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Abstract
Trends of essential climate variables are often estimated from climate data records to 
quantify changes in the Earth system. An understanding of the uncertainty in a trend is 
essential for accurately determining the significance of a trend and attributing its causes. 
Despite this importance, trend-uncertainty estimates rarely account for all known sources 
of uncertainty. Common approaches neglect measurement-system instability or neglect the 
impact of natural variability on trend uncertainty. Such neglect can result in over-confidence 
in trend estimates. This study addresses trend-uncertainty assessment, particularly the need 
to account for the combined effects of measurement instability and natural variability on 
the trend uncertainty. The study presents a novel, unified framework for trend estimation 
that combines available measurement uncertainty information with empirical modelling of 
natural climate variability to achieve a more accurate uncertainty estimate. The framework 
is demonstrated for a time series of global mean sea level observations, obtaining more 
realistic trend-uncertainty values. The framework is applicable to most other climate 
data records. Adopting this approach will enhance confidence in climate change analysis 
through more accurate trend-uncertainty assessment in climate studies.

Keywords  Trend estimation · Uncertainty · Climate data records · Essential climate 
variables · Natural variability · Measurement errors

Article Highlights

•	 Approaches to assessing the uncertainty of trends estimated from climate data records 
overlook some uncertainty sources

•	 This study proposes a more complete trend uncertainty assessment by unifying current 
approaches

•	 The proposed approach is employed to quantify the uncertainty in the global mean sea 
level trend accurately
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1  Introduction

Analysing trends in geophysical time series is a fundamental means of quantifying changes 
in the Earth system (Yang et  al. 2013). Trends reflect geophysical processes arising 
both naturally and from anthropogenic forcing. The estimation of trends is critical to 
understanding and monitoring the impacts of human activity on the Earth system, and to 
assessing the resulting hazards for our societies (e.g., Intergovernmental Panel on Climate 
Change 2021; Thompson et  al. 2015). Trends in essential climate variables (ECVs) 
evaluated from climate data records (CDRs) are used when testing climate models, such 
as those contributing to the Coupled Model Intercomparison Project (CMIP) (Eyring 
et al. 2016; Meehl et al. 2007), and in quantifying Earth’s energy budget and water cycles 
(Meyssignac et al. 2023; Rodell et al. 2018; Dorigo et al. 2021). Trend analysis supports 
many societal services, from agriculture and food security to public health and disaster 
preparedness, and informs adaptation and mitigation strategies (Lobell et al. 2011; Watts 
et al. 2018; Rosenzweig et al. 2011).

Given their importance, trend estimates should be provided alongside realistic values 
of their uncertainty at a desired confidence level to ensure robust interpretation and 
decision-making. Without proper uncertainty quantification, the statistical significance and 
importance of trends may be misinterpreted, which risks undermining their credibility for 
both science and policy. The challenge for trend analysis is to separate long-term changes 
from natural climate variability and observational effects. Natural climate variability, 
arising from the chaotic component of climate dynamics, can obscure long-term trends 
and complicate their estimation, particularly at regional scales (Hawkins and Sutton 2009; 
Deser et  al. 2012a; Maher et  al. 2020; Yip et  al. 2011). Observational limitations may 
include noise (i.e., random independent errors) and structured errors, such as step changes 
in measurement bias, long-term calibration drift or aliasing effects due to inconsistent 
temporal sampling (Merchant et al. 2017; Mudelsee 2014). The impact of these factors on 
trend estimation should be reflected in the associated trend-uncertainty estimate. Yet, there 
is no widely implemented approach for properly assessing the effect of both natural climate 
variability and observational limitations on trend estimates.

Trends can be determined using various trend estimators: parametric or non-parametric, 
linear or nonlinear (Mudelsee 2019). Irrespective of the estimator, two general approaches 
to trend uncertainty assessment have been employed for Earth science applications, namely, 
a measurement uncertainty-oriented approach and, more commonly, a time-series analysis-
oriented approach. These approaches mainly differ in their assumptions about sources of 
uncertainty. Measurement uncertainty-oriented approaches seek to quantify the dominant 
effects (sources of error) that arise within and propagate through the data-processing chain, 
and which affect the values in the CDR (Merchant et al. 2017; Ablain et al. 2019; Mittaz 
et al. 2019). The measurement uncertainty (or error covariance) information thus obtained 
may be propagated through any trend estimator to evaluate the trend uncertainty arising 
from measurement uncertainty. Alternatively, time-series analysis-oriented approaches 
attempt to characterize the uncertainty solely from the empirical modelling of the post-fit 
residuals, that is, from the discrepancies between the fitted statistical model and the time 
series (Mudelsee 2014; Franzke 2012; Hughes and Williams 2010; Harris et al. 2019). In 
trend-analysis software, the time-series analysis-oriented approach is often built in.

Either of these approaches may (and, in general, will) miss significant components of 
trend uncertainty. The measurement uncertainty-oriented approach does not account for 
the uncertainty in trends arising from natural climate variability because that variability 
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is a property of the quantity of interest and not of the measurement. On the other hand, 
by analysing post-fit residuals, the time-series analysis-oriented approach can account for 
the combined influence of natural climate variability and some structures of measurement 
error, but does not account for trend uncertainty arising from any structure of measurement 
error (such as calibration drift) that can be absorbed by the statistical model.

Here, we propose a unified framework for trend-uncertainty assessment that combines 
the measurement-uncertainty-oriented and time-series-analysis-oriented approaches. Using 
this framework, components of trend uncertainty are not omitted, and more realistic trend 
uncertainty estimates are obtained. The framework is demonstrated for the analysis of a 
global mean sea level (GMSL) time series. Nonetheless, the framework is applicable to 
many other ECVs, and could improve the statistical interpretation of climate-trend signals. 
The need for a unified approach within uncertainty estimation is well established in other 
contexts (see annex A.3 ISO 2017), and this paper presents the specific theory and sound 
practice for climate-trend analysis.

The article proceeds as follows. Section  2 defines terminology associated with 
uncertainty assessment and then describes methods widely adopted for the trend-analysis 
of ECVs from CDRs (particularly CDRs obtained by Earth observation). The section 
concludes by discussing the limitations of these methods regarding trend-uncertainty 
assessment. To address these limitations, Sect.  3 presents a unified framework for 
analysing CDRs, applicable to parametric trend estimators. This framework addresses the 
deficiencies of widespread practices while being more complete yet practical for trend-
uncertainty assessment. To demonstrate the new framework, Sect. 4 employs it for trend 
analysis of GMSL. Finally, conclusions are drawn in Sect. 5.

2 � Trend Analysis for ECVs: Current Practices and Limitations

2.1 � Terminology: Measurand, Trend, Stability, and Uncertainty

An important concept associated with the notion of uncertainty is the notion of 
‘measurand’. According to the (current) third edition of the International Vocabulary of 
Metrology (VIM) for error and standard uncertainty (BIPM et  al. 2012), the measurand 
denotes the quantity intended to be measured. When analysing CDRs, the measurand 
would be the (essential) climate variable of interest and would correspond to a vector of 
measurand values. In this context, trend analysis aims to provide a statistical descriptor 
of the measurand’s temporal evolution. In trend analysis, one could also consider the 
measurand to be the true ECV trend. The measurement process would thus include both 
the CDR production and the trend estimation steps. While this definition is possible, it is 
not used here because the notions of trend and trend uncertainty are not standardised in the 
literature.

The simplest form of trend is a constant change of the measurand value with time 
(Mudelsee 2019), quantified by a slope (‘the trend’) in the measured-value unit per 
time unit (usually per year or per decade). More generally, a trend may be nonlinear, 
for which a more complex mathematical representation may be appropriate. The term 
‘linear trend’ refers to the slope of a first-order representation of change over a period of 
interest. The second-order (quadratic) change with time over a period of interest, known 
as the ‘acceleration’, is also a metric of great interest in climate studies. Most generally, 
‘the trend’ might refer to any long-term (e.g., decadal or longer) systematic change of the 



	 Surveys in Geophysics

measurand. A trend in any of these senses may be partly obscured by variations occurring 
on shorter time scales (Franzke 2012). These variations can result from natural climate 
variability (e.g., Deser et al. 2012b), measurement errors (Merchant et al. 2017) or changes 
in the sampling regime (e.g., Hegerl and Zwiers 2011; Trenberth and Fasullo 2012) (or any 
combination).

While the term ‘stability’ is defined by the Global Climate Observing System (GCOS) to 
be ‘the change in bias over time’ of an observational system, Merchant et al. (2026) identify 
limitations of this definition and propose alternatives formally aligned with metrological 
conventions. Informally, ‘(standard) stability uncertainty’ is the dispersion in trend values 
that arises from errors in the observational system, expressed as a standard deviation. The 
observational system includes the measurement instruments, their sampling characteristics, 
and all processing steps used to create the CDR. This definition is the analogue of the 
definitions in the VIM (BIPM et al. 2012). There, ‘error’ describes the (usually) unknown 
and unknowable difference between the measured value and a true or reference value, and 
‘uncertainty’ describes the ‘dispersion of values reasonably attributable to a measurand 
given a measured value’. Fuller descriptions of errors, uncertainties, and the importance of 
error correlation structures for Earth observations are given in, e.g., Mittaz et al. (2019); 
Woolliams et al. (2025).

Finally, we build on the above definitions of trend and stability to define the ‘(standard) 
trend uncertainty’ as the dispersion in possible values that could be reasonably assigned to 
the estimated first-order representation of a CDR. With this definition, the trend uncertainty 
depends on both the stability uncertainty and an uncertainty representing how this first-
order representation is limited by nonlinear (higher-order) variation, for example, from the 
ECV naturally varying in a chaotic manner.

2.2 � Approaches to Trend Estimation

Various trend analyses are performed in current practice. The aim may be merely to detect 
the presence and sign of a trend in a time series. This is typically done with the Mann-
Kendall statistics (Mann 1945; Kendall 1955) and its derivatives (Hirsch et  al. 1982; 
Hirsch and Slack 1984; Hamed and Rao 1998). Others aim to extract the low-frequency 
component of the time series’ to isolate and analyse long-term effects using smoothing 
methods (e.g., Ghil and Vautard 1991; Huang et al. 1998; Folland et al. 2001; Ghil et al. 
2002; Mann 2004, 2008; Arguez et  al. 2008). In this study, we focus on approaches to 
quantify the linear trend, as well as the trend and acceleration of underlying changes, over a 
period of interest, in the face of shorter-term natural variability.

To quantify an average trend over a period of interest, available methods may be divided 
into parametric and non-parametric methods (Mudelsee 2019). Parametric approaches fit a 
chosen multivariate functional model (that is, a mathematical model made of a sum of basic 
mathematical functions) to the time series of interest. The parameters of these models are 
estimated using optimization methods. The choice of optimization method is influenced by 
the prior information available (e.g., bounds on some parameter), the limitations of the data 
to be analysed (e.g., the presence of uncharacterised biases), and desired properties of the 
estimator (e.g., robust to outliers, unbiased, or minimum-variance). The simplest and most 
commonly used approach is Ordinary Least-Squares estimation (OLS). Other methods 
include Weighted and Generalised Least-Squares (WLS and GLS) estimation, Maximum 
Likelihood (ML) estimation, L1 norm minimization, and Maximum A Posteriori (MAP) 
estimation.
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Besides such parametric methods, non-parametric trend estimation methods exist. 
These provide trend values from time series without specifying a functional model. The 
Theil-Sen trend estimator is an example of such a non-parametric estimator (Theil 1950; 
Sen 1968). This estimator provides a trend estimate by computing the median of all the 
pairwise slopes calculated between all the points of a time-series. It is often used when 
calculating trends in geophysical variables due to its robust performance in the presence of 
outliers (Fernandes and LeBlanc 2005).

2.3 � Approaches to Trend Uncertainty Assessment

Although there is a wide variety of approaches to trend analysis, and trend estimation in 
particular, most approaches to trend uncertainty assessment involve propagating sources 
of uncertainty through the trend estimator used. The differences between uncertainty 
assessment approaches lie in the definition of these sources of uncertainty. We highlight 
two main practices: a measurement uncertainty-oriented approach and a time-series 
analysis-oriented approach.

2.3.1 � The Measurement Uncertainty‑Oriented Approach

The measurement uncertainty-oriented approach is guided by metrological principles. 
These principles enable the construction of an uncertainty budget that considers known 
sources of uncertainty in the measurement process (BIPM et al. 2008; Mittaz et al. 2019; 
Woolliams et al. 2025). Assuming that all relevant effects can be identified and described, 
their associated uncertainties can, at least in principle, be propagated to the time series of 
the measurand that is to be the input to trend analysis. Because time-series analysis is often 
applied to highly aggregated derivatives of CDRs, such as large-scale monthly averages, 
accounting appropriately for the structured errors that are present in the full-resolution 
CDR is essential in this process. The result is the joint probability density function (or 
its representation as a covariance matrix) of the errors in the time series. This result can, 
in turn, be propagated, analytically or numerically, through the chosen trend estimator to 
obtain the trend uncertainty arising from measurement uncertainty. This approach is, for 
instance, (partially) employed by Ablain et al. (2019) to analyse the trend in GMSL.

2.3.2 � The Time‑Series Analysis‑Oriented Approach

CDRs do not always possess a measurement-uncertainty assessment adequate to define the 
error covariance matrix of a time series, even where good uncertainty practice (Merchant 
et al. 2017) is followed. Uncertainty in climate trends is thus commonly estimated using 
methods based on post-fit residuals. It is common naively to assume those residuals are 
independent and identically distributed (white noise), which is often a default in software 
implementations. More rigorously, the geoscience community approach to time-series 
analysis uses ‘stochastic processes’ to mimic the temporal structure of the post-fit residuals 
(Williams 2003). These stochastic processes may include white noise, power-law and auto-
regressive processes. The specific choice for the stochastic process(es) is often empirical 
because it is guided by the study of the sample autocorrelation of the post-fit residuals 
(or of its power spectrum, in the frequency domain). Each process may also depend on 
unknown stochastic parameters, which can estimated from the measured values using 
so-called variance component estimation methods (Harville 1977). The trend uncertainty 
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is then obtained by propagating the covariance matrix of the stochastic process(es) through 
the trend estimator used. In climate studies, this time-series analysis-oriented approach has 
been used, for instance, to assess the uncertainty in sea-level change trends from ground-
based or space-born sensors (Hughes and Williams 2010; Bos et al. 2014).

2.4 � Examples of Trend Analysis for a Selection of Essential Climate Variables

ECV trends can be derived by CDR producers and users, leading to a large variety of 
approaches to trend uncertainty assessment. CDR producers understand the retrieval 
algorithms and uncertainties in their data, sometimes conducting metrological assessments. 
In contrast, CDR users come from varied backgrounds and focus on using ECV time 
series to address specific questions. They often lack insight into error characteristics and 
would benefit from guidance on data-set selection and appropriate trend estimators. To 
highlight the differences in the quantification of trends and their uncertainties, we adopt 
the data producer perspective and present a non-exhaustive selection of trend analysis 
methodologies for six Essential Climate Variables (ECVs) spanning the expertise of the 
authors: Land Surface Temperature (LST), Sea Surface Temperature (SST), aerosol optical 
depth (AOD), soil moisture, sea level, and terrestrial water storage:

•	 Land-surface temperature: LST data records span ∼ 25 years, with measurements made 
using infrared and microwave sensors. These observations are critical to understand 
how the surface of the Earth is warming with climate change. To analyse long-term 
trends in LST CCI, monthly products are used. Trends can be calculated both for the 
LST, and LST minus two metre air temperature anomalies, to assess how strongly 
coupled these variables are. Trends are calculated using a Theil-Sen estimate, robust 
to outliers. A full uncertainty budget is provided with the monthly LST products, but is 
yet to be utilised in the trend analysis (e.g., Ghent et al. 2019; Good et al. 2022).

•	 Sea-surface temperature: Thermal infrared and microwave sensors have monitored 
the change in temperature over oceans for the last 44 years. These observations are 
essential for analysing ocean warming and confronting climate models. SST data 
are usually provided as daily products, often aggregated to de-seasonalised monthly 
products for trend analysis. The SST trends are typically estimated using the OLS 
estimator, assuming a linear or, sometimes, quadratic change. The trend uncertainties 
are obtained using variance propagation of the full uncertainty budget provided with 
the SST products (e.g., Embury et al. 2024; Merchant et al. 2025).

•	 Aerosol optical depth: For 30 years, visible and near-infrared sensors have monitored 
changes in the amount of light that aerosols scatter or absorb in a column of the 
atmosphere. Analysing AOD is essential for monitoring changes in radiative forcing 
and for public health applications. AOD data are  most commonly used as daily or 
monthly products, often aggregated as de-seasonalised monthly products during trend 
analysis. The long-term trend in the aerosol optical depth is usually estimated using 
the OLS estimator, assuming a linear trend. The trend uncertainties are obtained by 
propagating the uncertainty of the measured values or by comparing them with a 
reference dataset (e.g., Yoon et al. 2016).

•	 Soil moisture: Passive and active microwave sensors provide estimates of soil water 
content since 1978. Analysing the variations in soil moisture is crucial to understanding 
how climate change and land use affect the water, energy, and biogeochemical. Soil 
moisture data are provided as monthly, seasonal, or yearly means, computed from 
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(irregular) daily data. The trends in soil moisture are typically estimated using OLS 
or the Theil-Sen estimator. The significances of the trends are calculated using Mann-
Kendall statistics (e.g., Dorigo et al. 2012; Hirschi et al. 2025).

•	 Sea level: Radar altimeters have measured changes in sea levels over the oceans for 30 
years. These measurements inform us about the global and regional sea-level variations 
caused by climate change. Sea-level data are provided as 10-day estimates or monthly 
means, and sometimes de-seasonalised for trend analysis. The trend in sea level 
is computed using OLS or GLS, assuming a linear trend with possible acceleration. 
The trend uncertainty is calculated by propagating the available covariance matrix 
describing instrumental uncertainties (e.g., Ablain et al. 2019; Meyssignac et al. 2023).

•	 Terrestrial water storage: space gravity missions have allowed changes in the gravity 
field to be measured  for 22 years, and thereby enabled us to infer terrestrial water 
storage variations. The variations of terrestrial water storage inform us about the impact 
of climate change and anthropogenic activities on the water cycle. Space gravity data 
are provided as monthly products. The trend in terrestrial water storage is computed 
using (weighted) least-squares or Theil-Sen estimators (e.g., Scanlon et  al. 2016; 
Humphrey et al. 2016). Trend estimation primarily relies on individual solutions, with 
uncertainties quantified using empirical covariance modelling (e.g., Boergens et  al. 
2022).

The data producer’s approaches to trend estimation for this selection of examples vary in 
terms of data structure, trend estimation, and uncertainty assessment. The sea level, for 
example, benefits from a full covariance matrix of instrumental uncertainties that can be 
used for trend estimation and variance propagation. On the other hand, SST, LST, AOD, 
and soil moisture generate per-datum uncertainties for all measured values, but their 
propagation into trend estimation is still limited (Li et al. 2009; Bulgin et al. 2025). For 
LST and soil moisture, a non-parametric trend estimator is also sometimes preferred to 
reduce sensitivity to outliers, which may complicate uncertainty assessment. Currently, the 
terrestrial water storage data does not include bottom-up uncertainties; instead, it estimates 
sources of uncertainty statistically before variance propagation. Each of these approach 
suffer from uncertainty assessment limitations, which are discussed in the following 
section.

2.5 � Uncertainty Assessment Limitations

Current uncertainty assessment approaches are subject to several limitations that should 
be considered when interpreting trend estimates. This section first emphasizes the need 
to consider generally overlooked limitations, applicable to all estimation approaches, such 
as sub-optimal sampling (Sect. 2.5.1) and defaults in auxiliary data stability (Sect. 2.5.2). 
Then, in addition to these general limitations affecting all estimation methods, this section 
presents additional limitations that are more specific to the trend-uncertainty assessment 
approaches discussed above (Sect. 2.5.3).

2.5.1 � Sampling, Aliasing, and Missing Measured Values

For both uncertainty assessment approaches, the impact of sampling, aliasing and 
missing data should be carefully considered and accounted for, for example as part of 
the measurement error covariance matrix. In many climate data records, spatial sampling 



	 Surveys in Geophysics

varies with time. This variation may relate to temporal changes in a given instrument 
record, e.g., orbital drift (Bulgin et  al. 2018), or to changes over a sensor series, e.g., 
increasing sensor number or coverage in more recent years (Good et al. 2020). Aliasing is 
also possible due to the sampling regime, which may provide insufficient data to sample 
fully diurnal, tidal, or seasonal cycles.

Errors due to sampling also arise from the natural variability within the observed 
geophysical system, unrelated to the geophysical signal of interest. An example would be 
temporal variability in cloud cover. Retrieval of surface properties that are only possible 
under clear-sky conditions would be affected by the distribution of cloud, such that any 
correlation between cloud presence and the quantity of interest can bias the observational 
sample, an often overlooked source of error. Sampling variation and aliasing are often 
neglected as sources of measurement uncertainty and are not commonly propagated during 
uncertainty assessment. Where possible, these effects should be modelled and accounted 
for, but there may be insufficient information to do this fully. Practical approaches to this 
are reviewed in Langsdale et  al. (2025), within the scope of intercomparing different 
datasets.

Intuitively, a lack of measured values caused by sampling limitations would increase 
the uncertainty of the estimated parameters. Where relevant, this uncertainty increase may 
be evaluated with respect to an alternative, and often hypothetical, situation in which more 
measured values are available (e.g., by comparing with estimates obtained when imputing 
virtual measured values).

2.5.2 � Auxiliary Information Stability

Instability in ECV time-series can also result from temporal changes in the auxiliary data 
employed in the ECV retrieval. Many geophysical retrievals rely on auxiliary information, 
e.g., reanalysis data characterising the atmosphere through which an observation is made, 
or other observational data sets, e.g., for emissivity, to describe the Earth’s surface. 
Temporal changes in the methods used to generate these auxiliary data sets can introduce 
non-geophysical signals into the ECV trends. Examples include updates to modelling 
systems generating numerical weather prediction data or increased sampling frequency of 
observational data sets.

Retrieval products may also depend on pre- or post-processing steps that aim to improve 
data quality. One such example is the identification of cloud-affected observations, which 
are important when retrieving surface, cloud and aerosol properties. This ‘cloud screening’ 
is carried out as a pre-processing step, the success rate of which depends both on the 
behaviour of the algorithm used and the characteristics of the individual sensor.

Because of the relatively short duration of many satellite missions, climate data 
records are usually constructed using data from multiple satellite missions. The available 
observational wavelengths or other characteristics differ between missions. Efforts are 
made to harmonize results, but nonetheless some level of non-geophysical instability in the 
time series may be introduced (Bulgin et al. 2024).

2.5.3 � Approach‑Specific Limitations

As explained in Sect.  2.3, most trend uncertainties are obtained by propagating 
modelled uncertainty through the employed trend estimator. Consequently, any 
overlooked uncertainty source will cause trend uncertainties to be misestimated. 
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As well as the sampling and auxiliary information issues described in the previous 
subsections, there are often other sources of uncertainty of which we are unaware 
(Povey and Grainger 2015). The different approaches to trend uncertainty propagation 
(Sect.  2.3), are likely to neglect different types of uncertainty sources, though these 
could be accounted for in principle.

2.5.3.1  Measurement Uncertainty‑Oriented Approach Limitations  A measurement 
uncertainty-oriented approach requires each source of uncertainty to be assessed and 
quantified sufficiently in isolation from other sources of uncertainty. In many ECV 
analyses, it can be difficult, or even impossible, to quantify some individual sources of 
uncertainty. Such sources remain neglected in the uncertainty budget either as ‘known 
unknowns’ (unquantifiable) or as ‘unknown unknowns’ (not yet identified). Within the 
laboratory environment of metrology institutes, such effects are often identified through 
comparisons with independent observations and become apparent when the absolute 
differences are larger than their associated expanded uncertainties. Such approaches are 
sometimes possible in Earth observations, e.g., through comparisons between satellite 
and in-situ data, but are usually limited to a small subset of observations.

The measurement uncertainty-oriented approach usually addresses only the 
uncertainty in the trend from uncertainty in individual measured values and 
computational process used by a data producer to produce the CDR. In other 
words, this approach quantifies the stability uncertainty, which ideally would also 
consider stability in sampling and auxiliary information. In many climate studies, 
we are additionally concerned with the uncertainty associated with the functional 
approximation to the geophysical processes; that is, the trend uncertainty induced 
by the unpredictable/chaotic component of the measurand (reflecting, for instance, 
nonlinear natural-climate variability (Ghil and Vautard 1991; Agnew 1992)) is also 
important. This uncertainty component from natural variability is, often by definition, 
omitted in the measurement uncertainty-oriented approach. This omission is in contrast 
to the time-series analysis-oriented approach, which would automatically consider 
both natural and part of the instrument system design variations.

2.5.3.2  Time‑Series Analysis‑Oriented Approach Limitations  A time-series analysis-
oriented approach relies solely on a data-driven characterisation of residuals to the 
fit, with no distinction made with respect to their origins as measurement errors or 
unfitted (natural phenomenon) variability. Though such an approach has the advantage 
of accounting for the influence of natural chaotic variability to some degree, it cannot 
account for measurement errors with temporal structures similar to the fitted math-
ematical model. That is, uncorrected long-term drifts and biases in the instruments, or 
due to sampling or auxiliary information stability, would be absorbed by the estimated 
(fitted) parameters and would not appear in the post-fit residuals.

Additionally, this approach relies on being able to model the noise empirically. The 
resulting trend uncertainty depends on the realism of the noise model and correlation 
assumptions. For instance, in many geoscientific applications, the naive assumption 
is that errors are time-independent and normally distributed (normal white noise). 
That assumption is usually inconsistent with the observation as it neglects temporal 
dependencies frequently observed in CDRs (Agnew 1992; Hughes and Williams 2010), 
and any inappropriate choice for the noise model may translate into a trend-uncertainty 
assessment error.



	 Surveys in Geophysics

3 � Approach for a Unified Uncertainty Assessment

To address the approach-specific limitations discussed in Sect. 2.5.3, this section introduces 
an alternative approach that combines available information on measurement uncertainty 
with empirical stochastic modelling of natural climate variability and unknown-but-
quantifiable effects. This section starts by providing an alternative definition of a CDR 
that highlights the separate contributions of measurement errors and the variability of the 
quantity of interest (Sect. 3.1). The practical mathematical modelling of these components 
is detailed in Sects. 3.2 and 3.3. Building upon these mathematical definitions, Sect. 3.4 
then highlights why the uncertainty assessment approaches discussed in Sect. 2.3 cannot 
converge to a single uncertainty estimate. To overcome this issue, Sect. 3.5 describes how 
to define the expectation and variance of the measured values in an alternative way, and 
Sect. 3.6 presents how these alternative expectation and variance definitions can be used 
to derive estimated parameters with realistic uncertainties. Since, in practice, our prior 
knowledge of the variance of the measured values can be incomplete, Sect. 3.7 proposes a 
more practical and flexible method for assessing the complete variance, which allows for 
empirical modelling. Altogether, this section describes a practical and unified uncertainty 
assessment approach for trend analysis.

3.1 � Alternative Time‑Series Model

Trend analysis usually requires modelling a series of measured values provided by a 
measuring system, constituting climate data records arranged in time order. We consider 
a time-indexed set of m measured values y = [y1,… , ym] . Being a climate data record, it 
is assumed that the series has been previously corrected for all known and quantifiable 
effects that affect the measured signal without being part of the trend of interest, such 
as tidal signals or known instrumental drifts. It is important to recognise that there is an 
uncertainty associated with any such correction, which can be taken into account during 
the analysis step. In this analysis, we assume an additive error model (e.g., Brockwell and 
Davis 2002; Mudelsee 2019), in the form of what GUM-6 (BIPM et al. 2020, clause 11) 
calls a ‘statistical model’. The measured value, y , from the observations themselves can 
be thought of as the sum of a vector Y , which represents the values of the measurand, that 
is, the quantity intended to be measured, and a measurement error vector, denoted by E , 
that represents the signal due to observational system errors (including sampling effects, 
instrument drift, instrument noise, etc.). The measured value can thus be written:

We recognise that a statistical model of a climate data record cannot always separate vari-
ations in the measurand Y from the measurement errors E for the reasons discussed above. 
Instead, we consider that functional variations (colloquially referred to as ‘deterministic’), 
denoted by � , are separated from non-functional variations, denoted by � (colloquially 
referred to as ‘stochastic’). Here, functional means the analyst explicitly or implicitly pro-
poses a structural variation in the form of mathematical functions of time or any other 
known variable (e.g., temperature, pressure, or outputs of numerical models). Conversely, 
non-functional means a structural variation for which no mathematical functions or numer-
ical models are proposed. Instead, its structure is described probabilistically, by making 
the assumption that the observed non-functional variations, attributable to either Y or E , 

(1)y = Y + E.
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are realisations of latent random vectors with possibly intricate variance-covariance struc-
tures. This variance-covariance structure could be known a priori (measurement-uncer-
tainty oriented approach) or assigned as part of the analysis (time-series analysis-oriented 
approach). Depending on the nature of the measured phenomenon, this non-functional 
term typically accounts for stochastic and/or aperiodic variations of the measurand. The 
difference between these components is illustrated in Fig. 1. Note, that we do not know the 
values of the parameters that define the functional form a priori, because if we did, they 
would be corrected in the previous correction.

Because both Y and E can represent diverse temporal patterns resulting from the 
complexity of the observed phenomenon and measuring system, none of these terms 
perfectly fits in the functional or the non-functional category, such that they may both 
be decomposed as

where

•	 �Y is the part of the measurand Y described in a functional manner. These known 
functional forms have unknown functional parameters that we aim to estimate from 
the measured values. The functions are proposed from knowledge that may include 
prior theory, data inspection, or other reasoning. The functions may include linear 

(2)
Y = �Y + �Y ,

E = �E + �E,

Fig. 1   Synthetic illustration of the measured values y , the measurand Y , the measurement error E , the func-
tional component � , and the non-functional component � (with an offset for legibility)
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and higher-order trends, jumps, transients, periodic variations and time series of other 
phenomena expected to influence the measurand.

•	 �Y is the non-functional part of the measurand, that is, the part that is not described 
functionally. This non-functional component can be described nonetheless using 
stochastic processes and their covariance matrices.

•	 �E is the component of the measurement system (including sampling) error described 
functionally, often colloquially known as a systematic error in experimental conditions. 
As with the functional component of the measurand, this term can include, for instance, 
offsets, linear and non-linear drifts, periodic variations, and functions of other variables 
expected to influence the measurement error. The influence on measurement error may 
arise via the sensor performing the observations, or via auxiliary information used in 
the measurement model.

•	 �E is the component of the measurement system error that varies with time in a non-
functional manner, whether resulting from the measurement process or the corrections 
applied to the measured values. It includes random, independent measurement errors 
(although in a climate data record, these can be negligibly small in magnitude). It also 
includes structured errors for which no functional insight is available (or for which 
structural insight is available but not used to define a functional model for reasons of 
model parsimony). As for �Y , this non-functional component can be described using 
stochastic processes.

The above definitions of the functional components are subject to modelling decisions 
and are, to some degree, dependent on the expertise and preferences of the analyst. The 
key point is that, for completeness, all variations that are not functionally modelled 
should be accounted for in the stochastic modelling of the non-functional components. It 
is also important that functional and non-functional naming is chosen to emphasize that 
these are mathematical modelling choices, which are not necessarily correlated with the 
physical or instrumental effects that cause these variations. Understanding whether (non)
functional components originate from systematic errors, random errors, natural variability, 
or anthropogenic forcing is a meaningful but separate concern.

According to this formulation, a measured value is considered an estimate y of the 
measurand Y that can be decomposed into four components such that

In first-order (linear) trend analysis, one element of the functional component vector �Y is 
to be estimated, namely the coefficient of a monomial of degree one. The corresponding 
objective of trend-uncertainty assessment is to evaluate how all other components of 
the measured value equation affect the uncertainty in this trend coefficient. These other 
components include the remaining elements of �Y (e.g., those modelling seasonal 
effects), the non-functional part of the measurand �Y , and the (non-)functional parts of 
the measurement errors ( �E , �E ). The following sections describe commonly occurring 
contributors to each component and how they may be mathematically modelled.

3.2 � Functional‑Component Models

Climate-data record time series often feature long-term trends, whether linear or nonlinear. 
Trends may reflect forced or unforced climatic change. Changes over time may also include 
more rapid discontinuities induced by geophysical events or the crossing of climate-tipping 

(3)y = �Y + �E + �Y + �E.
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points. Similar patterns of temporal change may also arise from measurement errors and 
sampling effects. Instrument calibration or other instrumental effects may introduce non-
geophysical trends and discontinuities in climate data records. Such effects may reflect 
calibration drift within a single sensor (Dieng et al. 2017), whether from degradation or 
change in the sensor’s operating environment from orbital drift (Christy et al. 2000; Mittaz 
et  al. 2013). There may be relative biases between sensors, even within a harmonised 
record  (Ablain et  al. 2019; Zou et  al. 2023). Natural or instrumental trends may be 
parametrically modelled with low-order polynomial functions of time (Bevis et al. 2020), 
whereas discontinuities may be modelled by modulating such polynomials using Heaviside 
functions.

As well as trends and discontinuities, climate data records often feature periodic 
variations reflecting, for instance, the ECV responses to Earth’s rotation, orbit and tidal 
effects (Dong et  al. 2002). Periodic variations can also result from measurement errors, 
e.g. caused by orbit-dependent effects on an instrument, non-modelled periodic influences 
on a retrieval, or miscorrection of undesired periodic effects (such as tide correction errors 
aliased through the sampling frequency). Periodic signals may be modelled using a linear 
combination of sinusoidal functions at appropriate reference frequencies and selected 
harmonics (since natural periodic signals are rarely purely sinusoidal) (Davis et al. 2012; 
Klos et al. 2018). These Fourier components may also be modulated with known functions, 
e.g., polynomials, to accommodate the fact that climate periodic signals are seldom 
constant in amplitude (de La Serve et al. 2023). Seasonal cycles are alternatively addressed 
by undertaking trend analysis on anomalies (departures from the climatological cycle over 
some defined period within the record).

Functional components can generally be represented as a linear(-ised) combination of 
known basis functions with possibly unknown amplitudes. In such a case, �Y and �E can be 
written as

where AY and AE denote m × nY and m × nE design matrices, whose columns correspond to 
known basis functions, while xY and xE denote the nY × 1 and nE × 1 unknown functional 
parameter vectors.

Equation 4 is linear, and written without a constant term since data analysis can always 
be done after subtracting constant values.

3.3 � Non‑functional‑Component Modelling

In addition to functional variations, there is some variability that is not modelled 
functionally. Such variability can reflect the measurand’s chaotic dynamics or its response 
to stochastic forcing (Ghil 2002). Measurement errors of various origins may have a 
structure that is hard to describe functionally. Noise is one example (whether independent 
or structured), and so are residual errors in corrections applied to the measured time series 
before analysis.

Non-functional variations are usually modelled using stochastic vectors, whose 
probability distributions (or just their covariance matrices under the normal distribution 
assumption) are determined from first principles or approximated using stochastic 
processes. These stochastic processes usually belong to the very general family of the 
Auto-Regressive Fractionally Integrated Moving Average processes (ARFIMA) (Granger 

(4)
�Y = AYxY ,

�E = AExE,



	 Surveys in Geophysics

and Joyeux 1980; Hosking 1981), which encompass processes with short-memory 
(exponential-correlation decay) or long-memory effects (power-law correlation decay), 
observed in various types of geophysical and instrumental time-series (Press 1978; Agnew 
1992; Hughes and Williams 2010).

In practice, these non-functional variations �Y and �E may be modelled in a stochastic 
manner by considering them as realisations of latent stochastic vectors, noted �

Y
 and �

E
 

with zero-expectation. Under the normal distribution assumption, the random vector 
distributions are

where QY and QE denote m × m covariance matrices describing the dispersion and temporal 
structure of �

Y
 and �

E
.

Under the assumption of normal distribution, QY and QE provide a complete description 
of �

Y
 and �

E
 . These matrices may reflect a combination of effects with intricate time 

dependencies such that they are often non-diagonal. Although ideally, these matrices 
would be known, that would imply knowledge of the appropriate statistical distributions 
to describe the non-functional parts of the measurand (e.g., through the analysis of climate 
models or long time series of climate indices) and measurement error before interpreting 
the CDR (e.g., through complete metrological investigations of the measuring systems), 
which is still rare. In practice, parts of QY , QE , or their sum, are partly empirically 
estimated from data, using stochastic modelling (Sect. 3.7).

3.4 � Combination of Effects and Separability Issue

The above mathematical definitions clarify a fundamental issue of separability that makes it 
essential to use measurement uncertainty information when estimating trend uncertainties, 
whatever the method employed.

According to our measured-value model, Eq. (3), the measured vector is the sum of the 
values of the functional and non-functional components. The functional components of the 
measurand and the measurement errors, �Y and �E , may include components represented 
by basis functions with common functional forms. For instance, the functional parts of 
the measurand and the measurement error can both contain a linear trend with unknown 
amplitudes, when assessing a trend with a climate data record that has an imperfectly 
known drift. In such cases, the matrices  AY and AE can be column partitioned (i.e., 
separating the columns relating to the common functional form) such that

where Ā is the m × nC design matrix that relates to the common basis functions, x̄Y and x̄E 
are the corresponding unknown functional parameters, ĂY and ĂE are the design matrices 
that relate to the component-specific basis functions, and x̆Y and x̆E are the corresponding 
unknown functional parameters.

According to the modelling assumptions made for each functional and non-functional 
component, the measured value model can be expanded as

(5)
�
Y
∼ N(0,QY ),

�
E
∼ N(0,QE),

(6)
�Y = Āx̄Y + ĂY x̆Y ,

�E = Āx̄E + ĂEx̆E,
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It is crucial to note that because the matrix Ā relates to both x̄Y and x̄E in Eq. 7, x̄Y and x̄E 
cannot be estimated separately (only x̄Y + x̄E can be estimated), unless external information 
is available to evaluate one or the other. This fundamental limitation is always present 
irrespective of the approach used for parameter or trend estimation, although it is not 
always recognised as being present.

In trend analysis, the trend-related elements in the vector of the geophysical parameters 
x̄Y constitute the component of interest and no direct estimate of  x̄E is available. A 
metrological investigation could, however, lead to a probabilistic description of x̄E . Such a 
description could be to assume that x̄E is a realisation of a zero-expectation random vector 
x̄
E
 such that x̄

E
∼ N(0,Qx̄E

) . Here, it is assumed that x̄
E
 has zero expectation because any 

known functional error should be corrected before time-series analysis. As a result, x̄
E
 is a 

stochastic term, which will play a role when assessing the uncertainty associated with the 
estimated parameters.

3.5 � Functional and Stochastic Models

With the stochastic modelling assumptions made above for �Y , �E , and x̄E , the vector 
of measured values y can be considered as the realisation of a latent stochastic vector y 
defined as

Assuming normal distributions, it is only necessary to specify the expectation �{.} and 
variance ���{.} of y . The chosen models for the expectation and variance of y are often 
respectively referred to as functional and stochastic models.

Because x̄E is considered as the realisation of a zero-expectation stochastic variable, 
the non-stochastic components in the equations for the measured values are x̄Y , x̆Y and x̆E . 
Thus, the theoretical functional model of the measured values vector reads

where A denotes the complete m × n design matrix and x denotes the complete n × 1 
complete functional parameter vector, with n the number of unknown functional parameters 
to be estimated. Since the number of common parameters nC is counted in both nY and nE , 
the total number of estimated functional parameters n can be obtained as n = nY + nE − nC.

The fact that x̄Y appears in the unknown functional parameter vector means it is one 
of the functional parameters that need to be estimated. It does not imply that it can be 
fully separated from x̄E . Because of the commonality of their basis functions, the obtained 
estimate �̄xY of x̄Y will be the sum of the best-fit values of x̄Y and x̄E . Since x̄E is modelled 
as a stochastic term, its influence on �̄xY will be reflected in the uncertainty estimated for �̄xY.

Assuming the three stochastic components in the extended measured-values equation 
(namely x̄

E
 , �

E
 , and �

Y
 ) are independent, the variance of the theoretical stochastic model of 

the measured values vector is

(7)y = Ā(x̄Y + x̄E) + ĂY x̆Y + ĂEx̆E + �Y + �E.

(8)y = Ā(x̄Y + x̄
E
) + ĂY x̆Y + ĂEx̆E + �

Y
+ �

E
.

(9)�{y} = Ax =
�
Ā ĂY ĂE

� ⎡⎢⎢⎣

x̄Y
x̆Y
x̆E

⎤
⎥⎥⎦
,



	 Surveys in Geophysics

where Qy denotes the complete measurement m × m covariance matrix (not to be confused 
with QY).

Though they both refer to measurement errors, the matrices ĀQx̄E
Ā

⊤ and QE are 
kept separated in Eq. (10) to highlight their fundamental difference. While QE could be 
approximated through empirical (co)variance modelling, ĀQx̄E

Ā
⊤ cannot, as the functional-

parameter estimates will absorb all its variance during the estimation process due to the 
collinearity issue (Sect.  3.6). For practical purposes, both matrices could, however, be 
summed to form a total measurement error covariance matrix QTE = QE + ĀQx̄E

Ā
⊤ , such 

that

3.6 � Estimating Functional Parameters with Realistic Uncertainties

The unknown parameters of these functional models are grouped in the n × 1 vector of 
unknowns, denoted by x , which must be estimated through a model fitting procedure. 
This fitting procedure depends on the estimation principle employed for the analysis. In 
practice, linear estimators (e.g., ordinary least squares, weighted least squares, generalised 
least squares, and sometimes maximum-likelihood estimation), are noted x̂ and are

where G denotes the n × m matrix associated with the chosen estimator. For instance, when 
employing GLS estimation, the estimator G can be written as G

���
= (A⊤Q−1

y
A)−1A⊤Q−1

y
 , 

whereas when employing OLS estimation G can be written as G
���

= (A⊤A)−1A⊤ . In 
Sect. 4, the estimator G

���
 is used as it is the most frequently used approach, although less 

statistically efficient than GLS when applied to the same problem. Functional parameter 
estimates correspond to a realisation x̂ of this estimator x̂ , obtained from the measured 
values y as x̂ = Gy.

The objective of parameter uncertainty assessment is to describe the probability density 
function (PDF) of parameter estimator x̂ , which includes the trend estimate. It is performed 
by propagating the PDFs of the sources of uncertainty through the estimators used to obtain 
the parameter estimates. For linear(-ised) estimators, and under the normal distribution 
assumption, parameter estimates follow a multivariate normal distribution, such that PDF 
propagation simplifies to linear variance propagation.

Thus, the most critical step is to obtain a realistic description of the variance associated 
with the measured values y , noting ���{y} = Qy , which is challenging because our 
inventory of the stochastic components can be incomplete, or their statistical description 
can be oversimplified or erroneous. When a description of Qy is available, and when 
employing a linear estimator G , the covariance matrix of the parameter estimator x̂ , 
denoted Qx̂ , can be written as

(10)
���{y} = Qy = ���{Āx̄

E
} + ���{�

E
} + ���{�

Y
}

= ĀQx̄E
Ā

⊤
+QE +QY ,

(11)���{y} = QTE +QY .

(12)x̂ = Gy,
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Equation (13) shows that, under the modelling assumptions made above, the functional-
parameter uncertainty is the sum of three components, one induced by the uncertainty on 
the functional components of the measurement errors and two induced by non-functional 
components of both the measurement errors and the measurand. Depending on the 
estimator G , different parameter uncertainties are generally obtained corresponding to 
the parameter estimates provided. According to the Gauss-Markov theorem, the linear 
estimator resulting in minimal uncertainty is the GLS estimator (Menke 2014).

So far, we have assumed that the functional parameters were estimated using a 
linear(-ised) estimator. However, for non-linear estimators, the functional parameters 
are estimated through the application of a nonlinear function or algorithm f(.), such that 
x̂ = f (y) . Employing such estimators will mostly complicate the parameter-uncertainty 
assessment step. For nonlinear estimators and non-normal distributions, one can use 
Monte Carlo methods to sample the PDF numerically. Nonetheless, these methods also 
rely on a realistic description of Qy to yield a realistic uncertainty assessment.

3.7 � Semi‑empirical Stochastic Modeling

So far, it has been assumed that the covariance matrix Qy is known. However, in many 
applications, it is at least partly unknown when some of the uncertainty sources are 
estimated from measured values, using a semi-empirical stochastic model. When prior 
covariance information is available, such that only part of covariance is unknown, the 
stochastic model may be divided into a known and a partly unknown part, such that 
(Teunissen and Amiri-Simkooei 2008)

where Q0 denotes the known component of the covariance, and Q(�) denotes the part of 
the covariance that depends on an unknown stochastic parameter vector � through a known 
matrix function Q(.).

Because it cannot be accounted for otherwise, the known part Q0 should, at a 
minimum, include a stochastic description of the functional component of measurement 
errors that overlaps with that of the measurand, that is Ā�Qx̄E

Ā
⊤ in Eq. (10). However, if 

other information is available, such as the variance matrices of the non-functional part 
of the measurement error and the measurand, it could also be added to Q0.

The matrix function Q(.) , which can be empirically motivated or based on previous 
studies, should compensate for the possible deficiency of Q0 in describing all the non-
functional variations in the measurements. It often describes the covariance matrix of 
one stochastic process (or a sum of stochastic processes) with unknown variance(s) and 
structure parameter(s). These parameters can be estimated using variance component 
estimation methods (Patterson and Thompson 1971; Harville 1977).

Altogether, this semi-empirical stochastic model can account for both prior 
metrological insights on measurement errors and the lesser-understood and 
empirically modelled variations. As such, this covariance model can lead to a more 
complete uncertainty assessment than purely measurement-uncertainty-oriented or 

(13)
���{�x} = Q�x = GQyG

⊤

= GĀQx̄E
Ā

⊤
G⊤ +GQYG

⊤ +GQEG
⊤.

(14)���{y} = Qy = Q0 +Q(�),
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time-series-analysis-oriented approaches. This approach, however, relies on estimating 
the unknown stochastic-parameter vector � . This step is explained in Appendix 1.

4 � Demonstration on the Analysis of a Global Mean Sea Level 
Time‑Series

4.1 � Introduction to the Sea Level Case Study

Sea level is one of the ECVs identified by the GCOS, and its global mean as a function 
of time is an important indicator of climate change. Global mean sea level (GMSL) is the 
global average height of the sea level with respect to a reference surface (Church et al. 2013; 
Fox-Kemper et al. 2021). Providing an accurate measurement of the temporal evolution of 
sea level and its global average is a derived product essential for climate change monitoring 
since it contributes to understanding the energy budget of the Earth system (Chambers 
et al. 2017; Meyssignac et al. 2019) and predicting the impact of climate change on human 
communities, particularly in coastal zones (Nicholls and Tol 2006; Mimura 2013).

The current change in GMSL can be accurately measured by satellite altimetry (Nerem 
1995; Chelton et al. 2001; Fu and Cazenave 2000; Fu et al. 2009; Egido and Smith 2016). 
These satellite observations complement that of coastal tide gauges, which have been used 
to measure local sea levels long before the satellite era (Cipollini et al. 2017; Frederikse 
et  al. 2020). Satellite altimetry missions for measuring GMSL are placed in Low Earth 
Orbits with ground tracks (trajectories of the sub-satellite point on Earth’s surface) 
repeating about every 10 days. The sea-level measurements obtained from these repeating 
tracks are then averaged to form a global mean. Since 1993, several altimetry reference 
missions (TOPEX/Poseidon, Jason 1, Jason 2, Jason 3, Sentinel-6 Michael Freilich) 
contributed to providing a continuous record of GMSL measurements (Srinivasan and 
Tsontos 2023), leading to a continuous multi-decadal record, that is still ongoing.

The GMSL time series is most directly used to quantify the rates and acceleration 
of mean sea level rise globally. For such analyses to be valuable for climate studies, the 
uncertainties associated with the trend and acceleration must also be documented. This 
section illustrates the application of the unified uncertainty assessment approach introduced 
in Sect. 3 to a relatively straightforward time series with importance to climate studies and 
hazard response.

4.2 � Data Set

This study uses the GMSL time series, which provides a measured time series y , and an 
error-covariance matrix describing instrumental uncertainties and uncertainties associ-
ated with corrections in the processing of raw measurements to sea level measured val-
ues provided by Ablain et al. (2018), which provides a known measurement error covari-
ance matrix, Q0 . The GMSL time series and error-covariance matrix are depicted in Fig. 2. 
These two products are derived from the first 25 years of sea-level measurements from 
reference missions between January 1993 and August 2018. Apart from rare exceptions, 
these products are sampled with a period of 9.91 days, and represent a global spatial and 
temporal average over that period.
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As stated at the beginning of Sect.  3.1, the measured values can be pre-corrected 
with estimates of undesired variations. Most of these effects are already corrected in the 
GMSL file provided by AVISO (e.g. ocean tides, atmospherical pressure effects) in order 
for the GMSL to represent ocean mass and temperature changes only. However, based on 
Ablain et al. (2018), two additional effects must be also corrected to provide GMSL esti-
mates. First, the GMSL time-series y is corrected for the linear trend of – 0.3  mm/year 
induced by the (known and quantifiable) Global Isostatic Adjustment of the Earth’s crust. 
Another effect should be applied to correct instrumental instabilities on TOPEX-A linear 
drift of – 1.0 mm/year over the 1993.0–1995.5 period and of 3.0 mm/year drift over the 
1995.5–1999.2 period (Ablain et al. 2019).

The provided error-covariance matrix Q0 accounts for uncertainties associated with the 
GMSL offset estimates between reference missions, the mission-specific drift remaining 
after the instrumental calibration (altimeter instabilities in TOPEX A and TOPEX B), and 
certain types of autocorrelated random-measurement and linear-time correlated errors 
detailed in Ablain et  al. (2019). In particular, this matrix Q0 includes an assessment of 
the uncertainty induced by the stability of the International Terrestrial Reference Frame 
(ITRF), which is a typical example of a source of uncertainty that is not estimable from 
any sea-level measured values due to ITRF’s role of reference. Some of these uncertainties 
were estimated by a number of reasoned investigations, as a metrological end-to-end 
uncertainty assessment has not yet been fully completed. These estimates of uncertainty 
will, therefore, likely be refined in the future but are considered sufficiently useful to 
provide a good estimate of the utility of the uncertainty assessment methodology that is the 
focus of this study.

4.3 � Functional and Stochastic Model of the GMSL Time‑Series

The time series in Fig.  2 shows a trend with a possible acceleration and a seasonal 
oscillation. Thus, in this study, we approximate the evolution of global-mean sea level 
using the model

(15)

y(t) = y0 + v(t − tr) +
a

2
(t − tr)

2

+

3∑
i=1

[
ci cos(2�ifa(t − tr)) + si sin(2�ifa(t − tr))

]
+ e(t),

Fig. 2   Global mean sea-level data set. a Time series of the measured values of the GMSL. b The covari-
ance matrix associated with the GMSL measurement uncertainties considered by Ablain et al. (2019)
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where y0 is the unknown reference value at t = tr , v is the unknown value of long-term 
linear trend, a is the unknown long-term acceleration, ci and si are the unknown Fourier 
coefficients of the fundamental annual frequency fa and two harmonics, and e(t) is a 
residual term representing non-functional variations. In this demonstration, the (arbitrary) 
reference date tr has been chosen as tr = 2006.0 , which is the round year closest to the 
average date.

Denote x = [ y0, v, a, c1, s1, c2, s2, c3, s3 ]
⊤ , the unknown functional-parameter 

vector, and consider the non-functional term e(t) as a zero-expectation random variable. 
Then the functional model (that is, the expectation of the measured-values vector) can be 
written as �{y} = Ax . Without additional information, the stochastic model, which rep-
resents the sum of all known stochastic effects, is set by default to be ���{y} = Qy = Q0 , 
as done in Ablain et al. (2019). We will test the validity of this default stochastic model 
assumption using the analysis of the post-fit residuals, i.e., the difference between the 
measured values and the fitted functional model. We use the OLS estimator, as used in 
Ablain et al. (2019), for the functional-model fitting. The OLS fit is presented in Fig. 3.

4.4 � Analysis of the Post‑fit Residuals

Because the expectation of the functional parameter estimator is, by definition, 
unknown, it is impossible to judge directly a stochastic model’s ability to produce a 
realistic covariance matrix for parameter estimates. However, since the expectation of 
the residuals is supposed to be zero, it is possible to evaluate the ability of a stochastic 
model to describe correctly the covariance matrix of the residuals. The motivation for 
doing so is that a stochastic model that poorly describes the covariance matrix of the 
residuals might also poorly predict the covariance matrix of the functional parameter 
estimates. Consequently, the analysis of residuals can be viewed as an indirect method 

Fig. 3   Ordinary least-squares fit of the measurement model in expression (15) and its 95% confidence inter-
val under the Q

0
 model (red confidence band) and the Q

0
+PL model (blue confidence band)
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for stochastic model validation. In our context, we expect that the provided error 
covariance matrix Q0 alone does not fully explain all the variations in the residuals. So 
instead of validating Q0 , this residual analysis will help determine to which extent it 
should be empirically completed by covariance term Q(�).

Residuals can be analysed in various ways. In this study, we assess the ability of the 
selected stochastic model and the provided matrix Q0 in particular to describe both the 
dispersion and the power spectrum of residuals calculated using the OLS fitting of Eq. (15) 
on the data.

The time series of the estimated residuals, denoted by ê , and its predicted covariance 
matrix Qê , can be computed as

where x̂ is the estimated functional parameter vector and G is the functional parameter 
estimator (Eq. (12)), which here is the OLS estimator for comparability with Ablain et al. 
(2019).

The estimated post-fit residuals are presented in black in Fig. 4. The predicted 95% con-
fidence interval for the residuals is obtained from the diagonal elements of Qê calculated 
assuming Qy = Q0 in Eq. (16). This confidence interval is depicted in red (inner uncer-
tainty band), in Fig.  4. 20.0% of the residuals fall outside the 95% confidence interval, 
showing that Q0 , which solely characterises measurement errors, needs to be completed 
with empirical stochastic modelling to capture the remaining non-functional variations due 
to global mean sea level and possibly non-budgeted measurement errors.

Besides dispersion, to obtain additional insight into the temporal structure of the non-
functional variations described by Q0 in the data, we study its prediction for the shape of 
the residuals’ Lomb-Scargle power spectrum (Vaníček 1969; Lomb 1976; Scargle 1982). 
To compute the confidence intervals for the Lomb-Scargle power spectrum, we apply a 

(16)
�e = y − A�x,

Q�e = (I − AG)Qy(I − AG)⊤,

Fig. 4   Time series of the OLS post-fit residuals (black solid line), and the predicted confidence interval 
using the Q

0
 model (inner, red, shaded area), and the Q

0
+PL model (outer, blue, shaded area)
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Monte Carlo approach. First, we sample 10 000 time-series from the predicted N(0,Qê) 
distribution. Then, for each frequency, we define the 95% confidence interval in terms of its 
endpoints, the 2.5% and 97.5% quantiles of the distribution of spectral powers calculated 
from these 10 000 samples. The power spectrum of the residuals is presented in black in 
Fig. 5. The predicted 95% confidence interval is shown in red. This analysis suggests that 
the provided error covariance matrix Q0 may almost explain residual variations below 1.0 
cycle per year (cpy), but it needs to be completed to describe the shorter-term variations in 
the time-series, namely those above 2.0 cpy.

4.5 � Augmented Stochastic Model

The power spectrum of the residual displays a slope on log-log scales (Fig. 5), rather than 
the flat output that would be expected for pure white noise, suggesting that part of the 
non-functional variations could be better described by a power-law stochastic process 
(Mandelbrot and Van  Ness 1968). Thus, to complete the a priori stochastic model, we 
consider the following augmented stochastic model:

where � denotes the unknown variance factor of a power-law process, QPL denotes the 
cofactor matrix of the power-law process, which depends on � , the unknown spectral index 

(17)���{y} = Q0 + �QPL(�),

Fig. 5   Lomb-Scargle power spectrum of the OLS post-fit residuals (black solid line), and the associated 
medians (solid lines) and 95% confidence intervals (shaded areas) derived from residuals simulated with the 
Q

0
 model (red) and the Q

0
+PL model (blue)
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of the process (Hosking 1981; Williams 2003). In the following, this model is called the Q0

+PL model.
The unknown power-law process parameters, namely, � and � , are estimated using 

the restricted maximum-likelihood estimation method (Appendix 1). For better inter-
pretability, the covariance matrix QPL(�) was scaled so that � can be interpreted as the 
expected empirical variance over the observation period, in mm2 , following Gobron 
et  al. (2021). The best-fitting stochastic parameters are �̂ = 7.20 mm

2 and �̂ = −0.74 . 
The Q0+PL model’s predictions for the dispersion of the residuals are presented in blue 
in Fig.  4, whereas its predictions for the power-spectral values are shown in blue in 
Fig. 5. With this correction, only 3.8% of the residuals fall outside the predicted 95% 
confidence interval (Fig.  4). The improvement in dispersion description is even more 
visible in Fig. 6, which presents the quantile-quantile plots of the residuals normalised 
using the residuals’ covariance derived using the Q0 and Q0+PL models. Such a bet-
ter agreement in Fig.  6 is nonetheless anticipated since the parameters � and � were 
indirectly optimised to reflect these quantiles better. Besides dispersion, the high-fre-
quency variations are now more realistically modelled (Fig. 5). The estimated functional 
parameters and the uncertainty derived from the Q0 and Q0+PL models are presented 
in Table 1. Appendix 2 presents the corresponding parameter uncertainty correlations. 
The change in uncertainty and correlations is most visible for parameters describing 
higher-frequency effects, and particularly seasonal effects. The influence of the change 
in uncertainty on the confidence interval of the fitted functional model is illustrated in 

Fig. 6   Quantile-quantile plots of the residuals standardised using the residuals’ covariance estimated using 
the Q

0
 model (red dots) and the Q

0
+PL model (blue dots). The empirical quantiles should ideally lie along 

the dashed black line
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Fig. 3. The specific impact of the stochastic model improvement on the estimated trend 
uncertainties is discussed in more detail in the following section.

4.6 � Impact on the Estimated Trend Uncertainties

The uncertainty associated with trend estimates depends on the period over which the 
trend is evaluated. To provide a more detailed uncertainty description, Ablain et al. (2019) 
introduced an uncertainty triangle representing trend uncertainty as a function of a central 
date and a period length. This section thus investigates the impact of the stochastic-model 
definition on these uncertainty triangles.

Figure  7 presents the uncertainty triangle calculated using the Q0 stochastic model 
alongside that calculated using the Q0+PL model. The relative uncertainty change, 
expressed as a percentage, is also presented in Fig. 7. The uncertainty differences between 
the Q0 and Q0+PL models are minimal for the longest period lengths (above 20 years), and 
the increase with the Q0+PL model is only 5.1% for the maximum period (25 years). The 
increase is small because, in this GMSL example, the low-frequency component of the Q0

+PL model is dominated by the provided measurement-error covariance matrix Q0 (see 
Fig. 5). However, for shorter periods, the relative change in uncertainty between the two 
stochastic models is larger and reaches a maximum of 60.7% for the 1.0 year period length. 
These observed changes highlight the utility of the empirical stochastic modelling to pro-
vide self-consistent estimates of uncertainty across a range of time scales.

4.7 � Summary of the GMSL Demonstration

Building upon the theoretical developments of Sect. 3, this demonstration section explains 
how to combine available covariance information regarding measurement uncertainty 
with empirical stochastic modelling for practical trend uncertainty assessment. In the 
context of a global mean sea level study, this demonstration first highlights that the 
crucial measurement uncertainty information provided by Ablain et al. (2019), especially 
regarding long-term stability uncertainty, can be assimilated in the form of a known 
covariance matrix Q0 . Then, this demonstration demonstrates how empirical stochastic 
modelling can help improve the description of the post-fit residuals, which leads to less 
optimistic trend uncertainties. In this demonstration, the uncertainty change for the longest 
period is small because the provided covariance matrix Q0 explains well low-frequency 

Table 1   Estimated functional 
parameters and their associated 
standard uncertainties u(.) under 
the Q

0
 and Q

0
+PL models

Parameter Unit Estimate u(Q
0
) u(Q

0
+ PL)

y
0

mm 32.093 1.195 1.574
v mm/year 3.043 0.220 0.232
a mm/year2 0.142 0.044 0.048
c
1

mm 3.241 0.209 0.289
s
1

mm − 5.311 0.209 0.291
c
2

mm − 1.124 0.094 0.182
s
2

mm − 0.951 0.094 0.183
c
3

mm − 0.396 0.027 0.137
s
3

mm − 0.080 0.030 0.138
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effects. For other applications, with possibly less complete error covariance information, 
more significant changes in trend uncertainty could be expected for all period lengths after 
empirical stochastic modelling.

Although this section demonstrates an improvement in uncertainty assessment, the 
statistical modelling of the GMSL time series could see further improvement in the future. 

Fig. 7   a Trend standard uncer-
tainty under the Q

0
 stochastic 

model. b Trend standard uncer-
tainty under the Q

0
+PL stochas-

tic model. c Change in standard 
uncertainty resulting from the 
change of stochastic model
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Firstly, an improved error covariance matrix could be provided to better separate the 
effects due to pure measurement errors from those due to natural oceanic variability (e.g. 
mesoscale circulation). Second, we did not attempt to model the extreme deviations of sea 
level from the long-term behaviour, which are very well correlated to El Niño–Southern 
Oscillation events (e.g., Piecuch and Quinn 2016). Nevertheless, these events should be the 
subject of dedicated functional or stochastic modelling. However, finding an appropriate 
modelling approach is beyond this study’s scope.

5 � Conclusion and Outlook

Attributing realistic uncertainties to trends estimated from climate data records is 
essential for rigorously interpreting the observed changes. It is especially critical for 
analysing subtle trends, which are of major interest in understanding climate change. 
However, despite the importance of uncertainty, no established trend uncertainty-
assessment approach properly accounts for all known sources of trend uncertainty. 
Most approaches neglect parts of known measurement uncertainty, such as 
measurement system instability, or ignore the influence of natural climate variability 
on trend estimation. In this study, we addressed several known limitations of existing 
uncertainty-assessment approaches, proposing an improved approach and demonstrating 
its application to analysing a global mean sea-level time series.

To overcome this methodological limitation, Sect.  3 presented an alternative view 
of uncertainty assessment and proposed an alternative strategy, combining available 
metrological information with empirical time-series analysis. Empirical modelling 
allowed us to account for the measurand’s non-functional variations and compensate 
for the possible deficiencies of the measurement-uncertainty information in describing 
non-functional measurement errors. This alternative approach was applied, as a proof 
of concept, to the modelling of the Global Mean Sea Level time series in Sect. 4. This 
application demonstrated that complementing measurement uncertainty information 
with empirical modelling can notably improve trend uncertainty assessment.

While the proposed uncertainty-assessment approach constitutes a notable 
improvement over current practice, it could be improved further. In particular, the 
approach neglects the fact that the functional model may be partly retrieved from 
measurements, such as through a combination of estimation and hypothesis testing. In 
such a case, the estimation procedure is nonlinear, which could lead to a more complex 
distribution of parameter estimates (Teunissen 2018). This uncertainty estimation 
approach also does not consider that stochastic parameters are estimates subject to 
uncertainty. This fact also complicates uncertainty estimation in a way that remains 
to be quantified, which will be the subject of future investigations. For simplicity, this 
study focused on the temporal domain. In practice, many geoscientific applications 
use an ensemble of trends or parameters estimated around the globe as input. When 
dealing with quantities estimated at different locations, it is necessary to account 
additionally for the spatial structure of the measurand and measurement errors. Future 
work is, therefore, necessary to move toward providing a spatio-temporal description of 
covariance of the stochastic term in the measured values.
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Appendix 1: Variance Component Estimation

The statistical methods devoted to estimating stochastic parameters are called variance-
component estimation (VCE) methods. A wide variety of VCE methods have been 
developed over recent decades. Detailing these methods is beyond the scope of this paper, 
and the reader may refer to chapter 3 of Amiri Simkooei (2007) for a review.

Under the multivariate normal-distribution assumption, an unbiased and minimum-
variance estimate of �̂ in Eq. (14) can be achieved by maximising the restricted log-
likelihood ln(LR(y ∣ �)):

where ln(LR(y ∣ �)) can be computed as in Harville (1977):

in which c is a term that does not depend on � and can be ignored for variance-component 
estimation.

Once the parameter estimates �̂ is obtained, using a numerical maximization algorithm, 
an estimated total covariance matrix can be constructed as Q̂y = Q0 +Q(�̂) . This estimated 
covariance matrix should be more realistic than Q0 alone and can be used for functional 
parameter uncertainty assessment.

(18)�̂ = argmax
�

ln(LR(y ∣ �)),

(19)

ln(LR(y ∣ �)) = −
1

2
[(m − n) ln(2𝜋)

+ ln(det(A⊤Q−1
y
(�)A))

+ ln(det(Qy(�))) +�e
⊤
Q−1

y
(�)�e] + c,

Fig. 8   a Correlation matrix of the functional parameter estimate uncertainties under the Q
0
 model. b As (a), 

but under the Q
0
+PL model
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Appendix 2: Correlation Matrix of Functional Parameter Estimate 
Uncertainties

Besides causing a change in uncertainty, employing the augmented stochastic model Q0

+PL changes the correlation between functional parameter estimate uncertainties. This 
effect is illustrated in Fig.  8, where notable changes in the correlations for the periodic 
parameter estimates can be observed. These correlation changes mostly emphasize the rel-
ative influence of Q0 and �QPL(�) in the augmented model, already observed in Table 1.
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