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Abstract
We hypothesize that the spread of oil slicks on the water’s surface during oil spills is sig-
nificantly influenced by water wave motion at the initial or intermediate spreading stages, 
well before emulsification processes have a substantial impact on the oil film’s state. We 
demonstrate that the spreading dynamics of an oil slick on the water surface are facili-
tated by water waves, employing the thin film approximation. It is shown that water wave 
motion can rapidly deplete any oil slick, reducing the oil layer’s thickness to nearly zero. 
This mechanism may act as a precursor to emulsification processes, leading to the acceler-
ated depletion of oil spills into a distribution of droplets that form an emulsion.

Keywords  Oil spills · Water waves · Thin film flow · Oil layer depletion · Numerical 
simulations with moving meshes

1  Introduction

The dynamics of oil spills on the sea surface represent a significant phenomenon with prac-
tical implications [1]. Initial theoretical studies, supplemented by laboratory experiments, 
concentrated on the simplified scenarios of oil spreading. These studies primarily exam-
ined the dynamics of liquid films on nearly flat water–oil interfaces—essentially on the 
surface of calm seas—to delineate the fundamental physical mechanisms involved and to 
identify the various stages of oil spreading [2–7].

In theoretical works underpinned by experiments in laboratory settings, it has been 
determined that spreading can be classified into three consecutive, distinct regimes based 
on the dominant forces involved. Specifically, these include a brief, initial gravity-inertial 
phase (lasting a few minutes), followed by a gravity-viscous spreading regime (lasting sev-
eral hours), and culminating in the viscous-surface tension regime [4, 5].

Oil spreading under realistic environmental conditions is a significantly more complex 
phenomenon, influenced by a multitude of natural factors often absent in laboratory experi-
ments. These factors include water wave motion, winds, currents, general turbulence, oil 
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evaporation, dispersion, subsequent emulsification due to turbulent motion, biodegrada-
tion, and interactions between oil and the shoreline.

Particularly important is the role of surface tension (capillary effects), which predomi-
nates in the final spreading stage under laboratory conditions. This factor is crucial as it 
directly governs the emulsification process at the microscale. At the same time, rigorous 
consideration of the surface-tension-controlled emulsification and film-rupture processes 
in turbulent conditions was a tiresome task, which required tremendous computational 
resources.

Therefore, in efforts to forecast the overall environmental impact, factors such as rough 
sea conditions have historically been incorporated empirically into models. This approach 
emphasizes simplified and empirical methodologies, yet ensures the inclusion of all perti-
nent natural factors at realistic scales [8–15].

Particularly, recent research efforts have been concentrated on understanding the emul-
sification processes and the large-scale behavior of water-oil emulsions formed as a result. 
This includes focusing on the dynamics and monitoring of the distribution of oil micro-
droplets on a large scale [16–27].

In this study, we aim to provide a more rigorous and quantitative analysis of the influ-
ence of water-wave motion on the spreading of oil slicks. Specifically, we explore the 
potential for preconditioning the breakup of oil slicks by surface water waves at the initial 
stages of oil-film spreading, essentially at the onset of the gravity-viscous regime.

It is well-established that factors such as winds, currents, and water turbulence signifi-
cantly impact the spreading rate [26]. Notably, the spreading rates predicted by the original 
Fay-Hoult theory, which assumes calm sea conditions, are markedly lower than those typi-
cally observed in real-world conditions [26].

In this paper, we demonstrate a potential mechanism that under relatively modest sea 
surface conditions, a continuous oil slick can rapidly disintegrate into surface fractions. 
This may happen, depending on the nature of the wave motion, either significantly before 
the emulsification process begins to exert a noticeable effect, namely at the very start of the 
gravity–viscous regime, or simultaneously with this process, for example, when the break-
ing waves predominate the surface wave motion.

In the subsequent sections, we will introduce a mathematical model based on the thin 
film approximation. This model will be analyzed numerically to investigate various dynam-
ics of the oil slick.

In the numerical simulations, as well as by the model limitations, it will only be pos-
sible to get to a depletion phase with substantially reduced but still non-zero thickness. The 
depletion process, it appears, could significantly influence the further evolution of the oil 
slick. The formation of void areas is expected to considerably enhance emulsification pro-
cesses along substantially longer boundaries due to the impingement of breaking waves on 
the oil slicks [22]. Furthermore, we will show that the spreading rate is impacted even in 
the absence of depletion.

2 � Problem formulation and the mathematical model

Consider an oil layer with density � and dynamic viscosity � , spreading on the water’s 
wavy surface, as depicted in Fig. 1. In this study, we assume the oil is Newtonian, although 
it’s noted that various crude oil compositions could exhibit non-Newtonian behavior.
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The positions of the oil–water and oil–gas interfaces are denoted by x3 = B(x1, x2, t) and 
x3 = B(x1, x2, t) + h(x1, x2, t) , respectively, where h represents the thickness of the oil layer.

The mathematical framework is succinctly introduced as the thin-film lubrication approxi-
mation [28]. Here, the focus will be just on details pertinent to the specific spreading regime 
under consideration. In the thin-film approximation, the model distinguishes between two 
length scales: L in the x1,2-directions, which might represent the diameter of the oil slick or the 
wavelength of surface disturbances, and H in the x3-direction, corresponding to the oil layer’s 
thickness.

The ratio of these scales, defined as H
L
= � , is considered a small parameter, 𝜀 ≪ 1 . 

This assumption is based on the typical ranges of oil-slick characteristic lengths, with 
1m ≤ L ≤ 100m covering either the oil slick’s size or the scale of perturbations, and 
10−4 m ≤ H ≤ 10−2 m representing the thickness of the oil layer.

In our analysis, we employ several simplifying assumptions for clarity and focus. Firstly, 
we assume the presence of long water waves, where the characteristic wavelength L signifi-
cantly exceeds the thickness of the oil layer. In this context, surface tension effects can be dis-
regarded, as L vastly surpasses the capillary length L ≫ Lc =

√
𝛾

𝜌g0
 , which is a measure of 

surface tension to gravity forces [29]. Here, � represents the surface tension coefficient, and g0 
denotes the acceleration due to gravity.

The surface tension of a liquid as well as its density do not vary much between most liquids 
at room temperature conditions, so that one can roughly estimate that characteristic length by 
using parameters for water to obtain Lc ≈ 2 mm . This is the limitation of the current approach 
in terms of horizontal length scales, for example, the water-wave length and the gradient of the 
surface elevation.

Our second assumption is inherently linked to the first. Within the long-wavelength regime, 
we presume that the oil layer exerts no retroactive effect on water movement. This assumption 
of negligible feedback is particularly reasonable when considering the spreading process over 
a non-stationary water interface.

The original system of the Navier–Stokes equations

Fig. 1   Illustration of the oil layer on the water surface problem geometry



	 Environmental Fluid Mechanics

where p is pressure and F = {0, 0,−�g0} are the gravity body-force components, is brought 
into a non-dimensional form by introduction of the reduced variables

where U is the characteristic velocity and t0 = L∕U . The pressure in the system is assumed 
to be dominated by viscous contributions, so that it was normalised by p0 =

�U

�H
 , p̃ = p∕p0.

The boundary conditions to (1) – (2) on the oil-gas interface x3 = B(x1, x2, t) + h(x1, x2, t) 
are negligible stress tangential to the surface area

and the continuity of the normal stress component

Here, pe is the external gas pressure, Ca =
�U

�
 is the capillary number, nj are the compo-

nents of the normal vector to the interface pointing into the liquid and �ij is the 
Kronecker-Delta.

In the thin film approximation, neglecting surface tension effects, conditions (5) and (6) are 
reduced to

and

respectively.
On the oil–water interface x3 = B(x1, x2, t) , the no-slip condition is assumed in the tangen-

tial to the interface direction, such that the oil motion is driven by the water-wave velocity Vi,

In the thin film approximation, the last condition is equivalent to

The dynamics of both interfaces is controlled by kinematic boundary conditions, that is

(1)�

(
�vi

�t
+ v

�

�vi

�x
�

)
= −

�p

�xi
+ �

�2vi

�x2
j

+ Fi,

(2)
�vk

�xk
= 0,

(3)x̃1,2 =x1,2∕L, x̃3 = x3∕H = x3∕�L,

(4)ṽ1,2 =v1,2∕U, ṽ3 = v3∕�U, t̃ = t∕t0,

(5)nj (�il − ninl)

(
−p�ij +

(
�vi

�xj
+

�vj

�xi

))
= 0

(6)ninj

(
(pe − p)�ij +

(
�vi

�xj
+

�vj

�xi

))
=

�2

Ca

�nk

�xk
.

(7)
�v1

�x3

||||x3=B+h
= 0,

�v2

�x3

||||x3=B+h
= 0

(8)p|x
3
=B+h = pe

(9)(�il − ninl)vi = (�il − ninl)Vi(x1, x2, t).

(10)vi |x3=B = Vi(x1, x2, t) i = 1, 2.
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and

The governing equations in the thin film approximation are obtained by using the small 
parameter � and averaging the Navier–Stokes equations over the oil layer, that is by intro-
ducing the liquid fluxes

where v1,2 are the components of the velocity vector.
After the averaging equations (1)–(2) over the oil layer by using the Karman–Pohl-

hausen approach, in which one presumes a velocity profile across the oil layer satisfying 
the boundary conditions [30],

one gets

and

Here, Re = �
�UH

�
 and Fr2 = U2

g0H
 are the non-dimensional Reynolds and Froude numbers 

respectively.
In the limit of small Reynolds number Re ≪ 1 , the system of equations is reduced to a 

single non-linear advection–diffusion equation

(11)v3
||x3=B =

�B

�t
+ v1

�B

�x1
+ v2

�B

�x2
.

(12)v3
||x3=h+B =

�(h + B)

�t
+ v1

�(h + B)

�x1
+ v2

�(h + B)

�x2
.

q
1,2

= ∫
h+B

B

v
1,2

dx
3
,

(13)v1,2 = V1,2 −
3

2

q1,2 − V1,2h

h3

{
x2
3
− 2(h + B)x3 + B(B + 2h)

}
,

(14)
�h

�t
+

�q1

�x1
+

�q2

�x2
= 0,

(15)

�q1
�t

+ �
�x1

(

6
5
q21
h

− 2
5
(q1V1) +

1
5
V2
1h

)

+ �
�x2

(6
5
q1q2
h

− 1
5
(q1V2 + q2V1) +

1
5
V1V2h

)

= −Fr−2h�(h + B)
�x1

− 3
Re

q1 − V1h
h2

(16)

�q2

�t
+

�

�x1

(
6

5

q1q2

h
−

1

5
(q1V2 + q2V1) +

1

5
V1V2h+

)
+

�

�x2

(
6

5

q2
2

h
−

2

5
(q2V2) +

1

5
V2
2
h

)
=

− Fr−2 h
�(h + B)

�x2
−

3

Re

q2 − V2h

h2
.
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where parameter �g =
�g0�H

2

�U
 is representing a non-dimensional measure of gravity to vis-

cous forces. Apparently, this parameter also characterises the strength of the effective dif-
fusivity, caused by the competition of gravity and viscous forces in the spreading process, 
in comparison to the advection in the model. Obviously, the larger �g , the larger is the con-
tribution of diffusion.

As the oil slick is finite in the horizontal dimensions, we assume that there is a smooth 
boundary Γ of the domain, where

The motion of the boundary in the perpendicular to the boundary direction is described by 
means of the flux at the boundary. That is the boundary velocity u

where nΓ is the normal vector to Γ in the (x1, x2)-plane.

3 � Low Reynolds number regime of spreading

To analyse the effects of the external forcing due to the wave motion, we consider a one-
dimensional problem posed on a compact domain xl ≤ x ≤ xr

with the boundary conditions

The domain boundaries are moving at the rate

and

The water-oil interface perturbations, that is functions B and V, are taken as harmonics of 
the deep-water waves in the linear approximation

(17)

�h

�t
+

�q1

�x1
+

�q2

�x2
= 0,

qi = −
�g

3

�(h + B)

�xi
h3 + Vih,

h|Γ = 0.

u ⋅ nΓ = q ⋅ nΓ h
−1,

(18)

�h

�t
+

�q

�x
= 0

q = −
�g

3

�(h + B)

�x
h3 + Vh

hxl = hxr = 0.

(19)
dxl

dt
=

q

h

||||x=xl
= −

�g

3

�(h + B)

�x
h2 + V

(20)
dxr

dt
=

q

h

||||x=xr
= −

�g

3

�(h + B)

�x
h2 + V .
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Here Bj

0
 is the amplitude, �j is the frequency and kj is the wave vector. In non-dimensional 

form, the dispersion relation is

The ratio of the characteristic amplitude of the velocity perturbations V0 = B0�� to the rate 
of diffusion, PeE =

V0

�g
 can be interpreted as an effective Péclet number.

In the absence of perturbations, the governing equation is reduced to a non-linear 
diffusion equation, which has self-similar solutions (subject to h = 0 at the moving 
boundary) of the form

representing a drop-like shape of the oil slick spreading out and flattening over time [32]. 

Here, As =
(

3

2(3n+2)

)1∕3

 and C is the parameter, which is defined by the total initial amount 
of the liquid. Parameter n is an integer number defined by the problem dimension, which is 
n = 1 for one-dimensional spreading and n = 2 in the case of two-dimensional axisymmet-
ric spreading. The self-similar solutions are attractors, so that an arbitrary initial profile 
may ultimately, and quite quickly, evolve to one of them.

If we consider the axisymmetric 2D case, the algebraic form (23) suggests that the 
boundary (radius r) of the domain is moving according to

which is well in the range of the exponents found in droplet spreading experiments  [31] 
over solid surfaces at different conditions

Still this rate is slower than that found in the spreading experiments over calm waters in an 
axisymmetric case with the exponent � = 1∕4  [5]. In a one-dimensional case, n = 1 , the 
situation is similar. The self-similar solution implies � = 1∕5 , while the viscous spreading 
rate has an exponent � = 3∕8.

Such a trend should be expected, as the liquid substrate provides a very effec-
tive lubrication layer for the spreading liquid. Therefore, the model we utilize is not 
expected to accurately describe spreading over a steady interface or in the limit of very 
small amplitudes B0 ≪ 1.

(21)

B(x, t) =
∑
j

B
j

0
sin(kjx − �jt),

V(x, t) =
∑
j

B
j

0
��j sin(kjx − �jt).

(22)�2
j
= �−1 Fr−2 kj.

(23)h(x, t) =
As

t
1

n(3n+2)

⎛⎜⎜⎝
C −

�
x

t
1

3n+2

�2⎞⎟⎟⎠

1∕3

,

r ∝ t� , � = 1∕(3n + 2) = 1∕8.

r ∝ t� , 1∕10 ≤ � ≤ 1∕6.
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3.1 � Spreading in the presence of travelling‑wave perturbations

Consider now the dynamics when perturbations are present. We first analyze the effect 
of a single harmonic perturbation in the form of a travelling (in the positive direction) 
wave

In the simulations, initially, the oil layer domain is conveniently set to be x ∈ [−1, 1] with 
the total amount of the oil M = ∫ 1

−1
u dx = 2 to obtain initial layer thickness of the order of 

one.

3.1.1 � Characteristic sets of parameters

To understand the effect of the travelling-wave perturbations, we consider two sets of 
dimensional and non-dimensional parameters corresponding to different characteristic 
heights of the oil layer and possibly different stages of spreading.

In the first set of parameters, which is mostly characteristic for the initial phases of the 
oil spill dynamics, the oil layer thickness is taken at H = 10 mm . The horizontal length 
scale and the characteristic velocity in both cases are taken at L = 50 m and U = 1 m ∕s 
respectively, so that t0 = 50 s and � = 2 ⋅ 10−4.

If we take � = 8.7 ⋅ 102 kg ∕m3 and � = 8.7 ⋅ 10−3 Pa ⋅ s corresponding to light oil, 
the Reynolds number is Re = 0.2 , Fr2 = 10 and �g = 0.02 . That is Re ≪ 1 and the assump-
tions are fulfilled.

If we consider a set of minimal water-wave parameters we intend to study in this range 
B0 = 4 (the dimensional free surface elevation of about four centimeters) and � = 70 (non-
dimensional k = 10 and the dimensional wave length of about 30 m), then min(PeE) = 2.8 . 
That is, both diffusion and advection play a role, though as we move up in the parameter 
range to larger elevations and shorter wave lengths, the role of advective terms increases.

In the second set of parameters, which is more common for later stages of spreading, the 
characteristic height is taken at H = 1 mm giving Re = 0.002 , Fr2 = 100 , � = 2 ⋅ 10−5 and 
�g = 2 ⋅ 10−5 . In general, the second set of parameters can be categorised as having rela-
tively low contribution from the diffusion, as parameter �g is much smaller than that in the 
previous case and, using similar estimate with B0 = 40 (the dimensional free surface eleva-
tion is still about four centimeters) and � = 70 , the minimal Péclet number is much larger 
min(PeE) = 2800 . That is the main role is played by convective terms.

In what follows, the problem (18) was solved numerically using a moving-mesh method, 
which was second order accurate in space and first order accurate in time [33]. The spatial 
resolution was set in the range from 100 to 200 mesh-points for low k-number ( k ≤ 20 ) 
simulations and from 200 to 4000 mesh-points for high k-number ( k > 20 ) simulations, 
while the time step was adjusted to achieve numerical stability. For the sake of comparison, 
we set the initial profile by default according to the self-similar solution (23), unless other-
wise stated, but have taken several test runs, where the initial profile varied.

(24)
B(x, t) =B0 sin(kx − �t),

V(x, t) =B0�� sin(kx − �t).
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3.1.2 � Advection–diffusion regime

Using the first set of parameters with �g = 0.02 and min(PeE) = 2.8 , the evolution of the 
oil slick has been studied parametrically by varying the amplitude of the perturbations B0 , 

Fig. 2   Evolution of the oil slick over a wavy interface at different perturbation amplitudes B0 and wave 
numbers k. (a) the position of the centre of mass XCM(t) of the oil slick and (b) the position of the mov-
ing front xr(t) − XCM(t) initially located at x = 1 relative to the centre of mass. The solid lines are numeri-
cal solutions and the dashed lines are the power fits f = f0t

� . The problem parameters have been fixed at 
�g = 0.02 , Fr2 = 10 and � = 2 ⋅ 10−4 . The initial profile (at t = 0 ) was the self-similar solution (23)
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Fig. 3   Oil layer profiles h(x, t) at the end of the evolution shown in Fig. 2 (at t∕t0 = 350 ) at different pertur-
bation amplitudes B0 . The initial profile was the self-similar solution (23)

Fig. 4   Oil layer profiles h(x, t) at the beginning (dashed lines) and the end (solid lines) of the evolution (at 
t = 0 and t∕t0 = 350 respectively) at B0 = 4 , k = 10 ( � ≈ 71 ), PeE = 2.8 and different initial profiles. The 
other problem parameters are as in Fig. 2. The initial profile in panel (a) corresponds to the self-similar 
solution (23)
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the wave number k and in some cases the initial conditions. The results are illustrated in 
Figs. 2, 3 and 4.

As the first example, we consider perturbations at k = 20 and k = 30 and, according to 
(22), at � = 100 and � ≈ 123 respectively. The evolution of the oil slick shape is shown in 
Fig. 3. As one can observe, the spreading process can be described as simultaneous drift 
and diffusion. While the total length of the slick is becoming larger, the boundaries also 
move in the direction of the wave group velocity.

The overall process is not symmetric, as the right hand side boundary of the oil slick 
progresses faster than the left hand side boundary due to either unidirectional or diverse 
actions of the wave motion and diffusion respectively. One may note then that the observed 
trends in the numerical simulations are qualitatively in accord with direct observations [36].

In the analysis, the evolution of the oil slick profile is split into two parts, the motion of 
the centre of mass XCM = ∫ xr

xl
hx dxM−1 and the motion of the boundaries, in particular 

xr(t) with respect to the centre of mass xr − XCM.
To make a comparison between the cases and with the experiments conducted on the 

surface of calm water  [5], we have provided an asymptotic (that is at, formally, t → ∞ ) 
power law fit to the data in the form either xr(t) − XCM = Apt

� or XCM = Apt
� , though we 

note that strictly speaking no pure self-similar behaviour is expected.
As one can see, Fig. 2a, b, the wave action substantially facilitates the process of spread-

ing, both the diffusive motion and the drift of the center of mass.
Consider the diffusive part of the spreading process, Fig. 2b. The effect is roughly pro-

portional to (B0k)
1∕2 , so that at relatively small perturbation amplitudes (starting from just a 

few oil layer widths), the spreading rate can be several times larger than that in the absence 
of the wave motion. At the same time, the process demonstrates smaller exponents � ≈ 0.2 
in the presence of wave motion than that � ≈ 0.38 found in the experiments on flat water 
surfaces, thus indicating a different character of the process.

In terms of dimensional values, if the amplitude of the water waves was just about 8 cm , 
the initial domain of 100 m spreads out to 350 m in about 5 hours, and if the amplitude 
increases to 16 cm , which is still pretty low, the domain spreads out during the same time 
to 500 m.

Consider now the motion of the centre of mass. This would be informative to make a 
comparison with the trends expected due to the Stokes drift velocity [34, 35]. In the non-
dimensional form, the drift velocity can be presented as

implying that us ∝ B2
0
k3∕2 [35]. That is, smaller wavelength or larger frequency and larger 

wave amplitude should facilitate the drift.
Relationship (25) can be obtained from a solution to the evolution equation

which in our case corresponds to the evolution of the moving boundary with velocity (20) 
in the limit of low diffusion, �g = 0 , at u0 = B0�� from (24). A solution to this equation 
with initial position x0 can be obtained by iterations assuming small parameter u0k

𝜔
≪ 1 . 

That is

(25)us =
1

2
�kB2

0
�2

(26)
dx

dt
= u0 sin(kx − �t),
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where the last, secular term with linear dependence on time appears in the second approxi-
mation and provides the estimate for the drift velocity in (25). Apparently, this result for 
the Stokes drift velocity can be generalised to a linear combination of different harmonics, 
us =

1

2

∑
j

u2
j
kj

�j

 . In the case of a standing wave, which is a linear combination of two waves 
travelling in the opposite directions, us = 0.

As one can see from Fig. 2a, the time dependencies of the centre of mass are non-linear, 
which is likely due to variations of the oil slick shape and dimensions due to the presence 
of diffusion. One can readily observe the trends, which are qualitatively consistent with 
(25). First of all, the velocity of the centre of mass increases with increasing the amplitude 
of the perturbations B0 , though the effect scales linearly with B0 rather than quadratically.

A similar effect is observed with increasing the wave number k, Fig. 2a. That is the short 
wave-length perturbations produce stronger effect on the drift of the initial profile, though 
again, the position of the centre of mass scales much weaker than k3∕2 as it would be expected 
from (25). Overall, it turned out that parametrically, the center of mass motion scales as B0k , 
as if the diffusion part of the flux density dominates.

Consider now how the choice of the initial profile (keeping the total amount constant, of 
course) may affect the slick dynamics in this diffusion dominated regime. The initial profiles 
have been varied at fixed values of the water-wave amplitude B0 and the wave length, Fig. 4. 
As one can observe, the effect is minimal. If we look at the profiles at the end of the evolu-
tion shown in Fig. 4, one can observe that despite quite different initial conditions, the profiles 
quickly evolve to a universal profile resembling, though not entirely, the self-similar solution.

3.1.3 � Advection dominated regime

Consider now the results obtained using the second set of parameters with �g = 2 ⋅ 10−5 and 
min(PeE) = 2800 , when the diffusion rate is expected to be much smaller, so that convec-
tive motion should prevail. To bring the second case to an equivalent one for comparison, we 

x(t) ≈ x0 +
u0

�

{
cos(kx0 − �t) − cos(kx0)

}

−
1

4

ku2
0

�2

{
sin(2kx0 − 2�t) + sin(2kx0) − 4 sin(kx0 − �t) cos(kx0)

}
+

1

2

ku2
0

�
t,

Fig. 5   Evolution of the moving 
front xr(t) initially allocated at 
x = 1 over a wavy interface at 
different perturbation amplitudes 
B0 and the wave numbers k. The 
other problem parameters were 
fixed at �g = 2 ⋅ 10−5 , Fr2 = 100 
and � = 2 ⋅ 10−5 . The initial pro-
file was the self-similar solution 
(23). The dashed lines are the 
evolution curves with velocities 
according to (25)
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roughly set the amplitudes of the perturbations to the same dimensional values. The simula-
tion results are demonstrated in Figs. 5, 6 and 7.

First of all, one can observe that the moving front is propagating linearly in time, Fig. 5. 
Consider the evolution of the profiles at low k-numbers, at k = 8 , Fig. 6a, b. As one can see, 
the oil slick is drifting away from its initial position having almost initial profile, that is mov-
ing as a whole.

This simple result can be understood if one may notice that equation (26) is the equation for 
the characteristics of the advection equation, that is equation (18) at �g = 0 . Indeed, (18) can 
be represented as a quasilinear PDE

Then along a specific characteristic in our case defined by

(27)
�h

�t
+ V

�h

�x
= −h

�V

�x
.

(28)
dx

ds
= V(x, s) = B0�� sin(kx − �s),

Fig. 6   Evolution of the oil layer 
profiles h(x, t) in advection 
dominated regime illustrated in 
Fig. 5 at low wave numbers k at 
different perturbation amplitudes 
B0 and different initial profiles 
at �g = 2 ⋅ 10−5 , Fr2 = 100 and 
� = 2 ⋅ 10−5 . The initial profile in 
(b) was the self-similar solutions 
(23)

Fig. 7   Evolution of the oil layer 
profiles h(x, t) in advection 
dominated regime illustrated in 
Fig. 5 at high wave numbers k at 
different perturbation amplitudes 
B0 at �g = 2 ⋅ 10−5 , Fr2 = 100 
and � = 2 ⋅ 10−5 . The initial 
profiles were the self-similar 
solutions (23)
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one has

with initial condition x(0) = x0 . Parameter s = t on the characteristics.
At t ≫ 𝜔−1 , one can approximate the solution of (28) by x(s) ≈ x0 + ust , then the initial 

profile is advected with the drift velocity at small B0𝜀k ≪ 1

where H(x) = u(x, 0).
The profile undergoes some changes at high k-number perturbations resembling the pro-

files observed in the first case, but the width is not changing much, Fig.  7a, b. So that 
again, the slick is moving as a whole.

The rate of the front motion, which is noticeably linear with time, is proportional to the 
square of the wave amplitude B2

0
 and to k3∕2 as is expected from (25). Moreover, the cor-

respondence is quantitative as one can see from the front rate calculated by (25) and shown 
for comparison in Fig. 5.

One should note that the dynamics in this case is practically independent of parameter 
�g , which can be set to zero.

One can conclude then, that under the action of travelling water-wave perturbations, 
’thick’ oil slicks tend to drift away and spread over, while ’thin’ oil layers tend to drift away 
preserving the initial width and possibly even the initial shape. That is the effect of the 
travelling perturbations in the advection regime is roughly equivalent to the Stokes drift 
motion of a particle when the oil slick is moving as a whole with the Stokes drift velocity.

The effects in both regimes increase with increasing the amplitude of perturbations and 
their wave number k. Apparently, the dynamic effects should be sensitive to the spectral 
properties of the perturbations such as the phase shifts, so that this could be interesting to 
see how the water-wave perturbations affect the slick dynamics in two-dimensional motion.

3.2 � Spreading in the presence of standing‑wave perturbations

As we have established so far, the travelling-wave disturbances, in a one-dimensional case, 
facilitate the drift and rather homogeneous spreading of the oil layer.

Another type of behaviour is observed when the water-wave motion is a standing wave

To illustrate the effect, it is informative to consider the second set of parameters, 
when the advection processes dominate. The results of simulations with cosinusoidal, 
h(x, 0) =

�

2
cos(�x∕2) , initial profiles are shown in Figs. 8, 9 and 10.

The dynamics of the oil layer in this case is in some contrast to the response to the trav-
elling wave perturbations. As one would anticipate, no drift motion was observed, but the 
depletion of the initial profile at the divergence points of the velocity profile where V = 0 
and 𝜕V

𝜕x
> 0 (at t = 0 , the locations are xmin = 2�n∕k , n = 0,±1,±2,… ) accompanied by 

(29)
dh

ds
= −hB0��k cos(kx − �s)

(30)h(x, t) ≈ H(x − ust),

(31)

B(x, t) = B0{sin(kx − �t) + sin(kx + �t)}

= 2B0 sin(kx) cos(�t),

V(x, t) = 2B0�� sin(kx) cos(�t).
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Fig. 8   Oil layer profile h(x, t) 
under the action of stand-
ing water-waves at different 
moments of time and at k = 16 
and B0 = 400 . The inset shows 
the amplitude of h(x, t) as a 
function of time at x = 0 . The 
model parameters �g = 2 ⋅ 10−5 , 
Fr2 = 100 and � = 2 ⋅ 10−5 . 
The initial profile (dashed line) 
h(x, 0) =

�

2
cos(�x∕2)

Fig. 9   Oil layer profiles h(x, t) 
under the action of standing 
water-waves at different wave 
numbers k. The model param-
eters �g = 2 ⋅ 10−5 , Fr2 = 100 
and � = 2 ⋅ 10−5 . (a) B0 = 1600 , 
k = 16 , � ≈ 89 (b) B0 = 1600 , 
k = 32 , � ≈ 127 . The ini-
tial profile (dashed line) was 
h(x, 0) =

�

2
cos(�x∕2)
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simultaneous enhancement at the convergence points where V = 0 and 𝜕V
𝜕x

< 0 (at t = 0 , the 
locations are xmax = �(2n + 1)∕k , n = 0,±1,±2,…).

The positions of the convergence and divergence points interchange depending on the 
moment of time, if either cos𝜔t > 0 or cos𝜔t < 0 , see Fig. 8. The motion of any point of 
the profile in this parameter range in the domain is simply harmonic with the angular fre-
quency of the external perturbations � , see the inset in Fig. 8.

Variations of the water-wave parameters demonstrate that as the amplitude of the water 
waves increases and/or the wavelength decreases, the depletions approach almost complete 
rupture of the oil layer, when the thickness of the oil layer becomes extremely low Figs. 9 
and 10. The effect is exponential as the estimate roughly gives min

(
h(x,t)

h(x,0)

)
≈ exp(−2B0�k) 

according to (28)–(29).
Therefore, this scenario can potentially serve to provide a mechanism of oil layer rup-

ture practically at the initial phases of oil spreading well before any surface tension effects 
may become dominant and important. The characteristic time of the depletion development 
is on the scale of the wave motion �−1.

As one can observe, the depletion effect is mostly pronounced at the boundary of the oil 
layer, which should be potentially a facilitating factor of the emulsification processes. At 

Fig. 10   Oil layer profiles h(x, t) 
under the action of standing 
water-waves at different wave 
numbers k. The model param-
eters �g = 2 ⋅ 10−5 , Fr2 = 100 
and � = 2 ⋅ 10−5 . (a) B0 = 200 , 
k = 128 , � ≈ 253 (b) B0 = 200 , 
k = 256 , � ≈ 358 . The initial 
profile (dashed-dot line) was 
h(x, 0) =

�

2
cos(�x∕2)
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high k-numbers, one requires only relatively modest water wave amplitudes, on the scale of 
ten centimeters in dimensional terms, to achieve deep depletions, Fig. 10.

In real conditions, the surface wave disturbances consist of a spectrum of harmonics, so 
this would be interesting to see the layer response to the combined action.

To mimic such conditions, one can apply a slightly unbalanced combination of two 
harmonics

The result is demonstrated in Fig.  11, where one can observe that effectively the layer 
response consists of depletions advected downstream by the wave group velocity. To com-
pare the result with the Stokes drift effect, one needs to consider the dynamic equation, 
similar to (26),

as the small parameter used to obtain asymptotic relationship (25) becomes of the order of 
one in this case, B0�k ≈ 1.

The arrow in Fig. 11 indicates the position of the front according to (33). So that the 
effect is indeed a combination of two processes, advection and depletion.

4 � Conclusions

The dynamics of oil slicks, under the influence of surface water waves, have been quantita-
tively analyzed using a thin film model. This analysis identifies two characteristic regimes 
of oil slick spreading, contingent on the wave type: traveling or standing wave perturba-
tions. We demonstrate that surface wave disturbances can have various impacts on the 
dynamics of oil slicks leading to a drift motion and to pre-fracture conditions for continu-
ous oil layers during intermediate phases of the spreading process.

(32)
B(x, t) = B0

{
sin(kx − �t) +

1

2
sin(kx + �t)

}
,

V(x, t) = B0��
{
sin(kx − �t) +

1

2
sin(kx + �t)

}
.

(33)
dx

dt
= B0��

{
sin(kx − �t) +

1

2
sin(kx + �t)

}
,

Fig. 11   Oil layer profiles h(x, t) 
under the combined action of the 
water waves (32) at k = 256 and 
B0 = 200 . The model parameters 
�g = 2 ⋅ 10−5 , Fr2 = 100 and 
� = 2 ⋅ 10−5 . The initial profile 
was h(x, 0) = �

2
cos(�x∕2) . The 

arrow indicates the position of 
the front from (33)
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Specifically, traveling waves induce a drift motion, leading to a relatively uniform 
spreading of the oil layer. The impact is modulated by the non-dimensional model parame-
ter �g =

�g0�H
2

�U
 , which quantifies the contribution of diffusion terms, and also by the ampli-

tude of perturbations B0 and the wave number k or equivalently by the effective Péclet 
number PeE.

For very low �g values and very large Péclet numbers, advection effects predominate, 
causing the oil layer to drift as a whole in the direction of the wave group velocity. This 
drift resembles the motion of a single particle with Stokes drift velocity, suggesting that 
’thin’ oil layers under modest traveling water wave perturbations will drift away, maintain-
ing their width and initial profile.

At higher �g values and lower Péclet numbers, where diffusion processes are more sig-
nificant, the drift motion diverges from the Stokes drift paradigm, and the oil slick thick-
ness profile approaches a universal shape akin to self-similar solutions (23).

In both scenarios, the rate of spreading accelerates with the amplitude B0 and the wave 
number k, amplifying the impact of short wavelength perturbations.

Conversely, standing wave perturbations produce a more complex effect. At low �g val-
ues and high PeE numbers, almost immediately with the wave motion’s onset, the oil layer 
forms pronounced peaks and troughs. Their amplitude and depth escalate with B0 and k, 
potentially reducing the oil layer thickness to almost zero. This thinning mechanism could 
act as a precursor to or a mechanism for layer breakup, notably before the surface tension 
phase of spreading, indicating a structure prone to emulsification.

The studied parameter range aligns with the initial stages of an oil spill, when the layer’s 
thickness remains in the millimeter scale, and prior to the predominant influence of surface 
tension on spreading.

In real-world conditions, surface wave perturbations exhibit both traveling and standing 
components, leading to a fragmented oil layer that drifts and morphs according to wave 
motion. From a practical standpoint, investigating two-dimensional motion with more 
complex (non-linear) surface wave inputs would be of interest.
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