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ARTICLE INFO ABSTRACT

Keywords: The definition of isopycnal surfaces in the ocean has long remained ambiguous, complicating the pa-
Available potential energy rameterisation of subgridscale mixing in ocean models and rigorous development of isopycnic-coordinate
Rotated diffusion

frameworks. Here we show that balancing sources and sinks of subgridscale turbulent available potential
energy (TAPE) constrains isopycnal surfaces to align with the Lorenz reference density (LRD) surfaces that
define the reference state in APE theory. Building on this, comparisons in (.S,0) space confirm that LRD
surfaces form the underlying physical basis for empirical approximately neutral surfaces (y" and £), except in
colder waters. In our theory, deviations from neutrality are the signatures of thermobaric forces rather than
‘errors’. Consequently, constructing rotated (Redi) diffusion tensors using neutral directions is unphysical, as it
introduces spurious diapycnal mixing via the Veronis effect — particularly significant in the Southern Ocean.
This highlights APE theory as a fundamental framework for developing energetically consistent ocean models
and parameterisations, offering a pathway to reduce or eliminate artificial diapycnal mixing in ocean general
circulation models (OGCMs).

Isopycnal surfaces
Lateral stirring
Energetic consistency
Spurious mixing

1. Introduction A growing consensus is that energetics should constrain parameteri-
sations. Energy is continually exchanged between resolved and subgrid-
scale reservoirs, and each exchange must respect the fundamental

budgets of kinetic energy (KE), available potential energy (APE), and

Accurate representation of small-scale mixing processes is critical
for simulating ocean circulation, heat and carbon uptake, and climate

variability. Climatically important features such as meridional heat
transport and the Atlantic Meridional Overturning Circulation (AMOC)
are sensitive to irreversible tracer and momentum mixing at scales
unresolved by ocean general circulation models (OGCMs). Modelled be-
haviour is strongly influenced both by physical parameterisations and
by unavoidable numerical mixing introduced through the discretisation
of advection and other processes (Griffies et al., 2000).

In practice, OGCMs employ parameterisations with skew-symmetric
and symmetric components to represent mesoscale eddy effects and
subgrid-scale mixing of heat and salt. The skew part acts as an eddy-
induced advection (Gent and McWilliams, 1990; Gent et al., 1995;
Griffies, 1998), while the symmetric part mixes tracers along desig-
nated “lateral” directions (traditionally called isopycnal or isoneutral)
and vertically (or diapycnally) across them (Solomon, 1971; Redi,
1982; McDougall and Church, 1986; Griffies et al., 1998; Lemarié
et al.,, 2012; McDougall et al.,, 2014). Despite decades of progress,
fundamental uncertainty remains about what these lateral mixing direc-
tions should be and how to ensure that such choices are energetically
consistent.
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background potential energy (BPE), alongside their interconversions.
In turbulent stratified fluids, viscous stresses dissipate KE at a rate
ek, while molecular diffusion dissipates APE into BPE at a rate €ps
thereby setting the diapycnal diffusivity K, (Oakey, 1982; Gargett
and Holloway, 1984; Winters et al., 1995; Lindborg and Brethouwer,
2008). This recognition motivates “energetically consistent” parame-
terisations, in which subgrid tendencies are evaluated and constrained
via their implied energy pathways (Marshall et al., 2012; Eden et al.,
2014; Eden, 2015, 2016; Mak et al., 2018; Torres et al., 2023).

In simple fluids such as the dry atmosphere or freshwater, lat-
eral stirring can be idealised as adiabatic and aligned with isentropic
surfaces; such exchanges leave the stratification and total potential
energy (PE) unchanged. In seawater, however, this is precluded by the
thermobaric nonlinearity of the equation of state: cold parcels are more
compressible than warm ones, so adiabatic and isohaline exchanges
inevitably alter both internal energy (IE) and gravitational potential en-
ergy (GPE). Stirring along “neutral directions” — classically defined by
the neutral vector n = aV0— V.S — appears to leave the PE unaffected
only because changes in APE are compensated by opposite changes in
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BPE, where a and # are the thermal expansion and haline contrac-
tion coefficients, respectively. Within APE theory, these compensating
transfers are precisely the energetic signature of diapycnal mixing.
This perspective reveals that isoneutral mixing can project spuriously
onto diapycnal mixing via the long-recognised Veronis effect (Veronis,
1975).

So far, most attention has focused on the turbulent kinetic energy
(TKE) budget as the main tool for constraining parameterisations. Here
we argue, instead, that it is the turbulent APE (TAPE) budget that
provides the fundamental constraint on both vertical mixing rates and
the appropriate definition of lateral stirring surfaces in seawater. Recent
theory shows that, under statistical stationarity and homogeneity, the
eddy APE production — fed by conversions from eddy KE and mean
APE — must balance the turbulent APE dissipation rate ¢,, determining

the diapycnal diffusivity K, ~ ¢, /ﬁz (Tailleux and Roullet, 2025). The
key new insight is that eddy APE production depends sensitively on
the choice of lateral stirring directions used by the rotated diffusion
tensor. We show that only one choice yields energetic consistency: the
directions tangent to Lorenz reference density (LRD) surfaces, i.e. the
isosurfaces of the minimum-PE Lorenz state central to APE theory. With
this choice, eddy APE production becomes independent of the large
isopycnal diffusivity K; and is controlled solely by physical diapycnal
processes, thereby eliminating the Veronis effect. Conversely, construct-
ing rotated diffusion in terms of the neutral directions employed in
most OGCMs induces a fictitious diapycnal diffusivity proportional to
K;, potentially significant in the Southern Ocean where departures from
the Lorenz reference state are large.

This APE-based viewpoint reframes the long-standing debate about
density coordinates and isopycnal surfaces in oceanography. Classical
efforts have centred on the construction of neutral surfaces (McDougall,
1987a). However, the neutral vector n is non-integrable, so exact
neutral surfaces do not exist. In practice, approximate neutrality is
enforced by minimising departures from neutrality, typically treated
as an “error”, leading to the construction of empirical approximately
neutral surfaces (ANS) — including patched potential density (Lynn
and Reid, 1968), neutral density y" (Jackett and McDougall, 1997),
and Q-surfaces (Klocker et al., 2009; Stanley et al., 2021). Experience
shows that while neutrality can be accurately enforced in much of the
ocean interior, this is more difficult in regions such as the Southern
Ocean where thermobaric effects appear to be unavoidably large. Yet
the physical quantity that ANS are meant to represent has remained
ambiguous, preventing any objective evaluation of their success. Our
analysis resolves that ambiguity by suggesting that LRD surfaces are the
physical object that ANS actually seek to emulate. We further propose
that departures from neutrality should not be regarded as “errors” to
be eliminated, but as the manifestation of thermobaric forces — an
intrinsic physical effect central to the energetics of lateral stirring in
seawater.

The remainder of the paper is organised as follows. Section 2 recalls
the main results of Tailleux and Roullet (2025), establishing the link
between parameterised and actual mixing via an exact mean/eddy APE
decomposition. This approach recovers standard relations between ¢,
and diapycnal diffusivity while clarifying the underlying assumptions.
The key results are: (i) mixing parameterisations of heat and salt control
not only the energy transfers between resolved and unresolved reser-
voirs, but also those between unresolved kinetic energy and unresolved
available potential energy, a point that is often overlooked; and (ii) the
budget of unresolved/eddy APE fundamentally constrains the turbulent
diapycnal flux.

Section 3 extends this analysis to realistic seawater and derives
an energetics-based criterion that selects LRD surfaces as the correct
stirring directions for rotated diffusion. Prior to this, we contrast the
properties of LRD surfaces with empirical ANS in (S, ) space, empir-
ically establishing the former as the physically well-defined surfaces
that ANS seek to approximate, particularly outside the Southern Ocean.
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These results imply that LRD surfaces should form the basis for spec-
ifying lateral stirring directions in rotated diffusion tensors, and that
using neutral directions necessarily induces spurious diapycnal mixing,
thereby providing a rigorous definition of the Veronis effect. They also
clarify the link between turbulent diapycnal/vertical diffusivities used
in models and diffusivities inferred from observations.

Section 4 estimates the magnitude of spurious diapycnal mixing
associated with the use of neutral rotated diffusion and demonstrates
that it is significant in the Southern Ocean. We suggest that this
effect may explain the unexpected sensitivity of ocean stratification
and circulation to isoneutral mixing reported by Forget et al. (2015)
and Chouksey et al. (2022). This section also discusses the implications
for developing APE-based diagnostics to evaluate spurious diapycnal
mixing in numerical ocean models. In particular, because turbulent
diapycnal mixing relates to the dissipation of subgrid-scale APE, diag-
nosing it in a numerical ocean model requires understanding how the
sinks and sources of resolved APE relate to the sinks and sources of
unresolved APE. Finally, Section 5 summarises the main findings and
outlines priorities for implementing APE diagnostics and extending the
theory to non-resting reference states where the ocean state departs
significantly from the Lorenz reference state.

2. Linking parameterised energy transfers to dissipative processes

In the modern view of ocean energetics, mechanical and thermo-
dynamic energy input is ultimately dissipated at small scales through
two main pathways: (i) viscous processes, at the turbulent KE dis-
sipation rate ¢’,, and (ii) molecular diffusion, at the turbulent APE
dissipation rate e;]. These physical dissipation rates a priori differ from
the ‘resolved’ dissipation rates Dy and D, associated with the energy
transfers between resolved KE and APE and their subgridscale counter-
parts induced by subgrid parameterisations of momentum, heat, and
salt. The central aim of energetically consistent modelling — pioneered
by Eden et al. (2014), Eden (2015, 2016) — is to clarify how such
parameterised energy transfers relate to their true molecular counter-
parts. Eden and co-workers decomposed potential energy into dynamic
and potential enthalpy following Young (2010) and Nycander (2010).
However, because turbulent diapycnal mixing represents a conversion
between APE and BPE (Winters et al., 1995; Tailleux, 2009), it is
more natural to retain Lorenz’s original partition into available and
background potential energy (Lorenz, 1955).

Unlike most previous APE-based studies, our approach builds on
local APE theory to avoid the unphysical features of the global APE
framework (Scotti and White, 2014; Zemskova et al., 2015; Tailleux,
2018, 2024; Tailleux and Roullet, 2025). Local APE theory allows APE
— as well as mean and eddy reservoirs — to be defined for individual
fluid parcels, analogous to KE, rather than only as volume integrals.
Throughout this paper, we interpret ‘mean’ and ‘eddy’ as ‘resolved’
and ‘unresolved’, respectively. This simple two-way split — resolved
vs. unresolved — is sufficient for our purposes, even if less elaborate
than the multi-scale partitions into large-scale flow, mesoscale eddies,
internal gravity waves, and turbulence proposed by Eden (2015).

Fig. 1 schematically illustrates the impact of the turbulent density
flux v’ on the energy transfers between resolved and unresolved KE
and APE reservoirs, as derived by Tailleux and Roullet (2025) for a
simple Boussinesq fluid with a linear equation of state (see below for
more details). This schematic highlights that the turbulent density flux
controls not only the transfers between resolved and unresolved reser-
voirs (here, between resolved and unresolved APE), but also transfers
between unresolved reservoirs (between unresolved KE and unresolved
APE). Fig. 2 illustrates the corresponding implications for numerical
ocean general circulation models. The resolved reservoirs (E]’(", EM)
exchange energy with their unresolved counterparts (E,;, E!) through
parameterisations: (i) momentum mixing (MM), (ii) mesoscale eddies
(GM), and (iii) rotated diffusion (RD). In steady state, MM and GM
transfer energy into unresolved KE, which must be balanced by ¢ and
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Fig. 1. Schematics of theoretical energy transfers between resolved and unresolved reservoirs predicted by the exact mean/eddy decomposition of Tailleux and
Roullet (2025). This theory highlights the fact that the turbulent density flux p’v’ not only controls energy transfers between resolved and unresolved energy
reservoirs (E! and E!), but also between unresolved energy reservoirs (E; and E!).
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Fig. 2. Idealised energy diagram showing the conversions between resolved and subgrid-scale energy reservoirs. GM denotes the conversion of resolved APE into
subgrid-scale KE (mesoscale eddy parameterisation), MM stands for the transfer of resolved KE into subgrid-scale KE (momentum mixing), and RD refers to the
rotated Redi diffusion that controls the conversion of both resolved APE and subgrid-scale KE into subgrid-scale APE.

is usually constrained in models using a turbulent KE (TKE) budget.
In contrast, RD acts as a net transfer of energy into unresolved APE,
which must balance the diffusive dissipation rate ¢'. This suggests
that RD schemes should be constrained by a turbulent APE budget
rather than by TKE. While such ideas have long been promoted in the
atmospheric community (Zilitinkevich et al., 2013), they have not yet
been systematically applied in ocean modelling.

The energetic significance of the APE budget lies in linking the
turbulent density flux to £} and thereby to the diapycnal diffusivity K,.
In the classical relation

t '
&S _Ia
[ —) —2
N N
(Oakey, 1982; Gargett and Holloway, 1984; Lindborg and Brethouwer,
2008), the dissipation ratio I' = £} /¢] measures the mixing efficiency

and is often taken to be a near-constant I" ~ 0.2. However, it is now well

£
K

~

(€Y

established that I depends sensitively on the turbulence regime (Sale-
hipour and Peltier, 2015; Maffioli et al., 2016; Gregg, 2021). It can
even be negative under double-diffusive instabilities (Middleton and
Taylor, 2020; Middleton et al., 2021; Tailleux, 2024), and significantly
greater than unity in buoyancy-driven turbulence (Scotti and White,
2011). This variability underscores that Eq. (1) should be regarded not
as a universal closure, but as the physically rigorous starting point for
linking vertical mixing to mechanical stirring.

The rigorous connection was derived by Tailleux and Roullet (2025)
for a simple Boussinesq fluid with a linear equation of state. Under
statistical stationarity and homogeneity, the eddy APE budget reduces
to a balance between production — via conversions from eddy KE and
mean APE — and dissipation:

C(E,, E})+ C(EI, E!) ~ €. )
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Here, C(E!, E!) represents the eddy-KE-to-eddy APE conversion, wher-
eas C(E, E;) represents the mean-APE-to-eddy APE conversion, with

£
*

where b, = —(g/p,)(p — py(2)), and

C(E, E)) = —-b,w = = p'w 3

—_ —_ 0z, —_
CEMEl) =~V VY, ==L uw + £ 220G v vp, @
Px Pi Op

where Y,, = g(z — zy(p))/p, (Tailleux and Roullet, 2025). With py(z)
the Lorenz reference density and z,(p) its inverse function, the contri-
butions involving p’w’ cancel, leaving the key balance

0z —_—
LGV Voxe, ®)
Py 0P p

If the turbulent density flux is parameterised as a sum of downgra-
dient and skew components,

PV =—K,Vp+¥ x Vp, (6)

with ¥ a streamfunction vector, then substitution into (5) shows that
the TAPE budget constrains only the downgradient diffusivity K,
leaving the skew component ¥ unconstrained:

£ S0k, Vil ~ 6 )
This implies

t

P
=L, ®
A0+ ISP N

1 £
P

where |S| measures isopycnal slope and A is the ratio

) > N(p) — >
a=20g% _0P N =80
dp oz NZ

P, 0z’

©)]

The standard expression (1) is recovered when A ~ 1 and |S| <« 1.
Thus (8) shows that departures from the Lorenz reference state directly
modify the link between 52 and diapycnal diffusivity — a subtle but
important point rarely emphasised in past work, and one that reinforces
the turbulent APE budget as the natural framework for constraining
vertical mixing.

3. Energetics constraints on lateral stirring directions

The main aim of this section is to generalise the results of Tailleux
and Roullet (2025) to a thermobaric ocean with a nonlinear equation
of state. Prior to this, we find it useful to first discuss the relationship
between Lorenz reference density (LRD) surfaces and approximately
neutral surfaces (ANS), with the aim of empirically establishing the
close similarities between the two concepts.

3.1. LRD surfaces versus approximately neutral surfaces (ANS)

Although it is widely accepted that the turbulent APE dissipation
rate ¢/ controls irreversible (diapycnal) mixing across density-like sur-
faces, the precise definition of such surfaces in a compressible, thermo-
baric, two-component fluid such as seawater has remained ambiguous.
In the APE-based Boussinesq theory of turbulent stratified mixing,
the natural candidates are Lorenz reference density (LRD) surfaces. In
contrast, physical oceanography has traditionally defined “isopycnal”
directions using (approximately) neutral surfaces (ANS) (Ivers, 1975;
McDougall, 1987a; Jackett and McDougall, 1997).

These views are not necessarily incompatible. First, LRD surfaces
can be regarded as a particular class of ANS that is close to neu-
tral throughout most of the ocean interior (Tailleux, 2016a). Second,
most ANS constructions only require neutrality in a heuristic sense,
typically by minimising some measure of non-neutrality subject to
practical constraints. Consequently, existing empirical ANS depend on
investigator choices and optimisation criteria. LRD surfaces differ in
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this respect: their departure from neutrality is controlled by physics
rather than by an imposed heuristic, and they arise as an emergent
property of the governing equations of oceanic motions. On this basis,
we propose (at least for now) to interpret existing empirical ANS as
approximations to LRD surfaces, thereby unifying both concepts within
the APE framework.

Our objective here is to assess how well such empirical constructs
approximate LRD surfaces, focusing on two widely used ANS: the
neutral density y” of Jackett and McDougall (1997), and the € surfaces
introduced by Klocker et al. (2009) and subsequently refined by Stanley
et al. (2021), Lang et al. (2023).

A key conceptual shift motivated by the present theory is the in-
terpretation of non-neutrality. Historically, departures from neutrality
have often been treated as “errors” to be minimised. By contrast, we
argue that these departures can be viewed as signatures of thermobaric
forces. In this perspective, the magnitude of thermobaric effects is
proportional to the degree of non-neutrality of LRD surfaces and should
therefore be regarded as a genuine physical signal rather than as a
purely methodological defect.

Construction of LRD surfaces. To clarify what controls the non-neutrality
of LRD surfaces, it is useful to recall how they are defined. Construct-
ing LRD surfaces requires specification of a Lorenz reference state
through reference profiles py(z) and py(z) = —pg(z) /g (e.g. Saenz et al.,
2015). An LRD surface is the equivalence class of parcels sharing
the same reference depth z,.(S,6), obtained as the solution of the
level-of-neutral-buoyancy (LNB) equation

p(S,0,p0(z,) = po(z,), (10)

(Tailleux, 2013).

We regard z.(S,0) as the most fundamental labelling of LRD sur-
faces. It has three practical advantages: (i) it is naturally expressed in
depth units; (ii) it is bounded in [-H|,,,0] (with H , the maximum
ocean depth), so the label set remains invariant under climate change;
and (iii) it avoids the continual creation of progressively lighter density
classes that can complicate density-coordinate frameworks and the
interpretation of “heave” under global warming (Huang, 2020). In
addition, z, underpins objective definitions of potential vorticity (Morel
et al., 2023), connects directly with quasi-geostrophic PV, and improves
spice/heave decompositions relevant to ocean heat uptake (Lee et al.,
2025). Any monotonic function f(z,) can serve as an alternative label;
in particular, Tailleux (2016a) introduced the thermodynamic neutral
density y7(z,) as a density-like label for LRD surfaces, constructed to
resemble y" as closely as possible.

Analytical prediction of non-neutrality. Directions defined by z, are nor-
mal to the vector

n, =, V6 - p,VS,

where a, = a(S, 6, p,) and B. = (S, 0, p,). This differs from the classical
neutral vector n = aV8 — V.S only through the use of the reference
pressure p, instead of the in-situ pressure p. The misalignment between
n and n, can be written as

xn, = ff (“ “*>VS><V9
nxn, = - - —
" " ﬁ ﬂr
= "L 5 0,1/)dp VS x V0
—ﬂﬂ,p 7(,,p)p X an
T.(p—
ZMVSXVH,
B
in terms of the thermobaric parameter
da  adf 0<a>
T,=22_ 2% _59(2), 12)
"= sop Top\p

(McDougall, 1987b; Tailleux, 2016b; Tailleux and Wolf, 2023).
Eq. (11) shows that departures from neutrality increase with (1)
the distance |p — p,| between in-situ and reference pressures, and (2)
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Fig. 3. Comparison of thermodynamic neutral density y” (black solid lines)
and empirical neutral density y" (red dots) in (S5,60) space. The red dots
correspond to (S,0) values interpolated on selected y" iso-surfaces for each
latitude/longitude where they are well defined.

the misalignment of isothermal and isohaline surfaces (through V.§ x
V0). Therefore, in large parts of the ocean interior where |p —p,| is
small, LRD surfaces are expected to align closely with conventional
neutral approximations and thermobaric effects are weak. Conversely,
in regions such as the Southern Ocean where |p—p,| can be large,
thermobaricity makes accurate neutrality difficult not only for LRD
surfaces, but also for any empirical ANS.

Empirical comparison in (S, 6) space. The thermodynamic neutral den-
sity y7(S,9) is a mathematically well-defined quasi-material function
of (S,0), valid over the full physically relevant range. By contrast,
y" and Q surfaces are not strictly functions of (S,0) alone, since
their construction involves geographical position and pressure. This
additional dependence is often assumed to be weak (McDougall and
Jackett, 2005b; deSzoeke and Springer, 2009; Lang et al., 2020), but it
can be assessed empirically.

To do so, we compare selected y” and 2 surfaces with their closest
yT counterparts using the climatological WOCE dataset (Gouretski and
Koltermann, 2004). Figs. 3 and 4 show scatter plots of all (5, §) values
extracted on chosen y" and 2 surfaces against the corresponding y”
isolines, computed following Tailleux (2021). The results indicate that
both y” and 2 capture the same overall structure as y”, with the largest
departures occurring in the coldest waters. Scatter around y” isolines
provides a measure of non-materiality: it is more pronounced for y”,
while Q surfaces tend to appear smoother but can exhibit multi-valued
behaviour. Overall, these comparisons support the empirical validity
of treating LRD surfaces as the underlying physical basis of present
best-practice ANS.

We emphasise, however, that significant differences should not be
interpreted as automatically implying that y” or Q are inferior. In-
deed, one cannot exclude the possibility that incorporating momentum
constraints within APE theory (still under development) may eventu-
ally motivate refined isopycnal definitions that alter the relationship
between physically motivated and empirically constructed surfaces.

3.2. Energetics constraints on rotated diffusion
Having established empirically that LRD surfaces provide a plau-

sible physical basis for current best-practice ANS, we now seek the-
oretical support for this interpretation by extending the Boussinesq

Ocean Modelling 202 (2026) 102722
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Fig. 4. Comparison of thermodynamic neutral density y” (black solid lines)
and Q surfaces (red dots) in (S, 6) space. The Q surfaces plotted were chosen
to intersect the y” isolines at the (.5, 6) values marked by blue circles. The red
dots correspond to (S, 6) values interpolated on the selected €2 surfaces for
each latitude/longitude where they are well defined.

energetics argument to a thermobaric ocean with a realistic nonlinear
equation of state. Our main goal is to show that the turbulent APE
budget provides the fundamental constraint on the lateral stirring di-
rections used in rotated diffusion tensors. This, in turn, further supports
the idea that LRD surfaces constitute the most appropriate present def-
inition of oceanic isopycnal surfaces (without excluding the possibility
that improved definitions may emerge in the future).

Two difficulties must be acknowledged. First, the exact mean/eddy
APE decomposition of Tailleux and Roullet (2025) has not yet been
generalised to a fully compressible two-component ocean. Second, the
nonlinearities of the seawater equation of state complicate both the
conversion terms and the APE dissipation rate e;). To retain tractability,
we assume that linear and nonlinear contributions to the APE budget
effectively decouple, so that constraints on stirring directions can be
derived from the linear part alone. The derivations below are therefore
as rigorous as these assumptions allow.

We begin with the tracer evolution equations for resolved potential

temperature 6 and salinity S,
be _ V. (KVO),
Dt

with a diffusion tensor decomposed into skew and rotated components,

C=1{S.0). a3)

K= Kredl’ + kaew’ Kskewvc =-¥xVC, a4
K,eqi = K; (1-dd") + K, Kk, @15)
K; Kyer

iso

(Griffies, 1998; Griffies et al.,, 1998). Here K; and K, denote the
isopycnal and vertical diffusivities, d is the unit vector normal to the
(as yet unspecified) lateral stirring surfaces, and k is the vertical unit
vector. Note here that in this paper, rotated diffusion is meant to
include both isopycnal and vertical/diapycnal mixing. In the litera-
ture, rotated diffusion is sometimes meant to include only isopycnal

diffusion. Eq. (13) implies turbulent tracer fluxes
o'V =-KVo, SV =-KVS. 16)

Algebraic details used below are provided in Appendix.
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3.3. Resolved APE conversion under mixing

The conversion of resolved APE into unresolved APE can be ex-
pressed in terms of the local APE density appropriate for the primitive
equations (Tailleux, 2013),

A(S,0,2) = —/ b,(S,0,2)dz, a7)

y
where

by = —pﬁ (p(S. 0, po(2)) — py(2))

*
is the buoyancy relative to the Lorenz reference profile p((z), and z, is

the reference position of the parcel, defined by b,(S,0, z,) = 0. Taking
the material derivative yields

DA dA DS = 0A DO

2 —_p it Wttt 1
Dr YT s D T o0 i (18)
Substituting (13) gives

DA

o = bew=Y-3,-D, 19)

where J, is the diffusive flux of APE density and D, its dissipation:

I ——K(ﬂvs+ %ve) (20)

= (KVS) - V— + (KV0) - V@ 21)

see Appendix A.2. The dissipation D, corresponds to the mean-to-
eddy APE conversion C(E!, E!). As shown in Appendix A.3, it can be
separated into linear and nonlinear contributions associated with the
equation of state. The linear contribution is

22
- gk (Kn)+ _Z(Kredinr) sy, (22)
or

C(ET, E;)“n =

where n, = «,V0 — VS is the neutral-like vector normal to LRD
surfaces (with ¢, = a(S,6,p,) and g. = p(S.,0,p,)), and Ngr is the
reference buoyancy frequency,
2
d py(2) g
N2(S,0,2) = < 20 (z) + 2 >

dz pbcsb

(23)

evaluated at depth z,.

3.4. Conversion from eddy KE to eddy APE

The eddy KE to eddy APE conversion retains its Boussinesq form,

C(ELEY =5 . (24)
p

*

Using the linearised density anomaly p’ ~ p, (S’ —a6’) and (16) gives
C(EL, EDyyy = g(fS"W — a8/ ') = gk - (Kn). (25)

This exactly cancels the first term in (22), leaving the linear eddy APE
budget

2
C(EL, E!)yp + C(EI, Eyyyy = ]\g,_z(K
or

I‘L’dln) n, = splm (26)

Eq. (26) is the central theoretical result. It links the Redi tensor K
the turbulent APE dissipation rate &’ lin and, through (1), to dlapycnal
diffusivity. Because the skew component satisfies (K;,,,n,)-n, = 0, the
energetic constraint applies solely to the rotated diffusion component.
Expanding (26) yields

redi

2 g2
—5 Kieginy) -y = =
or Oor

[KIn, P sin*@n)) + K,k - n,)2] @7
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Energetic consistency requires that the dissipation rate ep ., Should
not depend on the arbitrary magnitude of the isopycnal diffusivity K.
Eq. (27) shows that such independence is possible only if
n,

- (28)
In,|

i.e. the lateral stirring directions must coincide with LRD surfaces.
3.5. Objective definition of the Veronis effect

If d is not aligned with n,, the rotated diffusion tensor induces a
spurious (fictitious) contribution to vertical/diapycnal mixing. In the
small-angle limit, this can be represented as an effective fictitious
vertical diffusivity

Kf ~ K; sinzm,/n\,), (29)
so that
2 2 2
g“(k-n,)
g_Z(Kred! n,)-n, = —2’ K, + KI{) (30)
or or

Egs. (29)-(30) therefore provide a rigorous and objective definition of
the Veronis effect (Veronis, 1975): fictitious vertical mixing produced
by misalignment between the assumed lateral stirring directions and
the physically constrained LRD directions.

3.6. Linking K, to observed diapycnal mixing

When d aligns with n,, the linear eddy APE budget (26) reduces to

2 2
g°(k-n,) —2
Ko m e = KA+ ISHN. @1
Oor
Using the identities (see Appendix)
k-n| 0 N, 0z, \ !
Ll a2 5= () e 2
N()r 4 N 4
one obtains
=|Vz|*K,. (33)

Thus, the vertical coefficient K, appearing in the Redi tensor exceeds
the observed diapycnal diffusivity K, by the amplification factor |Vz,|%,
and coincides with K, only when isopycnals are flat. This clarifies the
distinction between “vertical” and ‘“diapycnal” diffusivities and shows
that Redi’s vertical coefficient should be interpreted as an amplified
form of K,, rather than as the diapycnal mixing itself.

4. Illustrative applications
4.1. Veronis effect due to isoneutral mixing

The primary consequence of our results is that mixing along neutral
directions generally induces an energy transfer between APE and BPE.
In a numerical ocean model, this transfer manifests as a source of
spurious turbulent diapycnal mixing, which we identify as the Veronis
effect. To quantify this, consider a neutral rotated diffusion tensor
defined by the normalised neutral direction
a==. (34)

n|
Eq. (27) then predicts a fictitious diapycnal mixing term given by

prurious
v

= K, sin® (n,n,), (35)

which is closely related to the “fictitious diapycnal mixing” metric used
in the neutral density literature (Hochet et al., 2019). In earlier stud-
ies (e.g. McDougall and Jackett, 2005a; Tailleux, 2016a), departures
from neutrality were commonly interpreted as “errors”, and metrics
such as (35) were seen as fictitious mixing arising from those errors.
We stress, however, that the term “error” is mathematically misleading
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when applied to departures from an idealised but physically impossible
concept like a perfectly neutral surface. Instead, we argue that (35)
quantifies the spurious mixing introduced by isoneutral parameterisa-
tions, given that n, represents the physically-based definition of lateral
stirring directions.

Because diapycnal fluxes are directly linked to APE dissipation,
diagnosing these contributions ideally requires exact local APE diag-
nostics within OGCMs. While such diagnostics are still being fully
implemented and tested, we can estimate K:*"* from Eq. (35) using
a typical value of K; = 10° m?>s~!, the WOCE climatology, and the n,
calculation method of Tailleux (2021). Fig. 5 shows the results for two
transects in the Atlantic and Pacific, where white regions identify areas
where K7 > 1075 m2s~1,

The results confirm that n, is nearly neutral over most of the ocean
interior; in these regions, mixing along LRD surfaces is effectively
equivalent to isoneutral mixing. Significant spurious contributions oc-
cur only where |p — p,| is large, most notably in the Southern Ocean.
Interestingly, the Southern Ocean is precisely where numerical studies
show that stratification and circulation are unexpectedly sensitive to
the choice of isoneutral diffusion, as seen in Forget et al. (2015) (using
the MITgcm adjoint) and Chouksey et al. (2022) (using PyOM). This
sensitivity is surprising because isopycnal mixing has traditionally been
viewed as having a minimal impact on stratification and potential
energy (Sverdrup et al., 1942). While cabbeling and thermobaricity
may contribute, our analysis suggests that the Veronis effect induced
by isoneutral mixing is likely the primary cause. Given the Southern
Ocean’s critical role in global heat and carbon budgets, this issue
requires urgent clarification.

4.2. Possible generalisations and extensions

The concept of diagnosing turbulent diapycnal mixing in simula-
tions by studying conversions between APE and BPE — for instance,
by monitoring the evolution of the Lorenz reference density profile —
dates back to Winters et al. (1995). Since then, several studies have
attempted to exploit this framework to diagnose spurious diapycnal
mixing in ocean models (e.g., Griffies et al., 2000; Ilicak et al., 2012; Il
icak, 2016). More broadly, Butler et al. (2013) suggested characterising
all resolved and unresolved processes by their tendencies in APE/BPE
space. In this framework, adiabatic processes should leave the BPE
unaffected, meaning their APE and PE tendencies should be identical:

0APE _ 0PE
or o
Any departure from (36) indicates the presence of spurious diapycnal
mixing. Fig. 6 illustrates this methodology for the oceanic component of
a coupled climate model. While resolved advection and eddy-induced
advection should theoretically satisfy (36) exactly, the figure shows
they only do so approximately, consistent with the known fact that
numerical advection schemes introduce spurious numerical mixing.
Our results show, however, that generalising the Winters et al.
(1995) framework to numerical ocean models is not straightforward.
Turbulent diapycnal mixing relates to the net conversion of unre-
solved small-scale APE into BPE due to molecular diffusion. This paper
demonstrates that such a conversion cannot be directly diagnosed
solely from the impact of parameterised mixing on resolved APE. This
has important practical implications: simply diagnosing the sources
and sinks of APE across resolved and unresolved processes may not
be sufficient to isolate spurious diapycnal mixing. This suggests that
studying the evolution of the background potential energy (BPE) is a
better approach. However, the exact form of the BPE for the seawater
Boussinesq approximation remains to be fully clarified. Furthermore,
LRD surfaces can exhibit inversions, particularly in the Southern Ocean,
which complicates these diagnostics. We hypothesise that consistently
defining stirring surfaces in such cases will require the inclusion of
momentum constraints. Extensions of this theory in simplified contexts
are already under development (Codoban and Shepherd, 2003, 2006;

(36)
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Fig. 5. Spurious diapycnal mixing associated with neutral directions in the
rotated diffusion tensor. White shading identifies regions where K" >
10> m?s~! along two transects in the Pacific and Atlantic.
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Fig. 6. Contributions of resolved and unresolved physical processes to the
energetics of a numerical ocean general circulation model in APE/PE space.
Adapted from Butler et al. (2013). DIA = turbulent diapycnal mixing; ADV =
resolved advection; BUOY = surface buoyancy forcing including penetrative
solar heating; ISO = isoneutral mixing; CON = convective adjustment; GM =
Gent-McWilliams eddy-induced advection; SUM = residual.
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Andrews, 2006; Scotti and Passagia, 2019; Harris and Tailleux, 2025)
and may eventually unify isentropic and isopycnic perspectives across
geophysical fluids. Implementing practical APE diagnostics, even in
simplified forms using a fixed reference profile p,(z) — such as the one
underlying the thermodynamic neutral density of Tailleux (2016a) —
remains computationally expensive. Further research is needed to make
these methods efficient for climate applications, a topic we will address
in future work.

5. Summary and conclusions

This paper shows that the turbulent available potential energy
(TAPE) budget, rather than the turbulent kinetic energy (TKE) budget,
provides the appropriate energetic framework for constraining the
lateral stirring directions entering rotated (Redi) diffusion tensors in
seawater. The key reason is that the choice of lateral directions directly
controls the production of turbulent APE by rotated diffusion. Energetic
consistency therefore requires that this production be balanced by the
turbulent APE dissipation rate s;, which sets the diapycnal diffusivity
K,. If the stirring directions are chosen inconsistently with this con-
straint, the TAPE production becomes spuriously sensitive to the (often
large) isopycnal diffusivity K;, giving rise to the long-recognised but
previously ill-defined Veronis effect (Veronis, 1975).

Within the present framework, this ambiguity is resolved: the Vero-
nis effect is identified as fictitious vertical (diapycnal) mixing induced
by misalignment between the assumed lateral stirring directions and
the energetically constrained ones. We show that the only choice that
removes the spurious dependence on K; is to define lateral stirring
along Lorenz reference density (LRD) surfaces, i.e. the isosurfaces of the
reference state central to APE theory. With this choice, the production
of turbulent APE by rotated diffusion becomes controlled by physical
diapycnal processes rather than by arbitrary large lateral diffusivities,
thereby eliminating the Veronis effect.

The paper further clarifies the relationship between model mixing
coefficients and observable measures of turbulence. In particular, by
linking the TAPE budget to ¢, and hence to K, the theory explains
how the “vertical” diffusivity K, appearing in the Redi tensor re-
lates to the observed diapycnal diffusivity. In general, these quantities
differ: K, should be interpreted as an amplified form of K, with
amplification determined by the geometry of LRD surfaces (reducing
to equality only when isopycnals are flat). This provides a concrete
interpretation of why apparently “vertical” coefficients in rotated dif-
fusion parameterisations should not be equated directly with diapycnal
mixing.

Our results also shed new light on the long-standing question of
what empirical approximately neutral surfaces (ANS) are approximat-
ing. Comparisons in (S,0) space show that empirical ANS such as
y" and Q surfaces largely follow the structure of the thermodynamic
neutral density y7 (a density-like labelling of LRD surfaces), diverging
primarily in the coldest waters. In this view, LRD surfaces emerge
as the underlying physical object that ANS constructions attempt to
emulate. Importantly, departures from neutrality are not treated here
as “errors” to be minimised, but as signatures of thermobaric forces,
i.e. a real physical effect that becomes large where the distance |p — p,|
from the reference pressure is large and where V.S and V@ are strongly
misaligned.

A direct implication is that constructing rotated diffusion using
classical neutral directions is unphysical in a thermobaric ocean: it
introduces spurious diapycnal mixing through the Veronis effect, po-
tentially most significant in the Southern Ocean. This is noteworthy
because the Southern Ocean is also the region where OGCM studies
report unexpectedly strong sensitivity of stratification and circulation
to isoneutral diffusion (Forget et al., 2015; Chouksey et al., 2022),
despite the long-standing expectation that isopycnal/isoneutral stirring
should minimally affect stratification and potential energy (Sverdrup
et al., 1942). Distinguishing between genuine physical effects (e.g.
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cabbeling and thermobaricity) and numerical artefacts associated with
spurious diapycnal mixing is therefore crucial for reliable projections
of heat and carbon uptake.

Finally, the present results highlight practical priorities for future
work. First, diagnosing spurious diapycnal mixing in OGCMs will likely
require implementing local APE diagnostics, because the net conversion
of unresolved APE into background potential energy by molecular
diffusion cannot, in general, be inferred solely from tendencies of re-
solved APE. Second, the use of LRD surfaces as stirring directions raises
conceptual questions about the locality of the Lorenz reference state.
For LRD-based stirring to remain compatible with the assumed locality
of lateral mixing closures, it may be necessary for the Lorenz reference
state to behave as a local environmental property, as recently discussed
by Tailleux (2025); this point remains controversial and merits further
investigation.

In summary, by identifying LRD surfaces as the energetically consis-
tent lateral stirring surfaces for rotated diffusion (as first hypothesised
by Tailleux (2016a)), this work provides a physically grounded path-
way for reducing or eliminating spurious diapycnal mixing, improving
energetic consistency of ocean mixing parameterisations, and strength-
ening the foundations of both isopycnal and z-coordinate modelling
frameworks within the unified perspective of APE theory.
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Appendix. Impact of mixing parameterisations on APE budget

The local APE density for two-component seawater in the standard
Boussinesq approximation can be expressed as:

z
A(S,0,z) = —/ b,(S,0,2)dz, (A.1)
Zr
(Tailleux, 2013). Here, b, is the buoyancy defined relative to the
Lorenz reference density profile py(z). Conventionally, this buoyancy
is expressed as:

_8p—py(2)
Px ’
where g is the gravitational acceleration, p is the in-situ density, and p,

is a (constant) reference density. Alternatively, a more accurate form of
buoyancy is:

b, = (A.2)

by(S.0,2) = —g 1~ po(2)0(S. 0. po(2))] = [l — po(2vy]. (A3)

(Young, 2012; Tailleux, 2012; Tailleux and Dubos, 2024) where the
subscript b indicates thermodynamic quantities evaluated at the ref-
erence pressure py(z) rather than the actual pressure p. Eq. (A.3) has
the advantage of allowing the APE density to be expressed in terms
of thermodynamic potentials developed as part of the new equation of
state IOC et al. (2010), viz.,

A(S,6,z) = h(S,0,py(2)) — h(S,0,py(z,) + g(z - z,), (A.4)

where A(S, 6, p) is the specific enthalpy (Tailleux and Dubos, 2024).
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The reference position z, = z,(S5, 6) is determined as the solution to
the Level of Neutral Buoyancy (LNB) equation:

by(S.0.2,) =0, (A5)

as originally shown by Tailleux (2013).
A.1. Derivatives of buoyancy and APE density

Before deriving the evolution equation for the local APE density
A, it is useful to compute the thermohaline and vertical derivatives
of buoyancy, as these define the thermal expansion coefficient a, ha-
line contraction coefficient g, and the reference squared buoyancy
frequency profile Ng(S, 0, z). These derivatives are given by:

Pl epo) 2 = —gp(5.0.2) (A6)

S = gpp(Z S =-& ,0,2), .

b, v,

— = —2 = S.0 A.

%0 gpo(2) 50 ga(S,0,z), (A7)
2

ob d p5(2)g

AR N L R R ) (A.8)

0Z p, \ dz Py,

where 0/0Z denotes partial differentiation with respect to z at fixed
(S, 0), while 0/0z refers to differentiation at fixed (x, y, 7).

Using these expressions, the thermohaline derivatives of the refer-
ence depth z, can be obtained by taking the total differential of the
LNB Eq. (A.5):

b, b, ob,
Cras+ Llag+ Sz =o. A.9
oS 96 0z o (A-9)

This leads to the following expressions for the thermohaline derivatives
of z,:

u _ e __sh (A10)
2 27 )

aS N(S.0.z,) NG

9z, g g, (A11)

90 NZ<Ba.) N2
900  NXS.0.z,) N
where the subscript r denotes quantities evaluated at the reference
depth z,. It follows that
8@,V —B,VS)

Vz (A.12)
N2
or

r

In the text, we also introduced the additional reference squared buoy-
ancy frequency

a0 PA)
a, E - ﬂr Z ) .
Eq. (A.12) shows that N 12r and Nér differ from each other, being related
through

NE =g (A.13)

N2 5
ir_ 9% (A.14)
N2 0z
or
The derivatives of the APE density A are then given by:
04 £
= = S,0,%)dz, A.15
o5 — 8 /z ] B(S.0,2)dz (A.15)
oA __ /Za(SHZ)dZ (A.16)
0 4 . .0, s .
A
— =—b,. Al
0z =~ b (A.17)
For convenience, we define:
0A 0A
Yo=—=, Y,=-", Al
ST 08" 77 96 (A.18)

to emphasise the thermodynamic efficiency-like character of these
derivatives.
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A.2. Evolution equation for APE density

The evolution equation for the local APE density can be written as:

DA DS D6

— =—b,w+Y¢—+Y,—. A.19
Dt eWT s T oy (A-19)
Substituting % =V - (KVS) and % =V - (KV9), this becomes:

DA

E=_bfw_v'JA_Dp’ (A.20)

where J, is the turbulent diffusive flux of APE density, and D, is the
net conversion rate of mean APE and eddy APE. These are given by:

J, = —Y,KVS - Y,KV0 = -KP,, (A.21)

D, =(KVS) VY + (KV0O) - VY, (A.22)

where P, = Y4V.S + Y,V0 is an APE-based form of the P-vector, as
discussed by Nycander (2011) and further developed in Tailleux and
Wolf (2023).

A.3. Linear and nonlinear contributions to D,

The term D, can be decomposed into linear and nonlinear contri-
butions:

_ plL NL
D, =D, +D)", (A.23)
where the linear part is:
g2
Dy = ->—(Kn,) -n, - gk - (Kn), (A.24)
or
and the nonlinear part is:
z z
DY* =—/ bgs dz’(KVS)~VS—/ by dz' (KV) - VO
i * (A.25)

z
- 2/ bgpdz' (KVS) - V0.
Zz

”

Alternatively, this can be expressed as:
DM =—(z-z,) [E(KVS) VS + 2b5y(KV8) - VS + g (KV) - ve] ,

(A.26)

where the overbar denotes an average over [z,, z].
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