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It is shown that a large class of properties coincide for
weighted composition operators on a large class of weighted
VMOA spaces, including the ones with logarithmic weights
and the ones with standard weights (1 — |z])7¢, 0 <
c < % Some of these properties are compactness, weak
compactness, complete continuity and strict singularity. A
function-theoretic characterization for these properties is also
given. Similar results are also proved for many weighted
composition operators on similarly weighted BMOA spaces.
The main results extend the theorems given in Laitila et al.
(2023) [16], and new test functions that are suitable for the
weighted setting are developed.
© 2025 The Author(s). Published by Elsevier Masson SAS.
This is an open access article under the CC BY license
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1. Introduction

Let D be the open unit disk in the complex plane C and let H(D) be the space
of all analytic functions D — C. The linear space H(D) is a Fréchet space when

equipped with the metrizable topology 79, induced by convergence on compact sub-
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sets. If ¢,9 € H(D) with ¢: D — D, then a weighted composition operator is defined
as YCy: H(D) — H(D): f — 9 f o ¢, which is the product of a multiplication operator
f — ¢ f and a composition operator Cy: f +— f o ¢. The main aim of the paper is to
obtain a complete characterization of compactness of 1/Cy acting on the space VMOA,,
in terms of conditions on 1 and ¢, and to prove that compactness is equivalent to many
other operator-theoretic properties for Cy on VMOA,. Concerning the operator ¢Cy
on BMOA,,, a similar result is obtained under some extra assumptions. One sufficient ad-
ditional condition for the results involving compactness to hold, is that the composition
operator f +— f o ¢ is bounded on BMOA, and BMOA, ¢ H.

In the literature there are many results on the equivalence of weak compactness and
compactness for (weighted) composition operators. For example in [7] Eklund, Galindo,
Lindstréom and Nieminen proved that weakly compact weighted composition operators
from Bloch type spaces into a wide class of Banach spaces of analytic functions on the
open unit disk are always compact. The harder well-known problem of whether every
weakly compact composition operator on the space BMOA (and VMOA) is compact was
solved by Laitila, Nieminen, Saksman and Tylli [14]. Very recently, Laitila, Lindstrom
and Norrbo [16] extended the result to weighted composition operators on BMOA and
simplified the function-theoretic characterization of compactness given in [13]. This is
now generalized to a large class of weighted BMOA and VMOA spaces, contained in
BMOA. In addition to the immediate changes the weight v presents, the known proof of
the invariance of p in BMOA, ;, demands some constraints on v. As a consequence, some
new estimates are developed (see Proposition 2.3) and the previous function-theoretic
characterization is changed in a nontrivial way.

For the standard weights (1 — |2])7¢, 0 < ¢ < %, boundedness and compactness of
composition operators was characterized in [29] by Xiao and Xu. The logarithmic BMOA-
space appears naturally in the study of Toeplitz and Hankel operators on BMOA and
H?! (see for example [20] and the references therein), and hence, some of the obtained
results on the space BMOA,, may prove useful outside the study of weighted composition
operators.

Next, some relevant vector spaces are introduced. Let T C C be the unit circle and
dm(e') = 4£ ¢ € (0,27 be the normalized rotationally invariant Haar measure on T.
For 0 < p < oo, the Hardy space, HP, is the linear space of functions f € H(D) that
satisfy

I fI%s := sup /|f(rw)\p dm(w) < oo

relo,1
[ [T

and

1 = {f € HD) £ e = sup |f(2)] < oo},
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For any function f € H!, the nontangential limit lim, ,,, f(2) exists for almost every
w € T (see e.g. [5, Sectlon 2 until Theorem 2.2]). A useful composition operator which
will be used several times is T,.: f + [z + f(cz)], ¢ € D, which is a rotational shift of
argument when ¢ € T and a dilation when ¢ € [0, 1]. The symbol QAS will always represent
an analytic automorphism of D, that is, a function of the form z — b(a — 2)/(1 — @z),
where b € T and a € D. The set of these functions is denoted by Aut. Given 0 < p < oo
and a weight v, that is, an integrable function D —]0, co[, the space BMOA,, ,, consists
of all functions f € HP such that

11l = sup 0(0(0) |00 = F(B(O))|, < oo

deAut Hr

The subscript * stands for semi-norm and as a superscript * means the dual space. As
in the classical case, the subspace VMOA, ,, C BMOA, , is defined as

VMOA, ;== {f € BMOA,  : ¢fl§§fﬂv($(0)) |06 )|, =0}
pEAut

For a,z € D, let 04(2) := (a — 2z)/(1 — @z), and note that o,(0,(z)) = 2. Since

— ba — b
a—z _ ba—be beT
1-az 1-babz
and | T f|l g» = || fll o, ¢ € T, it follows that
Hﬂh%pzsgyKMHfOUa*fmme va /Wf a)” Pa(w) dm(w) |
a
where P,(z) := (1 — |a|®)/ |1 —@z|® is the Poisson kernel. The following well-known

identities will be used throughout the paper without any explicit mentioning:

(1= [=[*)(1 —|a*)

e = U ERI @ = - RG), ez e D,

L= |oa ()| =

Before we proceed, we introduce some elementary notations. The space bounded linear
operators on a Banach space X is denoted by £(X). The evaluation maps, H(D) > f +—
f(2), are denoted by 4.,z € D. For two quantities A, B > 0 the notation A < B or
B > A means that there exists a constant C' > 0 such that A < CB. The constant
will quite often depend on an exponent 1 < p,q < oo (John-Nirenberg related) or the
weight v (or the related function g). Dependencies will be mentioned by a subscript.
Moreover, A < B means that both A < B and A 2 B hold, and in this case we say
that A is equivalent to B. The function y 4 will appear inside integrals and is a function
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of all relevant integration variables. The subscript A can be a set, in which case the
function takes the value 1 if the integration variables are inside the set and 0 else. The
subscript A can also be a logic expression, which works as an abbreviation for the set
of points satisfying the expression. Henceforth, BMOA, := BMOA, 2 and for v = 1,
BMOA := BMOA;. For convenience, we also define

V(faaﬁo)::Hfoo-a_f(a)HHpa aED,1§p<oo.

A real-valued, nonnegative function f is said to be almost increasing if there is a constant
C > 1 such that f(y) < Cf(z) whenever y < z. If C = 1, then the word increasing is
used. For a set M C C and a number ¢ € C, the notation cM := Mc¢:={cx € C: x € M}
is used. When a function f defined on M is considered on a subdomain M’ C M, the
restriction of f to M’ is denoted by f|a. The notation Cy>. := {z € C : Rz > ¢},
¢ € R, denotes a right half plane and H (M) is the linear space of functions analytic on
some domain containing M.

In this paragraph we assume that the weight v: D —]0,00[ is radial (rotationally
invariant), that is, v(z) = v(|]z]), z € D. In the classical case, where v = 1, the fact
that Aut is a group with respect to composition yields || f o @||
general weights, it holds that ||f o é“*,v,p
is constant. In general, for every qg € Aut it holds that

P ||f||*,v7p. For more

= | fll.,, for every ¢ € Aut, if and only if v

Hf © ¢H*,7j,p - ||f||*7“°¢3717p :

If the weight v is almost increasing, equivalent to a radial weight and satisfies v(b) <
v(Y=%)v(a), 0 < a < b < 1, it still holds that

1—a
f €BMOA,, — fo¢ec BMOA,,

(see Lemma 3.6). In general, it is not evident that this is true (see Conjecture 2 in
Section 7).

A useful tool is the Hardy-Stein estimates (see for example [30, Theorem 4.22]), from
which it follows that for 0 < p < oo

(1= [=[))(1 —|af)

11 —az|?

£ 000~ 1@l = [ 17 1) - f@) dA() fe HP.
D

(1.1)
The case p = 2 is also a consequence of the well-known Littlewood-Paley identity.
If the weight satisfies

sup v(a)(1 — \a|)%76 < 0o
acD
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for some € > 0 and p > 2, we have by (1.1) and [30, Theorem 1.12] that all bounded
functions f € H(D) with |f/(2)]> < (1 — |2|)~ P9 belong to BMOA,,,. By inclusion,
the same functions f € BMOA, 4,1 < ¢ < 2.

The main function-theoretic characterization of compactness concerns the following
two functions, o and 3. For ¢,¢ € H' and ¢: D — D, a € D, we define

v(a)
v(¢(a))

where ¢, := 04(q) 0 @0 0,. The function « is sufficient for a characterization of bounded-

a(y, ¢, a) =

()] [[dall g2

ness and compactness for composition operators, but for weighted composition operators,
a complementary function

B('(/Jv o} a) = ”6¢>(a) H(BMOAU)* U(a’)rY('(/Jv a, 1)

is also needed. It follows that for sup,cp B(¢, ¢,a) < oo to hold, it is necessary that
1 € BMOA,, ;.

1.1. Main results

Let g € H(Cgx1) be such that g[js o is (strictly) positive and almost increasing.
Assume also that

(G1) There exists €y > 0 such that supy,.; z g(2)?"* < oo,
(G2) g(1/b) < g(a/b)g(l/a) for 0 <b<a <2,
(G3) 19(2)[ 2 9(|2]), 2 € Cpx1,

and let v(z) < g<1+|z\)
If v is such a weight, also called admissible weight, we have the following two theorems.

Theorem 1.1.

$Cy € LBMOA,) <= SuI[p»(a(lb,@a) + B, $,b)) < o0
ac

and

¥Cy € L(VMOA,) <= sup(a(¥, ¢,a) + B(¢, ¢, a)) < oo and 1, ¢ € VMOA,
a€D

< sup(a(y, ¢,a) + B(Y, ¢, a)) < co,1p € VMOA,, and
acD

lim v(a)y(a)y(¢,a,2) = 0.

la]—1

More specifically, for X = BMOA, or X = VMOA, and vCy: X — X, it holds that
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||wC¢H[j(X ’“’U,Q |¢ ‘ H6|¢(0)\ Hx* + Sup a(¢ (ba ) + S‘;}gﬂ(% (ba a’)?

where the evaluation map satisfies

E]

Onll vv <po 1
ol <o 1+ | =

0

Theorem 1.2. Let X = BMOA, or X = VMOA,. For Cy € L(X) with at least one of
the following properties:

e C, € L(BMOA,), and BMOA, ¢ H*® or ¢ € VMOA,,,
o wC¢|VMOAU S E(VMOAE),

the following are equivalent:

(1) YCy is compact,

(2) YCy is weakly compact,

(8) YCy is completely continuous,

(4) YCy does not fiz a copy of co (co-singular),
(5) YCy is unconditionally converging,

(6) YCy is strictly singular,

(7) YCy is finitely strictly singular,

(8) 1im Sup s (16, 6, @) + B, 6,0)) = 0,

(9) Hmsup|g(a)|—1 (Hi/)(%fcga) + B, ¢, a)) =0,

BMOA,

where

flo): 2
In the case YCylynmon, € LIVMOA,), the following are equivalent:

(2) ¥Cy is weakly compact,
(10) YvCy(BMOA,) C VMOA, (here Cy is interpreted as an operator on H(D)),
(11) ¥e >0 3N > 0+ [Cof lgmon, < N 1 flys + €[ Flouon, » F € VMOA,.

This yields a complete characterization of the properties listed for 1»Cy on the space
VMOA,, but not on BMOA,. Note that for v = 1 the function § in this work is smaller
than the one used in [13]. Since H5¢(G)HX*’ where X = BMOA, or X = VMOA,, is not
necessarily equivalent to a radial function, it is unclear if the reverse relation holds, see
Conjecture 5
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Concerning the multiplication operator, S. Ye characterized, in [25], boundedness
and compactness of the multiplication operators on BMOA, and VMOA, with v(z) =
In(2/(1 — |z[%)). For more general weights, S. Janson described the multipliers in [12,
Theorem 2| using a different proof. The following result can essentially be compared to
Theorem 2 by Janson:

Corollary 1.3. Let X = BMOA or X = VMOA. The multiplication operator My: f —
Y f is bounded on X, if and only if

v € H® N BMOA,,

where

la|

dt
w(a) = v(a) (1 + 0/ m) =<v(a) |dall(x,)» a€D.

Especially, if sup,cp folal (1_‘3”(” < 00, or equivalently X, C H*, then X, = X,, is an

algebra.
Moreover, the operator My is compact (or satisfies any of the other equivalent prop-
erties (2)~(7)) on X, if and only if ¢ = 0.

Although the statement about compactness does not follow immediately from Theo-
rem 1.2, it holds that Cy € L(BMOA,) and lim sup 441 (@ (¥, ¢, a) > 0 unless 1) = 0,
so the same proof as for the theorem applies in this case.

Concerning the composition operator, we have the following generalization of the part
of the work [29] by J. Xiao and W. Xu that concerns boundedness and compactness of Cy
on the Analytic Lipschitz spaces, BMOA,, where v(a) = (1—|a|*)~¢, ¢ €]0,1/2[, a € D.

Corollary 1.4. Let X = BMOA or X = VMOA and let v be an admissible weight. The
composition operator Cy is bounded on X, if and only if

v(a)
zgg w(@(a) [Pall g2 < 00,

and Cy € L(X,) is a compact operator if and only if

v(a)

limsup ———= ||®a]| 72 = 0.
6(a)|—1 V(@(a)) Il

Furthermore, it is necessary that ¢ € X,, for Cy to be bounded.

Some examples of admissible weights are v(z) = (1 — |z]|)7¢, that is, g(z) = 2, 0 <
¢<1/2 and
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v(z) = (ln(l_LM))c, that is, g(z) = (In(ez))¢, ¢ >0,

where the branch cuts are chosen appropriately (e.g. along the negative real axis). To
see that condition (G2) holds for g(z) = (In(ez))¢, ¢ > 0, we substitute a = e~ and
b= e B, and use the fact that

1+ B 1 1 1 1
< <l+-— In-<A<B .
A+ AB-A+D) - (0+4)  B-A+1D) - Ing <n2< <B <)

In view of Theorem 1.1 and the evaluation map, the logarithmic weights mentioned
above yield a space BMOA, C H* if and only if ¢ > 1. Concerning the standard weights,
BMOA, C H* for all ¢ > 0. Moreover, if v is an admissible weight and u: D — [a, D]
for some 0 < a < b < o0, then vu is an admissible weight. This is clear from the fact
that the norms ||-|lgy0a, and |“[[gyoa,, are equivalent. An example of a non-radial
admissible weight is z ~ |2+ 2| (1 — |z|)~'/%. Another useful property of the set of
admissible weights is given in the paragraph where (6.1) appears, that is, the product of
two admissible weights is admissible if it satisfies the growth restriction (G1).

The article is structured as follows: Section 2 contains some more definitions and
some preliminary results. The most important new result in this section is Proposi-
tion 2.3, which in addition to [6, Proposition 2.6] (BMOA, , = BMOA, ; for suitable
v,1 < p < 00), contains some more precise estimates, which are, for example, used to
prove that the given function-theoretic condition is sufficient for ¢/Cy, € L(VMOA,) to
be compact (Theorem 5.12). Another important tool is the denseness of polynomials in
VMOA,, which is given in Proposition 2.7. In Theorem 2.15 it is shown that VMOA}* is
isometrically isomorphic to BMOA,. The section ends with a brief discussion regarding
the demands for the weight v to be admissible. The two following sections contain some
preparatory results, of which a few might be of interest on their own. Section 3 contains
three important results: Lemmas 3.1 and 3.4 concern the main function-theoretic charac-
terization for boundedness and compactness, and they are related to the functions a and
0 respectively. The third important result is Corollary 3.5, which is an estimate for the
evaluation map. In Section 4, the test functions are developed and proofs of important
properties for these functions are given.

Section 5 contains, in contrast to Section 2, the main parts of the main theorems,
whose proofs make heavy use of the fact that the operator is a weighted composition op-
erator and it acts on VMOA,, (or BMOA,,), where v is admissible. The function-theoretic
characterization for boundedness is proved followed by the remaining implications (the
ones that are not of a more general type) to conclude that Theorem 1.2 holds. Section 6
contains some examples of symbols 1 and ¢ making ¢¥Cy, bounded or even compact.
Using the obtained results, the proofs for the three main results are completed and

summarized in Section 7. Section 7 also contains some conjectures.
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2. Preliminaries

This section contains some more definitions and preliminary results. We begin the
section by showing that the polynomials in H(ID) are often dense in a proper subspace
of BMOA,, ,,. The section ends with a brief discussion concerning the conditions (G1)
and (G2).

Proposition 2.1. Let 1 < p < oo. If sup,cp v(a)(1 — |a|)% < o0, then the polynomials
1

belong to BMOA, ,,. If lim,_,q v(a)(1 — |a])? = 0, then VMOA, , C BMOA, , is a

closed subspace containing the analytic polynomials. pr = 1 the same statements are

valid when v(a)(1 — \a|)% is replaced by v(a)(1 — |af) In =5 =T

Proof. Let Q(z) = >_,_, ckz" be a polynomial on the disk. Now

n k—

n n
Q= E CLZ —E CLa E ckz —aF (z—a) E Ck
k=0 k=1 k=1

1
2l gk=1-7,
0

There exists a constant C(Q,p) only dependent of the polynomial @ and 1 < p < oo
such that for 1 < p < oo,

k—1

V(Q,avp)p:/KZ—a)lp Y ey Fa* I Pu(z)dm(z) < C(Q,p)(1 — laf).
T

k=1 7=0
Assuming lim,_,; v(a)(1 — |a|)% = 0, this yields

v(@)(Q, a,p) < C'(Q, p)v(a)(1 — o) S0,

that is, @ € VMOA, ,. If (f,) C VMOA, , is a sequence, converging with respect to
IlBmoa,,, to an analytic function f, and € > 0, then for n large enough

v(a)y(f,a,p) < v(a)y(fn,a,p) +v(a)y(fu — f,a,p) <v(a)y(fn,a,p) + €.

Letting first |a| — 1, then € — 0, we obtain

lim v(a)y(f,a,p) = 0.

|a]—1

Hence, VMOA, , is a closed subspace of BMOA, ,, containing the polynomials.
Finally, if p =1,

27
@ap) = (1= |af?) / T 1= a7 S @~ )
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and the statement follows similarly to the proof above. O

The first part of Lemma 2.12 yields that BMOA,, is a Banach space and since VMOA,,
is closed, it is also a Banach space.

Proposition 2.1 shows some similarities between the weighted spaces BMOA, and
VMOA,, and their unweighted variants. The following Proposition shows some contrast
between the spaces, which renders some classical approaches ineffective. The function
z — 2™ is one common tool in characterizing compactness in the unweighted setting,
and can be found in, for example, [15,26,28] (and in some form also in [13, (3.13)]).

Proposition 2.2. Let 1 < p < 0o and assume lim|q)_; v(a)(1 — |a|)% = 0. The family F
consisting of fn: z — 2",n € N belongs to VMOA,, ,,, and sup,, || f»| < oo if and
only if v is bounded.

*,0,p

Proof. The fact that ' C VMOA,, ,, follows from Proposition 2.1 and the trivial estimate
[ fnllgnon, , < 3|/l = 3 proves one of the implications in the remaining statement.

Now, let t, =1 —n"2,n € N. By (1.1) and the fact that fT Py,dm =1 for every b € D,
we have

1fn 000 = fal@)ll= = /n2 2770 (1= [oa(2)*) dA(2)
D
1

> /n%n—lw .

1—lal*t,
tﬂ,

Moreover, by the well-known asymptotics for the classical beta function, we have
1
n=2 "R /x"_l(l —x)dx + 0(2_\/?‘).
tn

This yields that

limsup || fn 0 04 — fn(a)HiI? z 1

n—oo

Finally,

sup | full, ., = sup limsupv(a) || fn © 00 = fu(a)ll g2 Z supv(a). O
n aeD n—oo aeD

2.1. Consequences of John-Nirenberg’s result

We begin by introducing the spaces BMO, , and VMO, ,. (Note that the following
representations are not standard and these spaces will only be used in this section.) We
define
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||f||*,BMOUJ, = Sup U(l - m(I))n(f’Lp)»
ICT

I arc

where
1
dm(z)
W Tp) /|f Gl
and my(f) == [, f( d;n(w) is the mean of the function on the arc I ¢ T. Now
BMO,, == {f € H” : | fll. s, < 20}
and

VMO, == {f €BMO,,: lim o(l—m(I)n(f.1,p) = o}.
"o
The following well-known results can be found in, for example, [1] (see also [8,10]).
If v < 1, then BMOA, , = BMOA,, 0 < p < oo and for 1 < p < oo, any of the semi-

norms || f|] is comparable with any of || f||, zumo, ,» 1 < ¢ <o0. The independency of

0,
the parametef p is, in the work of Baernstein ([1]), proved in the conformally invariant
setting, BMOA, making use of the group structure of Aut. This yields a better result
than the classical approach carried out in [8] and [10], which proves independency in the
Wy
when v < 1. It is, however, no surprise that stronger results can exist in the analytic

classical BMO setting and then apply the result that for a fixed p, ||f||, smo

setting compared to the measurable setting due to additional structure. When v is almost
increasing, we have the following results, pointed out in [6] by Dyakonov. (The weights
¢(t) in [6] and [27] are comparable to v(1 —t)~! for ¢ €]0, 1[.) The following proposition
contains [6, Proposition 2.6], but also some new crucial estimates for the proofs of the
main results.

Proposition 2.3. Let 1 < ¢ < p < oo and v: D =0, 00[ be radial. Assume vl [ is almost

increasing and there is an €g > 0 such that x +— v|j1(1 — x)a:%_ﬁo is almost increasing.
Then

BMOA, , = BMO,, and ”f”*,BMOUﬂ <opa.e0 1fllop-

Moreover, for R €]0,1]

sup U(]' - m(I))U(f» Iap) =v,p,q SUp ’U(]. - m(I))U(fa I’ q) S sup ’U(a)’y(fa a, q)
m(I)<R m(I)<R la|>1—R

(2.1)
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and for any Rpmo €0, 1] and Ra €]0, Remo/2], we have

2R4 \°
o0 (0.0) S s o1l L)+ v, ()
la|>1-Ra m(I)<Rsmo ' BMO

(2.2)
Hence,

VMOA, , = VMO, , and limsupv(a)y(f,a,p) =<upq.e Imsupv(l—m(D))n(f,1,q).

la]—1 m(I)—0

(2.3)

Note that if x + v|jo1[(1 — x)x%_e" almost increasing for some p = pg, it is almost
increasing for any 0 < p < py.

The proof is split into a few results and most of them can be found, in some form,
in [1,8] and [10]. The following proposition follows immediately from the proof in the
classical unweighted BMO setting (see e.g. [10, p. 73]).

Proposition 2.4. For 1 < p < 0o and infg¢)p,1;v(x) > 0 and all R > 0, it holds that

sup o(L—m(I))n(f.I,p) <2 sup wv(a)y(f a,p).
m(I)<R la|>1—-R
I arc

Furthermore,

Hf”*,ym z Hf”*,BMO,,m '

For the proof of [10, Theorem 3.1], a dyadic decomposition of T is used. To be able
to summarize the approximations made from the dyadic decomposition in the classical
fashion, the weight needs to satisfy an extra condition stated in [6, Proposition 2.6], the
fact that (v(1—t))~! need to be of upper type less than 1/p. In this work, the comparable
property found in [27] of almost increasing/decreasing is used. Inspired by [10, Proof of
Theorem 3.1], we have the following proposition, which includes a new, suitable estimate
for this work.

Proposition 2.5. Let 1 < p < 0o and v: D —]0,00] be radial. Assume there is an ¢y > 0
1
such that x +— v|jo1((1 — 2)x» ™ is almost increasing. Then

1 lls.p Svpco [1fll By, ,

and for any Remo €]0,1[ and a € D with |a| > 1 — Rpmo/2, we have

Remo

V(@ (f,a0) Sopee sup v =m(D)n(f, 1) + | £l syo, (2(1—|a|)> _
m(I)<Rpmo

(2.4)
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Proof. Let a € D and define Ji, k = 0,1,..., N to be the arc with center a/|a| and
m(Jy) = 2¥(1 — |a|), where N is the number such that m(Jy) < 1 < 2m(Jx). We also
put Jy4+1 := T. The relation between a and N is given by

1 1
N:N(a):max{nEZ:n<ln1_|a|m}.

We have T \ Jp = NH(J;C \ Ji—1) and hence, with the aid of Minkowski’s inequality
and a variant of [10, Lemma 3.2], we have

1

(/|f O P ()
< (o / £() —ma (F >|Pdm<z>);

N+1
| [ e -ma @t Paw)ant)

weJp_1
k=1 I\ Jk—1

For the integrals in the second term, we apply Minkowski’s inequality and [10, Lemma
3.4] to obtain

|f(z) =my (/)P inf P,(w) dm(z)) ’

weJp—1
Ji\Jk-1

< 2%n<f, Top) + 2i s, () — m (f)]

Furthermore, a variant of [10, Lemma 3.3] gives

k
|ka(f)7mJo | 277 f?‘]_jvl
j=1

yielding
1
N+1 YNt Lk
S| [ e -mal it Puwydme) | S, Y S > nhg)
=\, e k=1 27 =1
B\ Jrk—1
N+l
S;D ;n(fa ]7p)
P

<.
Il
—_
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1

v(@)m(Jo)»~ = v(1 = m(Jo))m(Jo) >~ Sy v(1 = m(J;))m(J;)¥ (2.5)
for every j =1,..., N + 1 by assumption, we have now obtained
1
P N+1

J176) = f@F P2 dm() | Sup 3 gago(t = mL)n(f. 1),
T

Jj=0

USlng U(l - m( )) (f7 ]7p) S ||f||*,BMO,U,p’ the ﬁI‘St Statementa Hf||*7v,p SMP,EO
I f1l. smo, ,» follows. For the second, fix Remo €]0, 1[. For a € D with [a| > 1—Rpwmo/2,

let Ny = NI( ) € [1, N] be the integer such that m(Jy,()) €]RBMmo/2, RBMmo]. Further-
more, using (2.5), we have

N+1 N+1

]- ]‘ —€pIVI
o@) Do nh i) So Y gt = mUnU TR S W o, 270N

j=Np ¢* j=N;

For |a| > 1 — Remo/2, we have now obtained

vla)(f.a.8) = of / 5) = F@F Pa(2) dm(2)
Ny 1 N+1 1
S D gt I Tp) Y S o= m(I)(f. )
7=0 i=N1
560 sup U(l - m(I))n(fa Iap) + Hf”*,BMOy » 27€0NI'
m(I)<Remo '
Using 2V (1 — |a]) = m(Jn, (a)) > 82 we can conclude that for any Remo €0, 1[ and

a € D with |a|] > 1 — Rpmo/2, we have

”(a)’Y(ﬁ a,p) Sﬂhp,Eo sup U(l - m(I))n(fa Iap)

m(I)<Remo

RBMO o
+ [If1l+,5nmo, , 2(1 —|al) o

Finally, the crucial ingredient for independency of p is a John-Nirenberg type result.
We have the following, inspired by [27]:

Lemma 2.6 (John-Nirenberg). Let 0 < R < 1 < M and f € LYT) with 0 <
I £1l. Brmo, , < oo- For any arc I C'T with m(I) < R and A > 0, we have

m({w € 1+ |f(w) = my(£) > XD £ m(D)VHe” masnomo 5
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The proof of Lemma 2.6 is the same as in [10, Theorem 4.1] (see also [8, Theorem
2.1]). Instead of considering the function f/ | fll, gumo, , as done in the references, one
should fix 0 < R < 1 and change the supremum in the denominator to only include arcs
I c T with m(I) <R.

We are now ready to prove Proposition 2.3:

Proof of Proposition 2.3. We begin by proving

I£1ls Brno,, Svr 1f1l Bro, , » (2.6)

which together with Proposition 2.5 and Proposition 2.4 implies the equivalence of norms
and that BMOA, , = BMOA, ; given the assumptions hold. Let f € LY(T) with 0 <
1f1l.5nmo, , < oo-Fix I C T and put R = m(I). Using Lemma 2.6 for the first inequality
and the fact that v is almost increasing, we get

_v(l-R)y i ) P
o(l = R)Pn(f,I,p)’ = m(})o/m({w e1:|f(w)—mi(f)] > A})dA
Spo(1— R [ ¢ nmni 0T gy
/

gp U(l - R)p ( sup n(fa171)>

m(I)<R

p
<o s o(t=m(Pn(f 107 < (1l s, ) -
m(I)<R '

and hence,

Hf”*,BMOvm S/U’p ||f||*,BMOU11 :

Moving on, given Rpmo €]0, 1], we do the same calculations for any arc with m(I) <
Rpmo to obtain

o(1=R)n(f,1,p) Svp sup vl —m(D))n(f,1,1) <  sup  o(l—m()n(f,1,1),
m(I)<R m(I)<Rpmo

yielding

sup  v(L—m(D)n(f,I,p) <vp sup  v(l—m(D)n(f,I,1).
m(I)<Rmo m(I)<Remo

Combining this with Proposition 2.4 proves (2.1). Concerning (2.2), given any Rpmo €
10, 1], pick R4 €]0, Rgmo/2] and apply SUp|q|>1-R, tO both sides of (2.4) in Proposi-
tion 2.5 and we are done. Finally, (2.3) follows immediately from (2.1) and (2.2). O
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The following proposition is a generalization of [10, Theorem 2.1].

Proposition 2.7. Let 1 < p < oo, v: D —]0, 00[ be radial and put ¢ = max{2,p}. Assume
1

v|jo,1] s almost increasing and there is an g > 0 such that x +— v|jg (1 — x)za ™ is

almost increasing. Then, for a given f € H(D), the following are equivalent:

« f€VMOA,,

o lime [|Tef — f”BMOU,p =0,
e f belongs to the BMOA, ,-closure of analytic polynomials,

where the limit is taken arbitrary inside D.

Proof. First, for all ¢ € D and f € BMOA, ,, the functions T, f € BMOA, , (see the
remark right after (1.1)). Furthermore, (T.f — f)(0) = 0. Let 1 < p < 00, ¢ = max{2, p}
and assume v satisfies the assumptions and ¢y > 0 is the ¢y given in the statement.
Then x — v, 1(1 - x)x%_eo is almost increasing and bounded. By Proposition 2.3, we
have VMOA,, , = VMOA, = VMO,,, = VMO, » with equivalent norms. It is, therefore,
sufficient to prove that the three properties are equivalent for p = 2. To this end, assume
f € VMOA,. If ¢ € T, it follows from the proof of [10, Theorem 2.1] that we can fix
0 < R small such that

sup o(1 —m(D)n(f = Tef,1,2) < sup vl —m(I)n(f,1,2)

m(I)<R m(I)<R
+ sup o(l—m(I))n(Tef,1,2)
m(I)<R
=2 sup U(l_m(I))n(fvjaz) <€,
m(I)<R

because f € VMO, 2. For any I such that m(I) > R, we can choose ¢, independent of
1
I, close enough to 1 so that ||T.f — f|| 4= < %. It follows that

v(l — R
sup o —mDTf — £.1.2) <o "I p - e <
m(I)>R R>2

and hence,

HTCf - fHBMOU,Q Se€

when ¢ € T is close to 1. Now, if ¢ = rwg € D,0 < r < 1,wy € T, we first note that
since f € H*

/AJmn:ﬂww4nn@xcemzeﬁ

T



D. Norrbo / Bull. Sci. math. 203 (2025) 103642 17

The reasoning used in [10, Theorem 2.1] combined with Minkowski’s inequality gives us
that for every 6 > 0

v =m(D)n(Tef = f,1,2) S sup  [[Tuwgwf — f|

larg w|<é *BMO. 2
+ [ P, dmlw)
larg w|>4

Choosing § > 0 small enough and wyq close to 1, the first term is less than e. By choosing r
close to 1, the second term is less than € and we have proved that f € VMOA, ,, implies
lime,q || Tef — f||BMOv)2 = 0, where the limit is taken arbitrary inside D. Assuming
lime1 |Tef = fllgmo, , = 0 an application of Proposition 2.3 yields

lim |T.f — =0.
i 7.5 ~ fllpyion, =0

By choosing ¢ € [0, 1[ close enough to 1, we have ||T.f — fllgyoa, < € Since T..f € H(D),
the function (T,.f)" € H(D) can be approximated uniformly in D by analytic polynomials,
and hence, the derivative of an analytic polynomial, say sup.cp [p((z) — (Te.f) ()| < e
Now, using formula (1.1), we have

IPo = (Tef)lmnion, < €(1+ supv(a)(1 = [al*))
ac
and we can conclude that f belongs to the BMOA,-closure of analytic polynomials.
Finally, any function in the BMOA,-closure of the polynomials belongs to VMOA,
according to Proposition 2.1. O

For the rest of the paper, it will be assumed v](g ;[ is almost increasing and (strictly)
positive. Using Proposition 2.4, another interesting fact about BMOA,, ; is the following
result by Spanne, [27, p. 594].

Proposition 2.8. If v|j,1 is increasing and fol —m(dt

=) is finite, then for every f €
BMOA, 1, there exists a constant Cy (depending on f) and 8¢ > 0 such that for r < 0y,

it holds that

r

ess sup ‘f(em) - f(e™)| < Of/

‘tl—t2|<7‘
0

dt
to(l—t)

For analytic functions, the statement above is not evidently as close to an if and only
if statement (compare with [27, p. 594]). However, under some additional constraints
on v, which will be present for the main results in this paper, the function defined in
Lemma 3.4 could be used to prove a counterpart to Proposition 2.8 (see Corollary 3.5).
Recall that BMOA,, ; only consists of constants if v(a) 2 (1 — |a])~¢ for any ¢ > 1 (see
e.g. [9, Theorem 1.2]).
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2.2. Some general Banach space theory
Let X be a Banach space and T' € £(X).

o A series ) x, C X is weakly unconditionally Cauchy (wuC) if >, l(z,) is uncon-
ditionally convergent, equivalently absolutely convergent, for all [ € X*.

o If for every infinite dimensional subspace M C X the operator T|pr: M — T(M) is
not an isomorphism, then the operator is said to be strictly singular (also called Kato
operator, [23, 1.9.2]).

o If for € > 0, there exists N, > 1 such that for every subspace M C X with dimension
greater than N, there is © € 0By such that ||[Tz|| , < ¢, then the operator is said to
be finitely strictly singular (this notion is used e.g. in [17]).

e Let M be a Banach space. The operator T fizes a copy of M if there exists a closed
subspace Y C X such that Y ~ M (isomorphic) and T|y is an isomorphism onto its
image T(Y) C X.

e Let M C X be a subspace. The operator T' is M-singular if it does not fix a copy of
M.

e The operator T is unconditionally converging if it maps wuC- series to unconditionally
convergent series.

e The operator T is said to be completely continuous if it maps weakly convergent
sequences to norm convergent sequences.

For a normed space X, the closed unit ball is given by Bx :={f € X : || f| y < 1}.
The following lemma is found in [24, C. II. Theorem 8.4’].

Lemma 2.9. Let X be a Banach space. If T € L(X) is not unconditionally converging,
then it fizes a copy of cg.

The first statement in the lemma below is found e.g. in [23, 1.11] and the other follows
more or less from the definitions.

Lemma 2.10. Let X be a Banach space. If T € L(X) is weakly compact or completely
continuous, then it does not fix a copy of co. Moreover, if T is compact, it is both weakly
compact and completely continuous.

By the bounded inverse theorem, we have the following:

Proposition 2.11. Let X be a Banach space and T € L(X). Then the following are
equivalent:

e T is strictly singular.
e For every e > 0 and every infinite dimensional subspace M C X, there is x € 0By
such that ||Tx|| 4 <e.
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For more information see, for example, [4] and [19]. Inspired by [18] and [14, Propo-
sition 6], we have

Lemma 2.12. Let Y be a Banach space on which, for every a € D, U(-,a): Y — [0, 00|
is a complete norm yielding the evaluation maps bounded. Then the norm |f| :=
supgep U(f,a) renders X CY a Banach space for some subspace X C Y.

Moreover, if (fn) C X is a sequence with || f,|| =< 1, lim|q—1 U(fn,a) = 0 for all n,
and for all 0 < R < 1, it holds that limy, o SUp|q<g U(fn,a) = 0. Then, there is a
subsequence (fn, ) equivalent to the standard basis for cy, and hence, the identity X — X

fixes a copy of cy.

Proof. Let
Xi={feY:|f] < oo}

Clearly ||-]| x := ||| is a norm on X. Let f,, be a Cauchy sequence in X with respect to
|-l x- Since || fl|x > U(f,a) for all f € X and (Y,U(:,a)) is complete, there is a limit g
in Y. Since the evaluation maps are bounded, the limit, g, is independent of a € D. For
all a € D, we have

U(g — fn,a) = lim U(fm — fn,a) < n}gnoo | frn — anXa

and since the right-hand side is independent of a € DD, we have proved that
limy, o0 || fn — 9llx =0 and ||g]| y <lim, o || fnllx < oo since (fy) is Cauchy in X.

For the second statement, applying the standard sliding hump technique to the as-
sumptions (see for example [14, Proof of Proposition 6]) yields that there exists an
increasing sequence (r) C [0,1] and a subsequence (f,,) C (fn) such that

sup U(fn,,a) <27F for all k, (2.7)

la|<ry

sup  U(fn,,a) <27k, for all k. (2.8)
la|>7k41

The sequences (r1) and (fy,, ) are obtained, by first choosing e.g. r; = % and then an el-
ement f,, such that (2.7) is satisfied, which is possible due to lim;,—co Sup|q< g U(fn, a) =
0. After that, we apply the fact that lim|q 1 U(fn,,a) = 0 to obtain 7 via (2.8) and so
on.

Now, let (t) € £°. For every a € D, there exists exactly one k, € {0,1,2,...} such
that

I7kos Tho+1]s ko > 0 and

a € Aky) = {[0, ) k. =0,



20 D. Norrbo / Bull. Sci. math. 203 (2025) 103642

On the one hand, condition (2.7) tells us that for a fixed a € D, it holds that U(f,,,a) <
27% whenever, k > k,. On the other hand, condition (2.8) tells us that for a fixed a € D,
it holds that U(fn,,a) < 27 whenever, k < k,. We can now conclude that for every K

1t6) o iufnknrntk sup<z S+ Z) (fan-0)

k=1 k>k k<kq

< [1(t)] 22‘ {1 |

= [)lloo (1 +sup [ fnllx)-

This is a characterization of (>, fn,) being a weakly unconditionally Cauchy series,
which is equivalent to ), tj fn, converging for every (ti) € co. The sequence f,,, is there-
fore, a basis, but not necessary Schauder. By the Bessaga-Pelczynski selection principle,
we can extract a subsequence (gi) C (fn,.), which is basic, and since wuC-property and
| frrllx 2 1 are inherited to (series of) subsequences, we have finally obtained a sequence
(9x) C (fn), which is equivalent to the standard basis of ¢g. O

The following lemma is well known.

Lemma 2.13. Let X be a Banach space and T € L(X). Then T**: X** — X** is weak*-
weak* continuous and .~ 1T**1 =T on X, where t: X — X** is the canonical embedding.

Lemma 2.14. Let 1 < p < o0 and v: D —]0,00[ be a radial function. Then
Sulg ||ch||BM0A,,,p = HfHBMOAvm :
ce

Proof. Let ¢ = rwo,wy € T,r € [0,1]. Using the fact that f(cz) =
J1 (Do f)(w) Pr(w) dm(w), an application of Minkowski’s inequality gives us

A1 = 500 0l /|f ¢2) — f(ca)l” Palz) dm(2)

1
P

< supu(a / /\ Tz ) (w) = (Twoaf)(W)[" Pa(2) dm(z) | Pp(w) dm(w)

T =

< sup v(awow) /|f Jawow)[? Paygw(2) dm(z)
a,weD

= ||f||*,'u7p :
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For the last inequality, we have approximated the integrand of the outer intergral by
its supremum, followed by a variable substitution z — zwow, and the fact that v(a) =
viow),w e T. O

We are now ready to prove the following result, which does mainly rely on fundamental
properties of weighted composition operators on Banach spaces of analytic functions and
a certain duality relation.

Theorem 2.15. Let v be an admissible weight. The spaces VMOAL* and BMOA, are
isomorphic. Moreover, if ¢ and v are such that vCy € L(VMOA,), then the domain of
YCy can be extended to BMOA,, and the extension Cg: BMOA, — BMOA,, is weakly
compact if and only if YCgslvmoa, is weakly compact if and only if YCy(BMOA,) C
VMOA,.

Proof. By Lemma 2.14, we obtain
su}g HTCfHBMOAU < Hf”BMOAU ,f € BMOA,.
ce

Since lim, - || T f — f|l = = 0 [5, Theorem 2.6] and 7). f € VMOA,, for every 0 < r < 1
according to the remark right after (1.1), we can use [21, Theorem 2.2] with X =Y =
H?/C and

L={Ly: frv(a)(fooa— f(a):¢€ Aut}.
The result is that (VMOA!)** and BMOA! are isometrically isomorphic, where
VMOA! = {f € VMOA, : f(0) = 0} and BMOA! = {f € BMOA, : f(0) =0}.
Now it follows that
VMOA* = (VMOA, &, C)** = (VMOA!)*™* &; C 2 BMOA! @; C = BMOA,,

where = stays for isometrically isomorphic and X 61 Y means the direct sum is equipped
with the norm f = [|([[flx , lflly )l -

Theorem 2.2 in [21] also yields that the corresponding isometric isomorphism is an
extension of the canonical mapping ¢: VMOA, — (VMOA,)**. Hereafter, let ¢ be the
extension. By the Banach-Alaoglu theorem (BVMOA;»«,U)*) is compact, and since §, €
VMOA7, we have that ¢: (Bgmoa,,70) = (Bvmoax+, w*) is a homeomorphism. Applying
Lemma 2.13 to the weighted composition operator ¢Cy € L(VMOA,), we get that
v MPCE i lvmoa, = ¥Cy and that 1~ T 1| g4, 15 T0 — 7o continuous. Since VMOA,,
is 79 dense in BMOA, and L_le';*d\/MOAU = ¢C,, we obtain TR, = YCy €
L(BMOA,).

Finally, Gantmacher’s theorem yields the equivalences. 0O



22 D. Norrbo / Bull. Sci. math. 203 (2025) 103642

Another equivalent statement of ¥Cy € L(VMOA,) being weakly compact is the
following [22, Theorem 3.2]: for every € > 0 there exists N > 0 such that

[0Cs fllsmon, < N Iflla2 +ellfllsvon, - f € VMOA,.

See [22, Corollary 3.3] for a similar result concerning the operators induced by the same
symbols acting on BMOA,.

A final remark is that, assuming Theorem 1.2 holds for (¢yCy € L(VMOA,), The-
orem 2.15 allows us to immediately extend it to operators (¢¥Cy € L(BMOA,) sat-
isfying the extra assumption ¥Cyslymoa, € L(VMOA,). In this case, we can add
YCy(BMOA,) C VMOA, to the list of characterizations of compactness given in
Theorem 1.2. It is worth noticing that there are weighted composition operators in
L(BMOA,) that are not an extension of operators ¥Cy € L(VMOA,), in other words,
there exists Cy € L(BMOA) such that ¥Cy|lvmoa, ¢ L(VMOA). An example of
an operator Cy € L(BMOA), which is compact due to Theorem 1.2, but for which
YCy|vmoa, ¢ L(VMOA) is obtained using ¢ = h € BMOA, (see Lemma 3.4 and its
proof) and ¢: z — z/2.

2.8. Some comments about the conditions concerning admissible weights

The functions g(z) = z¢, ¢ > 1/2 satisfy all assumptions except the global growth
restriction (G1). The functions

cecos(In(In(e+2)))

z (e+ 2) ,

where 0 < ¢ < 5= belong to H(Cp>1) and satisfy (G1) (it’s easy to see that its growth
along the positive real line is bounded by z +— 2°¢), but not the curvature restriction
(G2). The intuition for this function follows from the fact that it can be written as an
analytic staircase function F'(z) = z 4+ cos z composed with an analytic magnifier exp exp
from the left and its inverse Inln from the right to create the effect of a rapidly growing
size of the steps as z tends toward infinity along the positive real axis. Finally, the input
is translated for the function to have the right domain, and compressed from its linear
asymptotic mean growth to be dominated by a suitable root-type growth for condition
(G1) to hold. We have,

cecos(n(in(e+2)))

(e+2) — (exp (exp(F(In(In(e + 2)))))°

To see that the function does not satisfy (G2), consider 0 < b = a? < a <1 in condition
(G2). For condition (G2) to hold, it is necessary that (substituting a — 1)

cecos(ln(ln(e+a2)))

(e +a?)
sup < o0.

a€]1,00] (((e n a)2)cecos(ln(ln(e+a))) )2
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Moreover,

2
cos(n(ln(e+a™))) eeos(n(in(eta?))) _ cos(in(in(e+a)))

(e + a?)ce §
( ((e + q)2)cc "™ )2 ~ ((e+a)*)

For the above to explode as a — oo along some sequence, it is sufficient to prove that

lim sup cos(In(In(e + a?))) — cos(In(In(e + a))) > 0.

a—0

This can be seen from
1 2 a oo
cos(In(In(e + a*))) = cos(In(In(e + a)) + In M) X cos(In2 + In(In(e + a))).
In(e + a)
3. Some important lemmas

Lemma 3.1. Let g: [1,00[—]0, 00[ be an almost increasing function. We have

1

(975) (a—-at)) _ _ te(h)
sup 1 5 = sup 5

z,y€]0,1] (gﬁ) (1—my) t,z€)0,1] g (;)

One sufficient condition for the quantity above to be finite is that x +— xg(%) s almost

mncreasing.

Proof. Some elementary calculations yield

(975) ra -y -2 () a
< <1y— 7y)? ) T vt g (2) @ +yy>2'

sup
z,y€]0,1[ (gﬁ)

Put y = tx to obtain

w My, slg) ()
o9 (2) N+ 9)2) e X0t (1) \ 22 (14 0)?

z,y€]0,1[ 9
t
(1+1¢)2

( t ) sup  sup x 1 g(
(1 + t)2 7tG]l,oo[zG}(J,oo[ <<y g (%)

/N
= Q=

) o el)
6

x

= max{ su g (%)
= p sup 1
t€]0,1] z€]0,1[ g (_)

Since g is almost increasing, we have
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9 (3) ( t )
SUP  SUP Xpeg<l—rin | 75 | <g 1.
t€]l,00[ 2€]0,00] 0<e<s g (%) ( )2 J

Moreover,

—~
=

sup sup 9 () ( t )x sup ty i)
te)0,] zeloa] 9 (%) \(1+1)? taeloa] 9(2)

The weighted Bloch space will only appear in this section and it is here defined as
follows:

B, ={f e H(D): |fll5, = [£(0)] + Slellg(l — [2[*)o(2) | /(2)] < oo}

The following lemma is a trivial generalization of [10, Corollary 5.2] (see also [10,
Lemma 5.1]).

Lemma 3.2. It holds that
BMOAv’l c B,
and

IF5, < 1fleyoa, , » J € H' (D).

Proof. For f € H' we have

LF O < I f1l e -
Applying the above to f oo, — f(a) yields
11'(@)] (1= [af*) <~(f,a,1).

Multiply both sides by v(a) and take the supremum over a € D to obtain the result
(after adding |f(0)| to both sides). O

The following Lemma provides a relation between the main condition (G1) and the
weaker condition (G1’) used in Lemma 3.4.

Lemma 3.3. For an almost increasing function g : [1,00[—]0,00[ and p > q > 0, we have

1 1
sup zg(=)P <oo = ge€ Li(]1,0],darctan) = sup zg(—)? < oo.
0<z<1 T 0<z<1 x
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Proof. The first implication follows from

[e's) 1 1 q

g(z)? dx 7/ 1., dx 7/ _a 1,\7
/ 1422 g(x) 1+22 J*7 xg(x) 1422
1 0 0

To prove the second implication, it is proved that for any almost increasing function f
with sup;epy oot~ f(t) = 00, we have f ¢ L(]1, 00[,darctan). Since limsup,_, .t~ 1f(¢)
= 00, there is an increasing sequence (¢,) tending to infinity such that nt,, < f(t,) for
all n > 2. Furthermore, let N: N — N be an increasing function such that N (k) < k for
all k, limy, N(k) = oo and limy, tN(’“) = 0. Now, for large k (we can assume t; > 1),

]
S
5]

trny1 tn+1f(t ) & 1 1
3> v [y (L

/ 1 t2 b / B " (tn tn )

* "ot n=N (k) i
k
N(k t
Z Z t (thrl_tn)Z t( ) Z (thrl_tn):N(k) (1_tN—(k))

n=N(k) n+1 k+1 n=N(k) k+1

and the statement follows from letting £ — co. O

The function h in the following Lemma is the starting point for constructing the
test-function associated with 8(1, ¢, a) (see Subsection 4.2).

) such that g|1 .o is (strictly) positive and almost increas-
), allfunctzons f € BMOA, ; satisfy

1
2

Lemma 3.4. Let g € H(Cy>
ing. Then, for v(z) < g(=

1—|z|
£ (2) = FO)] Su,g 111, R(I2D), (3.1)

where

z

dt
e e

0

The constant is 1 if v(z) > g(1= ‘) Assume also that

(G1’) g € L?(]1, 00, darctan),
(G2) g(1/b) < g(a/b)g(1/a) for 0 <b<a <2 and
(G3) 19(2)| 2 9(|2]), 2z € Cpxy-

Then h. € BMOA,, ¢ € D with a uniform bound for the norm with respect to ¢, where
he(z) := h(cz). Moreover, for a fixed ¢ € D it holds that y(he,a,2)* Sy 1—|a], a €D,
implying h. € VMOA,.
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Proof. First, let f € BMOA, ; and z € D. By definition we have

/f’(t)d /f (12)dt] < |- |/ () 1_i_t|)||{)( Il 4

141,
< dt <, L h(lz]),
<lz |/ e 2 S Il D

[£(z) = £(0)|

where Lemma 3.2 gives the second last inequality.
Next, we prove that ||hcllgyvoa, S IPllgymoa, < 00, where ¢ € D. First, put

1 g(1/b)
C:= sup zx and M = su _
sup w9(p)” 0he s 9la/byg(1/a)

The constant C' is finite due to (G1’) and Lemma 3.3, and (G2) yields that M is finite.
For 0 < y <z < 2 we have

> > > 0. (3.2)
Yy

It follows that for all z,c € D, we have

1 1

_ 2 > _ R v
1= eslat oy > 760 - Flal= )
so that
e - (1 e Ly e MO (1~ () s
N = R Ay g ~9 |1 — ez '

Moreover, for ¢,z € D \ {0},

_ 1
L= (e/leel _ [L—eal |20~ ) 2(lel = D)
1 —cz| ~ |1—c¢z 1 —cz|] — |1 — cz|

For a € D and ¢ € D \ {0}, (1.1) together with the above estimates yield

A(hera,2)° |c\/|h ) (1 - |oa(2)2) dA(z)

(3.3) 1 —2 (1—lal)
S /g<1—z|> 11— (c/|c))z] |1 — az]? d4z)
D




D. Norrbo / Bull. Sci. math. 203 (2025) 103642 27
2

1
1 —
yJER
, 1—7 [1 —reit||1 — |a] rett|

where the last inequality is due to Hardy-Littlewood’s inequality on rearrangements (see
g. [11, Theorem 378, p. 278]). If |a| <

( ) (hma’ 2) Nvgg(l) 2 < OQ.

Henceforth, we assume |a| > % It is evident that

3 27 _9
1 1-—
sup v(a)z//g ( ) ( ) — dtdr <4 supv(a)*(1 - |al)
aeD ) 1—r 1 —reit||1 — |a| rett| aeD

and

1
2m—3

1 2m—
sup v(a)z/ /
acD

0 1

2
(1 —lal) 2
<1 —r) 1 - — dtdr < sup v(a)”(1 —|al).

—reft||1 — |a| re®| laleD

By (G17) together with Lemma 3.3 sup,cp v(a)?(1 — |a|) < oo. The symmetry of the
integrand with respect to t yields, it is sufficient to prove that

13
—2
1 1-
sup v(a)z//g(l_ > i(t laD) g didr <oo
1<lal<1 / r |1 —reit| |1 — |a| rett|
B

in order to establish h. € BMOA, with uniformly bounded norm with respect to ¢ € D.
To this end, since % < r < 1, using the estimate cost < 1 —12/3 when 0 < t < 1/2, we
have

1
2

dt 7/ dt
11— reit| |1 — |a| reit|” ) (1472 —2rcost)z (1 + |a> 72 — 2|a| r cost)

Ny .
Tz (ol +lal (1= )2 + (VIalh?)

and we can therefore conclude that

F 1\ 1
T p——
/Y 1—r 1 —reit||1 — |a|ret|
3
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1

1\ -2 dt
() 0/(rz+t2>5(<1—|a|+|a|r>2+< )"

A
O\MH

So/ / g@_ (2 + ) (<1—|a|1>2+|a|2 (r2+12)) e

Now consider the two integrals as a representation of an area integral over a square in R2.
We can get a larger integration area by considering a quarter circle in the first quadrant
with radius 1. Putting 72 + t2 = R? and r = Rcos 6, we obtain

//g (%>_ (2 +2)* (1 —T:|C)Z+ jaf? (r2 +12))

1 9 1 _2
1 // ( 1 ) dORdR < / ( 1 ) dR
= — g ~ 9\ 5 — 2 2
m) ) Rcosf R ((1 —la))? + |af? Rz) ) R (1—lal)*+R

where it has been used that g is almost increasing, cosf < 1 and |a| > 1/2.
It remains to prove that

1
1 2/ (1>—2 (1—|al)dR g(H)? bdR
sup g gl = = sup 3.4
j<tal<t (=) [\R) G- 30 yapEee O

is finite. Now since g is almost increasing on [2, oo[, we have

1\? 1\?
b> 2) <. g(=
e 9<b) NQ“’(R)
which yields

1

b
)’ bdR </ bdR </ dR =
2o+ R? ) PR 1+R2 4
0

(
(

3

b
/g
09

ev N ST
(e}

Finally, since

we have
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1

1 1
9(3)° bdr _ R\ bdR _ [g(R)?dR _
l 2b2+R2 ~ g Z b2+R2 — 1_|_R2 = Hg||L2 (]1,00[,d arctan) < 0.
b g R b 1

The remaining statement, that h, € VMOA,,, ¢ € D, follows from

(s a,2)° c|/|h ) (1~ [ou(2)2) dA(z)

S (1= al)(sup [W'(c2)")

(-2
sup | 5 dA(2)

1—az|?

= (1 —|a])(sup [P (c2)|*)

2
=) 32 < (1~ Jal)(sup [W(c2) ),
zeD 1

— |ar| zeD

o @\

where the last equality is true, because fT P,dm =1 for every b € D. We already
concluded sup,ep v(a)?(1 — |a]) < oo so we are done. O

In combination with Lemma 3.2, we have the following corollary, telling us that the
growth restriction of functions as approaching T is the same for functions in B, and
BMOA,.

Corollary 3.5. Under the assumptions of Lemma 3./ we have, for X = BMOA,, X =
VMOA, or X = B,,

E] E]

(&
Oz e <o.g 1+ H =1 =1 <1 .
16211 x+ =v.g (14 A(|2]) +/ 11 +/ 1— o)~ "1- |
0 0

Assuming (G2) in Lemma 3.4, we have the following result

Lemma 3.6. Let g : [1, 00[—]0, 0o[ be almost increasing and assume g(1/b) < g(a/b)g(1/a)
forO<b<a<1. Then, foraeD,

(o) &0 (i) (=)

Proof. It holds that

() &0 () o ()

To finish the proof, we apply a result for automorphisms of the disk (see e.g. [3, p. 48])

and the fact that g is almost increasing. O
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The next result is an estimate for comparison of evaluation maps at z and ¢(z) for
an analytic self-map ¢.

Corollary 3.7. Let g : [1,00[—]0,00[ be almost increasing and assume g(1/b) <

gla/b)g(1/a) for 0 < b < a < 1. If v(z) < g(%lzl) and ¢: D — D is an analytic
self-map, we have

6000 stons,, S (e {o (2900 1+ 101000 ) 1 onsons,

Proof. Let z,a € D. We have for 1 < p < oo,

10l = sup (00000 d)0) [foouod—(Foouod)0)

deAut Hr

N v(og 5(0
= suwp v((0,09)(0) |fod—(fod)0)]| < (ASUP M) 141, -
peAut Hr seaus v(9(0))
Applying Lemma 3.6 and the fact that i‘IZI = —1—, it follows that
~T+[a]
15 00ullp S v (o) £l @ €D, pe 1,00
*,p A~ yg 1 + |a/‘ *,p 0 9 9

Estimate (3.1) in Lemma 3.4 yields the last inequality below:
(o)) < (1F 0 all., + 7)) 15:lmons

S (1710 (Z5) 151 +17@) = SO0 ) 1. honons,

2|a
S (W lmon, mxte (21 ) 13+ 1 losion.., 101D ) 16 Iovion;, -

(3.5)

Let ¢ be an analytic self-map of D. Then o) o ¢ is an analytic self-map of D with zero
as a fixed point. It follows from the Schwarz Lemma that |o40) © ¢(z)| < |2| and by the
maximum modulus principle, it follows that ”5(%(@"@(2)”‘31\40%4} Seg ”5ZHBMOAZ,p'

From (3.5) we now obtain

050 f| = 1(f 0 9)(2)] = | (f © 00)) (@0) (6(2)))]
|

Sou Wlmon,,, (moxte (21500 13+ 160D ) oewonrco

216(0)
S o, (st (900 13+ 160D ) 16 honion;

BMOA?

v,p

and the result is proved. 0O
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4. The functions o and 3

It is time to introduce the test functions of unit norm g((f‘) and géﬁ )7 for a € D,
which are a key ingredient in the proof of the two main results: Theorems 1.1 and 1.2.
The conclusions in this section are made under suitable assumptions (see beginning of
Section 5).

4.1. The function «

For ¢ : D — D, a € D and ¥ € BMOA,, recall that

__v(a)
Oé(’d},d),a) - ’U(T(a)) |’l/)((1)| ||(;SCL||H2 )
where ¢q = 0g(q) © P 0 0q.
For a € D define

f(a)i N Ud)(a)(z) - ¢(a)

a @) P

and

£59(z)

gl 2z H<§77 z €D.
fa*

BMOA,

The important properties for these functions are that gt(la) € VMOA,, lim|g(q)|—1 ||g((f‘) Il g2
= 0 and their relation with the function «,

a(t,6,0) S (@) [9(@)(6 0 900 — gl 0(@)|| . aeD,
which will be used to prove that boundedness of %C, implies boundedness of
«a and B. Their relation with the function « is also crucial when proving that
lim supy, 1 @ (3, ¢, a) > 0 ensures Cy is not co-singular.

Using f¢§2)(z) = 0y(a)(2) — #(a), we have
() @ | 2
1 0 03(2) = FOG)] = oo 0 06(2) = 7400 (0)]

paf—1 @b b-dla) |

1—dla)p io@s 11— gla)bl—¢la)d

= |0 ssia) (2) — b—¢(a)

1—¢(a)b 1-— ¢(a)5
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)

Since fT P.dm =1 for every ¢ € D, we have

o (0,2 = O <1 RO

v(¢(a))? 1— ()b
(4.1)
_ o)’ ((1—|b2><1—|¢<a>|2>>
@@\ Lol pl? )
and hence, by Lemma 3.1
su (a) 2,,(p)2 su U(m)Q (1_1/2)(1_552) 0
supy(£a®, b, 20 ) %,ye%&my)?( 0= ) )< 4.2)

proving f{* € BMOA, for all @ € D and SUP,eD |\f,§°’)||BMOAU < oo. From (4.1) it

also follows that faa € VMOA,, and therefore also g,(l ») ¢ VMOA,. Finally, from the
equality in (1 1) it follows that 1 < ||fa HBMOA and using b = 0 in (4.1) now leads to

lim|g(4)|—1 195712 = 0.
Next, we proceed to the function 3, which should not be confused with what is usually
referred to as the g-function.

4.2. The function
For ¢: D - D, a € D and v € BMOA,, recall that

5(1/1, ¢, a) = ||6¢3(a) ||(BMOAU)* U(a)ﬁ}/(wa a, 1)

Corollary 3.5 yields that

1
)= (1 o(a)| dt ) .
/6(1/} ¢ »g ( + 0/ 1 —t ‘¢ | (17t|25(a)|) ’U(CL)")/(Q[}’ a, )

For a € D define

féﬁ):z»—>/ —1 / ola) dt ,2€D
J ey o) ) 0 i@t
and
(8)y2
g((lﬂ):z»—> (Atfa) , 2 €D.

(ﬁ) H
1
H( +f BMOA,
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The important properties for the functions g( ) are that géﬂ ) ¢ VMOA, and their
relation with the function [,

B(1,6,0) Sug v(a) |94 (9(@)|7(0,0,1), a €D, (4.3)

which will be used in a similar fashion to the a-case. Moreover, if BMOA, ¢ H*>, we
will need limjg(q)|—1 Hg((f)HHl =0 to hold.

Hereafter X = VMOA, or X = BMOA,,. From the remark right after (1.1), it is clear
that ga € VMOA,, because ( 56))2 = S¢(a)h2 (dilation of analytic function), where
|¢(a)| < 1. Moreover, since g is almost increasing

N el Pg(—

(1 —tl¢(a)g(

and hence,

1

1
1+/ | dt +/ |dt
1_”925 (1 t|¢(a)| 1_t|¢ (W)

0 f (4.4)
dt
<1+ / ' S
p L=t |¢ D9
from which an application of Corollary 3.5 gives us
(1 + fs”(6(a)))?

@+ 52| 2og =0 v 0@ - - (45)

x 8@l x-

The inequality in equation (3.3) in Lemma 3.4 followed by (4.4), yields

1

| dt
1+SUP‘f(’8) +/ a 1 Sv,g ‘
z€D 1 _t|¢ Ny (1_t\¢(a)|)

0

Similarly to the proof of Lemma 3.4, for every a,b € D we have

1 (@(a)z)| (1= |oy(2)[") dA(z)

A S ([
X ()D/g<1—|2|> |1—z||1—5z\2dA()

< [1d1ecan |-

’ 2

o@P (1 + P27 = ol o) [ [14 7@
D

Sv.g

Nvg’
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Combining with (4.5), we can conclude that

@+ 2927 = 1060l <o 18602 - (4.6)

As a consequence, (4.3) holds. Finally, concerning limg(q)|—1 ||g((Lﬁ)||H1 = 0, we can as-

B ’
Jfa "

By the Littlewood-Paley identity followed by the inequality in equation (3.3), we have
for a € D,

< 00.
2

sume limg ()1 H5¢(a)Hx* = 00, so it is sufficient to prove that sup,cp ‘

-2
5], = 0P [0 =@t a1z
D
< /79(1_|Z;(a)|)2 dA(z) 81110/79(1)_2 dA(z) < o0
'y 1~ 26(a) ' acby 1~ 26(a)

and we are done.

The reason for using the parameter 1 in the factor (¢, a, 1) of the function 8 (com-
pared to 2, which is used in e.g. [13]) is due to the restrictive connection between the
parameters p,q and v for the statements in Proposition 2.3 to hold, which is present
via (G1). On the one hand, if v(1, a,2) is used in the definition of 3, the application of
Holder’s inequality in e.g. (5.1) (see also proof of Lemma 5.4) would create quantities
involving the H*-norm. In this case, to be able to apply Proposition 2.3, we need a more
restrictive condition instead of (G1). On the other hand, it is essential to be able to
connect the y(¢,a, 1) factor in 8 with v(¢, a,2), for example, to obtain (5.15). This is
solved by the extensive Proposition 2.3.

5. Weighted composition operators on BMOA, and VMOA,,

Recall that an admissible weight v, is a function satisfying:
There is a g € H(Cy> ) such that g1 o is (strictly) positive and almost increasing.
Assume also that

(G1) There exists €y > 0 such that supy.,.; z g(2)?"* < oo,
(G2) g(1/b) < gla/b)g(l/a) for 0 <b<a <2,
(G3) lg(2) 2 9(l2]), 2z € Cy>1,

such that v(z) =< g(%m)
With these assumptions, v|j 1| is almost increasing, and a version of equation (3.2)
in Lemma 3.4 shows that

1l e

x> V|1 —x)z?
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is almost increasing for some € > 0. Moreover, since v is equivalent to a radial function
Proposition 2.3 yields that BMOA, = BMOA, 1 with equivalent norms. Moreover, due
to Lemma 3.3, the assumptions of Lemmas 3.1 and 3.4 are satisfied and the useful
properties obtained in Sections 3 and 4 hold. The results below, up to Corollary 5.6, are
inspired by [13, Section 2 and Proposition 4.1].

Boundedness of ¥Cy on BMOA, and VMOA, is characterized in Theorem 5.5 and
Corollary 5.6 respectively. Another standard but important type of result is Theorem 5.7.

Concerning the VMOA ,-case, some Carleson measure theory (Proposition 5.11) is
sufficient, due to the nature of VMOA,,, to prove that the function-theoretic condition
implies that 1C is the uniform limit of a sequence of compact operators (¥Cy composed
with dilation operators), see Theorem 5.12. A candidate for a sufficient condition for
YCy € L(BMOA,) to be compact is presented in Theorem 5.10. Although the structure
of the space makes the Carleson measure approach less fruitful, the unit ball Bpmoa,
is compact with respect 79. This allows another, classical, approach to be carried out,
namely, to prove that /Cy maps 7y-null sequences to norm-null sequences. Due to some
complications involving the weight v, no characterization is achieved in the general case
(see also Conjecture 3).

In all of the proofs to these results, Proposition 2.3 has a crucial part.

Lemma 5.1 ([15, Proposition 2.1]). There is a constant C > 1 such that

1f o ullgs < ClIfll g [Jull
for all f € H? and analytic self-maps v of D such that f(0) = u(0) = 0.
Lemma 5.2. For f € BMOA, and a € D, we have

[ ally
v(¢(a))

v(a)y(WCsf,a,1) < || fllzmoa, (04(1/1, ¢,a) +v(a) ¢ o oa —(a)ll e
+ B, ¢, a)>~
Proof. For a fixed a € D and f € BMOA, we have

V(WCof,a,1) = [ o0afopoos =1 o0aa(0)fodoaa(0)]
< l(a)lllf o dpooa— f(d(a)llg
+ (¥ o 0a —¥(a))(f o ¢ooq— f(p(a)))llm
+ [f (@)l o oq = (a)l g1 -

For the first term, we have
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Ifodoaa—f(¢(a)lly <Ifodooa— f(d(a)llye=]fo0s@oda—f(da),

Lemma 5.1 M

< q(f,0(a),2) o <
( ( ) )” a“H2 v(¢(a))
For the middle term, we apply Holder’s inequality and Lemma 5.1 to obtain

(60 00 = 6(a)(f © 60 00 — F(S))]
< 160 00 = (@) 12 1 © 6 0 00 = F(D@)] o)

£ 1l 1 Pall g

< l¥eow = (@l = s

For the last term, we have
|f(p(a)| [t ooa — ¢(a)||1 < H5¢(G)H(BMOA,,)* ”fHBMOA,,, 4 00q — ¢(G)HH1
and the statement follows. O

Lemma 5.3. Let g: [1,00[—]0, 00| be almost increasing,  — x g(L) be almost increasing

on 10,1] and v(z) < g(ljlzl). Let X = BMOA, or X = VMOA,. If yCy € L(X), then

v(a) [[(¥ 0 0 — ¢(a))

BMOA,, v(¢(a))

0(1.6.0) S [0 itz < 1ol vy

Proof. Invoking theory from Section 4 and using

v(@(a)(f 0 poaa — f{($(a))) = Tp(a) © b0 Ta = da,

we can conclude that

a(1,6,0) = SO 0@ 642 = () [0(@ (£ 0 600, 10,
< 0(@) |40 0ufi 0 b0 — v(@ I 0(a))| (5.2)
+0(@) (W oou—v(@)fV o do0n| -
For the first term, Lemma 3.1 yields:
o(@) [¢ 00 0 g0 0w —w(@ P (8(a))| ,, < [0Cor| o0
< 16Call e 15| o

Sv,g ||7/’Cd>‘|g(x) .
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For the second term, we have

o(a) |[oow— @) osoa| , <||fV esoa

o(@) [0 00 — B@) e _ - 01l
=2 o(0(a) = 25(#la))

Lemma 5.4. Let v be admissible and assume YCy, € L(X), where X = BMOA, or
X = VMOA,. Then

v(a) [[( o oq —1p(a))l 42

oo

So 1G], < 1¥Csll(x)- O

(@) [[¥ 000 — ¢(a)l g2 | Pall g2
v(¢(a))

B, 6.0) Sug [|0Cosl? || +alit6.0) + 7
S WCollx)
Proof. Theory from Section 4, Hélder’s inequality and Lemma 5.1 yield
B1:9.) Suy v(0) || (6(@) (¥ 0 00 = vi@))|
= 0(0)||(¥ 0 70)g) 0 6 0 70 — W@l (B(0))]

H1

+0(@) (@ 0 00 ~ (@) (67 (Bl0) ~ 9 0 90 )|

H1

+ (@) [|[v(@) (9 (9(@) ~ o) 0 60 7,)

H1

< et

(v(a) |9 0 00 — ¥ (@)l 2 l|Pall 2
v(¢(a))
ch¢1HBMOAU
v(0)

+

)

(8) H
Ja BMOA,,

Sv,g |WC¢||/;(X) + +04(7f1a¢7a)-

Lemma 5.3 gives the statement. 0O
Theorem 5.5 (Boundedness). For an admissible weight v, we have

¥Cy € LBMOA,) <= sup(a(y, ¢,a) + B(¥, ¢,a)) < oco.
a€eD

More specifically,

[¥Cel cqion,) < [¥0)] (1+A(S(O))) + sup (v, 6,a) + sup B(v 6, a),

ac

where
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Proof. Since [|¢]|, Sv.g 1Y, 1 < supgep B(¥, ¢, a), Proposition 2.3 and Lemma 5.2 yield

||¢a||2
v(d(a))

So,g sup (v, ¢, a) + sup B(1, ¢, a).

acD a€eD

b u(a) (VO 2) Sy s (a(w,¢, @) + o1l T B4, a>)
ace

I fllsmoa, <1 a€D

Moreover,

sup|(WCo)O)] < [(0)] [[5(0) | parons Sv.s [#(0) (1 +A(6(0)])

Iflemoa, <1

and we can conclude that
19Csl cnion,) S [$O) 1+ h(S(0)) + sup o ¢,0) + sup 51,6, a).
For the lower estimate, we have
[ (O)] (1 4+ h(|SO0)) Sog [(0)] + [(0)] g6” (6(0)) < [[¥Co1 I gpr0a, + @ Csgl”)(0)

Svg 1WCsll Broa,) »

after which Lemmas 5.3 and 5.4 yield the lower bound for [[Csll; gyoa,)- ©

Notice that the condition given in Proposition 2.3 is sufficient to prove that

¥Cy € L(BMOA,) <= sup(a(v,¢,a) + sup (¥, ¢,a)) < .
aeD acD

The following corollary can be compared to [13, Proposition 4.1] with a slightly dif-
ferent proof.

Corollary 5.6. For an admissible weight v, the following statements are equivalent:

e YCy € L(VMOA,)

e sup,ep(a(¥, ¢,a) + B(¥, ¢,a)) < oo and ¥,1¢ € VMOA,

° SupaED (04(1/% ¢7 a) + 6(1/17 ¢7 a)) < 00, '(/} € VMOA’U and hm\a|*>1 U(a)ib(a)’y(d),a, 2) =
0.

More specifically, if YCy: VMOA, — VMOA,, then

1G]l ccvmon.) =vg [¥(O)] (14 A(|$0))) + sup oy, , @) + sup B(v, ¢, a).
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Proof. Assume first /Cy € L(VMOA,). According to Proposition 2.1 the maps z — 1
and z — z belong to VMOA,, and by assumption, we can conclude ¢, 9¥¢ € VMOA,. By
Lemmas 5.3 and 5.4, we have sup,cp(a(¢, ¢, a) + 5(¢, ¢,a)) < co. On the other hand,
assume 9, ¢ € VMOA,, and sup,cp(a(y, ¢,a) + B(¢, ¢,a)) < co. Theorem 5.5 yields
YCys: VMOA, — BMOA, is bounded. All that is left to prove is that the codomain is
VMOA,. Proposition 2.7 yields it is sufficient to prove that any analytic polynomial is
mapped into VMOA,,. To this end, let f be an analytic polynomial. We have,

Y(WCof,a,2) < |[[(Y00a —t(a))fodoaally + [¥(a)(fodooa— f(d(a))llye-

Since f is bounded, for the first term we have

||('(/)OUU« —w(a))fo(bOO'QHHz < ”fHoo 7(%@’2),

and since ¥ € VMOA,,

Jm 0(a) (60 70—~ 0(@)f 0 60 02 = 0.

For the second term, using Lemma 5.1,

v(a) [¥(a)(f o dooa = f(¢(a)lg < aleh, ¢, a)v(d(a)V(f, #(a),2).

It is now sufficient to prove that for every sequence (a,) C D with lim, |a,| = 1 there is
a subsequence (ay, ) such that

=0 (5.3)

lilgn a(, ¢, an, )v(p(an,)) Hf ©0g(an,) — f(¢(a’nk)))‘

Since ¢(ay,) is bounded, there is always a subsequence, either entirely in a compact subset
of D or that converges to a point on T. If |p(a,, )| — 1 as k — oo, (5.3) follows from
sup,ep a(¥, ¢,a) < oo and f € VMOA,. If (¢(an,)) is contained in a compact subset of
D, we note that

[@all g2 = (|6 © 00 — P(a)]l = -

To conclude the proof, it is sufficient to prove that

lim w(a)ib(a) ¢ © 7 — (@) 72 = 0.

la]—

This follows from the fact that

P(a)||¢pooa = d(a)l g2 <[P o0adoaa—1h(a)(a)] g2 + (¢ 0 00 = ¢(a))d o aal|
<9, a,2) + (4, a,2)

and ¥, ¢ € VMOA,. 0O
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Concerning the proof above, the case where the denseness of polynomials is used is
when VMOA, ¢ H*, that is, when fol tv(‘i—tt) is infinite (see Proposition 2.8).

5.1. Compactness and related properties for 1Cy on BMOA, and VMOA,,

The test functions that are used in the following theorem can be found in Section 4.

Theorem 5.7. Let YCy € L(VMOA,) and v be an admissible weight (see beginning of

Section 5). If imsup|y )1 ((¥, ¢, a) + B(Y, ¢, a)) > 0, then YCy fizes a copy of co.
Moreover, in this case YCy is not unconditionally converging. Furthermore, the same

statements hold for wCy € LIBMOA,) if at least one of the following holds:

« BMOA, ¢ H>,
e ¥ € VMOA,.

Proof. Let (a,) C D be a sequence such that lim, |¢(a,)| — 1 and at least one of the
following holds: lim,, a(v, ¢, a,) > 0 or lim,, S(¢, ¢, a,,) > 0. If lim,, a(), ¢, a,,) > 0, then
Lemma 5.3 yields

> 0.

tim || Coaly)|

We can, therefore, by going to a subsequence if necessary, assume

> 0.

H%f ”¢O¢g,(1?l) BMOA

Now, one can apply Lemma 2.12, first for (g((f‘)) (recall || gé‘z)

smoa,= 1 for all n) and
then for (1/JC¢g((fii) to obtain the statement of fixing a copy of ¢y, where (ny) is the
sequence of indices obtained after the first application of Lemma 2.12.

Since (>, g((f;?(k)) is wuC, where (n'(k)) is the sequence of indices obtained after
the two applications of the Lemma, it is sufficient to prove that (3, z/JC¢g((;:?(k)) is not
unconditionally convergent, but since the terms are bounded from below in norm it can’t
converge in norm and we are done.

Similarly, if lim, a(¢, ¢, a,) = 0 and lim,, 3(¢, ¢, a,) > 0, Lemma 5.4 yields

>0

Hrllf “¢C¢g(g€) BMOA

If BMOA, ¢ H*, we can apply Lemma 2.12 and the statement follows in the same
manner as above. Else sup,cp [|02| x. < 0o, where X = VMOA, or X = BMOA,,. If
YCy|vmoa, € L(VMOA,), it follows from Corollary 5.6 that ¢ € VMOA,, in which
case lim,, B(¢, ¢, a,,) > 0 is impossible and we are done. O

The following proof is a standard procedure.
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Lemma 5.8. For any weight v yielding the evaluation maps f — f(z), f € BMOA,,z €D
bounded, the norm-closed unit ball Bemoa, %4 To-compact.

Proof. Since the evaluation maps are bounded, the unit ball is bounded with respect to

7o by the Banach-Steinhaus theorem. By Fatou’s lemma, we have for any 7g-convergent
sequence (f,) C Bpmoa, with an analytic function f as limit (defined on D),

||f||BMOAv < limninf anHBMOAl, <L

This shows that Bpmoa, is To-closed in H(D), because (H(D), 7p) is a Fréchet space. By
Montel’s theorem Bpmoa, is To-compact. O

Lemma 5.9. Given that v is admissible, for any analytic self-map ¢: D — D, we have

v(z) 2[6(0)] \ 7'
oL o) ~ (1 T |¢<o>> >0

Moreover, if 1» € BMOA,,, then

YCy € LBMOA,) = ¢¥Cy € L(BMOA),
(Y, ¢,a) Zu.g,6 (¥, ¢, a)Bmoa and B(Y, ¢, a) Zu.g.6 B, ¢, a)BmoA,
where the BMOA subscript stands for that v =1 is used.

Notice that B(1, ¢, a)moa is not the same as in [13] and [16].

Proof. Applying [3, Corollary 2.40], we have

1-16G)] 2 (1= DT

which gives (using (G2) with b = (1 — |z]) iﬁgggl" a=1-]z|)

o (=) =2 (im0 (=m) o (on)

Since v(z2) < g (1%‘2‘) the first statement follows. Now, we obtain

v(a)
v(p(a))

For the function 8, we apply Corollary 3.5 to obtain

a(i,¢,a) = (@)l ¢allpz Zv.g.6 V()] [[dall gz = (), é,a)BMoa  Va € D.
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|¢(a)l

dt 1 In r—8ay 166(0) lpatoan

5o oo 1+ | 2 2 B2
@) [l (BMOA,)* ~V.9 _ 1 ~v,9 ~v,9 s

| Tt = W6l = e (200

and hence,

H5¢>(a) HBMOA; v(a)y(¥,a,1) Zu.g.e Hdd’(G)HBMOA* (¥, a,1).

Finally, apply Theorem 5.5 twice, first for the weighted case, then for the unweighted
case to obtain ¥Cy € L(BMOA,) = ¢Cy € L(BMOA). O

Theorem 5.10 (Sufficiency for compactness). Assume v is admissible (see beginning of
Section 5) and that YCy € L(BMOA,). If in addition, at least one of the following holds:

(1) Cy € L(BMOA,) or
(2) vCylvmon, € LIVMOA,),

then limg(qy|—1(a(¥, ¢,a) + B(Y, ¢,a)) = 0 is sufficient to ensure Cy is compact on
BMOA, .

Proof. If v is bounded, the result follows from [13] and [16] (notice that (1) is triv-
ially true), so we can assume v is unbounded. The major part of the proof is similar
to the second part of [13, Proof of Theorem 3.1]. Let (f,) be a bounded sequence in
BMOA,, which converges to 0 with respect to 79 (converges uniformly on compact sub-
sets of D). By Corollary 3.5 and Lemma 5.8, it follows that the unit ball Bgymoa, is
To-compact. Since (f,) is contained in a 7p-compact set, it is sufficient to prove that
lim,, ||w0¢f”“BMOA,, = 0 to obtain ¥ C} is compact.

Similarly to [13, (3.17)], we have for any r €]0, 1]

”d’czﬁfn”BMoA W)( )fn( (0))| + \¢(SL;F> ’U(CL)’)/(@/JC(;sfn,a, 1)

+ sup v(a)y(¥YCsfn,a,l). (5.4)
[¢(a)I<r

The first term converges to zero, because f,, — 0 as n — oo w.r.t. 79. For the second
term, Lemma 5.2 gives us

sup 0(a)7($Cpfnra,1)
[¢p(a)|>r

Dall 172
LT — (a<w,¢, a) + o], 19alln
[p(a)|>r

v((a))

+ B, ¢, )>,

which yields
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lim sup v(a)y(¥C¢fn,a,1) =0
"L g(a)|>r

by assumption.
Therefore, for a given € > 0, we can choose r €]0, 1] large enough to ensure that

sup sup v(a)y(¥Cyfn,a,1) <e.
n|g(a)|>r

It remains to prove that for r €]0, 1] arbitrarily close to 1,

lim sup U(G)V(¢C¢fm a, 1) S €.

g (a)|<r

To this end, for the third term in (5.4), we have
sup  v(a)y(¥Cpfn,a,1) < sup v(a) [0 ga(fnodooa— fu(¢(a)ll
lp(a)|<r |p(a)|<r

+ sup (@) [fu(d(a)) ¢ 000 = P(a)] g1 -
|p(a)|<r

(5.5)

For the second term above (in (5.5)), we have

sup  v(a) | fn(0(a))| [t 0 00 — (a)ll g1 < sup |fu(2)| 1¥]lppon, — O,
|é(a)| <r erD

since lim,, f,, = 0 w.r.t. 79. Now, for ¢ € D and ¢ € [0, 1] we define
Foa:=foogoos— fu(d(a)) = fno0og@) 0 da = fn(d(a))
and
E=E(¢,a,t) :={w e T :|ps(w)| >t}
Following Laitila, let 5 < ¢ < 1 and note that by [13, (3.19)]

Fra(2) <2[¢a(2)] Supt | frn 0 0pa)(w) = fu(d(a))|, = €D with ¢.(2) € tD.

Jw|<
It follows that for a € D

Y|, +v(o 0, ¢,
”XT\EwOOGFn,a”Hl 5 H || U(v((a))a( a)

sup ’fn O O¢p(a) (w) - fn(¢<a’))

a lw| <t

)

and because Cy € L(BMOA,) and

(1 - |o(a)*)(1 —2|w|2>
=r

ooy (w)|* =1
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for |w| < ¢ and |¢(a)| < r, an application of Theorem 5.5 yields

lim sup v(a) HXT\E¢ ° JaFn,aHH1 =0,
"o lg(a)|<r

using lim,, f, = 0 w.r.t. 7.
In view of (5.5), all that remains to show is that we can, for 0 < r < 1 arbitrarily
close to 1, choose 0 < ¢ < 1 near 1 to ensure that

lim sup v(a)||xg¥oou(fnodoos — fu(d(a)))| gy <e
" g(a)|<r

Applying Holders inequality twice, we have

IX5% 0 alfn 0 60 70 = Fald(@Dlle < (Ixst o oall ) ([xm 0 02l )

Nl

1 1
< (Ixe¥ o oallg1)? (HFna||HZ>2 (”woann,a”Hz)
For the last factor, we have (note that [[¢||, = ||[¢Cyl||, < ||1/1C¢||£(BMOAv))

[ 00aFnallg2 < 1Yo 0afnodooa—t(a)fu(da))ly: + |fn(d(a)] ¢ oo —d(a)] g

L mony
— U(CL) " n{IBMOA,

0¢(a) H(BMOAU)* :
Next, we prove that there is a positive number M = M (v,%, ¢, (fn), 7, €) such that

sup  v(a) XY © 0all g | Fnall g Sy €+ M sup |[Ixedogally:.  (5.6)
|#(a)<r |#(a)|<r

Assuming Cy € L(BMOA,), Lemma 5.1 and Theorem 5.5 implies

a 2 1
[ Fnsall g2 < |0 0 060y = Fa(@(@)|| o | Gall g2 < _!ibycg) sup | fnllemon, Sv.e.(r.) z,(a))
5.7

and (5.6) follows.
Assuming ¥Cy|vmoa, € L(VMOA,), the fact that % <t <1 gives us

v(a) [[xev¥ o oall g1 < v(a) [[¢ 0 oadall
<w

(@) [(¥ 000 = (a))ll g + v(a)(a) [|Pall 2

and by Corollary 5.6, using

sup || @ally> Sr sup ¢ o ou —(a)l g,
|$(a)|<r |$(a)|<r
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we have
sup v(a) [[xg¥ © 0allg <€
la|>s
for some s = s(v,9,¢,r,€e) €]0,1[. Using the first two inequalities in (5.7), we can

conclude that sup,cp sup,, [|[Fpn.qll 52 < 00, and hence,

sup v(a) HXEQpOUaHHl ||Fn,aHH2 S-/vavd)v(fn) e+ sup v(a) ||XE¢°Ua||H1
[¢(a)|<r WJEI )S\i
a)|<r

Se€e+u(s) sup ||xEYooa| g -
l¢(a)|<r

Summing up, we have proved that

Ixev ooa(frnodooq — ful@(@)ly: See+ M |¢E°»u)1|o< IxEY 0 oall 1,

where <, depend on v, %, ¢ and (f,), and M = M (v,9,®, (frn),7,€).
The final part of the proof is to obtain

lim sup et 0 Gl = 0.
11 |p(a) [ <r e

Following the proof of [16, Proof of Theorem 2.1], we have that if ¥Cy, € L(BMOA)
and

lim 004)0a =0,
im0 0wl

then

lim sup |[xg¥oouly=0 Vrel0,1].
=1 g(a)|<r

By assumption ¥Cy, € L(BMOA,), and by Lemma 5.9 and Theorem 5.5 (see also [13,
Theorem 2.1], where a slightly different definition is used for /) the functions ¢ and
¢ in ¥Cy give rise to a bounded operator ¥Cy € L(BMOA) via the function-theoretic
characterization. Furthermore,

.y > @00l Wlmon, ¢

v((a)) v(¢(a))

and with the aid of Lemma 5.9,

[Ny

M)

Zo.g.6 (¥ 00a)dall g2 -
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Using the fact that v is unbounded, we conclude

lim 004)0q =0. O
i 60 02)6u
By turning via Carleson measure theory, it is proved that ¥Cy € L(VMOA,) is
compact given

lim (a (¢, ¢,a) + (), ¢,a)) = 0.

|a]—1
We will use the following variant of Carleson sets with center z, where 1 < |2| < 1:
S(z)={weD:0<1—|w| <2(1—|z|) and |Jargw —argz| < 27(1 —|z])}. (5.8)

This is not the standard definition, but these scaled, open sets serves the same purpose
as the classical ones when working with the measure p¢ in Proposition 5.11. It is clear
that the longest euclidean distance from the center of the Carleson set is the distance
to one of the corners away from the origin. Based on this, some elementary calculations
yield

1
inf |0 (w)| 2

1
. << (5.9)
weS(z) 1-— |Z| 2

The following proposition is a straightforward generalization of [13, Lemma 4.6] and
[8, Lemma 3.3].

Proposition 5.11. Let v be admissible and

dpg(2) = |f'(2)] (1 = |2%) dA(2).

We have
2
vz
R, = s P (s(e))
lslerdar L= 12l
Moreover,
1+ sup,eip.v(2)
1 lsyoa, So L sup | £(2)] + sup v(a)y(f, a,2). (5.10)
(1 — T)2 |z|<r la|>r

Proof. Let z € D with |z| > 3. On the one hand, we have by (5.9) and (1.1)

v(2)?
1=z

15 (S(2)) S v(=2)? / ol ()] 1£'(w)[* (1 = Jw|?) dA(w)
5(2) (5.11)

S v(2)*y(f,2,2)%.
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On the other hand, if we put

E, :=E,(z):= {w eD: ’w— é’ <2™(1 - |z|)},
and
N, :=max{n e N:2"(1—|z]) < 1}
we obtain forn =1,2,..., N,
S, = S(é (1 _onl(q |z|))) S E,, (5.12)

and therefore,

o=z ) s < (s )2,

1y
clerzap L = I¢]

We have sup,,cp |o.(w)| < (1 —|2[)~* and for n > 2 and |z| €]3, 1], we have

2—2n

sup  |ol(w)| S and sup [0l (w)] S1— |z
wEE,\En_1 1- |Z| weD\En,

Combining the above estimate with (1.1) after which the path of integration, D), is
partitioned into Ey, B, \ Ep_1,n=2,...,N, and D \ Ey, yield

v(2)*7(f, 2,2)* S

v(z) 2: |Z|”f<E” \ En-1)

N
E 2
17|Z|Mf( 1)—1—;’0(2) 1

+

v(2)*(1 = |2y (D \ En,)

<5%2>< - v<<fz|w(s(<))> (sz;v(l_zgj(?l_i |z>)2>

Clearly, for z € D with |z| > 1/2,

o©)?
v(2)%(1 — |2 < su
-l 5 (T

WEG)

and using (G2), we have

29—n
v(2)2 <ug9(27)27, m>2.

o(1-2m1(1 - \Z|))2 -
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To finish the proof of

2 v(2)?
Hf”*,v xvvg Sup 1— Mf(S(Z))7
et 1 =[]
we note that
2 [oe? [
29(2") 2" gg/ ——dr =< /g(m) darctan(z),
e
n=3 1 e

where the substitution z — Inz and i—;” = darctan(x) have been applied. Lemma 3.3

and (G1) yield that f:o g? darctan is finite.

To prove the last statement, let r €], 1[ and consider

|f||BMOAv5|f<o>|+¢ sup 2 uf<s<z>>+\/ sup 2 (5(2).

|z|€]r,1] 1- |Z|

Equation (5.11) proves that

v(2)® S < 2 2
sup pp(8(2)) < sup v(2)*y(f,2,2)".
slejrar 1 — |2l BESt
For a given z €]%,r[, S(z) \ 7D can be covered by a N = N(r,z) = inf{n € N : ll_j‘ <

n} + 1 number of Carleson sets, (S(z;))¥

j=1, where |z;| = r for all j. It follows that for
some jo € [1, N],

v(z)? v

(56 < 22 S (s + 2
T o7 = o] A

11|

p15(rD)

2 2
< 2N + "D [ (- ) aa()
rD
WA= r) o s (e)?
< o) — 2] 1= r/’Lf(S(ZJO)) + \Zl\lgpr” (2)] 1=,
v(z)? f(2)]* sup.cpo.nv(2)
Se s g |Z|Nf(5(z)) + S r—

where the Cauchy formula yields the comparison estimate between f' and f. O

Theorem 5.12 (Sufficiency for compactness on VMOA,, ). Assuming v is admissible (see
beginning of Section 5), if yCy € LIVMOA,) and lim|4(q)|—1(a (¥, ¢, a)+B(, ¢,a)) =0,
then ¢ Cy is compact.
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Proof. If v is bounded, the result is proved in [13, Theorem 4.3], hence, we assume v is
unbounded. First, we prove that if Cy € L(VMOA,), then

(a(, d,0) + B(, ¢,0)) =0 = lim (a(9), p,a) + B(1h, ¢, a)) = 0. (5.13)

lim
[¢(a)|—1 la|—1
Indeed, if (a,) is a sequence with lim, |a,| — 1, we extract an arbitrary subsequence,

also called (a,). If there is a subsequence (an,) C (a,) with limg |¢(ay, )| = 1, we can
conclude that

lim(a(y, ¢, an,) + B(¥, ¢, an,)) =0

for such a subsequence. If this is not the case, |¢(a,)| € RD for some R < 1, and hence,
by Corollary 5.6

hTILn a(% d)a an) S/U,(b,(an) hrrlnv(an)w(an) ||¢(an) - d’ ©0aq, ||H2 =0

and
h}ln B, ¢, an) Sﬂ},¢a(an) liTanU(an) ¢ o0q, — w(an)”HZ =0.

This proves that for an arbitrary sequence (a,) with lim,, |a,| = 1, every subsequence of
(a(¥, @, an) + (W, ¢, an))n has a convergent subsequence, with limit zero, which means
it converges to zero as n — oo.

We are now ready to prove that ¢Cy is the uniform limit (in operator norm) of the
compact operators YCy K,,,n € N, where K, := Ton, felz— f(nLJrlz)]7 f € VMOA,,.
The fact that K,, € L(VMOA,) is compact follows from the following: Let (fx) be a
bounded sequence in VMOA,, and fp be the limit w.r.t. 79 (convergence on compact

subsets) of some subsequence (fx/). Applying (1.1), followed by and the Cauchy formula
to estimate the f’ by f yield

k' =00
| K frr — Knfollgymoa, Svin 181 (frr — fo)ll oo —=5°0.
Although fy might not be in VMOA,,, the function K,, fo € VMOA, by the remark after
(1.1).

Continuing, for n € N, we have by Proposition 5.11, for every r €]1,1],

sup  [[(¥Cy — YCuKy) flIgpoa,
feBvMoa,,
1+ Susz]O,T[ U(Z)
v sup 5 sup |(¢C¢' - 'L/}C¢Kn>f(z)| (514)
fe€Bvmoa, (1—r)2 [z|<r

+  sup  sup v(a)y((YCy — YOy Ky)f, a,2).

fe€Bvmoa, |a|>r
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Furthermore, as in the proof of [13, (4.13)] for r €]i,1[ an application of Cauchy’s
integral formula yields

lim sup sup [(YCy —YCuK,)f(2)| = 0.

" feBvmoa, |z|<r

An application of Proposition 2.3 yields that for any Rpmo €]0,1[, Ra €]0, Remo/2|
and f € VMOA,, we have

sup  v(a)y((pCy —VC3Kp)f,a,2) Svey  sup  v(a)y((¥Cy — YCyKy) f,a,1)

\G\Zl Ra \G\Zl Rpmo
( >
v lzBMO

Combining this estimate with Lemma 5.2 and the fact that sup,, | K| zyvaoa,) < 00

+ (¥ Cy = Cs Kn) f|

yield

sup sup  v(a)y(WCy(I — K,)f,a,2)
fE€Bvmoa, |a|>1—Ra

o el )

Seco 50 (000 4 0(0) 60 0 = 900 500 + (4 6.0)
2R4 \°

+ch¢”£(VMOAv) <F1\/1[40) .

Using r =1 — Ry in (5.14) gives us

limsup ~ sup  [[(¢Cy = ¥CsKn) fllpyon,

n  fEBvMOA,

oo sUp (aw,«zs,a) T (@) [ 0 00 — (@)l e + 5(¢,¢,a>>

la|>1—Rpmo
2R 4 )60

+19Csll cvmon.) (RBMO

Since ¢ € VMOA,, by Corollary 5.6, letting R4 — 0 followed by Rpmo — 0 yield

lim sup ”77/1045 - ¢C¢Kn||L(VMoAU) SU,% lim sup(a(v), ¢, a) + B(, ¢, a)), (5.15)

la]—1
where the right-hand side, considering (5.13), is zero by assumption. 0O

Similarly to [13, Theorem 4.3], using Lemmas 5.3 and 5.4, we have the following
Corollary:
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Corollary 5.13. Assuming v is admissible, if YCy € LIVMOA,), then the essential norm,
is given by

1¥Csll, covmon,) = KGﬁ(i\?lg[OAv) [¥Cs — K|l £ (vmon.,)

K compact

= lim sup(a(v), ¢, a) + B(, ¢, a))

|a]—1

=< limsup(a (v, ¢, a) + B(¢, ¢, a)).
[¢(a)|—1

We end this section with showing that for many admissible weights, the function h
defined in Lemma 3.4 is not in VMOA,,. Therefore, VMOA, is a proper subspace of
BMOA,.

Proposition 5.14. If v is admissible and g satisfies the reverse inequality (G3), that is,
l9(2)] S 9(|2]), 2 € Cys1, then h € BMOA, \ VMOA,,, where

[ dt
hH/m

Proof. We begin by proving that h ¢ VMOA,,. Let a G]%, 1[ and S(a) be the Carleson
set defined in (5.8) and put S, = S(a) N aD. For z € S,, it holds that 1 — |z| > 1 —a,
|1 — 2| <1—a, and from (5.9), it follows that |1 —az|> < (1 — a)2. By the Littlewood-
Paley identity, (1.1) with p = 2 and the assumption |g(2)| < g(|z]), 2 € Cy>y1, we
have
2 2

QPO —of) s Js A0

(1 —a)?g(1=)? l-a

1—a

).

a2z [

2
Sa ‘1 - Z| ‘g(liz

2
)| 11— af?

We can conclude that

lim v(a)?y(h,a,2) 24 1,

a—1

proving h € VMOA,,. By Lemma 3.4 h € BMOA,. O
The condition |g(2)| < g(|2]), z € Cy>1 is trivially fulfilled for the standard weights,

g(z) = 2°,0 < ¢ < 1/2. The condition is also fulfilled for g(z) = (In(ez))¢, ¢ > 0. Indeed,
for z € C> 1 we have (In(e|z|)) = In(e/2), and hence,

(In(e |2)))* < |n(ez)|” < (In(e|2)))* + (7/2)* < (In(e |2)).
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6. Examples

This section contains some practical examples of symbols ¢ and ¢ making ¥Cy
bounded and compact on BMOA, and VMOA,,, where v is an admissible weight (see
beginning of Section 5). Before we proceed, we have the following useful lemma.

Lemma 6.1. Let v, be admissible. The weight

|a

w(a)v(a)(lJrO/(l_dtt)v(t)) aeD

satisfies supg. 1 xw(l — )27 < oo, where ¢g > 0 is given in (G1).

Proof. For a € D, (G2) gives us

where the substitution ¢ — (Ja| —¢)/(1 —t) was used to obtain the last equality. Further-
more, by (G1) we have

|al la|

dt (141 1
[ OGS Sraee [0=070 ) 5 (1= o)
0

[}

yielding

sup(1 — [a])w(a)*" Sy .60 sup(L — laf)v(a)* 0 + 1
acD a€eD

and we are done. 0O

Via the function-theoretic characterization of boundedness and compactness of ¥Cly,
it is clear that if ¢ and ¢ makes ¥Cy act in a bounded (compact) manner on VMOA,,,
then ¢Cy will act in a bounded (compact) manner on BMOA,, too. By Proposition 2.1,
VMOA, contains all analytic polynomials for any weight, v, satisfying lim,_; v(a)?(1 —
la|) = 0. Therefore, for polynomial symbols ¢ and ¢ for which sup,cp (¢, ¢,a) < oo,
Cy acts boundedly on VMOA, (and BMOA,). More is true, let ¢ = ¢; and ¢ = ¢
be two fractions of polynomials, where the denominators have no zeros in D. By (1.1),
it follows that [|gjllgyoa, =g, [IPillppoa, for some polynomials p;, j = 1,2 for any
admissible weight v. It also follows that q1,q2,¢1g2 € VMOA,,, and by Corollaries 3.5,
3.7 and Lemma 6.1, limq1 B(q1,92,a) = 0. All that remains for boundedness and
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compactness, is to prove that sup,cp @(q1,q2,a) < co and lim|g, q)—1 (g1, g2,a) = 0
respectively. Note that limg, 4)|—1 @(q1, g2, @) = 0 grants boundedness. This follows from
g2 € VMOA,, ¢1 € H*® and

sup |[(@2)allpz = llg2(a) — g2 o 0ull g2, 0 <R <1
a2 (a) | <R

It is worth noting that if |g2(n)| = 1 for some n € T, the continuity of ¢, ensures there
is a disk D :=n(c+ (1 —¢c)D), 0 < ¢ < 1 such that lim[y, 41 @(q1,g2,a) = 0, where
the limit is taken outside the disk D.

Turning our attention to the multiplication operator My : f — ¢ f, Corollary 1.3
yields it is bounded but not compact on X = BMOA, or X = VMOA, (v admissible),
for any ¢ € H* NBMOA,, \ {0}, where w(a) = v(a) [|6a]| x)- ;@ € D. It is worth noting
that the product of admissible weights is admissible if and only if (G1) is satisfied for
the product. Moreover, by Corollary 3.5 the admissible weight

wi(a) :==v(a)ln %M, aecD (6.1)

dominates w yielding BMOA,,, C BMOA,,.

Another interesting fact is the following result concerning the composition operator
Cy. Let v be an admissible weight. Assume 9 € X, where X = BMOA, or X = VMOA,,
and ¢ is a self-map of I, continuous on D. If YCy: X — X is a bounded (compact)
operator, then for every n € N, Cyn : X — X is bounded (compact). To this end, since
v is almost increasing, (G2) yields

v(a") Sov(a) Sog U(l _1=ld )v(a") Sov(l— l)v(a”), aeD,neN. (6.2)

1—|al" n

Furthermore, put ¢y := €p/(2(1 + €9)). By Lemma 6.1 and Corollary 3.5, we have

limsup(1 — |a)' v (a)? |64/ %. = 0. (6.3)
|a]—1
We will establish
1™ allzze Sn (1= 1aD)' = + l|gallZe (6.4)

and after multiplying both sides of (6.4) with v(a)?y(a)?/v(¢(a))? (6.2) yields

(1 —laD)~*v(a)*)(a)?
v(¢(a))?

In view of Theorems 1.1 and 1.2, the statement concerning boundedness follows from

a(¢7¢n7a)2 S,n,v,g Jroz(i/),qﬁ, 0)2-

taking the limit |a| — 1 together with (6.3), and compactness follows from considering

()] = 1.
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To prove (6.4), let n € N and r €]0, [ be small enough so that for a € D with
la| > 1 =71, |¢(2) — ¢(a)| < 545 for every

2 € J(a) = {w eT: ‘w - _|‘ <201- |a|>co/2}.

Furthermore, sup,cr\ jo) Pa(2) < (1 — la|)1=¢. Tt follows that for |a| > 1 — r and
z € J(a), we have

n—1 n—1 n—1
;Om%w - };M%(a)’“ < 2 164() — o@)] < n* o) - dla)l < 5 (69)
and hence,
oa)" — o |
n 2 a)” —
1@l = T/ AL P
ne1 T 2
S oo 4 [ | Zimtlalor ¢<a);¢| Pydm
iy | iz o(@)y ok | |1 ola)
2
©5) . n o(a) — ¢
< (1—la)t= + —| P,d
ol J({) i lo(a)” = 5 1—¢(a>¢>| "
2
_ 1—co 2 P(a) — ¢ _ 1—co 2 2
<(1-1lal) + 4n rﬂ/ | s0e Pydm < (1 —al) +4n® || da ||z -

(6.6)

The following partial complement to (6.4) can be proved using similar calculations to
(6.6): If we only consider sequences (a;), with inf; [¢(a;)| > 0, then

[a, 52 Sncotan (1= lagD = + (@)a, [ 772 - (6.7)

If (D) C bD for some 0 < b < 1, then by Corollary 3.5

a(, ¢,a) =y [P(a)|v(a) ¢ 0 00 = d(a)l gz Sy In ﬁv(a) 6000 —pa)llp

1

and

5(%@ a’) =b U(a) H/w 00q — w(a‘)HHl :

It follows that if ¢ € VMOA,,, N H*, then ¢ can be scaled to grant that the operator
YCy: X — X is bounded (compact) if ¢ € X, where X = BMOA, or X = VMOA,,.
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Since wy is admissible (see (6.1)), the remark right after (1.1) yields many examples
¢ € VMOA,,, N H*, e.g. a dilation of an analytic function.
Recall that a Blaschke product is a function of the form

where m = 0,1,... and (b,) C DU {1} \ {0} is a sequence satisfying > (1 — |b,]) < 0o
([5, p- 20]). An interesting fact is that an infinite Blaschke product (b, # 1 for infinitely
many n) as the symbol ¢ gives rise to a bounded composition operator if and only if
v < 1. When v =< 1, the statement follows from a(l,¢,a) < |[¢q|l gz < 1. When v is
unbounded, let (a,) C D be the zeros of ¢. Since for every a € D, the functions o4(q)
and o, are automorphisms on T and ¢ has a modulus 1 a.e., it follows that ||¢4| = 1 for
all @ € D. Moreover, v(ay,)/v(¢(ay)) = v(a,)/v(0) = 0o as n — oo, due to lim, |a,| = 1,
resulting in sup,cp (1, ¢, a) = occ.

Next, we consider the polynomial ¢(z) = 1J2rz,z € D. To see that it is bounded, it is

enough to prove that

lim sup a(1, ¢, a) < oo,
|¢(a)|—1

which is the same as

limsup a(1, ¢, a) < cc.
a—1

In [13, Example 5.1], J. Laitila showed that

1— af”

2 J—
||¢CL||H2 - 2(1 . §Ra)

Since |¢(a)| > |a| for a € 1/2 + (1/2)D, we have for these a € D, v(a)/v(¢(a)) < 1.
It remains to examine the tangential limits a — 1, that lie outside this disk. These are
a € D near 1 for which Ra < |a|®. Using this and (G2), we have

1 1@ =1~ 1+ Jaf* + 2Ra) < 2(1 — Ra)

e~ w

and

O e IR WP R B e
(@) "7 o(pa)) ~° (1 1—|¢<a>|2)5” (1 41—|¢<a>|2>
1
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It now follows from (G1) that

v(a)

sup a(l,¢,a) = SUp @) [@all g2 < o0 (6.8)
proving Cy: VMOA — VMOA is bounded. Considering the limit ¢ — 1 along the real
line together with Lemma, 5.9, it is clear that Cy is not compact.

Let ¢(z) = 42,2 € D and ¢(z) = 1 — 2,z € D, which makes M, € L(VMOA,)
in accordance with Proposition 2.1 and the discussion above. In [13, Example 5.1], J.
Laitila proved that ¢Cy acts as a compact operator VMOA — VMOA although neither
My nor Cy is compact. This example works in the same manner on VMOA,,. All that
remains to prove for this statement is that ¢Cy4 is compact on VMOA,. From the first
paragraph after the proof to Lemma 6.1, it is sufficient to prove that

lim o (¢, ¢,a) = 0.
a—1
This is true due to (6.8) and
Ol(d% (ba CL) = |1 - a| Ot(l, ¢a CL).
7. Proof of main results

Proof of Theorem 1.1. Theorem 5.5, Corollary 5.6 and Corollary 3.5 yield the state-
ments. 0O

Lemma 7.1. Let X = BMOA, or X = VMOA,,, where v is an admissible weight (see
beginning of Section 5). It holds for vCy € L(X) that

=0 = limsup a(¢),¢,a) =0,

Cy is compact = limsu H Cyfl®)
v ! b [ Cel BMOA., l¢(a)|—1

|p(a)| =1

where
(@) 2

Proof. Note that C' := sup,¢p ”fC(La)HBMOAU < 00 by (4.2) and Y Cy|cpy is always 19—
continuous. If X = BMOA,,, Lemma 5.8 yields (CBx,7p) is compact. Now, [2, Lemma
3.3] proves the first implication, noting that for every 0 < R < 1

(@), R(1 — |¢(a)|*)
O B e TR

sup
[z|<R

and hence, £ = 0 w.r.t. 7o as |¢(a)| — 1. On closer inspection, the use of Bx being
compact w.r.t. 7y is redundant for the implication used above. Indeed, if 1/C is compact,
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K = wC(b(CBX)H.HBMOA” is compact and by a standard argument, the norm topology
induced by |||lgproa, Testricted to K is equivalent to the topology on K induced by 7o.
Therefore, the first implication also holds for X = VMOA,,.

Concerning the second implication, the boundedness of ¥)Cy ensures sup,cp 5(¢, ¢, a)
< oo and Y € BMOA,,. If v is unbounded, Lemma 5.3 gives the second implication. If v
is bounded, Lemma 5.3 combined with [13, (3.10)] gives the implication. O

Proof of Theorem 1.2. In the following, Theorem (*) means either Theorem 5.10 or The-
orem 5.12 depending on if 1Cy is operating on BMOA, or VMOA,,. The statements are
proved as follows:

5

-
A

Theorem (*¥)  Lemma 2.10 (2) (2) Lemma 2.10  Theorem

B = ) = m = § = @ = @)

and

Lemma 2.9 Theorem 5.

5.7
1) = (6 = ¢
followed by

[17, pp. 120-121] Def. Def.
1 = O = 6 = @.

Lemma 7.1 connects (9) with the rest of the equivalent statements in the first list.
Theorem 2.15 together with the rest of Subsection 2.2 proves the equivalence of (2),
(10) and (11). O

The only implications in the proof that do not hold for an arbitrary bounded operator
on a Banach space T' € £(X) are the ones involving (8), (9). The implication (5) = (4)
holds in general, which can be seen using the standard basis of ¢y as a wuC series, which
does not converge unconditionally.

To finish the section, some open problems and conjectures are gathered.

Conjecture 1. The condition z — v(1 — a:)a:ifE is almost increasing for some € > 0 can
be replaced by the milder assumption inf,¢jo,1;v(2) > 0 in Proposition 2.3.

The problematic part is Proposition 2.5. An initial idea is to apply Baernstein’s
approach. However, instead of Aut being a group with respect to composition, a straight-
forward approach would demand that

{6 € Aut: |9(0)| = R}

is a group, which is not true (it is not closed under composition). The binary nature
of integrating over an interval (integration over T with the binary function x) allows
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Lemma 2.6 and the very beginning of the proof of Proposition 2.3 regardless of a strictly
positive weight v. In the conformal setting (integration over T with the Poisson kernel
P, as a weight) an unbounded weight v complicate matters.

Conjecture 2. There exists an increasing, radial (not admissible) weight v: D —]0, 00|,
¢ € Aut and f € BMOA, such that f o ¢ ¢ BMOA,,.

A direct approach yields that this is the same as proving that there exists qAﬁ € Aut
and f € BMOA, such that

RCI0)

acD U(CL)

v(a)y(f,a,2) = oco.
Examining the quotient % , we have the following: Using v(z) = g(ﬁ), for some

increasing unbounded function g: [1, 0[]0, oo[, the automorphisms ¢, := o _ Ji—e 0<
c < 1 yield

~

Pc(a)

1 :g<‘1+\/1—ca’2>
’2 c(1 - la]*)

>g<%1_1| |2>7 a €]0,1]. (7.1)

1—

For any increasing unbounded function G: [1,00[— [1,00[ of any growth rate, we can
create a continuous g, dominated by G, as follows: Let zp = 1 and g(z) = 1 for all
x € [xg, 1], where 1 > xg is a point where G(z1) > 1. On [z1,21 + 1] we define g
to increase to the value G(z1 + 1). Define g to be constant for all x € [z1 + 1, 23],
where o > 1 + 1 is such that G(z2)/G(x1 + 1) > 2. Continuing this process we obtain
a sequence (z,), with the property that G(z,+1)/G(zn +1) > n+ 1 for all n and
([n,xn + 1)n U ([tn + 1, @nt1])n is a partition of [1, co[, where g is increasing on the
first family of intervals and constant on the latter. Moreover, as x > 1, the function g is
increasing, unbounded and satisfies

9(2x,)  g(2xy) < g(1+x,) < G(zy)

g(zn)  g@n1+1) T glep1+1) T Glan1+1) ~

for all n. In combination with (7.1), it follows that such a weight, a — %

is unbounded on [0, 1[. The remaining part would be to find a function f such that
limsup)q|_,; v(a)y(f,a,2) > 0 if such exists. It would also be interesting if one could find
an analytic function g satisfying the desired properties. Notice that if v increases too
fast, then the space consists only of constant functions, in which case composition with
an automorphism will not change the function at all. Recall that if v(a) > (1 —|a|)~(1+¢)
for any € > 0, then BMOA,, consists of constant functions.
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Conjecture 3. We can drop the assumption in Theorem 1.2 that at least one of the
following is true:

(1) Cy € L(BMOA,), and BMOA, ¢ H*> or ) € VMOA,,
(2) ¥Cglvmoa, € LIVMOA,).

This extra assumption is only needed in Theorem 5.10 and Theorem 5.7. Being able
to remove it would yield a complete characterization of e.g. compactness of yCy €
L(BMOA,) for admissible weights.

Conjecture 4. Given an admissible weight v (see beginning of Section 5), all analytic
polynomial symbols ¢: D — D make Cy bounded.

In section 6, a few examples of polynomial symbols rendering Cy bounded are given.

Conjecture 5. Given an admissible weight v and X = BMOA, or X = VMOA, such
that X is not contained in H°°, it holds that

sup [|8ga)| o V(¥ 0. 2) So,g,0.6 5D [|04(a)[| - 7(¥,a,1) and
aeD acD
and
limsup ||6p(a) || o YW, 2) Svgape imsup ||6ga) || . 7(¥, a,1).
|¢(a)|—1 |¢(a)|—1
If X C H* Proposition 2.3 yields the statements above.
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