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Abstract

On the Fock—Sobolev spaces, we study the range of Volterra inner derivations and
composition inner derivations. The Volterra inner derivation ranges in the ideal of
compact operators if and only if the induced function g is a linear polynomial. The
composition inner derivation ranges in the ideal of compact operators if and only if
the induced function ¢ is either identity or a contractive linear self-mapping of C.
Moreover, we describe the compact intertwining relations for composition operators
and Volterra operators between different Fock—Sobolev spaces. In this paper, our
results are complement and in a sense extend some aspects of Calkin’s result (Ann
Math 42:839-873, 1941) to the algebras of bounded linear operators on Fock—Sobolev
spaces.
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1 Introduction

Let ./ be a Banach algebra over the complex field. A linear map D : & — &/ is a
derivation if D(xy) = xD(y) + D(x)y for all x, y € /. Over the last half century,
there have been lots of results giving conditions on a derivation of a Banach algebra
implying that its range is contained in some ideal. One of the most famous result given
by Singer and Wermer [19] says that every continuous derivation of a commutative
Banach algebra maps has into Jacobson radical of the algebra. Previously, In Calkin [3],
Calkin proved that an inner derivation X — [T, X] := TX — XT maps the algebra
of all bounded operators on a Hilbert space to the ideal of all compact operators if and
only if T is a compact perturbation of a scalar operator. In general, this conclusion
fails to hold true on Banach spaces, see [18, p. 288].

In this paper, we are interested in Volterra-type inner derivations on Fock—Sobolev
spaces, in particular, we give characterizations which complement and in a sense
extend some aspects of Calkin’s result to the algebras of bounded linear operators on
Fock—Sobolev spaces. To reach this goal, we use the compact intertwining relations
for Volterra and composition operators and some results of the bounded and compact
Volterra and composition operators between different Fock—Sobolev spaces.

To state our main results, we recall some basic definitions. Let H(C) be the class
of all entire functions on the complex plane C. For 0 < p < oo and a nonnegative
integer m, the Fock—Sobolev spaces F;, consist of entire f € H(C) for which

/ ‘f("’)(z)‘pe_g‘Z'sz(Z) < o0,
C

where d A denotes the Lebesgue area measure on C. The Fock—Sobolev spaces were
introduced in [7] where it was proved that f € F} if and only if

1
p _ z
1 ln.py == (E [C |f(2)|Pe Wm@dA(z)) <00,

where V¥, (z) = %|z|2 —mlog(1l + |z]). It is clear that Fop is the classic Fock spaces.
Interested reader in this topic can refer [26] for more details.

Furthermore, the Fock—Sobolev space F;° also has the following equivalent defi-
nition

F = {f € H(C) 1 f llon.oo = sUp |f (@)@ < oo} :

Note that for each nonnegative integer m, the space F, ,%, is a reproducing kernel Hilbert
space with the reproducing kernel function K, (z, w), for w € C. An explicit expres-
sion for K,,(z, w) is still unknown. For each w € C, by Proposition 2.7 in [6], we
have the following asymptotic properties

1Ko - w5, 0) 2 €2V,
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For other values of p, by Theorem 14 of [7], we have an upper estimate
1K G )Gy S €7

Note that when m = 0, the sapce F? reduces to the classical Fock space F2, in
particular, F? is a reproducing kernel Hilbert space with normalized kernel function
ky(2) = e—%|w|2+ﬂ)z‘

For f € H(C), every ¢ € H(C) induces a composition operator Cy, by Cy f =
f o ¢. The bounded and compact composition operators on various holomorphic
functions spaces have been studied intensively in the past few decades. Interested
readers may refer to books [10, 17] and recent papers [1, 2, 4, 12, 21, 22] on the Fock
spaces and the references therein.

If ¢ € H(C), the Volterra operator Vy is defined by

Vof(2) = /0 £ @)

where z € Cand f € H(C).

The discussion of Volterra-type operators first arose in connection with semigroup
of composition operators, and readers can refer to [20] for further details and back-
ground. On the Fock type spaces, Constantin [8] and Peledz [9] firstly studied the
bounded and compact Volterra type operators. Later, Mengestie [13] characterized the
products of integral type operators and composition operators between different Fock
spaces.

Let Z(F]l) be the Banach algebra of bounded linear operators on the Fock—Sobolev
spaces F), where 0 < p < oo. The Volterra inner derivation induced by g € H(C)
on A(F}) is defined by

D(Vy) : B(Fh) — B(FY) T [Ve, Tl, VT € B(F)).

We can now state our main results.

Theorem A Let 0 < p < oo, the Volterra inner derivation D(Vy) on B(FL) maps
into the ideal of compact operators if and only if g(z) = az + b witha, b € C.

The composition inner derivation induced by ¢ € H(C) on %(F}) is defined by

D(Cy) : B(Fh) — B(Fy) T > [Cy, T1, YT € B(Fy).

TheoremB Let 0 < p < oo, the composition inner derivation D(C,) on B(Fh)
maps into the ideal of compact operators if and only if ¢ = id or ¢(z) = az + b with
a,beCandlal < 1.

The proofs of Theorems A and B are given in Sects. 3 and 4, respectively. In addition,
atthe end of this paper, we study the unbounded composition operators Cy, : F, P Fl
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when 0 < g < p < oo proving that there are some unbounded composition operators
that compactly interwine all bounded Volterra operators.

Throughout the paper, we use the following notations: A < B means that there is
a positive constant C such that A < CB. A ~ B meansthat A < B and B < A.

2 Preliminaries
2.1 Compact Intertwining Relations

Let X and Y be two metric linear spaces, we denote by Z(X, Y) the collection of all
continuous linear operators from X to Y and by J# (X, Y) the collection of all compact
elements of (X, Y), and by 2(X, Y) the quotient space B(X,Y)/# (X, Y).

ForA e B(X,X),Be BY,Y)and T € A(X,Y), we say that T intertwines A
and B in 2(X, Y) (or T intertwines A and B compactly) if

TA— BT € #(X,Y) where T #0.

More intuitively, the compact intertwining relation is explained by the following com-
mutative diagram,

XLX

lT lT mod # (X, Y).

Y—B—>Y

When X = Y and A = B itiseasy to see the following two assertions are equivalent:

(a) T intertwines every A € A(X) compactly.
(b) The inner derivation D(T) : (X) — Z(X) ranges in the compact ideal.

From this point of view, we will study the compact intertwining relations for composi-
tion operators and Volterra operators between different Fock—Sobolev spaces, which
are then used to obtain our two main results (Theorems A and B) as direct conse-
quences.

In the series papers [23-25], Yuan, Tong and Zhou firstly investigate the intertwin-
ing relations for Volterra operators and composition operators on the Bergman spaces,
bounded analytic function spaces and Bloch spaces in the unit disk. By continuing this
line of work, we characterize the compact intertwining relations for composition oper-
ators and Volterra operators between different Fock—Sobolev spaces. Our main results
on the Volterra and composition inner derivation on Z(F, '™ then follow immediately.

2.2 Background on Volterra and Composition Operators

In this subsection, we present some preliminary lemmas give characterizations of the
bounded and compact Volterra and composition operators on the Fock—Sobolev spaces
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whether 0 < p < g < oocor0 < g < p < 0o. Combining Lemma 2.2 in [14] and
Lemma 2.1 in [15], we conclude the following lemma.

Lemma 2.1 If f € H(C), the following inequalities hold.

(@): If0 < p < oo, then

lf' @17

T or e PV dA(z).

£, ) ~ L7 +
(b): If p = o0, then

| f'(2)] — Y (2)
m.o0) | f(0)] 4+ sup ————e V&,
||f||( 00) [f(0)] zeg 1 +%,(Z)

The bounded and compact Volterra operators V, : F} — F were characterized in
[14, 15], and we summarize them as follows.

Lemma2.2 Let0 < p,q < o0, g € H(C).

(a): If0 < p <q <00, then

(i): Vg : FE — F} is bounded if and only if g(z) = az*> + bz + ¢, where
a,b,c eC;
(ii): Vg : Fl — F} is compact if and only if g(z) = az + b, where a, b € C.

(b): If0 <g < p <0, then Vy FL — F} is bounded if and only if it is compact
andifand only if g(z) = az+b, a, b € C whenever % > p’%q, and g is constant
otherwise.

(©) If0 < g < oo, then Vg : F° — F,l is bounded if and only if it is compact
and if and only if g(z) = az + b, a,b € C whenever q > 2, and g is constant
otherwise.

The bounded and compact composition operators on the Fock—Sobolev spaces are
characterized in [16]. The following lemma summarizes those characterizations as
follows whenever 0 < p, g < oo.

Lemma2.3 Let0 < p,g < oo, ¢ € H(C).

(@): If0 < p <q < 00, then

(): Cy: FP — F,! is bounded if and only if p(z) = az+bwhere |a| < 1,b € C
or ¢(z) = az where |a| = 1;
(ii): Cy : Fl — Flis compactifand only if (z) = az+bwhere|a| < 1,b € C.

(b): If0 < g < p <00, thenCy : Fl — F is bounded if and only if it is compact
and if and only if p(z) = az + b for|a| < 1, b € C.

(©): If0 < q <ooand p = o0, then Cy, : F° — Fl is bounded if and only if it is
compact and if and only if ¢(z) = az + b where la] < 1, b € C.
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2.3 Carleson Measures

The Carleson measure theorems will play an important role in our proofs. So, let us
give the definitions of Carleson and vanishing Carleson measures for Fock—Sobolev
spaces.

Let0 < p <ooand 0 < g < co. We say that a nonnegative Borel measure © on
Cisa (F}, g)-Carleson measure if

4172
fc |f@le 2 dui) SIFIY,,,, forevery f e Fyp.

In other words, the measure /. is a (F}, ¢)-Carleson measure if and only if the embed-
ding map I, — L4(0y) is bounded where do,(z) = e~ 2 $1Pg w(2).
We say that the measure /4 is a vanishing (F}, ¢)-Carleson measure if

lim / £ @)1 dp(z) = 0,
J=oo JC

whenever f; is abounded sequence in F, /' that converges uniformly to zero on compact
subsets of C as j — oo.
For s, t > 0, we define the (¢, s)-Berezin type transform of & by

H,s)(w) = /(1+|z|) sem 5l ap(z).

The following lemma is the main result in [16].
Lemma24 Let 0 < p,q < 0o and ju be a nonnegative measure on C.

(@): If0 < p < q < oo, then  is a vanishing (FY, q)-Carleson measure if and only
if (t,mq)(2) = 0 as |z| — oo for some (or any)t > 0.

(b): If0 < p < q < oo, then w is a (Ff, q)-Carleson measure if and only if
(t,mq)(2) € L™ for some (or any) t > 0.

(©): If0 < g < p < oo, then  is a (F}, q)-Carleson measure if and only ifuisa
vanishing (F}, q)-Carleson measure, and if and only flamg) €L = for some
(orany)t > 0.

(d): If0 < g < oo and p = oo, then wis a (F°, q)-Carleson measure if and only if
w is a vanishing (F;°, q)-Carleson measure, and if and only if [L(;,mq) € L' for
some (or any) t > O

3 Proof of Theorem A

In this section we study the boundedness and compactness of the operator Ty, ,, we
define below. Then, we characterize the compact intertwining relation for Volterra
operators V, and Cy, from FPto Fl for0 < P, q < oo. Using this fact, we prove the
first main theorem of this paper and at the end of this section we study the connection
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between the operators V, and T, . To prove Theorem A, ¢, ¢ € H(C), we consider
the following operator

®(2)

Tygf(2) = A f(w)g'(w)dw—/o flp)g (wydw,

for f € Fl and z € C.
To characterize the properties of 7y , we define another integral operator as follows:

_ [ Kgop—9)'@( +|z)™
c I+ lp)Dmad + ¥y, (2)4

2
1738 (w) - ko (0 ()19 e~ "5 dA2).

The following Propositions give some necessary and sufficient conditions for the
bounded and compact T, , between different Fock—-Sobolev spaces Fl and F}
whether0 < p <g <oocorl<g < p < 0.

Proposition 3.1 Let ¢, g € H(C) and 0 < p,q < oo.
(a): If0 < p < oo, then T, 4 is bounded from Fl to F. X if and only if

_ !/
sup 1829~ & Ol o) o,
ZGC 1 + I//m (Z)

(b): If0 < p < g < o0, then T, 4 is bounded from Fl to F}! if and only if

sup Iﬁ}j(w) < 0.

zeC
(©): If0 < g < p < o0, then Ty, 4 is bounded from Fl to F}l if and only if
178 (w) € L7 (C, dA).
(d): If0 < g < o0, then T,  is bounded from F;° to F,l if and only if
Igy! (w) € L'(C, dA).
Proof To prove the sufficient condition of (a), we apply Lemma 2.1 to have

l(gow —28) @Il f(p2)] o=@
1+ v,

_ /7
< sup Me'ﬁm (@(2)=V¥m(2)
zeC 1 + I//m (Z)

(800 =8) ) 4 ()t
= ”f” s sup —ewm (44 Y (2
i e

S I lanoey S W Nm, )

”Ttp,gf”(m,oo) ~ sup
zeC

sup | f (¢(z))|e Vm@E)
zeC
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where the last inequality follows from the monotonicity property F, € F°.
Conversely, for each w € C, let &y, ) (2) = e Ymw) K @w,m)(2). By Corollary 14
in [7] for p < oo and a direct computation for p = oo, we have

NEw,mlon,py S 1,

where the constant involved is independent of p and w. Applying Ty, ¢ t0 &y m) yields

[(gop — g)/(Z)H‘i:(w,m)((D(Z))l eﬂpm(z)

I T(p,g%-(w,m) I (m,00) =~ Sup

zeC 1+ 1,0,’,1(2)
109 ~ ' @llEwm @)y, )
- 1+ 9,,(2)

for all points w and z in C. In particular, by setting w = ¢(z), we have

_ /
1Ty llonooy 2 (80 ¢ = &)V @I ytp@)—vim
1+ 9,,(2)

(800 = 8@ y(p@)—yu)
1+ 4,,(2)

(2) |f(<p(z),m) (¢(Z))|e—¢m(<ﬂ(z))

o

Since Ty ¢ is bounded from FP to F3°, the proof of (a) is complete.
Next, we prove (b) for the case 0 < p < g < 00. By setting

dv(z) = Me—qilfm(zH%lw(z)\sz(z) and dO(z) = dV(go_l(z)),

(1 + 4, (2))9

we estimate the norm of T;, , f as follows

l(g o9 — ) @I f(p)] o—Vm
1+ ,,(2))9

=/ 1@ 2@ av (z)
C

1.0 f G gy ~ @dA(z)

- / 1 @le P a0 ().
C

Hence, the operator Ty, ; : F? — FIisbounded if and onlyiffisa (Fp, g)-Carleson
measure. By (b) of Lemma 2.4, it follows that the desire result follows if and only if

~ 1 g2
9<q,mq>(w)=/(cwe 2 vlag(z) e L.
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Substituting back d6 and dV in terms of d A, we obtain

5 _ l(gogp —8) @I 910 g (@)~ L lp()—w]?
Q(q,mq)(w) - /(C (1 + |¢(Z)|)mq(1 + w;n(z))qez 2 dA(Z)

(o9 — ) @I + |zh™ _i2|?
= [ B S kup@)e™ T | dAG)
c (I +le@Dhmad + ¥, (2))4
< 00,
which completes the proof of (b).
The proofs of (¢) and (d) are similar to (b) and we omit it. O

Proposition 3.2 Let ¢, g € H(C) and 0 < p,q < oo.

(a): If0 < p < 0o, then Ty ¢ is compact from Fl to Fylifand only if Ty o is bounded
and

/!
im 1829 =@y, p@-vme G.1)
le@l—o0 149y, (2)

(b): If0 < p < g < o0, then Ty, 4 is compact from Fl to F}l if and only if
|w1|ii>noo Iﬁ};’ (w) =0.
(©): If0 < g < p < 00, then Ty 4 is compact from Fl to F}l if and only if
178 (w) € L77 (C, dA).
(d): If0 < g < o0, then Ty,  is compact from F;° to F,! if and only if
174 (w) e L'(C,dA).

Proof To prove (a), we first assume that the operator T, , is compact. We observe
that the sequence {£, )} converges to zero uniformly on compact subsets of C as
|w| — oo. Then, the compactness of T, , and Lemma 2.1 give

0= lim ”Tga,gé(w,m)”(m,oo)
|w|—o00

o lim sup [€22 =& @lEwm @ -y,
=00 e T+ ()

> lim (g 0 ¢ — &) DIEw.m) (‘P(Z))|el/,m(w)_wm(z)e_,/,m(w)’
™ w00 14+ 7),(2)
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for every z in C. In particular,, putting w = ¢(z), we have

0> i €09 @leVn @I

~ lim 1822 =@l y @) v
le@l—oe 1+ 1,,(2)

—Ym(¢(2)

1€ (0).m) (@(2))]e

Conversely, let { f;} be a bounded sequence of functions in Fl! and {f 1} converges
uniformly to zero on compact subsets of C as j — oo. It is easy to obtain

g 09— &) @I @RIy,

1Ty, filln.00) = sup
®,gJ jll(m,00) St 19,2

<max{ sup G(z), sup G2y,
lp(@)|>N1 lp(2)|=N)

where G(z) = I(gowffl](;,)l(\gf(w(z))\e_l/,m(z)' Since (3.1) holds, for each € > 0 there

exists a positive N such that

/
(80¢ = 8) Dl y@r-vm _
1+ v,,(2)

whenever |¢(z)| > Nj. Hence,

PRV
swp G < sup 1E2P O Ol ynwe-vm@ qup | £, (p(2))leVm @)
lo(2)|>N) lo(z)|>N; 1+ 1//m (2) 2eC

<ell fillun,oo) < €l filln, py

for every positive integer j.
Because of { f;} converging to zero uniformly on compact subsets of C, we

sup G(z2) S sup |fj(p(@)] — 0 asj— oo,
lp(2) =N lo(2)|<N1

which completes the proof of (a).
Next, we use the vanishing Carleson embedding theorem to prove (b), (¢) and (d)
by following the same arguments used in Proposition 3.1. Hence, we omit this. O

Now, we are ready to characterize the compact intertwining relation for Volterra
operators between Fock—Sobolev spaces.

Theorem 3.3 Let0 < p < g < oc. The Volterra operators V, : Fl — FE} compactly
intertwines all composition operators C, which are bounded both on Fl and F} if
and only if g(z) = az + b fora,b € C.
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Proof Let0 < p < g <o0.If g(z) =az+bfora,b e C, we can see V, is compact
from F}; to F;, by Lemma 2.2. Hence

C<ﬂ|F,‘j, Vg|F,£—>F,‘Z,_Vg|F,5—>F,‘Z,C<p|Eﬁ

is compact for every C,, bounded on Fy, and Fj.

For the necessary, we just give the proof for the case 0 < p < ¢ < 00, because
the proof when 0 < p < oo and ¢ = 00 is highly similar.

By (a) of Lemma2.2, V, : F}, — F,, is bounded if and only if g(z) = az>+bz+c
fora, b, ¢ € C. Putting ¢(z) = Az with |A| = 1, by (b) of Proposition 3.2, we have

lim l(gop—8) @71+ [z)™
lwi=oo Jo (1 + |@(2))™ (1 + ¥, (2))4
_ o [ 1202 = Daz+ b0 = DI7( + |z
S wlsooJe (42l + Iz + Iz — m])e

, 1202 — Daz + b — D91 + |z))?
2 lim 5
lwi=oo Jpw,)y (I + |zl +lz|* + |z| = m]?
202 — Daw + b — D21 + |w])?
> lim
wi=oo (14 |w|+ |[[w]?+ [w| — m]|)

0=

212
ko (9(2))e™ T [9dA(2)

e3P A ()

dA(z)

Thus, we must have a = 0. Therefore, g has the form bz + ¢ for some b, ¢ € C, which
completes the proof. O

We now prove our first main theorem

Proof of Theorem A Let p = g and use Theorem 3.3 to have

[Cy, Vgl € S (F})) forevery C, € Z(Fy)ifandonlyif g(z) = az+b witha, b € C.
According to Lemma 2.2, it is equivalent to V, € ¢ (F}). Hence, D (V) maps into
A (FL) if and only if V, is a compact operator. O

Remark 3.4 In Theorem 3.3, we characterize the compact intertwining relations

Colrg Velrp—rg—Velrp > g Colry (3.2)

for0 < p <q < o0.

The compact intertwining relations (3.2) in cases 0 < ¢ < p < oo are trivial
because we can see the boundedness and compactness of V : Fl — Fl areequivalent
by Lemma 2.2.

At the end of this section, we study the connection between operators V, and Ty, 4.
Theorem3.5 Let 0 < g < p < oo. If either ¢(z) = az + b for |la| < 1,b € C

or ¢(z) = az for |a| = 1, the operator Vg : Fl — F} is bounded if and only if
Tye: FP — FE is bounded.
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In this point of view, we conclude that there is no unbounded V, acting from Fl
to F;} such that V, compactly intertwines all composition operators C, which are
bounded on F,? and Fl.

Proof The necessity is trivial by the fact that V, : Fl — F;l is bounded if and only
if it is compact when 0 < g < p < 00, see (b) and (¢) of Lemma 2.2.

For the sufficiency, we just prove the case 0 < g < p < oo by (b) of Lemma 2.3,
because the proof of the case 0 < ¢ < 0o and p = oo will be the same by (c) of
Lemma 2.3.

Note that the following estimates are true whenever z € D(w, 1):

L+ |zl = 1+ [wl;
1+ |laz+ bl =1+ |aw + b|;

1+|z|+)|z|2+|z|—m‘%1+|w|+ w|? + [w| — m|.

By the subharmonicity of |(g o ¢ — g)/| =] , we have
/ (|<g op —g) W)’(1+ |w\>’"’1>ﬁ dAw)
c \ (I + 9, ) + |pw)])"?
:/ < [(gogp—g)w)|(1 + w])"It
A+ [w| + [[w|? + |w| = mI (1 + |w) )"

o — g) mq+ =
S/ (/ [(gop 28) @A+ |z)mare dA(z)) dAw)
c \Upw,)y A+ 1z] +llz]* + |z| =mDI(1 + |p(2))™4

)ﬁ dA(w)

)4

< l(go@—g) @)9(1 + |z])"a+e e (e@P—lp@—w) =41z ]
dA(z dA(w
N/c /D(w,n (L4 Izl + 1Iz1> + |zl = mDI(1 + |p(2)))™4 © )

</< (g o9 — ) @71 +]z)™
e

lzI? =
2|4
c U +le@Dma (1 + ¥, ()4 lkw(p(2))e™ 2| dA(z)) dA(w),

where ¢(z) = az + b for la| < 1,b € Cor ¢(z) = az for |a| = 1. Since T, is
bounded from F,fl’ to F,Z,

/ <|(g op—g) w1+ le)’”">
c \ (L + 9, ()21 + [pw))™d
From which we conclude that (g o — g)’ must be a constant. In addition, if (gogp — g)’

is anonzero constant, the above holds only if % > 2.Then, the desired result follows
from (b) of Lemma 2.2. O

P

=

" dAw) < oo.

4 Proof of Theorem B

In this section, we characterize the compact intertwining relations for composition
operators and Volterra operators between different Fock—Sobolev spaces Z(F;) and
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%’(F,Z) when0 < p < g <ocoor0 < g < p < oo, which leads us to prove our main
Theorem B.

Theorem 4.1 Let ¢ € H(C) and g € H(C). In either case 0 < p < q < 00 or
0 < p < o0and g = oo, the bounded composition operator Cy, : FP — F}
compactly intertwines all Volterra operators Vy which are bounded both on Fl and
F,l if and only if either ¢(z) = az + b for |a| < 1 or ¢(2) = +z.

Proof Since V, is bounded both on F} and F;, it means that g is a quadratic polyno-
mial on C by (a) of Lemma 2.2.

We first prove the theorem whenever 0 < p < g < oo. For ¢(z) = az + b with
|a] < 1, the composition operator Cy, is a compact operator from F! to F} by (a)
of Lemma 2.3. Thus, T, ¢ is a compact operator from Fl to F}} for every quadratic
polynomial g.

If ¢(z) = z, for any entire g, it is obvious that T, , is a zero operator and hence
compact. If ¢(z) = —z, we have

(g 09 — 2/ @1(1 + |2y

e (LT @D (1 £ ¥, )7
|2b1|q(] + |Z|)q 7q\z+w\2

[c A P —mpr 440

12
Ik (9(2))e™ T |7d A(2)

~

|z w\z
</e—“z dA(Z) < oo,
C

where g(z) = a1z* + b1z + c1, with a1, by, ¢; € C. By the dominating convergence
theorem, we have

lim [(gop — ) @I7(1 + |zp™
lwi—oo Jo (14 [@@)D™ (1 + ¥y, (2))

2
ko ((2))e™ T [7d A(z) = 0.

Then, by (b) of Proposition 3.2, T,, , is compact from F,, to Fy.

On the other hand, the boundedness of composition operator Cy, : FP — Fl
implies that either ¢(z) = az + b with |a| < 1, b € C or ¢(z) = az with |a| = 1 by
Lemma 2.3.

If (z) = az with |a| = 1, we have

l(gop— &) (@91 + |z))™
c (L+ 1@ D™ (1 + ¥, (2)
_ 12a1z(a® — 1) + by(a — D|9(1 + |z])4 e_‘az_Zw‘sz(z)

¢ A+lzl+ 1z + Iz| — m])

- / 12a1z(a® — 1) + bi(a — D[9(1 + |z|)?
~pwy  (L+lzl+z2 + |zl = m]e
o 2ajw@® —1) +bi(a = DI?(1 + w4
Yo+ wl+ [ + [w] —m])4

212
ko (9(2))e™ T [9dA(2)

dA(2)
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By Proposition 3.2, we have

2a1w(a® = 1) + bi(a = DY+ [w])? _

im 0.
lw|— 00 (I +w| + [[w]> + [w| — m])4

Thus, we have a® = 1. That is ¢(z) = +z.

Now, we study the case 0 < p < oo and ¢ = o00. If ¢p(z) = az + b with |a| < 1,
b € C, by (a) of Lemma 2.3, it means that C, is a compact operator from Fl to Fe.
So, Ty, is a compact operator from F, to F2°, for any quadratic polynomial g. If
¢(z) = az witha = 1, we get

U
N (€Tt 20Ol P
le@l—>o0 14+ Y/ (2)
— lim Qarz(@® — 1) +bia— D)1 +z)
Izl =00 (1 + |z + 11z]* + |z| — m])

)

where g(z) = a1z® + b1z + ¢ with aj, by, ¢; € C. It then follows from (a) of
Proposition 3.2 that T;, , is compact for any quadratic polynomial g.

Conversely, by a similar computation as above and (a) of Proposition 3.2, we have
a = x1if ¢(z) = az with |a| = 1, which completes the proof. O

Proof of Theorem B The sufficient is trivial. For the necessity, let p = ¢ and use The-
orem 4.1. It remains to check the case when ¢(z) = —z.

We let M(f)(z) := zf (z) for f € H(C). From Theorem 3.1 in [16], we get M is
bounded on F. It follows by a direct computation that

[Cz. M]f(z) = 2MC_ f (2).

Using Theorem 3.1 in [16] again, we get [C_,, M] is bounded and noncompact. This
completes the proof. O

Remark 4.2 In Theorem 4.1, we characterize the compact intertwining relations

Velpa Colpr o g —Col g pa Vel pp (4.3)

whenever in the case 0 < p < g <ooor(0 < p < oo and g = o0.

The compact intertwining relations (4.3) in cases 0 < ¢ < p < oo are trivial
because the boundedness and compactness of C,, : Fl — F) are equivalent by (b)
and (c¢) of Lemma 2.3.

At the end of this paper, we study the unbounded composition operator Cy, : Fh —
F,! so that Tyg: Fl — F,l is compact for every quadratic polynomials g.

Proposition4.3 Let 0 < g < p < oo. Let g be a quadratic polynomial. Then, the

operator Ty , : Fh — FlLis compact if p(z) = az + b witha®> = 1, b € C whenever
% > 2, and ¢(z) = z otherwise.
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Proof Tt is easy to see that (g o ¢ — g)’ is a constant. Denote by (go¢ — g) = A € C,
and we have

P

q q
dA(Z)) dA(w)

/( l(gop —8) @I +]2)™ kw(w(z))e_%

c (L+le@D" 1+ ¥y, ()4

B / / M1+ |z])mata 3 Ue@P=le@-wh =312 g 4 () =
(L4 1zl + 1212 + Izl = mDI(1 + lp(2) )

P

M ie@r—le@-wP—$iz? ) A
f(/ A+l @) dam

%/ AL+ [w]) ™79 dA(w) < oo,
C

dA(w)

where the last integral converges since either -2 p >2ori=0.

If0 <g <ooand p = oo, then T, ¢ : Frﬁo — F,} is compact if ¢(z) = az + b
with a® = 1, b € C whenever g > 2, and ¢(z) = z otherwise. Hence, the conclusion
is the same as above. O

Remark 4.4 From Proposition 4.3, we notice that there are unbounded composition
operators which compactly intertwine all bounded Volterra operators when 0 < g <
p = o0.
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