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ABSTRACT
We extend the noncausal autoregressive models by introducing noncausality into the variance component, allowing the volatility 
to depend on future prices as well. We refer to this model as the noncausal AR-ARCH model, and it enables us to account for 
shocks arising from market agents who possess more information and engage in forward-looking trading behaviours, leading 
to a better fit for financial time series. In terms of parameter estimation, we develop a quasi-maximum likelihood estimation 
method and establish its asymptotic properties. Building on this, we propose three hypothesis testing statistics to determine 
whether the data exhibits a noncausal AR structure and whether the innovation term follows a noncausal ARCH model. The 
simulation results demonstrate the consistency of the parameter estimation as well as the good size control and high power of 
the hypothesis tests in detecting noncausal structures. In our empirical applications, we employ the proposed model in both 
stock markets and crude oil futures markets. Our empirical findings indicate that the variance is causal in the US stock market 
but noncausal in the Chinese stock market. Furthermore, we observe a noticeable distinction between Brent and WTI crude oil 
futures, as Brent exhibits noncausality in both its mean and variance, whereas WTI follows a purely causal process.
JEL Classification: C22, C51, G12

1   |   Introduction

The noncausal autoregressive (NAR) model has gained atten-
tion in time series modelling for its ability to capture nonlinear 
patterns within a stationary framework. Unlike causal models, 
which rely solely on lags, noncausal models incorporate both lags 
and leads, enabling dependence on future values. This makes 
them well suited to model the nonlinear and asymmetric features 
often observed in financial time series, such as asset price bub-
bles (Nyberg et al. 2012). While causal models struggle to capture 
such phenomena, the NAR model can effectively accommodate 
these explosive dynamics (Gouriéroux and Zakoian 2013).

The noncausality in asset price data primarily stems from dif-
ferences in the information sets available to agents. Firstly, 
when agents possess a greater information set (than an econo-
metrician who is estimating a univariate model) and engage 
in forward-looking trading activities, a causal model may lead 
to a non-fundamental solution based on rational expectations 
(Lanne and Saikkonen  2011). Secondly, agents in the market 
have heterogeneous expectations, yet the model may assume 
homogeneous beliefs, which can also lead to non-fundamental 
solutions in equilibrium (Lof  2013). Due to the limitations of 
causal models, they often cannot accommodate different infor-
mation sets and heterogeneous agents. NAR models, however, 
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can account for the true information sets of market agents in a 
non-explicit manner, allowing for a better fit for the financial 
time series data.

Noncausality implies that asset prices are the result of agents 
making predictions about the future based on their information 
and then engaging in forward-looking trading behaviours. The 
NAR model has been proposed to analyse the mean of the data, 
which are approximated through a noninvertible moving aver-
age process (Lanne and Saikkonen 2011). In a NAR model, the 
current value is influenced not only by past and present values 
but also by future values. Additionally, the error term in such a 
model is predictable and can be considered a non-fundamental 
shock (Alessi et al. 2011).

Importantly, noncausality might also be presented in the vola-
tility as well, which has not been considered in the literature. 
Volatility reflects the magnitude of shocks to asset prices, 
and these shocks are often attributed to the trading activities 
of noise traders, who are typically considered irrational and 
trade randomly. As a result, the shocks are often considered 
to be white noise. However, shocks can also stem from some 
market participants who have more information about future 
prices. On one hand, some participants react to factors like 
rumours or the actions of other traders, which can impact 
volatility (Brown  1999). This type of information is usually 
excluded from NAR models. On the other hand, market agents 
may possess exceptional professional abilities, enabling them 
to gather more information from the market and gain insights 
that influence their trading behaviour, which can lead to 
forward-looking shocks in asset prices. Kyle  (1985) proposes 
that traders with private information about an asset's forward-
looking value can impact prices through varying trade sizes, 
with price volatility reflecting the incorporation of this infor-
mation. Aase et al. (2012) suggest that noise traders, who are 
partially informed, can correlate their trades with the true 
asset price, making their actions non-random and introduc-
ing forward-looking patterns into price volatility. Bottazzi 
et  al.  (2011) provides experimental evidence showing that 
market agents' forward-looking expectations influence price 
confidence intervals, which affect price fluctuations. Thus, 
their forward-looking trading activities introduce noncausal-
ity in volatility.

Therefore, we introduce the noncausality into the variance 
component of the noncausal AR-ARCH model for financial 
time series. Noticeably, the variance of the innovation term 
comprises two components: (1) a fixed variance that represents 
the shocks to asset prices from the irrational behaviour of 
noise traders, and (2) a variance that is related to future prices, 
reflecting the shocks that arise from the forward-looking 
trading activities of market agents who possess a larger set of 
information. For parameter estimation, we develop a quasi-
maximum likelihood estimation (QMLE) method and estab-
lish its asymptotic properties. Building on this, we propose 
three hypothesis tests to determine whether the data exhibit 
a noncausal AR structure and whether the innovation term 
follows a noncausal ARCH model.

We conduct a simulation analysis of our model and compare its 
performance with existing causal and noncausal processes. Our 

findings show that processes with noncausality in both the mean 
and variance demonstrate increased volatility and pronounced 
volatility clustering, characteristics frequently encountered in 
financial markets. Regarding the performance of QMLE and 
hypothesis testing, we find that the parameter estimates from 
the developed QMLE converge to the true parameter values with 
the growth of sample sizes. We also achieve good size control 
and high power for the three hypothesis tests under different 
data generation processes. Additionally, when comparing the 
proposed AR-ARCH model with other benchmark models (in-
cluding causal and mixed causal-noncausal AR models), it con-
sistently outperforms them in terms of higher likelihood, and 
lower Bayesian information criterion (BIC) and mean squared 
error (MSE) values.

In our empirical applications, we employ the noncausal AR-
ARCH model to stock markets and crude oil markets. For the 
stock markets, we perform a detailed analysis of Price-to-
Earnings (PE) ratio processes of the S&P 500 index in the US 
and the CSI 300 index in China. We find that a NAR model 
provides a better fit for both PE processes. However, there are 
several differences in our findings. The S&P 500 PE exhibits 
a two-order lead, while the CSI 300 PE has only a one-order 
lead. Additionally, the volatility of the CSI 300 PE demon-
strates noncausality, whereas the volatility of the S&P 500 
is causal. The differences in the noncausal structures of the 
two PE processes reflect that in the US stock market, market 
participants have a longer term forward-looking perspective, 
resulting in more lead terms, while the shocks are only gener-
ated by noise traders. In contrast, in the Chinese stock market, 
shocks originate from both noise traders and market partici-
pants who possess more information and engage in forward-
looking trades. Consequently, the shocks on the asset price are 
not purely random noise. For the crude oil markets, we focus 
on the West Texas Intermediate (WTI) and Brent futures and 
examine their basis (the difference between the futures price 
and spot price). Although these two types of crude oil futures 
are highly similar, our empirical findings indicate that the 
WTI crude oil futures basis does not exhibit noncausality and 
can be adequately modelled by an AR(4) model. In contrast, 
the Brent crude oil futures demonstrate noncausality in both 
mean and variance, indicating that using a noncausal AR-
ARCH model can uncover subtle differences in similar asset 
price dynamics.

Our contributions to the existing literature primarily lie in 
three aspects. First, we extend the existing NAR model by 
incorporating noncausality into the volatility component to 
achieve a better fit to financial data. Under the rational ex-
pectations setting, Hansen and Sargent (1991) find that if in-
vestors have access to a larger information set compared to 
economists, the solution of the linear rational expectation 
models becomes noncausal. Lanne and Saikkonen  (2011) 
argue that the larger information set of investors is manifested 
in two aspects. Firstly, investors have access to more informa-
tion than economists, leading to a problem of missing vari-
ables in the modelling. Secondly, there exists heterogeneous 
information or belief among investors. Based on this, they 
propose the NAR model to describe data with such character-
istics. Lof  (2013) also supports this finding and further pro-
poses that a larger information set also reflects that investors 
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have knowledge of nonlinear relationships among financial 
variables. They validated this proposition through simula-
tion analysis. Gouriéroux et  al.  (2020) show that relaxing 
the assumption of finite variance still results in a noncausal 
stationary equilibrium. Additionally, performing seasonal 
adjustments on economic data also introduces noncausality 
(Hecq et  al.  2017). Existing literature has primarily focused 
on introducing noncausality in the mean of autoregressive 
models. However, understanding the volatility of economic 
and financial time series is crucial, and current research on 
the noncausality of the innovation term remains limited. Our 
study bridges the gap by linking the ARCH model with non-
causality, investigating the noncausality of innovation terms, 
and finding that it can effectively capture empirical volatility 
features.

Secondly, we develop a QMLE method for the parameter es-
timation of the proposed noncausal AR-ARCH model and 
establish its asymptotic properties. Parameter estimation 
in noncausal models is primarily based on approximate 
maximum likelihood estimation (Breid et  al.  1991). Lii and 
Rosenblatt  (1996) study the maximum likelihood estimation 
method under non-Gaussian noise conditions. Under certain 
conditions, the estimated parameters asymptotically approach 
the results under normal noise. Wu and Davis  (2010) study 
the performance of an estimator based on least absolute devi-
ation (LAD) for noncausal models, and the estimator exhibits 
consistency and asymptotic normality. When the probability 
distribution function of the volatility is unknown, the Quasi-
Likelihood Estimation method proposed by Huang and 
Pawitan (2000) can estimate parameters consistently. Unlike 
the approximate maximum likelihood estimation, our QLME 
method does not necessitate the specification of the full prob-
ability distribution and also allows for a more flexible vari-
ance. Additionally, our QMLE can provide estimates when 
both the mean and variance of the model are contingent upon 
future values. To determine the noncausal order for estima-
tions, Gourieroux and Jasiak (2018) examine the properties of 
order misspecification in noncausal processes and propose a 
robust approach to identify the noncausal order. In order to 
address the practical difficulties of existing estimation meth-
ods, Cavaliere et al.  (2020) propose a bootstrapping method, 
which does not require any assumptions about the distribu-
tion of volatility, yet yields consistent estimators.

Our QMLE method provides estimates on the coefficients of the 
AR component as well as the coefficients of the ARCH compo-
nent. It captures the distribution of the innovation term, which 
is essential for probabilistic forecasting using noncausal mod-
els. Existing forecasting methods are based on assumptions 
about the probability distribution of the innovation term. Lanne 
et al. (2012) propose a simulations-based forecasting approach. 
The main idea is to simulate the noncausal part of the error term 
to obtain the probability distribution of the time series in the fu-
ture, enabling point prediction and density prediction. Building 
upon this, Gourieroux and Jasiak (2016) provide a closed-form 
function prediction method. It leverages the counterpart of 
the sample-based innovation term to represent the theoretical 
expectation, thus allowing for the prediction of future den-
sity. Regardless of whether it is the sample-based approach or 
simulation-based approach, the prediction results converge to 

the same distribution related to the innovation term (Hecq and 
Voisin 2021). Fries (2021) also proposes a closed-form formula-
tion of the distribution during explosive bubble episodes under 
the varying tail assumption.

Thirdly, we also make an empirical contribution by examin-
ing the noncausal structure in the financial time series, pro-
viding further insights into the stock markets between the US 
and China as well as crude oil futures markets. Lanne and 
Saikkonen  (2011) consider a close relationship between in-
flation rates and people's expectations, and apply noncausal 
models to fit the inflation dynamics in the United States. 
The results show that the root mean square error (RMSE) 
obtained using the noncausal model is smaller than that of 
other causal AR models. In fitting the behaviour of finan-
cial market bubbles, Gouriéroux and Zakoian (2013), Hencic 
and Gouriéroux  (2015), Gouriéroux and Zakoïan  (2017), and 
Fries and Zakoian  (2019) use data such as stock prices, the 
NASDAQ composite price index, and the exchange rate of 
Bitcoin to the US dollar, noncausal models are able to effec-
tively capture the local intense changes in the data, identi-
fying bubble characteristics. Lof and Nyberg (2017) find that 
noncausal models fit commodity prices well and can explain 
the predictive power of exchange rates for commodity prices. 
Our study considers the noncausal structure in the volatility 
and reveals differences between the Chinese and US stock 
markets. Specifically, the volatility structure of the CSI 300 
index exhibits noncausality, while the S&P 500 index's volatil-
ity remains causal. Additionally, our findings show that even 
within highly similar commodity financial time series, such 
as crude oil futures, there are notable differences in volatility.

The paper is structured as follows: Section 2 outlines the con-
struction of the noncausal AR-ARCH model, including the 
method for estimating parameters and conducting hypothe-
sis tests. Section 3 presents the results of simulation analyses. 
Section  4 provides the empirical studies on the stock mar-
kets and crude oil prices. Finally, the paper is concluded in 
Section 5.

2   |   The Model and Estimation Method

In this section, we first present the theoretical framework of the 
model. We detail the underlying assumptions and the equilib-
rium system that governs the asset price dynamics. Following 
this, we develop a QMLE method to estimate parameters of the 
model, along with presenting its consistency and asymptotic 
normality. This includes deriving the quasi-maximum like-
lihood estimator and discussing its properties and asymptotic 
behaviour.

2.1   |   The Model

At time t , we assume that the price Pt of an asset depends on its 
demand dt and supply qt. Following Gouriéroux et al. (2020), the 
equilibrium system is formulated as follows:

(1)

{
dt =�1Pt+�2�t

(
Pt+1

)
+z1,t , (demand equation),

qt =�Pt+z2,t , (supply equation)
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where the variables z1,t and z2,t denote the demand and supply 
shocks. We assume that z1,t and z2,t are mean-zero random vari-
ables. The variances of z1,t and z2,t are composed of two terms:

where �1 and �2 represent the fixed variance associated with 
shocks from noise traders; k1 and k2 are distinct parameters re-
flecting the impact of these shocks on the supply and demand 
components; �2t

(
Pt+1

)
 denotes the variance that depends on fu-

ture prices, originating from market participants who engage in 
forward-looking trading activities, defined as follows:

We set dt = qt to obtain the equilibrium price Pt,

with � = �2 ∕
(
� − �1

)
, et =

(
z1,t − z2,t

)
∕
(
� − �1

)
, and

We observe that both equilibrium price Pt and its volatility 
are driven by the market expectation on the (t+1)th period as 
shown in Equation (4). Let St+1 = �t

(
Pt+1

)
, and we can simplify 

Equation (4) into the following process:

where �t is the expected errors, which is assumed to have zero 
mean and �2

�
 variance, the variable et represents the shock on the 

price Pt, � describes the fixed variance, �St+1 captures the vari-
ance related with forward-looking trading, and �t is the standard 
normal random variable.

We can rewrite Equation (6) as follows:

By setting E
(
ut|Pt+1

)
= 0, the variance of ut is

where �2u =
(
�2 + �2

)
�2
�
. Thus, we define Equation (7) as a non-

causal AR-ARCH (NAR-NARCH) model, and it should be 

highlighted that the variance depends on future values. The fol-
lowing theorem provides the solution for the NAR-
NARCH model.

Theorem 2.1. 
	i.	 The process 

{
Pt
}
 from Equation (7) has the representation:

if and only if 𝜐 ≡ � log ∣ 𝜙 + 𝛼𝜂t ∣ < 0 where 
�t = ��t + ��t+1 + ��t�t+1, and �||Pt||𝛿 < ∞ for some � ∈ (0, 1).

	 ii.	 Define �∗t = �t + ��t−1 + ��t�t−1 and

Then, for ∀ f :ℝm
→ ℝ,

and 
{
P∗
t

}
 is stationary and ergodic with �||P∗

t
||𝛿 < ∞.

The proof is given in Appendix  A: Proof of Theorem  2.1. To 
ensure the condition that 𝜐 = � log ∣ 𝜙 + 𝛼𝜂t ∣ < 0, the region of 
(�, �) is given in Figure 1.

2.2   |   Estimation Method

We supposing that P1,P2, … ,Pn are generated by Equation (7). 
Since ut is not necessary to be normal, the conditional quasi log-
likelihood function can be written as follows:

where � =
(
�2u,�,�, �

)
. The maximizer, �̂n, of ℒ(�) is called the 

quasi-maximum likelihood estimator (QLME). We assume the 
parameter � satisfies the following condition:

(2)�2
(
zi,t

)
= �2i + ki�

2
t

(
Pt+1

)
, i = 1,2

(3)�2t
(
Pt+1

)
= �t

(
Pt+1

)2
.

(4)Pt = ��t
(
Pt+1

)
+ et .

(5)et ∼

(
0 ,

�2
1
+ �2

2
+
(
k1 + k2

)
�t (Pt+1)

2

(
�−�1

)2
)
.

(6)

⎧⎪⎨⎪⎩

Pt =�St+1+et ,

et = �t
�
�+�St+1

�
,

St+1=Pt+1+�t+1,

(7)

{
Pt =�Pt+1+ut ,

ut = �t
(
�+�Pt+1

)
+�t+1

(
�+��t

)
.

(8)

ht+1≡�
(
u2t |Pt+1

)

=�

[(
��t+��tPt+1

)2|Pt+1
]
+�

(
��t+1+��t�t+1

)2

=
(
�+�Pt+1

)2
+�

(
�+��t

)2
�2
�

=
(
�+�Pt+1

)2
+
(
�2+�2

)
�2
�

=�2u+
(
�+�Pt+1

)2
,

(9)Pt =

∞∑
i= 1

i∏
j= 0

(
� + ��t+j

)
�t+i, +�t

P∗
t =

∞∑
i= 1

i∏
j= 0

(
� + ��t−j

)
�
∗

t−i + �
∗

t .

f
(
Pt ,Pt+1, … ,Pt+m

)
= f

(
P∗
−t ,P

∗
−t−1, … ,P∗

−t−m

)
,

(�) = −

n∑
t = 1

{
log

[
�2u +

(
�+�Pt+1

)2]
+

(
Pt−�Pt+1

)2

�2u +
(
�+�Pt+1

)2
}
,

FIGURE 1    |    The region of (�, �) with 𝜐 < 0.
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Assumption 2.1.  The parameter space is

where �, �, and � being bounded by a constant B, and 
�
u
⩽ �2u ⩽ �u. B, �

u
, and �u are some finite positive constants, 

and �0 is an interior point in Θ.

The t-th term in the log-likelihood function is as follows:

Its partial derivatives can be represented as follows:

Let � =
(
�2u,�, �

)�, then

where

and

Furthermore, we can derive the asymptotic distribution of the 
estimators.

Theorem 2.2.  Suppose that 
{
P1,P2, … ,Pn

}
 is a solution of 

Equation (7) with Equation (9) and Assumption 2.1 holding, then 
as n→ ∞, it follows that.

	i.	 �̂n → �0 in probability, where �0 is the true parameter.

	ii.	 Furthermore, if �𝜂4t < ∞ and �𝜉4t < ∞, then

Because E
(
ut|Pt+1

)
= 0, Σ can be represented as

And we have

When �t and �t are systemics, Σ and Ω can be estimated by their 
sample version:

where ĥt+1
(
�̂n

)
= �̂nu +

(
�̂n+ �̂nPt+1

)2 and

The proof is given in Appendix A: Proof of Theorem 2.2. Then, 
we can demonstrate that Σ̂ and Ω̂ serve as consistent estimators 
for Σ and Ω, respectively. Through Theorem 2.2, we can formu-
late test statistics for the null hypotheses that � = 0 and � = 0. 
For any non-zero constant vector CC′ ≠ 0, we have

Let C = (1, 0, 0, 0)�. Then

which can be used to test the hypothesis:

This test determines whether a noncausal structure exists in the 
mean function of the AR process. Let C = (0, 0, 0, 1)�. Then

Θ =
{
� =

(
𝜙 ,𝜎2u ,𝜔 ,𝛼

)
:� log |𝜙 + 𝛼𝜂t| < 0

}
,

(10)t(�) = − log
[
�2u +

(
�+�Pt+1

)2]
−

(
Pt−�Pt+1

)2

�2u +
(
�+�Pt+1

)2 .

(11)
�t(�)

��
=
2Pt+1

(
Pt − �Pt+1

)

�2u +
(
�+�Pt+1

)2 .

(12)
�t(�)

��
= −

�ht+1(�)

��

[
1 −

(
Pt−�Pt+1

)2
ht+1(�)

]
1

ht+1(�)
,

(13)ht+1(�) = �2u +
(
�+�Pt+1

)2

(14)
�ht+1(�)

��
=

[
1,2

(
�+�Pt+1

)
, 2
(
�+�Pt+1

)
Pt+1

]T
,

(15)
�2t(�)

��2
= −

2P2
t+1

ht+1(�)
,

(16)

�2t(�)

�����
=

1

ht+1(�)
2

[
�ht+1(�)

��

�ht+1(�)

���

][
1 −

2
(
Pt−�Pt+1

)2
ht+1(�)

]
,

(17)
�2t(�)

����
= −

�ht+1(�)

��

2Pt+1
(
Pt − �Pt+1

)

ht+1(�)
2

.

(18)
√
n
�
�̂n − �0

�

→

�
0 ,Σ−1ΩΣ−1

�
.

(19)Σ=−�

⎡⎢⎢⎢⎢⎣

2P2
t+1

ht+1
0

0
1

ht+1(�)
2

�
�ht+1(�)

��

�ht+1(�)

���

�
⎤⎥⎥⎥⎥⎦
.

(20)

Ω=�

�
�t(�)

��

�t(�)

��

�

�=�0

=�

⎡⎢⎢⎢⎢⎢⎣

4P2
t+1
u2t

ht+1(�)
2

−
2Pt+1ut

ht+1(�)
2

�
1−

u2t
ht+1(�)

�
�ht+1(�)

���

−
2Pt+1ut

ht+1(�)
2

�
1−

u2t
ht+1(�)

�
�ht+1(�)

��

1

ht+1(�)
2

�ht+1(�)

��

�ht+1(�)

���

�
1−

u2t
ht+1(�)

�2

⎤⎥⎥⎥⎥⎥⎦

.

(21)Σ̂=−
1

n

n∑
t=1

[
�2t(�)

�����

]|||||�=�̂n
,

(22)Ω̂=
1

n

n∑
t=1

[
�t(�)

��

�t(�)

���

]|||||�=�̂n
,

(23)
� ĥt+1

(
�̂n

)

��
=
[
1, 2

(
�̂n+ �̂nPt+1

)
, 2
(
�̂n+ �̂nPt+1

)
Pt+1

]�
.

√
nC�

�
�̂ − �0

�

→

�
0,C�Σ−1ΩΣ−1C

�
.

(24)T1 =

�√
nC�

�
�̂−�0

��2

C�Σ̂
−1

n Ω̂nΣ̂
−1

n C
=

�√
n
�
�̂n−0

��2

C�Σ̂
−1

n Ω̂nΣ̂
−1

n C
∼ �2(1),

H0:� = 0 vs. HA:� ≠ 0.

(25)T2 =

�√
nC�

�
�̂−�0

��2

C�Σ̂
−1

n Ω̂nΣ̂
−1

n C
=

�√
n
�
�̂n−0

��2

C�Σ̂
−1

n Ω̂nΣ̂
−1

n C
∼ �2(1),
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which can be used to test the hypothesis:

This test determines whether a noncausal structure exists in the 
mean function of the ARCH process. Let C =

[
1, 0, 0, 0
0, 0, 0, 1

]�
, then

which can be used to test the hypothesis:

This test examines for noncausal structures in both the mean 
and volatility. To test whether the process has noncausal com-
ponents, T3 can first be applied. If it is rejected, it implies that 
there exist noncausal components. Subsequently, T1 and T2 are 
applied to test whether the AR or ARCH model exhibits a non-
causal structure.

3   |   Simulation

We conduct a series of simulation study to investigate the finite 
sample performance of the QMLE and the three hypothesis tests. 
Based on Equation (7), we initially generate the terminal value 
PT randomly from the interval (0, 1) and subsequently compute 
the preceding values Pt, where t = T − 1,T − 2, … , 1, through 
an inverse recursion sequence. As an illustration, Figure  2a,b 
compare the simulated time series with and without noncausal 
structure, respectively. We can observe that when the process 
is a noncausal AR with � ≠ 0, the fluctuations are severe, and 
significant local explosions can be observed. While traditional 
models like AR-GARCH are effective in capturing conditional 
heteroscedasticity and the mixed causal-noncausal AR model 
(MAR) is useful for modelling nonlinear stationary processes, 
both often struggle with the noncausality observed in process 
variance. As shown in Figure 2, introducing noncausal variance 
(� = 0.4) leads to more clustered and severe fluctuations as the 
process value increases, while volatility becomes milder when 
the process value is low. In contrast, the NAR-NARCH model of-
fers a more suitable framework for these data due to its flexibil-
ity in modelling both present and future dependencies in mean 

and variance. The noncausal structure allows for a more accu-
rate representation of volatility dynamics and anticipates shocks 
from future events. By incorporating noncausal components in 
volatility, this model better captures the forward-looking be-
haviour of market participants and their trading disturbances, 
providing improved fitting of process volatility.

Next, we investigate the finite sample performance of our 
QMLE method. The parameters � and � determine the non-
causal structure of the process, representing the depen-
dence of the mean and variance on forward-looking values. 
We consider four different combinations of � and � values: 
(�, �) = {(0.3, 0.3), (0.3, 0.7), (0.7, 0.3), (0.7, 0.7)}. The first 
combination implies that the mean and variance of the pro-
cess are less influenced by the future values. Conversely, the 
second and third combinations imply that the process is more 
dependent on the future values in either the mean or the vari-
ance. The last combination represents the case where both the 
mean and variance of the process heavily rely on the future 
values. The parameter � is set at 0.2. The expected error, �t, is 
assumed to follow either a normal distribution or a Student's 
t-distribution with 4 degree of freedom, a mean of zero, 
and a variance of 0.5. Hence, the values of �2u equal 0.09 for 
(�, �) = (0.3, 0.3), 0.29 for (�, �) = (0.3,0.7) and (0.7, 0.3), and 0.49 
for (�, �) = (0.7,0.7). We consider four sample sizes, 100, 250, 
500, and 1000.

Table  1 provides the simulation results. It reports the means, 
standard deviations, and theoretical standard deviations (TSD) 
of the estimators. The TSD is calculated as the square root of 
the i-th diagonal element of Σ̂

−1
Ω̂Σ̂

−1
, and it represents the true 

standard deviations corresponding to the estimated parameters. 
The closer the simulated standard deviations are to the TSD, the 
more accurate the simulation results are.

The results indicate that the TSD approximates the simulated 
results as the sample size grows to 1000 for the combination 
of (�, �) = (0.3,0.3). Additionally, the TSD and standard devi-
ations closely align for all sample sizes for the combinations 
(�, �) = (0.3,0.7) and (0.7,0.3). Regarding the estimated values, 
even with a small sample size, the estimations for each com-
bination are accurate and closely approximate the true values. 
Besides, the standard deviations decrease as the sample size 
increases.

H0: � = 0 vs. HA: � ≠ 0.

(26)
T3 =

�√
nC�

�
�̂n−0

�
C
���

C�Σ̂
−1

n Ω̂nΣ̂
−1

n C
�−1�√

nC�
�
�̂n − 0

�
C
�
∼ �2(2),

H0:� = � = 0 vs. HA:� ≠ 0 or � ≠ 0.

FIGURE 2    |    Simulated paths of causal and noncausal processes. [Colour figure can be viewed at wileyonlinelibrary.com]

(a) Simulate d path s with ϕ = 0 (b) Simulate d path s with ϕ = 0 .4
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The simulation findings suggest that when the noncausal struc-
ture is more pronounced in the process, the standard deviations 
of � and � are smaller, and the QLME performs better. The re-
sults also show that the distribution of �t has limited impact on 
the QLME estimation, as demonstrated by the comparison be-
tween Panel A and Panel B of Table 1.

The results of the hypothesis tests are presented in Table  2. 
T1, T2, and T3 are the statistics computed under the null hy-
potheses that � = 0, � = 0, and � = � = 0, respectively. The 
significance level is set at 5%. As can be seen from the table, 
the empirical size of T1, T2, and T3 are close to the theoreti-
cal result of 5%. Our hypothesis tests are effective in detect-
ing noncausal structure in the process. The empirical power 
for the single tests of � and � are close to 100%, and the test 
performs better for � than �. The empirical power of the joint 
hypothesis test is also near 100% whenever the noncausal 
structure exists. The hypothesis testing results are consistent 
and perform well regardless of whether �t follows a normal 
distribution or a Student's t-distribution. To control the exper-
iment error rate, we further provide the T4 statistic defined 
as T4 =max (T1,T2), which can control the Type-I error and 
provide union–intersection tests (Casella and Berger  2024). 
The simulation results show that T4 has a good empirical size 
when the sample size is around 500. In the case where � ≠ 0, 
T4 performs better than when � ≠ 0. Moreover, the choice of 
the distribution of � has marginal impact on the results.

The model selection results comparing the proposed NAR-
NARCH model with other causal models are presented in 
Table  3. The comparison follows the procedure outlined in 
Breid et al. (1991), where we calculate the maximum likelihood 
functions and BIC as the criteria. The considered benchmark 
models include noncausal AR(1) NAR(1), ARMA(1,1), and 
AR(1)-GARCH(1,1).

The results indicate that for different parameter settings and 
sample sizes, the log-likelihood of the proposed NAR-NARCH 
model generally outperforms the other models. This suggests 
that our model is less likely to suffer from misspecification 
problems. Moreover, the results improve with increasing sam-
ple size, and the gap between the proposed model and the other 
candidates widens, particularly when � is larger. However, vary-
ing � from 0.3 to 0.7 does not have a significant impact on the 
difference in log likelihood functions. These findings imply 
that � plays a more crucial role in the model selection process, 
as it directly influences the noncausal variance of the innova-
tion terms. When � is small, the variance tends to converge to 
a causal ARCH model. Therefore, larger values of both � and � 
lead to better model selection outcomes.

4   |   Empirical Applications

In this section, we apply the model to stock markets and crude 
oil futures markets. By examining market data, we aim to un-
cover whether the noncausal structure exists in these financial 
time series data, providing insights into the underlying market 
dynamics.

4.1   |   Stock Markets

We apply our proposed noncausal AR-ARCH model to examine 
whether the PE ratio processes of the stock market indexes have 
a noncausal structure. Our study is based on the fact that in-
vestors' forward-looking behaviour and the broader information 
sets they possess can lead to a NAR pattern in stock markets 
(Lanne and Saikkonen 2011; Lof 2013).

We utilise daily PE (Trailing Twelve Months, TTM) data 
from the CSI 300 and S&P 500 indexes for the period from 
2012 to 2023, totalling over 2500 observations.1 We choose to 
analyse the PE ratio because it effectively captures deviations 
of asset prices from their fundamentals and reveals nonlin-
ear dynamics influenced by market sentiment (Coakley and 
Fuertes  2006). The PE ratios for the indexes are calculated 
by taking a market value-weighted average of the PE of the 
constituent stocks. We obtain the demeaned PE ratio process 
by subtracting the rolling annual average. This process high-
lights fluctuations and potential bubble characteristics, as il-
lustrated in Figure 3.

We test for unit roots on the demeaned CSI 300 PE and S&P 
500 PE processes by using the Phillips–Perron test (Phillips and 
Perron 1988), which accommodates serial correlation and het-
eroskedasticity in the errors.2 The results show a test statistic 
of −2.99 (p value: 0.04) for CSI 300 PE and a statistic of −2.76 (p 
value: 0.07) for S&P 500 PE. For both of them, we reject the unit 
root null hypothesis at the 10% significance level. These results 
provide weak evidence for the stationarity of both processes 
after demeaning.

We compare the MAR model with our proposed noncausal AR-
ARCH process to determine which one better fits the data. The 
analysis aims to provide insights into the underlying dynamics 
of stock market and their potential noncausal structures. To 
identify the appropriate order of NAR models, a two-step pro-
cedure from Lanne and Saikkonen  (2011) is adopted. Firstly, 
AR(p) models are fitted to the PE processes to identify the order 
p that minimises the BIC. The results indicate that the order 
p = 1 for the PE of the CSI 300, and p = 2 for the PE of the S&P 
500. Secondly, a grid search is performed among all possible 
MAR models, where r + s = p, to find the model with the high-
est likelihood function. The analysis reveals that the MAR(0, 1) 
model is optimal for the CSI 300, while the MAR(0, 2) model is 
best suited for the S&P 500.

Table 4 presents the model selection results. In the case of the 
CSI 300 PE process, we observe that the NAR-NARCH model 
yields a higher log-likelihood, a lower BIC, and a smaller MSE 
compared to the MAR(0, 1) model, indicating that the NAR-
NARCH model is more suitable for the PE process of the CSI 
300. This contrasts with the S&P 500 PE, where the MAR(0,2) 
model exhibits a higher log-likelihood and a smaller BIC. Thus, 
although the PE processes for both the CSI 300 and S&P 500 are 
not stationary, the origins of their noncausal structures differ.

The estimated parameters and their significance, as shown 
in Table  5, highlight the differences. For the CSI 300 PE, all 
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parameters of the NAR-NARCH model are significant. In con-
trast, for the S&P 500 PE, the p values for the T1 and T3 tests 
are significant, while the p value for the T2 test is not. This sug-
gests that the parameter �, which represents the coefficient of 
the forward-looking component in the innovation term, is not 

significantly different from zero, indicating the absence of a 
noncausal structure. Therefore, the noncausality in the CSI 300 
PE is present in both the mean and variance of the process. In 
contrast, for the S&P 500, noncausality is limited to the mean, 
with the forward-looking component leading by two periods.

TABLE 2    |    Rejection rates of the null hypothesis.

N

DGP

Parameter � = 0.0, � = 0.0 � = 0.0, � = 0.5 � = 0.5, � = 0.0 � = 0.5, � = 0.5

Panel A: �t follows normal distribution

100 T1 0.086 0.210 0.829 0.638

T2 0.052 0.529 0.076 0.613

T3 0.102 0.538 0.942 0.809

T4 0.125 0.514 0.847 0.627

250 T1 0.048 0.041 0.967 0.941

T2 0.015 0.814 0.081 0.817

T3 0.036 0.818 0.994 0.966

T4 0.063 0.806 0.969 0.812

500 T1 0.052 0.019 0.959 0.960

T2 0.009 0.921 0.073 0.923

T3 0.023 0.972 0.995 0.993

T4 0.060 0.912 0.959 0.923

1000 T1 0.052 0.015 0.949 0.953

T2 0.007 0.942 0.081 0.947

T3 0.023 0.993 0.992 0.997

T4 0.058 0.941 0.949 0.943

Panel B: �t follows Student's t-distribution

100 T1 0.080 0.240 0.805 0.641

T2 0.052 0.531 0.118 0.619

T3 0.096 0.543 0.933 0.820

T4 0.116 0.520 0.834 0.648

250 T1 0.053 0.043 0.935 0.938

T2 0.017 0.815 0.114 0.813

T3 0.034 0.820 0.988 0.963

T4 0.069 0.808 0.944 0.807

500 T1 0.049 0.019 0.968 0.959

T2 0.007 0.914 0.119 0.921

T3 0.024 0.918 0.992 0.992

T4 0.056 0.912 0.971 0.929

1000 T1 0.048 0.015 0.984 0.941

T2 0.006 0.942 0.130 0.939

T3 0.021 0.993 0.994 0.997

T4 0.054 0.940 0.985 0.943
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We further use the residuals for these two PE processes to 
obtain the Quantile–Quantile (Q–Q) plots as shown by 
Figure  4a,b. We can observe that the residuals of the CSI 
300 PE deviate significantly from a normal distribution, 

particularly in the tail regions. In contrast, the residuals 
of the S&P 500 PE are closer to a normal distribution, with 
smaller deviations in the tails. The distributional character-
istics of the residuals also indirectly suggest differences in 

TABLE 3    |    Simulation results on model selection by maximising the likelihood function.

N Model

DGP

� = 0.3, � = 0.3 � = 0.3, � = 0.7 � = 0.7, � = 0.3 � = 0.7, � = 0.7

Log-
likelihood BIC

Log-
likelihood BIC

Log-
likelihood BIC

Log-
likelihood BIC

Panel A: �t follows normal distribution

100 NAR-NARCH −24 66 −80 177 −95 207 −141 318

NAR −110 229 −118 246 −117 244 −157 324

ARMA −118 254 −192 403 −197 412 −314 647

AR-GARCH −110 244 −173 370 −184 391 −256 534

250 NAR-NARCH −87 195 −247 517 −310 641 −454 930

NAR −331 673 −394 799 −398 808 −494 999

ARMA −326 674 −473 968 −554 1130 −1091 2204

AR-GARCH −304 636 −406 840 −477 981 −921 1870

500 NAR-NARCH −220 464 −669 1362 −575 1174 −1169 2362

NAR −706 1424 −870 1752 −822 1656 −1265 2543

ARMA −666 1357 −1152 2328 −1056 2137 −2220 4464

AR-GARCH −630 1292 −945 1920 −922 1876 −1461 2954

1000 NAR-NARCH −386 799 −1398 2824 −1224 2476 −2261 4450

NAR −1432 2877 −1727 3468 −1752 3518 −2301 4615

ARMA −1338 2703 −2501 5029 −2455 4938 −4584 9195

AR-GARCH −1226 2487 −1943 3921 −1886 3806 −2900 5834

Panel B: �t follows Student's t-distribution

100 NAR-NARCH −10 37 −78 174 −89 195 −152 301

NAR −105 219 −124 256 −129 267 −166 340

ARMA −113 244 −202 423 −181 381 −306 629

AR-GARCH −103 229 −164 351 −165 353 −245 512

250 NAR-NARCH −93 207 −306 634 −272 566 −491 1003

NAR −325 661 −386 782 −395 801 −512 1035

ARMA −328 679 −586 1195 −539 1099 −1017 2057

AR-GARCH −304 636 −498 1023 −459 947 −740 1507

500 NAR-NARCH −148 320 −599 1223 −624 1272 −1001 2047

NAR −690 1392 −829 1671 −869 1750 −1049 2110

ARMA −643 1310 −1189 2402 −1207 2439 −2004 4032

AR-GARCH −585 1201 −875 1780 −997 2025 −1517 3065

1000 NAR-NARCH −384 795 −1295 2618 −1261 2549 −2296 4620

NAR −1422 2858 −1728 3469 −1738 3490 −2356 4725

ARMA −1345 2718 −2455 4937 −2313 4654 −4647 9322

AR-GARCH −1182 2398 −1822 3678 −1930 3894 −3003 6040
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the variance of the innovations between the CSI 300 and the 
S&P 500.

These findings suggest that while investors in both the Chinese 
and US stock markets are forward-looking and possess more 

private information, the shocks in the Chinese market are not 
purely white noise; they also exhibit forward-looking behaviour. 
Conversely, shocks in the US market are primarily disturbances 
from noise traders. The differences in the noncausality of the 
PE in the two markets mainly stem from the investor structure. 
The Chinese stock market is predominantly composed of retail 
investors. However, some of these investors possess professional 
knowledge and extensive experience, allowing them to have a 
forward-looking perspective and access to more information. 
Meanwhile, retail investors are often influenced by sentiment 
and other market agents, which is not accounted for by the MAR 
model. In contrast, the US stock market is primarily made up of 
institutional investors with longer investment horizons, which is 
why there is an additional leading term in the noncausal structure.

We now provide a more detailed analysis of the parameters of 
the NAR-NARCH models for the two PE processes. The param-
eter � represents the relationship between the asset price and its 
future expectations. A higher � implies a stronger relationship. 

FIGURE 3    |    Demeaned PE and its fitted values. [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 4    |    Model selection results for stock markets.

Index Model
Log-

likelihood BIC MSE

CSI 300 PE NAR-
NARCH

−7288.57 14608.70 0.03

MAR(0,1) −8652.50 17312.89 0.05

S&P 500 PE NAR-
NARCH

−3934.43 7900.41 0.10

MAR(0,2) −3876.26 7768.30 0.10
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The parameter measures the correlation between the variance 
and the future price, reflecting how future price expectations 
influence present volatility. This also indicates the nature of 
the market structure, where trading may either be random or 
forward-looking. The � coefficients of the two models are quite 
similar, yet there is a significant disparity in the � values. The � 
parameter represents the magnitude of non-fundamental shocks 
in the noncausal process that are unrelated to forward-looking 
behaviour. For the CSI 300 PE, the � value is 0.011, whereas for 
the S&P 500 PE, it is 10 times larger at 0.195. This suggests that 
the magnitude of non-fundamental shocks in the S&P 500 PE 
is less associated with the forward-looking activities of market 
participants, which is consistent with the insignificant result for 
the � coefficient. The estimated � coefficients for the two PE pro-
cesses are of opposite signs, indicating a different relationship 
between the variance of the innovation term and Pt+1. Based on 
the partial derivatives (Equation (8)),

and by substituting the estimated values, it can be observed that 
for the CSI 300 index, the variance ht+1 increases with PE when 
the PE is greater than −0.15. Thus, for the Chinese stock market, 
if market participants anticipate a rise in future prices, their trad-
ing will cause greater disturbances in the price, making it less 
stable. This can be attributed to heightened market sentiment 
as asset prices increase, which leads to higher price volatility. 
In contrast, for the US stock market, � is negative. Based on the 
partial derivatives, when the PE ratio is less than 2.46, higher PE 
implies lower volatility. However, when the PE ratio exceeds 2.46
, volatility increases with higher PE. This can be explained by the 
fact that when prices are low, investors tend to be more cautious 
as prices increase. However, as prices rise further, they become 
more emotional, which induces higher volatility.

Figure 3 shows the fitted values from the NAR-NARCH model 
under the normal distribution assumption and their correspond-
ing confidence intervals for the stock markets. The fitted values 
are close to the true values, and the confidence intervals encom-
pass the volatility of the true values, even during rapid price 
drops and recoveries in the CSI 300 PE process. For the S&P 500 
PE, the fitted values show a slight deviation from the true values 
during periods of severe fluctuation, but the true values remain 
close to the confidence intervals. This can be attributed to the 
fact that the most suitable model for the S&P 500 is MAR(0, 2).

We apply a rolling window estimation method with a 250-day 
window width to handle the parameters that might be time-
varying. We focus on the noncausal parameters � and �, and 
Figure 5 presents the estimation results for the CSI 300 Index. 
� remains stable from 2014 to 2019. In 2020, its value exhibits 
large volatility and drops significantly, before recovering again. 
As for �, it also experiences strong volatility in 2020, which can 
be attributed to the pandemic shock to the stock market. In the 
whole sample, � is consistently higher than zero, indicating a 
strong noncausal variance, with the lowest value around 0.10. 
The mean of the estimated parameters for the entire time pe-
riod shows that the mean of � is approximately 0.995, and � is 
around 0.075, which is consistent with our estimation based on 
the whole sample.

4.2   |   Crude Oil Futures Markets

Crude oil is an important industry resource, and it also serves 
as a financial asset offering valuable risk management tools. Its 
price is determined not only by industry supply and demand but 
also by investor trading, which is shaped by their expectations of 
future market trends. Therefore, investors in the crude oil futures 
market can more effectively discern changes in market supply 

(27)
�ht+1
�Pt+1

= 2�2Pt+1 + 2�� ,

TABLE 5    |    Parameter estimation for PE.

Index � � � �
2
u

T1 p T2 p T3 p T4 p

CSI 300 0.995 0.011 0.075 0.015 0.00 0.00 0.00 0.00

S&P 500 0.992 0.195 −0.079 0.043 0.00 0.23 0.00 0.00

FIGURE 4    |    Quantile–Quantile plot of residuals of the PE. The red line represents the standard normal distribution. [Colour figure can be viewed 
at wileyonlinelibrary.com]

(a) CSI 300 (b) S&P 500
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FIGURE 6    |    Detrended crude oil prices and its fitted values. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 5    |    Rolling Window estimation for CSI 300 PE. [Colour figure can be viewed at wileyonlinelibrary.com]
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and demand, gain access to broader industry information, and 
engage in more forward-looking trading behaviour. This is par-
ticularly important given the long cycle time associated with the 
extraction, transportation, and sale of crude oil. We apply our 
model to the crude oil futures market and conduct an empirical 
analysis using daily data on the basis of WTI and Brent crude oil 
futures from 2012 to 2023. The basis is calculated by subtract-
ing the OPEC basket crude oil price from the settlement price of 
crude oil futures. Figure 6 shows the crude futures basis.

We also test unit roots for the basis processes of the WTI and 
Brent crude oil futures by the Phillips–Perron test. The test sta-
tistics are −6.31 (p value: 0) for WTI basis and −26.55 (p value: 
0) for Brent basis.3 At the 1% significant, we reject the unit root 
null hypothesis. Thus, there is strong evidence of stationarity for 
the two processes.

The results of model selection for crude oil futures basis are 
presented in Table 6. For WTI, the MAR(4,0) model is found to 
be more suitable for the data, exhibiting a larger log likelihood, 
a smaller BIC, and a lower MSE. Additionally, the absence of 
a lead term in the MAR model implies that the data does not 

exhibit a noncausal process. In contrast, for Brent, the NAR-
NARCH model is more appropriate, and the most fitting MAR 
model is MAR(6,1), which includes one lead term. This indicates 
that the Brent basis data exhibits a noncausal structure in both 
its mean and variance.

We also obtain the estimated parameters for the WTI and Brent 
basis on the NAR-NARCH model as shown by Table 7. The � 
parameter is larger for WTI, indicating a stronger correlation 
between present prices and future expectations. This implies 
that mainstream investors are more inclined to trade based on 
forward-looking information. Additionally, the � parameters for 
both WTI and Brent are negative. This suggests that when the 
basis is lower than 2.5 for WTI and 2.7 for Brent, a higher basis 
is associated with lower volatility, as investors trade more cau-
tiously. However, when the basis is much higher, market partici-
pants become more emotional, leading to higher volatility.

Figure 6 shows the NAR-NARCH model fitted values under the 
normal distribution assumption and their corresponding confi-
dence intervals for the crude oil markets. We observe that the 
fitted values exhibit smaller deviations from the true values for 
Brent than for WTI when using the NAR-NARCH model. This 
suggests that the NAR-NARCH model is better suited for fitting 
Brent data, while the MAR(4,0) model is more appropriate for 
WTI. However, it is evident that our fitted values capture the 
dynamic patterns well, and the confidence intervals encompass 
the spikes in the true values.

Figure 7 presents the Q–Q plots of the residuals for the WTI's 
MAR(4,0) model and the Brent's NAR-NARCH model. It can 
be observed that the residuals of the WTI closely approximate a 
normal distribution, with the exception of outliers in the tail re-
gion. However, the residuals for Brent deviate significantly from 
the normal distribution in the tail areas. The characteristics of 

TABLE 7    |    Parameter estimation for crude oil futures.

Price � � � �
2
u

T1 p T2 p T3 p T4 p

WTI 0.979 0.160 −0.064 1.897 0.00 0.00 0.00 0.00

Brent 0.926 0.871 −0.322 1.269 0.00 0.00 0.00 0.00

FIGURE 7    |    Quantile–Quantile plot of residuals of future basis. The red line represents the standard normal distribution. [Colour figure can be 
viewed at wileyonlinelibrary.com]

(a) WTI (b) Brent

TABLE 6    |    Model selection results for crude oil futures.

Futures Model
Log-

likelihood BIC MSE

WTI NAR-
NARCH

−5958.30 11949.03 2.25

MAR(4,0) −5364.45 10761.33 2.13

Brent NAR-
NARCH

−5147.81 10328.08 1.98

MAR(6,1) −5233.66 10524.11 2.03
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the residuals suggest that the WTI futures basis should follow 
an AR process, while the Brent futures basis exhibits noncausal 
features. These noncausal features imply that investor traders 
in the Brent crude oil futures market have access to a larger 
information set, likely due to the Brent crude oil futures mar-
ket's closer association with the Organization of the Petroleum 
Exporting Countries (OPEC).

Figure 8 presents the rolling window estimation of parameters 
� and � for the crude oil markets. Before 2020, � is stable, and 
after that, its value fluctuates. It drops significantly from 0.9 
to 0.5 in 2020, then recovers in 2021, and drops again in 2022, 
reaching 0.4, indicating weaker autocorrelations. Additionally, 
� is more stable before 2020, with a few periods of increase, 
turning positive in 2015 and 2017, while remaining negative 
during other periods. After 2020, � becomes positive and ex-
hibits more volatility. This change reflects shifts in investor 
trading behaviour in the crude oil markets. The future price of 
oil used to have a negative influence on variance before 2020, 
but after 2020, it positively influences variance. This shift can 
be attributed to the COVID-19 pandemic shock, which caused 
oil prices to decrease, even becoming negative. Furthermore, 
the work-from-home trend reshaped oil demand and supply, 
which further influenced crude oil investor behaviour. As for 
the stable levels of the parameters, � is around 0.92 and � is 
around −0.3, which aligns with the estimation results based on 
the whole sample.

5   |   Conclusion

We introduce the noncausality to the variance component and 
propose the noncausal AR-ARCH model. In this way, we ex-
tend the NAR model by considering the shocks related to future 
prices. This extension is particularly important for capturing the 
anticipatory patterns of financial time series data. Additionally, 
we provide the asymptotic properties of estimators and hypoth-
esis testing methods for this model. Through comprehensive 
simulation analyses, we validate the proposed QMLE method 

and show good control size and high power for the three hy-
pothesis tests.

We present two empirical applications of our proposed model. 
Firstly, we apply the NAR-NARCH model to the US and Chinese 
stock markets, revealing distinct behavioural patterns. Notably, 
our analysis indicates that the presence of shocks related to fu-
ture prices is more pronounced in the Chinese market, leading 
to a noncausal structure in the variance. In contrast, the US 
market, while lacking noncausality in variance, exhibits higher 
lead orders, suggesting stronger forward-looking behaviour by 
rational participants. Secondly, we utilise our model to analyse 
the subtleties in the behaviour of two closely related assets: WTI 
and Brent crude oil futures basis. Our findings offer valuable in-
sights into the nuanced differences between these assets, which 
may not be immediately evident through traditional analysis. 
Specifically, we observe that the WTI market tends to display 
causal characteristics, whereas the Brent market exhibits a 
higher degree of noncausality in both the mean and variance, 
indicating a more complex interplay of factors influencing its 
price dynamics.
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FIGURE 8    |    Rolling Window estimation for Brent Basis. [Colour figure can be viewed at wileyonlinelibrary.com]
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Endnotes

	1	PE (TTM) is the trailing twelve months Price-to-Earnings ratio, which 
is calculated by dividing the current market price of a stock by its aver-
age earnings per share over the trailing twelve months.

	2	The bandwidth of the variance estimator of Newey and West  (1987) 
is set to 28, based on the criterion 

⌊(
12(T∕100)1∕4

)⌋
 proposed by 

Schwert (1989).

	3	The bandwidth of the variance estimator of Newey and West  (1987) 
is set to 29, based on the criterion 

⌊(
12(T∕100)1∕4

)⌋
 proposed by 

Schwert (1989).
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Appendix A

Proof of Theorem 2.1 and 2.2

Proof of Theorem 2.1

Proof. For any given m, we can rewrite Equation (7) as follows:

(A1)

Pt =
(
�+��t

)
Pt+1+�t

=

m∑
i=0

i∏
j=0

(
�+��t+j

)
�t+i+

m+1∑
j=0

(
�+��t+j

)
Pt+m+2.
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Let

As the Proof of Lemma A.1 in Ling  (2005), if 𝛾 = � log ∣ 𝜙 + 𝛼𝜂t ∣ < 0, 
there exists a constant u ∈ (0, 2), such that

For any m,n > 0, we have

Thus, by the Cauchy criterion, we can show that

Thus, Pt has the following representation:

It is easy to verify that Pt in Equation (A6) is a solution of Equation (7).

Note that Pt is a nonlinear function of 
{
�t , �t+1, …

}
. It is not hard to see 

that Pt and P∗
t  have the same distribution and thus, (ii) holds obviously.

Suppose that P̃t is another solution of Equation  (7) with respect to {
�̃t , �̃t+1, …

}
. Then

Denote P̃
∗

t = G
(
�̃t , �̃t−1, �̃t−2, …

)
. Then

Furthermore,

as m→ ∞, where �||ΔP∗
t−m

||u is a constant since P∗
t  and P̃

∗

t  are stationary.

Thus, ΔPt = 0 a.s. That is, Pt = P∗
t  a.s. When � = 𝔼 log ∣ � + ��t ∣ ⩾ 0, 

we conduct recursion on Equation (7) with an initial value P0. Similar to 
Lemma 4.1 in Berkes et al. (2009), we can show that

Thus, there is not a solution to Equation (7) in this case.

� □

Proof of Theorem 2.2

Lemma A1–A6

Before proving Theorem 2.2, we need to provide Lemma A1–A6. Define

and similarly define ��
∗
t (�)

��
, ��

∗
t (�)

��
, �

2
�
∗
t (�)

��2
, �

2
�
∗
t (�)

�����
, and �

2
�
∗
t (�)

����
 with Pt replaced 

by P∗
t  and Pt+1 replaced by P∗

t+1
. Denote

We can have Lemma A1–A6.

Lemma A1.  Under the assumptions of Theorem 2.2
	 i.	 �|||�

∗
t (�)−�

[
�
∗
t (�)| t(m)

]|||
2
= (pm);

	 ii.	
�
‖‖‖‖
��∗

t (�)

��
−�

[
��∗

t (�)

��
| t(m)

]‖‖‖‖
2

= (pm)
;

	iii.	 �
‖‖‖‖
�2�t (�)

�����
−�

[
�2�∗

t (�)

�����
| t(m)

]‖‖‖‖
2

= (pm).

Lemma A2.  Under the conditions of Theorem 2.2 and 
�sup

�
||�t(�)|| < ∞

where op(1) converges to zero in probability as n→ ∞.

Lemma A3.  Under the condition of Theorem 2.2, ��t(�) has a unique 
maximum at �0.

Lemma A4.  Under the condition of Theorem 2.2, it follows that

	 i.	 �sup
�

‖‖‖
𝜕�t (�)

𝜕�

𝜕�t (�)

𝜕��
‖‖‖ < ∞;

	ii.	 sup
�

����
1

n

∑n
i=1

�
��t (�)

��

��t (�)

���

�
− �

�
��t (�)

��

��t (�)

���

����� = op(1).

Lemma A5.  Under the condition of Theorem 2.2, it follows that

	 i.	 �
[
��t(�0)

��

��t (�)

���

]
�=�0

= Ω;

	ii.	 1√
n

∑n
t=1

��t (�)

��

�����=�0

→ (0,Ω).

Lemma A6.  Under the condition of Theorem 2.2, it follows that

	 i.	 �sup
�

‖‖‖
𝜕2�t (�)

𝜕�𝜕��
‖‖‖ < ∞;

	ii.	 sup
�

���
1

n

∑n
t=1

�2�t (�)

�����
− �

�2�t (�)

�����
��� = op(1).

Proof of Lemma A1–A6 and Theorem 2.2

Proof of Lemma A1.  Let

Then

(A2)Sm,t =

m∑
i= 0

i∏
j= 0

(
� + ��t+j

)
�i+j+1.

(A3)P ≡ �||𝜙+𝛼𝜂t
||u < 1.

(A4)

𝔼||Sm+n,t −Sm,t ||u=𝔼

||||||

m+n∑
i=m+1

i∏
j=0

(
�+��t+j

)
�t+j+1

||||||

u

⩽𝔼
|||�t+1

|||
u

m+n∑
i=m+1

i∏
j=0

𝔼
|||�+��t+j

|||
u

=(Pn).

(A5)Sm,t → S∞,t ≡ Pt , a. s. as m→ ∞.

(A6)Pt =

∞∑
i= 0

i∏
j= 0

(
� + ��t+j

)
�t+j+1.

(A7)P̃t = G
(
�̃t , �̃t+1, …

)
.

(A8)

ΔPt
def
= Pt− P̃t

=
(
�+��t+1

)
ΔPt−1=

m∏
i=1

(
�+��t+i

)
ΔPt−m

.

(A9)𝔼||ΔPt ||u ⩽

m∏
i=1

𝔼||�+��t+i
||u𝔼||ΔPt−m||u=�m𝔼||ΔP∗

t−m
||u→0

(A10)∣ Pt ∣

→∞ as t → ∞.

(A11)�
∗
t (�) = − log

[
�2u +

(
�+�P∗

t−1

)2]
+

(
P∗
t −�P∗

t−1

)2

�2u +
(
�+�P∗

t−1

)2 ,

(A12)t(m) = �
{(

�t , �t−1
)
, … , (�t−m, �t−m−1)

}

(A13)sup
�

||||
1

n
ℒn� − �𝓁t(�)

|||| = op(1),

(A14)Kt(m) =

m∑
i= 1

i∑
j= 0

(
� + ��t−j

)
�
∗

t−i + �
∗

t .

(A15)P∗
t =

(
�+��t

)
P∗
t−1+�

∗

t =Kt(m)+

m∏
j=0

(
�+��t−j

)
Pt−m−1.
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Thus, by Theorem 2.1, there exists a � ∈ (0, 1) such that

By Equation (A16)

By Equation (A17)

Using Equation  (A18) and note that P∗
t =

(
� + ��t−1

)
P∗
t−1

+ �
∗

t , it is 
straightforward to show that Lemma  A1 (i) holds. Similarly, we can 
show that Lemma A1 (ii) and (iii) hold. □

Proof of Lemma A2.  By Theorem 2.1, there exists a � ∈ (0, 1) such that 
�||Pt ||�. Thus, we can show that

Using Equation (A19) and as the proof of Equation (A.4) in Ling (2005), 
we can show that

Then, for each n,

Since P∗
t  is a stationary and ergodic series, 

{
�
∗
t (�)

}
 is so for each �. By 

Lemma  A1, �∗
t (�) is L2-NED. By the Backward Strong Law of Larger 

Number Theorem 2.1 in Ling (2007), we have

and hence

for each �. Furthermore, by the point-wise argument, we can obtain 
Lemma A2.
� □

Proof of Lemma A3. 

As the proof of Lemma A2 in Ling (2004), ��t(�) achieves its maximum 
if and only if

The latter implies that �2u = �2
u0

, � = �0, and � = �0. � □

Proof of Lemma A4.  By Lemma A3, we have

where u0,t = �0�t + �0�tPt+1 + �0�t+1 + �0�t�t+1. Since 
(
�t , �t+1

)
 is inde-

pendent of Pt+1, we have

Note that

for some constant C. Thus,

Similarly, we can show that other terms in (i) hold.

As the Proof of Lemma A2

(A16)�||P∗
t −Kt(m)||� =

[
�
|||�+��t−j

|||
�
]m+1

�||Pt−m−1
||� = (pm).

(A17)

𝔼

||||||

(
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 −
K2
t (m)

�2u+
[
�+�Kt(m)

]2
||||||

2

⩽C𝔼

||||||

(
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 −
K2
t (m)

�2u+
[
�+�Kt(m)

]2
||||||

�∕4

⩽C𝔼
|||
(
P∗
t−1

)2
−K2

t (m)
|||
�∕4

+C𝔼

[
K

�∕2
t (m)

(
�+�P2

t−1

)2
−
[
�+�Kt(m)

]2
]�∕4

=(pm).

(A18)

𝔼

||||||

(
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 −𝔼

[ (
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 |t(m)

]||||||

2

⩽2𝔼

||||||

(
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 −
K2
t (m)

�2u+
[
�+�Kt(m)

]2
||||||

2

+2𝔼

[
𝔼

[ (
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 −
K2
t (m)

�2u+
[
�+�Kt(m)

]2 |t(m)

]]2

⩽4𝔼

||||||

(
P∗
t−1

)2

�2u+
(
�+�P∗

t−1

)2 −
K2
t (m)

�2u+
[
�+�Kt(m)

]2
||||||

2

=(pm).

(A19)�sup
�

(
𝜔+𝛼Pt+1

)𝛿∕2
< ∞.

(A20)�sup
�

||�t(�)|| < ∞.

(A21)

n∑
t=1

�t(�)=G
(
P1,P2,… ,Pn,Pn+1

)

d
=G

(
P∗
−1,P

∗
−2,… ,P∗

−n,P
∗
−n−1

)

=

−n∑
t=−1

�
∗
t (�).

(A22)
|||||
1

n

− n∑
t = − 1

�
∗
t (�) − ��

∗
t (�)

|||||
= op(1),

(A23)
||||
1

n
ℒn(�) − �𝓁t(�)

|||| = op(1)

(A24)

��t(�)=−�

{
log

[
�2u+

(
�+�Pt+1

)2]
+

(
Pt −�Pt+1

)2

�2u+
(
�+�Pt+1

)2
}

=−

{
� log

[
�2u+

(
�+�Pt+1

)2]2
+�

[
(�2

u0
+
(
�0+�0P

∗
t+1

)2

�2u+
(
�+�Pt+1

)2
]}

−
(
�−�0

)2
�

P2
t+1

�2u+
(
�+�Pt+1

)2 .

(A25)� = �0 and �2u +
(
�+�Pt+1

)2
= �2u0 +

(
�0+�0Pt+1

)2
.

(A26)

� sup
�

[
��t(�)

��

]2
=4� sup

�

P2
t+1

[
u0,t−

(
�−�0

)
Pt+1

]2
[
�2
u
+
(
�+�Pt+1

)2]2

≤C� sup
�

P4
t+1

+P2
t+1
u2
0,t[

�2
u
+
(
�+�Pt+1

)2]2 ,

(A27)� sup
�

[
��t(�)

��

]2
≤C� sup

�

P4
t+1[

�2
u
+

(
�+�Pt+1

)2]2 .

(A28)P2t+1 ⩽
1

�2

[
�Pt+1

]2
⩽ C�

(
�+�Pt+1

)2
+ 1

(A29)

� sup
�

[
𝜕�t(�)

𝜕𝜙

]2
≤C� sup

�

[ (
𝜔+𝛼Pt+1

)2
+1

𝜎2
u
+
(
𝜔+𝛼Pt+1

)2
]2

≤C

(
1+

1

𝜎u

)
<∞.

(A30)
n∑

t = 1

��t(�)

��

��t(�)

���

d
=

− n∑
t = − 1

��∗
t (�)

��

��∗
t (�)

���
.
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By Lemma  A1 (ii), we can show that 
��∗

t
(�)

��

��∗
t
(�)

���
 is L2-NED with the 

decay rate pm. By the Backward Strong Law of Large Number 
Theorem 2.1 in Ling (2007). We have

and hence

Furthermore, by the point-wise argument, we can show that (ii) holds. □

Proof of Lemma A5.  (i) is obtained by a direct calculation.

To (ii), note that

By Lemma A1 (iii), ��
∗
t (�)

��
 is L2-NED with a decay rate (pm), and is a mar-

tingale different in terms of the �-field generated by 
{(

�s , �s−1
)
: s ⩽ t

}
. 

By the Backward Strong Invariance Principle Theorem  2.2 in 
Ling (2007), we have

and hence, we have

� □

Proof of Lemma A6.  The proof of (i) is similar to that of Lemma A4 
(i). Using Lemma  A1 (iii) and the Backward Strong Law of Large 
Number Theorem 2.1 in Ling (2007), the proof of (ii) is similar to that of 
Lemma A4 (ii). Thus, the details are omitted.� □

Proof of Theorem 2.2.  First, the parameter space Θ is a compact set 
and �0 is an interior point in �. ℒn(�) is a continuous function in � ∈ Θ 
and is measurable in terms of 

{
P1,P2, … ,Pn

}
. By Lemmas  A2 and 

A3, we know that the conditions for consistency in Theorem  4.1.1 in 
Amemiya (1985) are satisfied and hence, (i) holds.

By Lemmas A4 and A5, we know that the conditions in Theorem 4.1.3 
in Amemiya (1985) are satisfied and hence, (ii) holds.

Lemma A2 to A6 show that �∗
t (�) and its first and second derivatives are 

near-epoch dependence (NED). � □

(A31)
‖‖‖‖‖
1

n

− n∑
t = − 1

��∗
t (�)

��

��∗
t (�)

���
− �

[
��∗

t (�)

��

��∗
t (�)

���

]‖‖‖‖‖
= op(1),

(A32)
‖‖‖‖‖
1

n

n∑
t = 1

��t(�)

��

��t(�)

���
− �

[
��t(�)

��

��t(�)

���

]‖‖‖‖‖
= op(1).

(A33)
n∑

t = 1

��t(�)

��

|||||
�=�0

d
=

−n∑
t=−1

��∗
t (�)

��
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