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1 | INTRODUCTION AND MAIN RESULTS
1.1 | Preliminaries

Let Q C R? be a bounded domain, and let
Q) £ A4,(Q) < ...

be the eigenvalues of the Dirichlet Laplacian —Agir in Q, enumerated with multiplicities. Denote
by
NI = #{neN:2,(Q) <?}

the corresponding eigenvalue counting function. By Weyl’s law, its asymptotics is given by
: A Q
NPy = A 50 4 0R) asd o oo (11)
4

More than 70 years ago, George Polya [14] conjectured that the leading term of the asymptotics
(1.1) is, in fact, a uniform bound on N gir(/l) for any Q C R?: namely that for all 1 > 0,

Area(Q) 2

e (1.2)

NYT@) <

Polya himself later proved this for domains which tile the plane [15]. No other planar domains for
which Pélya’s conjecture holds were known until very recently, when the authors of this paper
proved it for disks and finite sectors, see [1]. That paper also gives a more comprehensive account
of Pélya’s conjecture for the Dirichlet Laplacian and its counterpart in the Neumann case, as well
as its higher-dimensional generalisations.

1.2 | Main result

The goal of this article is to extend the proof of Pélya’s conjecture to annuli

A, ={(x;,x) ER* 1 2 <x] + x5 <1},
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI | 3 of 37

with inner radius r € (0,1) and outer radius one. Note that any annulus is of this form up to
rescaling. Note also that r = 0 corresponds to the punctured disk which has the same spectrum
as the disk (see also [12, Example 2.2.23]), and therefore, is covered by the results of [1].

For brevity, we will denote the eigenvalues of an annulus and its eigenvalue counting function
by

A 1= A0(A), N Q) 1= N
Given that Area(A,) = (1 — r2), Polya’s conjecture (1.2) for annuli states that the inequality
N,(A) < #ﬂ 1.3)
holds for all pairs (r, A) in the parameter space
RA :={r,A) :0<r<1,A>0}L
It will be often convenient to work with the parameter
u:=rlelfoi)

instead of 7. In terms of this parameter, the equivalent form of Pélya’s conjecture for the Dirichlet
Laplacian on annuli is that the inequality
12 — #2

) 1.4)

N s ) <
holds for all pairs (4, i) in the parameter space
AM :={A,u) : 0<u <A}
Our main result is

Theorem 1.1. Pélya’s conjecture for the Dirichlet Laplacian holds for all planar annuli. In other
words, inequality (1.3) holds for all (r,A) € RA, or, equivalently, (1.4) holds for all (1, u) € AM.

Note that Theorem 1.1 gives a first example of a non-simply connected planar domain for which
Polya’s conjecture has been verified.

Remark 1.2. The eigenvalues of planar annuli have also been investigated in [7] and more
recently in [5]. Using number-theoretic techniques, these papers improve remainder estimates
in the two-term Weyl asymptotics for annuli. Note that the two-term asymptotics implies that
Polya’s conjecture holds for sufficiently large (but unspecified) values of 4. While the present
paper shares with [5, 7] the method of relating the eigenvalue count to a lattice point count,
our results are in a way complementary, as we focus on accurate eigenvalue bounds rather than
asymptotics.
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FIGURE 1 Summary of all regions in (r, 4)-plane for which Pélya’s conjecture is analytically proven to be
true, with two side figures zooming near the axes. The exact definitions of the regions can be found in Theorem 2.1
for RA;, Theorem 2.3 for RA;, Theorem 7.1 for RAyy, Theorem 7.2 for RA; and Theorem 7.6 for RA,.

1.3 | Ideas of the proof

The proof of Theorem 1.1 combines analytic arguments with a rigorous computer-assisted ver-
ification. We analytically prove Theorem 1.1 in five distinct but partially intersecting regions
RAp, N =1,...,V, of RA. We postpone their exact definitions until later, but show their graphical
representation in Figure 1.

Different approaches are used to deal with each of these regions. In the region RA;, the
result follows from the Faber-Krahn and Krahn-Szego isoperimetric inequalities for the first
and the second Dirichlet eigenvalues. In the region RA;, we use a comparison between the
counting functions for the annuli and for certain carefully chosen flat cylinders, see Lemma 2.2.
We then take advantage of the fact that the eigenvalues of these cylinders can be computed
explicitly, see Theorem 2.3. Note that the arguments in the first two regions are of purely
spectral-theoretic nature.

The proofs in the remaining three regions are based on results concerning the Bessel phase
functions as well as lattice-counting techniques. Here, we extend the approach developed in
[1] for the disk. In order to adapt it to the case of annuli, we have to overcome several new
technical challenges.

First, instead of estimating the Bessel phase function itself, we now need to bound the difference
between the values of the phase functions at two distinct points, which are chosen depending on

a 'Z '9202 '05.2697T
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the spectral parameter and the inner radius of the annulus (recall that the outer radius is fixed
and is equal to one). Some of these bounds follow from the results of [3], but some are new, see
§5.

Second, we have to use a more elaborate reduction to a lattice counting problem. In the region
RA, we count points below a single curve as in [1]. In the other two regions, in order to get
accurate enough bounds, we need to split the interval [0, 1] into two (in RAyy,) and three (in RAy,)
subintervals, respectively, and in each subinterval we count integer points under different curves,
depending on which bound for the phase functions we are using (see Lemma 5.2 and Figure 6).

Third, we need to improve upon the lattice counting techniques of [1]. Recall that [1, Theo-
rem 5.1] provided a way to estimate the number of lattice points under a graph of a non-negative
decreasing convex function with a Lipschitz constant % We need to extend this bound to concave
functions, as well as to relax the assumption on the Lipschitz constant. We obtain several results
in this direction in §3. We believe that they could be of independent interest, and for illustration
we present one of them below.

The following definition is central for our analysis.

Definition 1.3. Leta,b € Zwitha < b,and let g : [a,b] - R. The trapezoidal floor sum of g on
[a, b] is defined as

b-1 b-1
T(g.0.) =3 Y (Lotm)] +lgm+ D) =3 Lg@] + 3, Lo(m)] +3 Lg®)].
m=a m=a+1

For a non-negative function g, the trapezoidal floor sum T(g, a, b) counts the number of points
of the lattice Z X N lying on or under the graph of g on the interval [a, b], with the exception
that the lattice points with the edge abscissas a and b are counted with the weight % A useful
observation is that for an integer p € (a, b),

T(g9,a,b) = T(g,a, p) + T(g, p,b).

For example, we prove the following estimate on the trapezoidal floor sum for concave Lipschitz
functions that is used in the region RAy,.

Theorem 1.4. Let a,8 € Z, a < f3. Let g be a decreasing concave function on [a, ] which is
Lipschitz with a constant ¢ € (0, 1), and assume additionally that

Lg(@)] = Lg(p)] > lg(p + D]
for some integer p € [at, §). Then

1-c
2

B
T(g.0.8) < / (@) dz— 128 — p).

a

Note that without the second term on the right, the bound is an easy consequence of concavity
only, see Proposition 3.1. The proof of Theorem 1.4 can be found in §3. For some related asymptotic
estimates, see also [10, 11].
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6 of 37 | FILONOV ET AL.

For decreasing convex functions, we prove a related result under the assumption that the
function is Lipschitz with a constant % on the whole interval, and additionally is Lipschitz

with a constant % on a subinterval, see Theorem 3.4. One consequence of this is the following
improvement of Pdlya’s conjecture for the Dirichlet Laplacian on the disk [1].

Theorem 1.5. Let D be a unit disk. Then the following two-term Polya-type bound for the Dirichlet
Laplacian holds:

- 12 |wpd]
NPy <« 22 - 2222 1.5
D < - s)
where
V3 o1
Wy = — — = ~ 0.108998.
27 6

We prove Theorem 1.5in § 7.2.

Remark 1.6. While the present paper was under review, estimate (1.5) was further improved in [6,
Theorem 1.7] to

2 o] 3l
4 8 8

k]

NP <

where

\/ 2+2 3\/ 2-2
W, 1= - ~ 0.150574.
27 16
The analytic results establishing Polya’s conjecture for the regions RAy can be equivalently
formulated for the regions AMy, X =1,...,V, see Figure 2. In fact, such a reformulation is more
convenient for the computer-assisted part of the proof of Theorem 1.1.
Set

\
AMpeqry 1= | AMy.
N=I

Importantly, the remaining region
AM \ AN[theory

is bounded, see Theorem 8.1, and we implement a rigorous computer-assisted algorithm verify-
ing Polya’s conjecture there. Our method builds upon the approach of [1, Section 8]. We show
that if a required inequality on the lattice count holds at a given point with some margin, then
it holds in a certain explicitly described domain around this point, see Lemma 8.4. This observa-
tion, together with the technique of verified rational approximations, allows us to rigorously check
Polya’s conjecture in aregion AMo,, O AM \ AMy,¢ory - This completes the proof of Theorem 1.1.
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FIGURE 2 Summary of all regions in (4, u)-plane for which Pélya’s conjecture is analytically proven to be
true. The bottom figure zooms near the A-axis and the origin.

1.4 | Plan of the paper

The paper is organised as follows. In §2, we prove Polya’s conjecture in the region RA; using
isoperimetric inequalities for the first two Dirichlet eigenvalues, and in the region RA; via com-
parison with the spectra of flat cylinders. In §3, we present abstract results on the trapezoidal floor
sums for concave and convex functions satisfying different assumptions on their Lipschitz con-
stants. In §4, we relate the eigenvalue counting function of an annulus to the difference of the
Bessel phase functions. Bounds on these differences in terms of some elementary functions and
a reduction to a lattice counting problem are presented in §5. Some useful auxiliary properties of
these elementary functions are collected in §6. In §7, we apply the results on the trapezoidal floor
sums and the bounds on the difference of the Bessel phase functions in order to verify Pélya’s con-
jecture in the regions RA;, RA, and RAy,. This section is the most technical part of the paper.
Finally, in §8, we present a rigorous computer-assisted algorithm which affirms Pé6lya’s conjecture
in the remaining part of RA.

2 | REGIONSIAND II VIA ISOPERIMETRIC INEQUALITIES AND
COMPARISON WITH FLAT CYLINDERS

By the Faber-Krahn and Krahn-Szego inequalities (see, e.g. [8, 12]), we know that Polya’s con-
jecture is true for any domain Q c R¢ for values of A such that the corresponding Weyl’s term
satisfies C;|Q|A? < 2, which in the case of annulus A, is equivalent to

A2 -8 <l

a 'Z '9202 '05.2697T
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8 of 37 | FILONOV ET AL.

Therefore, we arrive at the following

Theorem 2.1. Let

m(r) = % &) 1= Vii—s.

1-—
Inequality (1.4) holds for all (4, u) € AM;, where
AM; := {(/1,/1) L0<pu<< z\/E} U {(A,M) 1> 2v2, D) < 1 </1} C AM.
Equivalently, inequality (1.3) holds for all (r, 1) € RA;, where
RA; :={(r,4) : 0<r<1, A<y} CcRA.
We can extend the result of Theorem 2.1 by a more involved argument. In order to do so,
consider first the Dirichlet Laplacian on a flat cylinder C;, := (1 — h,1) X S', with h > 0 (cf. [4],

where some related results were obtained). An elementary separation of variables shows that the
(unordered) eigenvalues of —A?}ir are given by

m%n?
h2’

In,m(ch) =m? + (n,m) eNXZ.

The corresponding eigenvalue counting function is

N, ) :=Nch(/1)=#{(n,m)eNxZ : m2+% </12}.

Recall that the eigenvalue counting function of the annulus A, is denoted by WV,.(1). We have
the following

Lemma2.2. Let0<r <1, andseth=h, := =L Then

\/;
N.A)KN,@A)  foralld>o0.

Proof. Let

fe )= fulp)e™ 1)

mez

be a non-zero function from the Sobolev space Hé (A,), so that f,,(r) = f,,(1) = 0. The Rayleigh
quotient of the operator —AB" acting on f is

1

’ 2, m? 2
T/ (el @l + 2 o)) de

Rr[f] = 1 . (2.2)
Y [ fm@|ede

meZr
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI 9 of 37

FIGURE 3 Anannulus 4, and a cylinder C,_,. Note that we are comparing the spectrum of the Dirichlet
Laplacian in A, with the spectrum of the Dirichlet realisation of (2.3) in C,_,, which, in turn, coincides with the
spectrum of the Dirichlet Laplacian in C, .

At the same time, the eigenvalues of —Agir coincide with those of the operator

r

L 2.3)

acting in H é (C,_,) (with the cylindrical coordinates (o, %) coinciding with the polar coordinates
in A,), see Figure 3.

Note that f is an element of Hé (C,_,) if and only if it belongs to Hé (4,), and the Rayleigh
quotient of the operator (2.3) acting on (2.1) is

1
3  (rlfn@F +m sl ) do
mezZr

R[f]= - : (24)
z/ |fm()|” do

The comparison of the integrands in (2.4) and (2.2) immediately gives R[f] > R,[f] for any
feHd é (A,) \ {0}, and the result follows from the variational principle. O

Theorem 2.3. Let

2 4 17 22
rg :=0, ri ==, 1r,:==, Vr;.:=—, ¥4.=—, Fs.=1, 2.5
0 173 2775 30T g0 4T 257 3 25)
and set
G+Dryr )
nu(r) 1= = if rp<r<rj, j=0,1,2,3,4, (2.6)

d ‘2 ‘9202 '0SLL69%T
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nu(r) [$1{%))
200
150 -
17 20v22m
150 | 20 3
100 -
100 2857
3 50+ 457
all VB
1 1
22 1 2v6r  6V5m  8v857m 25227
5 25 3 3

FIGURE 4 The plots of n;(r) and {;;(4). The red dots indicate the positions of singularities in definitions
(2.6) and (2.7).

i—”(\/4/12+i27r2—i7r) if in—”"‘ls/1<i7r?\/f, i=1,2,3,4,5,

Ga@) =1 P e _ @7)
ri if in% <A< (i+ 1)nr\/?, i=1,2,3,4,
see Figure 4.
Inequality (1.3) holds for all (r, 1) € RAy;, where
RAp :={r,1) : 0<r<1,0<A<nylr} (2.8)
Equivalently, inequality (1.4) holds for all (1, u) € AMy;, where
AMy = {4, w) @ &p(d) < u <A} AM. (2.9)
Proof. Fixr € (0,1). With h = h,., we have
7 2 (1—r)? 2 (1-r)? 2
N,(AD)=# (n,m)eENXZ :n"+ s—m* < A
r rm YT
1-r
|54 —
= 2 142 |4/A%2 - sn? |,
] 1-r
0
where we assumed the notational convention ). := 0. By Lemma 2.2, inequality (1.3) will hold
n=1
for a given r and A if we can show that
—~ 1— r2 2
Nhr(/l) < 2 A% (2.10)

Ve

Assume, first of all, that l 1o /IJ = 0, that is,

<

e

1-r

1<

a 'Z '9202 '05.2697T
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI 11 of 37

Then N, h, (A1) = 0, and (2.10) follows immediately.

Let now [1_r /1J = j € N, that is,

r
N N
j— <A<(+1)—. 211
1= G+ )1 — (2.11)
In practice, we will only consider cases when j < 4, but the general scheme may be extended
further. Let

2y
L = 2= n2|, n=1,..,7J,
n { 1—rp | /
so that
L2 + 1 n? <A <@L, +1)7>+ ’r n? (2.12)
n(a-r? " a-r2 '
Then

JVN) =Jj+2L + - +2L;.

In order to effectively obtain some restrictions on r which guarantee that inequality (2.10) holds,
we will replace it by a stronger inequality based on the lower bounds on A? from (2.12):

1-r2 = L 1-r2
4r /lz—Afhr(/l)=Z<rn 4r /12—1—2L,,>

n=1

_ 2.13)
1-r2( _, r 5
> Z <T,,T<Ln " —1-2L, ) >0,
n=1

where
(ty,..,7)) =7 € (0, 1)/ with 7y + - +7; =1, (2.14)
are some constants to be chosen later. Each summand in the right-hand side of (2.13) is minimised,
over L, € R, by taking L, = ﬁ. Substituting these values into (2.13) and multiplying the

resulting inequality by 4(1 — r?), we obtain the inequality

Jj Jj
S(r;7) = (Z n21n>7r2r(1 +7r)? — 16(2 %) —4j0-r>)>0. (2.15)
n=1

n=1 "N

For every fixed choice of a vector 7 satisfying constraints (2.14), the cubic (in r) polynomial S j (r;7)
is monotone increasing for r > 0 with S i (0;7) < 0. Therefore, it has a single positive root r;’.‘ (7). If

we can choose a vector 7+ and a number r* € (0, 1) such that

Sj(r+;1+) >0,

then rt > }’7(‘['"), and so inequality (2.15) with 7 = 7%, and therefore also inequality (2.10), holds
for r > r* and for A satisfying (2.11).

a 'Z '9202 '05.2697T
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FIGURE 5 On the left, the plot of numerically computed r3 ((r;,1 — 7)) as a function of 7,. On the right,
the numerically computed contour plot of r (7, 7,,1 — 7, — 7)) in (7}, 7,)-coordinates.

We now finish the proof of the theorem by looking at the specific cases j € {1, 2, 3,4}. In each
case, we choose r* :=r j» Which is given by (2.5).
Case j = 1. The only possible choice is 7+ = (1), and we get

Si(ri;7) = %(25”2 — 246) ~ 0.0548 > 0.

Case j = 2. We choose 7+ = (%, %), cf. Figure 5 (left), yielding

Sy(rytt) = %(2437‘[2 — 2320) ~ 2.4016 > 0.

Case j = 3. We choose 7+ = (}—‘, %, %), cf. Figure 5 (right), as

_5352797% — 5226 560

Sy(ry;th) = 37000 ~ 1.7635 > 0.

Case j = 4. We choose, on the basis of some numerical experiments, t+ = (%, %,
get

Wil

).We

Gl

2 _
Sy(ry;t) = 17179 3935726 871569 474000 ~ 01459 > 0.

The combination of all the cases completes the proof of (2.8). It remains to remark that (2.9)
is just an explicit representation of {(/1, W (% /1) € RAp } where we have taken extra care of
the jumps of ny(r) atr = ri,j=123,4. O
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI | 13 of 37

3 | TRAPEZOIDAL FLOOR SUMS FOR LIPSCHITZ FUNCTIONS AND
THEIR BOUNDS

We want to compare, under various conditions on a function g, its trapezoidal floor sum with
the integrals f ab g(x) dx. Some estimates of this type have been already established in [1] and [2];
however, proving Theorem 1.1 requires more delicate upper bounds for trapezoidal floor sums
which we collect here.

We recall that a function ¢ : [a, b] — R is called c-Lipschitz (c > 0) if |g(z) — g(w)| < c|z — w|
for all z, w € [a, b]. We will write this as g € Lip,.

The following introductory result is obvious.

Proposition 3.1. If g(z) is concave, then we always have

b
T(g,a,b) < / g(z)dz.

Proof. In this case, T(g, a, b) is trivially less than or equal to the trapezoid rule approximation for
the integral of g, which is a lower bound for the true integral. O

A sharper bound for a concave function ¢ can be obtained subject to some additional
constraints.

Theorem 3.2. Let a,b € Z, a <b. Let c € (0,1). Assume that g is a decreasing concave Lip,
function on [a, b] such that

lg(a)] > [g(a+1)].
Then

1-c
2

b
T(g,a,b) < / g(z)dz — (b —a). (3.1)

Proof. By the conditions of the theorem, the function g is strictly monotone on some interval to
the left of a + 1, and therefore, by concavity, also on [a + 1, b], and thus is invertible there. In
addition,

N :=|g(a)] > [g(b)] =: M.
Denote
a,=max{meZzZ: g(m);n}:[g_l(n)J, n=N-1,.,M+1.

Setalsoay :=aanda, :=b.
By additivity of the trapezoidal floor sums, we have

T(g,a,b) = T(g, ay,ay_1) + - + T(g, apr41, app),

and it is therefore sufficient to prove the statement of the theorem with (a,b) replaced by
(@, a,_1),n=N,..,M—1.
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14 of 37 | FILONOV ET AL.

Consider any such interval, and set A :=a,,B :=a,_;,and k := B — A € N. Without loss of
generality, we can assume n = 1, otherwise we just need to add the same constant (n — 1)k to both
sides of (3.1) which does not affect the validity of the inequality. Then g(A) > 1 > g(A+ 1) > ... >
9(B) > 0and T(g,A,B) = % We therefore need to prove that

k(1—¢)  k(1—c)+1
2 2 :

B 1
/ 9(z)dz > = + (3.2)
" 2

By concavity of g and using g(A) > 1, g(B) > 0, we have

B
/ o)z KA=O+1 (gA) + 9Bk k(=) +1
A 2 2 B

>E_k(l—c)+1_ck—1
“ 2 2 o2

and therefore (3.2) holds if k > %

Suppose now k < % We have, by the Lipschitz condition on g, the bound ¢(B) > 1 — ck, and
therefore,

B kQ—-c)+1_ Q2—-ckk k(—-c)+1 2k—ck®+ck—k—-1
9(z)dz — > - =
A 2 2 2 2

_ (k—1)1 —ck) 50
2 =z

Thus, (3.2) holds again. O
We can now easily give the following proof.

Proof of Theorem 1.4. By additivity,

T(g,a,B) = T(g,a, p) + T(g, p, B),

and we estimate the first term by Proposition 3.1 with [a, b] = [a, p], and the second term by
Theorem 3.2 with [a, b] = [p, ] O

We now switch to the bounds for convex decreasing functions g. The next result is essentially
a version of [1, Theorem 5.1].

Theorem 3.3. Leta,b € Z,and let g : [a,b] — R be non-negative, decreasing, convex and of class
Lip1. Suppose also that g(b) is an integer. Then
2

b
T(g + l,a,b) < / g(z)dz.
4 a
Moreover, equality implies that ¢(z) is a constant on [a, b].
Proof. If g(b) = 0, this is an immediate consequence of [1, Theorem 5.1], noting that the last term
in the sum is zero and so it does not matter whether it has a factor of 1/2. Adding an integer n to

g(z) increases both sides by (b — a)n, and so, equality is maintained. O

The bound in Theorem 3.3 can be improved given more information on the function g.
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI | 15 of 37

Theorem 3.4. Leta,b € Z, and suppose g(z) is decreasing, convex, Lip1 on[a, b] and has g(b) =
2
Suppose further that there exists t € [a, b] for which g(z) is Lip: on [t, b]. Then
3

T<g+4 a, b) /bg(z)olz—}t Lg()] -

a

In order to prove Theorem 3.4, we require the following

Lemma 3 5. Let A, B € Z. Suppose that g(z) is decreasing and convex on [A, B + 1] with Lipschitz
constant =, and is Lipschitz with constant — for z > A + 1. Suppose further that for some n € Z,

g A)2n+12g9A+1)29B)2n>gB+1).

Then
1 B
T(g+—,A,B / g(t)dt—— (3.3)
4 A

Proof of Lemma 3.5. Without loss of generality, we assume A = 0 and n = 0. Let
k =#{m € [0,B] : g(m) > 3/4},

and consider three cases.
Case 1: k = 1. The left- hand side of (3.3) is 1 Since ¢(0) > 1, we must have g(z) > 1 — % for

z > 0. In particular, g(1) > = and therefore, g(2) and so B > 2. Thus,

/OBg(z)dzz/()z(l—E)dz—l

and so the right-hand side of (3.3) is at least 3 1 as desired
Case2:k = 2. The left-hand side of (3.3) i 1s = Srnce g(1) > =,we have ¢g(z) >
> 1. Thus, ¢(3) > E and B > 3. Now the rlght hand side of (3.3) is at least

/03 g(z)dz = /02 g(z)dz+/23 g(z)dz.

By convexity, the first integral is at least 2¢g(1) > % The second integral, using the bound g(z) >
i - % is at least 1 . So, the right-hand side of (3 3)is at least 3 , as desired.
Case3:k > 3. The left-hand s1de of (3.3)isk — = Nowwe know that g(k -1)>-=. By convexity,

g+ 92k —-3)=29(k—-1)> 5. Since g(1) < l,we have g2k — 3) > 2, and therefore, of course,

B > 2k — 2. So,
B 2k—2
/ o(2)dz > / 4(2)dz,
0 0

which by convexity is at least 2k —2)g(k — 1) > %(k —1) = k. Thus, the right-hand side of (3.3)
isatleastk — = > k—-= completlng the proof. [l

3 z—1
= — =—— whenever
4 3
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16 of 37 | FILONOV ET AL.

Proof of Theorem 3.4. Let N = | g(a)], and for each n € [0,N], let q, = max{m € Z : g(m) > n}.
Then

N-1
1 1 1
T<g + Z,a,b) = T(g +a qN> + V;)T(q + Z,qann)-

Apply Lemma 3.5 for each n for which q,,,, +1 > ¢, with A = g,,,, and B = q,,, and use Theo-
rem 3.3 to estimate each of the other sums. We get the integral we want plus an additional —i for
every n for which q,,.; +1 > t. Since g(¢) < ¢(q,4; + 1) < n + 1 for any such n, there are at least
Lg(t)] of these values of n, which completes the proof. O

4 | THE EIGENVALUE COUNTING FUNCTION AND THE BESSEL
PHASE FUNCTION

Standard separation of variables implies that the eigenfunctions of —AP, written in polar

A,
coordinates p = 4/ x% + x§ and 1, are of the form
<01]m<\/zp>+02Ym<\/zp>>eiim¢, mGNO :{O}UN,

where J,, and Y, are the Bessel functions of the first and second kind, respectively, and |c;|* +
lc,|? > 0. If we define the functions

Ly (X)) 1= T, ()Y, (rx) = Y, (X)J,,(rx), m e N, (4.1)

and denote the kth positive root of L, ,,,(x) by Z, , ., then the corresponding eigenvalues equal

2 . . . .
fr’m’k, taken with multiplicity
1 ifm=0.
Ky o= )
2 ifm>0.

We recall that the Bessel modulus function M, (z) and phase function 0,(x) are defined, for
v > 0,via

T,(x) +iY,(x) = M, (x)el®™, lim 6,(x) = —g. (4.2)
X—

We refer to [13, Section 10.18], [9] and [3] for more information on the modulus and phase
functions; for the moment, we only need to recall that

M,(x)>0 and 6/(x)>0  forallx >0,
and that

Gv(x)=x—<§+%)n+0<%> as X — +00 43)
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI 17 of 37

[13, Section 10.18.18]. Using notation (4.2) and definition (4.1), we get
Ly (x) = M,,,(x)M,,,(rx)(cos 6,,(x) sin 6,,,(rx) — cos 6,,,(rx) sin 6,,(x))
= —-M,,(x)M,, (rx)sin (6,,(x) — 6,,(rx)).
It is easy to see that the difference
0, n(x) 1= 0,,(x) = 6,,(rx) (4.4)
is monotonically increasing in x for every m > 0 and every r € (0, 1), with

0,,(00=0 and lim @, ,,(x) =

X—00

see Lemma 4.1, and therefore, the function @, ,, is invertible. Thus, the kth positive root £, ,,,  of
L, ,,(x) is given by

Cromk = @r‘}n(ﬂk),
and the eigenvalue counting function of an annulus can be rewritten as

Oxm[ ,m(/l)J goxm [%(em(,l)—em(M))J.
(4.5)

M

N @)= Dy #Hk €N 2 £,y <A} =

m=0

3
Il

‘We will require the following technical results.

Lemma 4.1. Letm > 0,0 < r < 1. Then the function ©, ,,(x) defined by (4.4) is strictly monotone
increasing at any point x > 0, and ©, ,,(1) — co as 1 — co. Moreover,

0, ,(1) <7 forany A € (0,m]. (4.6)
Proof. We have
o, (x) =0 (x) - 16! (rx) = < L 1 > 4.7)
o M m(x))2 (M, (rx))?

where the last equality is by [13, §10.18.8]. Nicholson’s formula [13, §10.9.30],
M, (x))* = % / cosh(2mt)K,(2x sinh t) dt,
T° Jo
in which K (-) is the modified Bessel function of the second kind (which is strictly decreasing on
(0, +00)), ensures that M, (x) is strictly decreasing in x and therefore the right-hand side of (4.7)
is positive.
Also,

0, m(A) = (1 — A + o(/ll) as 1 — oo

by (4.3).

a 'Z '9202 '05.2697T
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18 of 37 | FILONOV ET AL.

We also have, for0 <A <m
0, m(A) < B, (A) + % < 6,,(m) + % <,
since
2 <6,(rm) < 8,,(m) <6, (jima) = 5
by monotonicity of 6,, and the classical bound j,,, ; > m. O
Lemma 4.1 immediately implies that £, ,,; = ©;} () > m, and thus,
Corollary 4.2. For an integer m > |4]| > 0,
#keN: . <At=0.

Therefore, (4.5) can be rewritten as

(4] 1
N = Y %o | 200D (48)

m=0

and the statement of Theorem 1.1 is equivalent to the bound

(4] (4]
N = 3t 200, 0] = 3 | 20,0 - 00| <)

m=0

being valid for all0 < r < 1 and all A.
In the sequel, it will be convenient to interchange the independent variable and the parameter,
and to switch to u instead of r by setting

Viu(@) 1= 20k (D) = ~(0,(1) — 6,(0) (410)

noting that (4.6) in this notation reads

y,w(m) <1 forallm > A, (4.11)
and thus rewriting (4.8) as
4]
N @)= 0 |72,,0m)] (4.12)
m=0

Remark 4.3. We note that since |y; , (4] + 1)| = 0 by (4.11), the right-hand side of (4.12) can be
interpreted as a multiple of the trapezoidal floor sum:

N, (D) = 2T (77,450, |A] +1). (4.13)

a 'Z '9202 '05.2697T
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI | 19 of 37

5 | BOUNDS ON THE PHASE FUNCTIONS DIFFERENCE AND
REDUCTION TO A LATTICE COUNTING PROBLEM

We proceed to estimating the values ©, ,,,(1) appearing in the left-hand side of (4.9). Introduce,
for A > 0 and u > 0, the functions

1 z
= VA2 —z2 — zarccos = ), e [0,1],
G,(z) := ,,( zoE l> zelo.a] (5.0)
0, z> A,
3u? + 222
H(z) i =—, z € |0,u), 5.2
M) = T [0, ) (5.2)
max { G,(2) ~ Hy(2), 1}, zel0,),
F(2) =9 K K 4 (5.3)
_Zs z > ,u
Also, for 0 < z < u < 4, define
®,,(2) 1= Gy(2) = G,(2). (5.4)

Theorem 5.1. Letz > 0,4 > 0. Then
1 1 1
FA(Z) - Z < ;GZ(A) < GA(Z) - Z

Proof. For A > z, the result is the re-statement of [3, Theorem 1.4] using notation (5.1)—(5.3). For
0 < A € z, the lower bound is the re-statement of the elementary bound 6,(4) > —%, and the
upper bound follows from monotonicity and continuous differentiability of both 8,(1) and G,(z)
in A since

1 1 1 .. 1 1
;92(/1) < ;92(2) < p El_l)r(% 0,(z+¢)<G,(2)— 1= 7
and /(1) > 0 = G/’l(z), see also [1, formula (3.8)]. O

Theorem 5.1 plays the key role in the proof of the following bounds, which are illustrated in
Figure 6.

Lemma5.2. Let0<r<1,A>00<z< AL u=r4, y/w(z) = %G)r’z(/l) as before. Then
V1u(2) < G,(2) = F(2). (55)
In particular,
742 < Gi(@) + 3. (56)
and if z < u, then also

Ya,(2) < @,(2) + H(2). (5.7)
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i L
u A

FIGURE 6 A typical behaviour of bounds (5.6) and (5.7), and of the upper bound (5.8), with the solid line
showing bound (5.5). The inset zooms near intersections of the curves.

Additionally, if z < u, then also
1
@) ,(2) <ypu(z) <Py ,(2) + R (5.8)

Proof of Lemma 5.2. Asy, ,(z) = %(Gz(l) — 6,(n)) by (4.10), bound (5.5) follows immediately
from Theorem 5.1 by applying its upper bound to 6,(4) and its lower bound to 6,(u). By definitions
(5.3) and (5.4), the right-hand side of (5.5) becomes

min { ®,,(2) + H(2),G,@) + 1}, zelo.p,

Gy(@) ~ F,(2) =
e+ z>u,

thus providing (5.6) and (5.7).
In order to prove (5.8), fix z > 0 and consider the function

1
8, (1) :=G,(z) — ;92(#), M € [z, +00).
‘We have
1 1 1
0,(2) = —;GZ(Z) < —;92(0) =3
by the equality G,(z) = 0 and monotonicity of 6,
lim &,(u) = -
oo 2 = g

by (4.3) and the asymptotics

Gy(z)=%—§+0<i> as u — +oo,
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[1, formula (3.7)], and also

2
=37

P
- 6;(;1)> <0 forallu>z

by [9]. Therefore, % <&, (W) < % for all 4 € [z, +0), and thus,

1
0< y/l,/,t(z) - (1)/1,/1(2) =6,(u) —6,(4) < 2
because 1 > u. ]

In the next section, we summarise some additional properties of the functions (5.1)—(5.4), which
we will use afterwards.

6 | SOME PROPERTIES OF FUNCTIONS G; AND @, ,

Lemma 6.1. Let 0 < z < A. Then G, is decreasing and convex on [0, |[1]| + 1],

[A]+1 i 22
/ Gy(z)dz = / G)(z)dz = —,
0 0 8

and also G, is Lip: on [0, |[1] + 1], and Lip1 on [’%, 4] + 1], with
2 3

A V3
Gﬂ(i) =@t @ i=or -

Proof. The result follows by direct computation and is mostly contained in [1, Lemmas 4.5 and

4.6]. O

~ 0.108998 > - (6.1)
10

N =

Lemma 6.2. Let0 < z < A. Then'

B(-3)" cow<d-3)"

Proof. We first prove that for0 < w < 4,

1 w 1 w
< —=G'(w)= —arccos = < =41 /1 — =, 6.2
5 (w) - ) 7 (6.2)

9 w
., ]/1-=
20 A

or, equivalently,

cos(%\/ﬁ) <v<cos<3—g\/:), (6.3)

fWe do not actually use the lower bound in this paper.
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22 0f 37 | FILONOV ET AL.

=0and

wherev 1= % € (0,1). The left inequality in (6.3) holds since cos (%\/ 1-— v) —v
ve{0,1}

7T CoS (gﬂ)

16(1 — v)

%(cos(zm)_v) -

2

(= (5v=0)-5) 0

for all v € (0,1). The right inequality holds since v — cos <92—g V1-— v) =0and

v=1

97rsin(9—”7r l—v) 3
i<v—cos<9—7r\/1—v>)=1— 2 >1_817r >0
dv 20 401/1_0 800

forallv € (0,1).
Integrating (6.2) in w from z to 4 gives the result. 1

Lemma 6.2 implies

Corollary 6.3. Let1 < u < A. Then

U U I
2
G,(z)dz =/ G,l(z)dz—/ @, (2)dz < . (6.4)
/LMJ g Ll O 15/

Proof. The first equality is obvious by the definitions (5.1) and (5.4). In order to estimate the left-
hand side, we just integrate the upper bound in Lemma 6.2 with A = ¢ from u —1 < |u] to y,
arriving at the right-hand side of (6.4). O

Lemma 6.4. Let A > u > 0. Then ®; ,(z) is decreasing, concave and Lip, 1 O [0, u], with

1 w1 7
== Z<y/1-S< 6.5
au 7 ST =3 A 65)

N | =

Moreover, the first three derivatives of @, ,(z) are all negative for z € (0, ).

Proof. We have

tbﬁw(z) = %(arcsin % — arcsin i) <0,
fbj{#(z) =1 ! - ! <0,
, Vs \//12 ) \/qu —z2

o @=2((22-2)"" - (2 -2)7") <0

We also have

1 1 . M 1 H
— — — arcsin — = — arccos —,
2 7 A 7w A

/

C/l,,u = —(1)/1,#(/,{) =

and the upper bound in (6.5) follows from the upper bound in (6.2). [l

0 PUe SWLB | 841805 *[9202/80/20] UO AIRIGIT BUIIUO /5| ‘90USIROXT 212D PLE LESH 10} SIMISU| [eUOIEN ‘SOIN Ad SZp0L SW(ZTTT0T/I0/LI00" &3] 1w ARG [pu UO"D0SIWpUO |//Sd1 WO papeojumoa ‘Z ‘920z ‘0GLL697T

LBIIOD" B IM

3501 SUOLLLIOD SATES1D 3R ) AQ PaUBA0B 3. SO YO 5N J0 SaIN 10} ARIGIT SUIUO ABIIM UO



POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI 23 0f 37

‘We will later use the following.

Corollary 6.5. Let A > u > 0. Then

(A = wz?
@, ,(0)—@; (2) > oA
forallz € (0, w).
Proof. We have
A—u

/ _ 1 —
@ ,0=0 o O=-"",

and, by Taylor’s theorem with the remainder and by Lemma 6.4,

z? 7 A- ,M)Z2
@, ,(0) =@, ,(2) > ?(_(I)/L#(O)) =

for all z € (0, w). [l

7 | LATTICE POINT COUNT AND THE TRAPEZOIDAL FLOOR SUMS
7.1 | The outline of the scheme

Our approach will be as follows. Recall that by Remark 4.3, we need to prove that

2,2
No) = 2T(y,,,0, [A] +1) < el

Depending on the values of 4 and u, we will use the upper bounds on y, , obtained in §5 and
some further bounds, sometimes applied piecewise, to replace the function y; ,(z) by some more
explicit function ¥ ,(z) > v, ,(2). Then we will use the estimates of trapezoidal floor sums from
§3 to select the values of 4, u for which we can guarantee that

/12_#2

— 2T (75,4, 0, |4] +1) >0, (7.1)

which, in turn, immediately implies (4.9).
We also recall, for further use, that

" A A u 12— /"2
2</ (D,W(z) dz +/ GA(z)dz) = 2</ Gy(2) dz—/ G#(z) dz) = ,
0 u 0 0 4

therefore (7.1) holds if

u A
AL ) = /0 ®, ,(2)dz + / Gy(2)dz — T(7;,,0, (4] +1) (7.2)
u

is positive. We will write Ay(4, 1) when estimating A(4, u) in region AMy.
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24 of 37 | FILONOV ET AL.

7.2 | Region III

We use (5.6) to set
~ 1
Taw@ i=G@+7,  ze[o[a] +1],
then
2T(7,0,12] +1) < 2T(Gy + 7,0, 2] +1).
M 2

Recalling Lemma 6.1, we apply Theorem 3.4 with ¢(z) = G,(2), [a,b] = [0, |[1] + 1], to deduce

that

2 |wph |
4

2
2T<G/1 + i,o, 1] + 1) < ’% — , (7.3)

and (4.9) follows if

/12 2
201 (A, ) = a

— 1 1 —_ 2
2T<G,1 +=,0, |A] + 1) > (2 lwod| — ) > 0.
As |wgd| > wyd — 1, we have, using additionally (6.1),

1 1(2
Ap(4, 1) > §(2w0/1—2—,uz) > §<§ —2_#2>,

and keeping the right-hand side non-negative, we obtain the following

Theorem 7.1. Set

1+ /1 - 20072 I
Mz (r) = == Cm(A) 1= 32

10r2
Inequality (1.4) holds for all (A, u) € AMyy;, where

Equivalently, inequality (1.3) holds for all (r, 1) € RAyy, where

1
10V/2
Proof. If A1 > 10and u < 4/ % — 2, then, obviously, A (4, u) > 0. Rewriting this condition in terms
of r and A yields (7.4). O
We also immediately obtain the improved version of Pélya’s conjecture for the disk.
Proof of Theorem 1.5. By [1, Theorem 2.3], re-written using the notation of the present paper,
NDIE(D) < ZT(GA + i,o, 4] + 1),

and hence inequality (7.3) directly implies (1.5). [l
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI 25 of 37

7.3 | Sharper bounds: Region IV
Let N, := |u] and N5 := |4] + 1. We have, by (5.8) and (5.6),

®,,(2)+; ifz€[0,N,],

ylw(z) < n,#(Z) = {Gl(z) + % ifze [Nz,N3]-

Applying Proposition 3.1 with g = ®; ,(z) + %, [a, b] = [0,N,], we obtain

N,
~ 1 1
/ (I)A’#(Z) dz _T(yﬂ.,ﬂ’ O,Nz) > —ZNZ = —Z LuJ . (75)
0
Assume that

H< (7.6)

SRS

Applying Theorem 3.4 with ¢(z) = G,(2), [a, b] = [N,, N3], together with Lemma 6.1, we obtain

N; 1
/ G,(z)dz —T()7,1’M,N2,N3) > 1 lowod] (7.7)
Ny

Adding (7.5) and (7.7) and using Corollary 6.3, bound (6.1) and definition (7.2), we get

Ay (4, 1) > %([—J = |ul = ﬁ) (7.8)

and we choose the conditions for the right-hand side to be non-negative.

Theorem 7.2. Set

64 32
—_— 0< ,

() = max { 2o 200 = {22155 oSS tuss; (79)

rETa 1—10r f@<r<ﬁ’
64
§IV,—(/1) = 325’ {iv +(/1) —-L
Inequality (1.4) holds for all (4, ) € AM}y, where
AMyy, = {(/1 Wiz 2B oL Wsu< gm(A)} C AM.

Equivalently, inequality (1.3) holds for all (r, 1) € RAy,, where
RA :={(r/1):0<r<i Az (r)}cRA.
v ) 100 A2 v

Proof. For (4, 1) € AM}y, the condition (7.6) holds, - m

0. The equivalent statement in terms of 7 and A easily follows from the change of variables.  []

> u+1, and \/_ < 1, hence A (4, 1) >

a 'Z '9202 '05.2697T
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26 of 37 | FILONOV ET AL.

7.4 | Even sharper bounds: Region V

In what follows, given 4 > u > 0, we intend to choose an s € (0,1) and an integer number N;
such that

0<N; <N, =|u| <N;=|[1]+1, (7.10)
Yau@) <@y ,(2)+s,  z€[0,N] (7.11)

and
|00, + D+ 5| = e+ ] -1 (7.12)

Given such a choice, we have a bound

(I)/LM(Z)+S ifz € [0,N,],
V(@ <T1u(@) 1= 191,(2) + ; ifz € [Ny, N,],
G +5  ifz €[N,N;),

where the estimates from above on intervals [N;,N,] and [N,,N;] follow from (5.8) and
(5.6), respectively.

The choice of N, and s, and bounds on the interval [0, N, ].

Set
I 2
S vt

By Corollary 6.5, ®; ,(z,) < ®; ,(0) — 1, and therefore

| 2,020 + %J <|e0+ %J .
Let
N, :=max {m €l0,z,)NZ: lCID/LM(m) + }‘J = [qaw(o) + }‘J },

then (7.12) holds. It may happen that N; = 0, and we will treat this case separately.
Assume for the moment that z, < u and set

5= Hu(z*).

Lemma 7.3. Suppose that

u> A4 and A> , (7.13)

u—A4ar
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POLYA’S CONJECTURE FOR DIRICHLET EIGENVALUES OF ANNULI | 27 of 37

and that N, and s are defined as above. Then both bounds (7.10) and (7.11) are true. Additionally, if
N, > 0, then

Ny
~ 1
/ @, ,(2)dz —T(7;,,0,N;) > 3 (7.14)
0
Proof. By the construction of N, we have N; < z,. Moreover,
AT AU U
2 2 2 2
p =2z p— A_#((u ™) — 1)
by (7.13), and therefore, N, < z, < %
Also,0 < u —1 < |u], and thus, we will have N; < |u] if % < p — 1, which is satisfied due to

the first inequality (7.13).
Finally, assuming N; > 0, using bound (5.7) for y and the monotonicity of the function H ,(2),
we deduce, for z € [0, N, ],

J/ﬂ.,,u(z) < (I)/l,;,{(z) + H‘u(z) < q)ﬂ.,,u(z) + H#(Z*) = q)ﬂ.,,u(z) +5

3u® +2z2 412 2
=02+ ————5<9,,(2) + _r D) u(2) + i

247 (u? — z2)3/2 247 (u2 /2)3/2 3mu
(proving along the way (7.11) and s < %). The function ®; ,(z) + s is concave for z € [0,N;].
Applying Proposition 3.1 with g(z) = ®; ,(z) + s, [a, b] = [0, N,], yields

_ Nl N1 \/5 Nl 1
T(y,w,O,Nl)s ; (dJ,W(z)+S)dz</O d)l’#(z)dz+ﬁN1</0 @A’”(z)dz+§,

and the result follows. [l

Remark 7.4. Ifit happens that N; = 0, we formally set T (;7&, w0, N 1) := 0, and then bound (7.14)
remains valid.

Bound on the interval [Ny, N,].
The function @ ,(z) + % is decreasing, concave, and LipcM with ¢; , < %‘ /1— % on the inter-
val [0, u], see Lemma 6.4. As [0, u] D [N;, N,] under the conditions of Lemma 7.5 and )7/1#(2) =

®; ,.(2) + % for z € [Ny, N,], we can apply Theorem 3.2 to obtain

N2 ~ l_cl,y 1
/ (I)/l,,u(Z) dz — T(y,w,Nl,Nz) > (N, —N1)< > _ Z)

Ny
N,-N
s2- iy 1-E)so.
4 i

(7.15)

We therefore have the following lemma.
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28 of 37 | FILONOV ET AL.

Lemma 7.5. Assume conditions (7.13). Then bound (7.15) holds. If, additionally, u > % then

N _ 3-2v2  2-42
/ ®; ,(2)dz = T(7;,, N1, N,) > M (7.16)
Nl
Proof. We have, as shown in the proof of Lemma 7.3, N, - N; > u—1— % Also, if u > % then
1—4/1- % >1-— %, and (7.16) now follows from (7.15) after minor simplifications. O

Bounds on the interval [N,, N,].
We consider the two cases u < % and u > % separately.
In the former case, we act as in §7.3 using Theorem 3.4 to get

N3
~ 1
/ G/I(Z) dz - T()/ﬂ.,,u’NZaN?)) > Z LwO/‘{'J s
Ny

which together with Corollary 6.3 and bound (6.1) yields

# N - 1|2 8
/ (D/l,/,t(z) dz + / Gy(z)dz — T(V,Lw N, N3) > A\l =7 (7.17)
U

N,
In the latter case, we use instead Theorem 3.3 to obtain

U N
/ (I)LM(Z) dZ + / Gl(z) dZ - T(?A,M’NZ’N:})) > —L (718)
u

N, 15\/;7'

Putting everything together

We now combine the bounds we deduced, subject to appropriate conditions, on intervals [0, N ],
[N;,N,] and [N,, N;]. First of all, we remark that in terms of parameters (r, 1) conditions (7.13)
translate as

47
A> —-, 7.19
r(l—r) (7.19)
.. . . . .. . . 2 1
and this, in turn, implies 4 > 167. Also, the first condition (7.13) implies m < m
Theorem 7.6. Let
47 1

W) = s ) = 5(1 + VA= 167r)). (7.20)

Inequality (1.3) holds for all (r, 1) € RAy, where
RAy :={{,A) : 0<r<1, 1 >ny{)} CRA.
Equivalently, inequality (1.4) holds for all (1, u) € AMy,, where

AMy = {(A,p) : 1> 167, {y _(A) <u < Sy (D)} € AM.

a 'Z '9202 '05.2697T
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Proof. Assume first, in addition to conditions (7.13), that r = B«

(7.14), (7.15) and (7.17), and recalling (7.2), we obtain

1,14 2 Y 1,1 1
Ay, 1) > —— S =+= :
v @) > —3o+ g LOJ 15\/p> 40 <3n+4+ 15\/;>

i + 7) ~ 15.7486. As mentioned, this is automati-

% Adding together bounds

>~'I

which is positive whenever 4 > 40 ( +

cally true by (7.19).
Assume now thatr = % > % Adding together bounds (7.14), (7.16) and (7.18), and recalling once
more (7.2), we obtain

1 3-2v2 2-42 2 3-2v2 1 2-v2 1
AV(/L,U)>_§+ s K73 —15\/_> 3 M- §+T+—\/_ ;
M 15/
. .. 2— \/_ 1 N .
which is positive whenever u > - \/_ < +—=-t o \/_> ~ 10.1153. As we already imposed
the restriction u > 47, this is automatlcally satisfied. O

8 | FILLING THE VOID: A COMPUTER-ASSISTED ALGORITHM

It remains to prove (1.4) in the region
AM \ AMcory - (8.1)

Theorem 8.1. The region (8.1) is bounded and is contained in

5
AMgmy = {10 1 2 <2 <150,0 < < Coomp@ ), (82)
where
22
gcomp(/l) = E/l, (8.3)

see Figure 7.
Proof. We will show that

A, 1) & ANI(:omp => @Awe AMtheory

by considering several cases.
Casel: 1< % We immediately get (1, u) € AM; by Theorem 2.1.

Case 2: u > {oomp(d) = %/1 This is the same as r > % By (7.20) and (2.6) (with j = 4), we have
in this case

0 3/2
5 =
m(r) _ 5r3/2 S (25> . [1331
nv(r) 4 4 1250
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U
150 |- L
D AN
T/, \\
' ]\
100 /
L \\\ 5 //
50 -
@e/ y . A
50 100 150

FIGURE 7 Theregion AM

comp*

and Theorems 2.3 and 7.6 imply that either (v, 1) € RA; or (r, 1) € RAy, or, equivalently, (4, u) €
AMy; U AMy,.

Case 3: 1> 150, 0 < p < {eomp(A) = %/1 We analyse this case by vertical ordering of the
boundaries of individual regions in AM;¢,,. We Will proceed from bottom to top. First, clearly,

Sm(d) _ 225
$rv—() 644/5

A
25V, e LT s

A-10 =
g 5111(/1) 2\/§

Second, by (7.9) and (7.20),

tva  (1=%)(s2+5vaa—T1em)

Sy (D) 4007 ’

and since the right-hand side is monotone increasing in 4, we have

v v (150) 7(\/M+ 15)

> = ~ 1.01126 > 1.
Ly )~ &y_(150) 607

Thus, by Theorems 7.1, 7.2 and 7.6, (4, u) € AMipcory whenever 4 > 150 and 0 < u < {y (1), see
the left image in Figure 8.
Finally, for 4 > 150,

y /
v s f 16 25 [ 8 ~1.03148 > 1,
§comp 1) 44 A 44 751

see the right image in Figure 8, and therefore 0 < u < {,mp(4) implies 0 < u < ¢y (D),
completing the proof in Case 3. O
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| pee® —

/ —
p=0v-)

p={m@)

1[ = Cv,- (D)

FIGURE 8 The order of the borders of subregions for 4 > 150, bottom part on the left (with an extra zoom
inset near u = 0), and top part on the right.

Let now
P, 1) :=2T(Gy — F,,0, (4] + 1),
see (5.1)-(5.3). By (5.5) and (4.13),
Nyya@) < P2, ),
and in order to prove (1.4) for a given (1, u) € AM, it is enough to show that the inequality

/12_ 2
PO < ——£

(8.4)
holds.

Computer-assisted Theorem 8.2. Let (4, u) € AMqp,,. Then (8.4) holds.

Remark 8.3. We note that the region AM,, is much larger than the region (8.1) which we actually
need to deal with; however, its shape is determined by the methods we employ. There is, as a

result, an element of redundancy in our computer-assisted algorithm, which covers some parts of
the regions already covered by analytic proofs.

To start describing the algorithm of proving Theorem 8.2, we note that P(4, u) is non-decreasing
in A and non-increasing in u: this follows from definitions (5.1)—(5.3) together with

G, (z) VA2 —z?

>0 for0<z <A,

oA i)

0H,(z) 24422
a =—#('u ) <0 for0<z < u.
du 87 (12 _22)5/2

To make the algorithm work in a finite number of exact calculations, we use the following two
simple but important observations.

Lemma 8.4. Let 0 < uy < Ay, and let p, := P(Ay, tg)-

a 'Z '9202 '05.2697T
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M(Ao, po)

R(Ao, o, po; @, B)

A(po, po) M (A0, o)

FIGURE 9 The regions (8.5) and (8.6).

(i) If py = 0, then (8.4) holds in

T o) :={A,u) : 0 <A< Ag, o S U < A}

(ii) If(8.4) holds for A = A, u = y, with a positive margin, that is,

L)
A5 — My

4

_p0>0,

then it also holds in the following part of the interior of the hyperbola,

{(/1,/1) 2 Mg, Po) 2=\ Mg + 4Py <A < g, o S U < \/ A2 —4p, =: M(/Lpo)}- (8.5)

In particular, it holds inside any rectangle

R(Ag, Ho» Po> @ B) == [A1, Aol X [1g i1 ], (8.6)
where a, 3 € (0,1) and
Ay = A1(Ag, Ho> Pos @) 1= aA(fg, Po) + (1 — o)Ay,
py = (Ao, Hos Pos & B) 1= BM(A1, po) + (1 — Buy,

see Figure 9.

Proof. Statement (i) of the Lemma follows immediately from the monotonicity properties of
P(A, u). Again, by monotonicity, we have, for 1 < 1, and ¢ > u,

/12_ 2 /12_ 2
a - P4, u) > at

— Po>

and this is positive if > — u? > 4p,, that is, inside (8.5). It is then elementary to check that any
rectangle R(4,, iy, Do; @, ) with the restrictions as stated lies inside (8.5). O
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Ju u
e k
1=Cmp ) R UXe=D)
R(kD Rk
M(k,l) H(k,l)
m(k,O) m(k,O)
=0 ) -0 )
M U 1 H H 1
A(k-i—l) 2 k) /l(k+l) 1 k)

FIGURE 10 The two ways the kth vertical strip may stop: on the left, by reaching a point (blue) outside
AMEan, and on the right, by reaching a point (black) with the zero trapezoidal floor sum. The image is not to

scale.

Lemma 8.4 opens a way of covering the region AM,,,,, by a finite number of polygonal regions,
always moving up and to the left: these directions explain the reasons for choosing the larger
region for the computer-assisted proof than strictly necessary, see Remark 8.3.

Before describing the algorithm in detail, we also need to address the issue of avoiding floating-
point calculations. To do so, we use the method of verified rational approximations we have
introduced in [1]. For x € R, we denote by x < x <X, X, X € Q, some rational lower and upper
bounds for x; see [1, §8] for description of algorithms of finding upper and lower rational approxi-
mations of some relevant functions including G,. Assuming that 4, 4 € Q, we replace the function
P(A, u) by the rational-valued function of rational arguments

PO u) = 2T<G_,1—ﬂ, 0, |4] + 1) > P(A, ).

We will construct the finite sequence of rational points, (/1("), u(k'j)), k=0,..,K,j=0,..,X,
where the number of steps K and X, are determined by the algorithm, and the finite sequence of
rectangles

R&D) - — [,1<k+1>, /1(“] % [#ac,j), M<’<J+1>] (8.7)

(or, occasionally, triangles), each with its rightmost bottom point at (/1(1‘), ,u(k’f)), inside which
(8.4) holds, and whose union will cover the region AM ;.

To start with, set 8 = % anda = % (these values are chosen empirically following some exper-
iments; varying them does not have a radical effect on the required time of computations). Then
set
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FIGURE 11 The final steps of the calculations. The red line shows the dynamically updated upper
boundary of AMgf)znp, and the dots are the points where P is evaluated (with blue and black ones as in Figure 10).

The cross is at the point (1%,0) = (% 0), K = 227, where the calculation stops.

AME?))mp += AMcomp, ggznp(/l) = Ceomp()s A© = maX(O) =150, u®:=o,
(A,p)EAM,

comp

and compute

OO = 5( 20, M(o,m) ca,

AW = g\ [u@0? 4 4p©0) 4 (1 - a)2@ e @, uO@ :=g/20? —4p00) + (1 - g0 e q,

and (temporarily) define the rectangle R©? by (8.7) with k = j = 0. Lemma 8.4, adjusted to
rational approximations, then guarantees that (8.4) holds for (1, u) € R0,

We now compute a sequence of rectangles R(J) on top of the first one, by setting on the jth
vertical step,

pOP) = 5(/1(0),;1(0’])), j=12,..,

A0 =20, 20 = /0D 4 4p©D) + (1 - 2)A©,

A0 =20, = max {20 A% |

temp’ ““old
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A(k) _ /1“”1) 'u(k,j+1) _ M(k,j)
I _ 0) _

0.75 L 9 k=0, 19 =150

k=80, 100 = 222
6 ’ 23
05¢ — k=160, 200 = 2597
- 3 ' 100

QCOMHANNIWINAWAANY

0.25 - ‘ ‘ L® T . . u(k’j)

50 100 150 40 80 120

FIGURE 12 On the left, the width of the kth vertical strip plotted as a function of its starting abscissa 1.
On the right, the heights of the rectangles R*J) plotted as functions of u*:/) for some selected ks. The arrows
indicate the directions of computations.

(i.e. we always choose the minimal width of all previously and currently computed rectangles in
this vertical strip: if Agle)w > /1&31, we also redefine the previously defined rectangles RO, j'=

0,...,j — 1, using (8.7)), and
pOItD) - = B/ AW? — 4p©.) 4 (1 — B)ul®D.

The same argument using Lemma 8.4 guarantees that (8.4) holds for (4, u) € R©J).

The strip is finished in one of the two ways: either for some j = X, we get outside the region,
(2O, u(0X0)) ¢ AME?J)mp, or we get the zero count, p®>Xo) = 0. In both cases, we can now remove
the vertical strip (or rectangle)

Xo-1
{QJ03MD<A<A@}= L ®©
Jj=0
from AM,n,, and in the latter case, we can additionally remove the triangle g(0Xo) =

{(/1, WU ,u(ovxo)}, see Figure 10. In essence we redefine (8.2), (8.3) as
MMy = { @ 2 <A<AD,0 < p <L,
with
EEamp@) = min {0, (), KO0},

We can now proceed to construct another vertical strip, starting from the point (A1, u(1.0),
with u:0) := 0, and so on, with
5 .
AME’;}; = {(/1”“) : b <A <Ak o< u< ggg:};)(/l)}, gé’;r;;)(/l) := min {§§’;3np(/1),ﬂ(oxk)}’
until on some step we reach (%) < % and have therefore covered all of AM .
The final stages of the calculations are illustrated in Figure 11. Altogether, we complete K =

227 columns, evaluating the trapezoidal floor sums 8473 times; the Mathematica script running
process required slightly more than 2 min of CPU time on a standard Mac laptop.
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Some further details on the progress of the computer-assisted algorithm are shown in Figure 12.
Full data are available online, see Data Availability Statement.
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