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(1965)), and later found new popularity after the great nancial crisis of 2007.
2The revised perspectives of Keynes garnered substantial endorsement from economists associated with

the Stockholm School, including prominent gures such as Bertil Ohlin and Gunnar Myrdal. These schol-
ars played a pivotal role in elucidating the causal reasoning underpinning Keynes’ ideas. A comprehensive
exploration of this emphasis on causal understanding can be found in works such as Myrdal (1957).
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37



INTRODUCTION

    (M (1843)),      

   (M (1848)). M       

      ,     

   (H (1992)). I ,   ,  

     ,       

 . M  (M (1967))    

 L V M,          

  ( M (1966)).

A          

   H (1944). O       ,

H           -

   . A  H,    

       ,    

     . H      -

         ,  

            -

        .

T      H    

         C C

. B  H  ,   -

        ,   S E M

38



INTRODUCTION

(SEM).4 I SEM,         -

,               

  - . T       

       ,     -

   (S (1953)). T      

     ,         -

. E     ,    

        (   ). T

     ,        ,  

        O L S 
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 5,    M (1950), K (1949),  S

(1953)   SEM        

      .6

4The initial application of a system of equations to delineate and infer the extent of causal connections
occurred beyond the realm of economics; it was in fact pioneered by the geneticist Wright (1921).

5See Pearl (2015) for a discussion on the explicit causal meaning implied by Haavelmo’s works.
6The robust emphasis on causal reasoning by the founders of SEM has been shrunk over time. Numer-

ous scholars have underscored the necessity of self-contained causal interpretation for a structural equation
(see, for example, James et al. (1982) Bollen (1989)). In their seminal textbook on SEM, Schumacker and
Lomax (2016) explicitly stated, We often see the terms cause, eect, and causal modeling used in the
research literature. We do not endorse this practice and therefore do not use these terms here. Leamer
(1985) made the observation, It is my surprising conclusion that economists know very well what they
mean when they use the words exogenous, structural, and causal, yet no textbook author has
written adequate denitions. LeRoy (1995) goes as far as denying any causal interpretation for most
of the structural parameters that economists and social scientists strive to estimate. The original causal
connotation of the parameters in SEM has gradually been supplanted by an algebraic interpretation.
However, this does not negate the causal logic behind SEM; instead, it underscores additional challenges
in attaining a causal understanding.
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7For detailed discussions on scenarios where structural and Granger causality converge, refer to White
and Lu (2010) and White and Pettenuzzo (2014)

8This limitation has led to signicant errors in economic literature, as discussed by Hendry and Mizon
(1999)
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9The hierarchical structure is preferred as it minimizes the number of required identifying restrictions.
However, alternative methodologies have been proposed, such as Bernanke (1986) who used an explicitly
structural model to orthogonalize the VAR residuals, or Blanchard (1989) who used Keynesian theory to
set identifying restrictions

10Hoover illustrated this matter by presenting a scenario in which the impulse response function, derived
from a specic variable order, anticipates an increase in Y in response to an increase in X. Subsequently,
he demonstrated that by altering the variable order, the prediction could shift to a decrease in Y following
an increase in X.

42



INTRODUCTION

I ,     ,   UCLA (..   

P (2009)  V  P (1992)),  C M U (CMU) (..

   S  M (1995), S  . (2000),  K  B

(2011)),             

  -  - . T   

             

       (DAG),     

B  (P (1985)).

T            

 , , ,       

  . T       , 

 -       ,  

       (R (1971)). T

        ,    

   ,       

  .

T            

 ,    X , Y ,  Z     

:  ,  ,    (  F I.1).

A               ,

      . C,    

43



INTRODUCTION

a) b) c)
A B C

A
B

C

A

B
C

F I.1: F C G  T V: a) C C, b) C
F, c) C

         . I  ,  

     . H,    ,  -

            

          . C,  

 ,           

 .

T       ,       . I 

,           . I 

,           .

H,          . T

,   B  (B (1946)),   -

       . C     -

         . T     

      . T,       -

       . H,      

     (..,     ),    

     .

44



INTRODUCTION

T        ,   PC -

      ( S  G (1991)). T PC

     :   ,  

,     . T      -

  ,         . S,

          

. T           

  . I ,    ,   

      . T      

         . T  

        ,    

    . T     

      .

D  PC       -  , -

         . I ,  

        ,  

           S-VAR

. T    S-VAR    PC     

S  G (1997),         

        C . D 

H (2003)            M

45



INTRODUCTION

C        . I  - , D

 . (2008)             

-  .

T -        S-VAR

    PC . F , P  S (2006) 

 PC       , , 

, ,   GDP. T        

    (.. B  A (1998))   

  (.. B  Y (2003)).

T    S-VAR    PC     -

     . T      

        . N,

      . F ,  

      D A G (DAG)  

 . A,     PC-   

      D G P (DGP)   -

 .11 C        

      ,       

 ,    ,   

     (P  V (1995)). I    

11Referred to as the faithful condition by Spirtes et al. (2000) and DAG-isomorphism by Pearl (1988).

46



INTRODUCTION

     ,         -

 ,    (P (1988))   (M (1995)). F,

   ()   ()    

        DGP      

(V  P (1991)).

T   ,      ,  

 C C D (CCD)   R  S (1996),  

  . A     F C I

(FCI)    S  . (2000),   M . A

          

        S̈  Ć (1997).
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∆Yt = (Yt−1 − 05Xt−1)

      . F ,   = −1, ∆Y   

       .14

N,     -0.6,   X      . T
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∆Yt = −06(Yt−1 − 05Xt−1) + t

∆Xt = t

(2)

  ∼ WN(0, σ2
 > 0)   ∼ WN(0, σ2

ω > 0).

H,       X      Y . T -

         X  Y , 

 X  Y . T       ,  

13A steady state is an economic conguration in which all short-run variations have stabilized, and
quantities are either constant or growing at a constant (exponential) rate Hoover (2001). Steady states
represent the scenario implied by the equilibrium status

14In case α = −1 the adjustment process lasts only one period. This actually imply short-term causality.
Nevertheless, since it arises from the error correction mechanism we will treat this case as a particular
instance of long-term causality.
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∆
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t−1

+ t

    8-    ∗ ∈ (−∞, 0) ∪ (0,∞).15

15Note that ∗ represents a generic nonzero number, and the ∗’s values in the matrix need not correspond
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to the same numerical values: each one can be a distinct nonzero number.
16This is what we implicitly do in linear regression. When we identify the dependent variable, we

restrict its coecient to be equal to 1.
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17This condition matches weak exogenous. It is said that A and B are weakly exogenous with respect
to the cointegration matrix in the C-VAR modeling Y = A,B,C,D,E, F,G,H
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18For the sake of conciseness, the graph related to the short term dependencies is depicted disregarding

the time index. Nevertheless, it is implied that the relation A  B must be considered as At  Bt+1.
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T       Ś (2019). H,   

            

    :

I   S,       

  ,        

     . O ,      -

. H,    ,      

            (-
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1For further discourse on this subject, one may refer to the collection of papers in Ericsson and Irons
(1994).
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2This viewpoint has been articulated both prior to and subsequent to the publication of the seminal
paper by Engle, Hendry, and Richard. For a comprehensive discussion, refer to Chick (1973) and Moore
(1989).
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3If r = 0, then the variables in Y do not cointegrate; conversely, if r = Y , ∆Yt cannot be I(0)
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           t−1   

   ′Yt−1:

′Yt−1 =




−1 1 0 0

−2 0 1 0

0 −3 −4 1







A

B

C

D




t−1

=




Bt−1 − 1At−1

Ct−1 − 2At−1

Dt−1 − 3Bt−1 − 4Ct−1




 ′Yt−1 = 0  .

T   ,           -

       ,    -

  . T,     A  B,     

    B    . T   

  A      B         (..,

C  D)   . M,        -
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    B     A. T    

      A  B. A  ,     

 B,            -

      (..     B).

S,        C  D ,   

         -   

    .

T  VEC  :

∆




A

B

C

D




=




0 0 0

1 0 0

0 2 0

0 0 3







−1 1 0 0

−2 0 1 0

0 −3 −4 1







A

B

C

D




t−1

+ t (1.3)

F              

VECM,    4  H (2020).

I    ,          

,      -  . I ,   

  J (1992),          

        . T  , 

             

 . T,  ,       , 

77



CHAPTER 1. IDENTIFICATION AND INFERENCE OF CAUSAL EXOGENEITY

            - .

A  ,           -

       Y ,        

           . C, 

 Y      :     ,   Xo

     ,   Yu.

I             . T

      . T    

    . I,    T   

         ,   

,  ,     . H,   

   ,    -  

        .

S,          T    

,    . T      T 

   par excellence,       

    .

C,      Yu      T

       Xu. T    

   : Y = T,Xo, Xu, X = Xu, Xo  Yu = T,Xu.
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T Xo       . C,  

  :

∆Xo,t = o
′
oXo,t−1 +

∞

i=1

Γo,i∆Xo,t−i + o,t (1.4)

   o            

    .

C,      (1.2)        -

 , E (1.4). C, -  4,    

     Σo = V(o)   .

T      o  o      

       . I,     Yu

      .

T   o  o        -

  J (2019). C        

- , J    ′
o     :

′
o =


No −MouM

−1
u Nu

′
⊥


Mo −MouM

−1
u Muo


(1.5)

       -  :

∆Xo,t = MoXo,t−1 +MouXu,t−1 +NoTt−1 + ηo,t

4As proved in Johansen and Juselius (2014), a partially observed C-VAR(k) is of order ∞
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∆Xu,t = MuoXo,t−1 +MuXu,t−1 +NuTt−1 + ηu,t (1.6)

∆Tt = ηT,t

S,        VECM   :

o = Σo


MouVuT +NoVT


⊥

(1.7)

H, Σo = V(o)   :

Σo = V(o) =


Mou No


V



M ′

ou

N ′
o


+ Ωo (1.8)

T  Ωo            Ω =

V()   Xo.

T  V   :

V = V



Xu,t

Tt

Xo,t


 =




Vu Vu,T

VT,u VT




 V(AB)      A   B.

T  V        R  :

V = Q∗V Q∗′ + Ω∗ −Q∗V C∗′(C∗V C∗′ + Ωo)
−1C∗V Q∗′ (1.9)
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   Q∗  Yu,t  Yu,t−1  C∗  Xo,t  Yu,t−1. T  Ω∗

        Ω   Yu. T

Q∗ =



I +Mu Nu

0 IT


 C∗ =


Mou No



 IT       T .

T   A⊥    A   a × b   r  

a× (a− r)      A′A⊥ = 0. I     

A⊥              

.5

E (1.5), (1.7),  (1.8)        -

           -

     G. I  ,       

  o, o,Σo         -

          (DGP) 

Y .

5This attribute is closely linked to the notion of the cointegration space. Indeed, there is not a unique
matrix that generates stationary linear combinations of Xo; instead, there exists a potentially innite
number of matrices that can be found by selecting dierent specication of the orthogonal complement
(No −MouM

−1
u Nu)⊥

81



CHAPTER 1. IDENTIFICATION AND INFERENCE OF CAUSAL EXOGENEITY

1.3 Causal Exogeneity

T   ,           

        ,      

     .

T   Y  T , Xo  Xu      

   . S,         -

     xi ∈ Xo       

,      xi       ,

 . C, xi ∈ Xo         

 -     Xo.

I      G,       xi    

           

 xi. I        Xo,  xi   

.

T            

 .6 W      G,   xi   

,      xi (   PY (xi)
7),     

6In the context of causal inference, causal connections are described using structures that parallel
family relations. Parents refer to variables that directly inuence a given variable of interest, denoted
as child. If we consider also indirect causal connections, we refer to ancestors and descendants. For a
comprehensive overview of causal inference terminology, refer to Pearl (2009) among others

7The subscript Y in PY (xi) is added to specify that the parent set encompasses all parents of xi within
the set Y
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A B C D

F 1.2: C I T  L V

 Yu = T,Xu. M, xi     ∃ u ∈ PY (xi)  

u ∈ Yu.

H,          ,  

 , ,      . W   

           

         . W     

 Z     xi ,       xi,   xi = x∗
i ,

      Z = Z∗    Z  Z∗  xi  

   x∗
i . H,       

           

    .

T             

      .

A              

. C      F 1.2. T   

      , ,      

 . T  Y = A,B,C,D,       :

T = A, Xo = B,D,  Xu = C.
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I     ,     ,  -

 B  D    . T      

PY (B) = A ∈ Yu  PY (D) = C ∈ Yu. H,        D

       B.

T             

,       - . L    

 B     i,  D     π. A 

  ,          

 (π)        (i). C,  

 ,            

    .

H,     -    . F ,

             , -

      . T,      C 

 (  Ex),        

   ,       

i.

T            

. T ,          

,         i  Ex. S-

, i         . F,
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   ,  ,     - . T 

     ad innitum,      ,

  ,  ,  ,  .

T             

        . H,    

,          . I   

      ,         

          . I   

             

  . C     G = (V,E),  V = A,B,C,D  

    E        . D  

 : A  B, A  C, B  D,  C  D. I  ,     

 A  D  B: A  B  D. S,        A  D 

C: A  C  D. T           

     A     D.

M        ,      x 

y        z  z      

x  y. F ,     A  B  D    B,  

   A  C  D    C.

W           . W 
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     ,       Z ∈ Xo 

        xi ∈ Xo  i)    

 T    xi    Z  ii)      W 

  Z  xi      Z.

C ,  i)         

    -  (..,  )  -

  xi   Z. T      xi    

Z. S,   i),  Z    xi ,  

      .

R ii)        xi     

. I   W    Z,     xi   

    ,  W    , ,   

 .

T     ,          

 Xo:

Denition 1 (Set ℶ). A generic variable xj ∈ Xo is incorporated into the set ℶ ⊂ Xo if

i) every directed path starting from the fundamental trends and concluding at xj is blocked

by elements in Z ⊆ Xo \ xj and ii) the ancestors of xj belonging to Xu whose paths with

T are blocked by Z are not in turn ancestors of Z

S,    ℵ    :
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i) A

B

C

D

E

F

G ii)

A

B

C

D

E

F

G

iii) A

B

C

D

E

F

G iv) A

B

C

D

E

F

G

F 1.3: C G  C S. R    

Denition 2 (Set ℵ). The set ℵ is the complementary set of ℶ with respect of Xo, i.e.

ℵ = Xo \ ℶ

T      Xu     :

Denition 3 (Set ℸ). A generic variable xp ∈ Xu is included in the set ℸ ⊆ Xu if it is

an ancestor of at least one element in ℵ

Denition 4 (Set -). A generic variable xq ∈ Xu is included in the set - ⊆ Xu if it is

an ancestor of at least one element in ℶ and it does not belong to ℸ

I                 Y 

     Yu     ℸ   -. H,   

         ,    , 

,       .

T    ,     F 1.3. I  i),  

  -   A, ..       
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T = A. T      Xo = E,F,G  Xu = B,C,D,

. A Xo,        T   

   Xo  G. I ,  E  F   A  G. C,

 A  E     A  F ,    Xu    .

S   E,F  G  , G    i)  ii) 

D 1,  ℶ = G  ℵ = E,F. G     Xu  

  ℵ,     ℸ = B,C,D.

I  ii),     -   A  B. T  

   Xo = E,F,G  Xu = C,D, . T  

 T  G    F ,    F  G    

 . C, G ∈ ℶ   D 1. C,  

  T  E,F    Xo,  ℵ = E,F. G  

  Xu     ℵ,     ℸ = C,D.

I  iii)  iv),     -   A,    ,

D     A  E,G. E       D,

    ℶ. T   G    iii)  iv). I 

,   D  G   F ,    iii)  F ,  ,

 E. C, G ∈ ℶ   iii),  G ∈ ℵ   iv). I  iv), F

    D,     ℸ. C,   iii), F     G 

  D,       -. T     T = A, ℸ = B,C,

ℵ = D, - = F,  ℶ = E,G  iii);  T = A, ℸ = B,C, F, ℵ = D,G,
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- = ∅,  ℶ = E  iv).

B   ,        

  . F D 3  4,          

-  ℸ  . A  D 3,    ℸ    ℵ. I

   -i  ℸj , -i         ℵ. C,

  3 -i   ℸ,     -i ∈ -,  

D 4     -  ℸ.

S,          -  ℵ. I -i  ℵj ,  

        ,     ℸ.

B  D 1  3,       ℸ  ℶ. C

ℸi     ℵ     T     Xo. I ℸi 

 ℶj ,              

     ℵ  ℵ      T  ℸi, 

  . I      T  ℸi    Xo,

    ii)  D 1   ℸi  ℶj ,     ℸi  ℵk,

     . N,    D 3,  ℸ

    ℵ.

W       ℸ  -. C ℸi     ℵ

   T     Xo. I ℸi   -j ,   

    ℶ     ℵ       -

 ℶ. T         -  ℵ. I 
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T ℸ ℵ - ℶ
    

T  * * * 0 0
ℸ  0 * * 0 0
ℵ  0 * * * *
-  0 0 0 * *
ℶ  0 * * * *

T 1.1: C R A S. T         
  U          

  T  ℸi    Xo,    ℸi  -  ℸi   

  ℶ    T    ℵ. N,     

 ii)  D 1.

F  i)  D 1,       

  T  ℶ. M,  T  -,     -  ℶ 

   ℵ     ,  -ℵ.

T         T 1.1

T   Xo  ℵ  ℶ         

:

Denition 5 (Causal Endogeneity). A variable is causally endogenous if it is in the

set ℶ.

D 5     ℵ      . H,

       ,    

     . T       
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A

B

C

D

F 1.4: C G  C B A E

 .

C     F 1.4,        ,

 Yu = A. I  ,        

A,       . S,  : Y = A,B,C,D,

T = A  Xo = B,C,D.

B      D 1  2,      ℵ

 ℶ  : ℵ = B,C  ℶ = D      A  D

   B,C ∈ Xo         

A      ℵ. N,     ℵ  

    . O  , B     

          . O   ,

    C       D   C.

T        :

Denition 6 (Weak Causal Exogeneity). A variable is weakly causally exogenous if

it is in the set ℵ.

Denition 7 (Strong Causal Exogeneity). A variable xi ∈ Xo is strongly causally
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exogenous if it is part of the set ℵ and none of its ancestors are included in ℶ.

B   ,  B  C    ,   B

   .

B    ,  a priori     

. T   ,    .

F ,      ,      -

       ,     

       . I  , 

       .

C,            .

C          . T

            

. N,       ,   

             

   .

F ,     C  D   1.4     

 i     π . S   π ,  

    i. S        

        . H,   

        ,     
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           ,  

          . N,

    ,          

,         . S, 

              

        .

I   ,          

     ℵ       ℶ. C  

 F 1.1  1.4. I  ,   D     D = 1B+ 2C.

H,    , C ,  ,    D. T   

             E  F , 

                

E0  F0. C,     ℵ  ,      

      ℵ,    ℶ        

   ℶ  ℵ.

1.3.1 Causal Exogeneity and Weak Exogeneity

T             

    ,          

      F 1.4. A     , 
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      VECM:

∆




A

B

C

D




t

=




0 0 0

a 0 0

0 b 0

0 0 c







d 1 0 0

e 0 1 f

0 g h 1







A

B

C

D




t−1

+ t

T            

   o. S         

 ,  (1.7)    8:

o = ΩoNo⊥ (1.10)

W      Ωo = I,  I    ,  

o = No⊥.

T  No     Xo  T   -

     . C,    3 × 1   -

        B  C, :

No =




ad

be

0




8See Johansen (2019) for proof
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T   No⊥,   3× 2 . A  No⊥  :

o = No⊥ =




ad

be

0




⊥

=




−be 0

ad 0

0 1




T    B  C   :     o

    .

T            

       . T   

           

E  . (1983). S,         

 ,    ,  B  C     

 . T       

          .

I          F 1.4, 

     :

• W E     Xo: ∅

• S       Xo: B

• W       Xo: B,C

• C      Xo: D
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1.4 Weak Causal Exogeneity

T          . T

          

    . W       

V E C M    ,     

   . S,  1.4.2    

 1.4.1           

 . F,  1.4.3      

    , ..  .

1.4.1 Model Manifestations of Weak Causal Exogeneity

T             

  VECM. S,         -

     o.

T            -

 (MouVuT +NoVT )⊥. T         

 1.3           ℵ, ℶ, ℸ, -

 T . W     ,       

T 1.

T  Mou   -  (E (1.6))  Xo =
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ℵ,ℶ  Xu = ℸ, -. G    ℶ      

ℸ,       ℵ       -,  - 

Mou       ℶ      ℸ  

-  Mou       ℵ    

 -    . S,   No  Xo = ℵ,ℶ  T .

S,  , ℶ      T ,  -  No  

   ℶ       . T,  

 Mou  No   :

Mou =
A 0

0 C







ℸ -
ℵ

ℶ
No =

D
0







T 
ℵ

ℶ

   A       A  0    .

T         V     

   R   E (1.9). T  L  

  V        :

Lemma 1 (Conditional Linear Independence Between T ∪ℸ and -). The covari-

ance between the components of - and the variables in T ∪ ℸ is zero when conditioned on

the elements in Xo.

Proof of Lemma 1. T   ,      -  V

 -  T ∪ ℸ   . S,     
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   V    :

V =
V1 0

0 V2







ℸ ∪ T  -
ℸ ∪ T 

-

W       T ∪ℸ      Xo∪-. T

  -      T ∪ℸ  . U  ,

   E (1.9)   :

Q∗
1 = A

 ℸ ∪ T 

ℸ ∪ T  Ω∗
1 = E

 ℸ ∪ T 

ℸ ∪ T 

C∗
1 =

C
0

0







ℸ ∪ T 

-

ℵ

ℶ Ωo1 =

G 0 0

0 H 0

0 0 I







ℵ ℶ -
ℵ

ℶ

-

   1          V = C(YuXo).

A  E (1.9),    W1 = C(T ∪ℸXo ∪ -)  

 R :

W1 = Q∗
1W1Q

∗′
1 + Ω∗

1 −Q∗
1W1C

∗′
1 (C

∗
1W1C

∗′
1 + Ωo1)

−1C∗
1W1Q

∗′
1 (1.11)
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G  (C∗
1W1C

∗′
1 + Ωo1)

−1 







C

0

0



W1


C′ 0 0


+




G 0 0

0 H 0

0 0 I







−1

=




(CW1C′ + G)−1 0 0

0 H−1 0

0 0 I−1




E (1.11)     :

W1 = AW1A′ + E −AW1C′(CW1C′ + G)−1CW1A′

S,        -  Xo∪T∪ℸ. T 

 Xo ∪ T ∪ ℸ  ,  -       .9

U  ,     R  :

Q∗
2 = B

 -
- Ω∗

2 = F
 -

-

C∗
2 =

0

D
0







-

ℸ ∪ T 

ℵ

ℶ Ωo2 =

G 0 0

0 H 0

0 0 J







ℵ ℶ ℸ ∪ T 
ℵ

ℶ

ℸ ∪ T 

N    2      ,   

    V = C(YuXo)  W1 = C(T ∪ ℸXo ∪ -).

9It should be noted that, despite conditioning on all other causal sets, the variables in - retain their
stochastic behaviour. This follows from the fact that every variable has its own stochastic error term.
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A  (1.9),    W2 = C(-Xo ∪ T ∪ ℸ)   R

  

W2 = Q∗
2W2Q

∗′
2 + Ω∗

2 −Q∗
2W2C

∗′
2 (C

∗
2W2C

∗′
2 + Ωo2)

−1C∗
2W2Q

∗′
2 (1.12)

G  (C∗
2W2C

∗′
2 + Ωo2)

−1 







0

D

0



W2


0 D′ 0


+




G 0 0

0 H 0

0 0 J







−1

=




G 0 0

0 (DW2D′ +H)−1 0

0 0 I−1




E (1.12)     :

W2 = BW2B′ +F − BW2D′(DW2D′ +H)−1DW2B′

W      V = C(YuXo),    

        . T  

    R  (1.9) :

Q∗ =
A 0

0 B







ℸ ∪ T  -
ℸ ∪ T 

-
C∗ =

C 0

0 D







ℸ ∪ T  -
ℵ

ℶ
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Ω∗ =
E 0

0 F







ℸ ∪ T  -
ℸ ∪ T 

-
Ωo =

G 0

0 H







ℵ ℶ
ℵ

ℶ

T    V :

V = Q∗V Q∗′ + Ω∗ −Q∗V C∗′(C∗V C∗′ + Ωo)
−1C∗V Q∗′ (1.13)

T   ,     V  

V =
V1 0

0 V2







ℸ ∪ T  -
ℸ ∪ T 

-

     . I  , E 1.13 :



V1 0

0 V2


 =



AV1A′ 0

0 BV2B′


+



E 0

0 F


−



AV1C′ 0

0 BV2D′


×

×



CV1C′ + G 0

0 DV2D′ +H




−1 

CV1A′ 0

0 DV2B′




       V1 = W1  V2 = W2. T   



V =



W1 0

0 W2




101



CHAPTER 1. IDENTIFICATION AND INFERENCE OF CAUSAL EXOGENEITY

    -    W1  W2. T 

   -  x ∈ R|T∪ℸ|  y ∈ R     -,   x′W1x ≥ 0

 y′W2y ≥ 0. C,


x′ y′




W1 0

0 W2






x

y


 ≥ 0

S x        y,   w =


x y


 

-   R|Yu|.

T   L

T   L 1         

   . T   ℸ  T     

Xo    ℵ. T     ℸ     ℵ,

         T . T     

             . I

     VuT      ℸ  - .

C, Xo      T  -,  -     

   ℵ. T,    VuT     - 

.
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T      MouVuT +NoVT :

(MouVuT +NoVT )⊥ =




A 0

0 C







ℸ -
ℵ

ℶ

E
0







T 
ℸ

-
+

D
0







T 
ℵ

ℶ
F

 T 
T 




⊥

=

=

AE +DF
⊥ 0

0 I







r − ℶ ℶ
ℵ

ℶ
(1.14)

I  , r     MouVuT + NoVT ,  I   

.

T          

,      :

Lemma 2 (Linear Dependence of the Rows of an Orthogonal Complement).

Consider a rectangular matrix A of dimensions m × n and rank r, where m > n, and let

B be an m × (m − r) matrix of full rank, such that A′B = 0. If every row of A contains

at least one non-zero entry, then all the rows of B are linearly dependent.

Proof of Lemma 2. W   ,      

    B. I  ,      B(1)    

      :

B(1) = λ2B(2) + λ3B(3) + · · ·+ λmB(m) (1.15)
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 λk ̸= 0     k  2  m

B , A′B    0. C,       A′  

 B      . L A′
(j)   jth   A′. W :

A′
(j)B =


Aj1 Aj2 · · · Ajm






B11 B12 · · · B1(m−r)

B21 B22 · · · B2(m−r)

...
...

. . .
...

Bm1 Bm2 · · · Bm(m−r)




= 0

B ,    A     - . T,  

   j   Aj1 ̸= 0. I ,  Aj1 = 0   j = 1 : n,  jth   A  

 .

I Aj1 ̸= 0      Ajk ̸=1 ̸= 0,  B1i = 0   i. I ,   

m

i=1

AjiBik = 0 (1.16)

  ∀  k. I Aji ̸= 0   i = 1,  (1.16)  

Aj1B1k = 0

S Aj1 ̸= 0,    B1k = 0   k,       B  

 ,    .
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C,   Aj1 ̸= 0  Ajq ̸= 0   q ̸= 1   :


1 λ2 · · · λm






B11 B12 · · · B1(m−n)

B21 B22 · · · B2(m−n)

...
...

. . .
...

Bm1 Bm2 · · · Bm(m−n)




= 0

   λ        A′
(j)    

 - .

T   (1.15)       .

T   L 2          

 ,          

  :

Theorem 1 (Weak Causal Exogeneity and Linear Dependence of the Rows of

Ψ). The rows of the matrix Ψ, corresponding to elements within the set ℵ, are linearly

dependent. Here, Ψ = Σ−1
o Πo, and Πo is the impact matrix of the partially observed model,

dened as Πo = o
′
o.

Proof of Theorem 1. F  (1.7),       

  o = Σo(MouVuT+NoVT )⊥. S,   Ψ = Σ−1
o o

′
o = Σ−1

o Σo(MouVuT+

NoVT )⊥′
o,     
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Ψ =




AE +DF
⊥ 0

0 I


 ′

o (1.17)

I   L 2      λ   - 

  λ
AE + DF

⊥ = 0,      Σ−1
o o   

  ℵ   .

T      ,        Ψ  

ℵ (  Ψ(ℵ))   :

Ψ(ℵ) =


AE +DF

⊥ 0


′
o

I      λ   :

λΨ(ℵ) = λ


AE +DF

⊥ 0


′
o = 0

T      .

F T 1,       :

Corollary 1 (First Corollary to Theorem 1). The rows of the matrix Ψ corresponding

to the variables included in ℶ are linearly independent.

Proof of Corollary 1. F  (1.17),        Ψ -

  ℶ (  Ψ(ℶ))    ′
o(ℶ),  

′
o(ℶ)    ℶ 
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A

B

C

D

E

F 1.5: E  I  F  T 1   F C

 ′
o.
10

C  ′
o        ,   

    ′
o(ℶ)      ′

o. H,   

       ,   

   -  .

T     T 1   C,      1.5 

  VECM  :

∆




A

B

C

D

E




t

=




0 0 0 0

a 0 0 0

0 b 0 0

0 0 c 0

0 0 0 d







e 1 0 0 0

f 0 1 g 0

0 h 0 1 i

0 0 j 0 1







A

B

C

D

E




t−1

+ t

S      B, D,  E,   Y = A,B,C,D,E, Xo =

B,D,E, T = A,  Xu = C. A ,     T 

10It is important to mention that β′
o(ℶ) refers to the last ℶ rows of β′

o within the order utilized thus far,
and this order can be easily obtained through a trivial rearrangement of the variables
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B            Xo. O   ,

    T  E       C. S C ∈ Xu,

           C. T,

 B  E   ℵ. C,     A  D  

  Xo. S, B  A  B  D  E  A  C  E  D.

A,   Xo  D  ,    ii)  D

1. C     E ∈ ℵ,     ℸ   D 3. I ,

    ℵ = B,E, ℶ = D, ℸ = C,  T = A. I   

D ∈ ℶ   E ∈ ℵ     C. T  E  

 ,   B     .

T    -   E 1.6     

  VECM. S,   ,  11:

Mo =




a 0 0

0 d 0

ch ci c




Mou =




0

dj

0




No =




ae

0

0




Mu =


b


Muo =


0 0 bg


Nu =


bf



11For illustrative purposes, the order chosen for the observed variables is B,E,D.

108



CHAPTER 1. IDENTIFICATION AND INFERENCE OF CAUSAL EXOGENEITY

B      E 1.5,      -

        B, D,  E    3 × 2

  -      :

o =




o1 o2

o3 o4

o5 o6




T     = (MouVuT + NoVT )⊥,      -

      V . S A  C   ,

C(A,CXo) ̸= 0. S,         A. C-

,

 =







0

djVuT

0



+




aeVT

0

0







⊥

=




1 0

2 0

0 3




T  Ψ   :

Ψ = ′
o =




1o1 1o3 1o5

2o1 2o3 2o5

3o2 3o4 3o6




(1.18)

A ,       . S, Ψ(1)   

 Ψ(2),   = 1
2
. S, Ψ(2)     λΨ(1),  λ = 2

1
. T
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   T 1,     ,    

     B  E,     ℵ.

C,     Ψ   . T      




o2 o4 o6


     


o1 o3 o5


. T

     o   1,     

    Co −MouM
−1uCu. T   C 1, 

Ψ(3)   D ∈ ℶ.

1.4.2 Testing Hypotheses on Causal Endogeneity

T 1            Ψ 

  ,  ,  . T   

           

.

T ,       :

H0c : The elements of Ξ are causally endogenous

H1c : The set Ξ contains at least one weakly causally exogenous variable

W Ξ ⊆ Xo       ,   -

    .

B       ,    H0c  H1c

           :
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H0m : The rows in Ψ corresponding to the variables in Ξ are all linearly independent

H1m : Some of the rows in Ψ corresponding to the variables in Ξ are linearly dependent

U   ,              ℵ

 ℶ            Ψ. T 

          . T   

   Ψ. C      - 12:

R0,t = o
′
oR1,t + o,t

 R0,t  R1,t      () ∆Xo,t  Xo,t−1 

∆Xo,t−1,∆Xo,t−2,    . U -  Σ−1
o ,  13:

Σ−1
o R0,t = Qt = Σ−1

o o
′
oR1,t + Σ−1

o o,t = ΨR1,t + ηt (1.19)

 V(η) = Σ−1
o ΣoΣ

′−1
o = Σ−1

o . S       

 ,    (o) = (Σ−1
o o). C,   (Ψ) =

(o
′
o). T,    E (1.19)     ,

        A (1951).

N, Σo = V(o)    ,        

          VECM. T, 

 , Qt    . I, Q̂t = Σ̂−1
o R0,t  ,

12Short-term dependencies can be wiped out by using the Frisch-Waugh theorem, see Johansen (1995)
and Juselius (2006)

13Σo is a covariance matrix, thus it is square and has full rank. Consequently its inverse exists
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 Σ̂o     Σo. T       

      . H, Σ̂o   Σo,   Q̂t  

Qt     . I         

  n  ∞.

L             Ψ 

   r     (1.19). I ,      

        Ψ. C,       

   .

T        : ,    ith  

  Ψ (  Ψ(i))    ,     Ψ(i)

  ,  ,  ith   Xo     ℶ.

C,      ith   Ψ      , 

   Ψ(i)   ,    ith   Xo 

   ℵ.

T ,    Ψ  E (1.18)      

 . A  ,       ,

      . G     Ψ  2,   

     2        . T 

    Ψ(−B)  Ψ(−E),  Ψ(−B)  Ψ     ,

 Ψ(−E)  Ψ     :
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Ψ(−B) =



2o1 2o3 2o5

3o2 3o4 3o6




Ψ(−E) =  ′
o =



1o1 1o3 1o5

3o2 3o4 3o6




S


o1 o3 o5


     


o2 o4 o6


 1 

3   ,         2,  . C,

  Ψ(−D)     Ψ   , 

Ψ = ′
o =



1o1 1o3 1o5

2o1 2o3 2o5




H,        1,         

    ( -).

Ψ(i)       Qt. T     

   Q(i),t. H,        

          -     

   - . T   ,     :

 Q(i),t         
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 . S,    G     :

Wt = t  ∼ N(0, σ2
ω)

 0 < σ2
ω < ∞.

S W     Q̂  R1,     

    . C,      

 ′
oR1,t−1. T   Q(i)     Ψ(i)   

.

S Ψ(i) = 0       Ψ(i),        

,  ,         .

C,    :

Q̃t = Ψ̃oR1,t + η̃o,t (1.20)

 Q̃t    - ,      

R0      .

W            

    . H,       

       o      

 T 1   . W     ,      
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:  -    VECM  ,   ′
oXo,t−1

     . S  ∆Xi   

    Xoo. I Xi ∈ ℵ,     Xj ∈ Xo    

         Xoo. C,   (

   ) Xi,        Xo   

       Xoo,   ′
o   . C,

 Xi ∈ ℶ,              

′
o. T,  ∆Xi   -         o

    ,         ′
o.

B      ,       -

 H0m  H1m        :

H0r : The cointegration rank of the model in Equation (1.20) is less or equal to r − Ξ

H1r : The cointegration rank of the model in Equation (1.20) is greater than r − Ξ

H, r        ,    

      E (1.19),  Ξ    

Ξ.

T   H0c, H1c  H0r, H1r  ,     

             

    J (1995)  J (2006). C,  

      J    (1.20)   

     Ξ .
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P             

:

• D Ξ   ι        

    Xo

• E    r       J

 

• O R0,t  R1,t   ∆Xo,t  Xo,t−1     .

• E Σo       VEC .

• G Q̂t   Σ̂−1
o  R0,t

• G Q̃t    ιth   Q̂0,t    

.

• C S11 = N−1
N

t=1 R1,tR
′
1,t, S̃00 = N−1

N
t=1 Q̃tQ̃

′
t, S̃10 = N−1

N
t=1 R1,tQ̃

′
t,

 S̃01 = N−1
N

t=1 Q̃tR
′
1,t

• S    

λS11 − S̃10S̃

−1
00 S̃01


= 0    

  

• C  -       LRT = −N 
|Xo|

i=q (1−

λi),  q = r̂ + 1− Ξ

• C     -    J (2006).
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1.4.3 Relationship with Standard Weak Exogeneity

T           

   ,      :

Corollary 2 (Second Corollary to Theorem 1). Weak exogeneity is a sucient con-

dition for weak causal exogeneity.

Proof of Corollary 2. T         

E (1.7):

αo =
G H

H′ J







ℵ ℶ
ℵ

ℶ

AE +DF
⊥ 0

0 I







r − ℶ ℶ
ℵ

ℶ
=

GAE +DF
⊥ H

H′AE +DF
⊥ J







T ℶ× ℶ - J      . I     

       o      ℶ. S

    ,     . T    

  o   ℵ    .

T      .

Corollary 3 (Third Corollary to Theorem 1). Weak exogeneity is not a necessary

condition for weak causal exogeneity.
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T        C 1.3  ,   

    1.3         

  .

I ,      . H,  

      .

1.5 Strong Causal Exogeneity

T            

 . W         

          

      .

S 1.5.1          .

S 1.5.2        . F, S-

 1.5.3          

   .

1.5.1 Model Manifestations of Strong Causal Exogeneity

T    ,        Σo, 

  E (1.8). I    ℵ    ,   

 ℵ  ℸ     ℶ. I    ,   
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   Mou  No     :

Mou =
A 0

0 C







ℸ -
ℵ

ℶ
No =

D
0







T 
ℵ

ℶ
(1.21)

I     V ,  -  ℸ  -  ,  - 

 ℸ  ℵ,  ℸ   ℶ,       

    ℸ  -   . A     ,

 -  V  -  T    . T,   

 V   :

V =

K 0 M
0 N 0

M′ 0 O







ℸ - T 
ℸ

-

T 

(1.22)

T  T          

  . S,       

  :    Xo     ℵ . W  ℵ  

     ℵ    ,  ∗    

  .

Theorem 2 (Strong Causal Exogeneity and Equivalence between Models’ Co-

variance Matrices). If the variables in ℵ are strongly causally exogenous, the covariance

matrix Σℵ = Cov(ℵ) equals the covariance matrix Σ∗ = Cov(∗)
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Proof of Theorem 2. T         

ℵ,      ℵ-    -  

      Σo   ℵ.

T      (1.4)      E

(1.21)  (1.22)  E (1.8). I     

   Σℵ:

Σℵ =

AK+DM′


A′ +


AM+DO


D′ + Ωℵ (1.23)

 Ωℵ    -  Ωo      ℵ.

I     ℵ  , ℶ  ,    

    - . W    ∗    

        ℵ ,      

   ℵ    Σ∗.

A       , ℶ   ℵ. C

 - M ∗
ou  ℶ  ℵ    . T  -

 

M ∗
ou = A 0 0

 ℸ - ℶ
ℵ N ∗

o = D
 T 

ℵ (1.24)

T   ℵ        T  -,   

120



CHAPTER 1. IDENTIFICATION AND INFERENCE OF CAUSAL EXOGENEITY

   T,ℸ  ℶ. M,  ℶ      

 ℵ,   T,ℸ  ℶ      . T, 

-  V ∗ = C


Xut, Tt,ℶt  ℵt


 T  -,ℶ  . T 

   -  V ∗  ℸ  -,ℶ. C,    

   V ∗   :

V ∗ =

K∗ 0 0 M∗

0 N ∗ R∗ 0

0 R∗′ S∗ 0

M∗′
0 0 O∗







ℸ - ℶ T 
ℸ

-

ℶ

T 

(1.25)

B  (1.24)  (1.25)  (1.8)       Σ∗
s:

Σ∗ =

AK∗ +DM∗′


A′ +


AM∗ +DO∗


D′ + Ωℵ (1.26)

 K∗ = V(ℸ  ℵ), M∗ = C(ℸ, T  ℵ),  O∗ = V(T  ℵ).

S    ℶ           

 T,ℸ, ..         ℶ  T,ℸ  

 ℵ,   K∗, M∗,  O∗  K, M,  O . T  

          L 1,    

 C(ℸ ∪ T Xo) = C(ℸ ∪ T ℵ)       .

T  C(ℸ ∪ T ℵ),    ℶ    ,   

  ℵ      .
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W       V = C(Yu  Xo). U  , 

  E (1.9)    :

Q∗ =
A 0

0 B







ℸ ∪ T  -
ℸ ∪ T 

-
C∗ =

C 0

0 D







ℸ ∪ T  -
ℵ

ℶ

Ω∗ =
E 0

0 F







ℸ ∪ T  -
ℸ ∪ T 

-
Ωo =

G 0

0 H







ℵ ℶ
ℵ

ℶ

I               -

,    T ∪ℸ  -  -    . T 

     -  ℵ   T ∪ ℸ  ℶ.

B      E (1.9),     -

   ℸ ∪ T  -     L 1,    

  W1 = C(T ∪ ℸXo), ..,   T ∪ ℸ× T ∪ ℸ  -

        V   T ∪ ℸ:

W1 = AW1A′ + E −AW1C′(CW1C′ + G)−1CW1A′ (1.27)

W       ℸ ∪ T   ℵ . I  , ℶ

   ,  ℵ     . W   , 

 ℶ  - ,           T ∪ℸ 
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ℶ∪-. I      ,    ℶ  ℸ  ,

     ℶ  ℵ. T,    E (1.9) :

Q∗
1 =

A 0

0 I







ℸ ∪ T  - ∪ ℶ
ℸ ∪ T 

- ∪ ℶ
Ω∗

1 =
E 0

0 J







ℸ ∪ T  - ∪ ℶ
ℸ ∪ T 

- ∪ ℶ

C∗
1 = C 0

 ℸ ∪ T  - ∪ ℶ

ℵ Ωo1 = G
 ℸ ∪ T 

- ∪ ℶ

T  1            

   V = C(YuXo). I      

         . S,   , 

   1, 2   Q∗
1  C∗

1    .

B  V1 = C(Yu ∪ ℶℵ)  

V1 =
W2 0

0 W3







ℸ ∪ T  - ∪ ℶ
ℸ ∪ T 

- ∪ ℶ

E (1.9)     :





W2 = AW2A′ + E −AW2C′(CW2C′ + G)−1CW2A′

W3 = IW3I ′ +F
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A

B

C

D

F 1.6: E  C G G E A  C
M  ℵ  ∗

S W3   -,  F        

     ,        W3 

,       - . M,  (1.27),  

    W2 = W1    ,  

W1   -  . I   C(T∪ℸXo) = C(T∪ℸℵ)

   . C, E (1.23)  (1.26)  , 

        ℵ         

       ℵ    .

T      .

T     T 2   ,     

F 1.6,      B, C,  D,    

     A. I  , Xu  . T  

 A  D    B  C,      

B  C. C, ℵ = B,C  ℶ = D. N, T = A, ℸ = ∅, 

- = ∅. A   , D      B  C,   
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  ℵ    .

T   V = V(AB,C,D)   

V(AB,C)− C(A,DB,C)V(DB,C)−1C(D,AB,C)

T     C(AB) = C(A)−C(A,B)C(B)−1C(B,A). S

ℵ      A D D      ℵ      

 -   A  D   ,    C(A,DB,C) =

0,  V(AB,C,D) = V(AB,C).

S Xu  ,   Mou   . T  No,  Xo  T , 

 -       ,   B  C,  

A   B  C. C,       A  D, 

    No    . H,    No 

No =




a

b

0
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S No  V  E (1.8),  

Σo =




a2V(AB,C,D) + ΩB abV(AB,C,D) 0

baV(AB,C,D) b2V(AB,C,D) + ΩC 0

0 0 ΩD




(1.28)

 ΩB, ΩC ,  ΩD        Ωo.

B  ℵ ,   D    . I  ,   

      ,   M ∗
ou . H,  D  

   ℵ, M ∗
ou    . T,   Σ∗ 

Σ∗ =



a2V(AB,C) + ΩB abV(AB,C)

baV(AB,C) b2V(AB,C) + ΩC




S V(AB,C) = V(AB,C,D),    Σo   A  B  

   Σ∗. T   T 2,       

     ℵ   VECM  Xo     

    VECM  ℵ .

Corollary 4 (First Corollary to Theorem 2). If ℵ contains non strongly causally ex-

ogenous elements, the covariance matrix Σℵ = Cov(ℵ) diers from the covariance matrix

Σ∗ = Cov(∗).

Proof of Corollary 4. F ,     Yu = T,ℸ, -   -
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     T , ℸ,  -.

L T          ℵ  Yu,  U  

  Yu   Xo. T  Σℵ     T  U 

E (1.8), 

Σℵ = T UT ′ + Ωℵ (1.29)

 Ωℵ            

 ℵ     .

N,      ℵ ,  ℶ  . L V 

        ℵ  ℶ, U∗     Yu

  ℵ, W∗     Yu  ℶ   ℵ,  X ∗

    ℶ   ℵ. T  Σ∗   E

(1.8)   

Σ∗
Υ = T U∗T ′ + VX ∗V ′ + VW∗′T ′ + T W∗V ′ + ΩΥ (1.30)

T        ,   U    U∗.

U   C(AB) = C(A)−C(A,B)C(B)−1C(B,A),   U



U = U∗ −W∗X ∗−1W∗′ (1.31)

 C(Yuℵ,ℶ) = C(Yuℵ)−C(Yu,ℶℵ)C(ℶℵ)−1C(ℶ, Yuℵ). I (1.31)
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 (1.29),       (1.29)  (1.30)   

VX ∗V ′ + VW∗′T ′ + T W∗V ′ − T W∗X ∗−1W∗′T ′ = 0

B ,    ℵ     ,   

  ℶ  ℵ. D     V ,   

  W∗. G  ℶ      ℵ,    

V  W∗   -. I V ̸= 0  W∗ = 0 (  

),    (1.29)  (1.30)    VX ∗V ′ = 0,   

  X ∗   -   . C,  V = 0  W∗ ̸= 0

(   ),    (1.29)  (1.30) 

  T W∗X ∗−1W∗′T ′ = 0,         .

I  V  W∗  -,      -  ,

    X   Ωℶ,         V  W∗.

T      .

T     C 4,     F 1.6   

    D  C,       F 1.4. T

      ℶ  ℵ,   ℵ   

  .
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I   ,     D   - 

 C. C,         C. T,

C(A,DB,C) ̸= 0,     

V(AB,C)− C(A,DB,C)V(DB,C)−1C(D,AB,C)

-,     V(AB,C) ̸= V(AB,C,D).

T   No        ,  

 Σo        E (1.28),   :

Σo =




a2V(AB,C,D) + ΩB abV(AB,C,D) 0

baV(AB,C,D) b2V(AB,C,D) + ΩC 0

0 0 ΩD




W  ℵ ,   M ∗
ou     -    

  C:

M ∗
ou =



0

c




T      D   C.
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S  E (1.8),  :

Σ∗ =




a2V ∗
T + ΩB acV ∗

uT + abV ∗
T

acV ∗
uT + abV ∗

T c2V ∗
u + 2bcV ∗

uT + b2V ∗
T + ΩC




 V ∗
T = V(AB,C), V ∗

u = V(DB,C),  V ∗
uT = V(A,BB,C).

I   C 4,        

ℵ   VECM  Xo         VECM

 ℵ . F ,         ,

  V(AB,C) ̸= V(AB,C,D).

1.5.2 Testing Hypotheses on Strong Causal Exogeneity

T     1.5.1         

       . T   

           

 . I ,     

H0c : The set Υ = ℵ̂ contains only strongly causally exogenous variables

H1c : Not every element of Υ = ℵ̂ is strongly causally exogenous

     

H0m : The covariance matrix of the residuals relative to Υ in the VECM tted to Xo is

equal to the covariance matrix of the residuals relative to Υ in the VECM modeling Υ
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only

H1m : The covariance matrix of the residuals relative to Υ in the VECM tted to Xo is

NOT equal to the covariance matrix of the residuals relative to Υ in the VECM modeling

Υ only

T   H0c,H1c  H0m,H1m     -

  T 2    C.

T    ,       :  

Xo     ℵ . T     ℵ    

      1.4.

S            , 

  F-   B T. I        

        B T, ..  B M T. I 

            

. H,            . T

  ,             

-      . I       

  ,          

.

B,             

     :
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• S Υ         , .. Υ = ℵ̂

• D   Υ          

   ι           

  Xo

• E  VECM   Xo   Υ,  Υ    

 ι.

• E  VECM      Υ   ∗Υ,  ∗Υ 

    ι∗.

• T   N2   Υ      N2   ∗Υ 

   Υ,1:N2  ∗Υ,N2+1:N . H N     

∗Υ  Υ.

• E    ΣΥ,1:N2 = C(Υ,1:N2)  Σ∗
Υ,N2+1:N = C(∗Υ,N2+1:N ),

       Σp = 1
N−2


(N2 − 1)ΣΥ,1:N2 + (N2 −

1)Σ∗
Υ,N2+1:N



• CM = (N−2)  (Σp)−(N2−1)  (ΣΥ,1:N2)−(N2−1)  (Σ∗
Υ,N2+1:N )

 C = 2k2+3k−1
6(k+1)


2

N2−1
− 1

N−1


,  k        

.

• C     : M(1− C)

• C      2   k(k+1)
2
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A B C

F 1.7: C G  W E D  C  S C
E

1.5.3 Relationship with Standard Weak Exogeneity

T           

      ,   

  :

Corollary 5 (Second Corollary to Theorem 2). Weak exogeneity is not a sucient

condition for strong causal exogeneity.

Proof of Corollary 5. T         

        .

C  VECM           -

   1.7.

∆




A

B

C




t

=




0 0

a 0

0 b






c 1 d

0 e 1







A

B

C




t−1

+ t

A      B  C , .., Xo = B,C. S   

    A  C    B, C   ℶ. C,

     A  B      Xo,  B ∈ ℵ. D
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   , B         

 C  B.

T    ,    E (1.10). T - -

 No   -        B. C,

      -  (  )   

   C. W   ,   Ωo     .

T     o =



0

1


,  B     

   .

T      .

Corollary 6 (Third Corollary to Theorem 2). Weak exogeneity is not a necessary

condition for strong causal exogeneity.

T           ,    

   1.3         

   -.

I ,            

      .

I              

  -  o. I       ,  
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         . A 

        .

1.6 Example

T              

 ,          . W  

            , 

             

,    H. T    ,     

   1.1  H (2001),      

    H .

H      H  . F,  quantity theory

of money      (M)     (Y ) 

   (P ),   M  P  Y .

T   ,   specie-ow mechanism   

         , .. P  M .

T  ,    loanable funds doctrine,     

  (i)          (L),14  

  L  i.

14L is a variable denoting the interaction and relationship between the supply and demand for loans.
For instance, it can represent their dierence or their ratio. If it represents their ratio (i.e., Loan Demand
/ Loan Supply), then when L > 1, the interest rate i increases, while when L < 1, i decreases.
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Customs of People

Production of Goods

Stock of Money

Price

Loans

Prots

Interest Rate

F 1.8: G S   C L   H D

T     H       -

   . T ,    arbitrage doctrine,  

    π ↔ i.

L, H           ,

          . H sociological doctrine 

   CP  Y,M, π,  CP     .

T    ,       -

  F 1.8.

T       H       

  (CP ). I - ,        

 -,     CP     

 -     X = Y,M,L, π, P, i.

T   CP       ,    

       . U  ,
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CP    -   , ,   

 .

F      1.2   H (2020),    

    VECM    C-VAR(1):

∆




CP

Y

M

L

π

P

i




t

=




0 0 0 0 0 0

a 0 0 0 0 0

0 b 0 0 0 0

0 0 c 0 0 0

0 0 0 d 0 0

0 0 0 0 e 0

0 0 0 0 0 f







g 1 0 0 0 0 0

0 0 1 0 0 h 0

i 0 0 1 0 0 0

j 0 0 0 1 0 k

0 l m 0 0 1 0

0 0 0 n p 0 1







CP

Y

M

L

π

P

i




t−1

+ t (1.32)

T  VECM         .

N, CP          ,

        C  P. V Y

      Y = −gCP ,    

 Y  CP . S,     M = −hP 

M ,    L = −iCP  L. P (π)    

,           π =

−jCP − ki   . T    P  i.

T       6,       
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        .

T   F 1.8  H     . W

 H   ,        

     ,  E 1.32   

  . I ,     ,  

     . O     , 

    a priori. T           

     H    .

H       ,     -

 . N        ,

      J (1992)  J  J (1990), 

. T     , GDP,  ,   15

    . T       

  ,      (M),     

,  Y , i,  P . T         

    :           

 ,   ,        . F

   ,    M , Y , i,  P   .

T,      :       

  ,  CP, Y,M,L, π, P, i;   Xo    

15Both long and short-term interest rates have been utilized in the literature cited. For simplicity, we
consider only one interest rate in this example.
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CP

Y

M

P

L

π

i

F 1.9: O  L F  G 1.8

Xo = Y,M, P, i;    Yu     Yu = CP,L, π. G

   T        T = CP,   Xu

      Xu = L, π. F 1.9  

     ,     

       , .

T          . T 

        CP  Y ,    

 CP  i    L  π. S      ,

   T  Y  T  i        Xo, 

Y ∈ ℵ  i ∈ ℵ.

P,     Y  ,    

 M , P ,  i,       Y  . I -

       CP ,      

Xo. A     i:       
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  i  ,    Y , P ,  M   

   i.

C,      T  M,P    Y   

  Y  M,P  ,     Y  ,  

  -    P  M . C,  P  M   

     Xo = Y,M, P, i. Xu = L, π   

 i ∈ ℵ. T,      ℸ,  -  . F,   

  : T = CP, ℸ = L, π, ℵ = Y, i, ℶ = P,M  - = ∅.

T         ,     

             . W

   T 1, ..,        

Ψ     ℵ.

F  ,     Σ−1
o o = (MouVuT + NoVT )⊥, o,  

. A    1.4,        

     . S No   ,    

  , .., 4,       T , .., 1. T,  

  3. T      Y , M , P , i,     -

          Y ,    M ,

   P     i. T        L, π

    -      Xu   L  

   i.
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T             

-   E (1.6). T      

VECM         (1.32):

Mo =




a 0 0 0

0 b bh 0

el em e 0

0 0 0 f




Mou =




0 0

0 0

0 0

fn fp




No =




ag

0

0

0




Mu =



c 0

0 d


 Muo =



0 0 0 0

0 0 0 dk


 Nu =



ci

dj




B      (1.5),      

   o:

′
o =







ag

0

0

−fj(n+ p)




⊥




′ 


a 0 0 0

0 b bh 0

el em e 0

0 0 0 f(1− pk)




   Σ−1
o o 
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(MouVuT +NoVT )⊥ =




agVCP

0

0

f

nVL,CP + pVπ,CP






⊥

(1.33)

 VA,B   -  V      -

  A     B,  VA    -  V

        A. A  

     . F ,     :




a

0

0

b




⊥

=




−b 0 0

0 1 0

0 0 1

a 0 0




C,        E (1.19) 

Qt =




f

nVL,CP + pVπ,CP


0 0

0 1 0

0 0 1

−agVCP 0 0







afj(n+ p) 0 0 afg(1− pk)

0 b bh 0

el em e 0



R1,t + ηt

T      Ψ   . T     

      ′
o,   ′

o(1),    λ = f

nVL,CP + pVπ,CP
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  = −agVCP . C, Ψ(1) =
λ

Ψ(4),     

    ℵ = Y,M,    T 1.

T      Ψ         ′
o. S

          , Ψ(2)

 Ψ(3)   . T    C 1,   

       M ∈ ℶ  P ∈ ℶ.

T ,         T 1,    C. N, 

     ℵ = Y, i,     1.4.2.

T   (1.19),      Σ−1
o . T     

     VECM   Xo     .

S,   Q̂t = Σ̂−1
o R0,t      R1,t   

 . T      VECM ,   

  3.

A    (1.20),     ith   Q̂t   

      ith   . C, 

ith   Ψ    . D Ψ̃A     

     Q̂t   A,      

   :
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Ψ̃Y =




0 0 0 0

0 b bh 0

el em e 0

−a2gfj(n+ p)VCP 0 0 −(ag)2f(1− pk)VCP




Ψ̃M =




f 2aj(n+ p)

nVL,CP + pVπ,CP


0 0 f 2ag(1− pk)


nVL,CP + pVπ,CP



0 0 0 0

el em e 0

−a2gfj(n+ p)VCP 0 0 −(ag)2f(1− pk)VCP




Ψ̃P =




f 2aj(n+ p)

nVL,CP + pVπ,CP


0 0 f 2ag(1− pk)


nVL,CP + pVπ,CP



0 b bh 0

0 0 0 0

−a2gfj(n+ p)VCP 0 0 −(ag)2f(1− pk)VCP




Ψ̃i =




f 2aj(n+ p)

nVL,CP + pVπ,CP


0 0 f 2ag(1− pk)


nVL,CP + pVπ,CP



0 b bh 0

el em e 0

0 0 0 0




W   (Ψ̃Y ) = (Ψ̃i) = (Ψ) = 3. T    -

      ℵ = Y, i      . I ,

(Ψ̃M ) = (Ψ̃P ) = 2 < (Ψ),        -

144



CHAPTER 1. IDENTIFICATION AND INFERENCE OF CAUSAL EXOGENEITY

     ℶ = M,P      .

T  (Ψ̃A) ≤ 2          

 . W         Ψ̃M  Ψ̃P ,     Ψ̃Y

 Ψ̃i.

T ,      . N,      

  .

A   1.3,   xi ∈ ℵ       

        ℶ  xi. N   

 ℶ = P,M       ℵ = Y, i   

. H,  Y  i    .

A  T 2,         Y  i

     Xo = Y,M, P, i        

     Y  i.

T     Σo,       -

   (1.8). T    V  - 

        Yu     Xo. T 

       Xo = Y,M, P, i   :
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Σo =




(ag)2VCP + σ2
Y 0 0 agf(nVL,CP + pVπ,CP )

0 σ2
M 0 0

0 0 σ2
P 0

agf(nVL,CP + pVπ,CP ) 0 0 f 2(n2VL + p2Vπ + 2pnVLπ) + σ2
i




(1.34)

W  ℵ = Y, i ,  M  P    . C-

,     V     

C(L, π, CP, P,M  Y, i). A         1.9,  -

   CP,L, π  P,M       

Y . M,        T,ℸ  ℶ   

   ,       - 

  . M,  P  M     L, π  CP ,  -

   C(L, π, CP  Y, i)  C(L, π, CP  Xo). T

       :

Σ∗
o =




(ag)2VCP + σ2
Y agf(nVL,CP + pVπ,CP )

agf(nVL,CP + pVπ,CP ) f 2(n2VL + p2Vπ + 2pnVLπ) + σ2
i




Σ∗
o   -  Σo        -

  Y  i. I , Σ∗
o,11 = Σo,11, Σ

∗
o,12 = Σo,14, Σ

∗
o,21 = Σo,41  Σ∗

o,22 = Σo,44.

S ,        1.5. T   

           1.5.2: I-
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,  VECM    Xo = Y,M, P, i,      Y 

i  . S, ℵ      VECM   Y  i.

T      1,   No   2 × 1    1. T 

           B M ,  

  1.5.2. T           

     .

T          , 

    o. T     (1.33)  (1.34) 

E (1.7). T     :

o =




Y 0 0

0 M 0

0 0 P

i 0 0




 Y ̸= 0, M ̸= 0, P ̸= 0,  i ̸= 0.

T    o     ,    -

             .

C,   ,         

,            ( E

 . (1983)),      . B   ,   
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   ,       ,  Y, i   

  . O         

             

  .

1.7 Conclusions

T             

              

-    ,       

   . T     -    

 -     . G   

           

        .

T            -

           

     . W      

       ,    

            .

O        ,  

       ,  
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   . T       -

  - ,        

    . O      CVAR,  

        ,     

   . H,          

               

      . T      

          E  . (1983)  

 ,        CVAR. T  

  M E   1.6     . T 

      . F     F

 J (2007)   surprising        

   ,          

 . T          R B C ,

            ,   

   ,          . N, 

             

     ( Y, i   1.6),     

    .

T         . S,

C 2            -
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       ,     

    . A,     

       .

C 3           -

. T        ,    

 -   . I       

          - 

   .
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Chapter 2

A New Log-Likelihood Ratio Test for

the Identication of Long-Run Causal

Endogeneity

2.1 Introduction

T        ,     -

 . F ,   , P (2002)   

   /. I         

 ,        Evolutionary Exogeneity   Originary

Endogeneity. I, ,           , 

      ,      

Quantitative endogeneity/exogeneity  Control endogeneity/exogeneity.

F     ,     Statistical endogene-
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ity/exogeneity. T    E  . (1983)    -

  ,      :  , 

   . B,      -

  ,         

. H,      (   Ś (2019)), -

   ,     -

    .

C,        ,    

              

. O   ,  -,     

          .

T            -

           ,  

     . T      -

         . S,   

              -

         . C,    

           

 . A   ,         

,     () . S  -

      ,    /
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  .

C        . A     X 

             

  X . I  ,           -

        . N,

            

        .

I    ,     XW      

   Xi        Xi    

        XW      

XW  Xi            

  XW . I  ,       

    -,       .1

C    ,      T    

     Xo       . Xo

      : ℵ  ℶ. T    

       .

T  ( )           -

,       . A      

1Non-stationarity can be generated either by the presence of fundamental trends or by a ne tuning
of the parameters. However, this second scenario is less likely since even a small change in the parameter
would lead to a loss of cointegration and would make the variables stationary. For further details, see the
discussion in Hoover (2020)
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       ℶ  ℵ. T     

 :   ,      ℵ-     -

    ℶ-  ,       ℵ 

           .

H         .

i) A

B

C

D ii) A

B

E

D

C

F 2.1: C G E C E   W  S F

T   F 2.1         -

. T           

, , ,         

 Xo = B,C,D.

I  ,         A. I  i), A 

   B  C,         

    . C, ℵ = B,C. C,  

ii),  B     A,    E   A  C.

N, E  ,     Xo     

 A  C. S    , ℵ = B,C. I  ,   ℶ

     D,         

D     B  C.
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H,      B     C     

 ℶ  C. I  i),     D  C  ,  

  E   ii). I  ,    C   

    D      C . T  , ,

      D. C,  B    

,  C     .

T      ,        

  - . I   ,       

            V E

C M (VECM)  Xo       -

 . S 2.3        

           

  . S 2.4        

    . T     

       . S 2.5   -

             

 . F,  2.6      

.
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2.2 Properties and Inference of Causally Exogenous

Variables

T    - ,        

     . T      

         . T  

      S 1.2,        

  .

A    ,        -

. LXo       Xu     

 . T  Y       Xo, Xu  T , ,   

       .

A   H (2020),     Y      

V E C M (VECM)     

            

   (   1).

F ,  Y = A,B,C       

 A  C  B. S  C   ,      

   . C,      - 

      C,      
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     . T  VECM  

:

∆




A

B

C




t

=




0

0

a





b c d






A

B

C




t−1

+ t

C        Y     

A  B  C. I  ,      ,  

:   B     C. T   

    ∆Bt       A  B,  ∆Ct

      B  C,      VECM:

∆




A

B

C




t

=




0 0

a 0

0 b






c d 0

0 e f







A

B

C




t−1

+ t

T          VECM,  -

    ∆Y     - . T, 

:

∆Yt =  ′Yt−1 + t (2.1)

 ,    t   . C, Ω = V() 

  .

C   Xo ⊆ Y         ,
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  Yu  Y \ Xo. T   Yu    . C,

        VECM  (2.1),    

       :

∆Xo,t = o
′
oXo,t−1 +

∞

i=1

Γo,i∆Xo,t−i + o,t (2.2)

           

           VECM  Y .

I         (2.1)     

 (2.2). C, Σo = V(o)        Γo,i=1:∞  

 .

F  ,  (2.2)      ,  -

    F-W :

R0,t = o
′
oR1,t + o,t

I  4  C 1,           

         :

Σ−1
o R0,t = Σ−1

o o
′
oR1,t + Σ−1

o o,t
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    :

Qt =  ′
oR1,t−1 + ηt = ΨR1,t + ηt (2.3)

T  Σo        o. Σ
−1
o    ,

          VECM   Xo. T,  

 Σ−1
o    Σ̂−1

o    Qt,    Q̂t.

S C(o,ooR1,t) = 0,       ηt  ΨR1,t  ,

     Ψ   .

T         ℶ     

   T 1  C 1: T ith   Ψ    

 ith   Xo   ℵ. C,       ith 

 Xo   ℶ.

T      Ψ         : T ith 

       ith   Xo   ℵ. C,   

   ith   Xo   ℶ. T     Ψ =  ′
o.

I ,       λ       ith   

   λ′ = 0,    λ′′
o = 0. C,  λ′ ̸= 0  

- ,      λ′′
o ̸= 0.

T            

ℶ. T        C 1   
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       Ψ         . I , 

        ,      

   . I      ,     

       .

I ,   n      ,    

    n . C,        

,         k ,  0 ≤ k < n.

G     Ξ,   

H0c : The elements in Ξ ⊂ Xo belong to ℶ

         :

H0m : Rank(Ψ(−Ξ)) = Rank(Ψ)− Ξ

 Ψ(−Ξ)          Ψ   Ξ 

 .

S,    

H1c : Not every element in Ξ is causally endogenous

 :

H1m : Rank(Ψ(−Ξ)) > Rank(Ψ)− Ξ

T            H0m,H1m
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 J .2 T        

        .

T     Ψ   ,     - 

  (2.3)       Ξ   .

T       ′
oXo,t−1,     

        . A     

     Ψ,  Ψ(−Ξ)      Q(−Ξ),t  R1, 

Q(−Ξ)    Q   Ξ    (.. 

  ). T,        

Q(−Ξ),t = Ψ(−Ξ)R1,t−1 + νt

T      ,         

   A (1951). S Ψ(−Ξ)      

   VECM,          J

(1995)  J (2006).

T            

         . I  2.5, 

            .

2The null hypothesis of the Johansen’s tests should be Rank(Ψ(−Ξ)) ≤ Rank(Ψ) − Ξ. However, the
hypothesis Rank(Ψ(−Ξ)) < Rank(Ψ)− Ξ is not admissible since the reduction of the rank generated by
the substitution of n rows can be by a maximum of n units.

161



CHAPTER 2. LRT FOR THE IDENTIFICATION OF CAUSAL ENDOGENEITY

2.3 Alternative Test on Causal Endogeneity

T          -

            .

T        J (2019)     

    . H      o, o

 Σo    -     :

∆Xo,t = MoXo,t−1 +MouXu,t−1 +NoTt−1 + νo,t

∆Xu,t = MuoXo,t−1 +MuXu,t−1 +NuTt−1 + νu,t

∆Tt = νT,t

H,   Mo, Mou  No  Xo  , Xu  T . L,

  Mu, Muo  Nu  Xu  , Xo  T .

T ,   VECM ,   Xo = B,D

∆




A

B

C

D




t

=




0 0 0

a 0 0

0 b 0

0 0 c







d 1 0 0

0 e 1 0

0 f g 1







A

B

C

D




t−1

+




A

B

C

D
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C,     A,  Xu       C. I 

 ,  -  

∆



B

D




t

=



a 0

cf c






B

D




t−1

+



0

cg


Ct−1 +



ad

0


At−1 +



B

D




t

∆Ct = bCt−1 +


be 0




B

D




t−1

+ 0× At−1 + C,t

∆At = A,t

I     -         

      .

S      - , J  -

             

  :

Σo = V(o) =


Mou No


V



M ′

ou

N ′
o


+ Ωo (2.4)

 V 

V = V



Xu,t

Tt

Xo,t


 =




Vu Vu,T

VT,u VT
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T        :

o = Σo


MouVuT +NoVT


⊥

(2.5)

′
o =


No −MouM

−1
u Nu

′
⊥


Mo −MouM

−1
u Muo


(2.6)

S   (2.5),       -

  ⊥          .

S,  2.3.2          

.

2.3.1 Model Manifestations of Weak Causal Exogeneity

F    (2.5)      (2.3),    -

 :

 =

MouVuT +NoVT


⊥

T ⊥  :

⊥ =


MouVuT +NoVT


⊥



⊥
(2.7)

  

⊥ = MouVuT +NoVT

 MouVuT +NoVT   .
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Mou      -        -

  ,  No  Xo    . I  

          : Xu = ℸ, -.

H, ℸ     ℵ,  -     ℶ   

ℸ    3  4.

B ,   ℶ           -

  ℸ. M,  ,    ℵ     

 -. C,     -     :

Mou =
A 0

0 C







ℸ -
ℵ

ℶ
No =

D
0







T 
ℵ

ℶ
(2.8)

A   C 1, VuT         -. T

  ,          

      . T    T,ℸ

 -    ℵ           

ℵ. C, -     -  Xo  T ∪ ℸ  .

O   , Xo      ℸ  T ;   -

  ℸ    . T      

   T . C,    VuT  VT   :
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VuT =
E
0







T 
ℸ

-
VT = F

 T 
T  (2.9)

B   ,          -

-AE+DF . T          

   ℵ           

. G  Xo          

     ℸ  T   ,    E  F  

   - . F,    ℵ      

   ℸ  T . H,  


A D


    - 

  . C, AE + DF     -   

. T        ℵ      

  T .

S,    T          ℵ. T 

    ℵ     T    , 

  . C,    AE +DF     

 - . T          ,

         AE+DF    

-   . H,        , 

 AE +DF   -    (ℵ, T ).

T        :
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Theorem 3 (Weak Causal Exogeneity and Restrictions of ⊥). The rows of the

matrix ⊥ corresponding to elements within the set ℶ are zero vectors.

Proof of Theorem 3. T        (2.8) 

(2.9)  (2.7). T    MouVuT +NoVT 

MouVuT +NoVT =
AE +DF

0







T 
ℵ

ℶ

 MouVuT +NoVT   ,   ⊥,     .

I MouVuT + NoVT    ,    R(MouVuT + NoVT ) = ℵ 

T  > ℵ.3 T,  MouVuT + NoVT    ,   ,

.. ,   Xo× (Xo − ℵ) = ℶ    

 =
0

G







ℶ
ℵ

ℶ

 G    ,          ℵ  

  
AE +DF

⊥   ℵ× 0      ℵ.

S G   -  ,    ,      

        . T,    ⊥ 



3AE+DF has rank T  if T  ≤ ℵ. Given that MouVuT+NoVT is a Xo×T  matrix where T  < Xo,
it would have full rank if T  ≤ ℵ.
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⊥ =
H
0







ℵ
ℵ

ℶ
(2.10)

 H         ℵ

T      .

Corollary 7 (Corollary to Theorem 3). Every row of ⊥ corresponding to the elements

in ℵ contains at least one non-null entry.

Proof of Corollary 7. I MouVuT + NoVT    , ⊥    

 (2.10). S ⊥     ,   H   - 

. I           - .

T        MouVuT + NoVT    ,  

  AE +DF     .

B ,    ℵ         

  ℸ ∪ T . C,  A(i)  D(i) ( )    -

,  A(i)   ith   A.

W   ,     Aij ̸= 0  Dij ̸= 0. C, (i) = 0

 E (j) = 0  F (j) = 0,  A(i)   ith   A. N,  Xo

         ℸj  T ,   
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 ℸj       T     ,  E (j)

    .

M, Xo           T , 

    F     T , .. - .

W    A(i)E + D(i)F = 0      -   -

,      -      

   V . O     ,  ,  

     - . H,    

        . T    -

             -

           . I  

  ,       -,   

    . T,         

   . C,       

           .

T   C

T     T 3   C,      2.2 
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A

B

C

D

E

F

F 2.2: E  I  F  T 3   C

  VECM  :

∆




A

B

C

D

E

F




t

=




0 0 0 0 0

a 0 0 0 0

0 b 0 0 0

0 0 c 0 0

0 0 0 d 0

0 0 0 0 e







f 1 0 0 0 0

g 0 1 0 0 0

0 h i 1 0 0

0 0 j 0 1 0

0 0 0 k l 1







A

B

C

D

E

F




t−1

+ t

S      B, C, D,  F ,   Y = A,B,C,D,E, F,

Xo = B,C,D, F, T = A,  Xu = E. A ,     T

  B  C            Xo. I

   B  C   ℵ. O   ,    

T  D       T  F      B  C.

A,   Xo  D  ,    ii)  D

1. C,   C  F    E. N,   

         ,   E  ,

 ,  C. I   ℶ = D,C. S E     F ∈ ℶ    
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     ℵ,      -     4. I

,     ℵ = B,C, ℶ = D,F, - = E, ℸ = ∅,  T = A.

T  Mou  No   -      

  VECM. S,   ,  :

Mou =




0

0

0

el




No =




af

bg

0

0




T  V     ,       A

 E    C. M,      E  ℵ   

   A  E    Xo. T,   VuT 

VT    :

VuT =


0


VT =


σ2
T |Xo



B      E 2.7,     -
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A

B

C D

F 2.3: E  I  F  T 3  MouVuT +NoVT  R
D

:

⊥ =







afσ2
T |Xo

bgσ2
T |Xo

0

0




⊥




⊥

S MouVuT + NoVT   4 × 1    ,   ⊥  . T

 :

⊥ =




afσ2
T |Xo

bgσ2
T |Xo

0

0




A ,       ⊥   . T    T

3,        D ∈ ℶ  F ∈ ℶ. C,    

 -. T   C 7,        

  B  C,      ℵ.

I      

(MouVuT + NoVT )⊥


= MouVuT + NoVT  

 . S,  MouVuT + NoVT   ,    
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(MouVuT + NoVT )⊥


̸= MouVuT + NoVT . T ,     F 2.3

    VECM  :

∆




A

B

C

D




t

=




0 0

0 0

a 0

0 b






c d 1 0

0 0 e 1







A

B

C

D




t−1

+ t

H,        A  B,  Xo = C,D. D

   i)  ii)   1,  D ∈ ℶ. C, C  

  T ,   C ∈ ℵ.

S Xu = ∅,   VuT  Mou   ,     

:

No =



ac ad

0 0


 VT =



σ2
A|Xo

σAB|Xo

σAB|Xo σ2
B|Xo




B      E 2.7,     -

:

⊥ =






acσ2

A|Xo
+ adσAB|Xo acσAB|Xo + adσ2

B|Xo

0 0




⊥




⊥
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S NoVT   2×2     1,      ⊥. T  

           - .

T,          .

T      2×1   (MouVuT+NoVT )
′
⊥(MouVuT+

NoVT ) = 0. T              

   -     . I    

        ,   (MouVuT +

NoVT )
′
⊥(MouVuT +NoVT ) = 0 :


0 x




acσ2

A|Xo
+ adσAB|Xo acσAB|Xo + adσ2

B|Xo

0 0


 = 0

 x ∈ (∞, 0) ∪ (0,∞).

T  ⊥,           

 



0

x


. N,         2 × 1 

           -     :

⊥ =



y

0




 y ∈ (∞, 0) ∪ (0,∞).

A ,  -    B ∈ ℵ,      
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D ∈ ℶ,          

 T 3  C 7.

T       T 3     

       .

2.3.2 Testing Hypotheses on Causal Endogeneity

T 3           

,           -

   . S,      Ξ,

   :

H0c : The elements in Ξ ⊆ Xo belong to ℶ

   

H0m : The rows of ⊥ corresponding to the variables in Ξ ⊆ Xo are zero vectors

T       (2.3)      

   

Qt =  ′
oR1,t + νt

T   o          r 

   :



λS1 − S1QS

−1
Q SQ1


= 0
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    S    :

SQ = N−1


QtQ
′
t S1 = N−1


R1tR

′
1t

SQ1 = N−1


QtR
′
1t S1Q = N−1


R1tQ

′
t

T     ⊥       G  G

(1995).I   VEC ,          

           

 (, .., C 8  J (1995)). W     

      ,     

        .

S,   ⊥    o        -

     ̂o. T,     G  G

(1995)   ,    ⊥       

  Xo − r    :



λSQ − SQ1S

−1
1 S1Q


= 0 (2.11)

176



CHAPTER 2. LRT FOR THE IDENTIFICATION OF CAUSAL ENDOGENEITY

T      ⊥         

     (   M (2010)). T   -

           ⊥   

. T           

:

R′⊥ = 0

R   Xo ×

Xo − Ξ


         Ξ 

          Υ = Xo \ Ξ.

F  ,          

 H = R⊥,  H   Xo × Υ . T     

       :

⊥ = H

    Υ× T      .

T      Xo − r     

     E (2.11),    Xo − r  

     :



λrH

′SQH −H ′SQ1S
−1
1 S1QH


= 0
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T LR    

N

 (1− λr,1)−  (1− λ1) + · · ·+  (1− λr,|Xo|−r)−  (1− λ|Xo|−r)



U  ,       2(ν),  ν = T × Ξ   

 .

2.4 Simulation

T             -

 . S       ,  

            , 

           .

T         -   

 ,          .

S 2.4.2        -  

   . F,  2.4.3     

.

2.4.1 Data Generating Processes

F 2.4            

 -. R         
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)
A B C D

)
A B C D

)
A

B

C D

E
)

A

B

C D

E

) A

B

C

D

E

F ) A

B

C

D

E

F

) A

B

C

D

E

F
)A

B

C

D

E

F
G

F 2.4: C S  S

  , ,       .

S i)  ii)      . T    

 A       B. H, B     

A    ,       C. C, 

  B        C  D. T  ℵ  

   B ,  ℶ = C,D.

G ii)   i)     . S B  C  

,  C ∈ ℶ, B ∈ ℵ, B        ii).
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G i)  ii)          :

∆




A

B

C

D




t

=




0 0 0

a 0 0

0 b 0

0 0 c







d 1 0 0

0 e 1 0

0 0 f 1







A

B

C

D




t−1

+ t (2.12)

∆




A

B

C

D




t

=




0 0 0

a 0 0

0 b 0

0 0 c







d 1 e 0

0 f 1 0

0 0 g 1







A

B

C

D




t−1

+ t (2.13)

T           ,    e  

(2.13)     C  B.

S A    ,           

 Xo = B,C,D. W      E (2.3),  

J    (2.4), (2.5),  (2.6)   .

T            i) 
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ii): 


QB

QC

QD




t

=




0 0

1 0

0 2






1 2 0

0 3 4







R1B

R1C

R1D




t−1

+ t

T         2     , ..

    C  D. C,     B 

  ,    .

T             (−i)

      1,        . (−i)   

       i     :

(−B) =




0 0

1 0

0 2




(−C) =




0 0

0 0

0 2




(−D) =




0 0

1 0

0 0




I        (−C)  (−D)  ,     (−B) 

. T   ,       r ≤ 1 

    B ∈ ℵ  ,        

  C ∈ ℶ  D ∈ ℶ  .

T          ⊥. G    
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3× 2    2, ⊥    3× 1    1. D    

,             . T, 

     :

⊥ =




x

0

0




 x     .

C  ,    ⊥   ℶ    .

T,           ,   

          C  D.

S iii)         ,   iv)   

  iii)    .

T    A  B,       , .. C. T

  T     C. T   C  T  , 

C ∈ ℵ. C,          D,E

   C        D,E. T  C 

     D  E,      ,

.., ℵ = C  ℶ = D,E.

G iii)  iv)      :
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∆




A

B

C

D

E




t

=




0 0 0

0 0 0

a 0 0

0 b 0

0 0 c







d e 1 0 0

0 0 f 1 0

0 0 g 0 1







A

B

C

D

E




t−1

+ t (2.14)

∆




A

B

C

D

E




t

=




0 0 0

0 0 0

a 0 0

0 b 0

0 0 c







d e 1 f 0

0 0 g 1 h

0 0 i 0 1







A

B

C

D

E




t−1

+ t (2.15)

T     iv)      f  h  

(2.15),        C  D, ,

  D  E.

T  ,         Xo =

C,D,E ,    J . F  iii),    -
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 :




QC

QD

QE




t

=




0 0

1 0

0 2






1 2 0

3 0 4







R1C

R1D

R1E




t−1

+ t

   iv),  




QC

QD

QE




t

=




0 0

1 0

0 2






1 2 3

4 0 5







R1C

R1D

R1E




t−1

+ t

T     iv)         o.

S,    E  D       3, 1.

T         2. T,    

    D  E   ,     , 

     C,      2. T  

    (−C), (−D),  (−E):

(−C) =




0 0

1 0

0 2




(−D) =




0 0

0 0

0 2




(−E) =




0 0

1 0

0 0
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I        r ≤ 1      (−C),

            (−D)  (−E).

U  ,   ⊥    

MouVuT +NoVT =




y z

0 0

0 0




I  , MouVuT + NoVT    ,     ⊥, 

         . T, 

⊥      =




0 0

1 0

0 2



. ⊥   3 × 1    1. C,

  ′⊥ = 0,       ,       

.

T   

⊥ =




x

0

0




    . S,       

⊥(C) = 0,          ⊥(D) = 0  ⊥(E) = 0.

G v)-viii)        ,  
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  -         

.

I   ,     A,      T 

D,E         Xo. I   D,E ∈ ℵ  

 . C, D  E      A  F  

v)-vii),        A  G   viii). W D  E 

v)− vii)       Xo,     

D,E  G  viii)     F . H,    

    G        D  E. C,

ℵ = D,E     ,  ℶ = F  v)− vii)  ℶ = G  viii)

T                

. I  v),       ℵ  ℶ,   

vi)  vii),  D    . S, E    

ℶ = F   vi)       C   vii). T 

    ,   ℶ  ℵ   ℸ.

S    ,  viii)  D     

    G   E. T        

       ℵ  ℶ. C,   -  

      ℵ  ℶ.
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T VECM   v) 

∆




A

B

C

D

E

F




t

=




0 0 0 0 0

a 0 0 0 0

0 b 0 0 0

0 0 c 0 0

0 0 0 d 0

0 0 0 0 e







f 1 0 0 0 0

g 0 1 0 0 0

0 h 0 1 0 0

0 0 i 0 1 0

0 0 0 j k 1







A

B

C

D

E

F




t−1

+ t (2.16)

T    F  E,          

  F         E. T, 

VECM  vi) :

∆




A

B

C

D

E

F




t

=




0 0 0 0 0

a 0 0 0 0

0 b 0 0 0

0 0 c 0 0

0 0 0 d 0

0 0 0 0 e







f 1 0 0 0 0

g 0 1 0 0 0

0 h 0 1 0 0

0 0 i 0 1 j

0 0 0 k l 1







A

B

C

D

E

F




t−1

+ t (2.17)

S,   vii),      F     C:
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∆




A

B

C

D

E

F




t

=




0 0 0 0 0

a 0 0 0 0

0 b 0 0 0

0 0 c 0 0

0 0 0 d 0

0 0 0 0 e







f 1 0 0 0 0

g 0 1 0 0 h

0 i 0 1 0 0

0 0 j 0 1 0

0 0 0 k l 1







A

B

C

D

E

F




t−1

+ t (2.18)

G viii)   G,        :

∆




A

B

C

D

E

F

G




t

=




0 0 0 0 0 0

a 0 0 0 0 0

0 b 0 0 0 0

0 0 c 0 0 0

0 0 0 d 0 0

0 0 0 0 e 0

0 0 0 0 0 f







g 1 0 0 0 0 0

h 0 1 0 0 0 0

0 i 0 1 0 0 0

0 0 j 0 1 0 k

0 0 0 l m 1 0

0 0 0 0 0 n 1







A

B

C

D

E

F

G




t−1

+ t (2.19)

T        Xo :




QD

QE

QF




t

=




1 0

2 0

0 3






1 2 0

3 4 5







R1D

R1E

R1F




t−1

+ t
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 v)− vi),   




QD

QE

QF




t

=




1 0

2 0

0 3






1 2 3

4 5 6







R1D

R1E

R1F




t−1

+ t

  vii)− viii).

I     ,         

   . I  ,         

   -     . U      

,  :

(−D) =




0 0

2 0

0 3




(−E) =




1 0

0 0

0 3




(−F ) =




1 0

2 0

0 0




 (−F )  (−G)   viii)

C  ,         2,    

-. T,      r ≤ 1    

    ℵ.

T   ′
⊥ = 0,       -   
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 . T,   :

⊥ =




x(−2)

x(1)

0




 x   -  .

A ,            ℵ,

              ℶ.

2.4.2 Time-Series Simulation and Testing Procedures

T -      VECM   E (2.12)-(2.19).

T  ,    ,      

. T         , ..,

        Π = ′     

      .

T              

       . I ,   

       ,      .

C            

. T,            

 .
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M,  T 2,             

        . T 2   

    ,        -

. F ,            

  

 =



05

0




   

⊥ =



0

x




 x    - . T     x = 1010 

x = 10−10      ,       

. A           

 ⊥. H,      ,       a priori 

        - . T-

,           ,   

         T 2.

T               

. T          .

E     1,000       1,000

. A 1            
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 i),    VECM  E (2.12):

Algorithm 1 A  D S

▷ G    

  (4, 3)
  (4, 3)
(2, 1)  , (3, 2)  , (4, 3)  
(1, 1)  , (2, 2)  , (3, 3)  
(2, 1)  1, (3, 2)  1 (4, 3)  1

▷ G  

Π  ′

▷ C       
       ..        
       -  Π   
        (Π(2 : , 2 : )   
)     

while (((I + Π(2 : , 2 : ))) > 1) ̸= 0 do
(2, 1)  , (3, 2)  , (4, 3)  
(1, 1)  , (2, 2)  , (3, 3)  
Π  ′

end while
▷ C   

  (N, 4)
▷ G  

Y  (N, 4)
for i  1 : (N − 1) do

∆Y  ′Y (i, :)′ + (i, :)′

Y (i+ 1, :)  Y (i, :) +∆Y ′

end for
▷ D      Xo

Xo  Y (:, [2, 3, 4])

T        C 1      

       2.3         ⊥.
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A 2  3   -       . T

              

  MATLAB .

Algorithm 2 R R T  C E

▷ W   - 

Z0  ∆Xo(k + 1 : )
Z1  Xo(k : − 1)
Z2  [∆Xo(k : − 1),    , Xo(1 : − k − 1)]
M02  (Z0′Z2)N
M22  (Z2′Z2)N
M12  (Z1′Z2)N
R0  Z0 − Z2(M02M

−1
22 )

′

R1  Z1 − Z2(M12M
−1
22 )

′

▷ E Σo, Q  Q(−Ξ)

Σo  (, Xo)C
Q  R0Σ

−1
o

Q(:,Ξ)  
▷ C   

S00  (Q′Q)N
S01  (Q′R1)N
S10  (R′

1Q)N
S11  (R′

1R1)N

▷ S         

λ  (S10S
−1
00 S01, S11)

λ  (λ)
▷ C  

S  0
for i  (r + 1− Ξ) : Xo do

S  S+ (1− λ(i))
end for

S  −N × S
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Algorithm 3 T   R  ⊥  C E H

▷ W   - 

Z0  ∆Xo(k + 1 : )
Z1  Xo(k : − 1)
Z2  [∆Xo(k : − 1),    , Xo(1 : − k − 1)]
M02  (Z0′Z2)N
M22  (Z2′Z2)N
M12  (Z1′Z2)N
R0  Z0 − Z2(M02M

−1
22 )

′

R1  Z1 − Z2(M12M
−1
22 )

′

▷ E Σo  Q

Σo  (, Xo)C
Q  R0Σ

−1
o

▷ C  H

Υ  Xo \ Ξ
H  (Xo, Υ)
H(Υ, :)  I

▷ C   

S00  (Q′Q)N
S01  (Q′R1)N
S10  (R′

1Q)N
S11  (R′

1R1)N

▷ S          
 

λ  (S01S
−1
11 S10, S00)

λr  (H ′S01S
−1
11 S10H,H ′S00H)

λ  (λ)
λr  (λ)

▷ C  
S  0
for i  1 : (Xo − r) do

S  S+ (1− λr(i))− (1− λ(i))
end for

S  −N × S
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G T 1 T 2
B C D B C D

i) 99.8% 3% 3.2% 99.9% 6.9% 7.8%
ii) 99.2% 6.1% 6.2% 99.5% 7.6% 6.7%

C D E C D E
iii) 99.7% 1.6% 2.1% 100% 5.7% 7%
iv) 99% 5.7% 4.2% 99.7% 6.9% 9.1%

D E F D E F
v) 86.8% 85.3% 2.1% 91.1% 89.8% 7.8%
vi) 87.1% 82.1% 2.3% 91.1% 86.9% 7.5%
vii) 90.9% 66% 2.4% 93.3% 73.3% 6.8%

D E G D E G
viii) 91.3% 82.3% 2.3% 93.9% 87.2% 8%

T 2.1: R R  R T (T 1)   T  R  ⊥ (T
2). S L 5%

2.4.3 Simulation outcome

T       . T   

     :           

    . T       

       . I ,   ,  -

               

Σ̂o  R0,t. T          , 

           .

T 2.1    ,      

1,000     5%  . T 1     

    ,  T 2       

   ⊥.
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T    ,      

     ℵ  ℶ. A ,      

   5% ,        

              

Q  Q̂. N,    ,      

   3.77%  T 1  7.73%  T 2. T      

,      87.75%  T 1  91.17%  T 2.

N      ; , T 1   

  ,  T 2   . T     

   T 2   T 1. T      

           .

G     . R    

 i)− iv),        99%  99.5%   1 

2, . H,       v)− viii), 

   ,      vii)     E,   

66%  73.3%   1  2, . T      

      ℸ. I ,   i) − iv), Xo   

   ,    v) − viii),    T  ℵ

  ℸ = B,C.

A              -

. C     i), iii),  v)     ii), iv), 
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vi) − viii),          . F

,   vi) − vii),      E,    -

      D  E. I      

  ℶ  ℵ           -

. I ,       D  E   5%   v), 

  20%   vi).

T      ,       

,  N = 100  N = 500. T 2.2      

    . T        

     . T      

5%,      N = 100  N = 1, 000. N,  

              ,   

  . T        

 .

T 2.3             

. U   ,        

       100  500,      

5%  . N,         

 100  500 . H,        

     500  1,000.

T 2.4               
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G V N=100 N=500
N=1,000

i) C 3.17% 4.4%
i) D 2.9% 1.6%
ii) C 2.54% 6.9%
ii) D 2.86% 6.9%
iii) D 1.9% 1%
iii) E 4.8% 1%
iv) D 1.3% 4.1%
iv) E 0.9% 2.9%
v) F 1.9% 2.9%
vi) F 4.8% 2.9%
vii) F 3.5% 4.1%
viii) G 2.9% 1.3%

T 2.2: R R  R T (T 1) U  N H  D
S S. S L 5%

G V N=100 N=500

i) C 15.9% 7.6%
i) D 11.8% 7.6%
ii) C 13.3% 8.6%
ii) D 10.5% 8.5%
iii) D 12.4% 5.7%
iii) E 9.2% 9.2%
iv) D 11.8% 7.6%
iv) E 8.9% 7.3%
v) F 8.7% 6.8%
vi) F 11.4% 7.9%
vii) F 14.9% 7.3%
viii) F 9.2% 9.2%

T 2.3: R R  O C R T (T 2) U
 N H  D S S. S L 5%
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G V N=100 N=500

i) B 47% 99.1%
ii) B 45.7% 98.4%
iii) C 51,1% 100%
iv) C 44.4% 98.4%
v) D 24.8% 79.1%
v) E 23.8% 80%
vi) D 36.8% 84.1%
vi) E 31.1% 81%
vii) D 44.1% 86%
vii) E 21% 60%
viii) D 39.4% 86%
viii) E 32.1% 77.5%

T 2.4: R R  R T (T 1) U  A H 
D S S. S L 5%

 . A ,        

 . T           

          100. N,    

50%  ,      21%.

T 2.5          . A ,

        . H,    , 

           . S,

 N = 100      70%,     93%.

T ,         .

T 1         ,  T 2  

. T              

. S,       ℸ  -
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G V N=100 N=500

i) B 92.4% 99.4%
ii) B 88.9% 99.4%
iii) C 93% 100%
iv) C 90.5% 99.1%
v) D 65.7% 89.2%
v) E 66.4% 85.4%
vi) D 68.9% 88.3%
vi) E 69.2% 87.3%
vii) D 77.5% 89.8%
vii) E 51.4% 70.5%
viii) D 75.9% 89.8%
viii) E 63.8% 83.8%

T 2.5: R R  O C R T (T 2) U
 A H  D S S. S L 5%

  ℶ  ℵ,        . F,

T 2       ,   

      T 1       

  . T   T 2      

  .

2.5 Empirical Illustration

T           

          . I  -

             .

A,       ,  , 

         ,   
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    . C,       ; -

,       . T   

             . H,

      ,       

     .

T     :       

   . S 2.5.2   ,  S

2.5.3       .

2.5.1 Causal Endogeneity and Money Theories

U         

       . E  

        ,    

. M      ,  -

  -K       . T

          

   .

S       ,     

           . I

            

  ,             
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. I     ,       

 ,         .

T          . M -

  LM    IS/LM   ,      

   . A   ,    

   ,      . O, 

         ,    

             , 

      .

O   ,          -

 . T        ,   

         . I 

,       ,    

      . T      -

,              

  .

T            

 ,          

       .

T         ,     

   . L (1984)     -K (-
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)        ,   

    . D M      B    . 

 , ,   ,        

   ,       M = B, 

    . O   ,  -K    

   B = θM . N,         

     ,    M     -

   . I ,     ,  

         ,   . T,

      -K    

     :





B = θM

M = f(Y, i, P )

 Y , i, P  ,     .

A  ,   ,     . S-

,  ,         -

             .

T              

-       ,     .

T     -   ,   
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     LM .

S          . T

           . H-

     ,      

    . T      ,   -

              .

M,       , —  -

       —   

       (H (2006)).4

I  ,      M = f(Y, i, P ),  

          , 

   M . H,   B      

       .

U           . F

  ,      B    -

 -    . H,     

     . A   , B    

 ,           

. L,          

 . N,        

4For a thorough discussion over the debate between the horizontalists and structuralists, refer to Pollin
(1991), Fontana and Venturino (2003), and Fontana (2004)
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)

)

A B M↔

Y

i

P

) Oth

Y

 i

P

M A B

Y i P

B




A

MOth

F 2.5: C G  i)   , ii)  P-K
(H) ,  iii)  S . Oth   Other Variables, A
  Decision of the Authorities, B    , M   , Y 
, P  ,  i   

             

       . F  ,    -

      ,       

Oth.          . A  

, F 2.5        -

. T          

        .

I             , 

          .5 F  -

         ,  Ś (2019).

5For example, some economists also distinguish supporters of liquidity preference who agree with the
core tenets of money endogeneity (Palley (1991)). Rochon and Rossi (2013) further dierentiates revolu-
tionary post-Keynesians, for whom money is endogenous irrespective of specic institutional arrangements.
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C         (.. J-

  J (1990)),          , ,

     . C,   Xo    

Y , P , i  M ,  A, B          .

E    F 2.5,        

      . I    ( i)), 

     A. N   Xo      A

 M ,       .6 T  

     ( ii)). H,      

   . H,     Oth  M

   Y , i,  P ,  M     .

T            

 ,     M . S A     

,     M     Y , i,  P ,    

          .

I   ,        ℵ  ℶ  

          .

6Due to the feedback that Y , i, and P have on M , M is not strongly causally exogenous.
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2.5.2 Data

T     U.S.    Q2-1964  Q3-2023,

   FRED . T       -

  (B Y 10- ),  -   (3- 

),  C P I (CPI),   E O (GNP),  

           

. T          (M3). A

A              . T

  M , P  G D P  

       .7

T     F 2.6 -2.10. S     -

             

      ,      -

        , GNP,  CPI. T   

-       I(1) ,  D-F   -

    -. T     T 2.6    

   T 2.7      . H,   M , P ,

 Y   -       , ,  G

D P, .

7The multiplicative eects are derived from the identity MV = PY , where M denotes the quantity of
money, V represents money velocity, P indicates prices, and Y corresponds to real GDP. This identity is
prominently featured in the quantity theory of money
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F 2.6: B M A M3. R  FRED, F R B
 S. L.

F 2.7: G N P. R  FRED, F R B  S.
L.
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F 2.8: C P I A I. R  FRED, F R B
 S. L.

F 2.9: 3-  . R  FRED, F R B  S.
L.
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F 2.10: B Y 10- . R  FRED, F R B
 S. L.

P-V S C-V

M 0.1083 -1.5776 -1.9427
Y 0.4108 -0.6559 -1.9427
P 0.1839 -1.2834 -1.9427

T 2.6: R   D-F T  L T  D-
   R T-S.

P-V S C-V

∆M 1.0000e-03 -8.0800 -1.9427
∆Y 1.0000e-03 -7.0545 -1.9427
∆P 1.0000e-03 -13.1339 -1.9427

T 2.7: R   D-F T A   F D   S
 L T  D-. B F I R
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P-V S C-V

 0.2762 -1.0236 -1.9427
 0.4479 -0.5546 -1.9427

T 2.8: R   D-F T F R S  I R.

P-V S C-V

∆r 1.0000e-03 -11.8761 -1.9427
∆i 1.0000e-03 -12.3397 -1.9427

T 2.9: R   D-F T F R S  I R. B F
I R

T              - 

  , GDP,  CPI. C,       

      . T      

  I(1) ,     .

T             .

T,      . T      

   VECM     ,     

     D-F . T     T 2.8 

      T 2.9      . H, 

 r  i       -  -  ,

.

T D-F            , 

            . T 

     I(1)       

  .
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F 2.11: F S     

F 2.11         . T  

    .

2.5.3 Empirical Results

T     V A      A

I C (AIC). T    VAR(k)    

T 2.10. T  VAR   4,   AIC      VAR(4)

. T         J  J (2014),

      C-VAR(1)     VECM 

  - .

A       r      

,          . T  
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L AIC

0 1.7560+03
1 -2.4293+03
2 -2.6534+03
3 -2.6676+03
4 -2.6837e+03
5 -2.6472+03
6 -2.6392+03
7 -2.6243+03

T 2.10: AIC V   VAR(k) F   L   V. T M
V  R  B

    T 2.11. T       3,   

r ≤ 3   ,       r ≤ 2.

H0 S C-V

r = 0 101.9871 60.0623
r ≤ 1 61.4263 40.1751
r ≤ 2 33.3536 24.2747
r ≤ 3 11.9598 12.3206
r ≤ 4 2.2671 4.1302

T 2.11: S   T T   I  C R 
C V   5% S L. B N R R  
N

T 2.12          . T   

              

     . C,    

    . T   ,     100 ,

     , ,   ,   

            .
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H0 : r̃ ≤ 2 M P Y r i C-V

A. S. 26.5071 19.6224 32.2107 20.9124 29.5339 24.2747
M. S. 23.9734 17.2613 29.4157 18.4149 27.1660 24.2747
M. S. 34.9996 28.8617 38.3539 29.1308 36.0220 24.2747
S<C. 4% 98% 0% 92% 0%

T 2.12: A, M  M S   C E T.
r̃   R   M M. C V  N  N-R
 G   S L  5%

T     i  Y  100%  . S,    M 

      ,       

   4   100 . C,    P  r   

    -     ,    

   2%  8%  , .

H0 S C-V
M 11.9857 5.9915
P 5.2473 5.9915
Y 17.4234 5.9915
r 6.3660 5.9915
i 15.0839 5.9915

T 2.13: S  C V  W E T. B N
R R   N   S L  5%

T 2.13          . G 

⊥   5× 2 ,        

    2(2). C    ,      ⊥

       M , Y ,  i,     

  P . T       r     

       -  . H,  
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          ,   -  0.0415, 

          1%  .

T    ,       . A 

   C,          

. T      T 2.14. C    -

,          M . I   

       Y  i         

 ,           .

H0 S C-V
M 7.2963 7.8147
P 11.4840 7.8147
Y 9.5080 7.8147
r 15.0575 7.8147
i 18.2708 7.8147

T 2.14: S   V  W E T. B N R-
 R   N   S L  5%

T    ,        , 

            

   ,        M   

   i, r, Y ,  P . C,     

           ,  

  M,Y, r, i,   ,       P .

T ,      ,   

            ,  -
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      . F,   

          Y , M ,   .

2.6 Conclusions

T           

          . L 

,    -      . I 

2.4,           , -

        — 

    ,      . A, 

             

 . F,       

    .

T    . F,       

       ,       

              .

C,            

   .

T       . O 

     ,    . I 
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,     ,   ,    

,     . M,     -

    ,             

    .

T ,          ;

,              

.
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Chapter 3

Weak Exogeneity, Driving Variables

and Non-Causality

3.1 Introduction

W             

         . E  

 ,          

   . T        ,

,   . T ,      K (1950),

    E  . (1983)    R (1980), F 

M (1985),  F  M (1985).

T     ,       

. S        G -,
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       . W  -

   ,       -

. T      ,       

  - .

W           

             . C

    Y   X  Z:

Y =



X

Z




S       Z    -

 X . T      ,     

 .

T             

. D Fu()        u,   FY (Yt; θ, Yt−1:0)

       ,  θ      

  Y  Yt−1:0   ,     :

FY (Yt; θ, Yt−1:0) = FX|Y (XtYt;λ1, Yt−1:0)FZ(Zt;λ2, Yt−1:0)

 λ1  λ2         , .
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I ,       FX|Y (XtYt;λ1, Yt−1:0) 

         . T   -

            

FX|Y (XtYt;λ1, Yt−1:0),      FZ(Zt;λ2, Yt−1:0). T  

   ,   ,     λ1   -

     ( F  . (2019), C 6).

T              

,             -

. T       λ1  λ2  -. S

         λ1  λ2. I , λ1

 λ2  -             

. D Λ1  Λ2      λ1  λ2, . M-

,    -     (λ1,λ2)  Λ1 × Λ2,  ×

  C . T ,       :

• T         λ1 :  = f(λ1)

• T     (λ1,λ2)  Λ1 × Λ2

T ,       E  I (1994):  xt  zt

      µ    Ω,

Yt =



xt

zt


 ∼ N(µ,Ω)
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µ =



µx

µz


 Ω =



2
x x,z

z,x 2
z




T      

xtzt ∼ N(a+ bzt, σ
2
x)

zt ∼ N(µ2,
2
z)

 b = ωx,z

ω2
z
, a = µx − bµz, σ

2
x = 2

x −
ω2
x,z

ω2
z
. I  , Y , x,  z  

Yt = µ+ Y,t Y,t ∼ (0,Ω)

xt = a+ bzt + x,t x,t ∼ (0, σ2
x)

zt = µz + z,t z,t ∼ (0,2
z)

S           , ..  = λ1 = a, b, σ2
x.

T  µ    Ω         λ1  λ2 

µ =



a+ bµz

µz


 Ω =



σ2
x + b22

z b2
z

b2
z 2

z




T    µ    R2,      µz  
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     a  b. O   ,   Ω 

            

  λ2 ( D  R (1983)). C, z   

            z  .

T         ,  

    ,       

 . C  VECM:

∆Yt =  ′Yt−1 + t

  -          

   . B  Y  X  Z,      

:

∆Xt = x
′Yt−1 + X,t

∆Zt = z
′Yt−1 + Z,t



Yt =



X

Z


  =



x

z


  =



x

z




T    ∆Xt     ∆Zt :

∆Xt = ξ∆Zt + (x − ξZ)
′Yt−1 + X,t − ξZ,t
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 ξ = Ω12Ω
−1
22  V ar() = Ω    

Ω =



Ω11 Ω12

Ω21 Ω22




C      - , ..  = . J (1995)

   z = 0,  Zt          

   x         . T 

       z = 0,     



∆Xt = ξ∆Zt + x
′Yt−1 + X,t − ξZ,t

∆Zt = Z,t

z = 0        ,  ,      

    

θx = (Ω22)

θz = (x, , ξ,Ω112 = Ω11 − Ω12Ω
−1
22 Ω21)

T   

θ = (1, ,Ω)
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. T       G ,   

       - (,  , J (1992)).

T         θx  θz    θ. I

Ω22  Ω112    ,  Ω     . I , 

 G , Ω22       ξ 

Ω112 ( B-N (2014)). T       

          .

I       ,  -

 ,     . H,   ,

            -

           .

S,        ,    -

,     .

F ,  F  J (2007),       

              

       . C,  -  

             

,          .

I J  . (2014),           

. T          

           . A-
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,            

.

W             

      ,     

            . C

         -- 

  ,  ,  -.

T           -

           . I

           

   ,         

. T          ,  

             

H (2020). T     ,    

          . T

            

       . S,      

             

  . W        

         .

T     : T    -  
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       -     

         . S 3.3

       -. S 3.4  

          , 

           .

S 3.5           -

           3.3. U  ,

 6     ,     

    . S 3.7     

       . F,  3.8 

 .

3.2 Causality and Model Restrictions

C   - ,      -

      - . T,  

            

 . I     ,   G ,  

 -  -   -. G  L (1995)

     ,      D-

  R (1998)  D  T (2010)    .

I,   Xt  Yt+hi
    -    
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hi   .

W       ,    -

,        h = h1, h2,   . S-

        X    -

   Y      . L-    

             

Y . N,       :

Denition 8 (Short-Term Structural Causality). A variable X is deemed to exert

short-term causality on variable Y when an arbitrary manipulation of Xt induces alter-

ations in the values of ∆Yt+h, where h represents a set of integer indices whose generic

entry satises 0 ≤ hi < ∞. The inuence on ∆Yt+h is contingent upon the condition that

all other factors remain constant.

Denition 9 (Long-Term Structural Causality). A variable X is deemed to exert

long-term causality on variable Y when an arbitrary manipulation of Xt induces alterations

in the values of ∆Yt+h, where h represents a set with generic entries satisfying 0 ≤ hi and

h  ∞. The inuence on ∆Yt+h is contingent upon the condition that all other factors

remain constant.

S-       Y       

h   X , .. ∆Yt = f(∆Xt,∆Xt−1,    ,∆Xt−h)  h < ∞. A 

 X   t (.. ∆Xt ̸= 0),  Y   t + h,   ∆Yt   .

F 3.1   -   Y      X 
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t = 5. A   ,         ∆Yt  

-      5  ; ,    Y  

  t = 10 (.., ∆Yt = 0  t > 10).

F 3.1: S  S-T E  Y (R L) A  U I
 X  t = 5

C, -       Y ,

 ∆Yt = f(∆Xt,∆Xt−1,    ,∆Xt−∞). F 3.2      Y

     X  t = 5. T      

   ∆Yt    ,     , 

 .

F   ,    -  - 

      -    

. S,         

, -         

.
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F 3.2: S  L-T E  Y (R L) A  U I
 X  t = 5

I   ,    -  - 

          

 . C  , X  Y ,  X  Y   -.

A   X   t      Y . E, 

         ,  

        - . A 

       X = Y . T    X − Y = 0,

           ,    

          .

C     X   t,    Xt − Yt ̸= 0. S

X  Y    ,        ∆Y . I 

-   ,  
∞

i=t+1 ∆Yi  . S,  

       , .., t→∞
∞

i=t+1 ∆Yi = Xt − Yt.
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A            

 ∆Y              

  . F ,    0.5,    t + 1, ∆Y   

     t, .., Xt − Yt. S,   t+ 2, ∆Y 

       t+ 1,     .

T      ∆Yt       Xt−1 − Yt−1:

∆Yt = (Xt−1 − Yt−1)

T ,     Y = X . I   ,  -

    -   X  Y 

∆Yt = Y (Yt−1 − Xt−1)

       Y   .

C    . F ,     X  Y , 

   Y        X (  

  ). T -      

X       X  Y , ..,    

 ∆X  Y − X ̸= 0. T      X  :

∆Xt = X(Yt−1 − Xt−1)
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 X = 0.

T   X  Y      V E C M

(VECM):

∆



X

Y




t

=




0

Y





− 1




X

Y




t−1

+ t

   t   ,      -

.

T           , 

-           - .

M,         N-  

. F ,    X  Y ,        

   X . T       X  

    X  Y ,  X     Y .

A  ,           

 -. H,     . O  ,   

 ,          

      ,        

      . O   ,  --

             

        .

T ,       Y ,     
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   ,    Xo,   Xu,   

T   . A     ,  

   

∆Xo,t = MoXo,t−1 +MouXu,t−1 +NoTt−1 + νo,t

∆Xu,t = MuoXo,t−1 +MuXu,t−1 +NuTt−1 + νu,t

∆Tt = νT,t

    , ,       

 :

∆Xo,t = o
′
oXo,t−1 +

∞

i=1

Γo,i∆Xo,t−i + o,t

S

Σo = V(o) =


Mou No


V



M ′

ou

N ′
o


+ Ωo (3.1)

o = Σo


MouVuT +NoVT


⊥

(3.2)



′
o =


No −MouM

−1
u Nu

′
⊥


Mo −MouM

−1
u Muo


(3.3)
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A

B

C

D

F 3.3: C G G M B W E  N-
C E 1

 V 

V = V



Xu,t

Tt

Xo,t


 =




Vu Vu,T

VT,u VT




I     ,  3.2  

o = No⊥Ωo (3.4)

T       -   , 

    F 3.3. T      A, B, C, 

D    : A  B, A  C,  B  D  C. T

    : B = BA, C = CA,  D = DBB +

DCC. T        B. C, 

        -    

  B. S,           C

 D . T,         - 
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     C  D . T  VECM  

∆




A

B

C

D




t

=




0 0 0

B 0 0

0 C 0

0 0 D







−B 1 0 0

−C 0 1 0

0 −DB DC 1







A

B

C

D




t−1

+




A

B

C

D




t

A ,          -. I

,           A,     

     . N,      

    ,   . T  ,     o.

S         A,    

        (3.4).

T  No  Xo  T 

No =




−BB

−CC

0




     3 × 2    . T,  ,

     . F,      B  -,

    C   -       N ′
oNo⊥.

G  Ωo  ,   o      
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A B C

F 3.4: C G G M B W E  N-
C E 2

No⊥, ..,      . A    o 

o =




o1 0

o2 0

0 o3




            

 -.

I    ,           -

  . T ,       F 3.4. I

 ,       A, B,  C 

  : A  B  C,  B  C. E    

 : B = BAA + BCC,  C = CB. T   

  B,    -       -

       B. L,     C, 

  -              
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 C. H,   V E C M :

∆




A

B

C




t

=




0 0

B 0

0 C






−BA 1 −BC

0 −C 1







A

B

C




t−1

+




A

B

C




t

S    ,     ,   

 -     -. I ,     

      A,       

  . T       B,C,  

 (3.2)     (E (3.4))      

   A. T  No  Xo  T   :

No =



−BBA

0




I  ,  2× 1    ,       

    N ′
oNo⊥ = 0. T          

No⊥. G  Ωo  ,   o     

 No⊥,          B:

o =




0

o1
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A B C

F 3.5: C G G A B W E  N-
C

  B   .

T            -

,          . I , 

   C, B   .

H,       -    -

         . C  

  F 3.5. H,      A, B,  C

   : A  B,  B  C. E   

  : B = BA,  C = CB. T    

 B,    -    2, 1    . L,

    C,    -    3, 2  .

H,   VECM :

∆




A

B

C




t

=




0 0

B 0

0 C






−B 1 0

0 −C 1







A

B

C




t−1

+




A

B

C




t

A,     ,     -. I 

        ,     
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    -      

 B  C . T ,    No:

No =



−BB

0




     2×1    . T    N ′
oNo⊥,

    No⊥   - . S     

   A,          

  (3.4). G  Ωo  ,   o   

   No⊥,          B:

o =




0

o1




T        -   -

 .

I ,            

         . C,

           -

         . T  

           

  -           
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  VECM .

3.3 Driving Trends and Non-Causality

A    ,        

 -. I  ,        .

W             

          . S,

 3.4  3.5          

  .

S 3.3.1           -

         . S 3.3.2

      ,         -

.

3.3.1 Driving Trends

A    ,        .

T         .

T       ,      -

 . N,          -

  Xt        . T    
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  Xt    - . T  

        -   Xt.

T  V E C M (VECM)

∆Xo,t = o
′
oXo,t−1 +


Γoi∆Xo,t−i + t

     Xt        :

Xo,t = CXo,0 +C

t

i=1

i + Y t (3.5)

 Y t    ,Xo,0     Xo, C = o⊥(′
o⊥o⊥)−1′

o⊥.

H, Γ =


Γoi − I.

C, -     C
t

i=1 oi. C,  

      

o⊥(
′
o⊥o⊥)

−1′
o⊥

t

i=1

oi

T  C            Πo = o
′
o:

̃o
′
o⊥

t

i=1

i

 ̃o = o⊥(′
o⊥o⊥)−1. T       
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A B C

F 3.6: C G  I  I  D F



′
o⊥

t

i=1

i

S  Π, C      . F      A, 

  C = o⊥(′
o⊥o⊥)−1A−1A′

o⊥. C,     

   A′
o⊥

t
i=1 i. T        

   .

I  ,        (3.5),   

             

 .

I,       -   .

T        ,    -

            - 

 T . I T   ,    X   .

T      F 3.6   VECM :

∆




A

B

C




t

=




0 0

a 0

0 b






c 1 0

0 d 1







A

B

C




t−1

+ t
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T    -   A. B  A = A0,   

B  :

∆Bt = a(cA0 + Bt−1) + B,t

E ∆Bt,     AR   B:

Bt = µ+ (a+ 1)Bt−1 + B,t

 µ = acA0. I        C-VAR   a + 1

   1   . H,   A, B    .

B  A, C    - ,     

∆Ct       ∆Bt. T        µ

   ,         .

T           .

H,     ,  ,      

- . I    ,     -

,     T ,      . H, -

         .

W    Xo           , 

      -      

-   Xo. T       

  T           Xo
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.

U            

  -         

. N,  Xo    T . T     

     -,   -   

     . A     T  -

   . T    - 

       T      

      T     . T,

   -         

   T    . S,   xi ∈ Xo

 -          T  xi 

     Xo.

I               

   C 1. I          

ℵ  -  Xo. A    ℶ     :

i)    T     Xo,  ii)       

    ℵ  ℶ   . T   

     . T,       

         . C,  

 -  Xo     ℵ.
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) A

B

C

D

E

)
A B

C

D

E

)
A

B

C

D

E

F

G )
A

B

C

D

E

F

G

F 3.7: C S  S

T ,     F 3.7. I  i),    

T = A  B,C  ,    Xo. C,   A

 E    B  C. B  C  E ,  -  B

 . S, ∆B     -   A,

    Xo. T    C      E:

  E   , C  -   A . C, 

 B  C, E    ,      

D. T   B  C      T  D,  D

. C, E     (D)    B0  C0.

A      ii). B  C  D, E   

 B. T   E        B  C, 

     . C,  C  D  

-   E   . S, B  -  

   A,   -  C  D.
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I  iii)  iv),       T    Xo 

D  E. S    ,        G 

E,          . M, G   -

   E  D   . T     

 -  (F )      E  D. T 

          

-       ℵ. T  F   

E,D  G ,  ,  E. T  G      

  ℶ,  G ∈ ℵ. A  ,       

     ℵ,  E  D      Xo 

ℵ = D,E,G.

T           ,   

   ℵ:

Denition 10 (Set ℵT ). A variable xi ∈ Xo belongs to the set ℵT if at least one of the

forward paths from T to xi is not blocked by Xo

Denition 11 (Set ℵB). The set ℵB is dened as ℵ \ ℵT

W         . T    

              

            

  VECM:
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A

B

C

D

E

F 3.8: C G G  M B W E 
C D F E 1

Denition 12 (Causal Driving Variables). A variable xi ∈ Xo is a causal driving

variable with respect to Xo if it belongs to the set ℵT .

T            

,     .

C    F 3.8,    VECM  :

∆




A

B

C

D

E




t

=




0 0 0 0

a 0 0 0

0 b 0 0

0 0 c 0

0 0 0 d







e 1 0 0 0

f 0 1 0 0

g 0 0 1 0

0 h i j 1







A

B

C

D

E




t−1

+ t

H, A     ,       . I 

 B, C,  D      Xo,     A 

E     B, C,  D. C,      B, C,

 D.

C,           ⊥, 
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ℵT . T      ⊥  (3.4):

o⊥ =




ae

bf

cg

0




T,    ⊥ :

T̂t =


ae bf cg






B

C

D




B          ,   

        . I   ,

          ;      -

        Xo. C,    ,

           Xo.

T      T ,     

     Xo      - . I

, ⊥     ,      T ,   

      . T    
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A

B

C D E

F 3.9: C G G  M B  N  E
F T   A C  T

      Xo   - ,   

            .

D           T ,

       o⊥       T̂  

     T . C,  ,    F 3.9 

   :

∆




A

B

C

D

E




t

=




0 0 0

0 0 0

a 0 0

0 b 0

0 0 c







d e 1 0 0

0 0 f 1 0

0 0 0 g 1







A

B

C

D

E




t−1

+ t

W   ,   o = I,         No⊥. I 
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A B C D

F 3.10: C G G  M B E  ℵT  V-
 I  T S E   F T

     ⊥ :

⊥ =




1

0

0

0




     o,C . T,       

   ,      F 3.9    

 T  2.

I        T̂        

    ℵT . T  ,     F 3.10

   VECM  :

∆




A

B

C

D




t

=




0 0 0

a 0 0

0 b 0

0 0 c







d 1 e 0

0 f 1 0

0 0 g 1







A

B

C

D

E




t−1

+ t
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B  Xo = B,D,     o⊥ :

o⊥ =



aeVCA + adVA

cgVCA




 VCA  VA     0  , ,   

 C  A     A   Xo.

W              -

       B  D. N,  B   

     ,  D ∈ ℵT . I ,   D , B 

   -         A. C,

     B     -   C ,  ,

   D.

3.3.2 Non-Causality

T   -     . T   

,         , A  B,

     A  B. H, B      ,

 A    - . H,   , -  

    A.

T    -       -

      . T,     -
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      . H,       -

, -              

.

L Y            ,  Xo 

     . A  xi ∈ Xo   - 

          Xo    

 xi. I,      ; , -  

            Y

( Xo).

T ,    -     Xo      

         . H, 

 Xo           . T,

-           Xo,    

    Xo     . T     

   . F ,       

  C  . (2013),          

         . T   

        -,     

-            

Xo,      .

B   ,           -:

251



CHAPTER 3. WEAK EXOGENEITY, TRENDS AND NON-CAUSALITY

)
A

B

C

D

E )
A

B

C

D

E

)
A

B

C

D

E )
A

B

C

D

E

F 3.11: C S  I N-C

Denition 13 (Strong Non-Causality). A variable xi ∈ Xo is said to be strongly not-

caused with respect to Xo if there are no direct or indirect incoming edges starting from

the nodes relative to Xo and arriving to xi

Denition 14 (Weak Non-Causality). A variable xi ∈ ℵT is said to be weakly not-

caused with respect to Xo if there are not direct or indirect incoming edges starting from

the nodes relative to Xo \ ℵT and arriving to xi

T   ,        F 3.11, 

       Xo = C,D,E     .

I  i),  C  D        Xo, 

    -    Xo. C, E   

       -,  E ∈ ℵT   B  C 

 E.

G ii)      C  D,   D    

      Xo. C, D     
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-. H,  C D      , 

  ℵT . T,   D 14, D     -.

I  iii), D    E. G  E ∈ ℵT , D      

 -.

F,   iv),     D  C  . S E ∈ ℵT  D,

   C,      E  C. C,

     Xo    -,    .

3.4 Driving Trends and Weak Exogeneity

T          

            

   -   .

A     ,      ℵT   

 Xo  -      , 

     . T        

            ℵT .

B    ,    :

Lemma 3 (Weak Exogeneity and Causal Endogeneity). The rows in o corre-

sponding to ℶ cannot be null vectors
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Proof of Lemma 3. T     C 2  C 1. W

        ; ,  -

      o    ℶ.

F L 3,             

ℶ. C,       ℵ. H,    

ℵ      . T,       

   o    ℵT  ℵB.

A    ,    ℵ      T ,

ℸ, ℶ,  ℵ . I , ℶ    ℸ  T . A,  - 

VuT      -     ( L 1). T,

   MouVuT +NoVT :

A 0

0 C







ℸ -
ℵ

ℶ

E
0







T 
ℸ

-
+

D
0







T 
ℵ

ℶ
F

 T 
T  =



AE +DF

0


 (3.6)

T - - AE+DF       

   ℵ           

. G  Xo          

ℸ  T ,    E  F      - . H,  ℵ

         ℸ  T ,  


A D




   -   ,    AE + DF . T    
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   ℵ         T . S, 

  T          ℵ. I , ℵ   T

     ,   . T, 

  AE +DF       - .

T   A    D,        

AE+DF     -,   . T, AE+DF

  -    ρ = (ℵ, T ).

T      :

Lemma 4 (Lower Bound for Cointegration Rank). The cointegration rank r cannot

be less than the cardinality of ℶ.

Proof of Lemma 4. A     C,    r  

    . G   =

MouVuT +NoVT


⊥,  ρ = R(MouVuT +NoVT ),

     Xo×

Xo − ρ


  .

I ℵ > T ,  ρ = T      Xo ×

Xo − T 


  Xo − T . S

Xo = ℵ+ ℶ, r  ℶ.

A,  ℵ ≤ T ,  ρ = ℵ     Xo×

Xo − ℵ


  Xo − ℵ.

S Xo = ℵ+ ℶ,   r    ℶ.

T   L

I           :
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Lemma 5 (Necessary Condition for Weak Exogeneity). A necessary condition for

the variables in ℵ to be weakly exogenous is that the cardinality of ℶ does not exceed the

cointegration rank r.

Proof of Lemma 5. A   (3.2),    o   

Σo(MouVuT +NoVT )⊥,     :

o =
I J

J ′ K







ℵ ℶ
ℵ

ℶ

L
M







r
ℵ

ℶ
=



IL+JM

J ′L+KM




T  I         ℵ. C    

  ,         ℵ   L = 0.

T       IL ̸= 0,   IL = −JM    

    ,      .

T   ,       ℶ < r,  L ̸= 0.

T  (MouVuT +NoVT )⊥    :

(MouVuT +NoVT )⊥ =
AE +DF

0







T 
ℵ

ℶ
⊥

W      ,  (MouVuT +NoVT )⊥ :
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(MouVuT +NoVT )⊥ =
0

H







r

ℵ

ℶ
(3.7)

U      L,    r  ℶ, 

   H  ℶ. I         

(3.7)  ℶ,  (MouVuT +NoVT )⊥     

ℵ+ ℶ


> r > ℶ.

T         ,  ,  -

 .

T    ℵT  ℵB,         

  ℵB    r ≤ ℶ:

Lemma 6 (Relation Between Cointegration Rank and ℶ when ℵT Diverges

from ℵ). If ℵB is not empty, it follows that r > ℶ.

Proof of Lemma 6. T          ℵB

     E (3.3). T       

         o,   (No −MouM
−1
u Nu)⊥,

   .

D ℸB     ℸ     T    ℵT ,  ℸT =

ℸ\ℸB. B ,       ℵB  ℸB,  
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 -  ℶ. T,

No =

N
0

0







T 
ℵT 

ℵB

ℶ

Nu =

O
0

0







T 
ℸT 

ℸB

-

(3.8)

T  -,    ℶ,  ℸB  , ℵT , ℵB  ℸT . C,

ℸT      ℵT . C,   Mou  Mu 

Mou =

P Q 0

0 R 0

0 0 S







ℸT  ℸB -
ℵT 

ℵB

ℶ

Mu =

T U 0

0 V 0

0 0 W







ℸT  ℸB -
ℸT 

ℸB

-

(3.9)

I       T , V ,  W       

    . T T −1, V−1,  W−1     M−1
u

  :

M−1
u =

T −1 T −1UV−1 0

0 V−1 0

0 0 W−1







ℸT  ℸB -
ℸT 

ℸB

-

(3.10)

S (3.8)-(3.10)  E (3.3),  :
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No −MouM
−1
u Nu =

X
0

0







T 
ℸT 

ℸB

-

F   ,         X   

    ℵT     T . I     

  (No − MouM
−1Nu)⊥, ..  ,    ℵT  + ℵB + ℶ −

(T , ℵT ).

S ℵT  > T ,  r = ℵT + ℵB+ ℶ − T . G  ℵT  > T ,   

 ℵ > T . T ℵ+ ℶ − T  > ℶ.

I ℵT  < T ,     r = ℵT  + ℵB + ℶ − ℵT . T,  

  ℶ     r   ℵB = 0.

T   L.

T         ℵT    :

Theorem 4 (Weak Exogeneity as Identier of Driving Variables). Weak exo-

geneity is a sucient condition for a variable to be among the components introducing

non-stationarity.

Proof of Theorem 4. T   ,        
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 ℶ  ℵB    .

F L 3,          ℶ. F L 5,

        r > ℶ,  L 6 

          ℶ  ℵB   . I 

     ℵT    .

T   .

Corollary 8 (Corollary to Theorem 4). Weak exogeneity is not a necessary condition

for a variable to be among the components introducing non-stationarity.

T      ,      3.3.2   

            

   ℵT .

T 4             

   . H,     ,     

ℵT       o. C,      

   o  . F        

             

. C,           

   -   .

T          
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    ℵ:

Theorem 5 (Conditions for the Alignment Between Weak Exogeneity and

Driving Trends). The variables in ℵ are jointly weakly exogenous if and only if r = ℶ.

Proof of Theorem 5. A   4,     r  ℶ, 

     r ≥ ℶ.

A  E (3.2),       Σo(MouVuT +NoVT )⊥. T 

       Σo,    E (3.1). B , -

   ℵ,  T  ℸ    ℶ. M,    

ℸ∪T  -     Xo. I    ,   Σo 

Σo =
A 0 D
0 C 0







ℸ - T 
ℵ

ℶ

J 0 E

0 L 0

E ′ 0 F







ℸ - T 
ℵ

ℶ

T 

A′ 0

0 C′

D′ 0







ℸ -
ℵ

ℶ

T 

+ Ωo

        :

Σo =
I 0

0 K







ℵ ℶ
ℵ

ℶ
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I   o :

o =
I 0

0 K







ℵ ℶ
ℵ

ℶ

L
M







r
ℵ

ℶ
=




IL

KM




G  I   ,     ,       

r = ℶ,    L = 0.

T

ℵ + ℶ


× r -         

  

ℵ+ ℶ


× T   MouVuT +NoVT .

B , r    ℵ + ℶ − R(MouVuT + NoVT ). L 4 

     r  ℶ,    T   

R(MouVuT +NoVT ) = ℵ. C,  -  AE +DF  E

(3.6)   ℵ× T     ℵ,  T        

ℵ.

A   R-N T,   ,   
AE +DF′

 0,              ℵ.

A    0,    
AE +DF′

 -,   

  δ  
AE +DF′

δ = 0    . T,  

   0,     

MouVuT +NoVT


⊥ 
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MouVuT +NoVT


⊥ =

0

H







r = ℶ
ℵ

ℶ
(3.11)

 H   - .

T       .

T     ,         L 5.

T      T.

F T 5,        ℵT     

      ℶ. I      

     ℵT           Xo\Υ, 

Υ          ℵT   .

3.5 Weak Exogeneity and Non Causality

T           

-. A    3.3, -      

. S -         

   Xo. C,  -      

    ℶ ∪ ℵB  ℵT .
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A

B

C

D

E

F 3.12: C G I H V T A N S N-C
C B W E

W     -      

. C        VECM ,  

    F 3.12:

∆




A

B

C

D

E




t
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 D   -. T     :

Lemma 7 (Weak Exogneity and Strong Non-Causality (1)). Weak exogeneity is

not a sucient condition for strong non-causality
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Lemma 8 (Weak Exogneity and Strong Non-Causality (2)). Weak exogeneity is

not a necessary condition for strong non-causality
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A
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F 3.14: C G I H V T A N W N-C
C B W E

S ,       o    

   -. W        

  -.

F L 8,  :

Lemma 9 (Weak Exogneity and Weak Non-Causality (1)). Weak exogeneity is

not a necessary condition for weak non-causality
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Lemma 10 (Weak Exogneity and Weak Non-Causality (2)). Weak exogeneity is

not a sucient condition for weak non-causality
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       ,     
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.

3.6 Simulations
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G V N=100 N=500 N=1000 N=10000

i) B 9.2% 8.1% 6.6% 6.6%
iv) B 13.1% 7.2% 6.7% 7%

E 21.5% 12.4% 9.6% 7.3%
vi) C 12.5% 8.1% 6.9% 5.5%

D 12.3% 7.1% 5.1% 6%

T 3.1: R R  T I U  N H. S
L 5%. N   S S.

  . G        C-VAR 

 ,      VECM   ⌈(N)⌉,  N   -

 . T         

  - ,    .

W            , ..  

    B   i)  iv), E   iv),  C  D   vi).

T        : N = 100, N = 500, N = 1, 000,

 N = 10, 000. T 3.2       .

T            ,

         -  . T -

           - -

       . A   ,  

      ,   N , . A   

         D  B   vi)  iv), 

  51%  67%  N = 1, 000  6%  73%  N = 10, 000. T 
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G V N=100 N=500 N=1000 N=10000

i) C 97.3% 99.7% 99.9% 100%
D 98.6% 99.7% 99.8% 100%

ii) B 33.9% 52% 52.1% 70.2%
C 97.9% 99.9% 100% 100%
D 36.6% 46.1% 57.2% 72.6%

iii) B 17.7% 23.3% 25.5% 32%
D 96.8% 99.7% 99.8% 100%
E 90.4% 93.9% 95.5% 98.2%

iv) D 82.2% 95.8% 97.9% 99.4%
v) C 28.3% 30.6% 31.3% 39.9%

D 81.7% 93.7% 94% 98.1%
E 98.8% 100% 99.9% 100%

vi) E 92.4% 99% 99.9% 100%
vii) B 56.6% 80.8% 84% 94.2%

C 58.6% 78.1% 82.8% 95.3%
E 95.4% 99.7% 99.9% 100%

viii) B 42% 62.6% 69.5% 85.2%
C 35.3% 53.8% 63.4% 80%
E 85.3% 94.6% 97.2% 99.4%

T 3.2: R R  T I U  A H.
S L 5%. N I  S S.

 ,          5%.

A         , 

    . I        

  . F ,   E   iv)   

    . T       

    -. S, E   iv)   

             -

. T         -,  

     ,      .
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W         . T  
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. T     ,     100%  
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   97%   100      
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T          ℶ  ℵB, 

    C  D  i), C  ii), D  iii)  iv),  E  v)-viii). S

     D  iv)  v),    E  vi)  viii),  

  ℵT      . H,   

          .

I ,            ℵT . T 

           ℵT   -

  T ,    T      ℵT    

. I  ,          

  T ,          

  . F ,    B  C   iii)  v),

. I  , B  C      , 

  T     ℵT (E  iii)  D  v))   
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3.7 Empirical Illustration
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3.7.1 Business Cycle Theories

B ,     ,      
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, , ,  . U      
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R             .1

I    ,   K      

    ,      

  ,      ,   . T, 

             

 .

T           

. A  ,          

    ,       .

M             -

 . W       ,  ,  

     . C,      

  ,        ,    

    .

T    (RBC)         ,

  ,        . D

  1980      K  P (1982), RBC 

             

     . B     

           ,  

1For further discussion on keynesian business cycle, refer to Day and Lin (1991), and Onwumere et al.
(2011)
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3.7.2 Data
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F 3.17: R C I, R   JST D

F 3.18: I, R   JST D
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F 3.19: T G S, R   JST D

F 3.20: I, R   JST D
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F 3.21: E, R   JST D

F 3.22: M S, R   JST D
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F 3.23: L P, R   D O W  D

F 3.24: R GDP I, R   JST D
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F 3.25: C      .

P-V S C-V

C 0.3308 -0.8728 -1.9427
Y 0.0724 -1.7732 -1.9427
I 0.0695 -1.7926 -1.9427
M 0.0635 -1.8348 -1.9427
G 0.0201 -2.3197 -1.9427
L 0.1352 -1.4582 -1.9427
X 0.1639 -1.3497 -1.9427
E 0.1089 -1.5740 -1.9427

T 3.3: R   D-F T. R    .

P-V S C-V

G 0.6480 -0.0061 -1.9427

T 3.4: R   D-F T     G
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P-V S C-V

C 1.0000e-03 -8.7098 -1.9427
Y 1.0000e-03 -8.2740 -1.9427
I 1.0000e-03 -7.2396 -1.9427
M 1.0000e-03 -4.4183 -1.9427
G 0.0032 -3.0433 -1.9427
L 1.0000e-03 -9.3929 -1.9427
X 1.0000e-03 -10.0103 -1.9427
E 1.0000e-03 -8.7424 -1.9427

T 3.5: R   D-F T       

    I(2) -. T     T 3.5. A ,

                

. C,         , 

   I(1).

T ,       1870  2016   U K-

,     (, , 

, ,  ),  GDP,  ,   . T

 ,         2006    . G

      ,     .

T   ,    -,    -

,   - G           

 . T      F 3.26.
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F 3.26: F D.

3.7.3 Results

T           . T A

I C (AIC)      k    VAR 

        T 3.6. T AIC    k = 10. T

    J  J (2014),      

C-VAR(1)     VECM      

- . T    ,      

     . W 147 , (147) ≈ 499. T, 

VECM(∞)     VECM   5.

T     r,    J  . T 

    T 3.7. T       6,   
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 AIC
1 -3.4242+03
2 -3.6841+03
3 -3.7115+03
4 -3.6805+03
5 -3.7063+03
6 -3.7315+03
7 -3.7327+03
8 -3.7335+03
9 -3.7843+03
10 -3.8626e+03

T 3.6: A I C, R  D L k   S VAR
F   L. B N I  M V

S C-V P-V
r = 0 219.2210 143.6711 0.0010
r ≤ 1 162.2812 111.7810 0.0010
r ≤ 2 112.7575 83.9402 0.0010
r ≤ 3 72.8989 60.0623 0.0035
r ≤ 4 46.3440 40.1751 0.0108
r ≤ 5 24.4711 24.2747 0.0473
r ≤ 6 9.8101 12.3206 0.1273
r ≤ 7 0.4137 4.1302 0.6931

T 3.7: S   T T   I  C R 
C V   5% S L. B N R R   N

r ≤ 6   ,        r ≤ 5.

T            . T

     T 3.8. T      

         5%  .

H,        ,   -  0.0532,

        10%  . C, 

-      1%,      
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P-V S C-V
C 0.5029 5.3244 12.5916
Y 0.0040 19.0703 12.5916
I 0.0083 17.2758 12.5916
M 0.0027 20.0291 12.5916
G 0.0532 12.4194 12.5916
L 9.1366e-04 22.6732 12.5916
X 2.7688e-04 25.4910 12.5916
E 8.0979e-04 22.9606 12.5916

T 3.8: P-V, S  C V  W E T. B N-
 R R   N   S L  5%

   99%  . O   ,  -      

     1%,       

      95%  99%  .

T          G  C  

. T         , -

,   . T     K ,  

           .

H,              

            

,              -

     . T        ,

        ,  .

I              , 

             -
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  Xo  xi         

Xo.
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            Xo. I
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   A  B     ,       .

C ,    ,     . S   

             

   . T,  ℵ       
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ℵ       ℶ        ℵ.

N,  /        Xo.

F , xi      Xo1     Xo2 ̸= Xo1.

T    Xo2     Xo1    

   xi.

2See the discussion in section 1.3
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3For an in-depth exploration of irrational behaviour and its implications in economics, seminal works
such as Kahneman and Tversky (1979) introduce concepts like prospect theory and delve into decision-
making under risk and uncertainty, departing from expected utility theory. Further studies on specic
irrational behaviours can be found in Tversky et al. (1982).
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4For a comprehensive examination of market failures, their causes, and implications, consult Mass-
Colell et al. (1995). For seminal works on specic market failures, see Akerlof (1978) for asymmetric
information, Ostrom (1990) for public goods, and Coase (2013) for insights into externalities and the role
of property rights in reducing social costs and enhancing economic eciency.
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5It should be emphasized that these models typically also include factors that limit or modify ex-
ponential growth over time. For further information on Solow model, refer to the seminal paper Solow
(1956).
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Data Sources Chapter 2

Long-term interest rate:

O  E C-  D, I R: L-T

G B Y: 10-Y: M (I B)  U S

[IRLTLT01USQ156N],   FRED, F R B  S. L. P,

Q, N S A

L: https://fred.stlouisfed.org/series/IRLTLT01USQ156N

Short-term interest rate:

O  E C-  D, I R: 3-M 

90-D R  Y: I R: T  U S [IR3TIB01USQ156N],

  FRED, F R B  S. L

L: https://fred.stlouisfed.org/series/IR3TIB01USQ156N
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Consumer Price Index:

O  E C-  D, C P I: A

I: W E: T  U S [CPALWE01USQ661N],  

FRED, F R B  S. L. I 2015=100, Q, N S

A

L: https://fred.stlouisfed.org/series/CPALWE01USQ661N

Economic Output:

U.S. B  E A, G N P [GNP],   FRED,

F R B  S. L. Q, B  D, S A

A R.

L: https://fred.stlouisfed.org/series/GNP

Money Supply:

O  E C-  D, M A 

T C: B M  C: M3  U S

[MABMM301USQ189S],   FRED, F R B  S. L. Q-

, US D, S A.

L: https://fred.stlouisfed.org/series/MABMM301USQ189S
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Data Sources Chapter 3

Labour productivity:

D S: H, T, D (2016), A M  UK D (2016), B 

E

L          (GDP)   

. T            2013 (..

2013 = 100).

L: https://ourworldindata.org/grapher/labor-productivity-per-hour?

time=earliest..2016

Other Data:

A       O J, M S,  A M. T.

2017. M H   N B C F.  NBER M-

 A 2016,  31,   M E  J A. P.
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C: U  C P.

L: https://www.macrohistory.net/database/
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