱ 1

𝛽

⎞⎟⎟⎟⎟⎟⎠
with the real part of 𝛽 in 𝐼 = (−1∕2, 1∕2). For the function 𝑢𝐵,1, which is defined via a matrix
exponential, we get

𝑢𝐵,1(𝑒
𝑖𝑥) = exp(𝑖(𝑥 − 𝜋)𝐵) = 𝑢𝛽,1(𝑒

𝑖𝑥) exp(𝑖(𝑥 − 𝜋)𝐽)

(where 𝐽 is the simple Jordan block with eigenvalue zero) and

𝑢𝐵,𝜏(𝑒
𝑖𝑥) =

⎛⎜⎜⎜⎜⎜⎝

𝑢𝛽,𝜏 ∗ … ∗

𝑢𝛽,𝜏 ⋱ ⋮

⋱ ∗

𝑢𝛽,𝜏

⎞⎟⎟⎟⎟⎟⎠
where “∗” stands for certain piecewise continuous functions. A similar upper-triangular block
matrix representation is obtained for 𝑇(𝑢𝐵,𝜏) and 𝑇𝑛(𝑢𝐵,𝜏). From there it is seen that for the
issues of invertibility, stability, and for the determinants, only the entries on the diagonals matter.
Therefore, again, everything reduces to the scalar case. □

4 DETERMINANT ASYMPTOTICS: FIRST RESULTS

4.1 Basic localization results

In [6], the following result about the product of Hankel operators was established. Suppose 𝑎 and
𝑏 are bounded functions on 𝕋 for which there exists a smooth partition of unity, 𝑓 + 𝑔 = 1, such that
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140 BASOR et al.

both 𝑎𝑓 and 𝑏𝑔 have derivatives satisfying a Lipschitz condition with order greater than 1∕2. Then
𝐻(𝑎)𝐻(𝑏̃) and𝐻(𝑎̃)𝐻(𝑏) are trace class.
Using the same idea but specializing to piecewise continuous symbols we can somewhat

improve on the exponent in the Hölder–Lipschitz condition.
The following result on the decay of the Fourier coefficients of functions in the two classes

𝑃𝐶1+𝜀(𝕋; Γ) and 𝐶1+𝜀pw (𝕋; Γ) (see Definition 2.2) can be established easily. We will assume
throughout what follows that 0 < 𝜀 < 1.

Lemma 4.1. The Fourier coefficients of 𝑓 ∈ 𝑃𝐶1+𝜀(𝕋; Γ) have the asymptotics

𝑓𝑛 = 𝑂(|𝑛|−1), |𝑛|→ +∞,

while those of 𝑓 ∈ 𝐶1+𝜀pw (𝕋; Γ) have the asymptotics

𝑓𝑛 = 𝑂(|𝑛|−1−𝜀), |𝑛|→ +∞.

Lemma 4.2. Suppose 𝑎, 𝑏 ∈ 𝑃𝐶1+𝜀(𝕋; Γ) with 𝜀 > 0 such that 𝑎 and 𝑏 do not have discontinuities
in common. Then𝐻(𝑎)𝐻(𝑏̃) and𝐻(𝑎̃)𝐻(𝑏) are trace class.

Proof. By assumption 𝑎 is continuous on 𝕋 ⧵ Γ𝑎 and 𝑏 is continuous on 𝕋 ⧵ Γ𝑏 where Γ𝑎 ∪ Γ𝑏 ⊆
Γ and Γ𝑎 and Γ𝑏 are disjoint. Hence there exists a partition of unity, 𝑓 + 𝑔 = 1, with both 𝑓, 𝑔
sufficiently smooth such that 𝑎𝑓 and 𝑏𝑔 are continuous and thus belong to 𝐶1+𝜀pw (𝕋; Γ) (see also
(2.5)). Consider the first Hankel product (the other one can be dealt with in the same way):

𝐻(𝑎)𝐻(𝑏̃) = 𝐻(𝑎)𝑇(𝑓)𝐻(𝑏̃) + 𝐻(𝑎)𝑇(𝑔)𝐻(𝑏̃)

=
(
𝑇(𝑎)𝐻(𝑓) − 𝐻(𝑎𝑓)

)
𝐻(𝑏̃) + 𝐻(𝑎)

(
𝐻(𝑔)𝑇(𝑏) − 𝐻(𝑔𝑏̃)

)
.

Hereweused the identity (3.4). Each of the operators appearing therein is bounded and theHankel
operators𝐻(𝑓) and𝐻(𝑔) are trace class. Therefore it suffices to show that the products𝐻(𝑎𝑓)𝐻(𝑏̃)
and𝐻(𝑎)𝐻(𝑔𝑏̃) are trace class. Consider the first product (again the second one can be dealt with
analogously). We write

𝐻(𝑎𝑓)𝐻(𝑏̃) =
(
𝐻(𝑎𝑓)𝐷𝜀

)(
𝐷−𝜀𝐻(𝑏̃)

)
where 𝐷𝜀 = diag𝑗≥0((1 + 𝑗)𝜀∕2) is a diagonal operator on 𝓁2(ℤ+). We claim that both factors
are Hilbert–Schmidt, hence their product is trace class, as desired. Indeed, the Hilbert–Schmidt
norms can be estimated as follows:

‖𝐻(𝑎𝑓)𝐷𝜀‖22 ≤ 𝐶
∑
𝑗,𝑘≥0

(1 + 𝑗 + 𝑘)−2−2𝜀(1 + 𝑘)𝜀 < +∞,

‖𝐷−𝜀𝐻(𝑏̃)‖22 ≤ 𝐶
∑
𝑗,𝑘≥0

(1 + 𝑗)−𝜀(1 + 𝑗 + 𝑘)−2 < +∞.

Thereinweused the estimates on the Fourier coefficients for𝑎𝑓 ∈ 𝐶1+𝜀pw (𝕋; Γ) and 𝑏 ∈ 𝑃𝐶1+𝜀(𝕋; Γ)

stated in Lemma 4.1. □
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 141

In anticipation of using the previous trace class condition, we state first a general result. We
may think of the functions 𝜙0, … , 𝜙𝑅 as having discontinuities at different locations and being
sufficiently smooth away from the discontinuities.

Proposition 4.3. Assume 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 such that 𝐻(𝑎)𝐻(𝑏̃) and 𝐻(𝑎̃)𝐻(𝑏) are trace class
whenever 𝑎 = 𝜙0⋯𝜙𝑘−1 and 𝑏 = 𝜙𝑘 , 1 ≤ 𝑘 ≤ 𝑅. Then

𝐾1 = 𝑇(𝜙) − 𝑇(𝜙0)𝑇(𝜙1)⋯𝑇(𝜙𝑅)

𝐾2 = 𝑇(𝜙̃) − 𝑇(𝜙̃0)𝑇(𝜙̃1)⋯𝑇(𝜙̃𝑅)

are trace class and

𝑇𝑛(𝜙) = 𝑇𝑛(𝜙0)𝑇𝑛(𝜙1)⋯𝑇𝑛(𝜙𝑅) + 𝑃𝑛𝐾1𝑃𝑛 +𝑊𝑛𝐾2𝑊𝑛 + 𝐶𝑛

where 𝐶𝑛 tends to zero in the trace norm.

Proof. For 𝑅 = 0 there is nothing to prove. The case 𝑅 = 1 is settled by the Widom’s formula
(Lemma 3.6),

𝑇𝑛(𝑎𝑏) = 𝑇𝑛(𝑎)𝑇𝑛(𝑏) + 𝑃𝑛𝐻(𝑎)𝐻(𝑏̃)𝑃𝑛 +𝑊𝑛𝐻(𝑎̃)𝐻(𝑏̃)𝑊𝑛.

In view of (3.3) notice that

𝐻(𝑎)𝐻(𝑏̃) = 𝑇(𝑎𝑏) − 𝑇(𝑎)𝑇(𝑏), 𝐻(𝑎̃)𝐻(𝑏) = 𝑇(𝑎̃𝑏̃) − 𝑇(𝑎̃)𝑇(𝑏̃),

which proves the trace class property of 𝐾1 and 𝐾2 by invoking the assumption with 𝑎 = 𝜙0 and
𝑏 = 𝜙1.
By way of induction, assume that we have established

𝑇𝑛(𝜙0 ⋯𝜙𝑅−1) = 𝑇𝑛(𝜙0)⋯𝑇𝑛(𝜙𝑅−1) + 𝑃𝑛𝐾
′
1𝑃𝑛 +𝑊𝑛𝐾

′
2𝑊𝑛 + 𝐶′𝑛

with 𝐾′
1, 𝐾

′
2 being trace class. Applying Widom’s formula with 𝑎 = 𝜙0⋯𝜙𝑅−1 and 𝑏 = 𝜙𝑅 it

follows that with 𝐾′′
1 = 𝐻(𝜙0⋯𝜙𝑅−1)𝐻(𝜙𝑅), 𝐾

′′
2 = 𝐻( ˜𝜙0⋯𝜙𝑅−1)𝐻(𝜙𝑅),

𝑇𝑛(𝜙) = 𝑇𝑛(𝜙0 ⋯𝜙𝑅−1)𝑇𝑛(𝜙𝑅) + 𝑃𝑛𝐾
′′
1 𝑃𝑛 +𝑊𝑛𝐾

′′
2 𝑊𝑛

=
(
𝑇𝑛(𝜙0)⋯𝑇𝑛(𝜙𝑅−1) + 𝑃𝑛𝐾

′
1𝑃𝑛 +𝑊𝑛𝐾

′
2𝑊𝑛 + 𝐶′𝑛

)
𝑇𝑛(𝜙𝑅)

+ 𝑃𝑛𝐾
′′
1 𝑃𝑛 +𝑊𝑛𝐾

′′
2 𝑊𝑛

= 𝑇𝑛(𝜙0)⋯𝑇𝑛(𝜙𝑅) + 𝐶′𝑛𝑇𝑛(𝜙𝑅) + 𝑃𝑛𝐾
′′
1 𝑃𝑛 +𝑊𝑛𝐾

′′
2 𝑊𝑛

+ 𝑃𝑛𝐾
′
1𝑇(𝜙𝑅)𝑃𝑛 − 𝑃𝑛𝐾

′
1𝑄𝑛𝑇(𝜙𝑅)𝑃𝑛

+𝑊𝑛𝐾
′
2𝑇(𝜙̃𝑅)𝑊𝑛 −𝑊𝑛𝐾

′
2𝑄𝑛𝑇(𝜙̃𝑅)𝑊𝑛.

In the last two lines we used 𝑃𝑛 = 𝐼 − 𝑄𝑛 and also (3.7). The terms containing𝑄𝑛 and𝐶′𝑛 converge
to zero in the trace norm by Lemma 3.4, so they will make up the term 𝐶𝑛. The operators 𝐾′′

1 and
𝐾′′
2 are trace class by assumption. Consequently we obtain

𝑇𝑛(𝜙) = 𝑇𝑛(𝜙0)𝑇𝑛(𝜙1)⋯𝑇𝑛(𝜙𝑅) + 𝑃𝑛𝐾1𝑃𝑛 +𝑊𝑛𝐾2𝑊𝑛 + 𝐶𝑛
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142 BASOR et al.

with

𝐾1 = 𝐾′′
1 + 𝐾′

1𝑇(𝜙𝑅)

= 𝑇(𝜙) − 𝑇(𝜙0⋯𝜙𝑅−1)𝑇(𝜙𝑅) +
(
𝑇(𝜙0⋯𝜙𝑅−1) − 𝑇(𝜙0)⋯𝑇(𝜙𝑅−1)

)
𝑇(𝜙𝑅)

= 𝑇(𝜙) − 𝑇(𝜙0)⋯𝑇(𝜙𝑅)

as desired. The trace class property for 𝐾1 follows since 𝐾′
1 and 𝐾

′′
1 are trace class. An analogous

argument yields the results for 𝐾2. □

Applying Lemma 4.2 to the previous proposition we obtain the following result, which is our
first step towards the Toeplitz determinants with a symbol 𝜙 given by a representation (3.1).

Proposition 4.4. Assume 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 where 𝜙𝑘 = 𝑢𝐵𝑘,𝜏𝑘 , 1 ≤ 𝑘 ≤ 𝑅, and 𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁

with 𝜀 > 0. Then the operators

𝐾1 = 𝑇(𝜙) − 𝑇(𝜙0)𝑇(𝜙1)⋯𝑇(𝜙𝑅)

𝐾2 = 𝑇(𝜙̃) − 𝑇(𝜙̃0)𝑇(𝜙̃1)⋯𝑇(𝜙̃𝑅)

are trace class and

𝑇𝑛(𝜙) = 𝑇𝑛(𝜙0)𝑇𝑛(𝜙1)⋯𝑇𝑛(𝜙𝑅) + 𝑃𝑛𝐾1𝑃𝑛 +𝑊𝑛𝐾2𝑊𝑛 + 𝐶𝑛

where 𝐶𝑛 tends to zero in the trace norm.

We proceed with the general case and obtain, under certain assumptions, a localization result
for Toeplitz determinants.

Theorem4.5. Assume 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 such that𝐻(𝑎)𝐻(𝑏̃) and𝐻(𝑎̃)𝐻(𝑏) are trace class whenever
𝑎 = 𝜙0⋯𝜙𝑘−1 and 𝑏 = 𝜙𝑘 , 1 ≤ 𝑘 ≤ 𝑅. Suppose in addition that the sequence 𝑇𝑛(𝜙𝑘) is stable for
each 0 ≤ 𝑘 ≤ 𝑅. Then

lim
𝑛→∞

det 𝑇𝑛(𝜙)∏𝑅

𝑘=0
det 𝑇𝑛(𝜙𝑘)

= 𝐸 (4.1)

where 𝐸 = 𝐸1𝐸2 and

𝐸1 = det 𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙0)

−1,

𝐸2 = det 𝑇(𝜙̃)𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃0)

−1,

and the operator determinants are well-defined.

Proof. Using Lemma 3.7 and noting that both𝑇𝑛(𝜙) and𝑇𝑛(𝜙̃) = 𝑊𝑛𝑇𝑛(𝜙)𝑊𝑛 are stable (see (3.7))
it follows that we have strong convergence on (𝓁2)𝑁 of

𝑇𝑛(𝜙𝑘)
−1 → 𝑇(𝜙𝑘)

−1, 𝑇𝑛(𝜙𝑘)
−1 → 𝑇(𝜙𝑘)

−1,

and of the corresponding adjoints. The invertibility of 𝑇(𝜙𝑘) and 𝑇(𝜙𝑘) is guaranteed as well.
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 143

Noting that the inverses exist for sufficiently large 𝑛, we can consider the sequence

𝐴𝑛 = 𝑇𝑛(𝜙)𝑇𝑛(𝜙𝑅)
−1 ⋯𝑇𝑛(𝜙0)

−1.

From Proposition 4.3 (and again (3.7)) we can write this as

𝐴𝑛 = 𝑃𝑛 + 𝑃𝑛𝐾1𝑃𝑛𝑇𝑛(𝜙𝑅)
−1 ⋯𝑇𝑛(𝜙0)

−1𝑃𝑛 +𝑊𝑛𝐾2𝑃𝑛𝑇𝑛(𝜙𝑅)
−1 ⋯𝑇𝑛(𝜙0)

−1𝑊𝑛 + 𝐶′𝑛

with a certain 𝐶′𝑛 → 0 in trace norm and the trace class operators 𝐾1 and 𝐾2 taken from Propo-
sition 4.3. Using the strong convergence of the inverses (and their adjoints), it follows from
Lemma 3.4 that

𝐴𝑛 = 𝑃𝑛 + 𝑃𝑛𝐿1𝑃𝑛 +𝑊𝑛𝐿2𝑊𝑛 + 𝐶𝑛

with certain 𝐶𝑛 → 0 in trace norm and

𝐿1 = 𝐾1𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙0)

−1 = 𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙0)

−1 − 𝐼,

𝐿2 = 𝐾2𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃0)

−1 = 𝑇(𝜙̃)𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃0)

−1 − 𝐼,

which are both trace class operators. Taking the determinant of 𝐴𝑛 and then passing to the limit
gives the left hand side of (4.1). Invoking Lemma 3.5 it follows that the limit equals the product of
two well-defined operator determinants,

lim
𝑛→∞

det𝐴𝑛 = det(𝐼 + 𝐿1) det(𝐼 + 𝐿2).

Using the previous expressions for 𝐿1 and 𝐿2 we arrive at (4.1). □

Theorem 4.6. Assume 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 where 𝜙𝑘 = 𝑢𝐵𝑘,𝜏𝑘 , 1 ≤ 𝑘 ≤ 𝑅, and such that the eigen-
values of 𝐵𝑘 ∈ ℂ𝑁×𝑁 have real parts in the interval 𝐼 = (−1∕2, 1∕2). Moreover, suppose also that
𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 is such that both 𝑇(𝜙0) and 𝑇(𝜙̃0) are invertible on (𝓁2)𝑁 . Then

lim
𝑛→∞

det 𝑇𝑛(𝜙)

𝐺[𝜙0]𝑛
∏𝑅

𝑘=1
det 𝑇𝑛(𝜙𝑘)

= 𝐸 (4.2)

where 𝐸 = 𝐸1𝐸2𝐸3 and

𝐸1 = det 𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙0)

−1,

𝐸2 = det 𝑇(𝜙̃)𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃0)

−1,

𝐸3 = det 𝑇(𝜙0)𝑇(𝜙
−1
0 ),

and 𝐺[𝜙0] is defined in (1.2).

Proof. Applying Lemma 4.2 and noting that 𝜙𝑘 ∈ 𝑃𝐶1+𝜀(𝕋; Γ)𝑁×𝑁 , we conclude that the assump-
tion about the product of the Hankel operators in Theorem 4.5 are fulfilled. Moreover, the
assumption on 𝐵𝑘 implies that the sequence 𝑇𝑛(𝜙𝑘) is stable by Proposition 3.11. On the other
hand, the stability of the sequence 𝑇𝑛(𝜙0) is due to Proposition 3.8.
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144 BASOR et al.

Applying the Szegő–Widom limit theorem (Theorem 1.1) gives the asymptotics

det 𝑇𝑛(𝜙0) ∼ 𝐺[𝜙0]
𝑛𝐸3.

Notice that 𝐶1+𝜀pw (𝕋; Γ) ⊂ 𝐹 and therefore the smoothness conditions are fulfilled. □

The asymptotics of the product term in the denominator of (4.2) can be stated explicitly using
Proposition 3.11. Indeed, for 1 ≤ 𝑘 ≤ 𝑅, let 𝛽(𝑗)

𝑘
(1 ≤ 𝑗 ≤ 𝑁) be the eigenvalues of 𝐵𝑘, multiplicities

taken into account. Then
𝑅∏
𝑘=1

det 𝑇𝑛(𝜙𝑘) ∼ 𝑛Ω𝐸4 (4.3)

with

Ω = −

𝑅∑
𝑘=1

𝑁∑
𝑗=1

(𝛽
(𝑗)

𝑘
)2 (4.4)

𝐸4 =

𝑅∏
𝑘=1

𝑁∏
𝑗=1

𝐺(1 + 𝛽
(𝑗)

𝑘
)𝐺(1 − 𝛽

(𝑗)

𝑘
). (4.5)

In the asymptotic formulas below, we will keep the determinant product on the left hand side
of (4.3) for sake of simplicity.

4.2 An operator determinant identity

Our next goal is to express the operator determinant 𝐸2 in a different way in order to be able to
combine it with the expressions for 𝐸1 and 𝐸3 and write 𝐸 as a single operator determinant.
As a lemma we need a relationship between the inverses of 𝑇(𝑎̃) and 𝑇(𝑎−1), which is in some

sense already suggested by Proposition 3.10 and its proof.

Lemma 4.7. Let 𝑎 ∈ 𝐿∞(𝕋)𝑁×𝑁 be invertible. Then 𝑇(𝑎̃) is invertible on (𝓁2)𝑁 if and only if 𝑇(𝑎−1)
is invertible on (𝓁2)𝑁 . Moreover,

0 = 𝑇(𝑎̃)−1𝐻(𝑎̃) + 𝐻(𝑎̃−1)𝑇(𝑎−1)−1 (4.6)

and

𝑇(𝑎−1)−1 = 𝑇(𝑎) − 𝐻(𝑎)𝑇(𝑎̃)−1𝐻(𝑎̃). (4.7)

Proof. By (3.4) we have the identity

0 = 𝑇(𝑎̃)𝐻(𝑎̃−1) + 𝐻(𝑎̃)𝑇(𝑎−1).

Assuming invertibility of both 𝑇(𝑎̃) and 𝑇(𝑎−1), the first identity (4.6) follows. Now assume that
only 𝑇(𝑎̃) is invertible. Then, using (3.3) and what we just stated,(

𝑇(𝑎) − 𝐻(𝑎)𝑇(𝑎̃)−1𝐻(𝑎̃)
)
𝑇(𝑎−1) = 𝑇(𝑎)𝑇(𝑎−1) + 𝐻(𝑎)𝑇(𝑎̃)−1𝑇(𝑎̃)𝐻(𝑎̃−1)

= 𝑇(𝑎)𝑇(𝑎−1) + 𝐻(𝑎)𝐻(𝑎̃−1) = 𝐼.
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 145

In a similar manner, multiplication from the other side gives the identity. We conclude that if
𝑇(𝑎̃) is invertible, then 𝑇(𝑎−1) is invertible and its inverse is given by (4.7). Finally, we can make
an analogous argument that the invertibility of 𝑇(𝑎−1) implies the invertibility of 𝑇(𝑎̃). □

Proposition 4.8. Let 𝑎, 𝑏 ∈ 𝐿∞(𝕋)𝑁×𝑁 be such that the operators 𝑇(𝑎̃) and 𝑇(𝑏̃) are invertible on
(𝓁2)𝑁 . Assume moreover that𝐻(𝑎̃)𝐻(𝑏) and𝐻(𝑏−1)𝐻(𝑎̃−1) are trace class. Then the following two
operator determinants are well-defined and coincide:

det 𝑇(𝑎̃𝑏̃)𝑇(𝑏̃)−1𝑇(𝑎̃)−1 = det 𝑇(𝑎−1)−1𝑇(𝑏−1)−1𝑇(𝑏−1𝑎−1). (4.8)

Proof. Note that the invertibility of the operators 𝑇(𝑎̃) and 𝑇(𝑏̃) implies the invertibility of the
symbols 𝑎̃ and 𝑏̃. Hence 𝑎−1, 𝑏−1 ∈ 𝐿∞(𝕋)𝑁×𝑁 as well. Lemma 4.7 now implies that the operators
𝑇(𝑎−1) and 𝑇(𝑏−1) are invertible. Applying (3.3) yields

𝑇(𝑎̃𝑏̃) = 𝑇(𝑎̃)𝑇(𝑏̃) + 𝐻(𝑎̃)𝐻(𝑏),

𝑇(𝑏−1𝑎−1) = 𝑇(𝑏−1)𝑇(𝑎−1) + 𝐻(𝑏−1)𝐻(𝑎̃−1),

and multiplying with the appropriate inverses we conclude that the operator products in (4.8) are
of the form identity plus trace class. Hence both determinants are well-defined. As we can move
invertible operators from one side to the other we see that

det 𝑇(𝑎̃𝑏̃)𝑇(𝑏̃)−1𝑇(𝑎̃)−1 = det
(
𝐼 + 𝑇(𝑎̃)−1𝐻(𝑎̃)𝐻(𝑏)𝑇(𝑏̃)−1

)
,

det 𝑇(𝑎−1)−1𝑇(𝑏−1)−1𝑇(𝑏−1𝑎−1) = det
(
𝐼 + 𝑇(𝑏−1)−1𝐻(𝑏−1)𝐻(𝑎̃−1)𝑇(𝑎−1)−1

)
.

In order to verify that the last two determinants are the same, use formula (4.6) twice and also
employ the general formula det(𝐼 + 𝐴𝐵) = det(𝐼 + 𝐵𝐴), which holds for bounded Hilbert space
operators 𝐴 and 𝐵 whenever both 𝐴𝐵 and 𝐵𝐴 are trace class. □

Our next goal is to obtain the following generalization of the previous determinant identity,

det 𝑇(𝜙̃)𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃0)

−1 = det 𝑇(𝜙−10 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1), (4.9)

where 𝜙 = 𝜙0𝜙1⋯𝜙𝑅. Unfortunately, we are only able to prove this identity under assumptions
which are stronger than those one would suspect to be necessary. This raises the question on the
range of validity of this identity and makes further investigations desirable.
Despite its limitations and its cumbersome formulation, the following result will be just suf-

ficient for our purpose of dealing with the piecewise continuous case and applying it to the
determinants that occur in Theorem 4.6.

Theorem 4.9. Let 𝜙0 ∈ 𝐿∞(𝕋)𝑁×𝑁 , 𝜎1, … , 𝜎𝑅 ∈ 𝐿∞(𝕋)𝑁×𝑁 , and put

𝜙𝑘,𝜆 = exp(𝜆𝜎𝑘), 1 ≤ 𝑘 ≤ 𝑅.

Let𝑈1,… ,𝑈𝑅 ⊆ ℂ be open connected subsets containing the origin and assume that

(i) 𝑇(𝜙̃0) is invertible on (𝓁2)𝑁 ;
(ii) 𝑇(𝜙̃𝑗,𝜆) are invertible on (𝓁2)𝑁 for 𝜆 ∈ 𝑈𝑗 and each 1 ≤ 𝑗 ≤ 𝑅;
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146 BASOR et al.

(iii) the operators𝐻(𝑎̃)𝐻(𝑏) and𝐻(𝑏−1)𝐻(𝑎̃−1) are trace class whenever

𝑎 = 𝜙0 ⋅ 𝜙1,𝜆1 ⋅ 𝜙2,𝜆2 ⋯ 𝜙𝑘−1,𝜆𝑘−1 , 𝑏 = 𝜙𝑘,𝜆𝑘

where 𝜆𝑗 ∈ 𝑈𝑗 for 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑅.

Then the following two operator determinants,

𝑓𝑅(𝜆1, … , 𝜆𝑅) = det 𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅 )𝑇(𝜙̃𝑅,𝜆𝑅 )
−1 ⋯𝑇(𝜙̃1,𝜆1)

−1𝑇(𝜙̃0)
−1,

𝑔𝑅(𝜆1, … , 𝜆𝑅) = det 𝑇(𝜙−10 )−1𝑇(𝜙−1
1,𝜆1

)−1 ⋯𝑇(𝜙−1
𝑅,𝜆𝑅

)−1𝑇(𝜙−1
𝑅,𝜆𝑅

⋯𝜙−1
1,𝜆1

𝜙−10 ),

are well-defined (for 𝜆𝑗 ∈ 𝑈𝑗 , 1 ≤ 𝑗 ≤ 𝑅) and coincide.

Proof. Let us first note that there is nothing to prove for 𝑅 = 0. Moreover, for 𝑅 = 1, the assertions
follow directly from Proposition 4.8.
Next notice that the inverse involved in these two operator determinants exist. This is due to

assumptions (i) and (ii) and the application of Lemma 4.7.
In order to see that the determinants are well defined we need to confirm that the underlying

operators are of the form identity plus trace class. Equivalently, for the first determinant,

𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅 ) = 𝑇(𝜙̃0)𝑇(𝜙̃1,𝜆1)⋯ 𝑇(𝜙̃𝑅,𝜆𝑅 ) + trace class.

This can be shown by induction on 𝑅, where the case 𝑅 = 1 is settled by assumption (iii) with
𝑘 = 1. Assuming 𝑅 ≥ 2, we can pass from 𝑅 − 1 to 𝑅 by writing

𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅 ) = 𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅−1)𝑇(𝜙̃𝑅,𝜆𝑅 ) + 𝐻(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅−1)𝐻(𝜙𝑅,𝜆𝑅 )

where we used (3.3). The product of the Hankel operators is trace class by assumption (iii)
with 𝑘 = 𝑅. Now apply the induction hypothesis to the term 𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅−1) to see that it
is 𝑇(𝜙̃0)𝑇(𝜙̃1,𝜆1)⋯𝑇(𝜙̃𝑅,𝜆𝑅−1) plus trace class. This concludes the proof that the first operator
determinant is well-defined, and the arguments for the second one are similar.
It remains to show that

𝑓𝑅(𝜆1, … , 𝜆𝑅) = 𝑔𝑅(𝜆1, … , 𝜆𝑅)

for (𝜆1, … , 𝜆𝑅) ∈ 𝑈1 ×⋯ ×𝑈𝑅. We notice that the functions 𝑓𝑅(𝜆1, … , 𝜆𝑅) and 𝑔𝑅(𝜆1, … , 𝜆𝑅)

depend analytically on each of the variables 𝜆1 ∈ 𝑈1,… , 𝜆𝑅 ∈ 𝑈𝑅. More specifically we have ana-
lyticity in any one of these variables while keeping the others fixed. Because the sets𝑈1,… ,𝑈𝑅 are
open and connected and contain the origin, it is sufficient to show that the two functions coincide
when (𝜆1, … , 𝜆𝑅) ∈ 𝐷𝜀 ×⋯ × 𝐷𝜀 where 𝐷𝜀 = {𝜆 ∈ ℂ ∶ |𝑧| < 𝜀} and 𝜀 > 0 can be arbitrarily small.
Under the assumption that |𝜆𝑘| < 𝜀 (and having chosen 𝜀 sufficiently small) we can assume

that the operators

𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑘,𝜆𝑘 )

and

𝑇(𝜙−1
𝑘,𝜆𝑘

⋯𝜙−1
1,𝜆1

𝜙−10 )
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 147

(with 1 ≤ 𝑘 ≤ 𝑅) are invertible since they are sufficiently close to the operators 𝑇(𝜙̃0) and 𝑇(𝜙−10 )

in operator norm, and the latter are assumed to be invertible. This enables us to prove the identity
via induction. Indeed, we can split

det 𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅 )𝑇(𝜙̃𝑅,𝜆𝑅 )
−1 ⋯𝑇(𝜙̃1,𝜆1)

−1𝑇(𝜙̃0)
−1

= det 𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅,𝜆𝑅 )𝑇(𝜙̃𝑅,𝜆𝑅 )
−1𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅−1,𝜆𝑅−1)

−1

× det 𝑇(𝜙̃0𝜙̃1,𝜆1 ⋯ 𝜙̃𝑅−1,𝜆𝑅−1)𝑇(𝜙̃𝑅−1,𝜆𝑅−1)
−1 ⋯𝑇(𝜙̃1,𝜆1)

−1𝑇(𝜙̃0)
−1,

det 𝑇(𝜙−10 )−1𝑇(𝜙−1
1,𝜆1

)−1 ⋯𝑇(𝜙−1
𝑅,𝜆𝑅

)−1𝑇(𝜙−1
𝑅,𝜆𝑅

⋯𝜙−1
1,𝜆1

𝜙−10 )

= det 𝑇(𝜙−10 )−1𝑇(𝜙−1
1,𝜆1

)−1 ⋯𝑇(𝜙−1
𝑅−1,𝜆𝑅−1

)−1𝑇(𝜙−1
𝑅−1,𝜆𝑅−1

⋯𝜙−1
1,𝜆1

𝜙−10 )

× det 𝑇(𝜙−1
𝑅−1,𝜆𝑅−1

⋯𝜙−1
1,𝜆1

𝜙−10 )−1𝑇(𝜙−1
𝑅,𝜆𝑅

)−1𝑇(𝜙−1
𝑅,𝜆𝑅

⋯𝜙−1
1,𝜆1

𝜙−10 ).

Invoking Proposition 4.8 and the induction hypothesis proves the identity. □

Corollary 4.10. Assume 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 where 𝜙𝑘 = 𝑢𝐵𝑘,𝜏𝑘 , 1 ≤ 𝑘 ≤ 𝑅, and such that the eigen-
values of 𝐵𝑘 ∈ ℂ𝑁×𝑁 have real parts in the interval 𝐼 = (−1∕2, 1∕2). Moreover, suppose also that
𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 is such that both 𝑇(𝜙0) and 𝑇(𝜙̃0) are invertible on (𝓁2)𝑁 . Then

lim
𝑛→∞

det 𝑇𝑛(𝜙)

𝐺[𝜙0]𝑛
∏𝑅

𝑘=1
det 𝑇𝑛(𝜙𝑘)

= 𝐸 (4.10)

where

𝐸 = det 𝑇(𝜙)𝑇−1(𝜙𝑅)⋯𝑇−1(𝜙1)𝑇
−1(𝜙−11 )⋯𝑇−1(𝜙−1𝑅 )𝑇(𝜙−1). (4.11)

Proof. We have the same assumptions as in Theorem 4.6. Below we will argue that we can apply
Theorem 4.9 and conclude that the constant

𝐸2 = det 𝑇(𝜙̃)𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃0)

−1,

evaluates to

𝐸2 = det 𝑇(𝜙−10 )−1𝑇(𝜙−11 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1).

Taking this for granted we can combine the constants 𝐸1, 𝐸2, and 𝐸3 in the proper order, observe
the cancellation of 𝑇(𝜙0) and 𝑇(𝜙−10 ), and arrive at the expression for 𝐸.
In order to see that Theorem 4.9 can be applied we put

𝜙𝑘,𝜆 = exp(𝜆𝜎𝑘) with 𝜎𝑘(𝑡) = 𝐵𝑘 log(−𝑡∕𝜏𝑘)

where 𝜎𝑘 is a piecewise continuous matrix function, which is continuous on 𝕋 ⧵ {𝜏𝑘} with
normalization 𝜎𝑘(−𝜏𝑘) = 0. It follows that

𝜙𝑘,𝜆 = 𝑢𝜆𝐵𝑘,𝜏𝑘
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148 BASOR et al.

so that for 𝜆 = 1 this function coincides with 𝜙𝑘, 1 ≤ 𝑘 ≤ 𝑅. Using Lemma 4.2 we see that the
Hankel conditions in (iii) of Theorem 4.9 are fulfilled.
We also note that besides (i), also (ii) is satisfied, that is, the operators 𝑇(𝜙̃𝑘,𝜆) are invertible for

𝜆 ∈ 𝑈𝑘 whenwe choose𝑈𝑘 to be a sufficiently small open neighborhood of the interval [0, 1] ⊆ ℂ.
Indeed, for 𝜆 ∈ [0, 1], the eigenvalues of 𝜆𝐵𝑘 have real parts also lying in (−1∕2, 1∕2) and therefore
𝑇(𝜙̃𝑘,𝜆) = 𝑇(𝑢𝜆𝐵𝑘,𝜏𝑘 ) is invertible by Proposition 3.11. Clearly, invertibility is guaranteed in a small
neighborhood of [0,1] as well. Thus all assumptions in Theorem 4.9 are fulfilled. □

Notice that the operator determinant𝐸 is well-defined even if 𝑇(𝜙0) or 𝑇(𝜙−10 ) are not invertible
(however, still assuming all other assumptions in the corollary). Indeed, it follows from the first
part of Proposition 4.4 that

𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙1)

−1 = 𝑇(𝜙0) + trace class,

𝑇(𝜙−11 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1) = 𝑇(𝜙−10 ) + trace class.

Hence the product is identity plus trace class since also 𝑇(𝜙0)𝑇(𝜙−10 ), the operator featuring in 𝐸3,
is identity plus trace class.
It is the goal of the next section to remove the extra assumption that 𝑇(𝜙0) and 𝑇(𝜙−10 ) be

invertible and replace it by a weaker condition on 𝜙0. Once this is accomplished our main results,
Theorem 2.3 and Corollary 2.4, can be proved.

5 THE FINAL DERIVATION OF THE ASYMPTOTICS

5.1 Some auxilliary results

We will need an auxiliary result which provides a product representation for 𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁

in terms of exponentials. To prove this result some information about the commutative Banach
algebra 𝐶1+𝜀pw (𝕋; Γ) is required.

Lemma 5.1.  = 𝐶1+𝜀pw (𝕋; Γ) is a commutative Banach algebra with the following properties:

(a)  is continuously embedded and inverse closed in 𝐶(𝕋),
(b)  contains all functions in 𝐶∞(𝕋),
(c) the maximal ideal space of  is (naturally) homeomorphic to 𝕋.

Proof. Properties (a) and (b) are obvious from the definition. Hence we will focus on proving
(c). We note that (c) implies that the Gelfand transform → 𝐶(()) amounts to the natural
embedding of  into 𝐶(𝕋).
To prove (c), consider the map

Λ ∶ 𝑡0 ∈ 𝕋 ↦ Φ𝑡0 ∈()
where Φ𝑡0 is the multiplicative linear functional defined by Φ𝑡0(𝑏) = 𝑏(𝑡0), 𝑏 ∈ . This map
is well-defined.
We claim that Λ is surjective. Indeed, let Φ be a multiplicative linear functional on . Apply it

to the function 𝜒1(𝑡) = 𝑡 to determine a number 𝑡0 ∶= Φ(𝜒1). By Gelfand theory, the value 𝑡0 is
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 149

contained in the spectrum of 𝜒1 considered as an element in . Hence 𝑡0 ∈ 𝕋. We will show that
Φ = Φ𝑡0 .
Consider an arbitray 𝑏 ∈ . For 𝜀 > 0, choose a 𝐶∞-function 𝑓𝜀 ∶ 𝕋 → [0, 1] which is equal to

one in an 𝜀-neighborhood of 𝑡0 and vanishes outside a 2𝜀-neighborhood of 𝑡0. Write

𝑏(𝑡) − 𝑏(𝑡0) = 𝑓𝜀(𝑡)(𝑏(𝑡) − 𝑏(𝑡0)) +
1 − 𝑓𝜀(𝑡)

𝑡 − 𝑡0
(𝑡 − 𝑡0)(𝑏(𝑡) − 𝑏(𝑡0)).

All functions involved in the product on the right hand side belong to. In particular,Φ(𝑡 − 𝑡0) =

Φ(𝜒1) − 𝑡0Φ(1) = 0, and thus we get

Φ(𝑏) − Φ𝑡0(𝑏) = Φ
(
𝑓𝜀(𝑏 − 𝑏(𝑡0))

)
∈ sp

(
𝑓𝜀(𝑏 − 𝑏(𝑡0))

)
= im

(
𝑓𝜀(𝑏 − 𝑏(𝑡0))

)
.

Notice that the spectrum of a function considered as an element in  is equal to the image of this
function due to the inverse closedness stated in part (a). As we can make 𝜀 > 0 as small as desired
it follows from the continuity of 𝑏(𝑡) that Φ(𝑏) = Φ𝑡0(𝑏). This holds for all 𝑏 ∈ , and therefore
Φ = Φ𝑡0 and Λ is surjective.
The injectivity ofΛ can be seen by applyingΦ𝑡0 = Φ𝑡1 to the function 𝜒1(𝑡) = 𝑡 to conclude that

𝑡0 = 𝑡1.
Finally, let us prove that Λ is a homeomorphism. The standard local base for the topology of

() at an element Φ ∈() consists of all neighborhoods

𝑈𝑏1,…,𝑏𝑛;𝜀[Φ] =
{
Ψ ∈() ∶ |Ψ(𝑏𝑖) − Φ(𝑏𝑖)| < 𝜀, 1 ≤ 𝑖 ≤ 𝑛

}
.

For Φ = Φ𝑡0 = Λ(𝑡0), 𝑡0 ∈ 𝕋, the pre-image equals

Λ−1(𝑈𝑏1,…,𝑏𝑛;𝜀[Φ]) =
{
𝑡 ∈ 𝕋 ∶ |𝑏𝑖(𝑡) − 𝑏𝑖(𝑡0)| < 𝜀, 1 ≤ 𝑖 ≤ 𝑛

}
,

which contains a small 𝛿-neighborhood of 𝑡0 ∈ 𝕋. With this, the continuity of Λ at each 𝑡0 ∈ 𝕋 is
proved. To see that Λ is an open map, one could either use the particular neighborhood𝑈𝜒1;𝜀[Φ],
or invoke the compactness and Hausdorff properties of the underlying spaces. Thus it is proved
that Λ is a homeomorphism. □

Lemma 5.2. Let 𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 be an invertible function and suppose thatwind(det 𝜙0) = 0.
Then, for each 𝜀 > 0, the function 𝜙0 admits a product representation

𝜙0 = 𝑒𝜂0𝑒𝜂1 ⋯ 𝑒𝜂𝑆 , (5.1)

where 𝜂𝑘 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 and ‖𝜂𝑘‖ < 𝜀 for all 0 ≤ 𝑘 ≤ 𝑆.

In the last condition, the norm of 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 can be considered.
Because of its importance we will give two proofs of this lemma. One is based onWiener–Hopf

factorization and is in principle constructive, while the other is based on Gelfand theory and uses
Arens Theorem (a generalization of the Arens–Royden Theorem) and a homotopy argument. For
the notion of Wiener–Hopf factorization, we refer to the monographs [13, 22], the survey paper
[21], and the references therein.
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150 BASOR et al.

Proof. Let us first notice that the norm condition ‖𝜂𝑘‖ < 𝜀 can be disregarded. Indeed, if this
condition is not fulfilled we can replace a single exponential 𝑒𝜂𝑘 in the product representation by
a product of𝑀 exponentials

𝑒𝜂𝑘 = 𝑒𝜂𝑘∕𝑀 ⋯𝑒𝜂𝑘∕𝑀

and choose𝑀 sufficiently large. This comes only at the expense of the number of factors involved
in the product representation.
From now on we will use the notation  = 𝐶1+𝜀pw (𝕋; Γ). It is easy to see that inverse closedness

of  in 𝐶(𝕋) immediately implies the inverse closedness of 𝑁×𝑁 in 𝐶(𝕋)𝑁×𝑁 . Therefore, the
assumption that 𝜙0 ∈ 𝑁×𝑁 is invertible implies that 𝜙−10 ∈ 𝑁×𝑁 .
First argument:
The continuous matrix function 𝜙0 can be approximated as closely as desired in the 𝐿∞-norm

by a matrix Laurent polynomial, for example, by one that is obtained from the Fourier series of
𝜙0. Considering a sufficiently close approximation by a matrix Laurent polynomial 𝑏(𝑡), one for
which

‖𝜙0 − 𝑏‖𝐿∞ <
1

2‖𝜙−10 ‖𝐿∞ ,
we will obtain a representation

𝜙0 = 𝑒𝜂0𝑏. (5.2)

Indeed, to see this put

𝜚 = (𝑏 − 𝜙0)𝜙
−1
0 = 𝑏𝜙−10 − 𝐼𝑁

and notice that 𝜚 is a continuous matrix function with ‖𝜚‖𝐿∞ < 1∕2. Therefore 𝐼𝑁 + 𝜚 has a
continuous logarithm and we can define

𝜂0 = − log(𝐼𝑁 + 𝜚).

Combining this we obtain 𝑒−𝜂0 = 𝐼𝑁 + 𝜌 = 𝑏𝜙−10 and the representation (5.2) follows.
From the definition of 𝜚 it is immediate that 𝜚 ∈ 𝑁×𝑁 . Because of the inverse closedness of

𝑁×𝑁 in 𝐶(𝕋)𝑁×𝑁 (and thus in 𝐿∞(𝕋)𝑁×𝑁) we see that the spectrum

sp𝑁×𝑁 (𝜚) = sp𝐿∞(𝕋)𝑁×𝑁 (𝜚) ⊆ {𝑧 ∈ ℂ ∶ |𝑧| < 1∕2}.

Hence the above logarithm can also be expressed using Riesz functional calculus,

𝜂0 = −
1

2𝜋𝑖 ∮|𝑧|=1∕2(𝑧𝐼𝑁 − 𝜚)−1 log(1 + 𝑧) 𝑑𝑧,

and this entails that 𝜂0 ∈ 𝑁×𝑁 .
To summarize, at this point we have extracted the first factor in the desired product

representation (5.1), and we are left with representing 𝑏 as a finite product of exponentials.
Before we are going to do this we notice that taking the determinants in (5.2) gives

det 𝜙0(𝑡) = 𝑒trace 𝜂0(𝑡) det 𝑏(𝑡),
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 151

where the exponential is a function with winding number zero. Therefore, we conclude that the
matrix Laurent polynomial 𝑏(𝑡) not only takes invertible values on 𝕋 (and thus on some open
neighborhood of 𝕋), but that the winding number of det 𝑏(𝑡) is zero.
Awell-known factorization result formatrix functions (see [11, Thm. 5.5 and its remark], [13], or

[22]) implies that under these conditions on 𝑏, the function admits a Wiener–Hopf factorization

𝑏(𝑡) = 𝑏−(𝑡)𝑑(𝑡)𝑏+(𝑡), 𝑡 ∈ 𝕋,

not necessarily canonical, but with 𝑑(𝑡) = diag[𝑡𝜘1 , … , 𝑡𝜘𝑁 ] where 𝜘1, … ,𝜘𝑁 ∈ ℤ are the partial
indices of the factorization. The winding number condition implies that 𝜘1 +⋯+ 𝜘𝑁 = 0. The
factors 𝑏+(𝑡) and 𝑏−(𝑡) are also matrix Laurent polynomials, which along with their inverses are
analytic on the sets {𝑧 ∈ ℂ ∶ |𝑧| < 1 + 𝛿} and {∞} ∪ {𝑧 ∈ ℂ ∶ |𝑧| > 1 − 𝛿} for some sufficiently
small 𝛿 > 0.
By continuously deforming 𝑏+(𝑡) to 𝑏+(0) we can represent 𝑏+(𝑡) as a finite product involving

factors which are close to the identity 𝐼𝑁 in some sense,

𝑏+(𝑡) = 𝑏+(0)

𝑀∏
𝑗=1

𝑏+(𝑟𝑗−1𝑡)
−1𝑏+(𝑟𝑗𝑡), 𝑟𝑗 =

𝑗

𝑀
, 𝑡 ∈ 𝕋,

where𝑀 is chosen sufficiently large. The constant invertible matrix 𝑏+(0) has a matrix logarithm
and thus itself is an exponential. The factors

𝑓𝑗(𝑡) = 𝑏+(𝑟𝑗−1𝑡)
−1𝑏+(𝑟𝑗𝑡)

are analytic (and close to 𝐼𝑁) on some neighborhood of 𝕋. Therefore they have an analytic matrix
logarithm log 𝑓𝑗(𝑡), which when considered as function on 𝕋 belongs to 𝑁×𝑁 . We have proved
that 𝑏+(𝑡) is the finite product of exponentials of functions in 𝑁×𝑁 .
The deformation argument can be applied in the similar manner to the factor 𝑏−(𝑡) by deform-

ing it to the constant invertible matrix 𝑏−(∞). Thus also 𝑏−(𝑡) admits a representation as a finite
product of exponentials of functions in 𝑁×𝑁 .
It remains to show that 𝑑(𝑡) also has such a product representation. In case all 𝜘𝑘 are equal to

zero nothing needs to be done since 𝑑(𝑡) = 𝐼𝑁 . Otherwise, using the condition 𝜘1 +⋯+ 𝜘𝑁 = 0 it
follows easily by induction that 𝑑(𝑡) can be written as a finite product of diagonal matrices, where
each of these diagonal matrices has 𝑡 and 𝑡−1 precisely once as an entry and otherwise 1 on the
remaining diagonal entries. We can formally write

𝑑(𝑡) = 𝑑1(𝑡)⋯𝑑𝑀(𝑡)

with

𝑑𝑘(𝑡) = 𝑃𝑘

⎛⎜⎜⎜⎝
𝑡 0 0

0 𝑡−1 0

0 0 𝐼𝑁−2

⎞⎟⎟⎟⎠𝑃
−1
𝑘
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152 BASOR et al.

and 𝑃𝑘 being permutation matrices. Focusing on the 2 × 2 part of the term in the middle, we
decompose it into

(
𝑡 0

0 𝑡−1

)
=

(
1 0

𝑡−1 1

)(
0 1

−1 0

)(
1 0

𝑡 1

)(
1 −𝑡−1

0 1

)
.

Each of these factors is the exponential of either a constant matrix or a very simple matrix Lau-
rent polynomial. This gives rise to a corresponding product representation of each of the matrix
functions 𝑑𝑘(𝑡) by making an obvious extension to the full𝑁 ×𝑁matrices and taking the permu-
tation matrices into account. It follows that the factor 𝑑(𝑡) also has a representation as a product
of exponentials. This concludes our first proof.
Second argument:
As shown inLemma5.1, themaximal ideal space of the commutative Banach algebra is home-

omorphic to 𝕋. In fact, the Gelfand transform 𝑎 ∈ ↦ 𝑎̂ ∈ 𝐶(()) amounts to the natural
embedding of  into 𝐶(𝕋).
Let 1(𝑁×𝑁) stand for the connected component of the group of all invertible elements in

the Banach algebra 𝑁×𝑁 containing the identity. It is known [26, Thm. 10.34] that 𝜙0 admits a
representation (5.1) if and only if 𝜙0 belongs to 1(𝑁×𝑁). Furthermore, using Gelfand theory,
Arens Theorem [1, 27] implies that 𝜙0 ∈ 1(𝑁×𝑁) if and only if 𝜙0 ∈ 1(𝐶(𝕋)𝑁×𝑁).
Since by assumption we know that 𝜙0 is a continuous matrix function on 𝕋 taking invertible

values, it follows that the last condition 𝜙0 ∈ 1(𝐶(𝕋)𝑁×𝑁) can be rephrased by saying that the
mapping

𝜙0 ∶ 𝕋 → 𝐺𝐿(𝑁;ℂ)

is homotopic to the constant mapping (with value 𝐼𝑁). Here we use the notation 𝐺𝐿(𝑁;ℂ) for the
general linear group of order 𝑁 over ℂ, that is, the group of nonsingular 𝑁 × 𝑁 complex matri-
ces. From homotopy theory it is well-known that 𝐺𝐿(𝑁;ℂ) is (path) connected and that its first
homotopy group 𝜋1(𝐺𝐿(𝑁;ℂ)) is isomorphic to ℤ by means of the mapping

[𝑏]∼ ∈ 𝜋1(𝐺𝐿(𝑁;ℂ)) ↦ wind(det 𝑏) ∈ ℤ.

Therefore, since the wind(det 𝜙0)) = 0 is assumed, we can conclude that 𝜙0 is homotopic to the
constant map. In other words, 𝜙0 ∈ 1(𝐶(𝕋)𝑁×𝑁). Due to the equivalencies stated above, we thus
have proved that 𝜙0 admits the product representation (5.1). □

5.2 Relaxation of the invertibility assumption

We can now use the previous lemma to prove the following theorem, which is almost identical
to Corollary 4.10 except that the assumption about the invertibility of 𝑇(𝜙0) and 𝑇(𝜙0) has been
replaced by the weaker condition on winding number of det 𝜙0.

Theorem 5.3. Assume 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 where 𝜙𝑘 = 𝑢𝐵𝑘,𝜏𝑘 , 1 ≤ 𝑘 ≤ 𝑅, and such that the eigenval-
ues of 𝐵𝑘 ∈ ℂ𝑁×𝑁 have real parts in the interval 𝐼 = (−1∕2, 1∕2). Moreover, suppose that the factor
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 153

𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 is invertible and wind(det 𝜙0) = 0. Then

lim
𝑛→∞

det 𝑇𝑛(𝜙)

𝐺[𝜙0]𝑛
∏𝑅

𝑘=1 det 𝑇𝑛(𝜙𝑘)
= 𝐸, (5.3)

where

𝐸 = det 𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙1)

−1𝑇(𝜙−11 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1)

is a well-defined operator determinant.

Proof. The proof goes along the lines of the proofs of Theorem 4.6 and Corollary 4.10 except that
we refine the given product representation 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 to

𝜙 = 𝜓0𝜓1⋯𝜓𝑆𝜙1⋯𝜙𝑅.

This is justified by Lemma 5.2, which allows us to write 𝜙0 = 𝜓0𝜓1⋯𝜓𝑆 with 𝜓𝑗 = 𝑒𝜂𝑗 ∈

𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 and 𝜂𝑗 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 for 0 ≤ 𝑗 ≤ 𝑆. We may also assume that ‖𝜂𝑘‖𝐿∞ < 1∕2.
The latter condition implies that ‖𝜓𝑘 − 𝐼𝑁‖𝐿∞ < 1, and therefore the operators 𝑇(𝜓𝑗) and 𝑇(𝜓𝑗)
are invertible and the sequences 𝑇𝑛(𝜓𝑗) are stable (0 ≤ 𝑗 ≤ 𝑆).
In the proof of Theorem 4.6 we have used Theorem 4.5. We will also use it here and apply it to

the larger product. To be specific, we consider

𝐴𝑛 = 𝑇𝑛(𝜙)𝑇𝑛(𝜙𝑅)
−1 ⋯𝑇𝑛(𝜙1)

−1𝑇𝑛(𝜓𝑆)
−1 ⋯𝑇𝑛(𝜓1)

−1𝑇𝑛(𝜓0)
−1,

which leads us to

lim
𝑛→∞

det 𝑇𝑛(𝜙)∏𝑆

𝑗=0 𝐺[𝜓𝑗]
𝑛
∏𝑅

𝑘=1 det 𝑇𝑛(𝜙𝑘)
= 𝐸

with 𝐸 = 𝐸1𝐸2𝐸3 and the constants

𝐸1 = det 𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙1)

−1𝑇(𝜓𝑆)
−1 ⋯𝑇(𝜓1)

−1𝑇(𝜓0)
−1

𝐸2 = det 𝑇(𝜙̃)𝑇(𝜙̃𝑅)
−1 ⋯𝑇(𝜙̃1)

−1𝑇(𝜓̃𝑆)
−1 ⋯𝑇(𝜓̃1)

−1𝑇(𝜓̃0)
−1

𝐸3 =

𝑆∏
𝑗=0

det 𝑇(𝜓𝑗)𝑇(𝜓
−1
𝑗
).

Here 𝐸3 and the 𝐺[𝜓𝑗]’s arise from the Szegő–Widom limit theorem applied to each of the
determinants det 𝑇𝑛(𝜓𝑗).
We notice that the definition (1.2) of the constants 𝐺[ ⋅ ] implies that

𝐺[𝜙0] = 𝐺[𝜓0]𝐺[𝜓1]⋯𝐺[𝜓𝑆].

Indeed, this is deduced from 𝜙0 = 𝜓0𝜓1⋯𝜓𝑆 = 𝑒𝜂0𝑒𝜂1 ⋯ 𝑒𝜂𝑆 .
The next step is to rewrite 𝐸2 as

𝐸2 = det 𝑇(𝜓−10 )−1𝑇(𝜓−11 )−1 ⋯𝑇(𝜓−1
𝑆
)−1𝑇(𝜙−11 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1).
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154 BASOR et al.

This follows directly from Theorem 4.9. To make the connection, we proceed similarly as in
Corollary 4.10, butmodify the notation used in denoting the appropriate products to the following,

𝜓0𝜓1,𝜇1𝜓2,𝜇2 ⋯𝜓𝑆,𝜇𝑆𝜙1,𝜆1 …𝜙𝑅,𝜆𝑅 ,

where

𝜓𝑗,𝜇(𝑡) = 𝑒𝜇𝜂𝑘(𝑡), 𝜙𝑘,𝜆(𝑡) = 𝑒𝜆𝜎𝑘(𝑡) = 𝑢𝜆𝐵𝑘,𝜏𝑘 .

In other words we introduce the parameters 𝜇1, … , 𝜇𝑆, 𝜆1, … , 𝜆𝑅. Note that it is not necessary to
parameterize 𝜓0. As before, the assumption ‖𝜂𝑗‖𝐿∞ < 1∕2 implies that ‖𝜓𝑗,𝜇 − 𝐼𝑁‖𝐿∞ < 1 for all
𝜇 ∈ [0, 1], and hence for all 𝜇 in a small neighborhood𝑈𝑗 of [0,1]. Therefore, all the Toeplitz oper-
ators 𝑇(𝜓𝑗,𝜇) are invertible whenever 𝜇 ∈ 𝑈𝑗 . With this we see that Theorem 4.9 can be applied
and the above expression for 𝐸2 follows.
By a simple computation it can be seen that 𝐸 = 𝐸1𝐸2𝐸3 evaluates to the constant given in the

theorem. Indeed, we write 𝐸1𝐸2 as single operator determinant as follows

det
(
𝑇(𝜓−10 )−1𝑇(𝜓−11 )−1 ⋯𝑇(𝜓−1

𝑆
)−1𝑇(𝜙−11 )−1 ⋯𝑇(𝜙−1𝑅 )−1𝑇(𝜙−1)

× 𝑇(𝜙)𝑇(𝜙𝑅)
−1 ⋯𝑇(𝜙1)

−1𝑇(𝜓𝑆)
−1 ⋯𝑇(𝜓1)

−1𝑇(𝜓0)
−1
)

and combine it recursively with the other operator determinants det 𝑇(𝜓𝑗)𝑇(𝜓−1𝑗 ) for 0 ≤ 𝑗 ≤ 𝑆.
All we have to use here are the general formulas det 𝑇𝐴𝑇−1 = det𝐴 and det(𝐴𝐵) = (det𝐴)(det 𝐵)

where 𝐴 and 𝐵 are identity plus trace class and 𝑇 is an invertible operator. □

5.3 Proof of the main results

We are now going to prove our main results, Theorem 2.3 and Corollary 2.4.
We first remark that we have already proved Theorem 2.1 (see Section 3.2), which states the

equivalence of the assumptions (i)–(iv). Therefore, let us assume that 𝜙 ∈ 𝑃𝐶1+𝜀(𝕋; Γ)𝑁×𝑁 is
𝐼-regular and wind(𝜙; 𝐼) = 0 where 𝐼 = (−1∕2, 1∕2). We now apply Proposition 3.2 and Corol-
lary 3.3 to see that 𝜙 admits a representation (3.1). That means we can write 𝜙 = 𝜙0𝜙1⋯𝜙𝑅 with
𝜙𝑘 = 𝑢𝐵𝑘,𝜏𝑘 for 1 ≤ 𝑘 ≤ 𝑅, and 𝜙0 ∈ 𝐶1+𝜀pw (𝕋; Γ)𝑁×𝑁 is an invertible function with wind(det 𝜙0) =
0. The real parts of the eigenvalues of 𝐵𝑘 lie in 𝐼. This proves the first part of Theorem 2.3.
The conditions which we just stated are the assumptions in Theorem 5.3. Therefore, we can

apply this theorem and conclude the asymptotics (5.3). In this connection we will also use what
we stated in (4.3)–(4.5) (which in turn followed from Proposition 3.11). Combining all this we
arrive at the asymptotic formula (2.8) with the constants given by (2.9), (2.10), and (2.11). Hence
Theorem 2.3 is proved.
Corollary 2.4 is a direct conclusion of Theorem 2.3. In view of the product representation 𝜙 =

𝜙0𝜙1⋯𝜙𝑅 and the definition of the function 𝑐 in (2.4), we see that 𝑐 = det 𝜙0 and thus (2.13)
follows. On the other hand, the matrices 𝐵𝑘 are similar to the matrices 𝐿𝑘 defined in (2.1). This
can been seen directly, but has already been noted in the paragraphs following Proposition 3.2 and
its proof. This similarity implies formula (2.14).
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 155

Finally, the constant 𝐸 is nonzero if and only if the corresponding operator determinant is
nonzero. Notice that the Barnes G-functions are all nonzero since the 𝛽’s have real parts in
(−1∕2, 1∕2) and thus are not nonzero integers. Our assumptions imply that both 𝑇(𝜙) and 𝑇(𝜙−1)
are Fredholm operators with index zero (see Theorem 2.1 and Proposition 3.10). The inverses of
𝑇(𝜙𝑘) and 𝑇(𝜙−1𝑘 ) exist. Note that an operator determinant is nonzero if and only if the underlying
operator has a trivial kernel and a trivial cokernel. Therefore, it is easily seen that this amounts to
the invertibility of both 𝑇(𝜙) and 𝑇(𝜙−1). This concludes the proof of Corollary 2.4.

5.4 An alternate approach using perturbation results and further
open problems

As we have mentioned before, many of the difficulties in our work arise because the invertibility
of block Toeplitz operators cannot be guaranteed. The proof of the Szegő–Widom limit theorem
given in [32] gets around this problem by using an elegant perturbation result [30]. Indeed, if 𝑇(𝜙)
is a Fredholm operator with index zero one can find a matrix Laurent polynomial 𝑞 such that
𝑇(𝜙 + 𝜆𝑞) is invertible whenever 0 < |𝜆| < 𝜀. It would be interesting to know whether a proof of
our result could also be given using this type of perturbation. This is very likely possible, but notice
that because it has been used in connection with localization results, it is probably not as simple
as in [32]. In particular, it seems that one would need a result to simultaneously perturb 𝑇(𝜙) and
𝑇(𝜙) with the same 𝑞 to make them both invertible. Such a result has not yet been established.
Let us mention some open questions that naturally come up. The first one is about the validity

of the “duality” formula (4.9). Clearly, this formula can be proved if all “intermediate” Toeplitz
operators are invertible. It can also be proved if the various symbols can be continuously deformed
to ones for which the identity holds as long as the Toeplitz operators with the deformed symbols
are invertible. However, results such as [17, Prop. 10.5] suggest that the deformation argument has
its limitations. Perhaps a perturbation argument could work again, but it seems that if (4.9) turns
out to be generally true, its proof is not simply algebraic like the one for (4.8).
Another question of further interest is about the precise smoothness (on 𝜙0) that is required

to ensure that the stated Toeplitz determinant asymptotics (2.8) is valid in the case of piece-
wise continuous symbols 𝜙. As far as we are know, this has not yet been examined even in the
scalar case (𝑁 = 1). However, in the case of continuous selfadjoint symbols (i.e., for the Szegö-
Widom theorem) results of this kind are available. We refer to [11, sect. 10.8] for more details
and references.

6 EXAMPLES

In this section we study six examples of matrix-valued discontinuous symbols using our results.
We first present two examples that illustrate some of the subtleties of considering matrix-valued
symbols.

Example 6.1. Observe that the finite Toeplitz matrices with symbols of the simple form(
𝑓 𝑔

0 ℎ

)
or

(
𝑓 0

0 ℎ

)
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156 BASOR et al.

have exactly the same determinant asymptotics. This can be easily seen by simply rearranging
rows and columns. Thus, even if 𝑔 is piecewise continuous, the discontinuity will not contribute
to the asymptotics.

Example 6.2. For a second example, consider

𝜙 =

(
𝑢𝛽,1 𝑏

𝑐 𝑢𝛽,1

)

where 𝑏, 𝑐 ∈ ℂ and 𝛽 ∈ (−1∕2, 1∕2) are constants chosen so that 𝜙 is invertible. Using our recipe
for finding the appropriate 𝑢𝐵 in our canonical representation, we need to compute Jordan form
of

(𝜙(1 + 0))−1𝜙(1 − 0).

A simple computation shows that the eigenvalues of the above are given by

1 − 𝑏𝑐

𝑎
±
2 𝑖
√
𝑏𝑐 sin 𝛽𝜋

𝑎

with 𝑎 = 𝑒−2𝑖𝛽𝜋 − 𝑏𝑐. Thus the “new” 𝛽-parameters that determine the asymptotics are given by

log(
1−𝑏𝑐

𝑎
±

2 𝑖
√
𝑏𝑐 sin 𝛽𝜋

𝑎
)

2𝜋𝑖
.

The point of this example is that one cannot simply read off the asymptotics without doing the
appropriate linear algebra.

Example 6.3. Another example of a matrix-valued discontinuous symbol can be found in [23,
24], which is related to entanglement in quantum spin chains. As in (1.9), consider the symbol

𝜙(𝑒𝑖𝜃) =

(
𝑖𝜆 𝑔(𝜃)

−𝑔(𝜃)−1 𝑖𝜆

)
(6.1)

where

𝑔(𝜃) =
𝛼 cos 𝜃 − 1 − 𝑖𝛾𝛼 sin 𝜃|𝛼 cos 𝜃 − 1 − 𝑖𝛾𝛼 sin 𝜃| .

When 𝛼 = 1 this symbol has a jump at 𝜃 = 0. We will also assume that the parameter 𝛾 is positive.
If we compute the appropriate “jump ratio matrix” we find that it is

1

𝜆2 − 1

(
𝜆2 + 1 2𝜆

2𝜆 𝜆2 + 1

)
.

The eigenvalues of the above are

𝜆 + 1

𝜆 − 1
and 𝜆 − 1

𝜆 + 1
,
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 157

and thus when 𝜆 is real and in the interval (−1, 1) the corresponding 𝛽-parameters have real parts
±1∕2. This is a situation not covered by our theorem, although it is possible the results still hold.
At 𝜆 = ±1, the symbol is not invertible and thus also not covered by our theorem. For other values
of 𝜆 the asymptotics of the determinants are covered by our results. Note that det 𝜙 = 1 − 𝜆2 is a
constant, and it is readily verified that the 𝐼-winding number of 𝜙 is zero. We have now obtained
the following result:

Theorem 6.4. Let 𝜙 be given by (6.1) and suppose that 𝜆 ∉ [−1, 1]. Then

𝐷𝑛[𝜙] ∼ (1 − 𝜆2)𝑛 𝑛Ω 𝐸

whereΩ = −2𝛽2,𝐸 is given in (2.11), and 𝛽 = 1

2𝜋𝑖
log(

𝜆+1

𝜆−1
)with the appropriately chosen logarithms.

Since in applications, one takes the logarithm of the above expression and then integrates, it is
useful to know that the constant 𝐸 is not zero. This is not difficult to check in this case. We need
to know that the operators 𝑇(𝜙) and 𝑇(𝜙̃) are both invertible. Consider first 𝑇(𝜙).
Notice the symbol is of the form

𝜙 = 𝑖𝜆𝐼 + 𝜓 = 𝑖(𝜆𝐼 − 𝜓), 𝜓 =

(
0 𝑖𝑔(𝜃)

−𝑖𝑔(𝜃)−1 0

)
.

Because |𝑔(𝜃)|2 = 1we can conclude that the operator 𝑇(𝜓) is self-adjoint, while at the same time
it has norm equal to one. Therefore the spectrum of 𝑇(𝜓) is contained in the interval [−1, 1]. Thus
for 𝜆 not in this interval, the operator 𝑇(𝜙) is invertible. The same argument holds for 𝑇(𝜙̃) and
thus the constant 𝐸 does not vanish.

Example 6.5. Another examplewhere the jumpdiscontinuities occur can be found in [2, 3]where
similar entanglement problems are also discussed. There the symbol in question is of the form

𝜙(𝑒𝑖𝜃) = 𝜆𝐼 −
1

Λ(𝜃)
𝑀(𝜃), (6.2)

where

𝑀(𝜃) =

(
ℎ + 2 cos 𝜃 𝐺(𝜃)

−𝐺(𝜃) −ℎ − 2 cos 𝜃

)
, Λ(𝜃) =

√
(ℎ + 2 cos 𝜃)2 + |𝐺(𝜃)|2

𝐺(𝜃) =

⎧⎪⎨⎪⎩
−𝑖(𝜋 + 𝜃), −𝜋 ≤ 𝜃 < −𝜃0

−𝑖𝜃, −𝜃0 < 𝜃 < 𝜃0

𝑖(𝜋 − 𝜃), 𝜃0 < 𝜃 ≤ 𝜋

and ℎ ∈ ℝ, ℎ ≠ ±2 and 𝜆 ∈ Γ (see (1.10)) are certain parameters. While not rigorously proving
the asymptotics, the authors do compute the eigenvalues of the jump ratio matrix to find that the
eigenvalues at both jumps (i.e., at 𝜃 = ±𝜃0) are given by

𝜄± =

(√
𝜆2 − cos2(Δ𝜉∕2) ± sin(Δ𝜉∕2)√

𝜆2 − 1

)2

(6.3)
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158 BASOR et al.

where Δ𝜉 = 𝜉+ − 𝜉− and

cos 𝜉+ =
ℎ + 2 cos 𝜃0√

(ℎ + 2 cos 𝜃0)2 + (𝜃0 − 𝜋)2

sin 𝜉+ =
𝜃0 − 𝜋√

(ℎ + 2 cos 𝜃0)2 + (𝜃0 − 𝜋)2

and

cos 𝜉− =
ℎ + 2 cos 𝜃0√

(ℎ + 2 cos 𝜃0)2 + 𝜃20

sin 𝜉− =
𝜃0√

(ℎ + 2 cos 𝜃0)2 + 𝜃20

.

Our results are in agreementwith these. To seewhere our theoremapplies,wenote once again that
the determinant of the symbol 𝜙 is constant in 𝜆. In addition, it is also straightforward to see that
the two eigenvalues 𝜄± for each point of discontinuity are algebraic inverses of each other. Thus
the only difficulty can occur when the logarithms of the eigenvalues do not satisfy the appropriate
condition, that is, when

𝜆 ∉ [−1,−| cos(Δ𝜉∕2)|] ∪ [| cos(Δ𝜉∕2)|, 1]. (6.4)

We have now derived the following result, which was stated in sect. IV of [3] and then used to
compute the entanglement entropy for Kitaev chains with long-range pairing.

Theorem 6.6. Let 𝜙 be given by (6.2) and suppose that (6.4) holds. Then

𝐷𝑛[𝜙] ∼ (𝜆2 − 1)𝑛 𝑛Ω 𝐸,

whereΩ = −4𝛽2 and the logarithm 𝛽 = ±
1

2𝜋𝑖
log 𝜄± is appropriately chosen.

The operator for this theorem is of the form 𝜆𝐼 − 𝑇(𝜓) with 𝑇(𝜓) self-adjoint and norm one.
Hence the same argument applies as before, for 𝜆 not in [−1, 1], the relevant operators are invert-
ible and the constant 𝐸 is nonzero. We have not yet determined whether 𝐸 is nonzero in the case
𝜆 is in the interval

(−| cos(Δ𝜉∕2)|, | cos(Δ𝜉∕2)|).
Example 6.7. The final class of examples that we consider consists of piecewise constant
matrices. We let

𝜓(𝜃) =

{
𝐼 0 < 𝜃 < 𝜙

𝑀 𝜙 < 𝜃 < 2𝜋
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BLOCK TOEPLITZ DETERMINANTS WITH PIECEWISE CONTINUOUS FUNCTIONS 159

where𝑀 is a constant invertible matrix. Suppose𝑀 =

(
𝑎 − 1 𝑏

𝑐 𝑑 − 1

)
. Then we can write our

symbol as (
1 0

0 1

)
+ 𝜒(𝜙,2𝜋)

(
𝑎 𝑏

𝑐 𝑑

)
where 𝜒(𝜙,2𝜋) is the indicator function of the interval [𝜙, 2𝜋]. Then it is known [22, Theorem 4.12]
that the block matrix factors as

−1

2𝑏𝜈

(
𝑏 𝑏

−(𝑎 − 𝑑)∕2 + 𝜈 −(𝑎 − 𝑑)∕2 − 𝜈

)(
𝜆1 0

0 𝜆2

)(
−(𝑎 − 𝑑)∕2 − 𝜈 −𝑏

(𝑎 − 𝑑)∕2 − 𝜈 𝑏

)

where 𝜈 =
√
𝑐𝑏 +

1

4
(𝑎 − 𝑑)2, and the functions

𝜆1 = 1 + ((𝑎 + 𝑑)∕2 + 𝜈)𝜒(𝜙,2𝜋)

and

𝜆2 = 1 + ((𝑎 + 𝑑)∕2 − 𝜈)𝜒(𝜙,2𝜋).

Thus the asymptotics reduce to the scalar Fisher–Hartwig case and are completely describable.
We should note that the above holds if 𝑏 and 𝜈 are not zero, and if so, other factorizations are
described by the referenced theorem.
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