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EXPONENTIAL CONVERGENCE OF GAUSS-JACOBI
QUADRATURES FOR SINGULAR INTEGRALS OVER SIMPLICES
IN ARBITRARY DIMENSION*

ALEXEY CHERNOVT AND CHRISTOPH SCHWAB?

Abstract. Galerkin discretizations of integral operators in R% require the evaluation of integrals
fs(lJ fs(z) f(z,y) dydz, where S 52 are d-dimensional simplices and f has a singularity at z = y.
In [A. Chernov, T. von Petersdorff, and C. Schwab, M2AN Math. Model. Numer. Anal., 45 (2011),
pp. 387-422] we constructed a family of hp-quadrature rules @Qnx with N function evaluations for
a class of integrands f allowing for algebraic singularities at = y, possibly nonintegrable with
respect to either dz or dy (hypersingular kernels) and Gevrey-0 smooth for x # y. This is satisfied
for kernels from broad classes of pseudodifferential operators. We proved that Qn achieves the
exponential convergence rate O(exp(—rN7)) with the exponent v = 1/(2dd + 1). In this paper we
consider a special singularity ||z — y||* with real a which appears frequently in appplication and
prove that an improved convergence rate with v = 1/(2dd) is achieved if a certain one-dimensional
Gauss—Jacobi quadrature rule is used in the (univariate) “singular coordinate.” We also analyze
approximation by tensor Gauss—Jacobi quadratures in the “regular coordinates.” We illustrate the
performance of the new Gauss—Jacobi rules on several numerical examples and compare it to the
hp-quadratures from [A. Chernov, T. von Petersdorff, and C. Schwab, M2AN Math. Model. Numer.
Anal., 45 (2011), pp. 387-422].

Key words. Gauss—Jacobi quadrature, numerical integration, high dimensional integrands,
hypersingular integrals, integral equations, Gevrey regularity, exponential convergence
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1. Introduction and notation. A basic problem in the numerical analysis of
Galerkin discretizations of singular integral equations involves computation of double
integrals of the type

/ / K(z,y)9;(y)¢i(z) dydaz.
z€Qop v YEQop

Here, the set {1, denotes the domain of definition of the pseudodifferential operator
with Schwartz kernel K (z,y). Typically, the kernel K(z,y) is smooth for x # y but
becomes strongly singular at z = y [6, 13]. In this case, integration with respect
to K(z,y) must be interpreted in a suitable sense; cf., e.g., [9]. In finite element
type Galerkin discretizations, the functions ¢; are piecewise polynomials on closed
simplices. Then, this amounts to computing integrals of the type

(1.1 1= [ ] o K@) duda

where S, S are closed simplices of the mesh and the restrictions ¢;|ga), ¢;]se
are smooth functions in S, §(2) If the simplices touch or coincide, the integrand is
singular. Throughout, we work under an assumption of shape regularity of (1), §(2),
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1434 ALEXEY CHERNOV AND CHRISTOPH SCHWAB

Assumption 1. For closed simplices SV, S?) in R? let h; := diam SU) denote
the diameters, and let p; denote the radii of the largest ball contained in SU) for
j =1,2. The simplices SV, S?) are shape regular in the following sense: There exist
Cy,Cy > 0 with

b,
Pj

If S NS is empty, then we let k := —1 and assume
dist (S, §@) > Oyt max{hy, he}.

If SMNS® is nonempty, the intersection is the convex hull of k+1 vertices of S) for
j=1,2with k € {0,...,d}. We assume that S, S are nondegenerate in the sense
that the matrices AY), BU) defined in Step 1 below are uniformly nondegenerate.

These assumptions are satisfied if S, S(?) are part of a shape regular finite
element mesh. Note that this condition is preserved under regular mesh refinements.
The convergence estimate of the type (1.6) below will hold for any values Cj, but the
constants will deteriorate for large values of Cj.

If the original domain of definition {2, is curved or consists of a piecewise analytic
or Gevrey-d regular manifold in a higher dimensional space (e.g., the boundary of
a polyhedron in R*1) the functions ¢;|gq) and ¢j|s might include parametric
mappings, Jacobians, and cutoff functions but are still Gevrey-d regular functions on
SM and S® (cf. Proposition A.2 in the appendix) in the following sense.

DEFINITION 1.1. Let Q C R™ be a closed bounded set, and let 6 > 1. A function
f:Q =R is Gevrey-§ reqular f € GO () iff there exist Ay, Ay > 0 so that

(1.2) D" f(2) < ApAlV W) Vo eQ, WveNI.

A vector-valued f € GO(Q) if (1.2) holds for every component of f.

We remark that for § = 1, Gevrey regularity implies analyticity. The case § > 1
corresponds to nonanalytic but smooth classes of functions. We refer the reader to
[1, 3] for more details on Gevrey classes G°(Q) for § > 1.

In all these cases the integrand can be written as a function F(z,y,y — x) €
LY(SM x §®), where F(z,vy,z) is Gevrey-d regular in z,vy,z for z # 0 but might
have a singularity at z = 0. Precisely, the integral I from (1.1) takes the form

(1.3) I= / / F(z,y,y — z) dydz,
zeSM) JyeS®@)

and F satisfies the following assumption.

Assumption 2. There exist o > k — 2d, Ag, A1 > 0, and § > 1 so that for all
v=(ve,vy,v.) NG 2 € SW y e S? and z € S@ — 51,
(1.4) DV F(2,y,2)] < AAY (1)” [z ™11

The parameter « is termed the order of singularity.
Our aim is to approximate the singular integral I from (1.3) by a quadrature rule,

N
(15) QN - ZF(Q:)\vyAaZ)\)w)\a
A=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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with the quadrature nodes (xy,yx, zx) € SM x ) x (§2) — S\ {0} and positive
quadrature weights w.

Remark 1. In exact arithmetic zy = yx — z), and the intermediate storage of
zy is redundant in an implementation. In the finite precision, float point arithmetic,
evaluation of the difference y) — ) in general is susceptive to subtractive cancellation.
This effect was pointed out in [3, Remark 3.7] and is illustrated on a numerical example
in [3, Figure 5]. To avoid such subtractive cancellation, we propose keeping z) and
using transformations avoiding subtractive cancellation. This is the reason for (3.15).

In [3] we constructed a family of hp-quadrature (or “variable-order, composite”)
rules Qn of the form (1.5) and proved the exponential convergence with respect to N:

(1.6) [ — Qn| < Cexp(—rN7)

with » > 0 independent of N and d and the exponent v = 1/(2dd + 1). An improved
convergence rate with v = 1/(2d¢) is achieved if k = —1 (no singularity) or when o >
k — 2d is an integer. Our construction consists of a sequence of analytic, regularizing
coordinate transforms which reduce the dimensionality of the singularity and, at the
same time, simplify the domain of integration. In particular, we prove here that after
this parameter transform the domain of integration is a cube [0, 1]?¢ and the singular
support of the integrand is univariate while the integrand is Gevrey-d regular in the
remaining 2d — 1 coordinates with the same Gevrey exponent 6.

In this paper we prove that the improved convergence rate (1.6) with v = 1/(2d4)
can be achieved for a particular important class of integrands involving kernels of the

type
(1.7) F(z,y,2) = |2l|*F(z,y, 2).

Here o > k — 2d is a real number and F € G°(SM x S x (8@ — §1)) in the
sense of Definition 1.1. In other words, this means that under assumption (1.7) our
quadrature rule for singular integrands achieves asymptotically the same precision as
a tensor Gauss—Legendre or Gauss—Jacobi quadrature rule for a Gevrey-d integrand
F without singularity using the same number of function evaluations. This result has
been known for integer « in dimension d = 1,2 and for § = 1, which corresponds
to layer or volume potentials related to elliptic PDEs; see Remark 4 and, e.g., [10,
Chapter 5], [12]. Theorem 5.4 below extends this result to the case of general d > 1
and noninteger aw. The main ingredient for this convergence result is Theorem 4.1,
showing that for an integrand F satisfying (1.7), the transformed integrand has a
singularity of the form t¢ with & = a +2d — k — 1 > —1. This can be treated as a
weight of a one-dimensional Gauss—Jacobi quadrature rule on the interval ¢; € [0, 1].
Clearly, in order to take advantage of this property, the singularity order a must be
known, which was not required in [3] but is usually the case in applications.

The paper is organized as follows. In section 2 we introduce three basic classes
of parametrizations of the reference simplex Sy which will be frequently used later
on. In section 3 we describe Steps 1-8 of our coordinate transformations. Section 4
is dedicated to the detailed regularity analysis for integrands of the type (1.7). The
convergence proofs justifying the improved convergence rates for the Gauss—Jacobi
quadrature rules are given in section 5. In section 6 we give several numerical exam-
ples illustrating the improved convergence of the new Gauss—Jacobi 2d-dimensional
quadrature rules and compare it to the hp-quadratures from [3]. The appendix con-
tains two technical propositions on the regularity of Gevrey-9 functions.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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2. Basic parametrizations of the reference simplex. We adopt notation
from [3]. Consider a subset N = {ny,...,ng} of {1,...,d} with ny < --- < ny. For
any r € R? we denote xy = (T, ..., 7, ) € RF and V) € R? by xg-N)
jEN, xg-N) =0 for j ¢ N. We write > 0 for a vector z iff z; > 0 for all j. For
a finite set N we denote by #N the number of its elements. For z € R™ we use the
notation

= x; for

1-3" x5, m>1
— g — J=1" =
(2.1) O(21,....Tm) Oz : {1’ m = 0.

In this section we consider three basic analytic parametrizations of the reference sim-
plex defined by

(2.2) Sd::{(xl,...,xd)|$20,x1+~-~+xd§1}

and the associate transformations of the integral over Sy

(2.3) Y = o(z) dz
€Sy

for some ¢ being integrable in Sy. The associated degenerate coordinate transforms
will be frequently used in the regularizing coordinate transforms in section 3.

2.1. First parametrization of * € Sq by (¢t,y) € Sa—r X Sk. Definition
(2.2) directly yields the parametrization

Sa={2]0< 2 < 0@, 00,1 <5< d}

(2.4) .
={z| (%j,...,24) € Sa—j41,1 < j < d}.
Let us fix some k € {0,...,d} and introduce the new variables ¢;, y; by recursion over
the dimension:
x; x;
tj=Tptj, j=1,...,d—k, and y;i=——21— =2 j=1,...k
O(@ky1seTd) Ot

Then for j =1,...,k there holds

OSyJZU_ZS J - :1_J0—t:1_yj+1_..._yk

= O(yjs1yeyn)s
hence y € S and t € Sq_j due to (2.4). This yields the parametrization
(2.5) Sa = {(ow,t) |t € Sa—r,y € Sk} .

Inserting this parametrization into (2.3), we obtain

(2.6) Y = / / o(ovy, t)ok dy dt.
t€Sq—x JYESK

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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to

T3
_
. ) 1 *
tl X9

F1G. 2.1. First parametrization (2.5) for d =3 and k = 1.

;

to

x3
R ——
n ) a
tl .13'2

F1G. 2.2. Second parametrization (2.9) for d = 3.

;

2.2. Second parametrization of x € Sq by (t,y) € Sq—1 X [0,1]. Recall
definition (2.2) of S;. Then

(2.7) By :={(z1,...,2zq) |2 >0, 21+ -+ 24 =1}

is the face of S; which does not include the origin x = 0. Basic calculations give
alternative parametrizations of By and Sy:

(2.8) BdZ{(Ut,t)“fESd,l}, Sdz{y(xl,...,xd)|xeBd,y6[O,1]}.
Their combination yields
(2.9) Sa={(owy,yt) | t € Sq—1,y € [0,1]}

and, upon inserting this into (2.3),

(2.10) Y :/ / ooy, yt)y? L dy dt.
te€Sq—1 Jy€[0,1]

Note that (2.5) for £ = 1 and (2.9) are two different parametrizations of Sq by
Sq—1 x [0,1]; see Figures 2.1 and 2.2.

2.3. Third parametrization of z € S4 by t € [0,1]¢. We introduce the
following parametrization componentwise:

et (= ti), G=1,..,d -1,
(2.11) i =x;(t) = {tl o ta, j=d.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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ﬁs X 5 |
e 49" AR

t Y2 X2
F1G. 2.3. Third parametrization (2.12) for d = 3.

We denote x(t) := (x1(t),...,xa(t)). For an arbitrary t € [0,1]% we obtain 0 <
Z?:l X;(t) = t1 < 1. This yields the parametrization

(2.12) Sq={x=x(t)|te[0,1]}.
We claim that the integral in (2.3) equals

(2.13) V= [ oy POt T () =t b,
te[0,1]4

In order to show (2.13) we split x = x? o x', where

(2.14) X (t):=ti...t;, 1<j<d, X?(y);z{yﬂ i+t J

Yd, .] = da
see Figure 2.3. Then

1
(2.15) Jy (1) = }det (%)} = }det (%)‘ =97 14d72 g,

and (2.13) holds true.

3. Coordinate transformations. In this section we revisit coordinate trans-
formations from [3], allowing us to rewrite (1.3) as an integral over a unit cube [0, 1]27.
Here, we introduce slightly different notation which is more convenient for the inte-
grand functions under consideration here. In particular, we explicitly give a sequence
of coordinate transforms ®,, which allows us to rewrite (1.3) as an integral over a unit
cube [0, 1]%4:

K

(3.1) 1:/5(1) /5(2) F(a:,y,y—a:)dydx:/te[o,l] SO(Fo®,) ()], () dt.

2d
=1

More importantly, ®@,, isolates the singularity in the univariate direction ¢;. Then, I
in (3.1) is approximated numerically on the unit cube by a suitable quadrature rule
with nodes {t,}}i_; and weights {7, }};_; (a specific one-dimensional quadrature rule
must be applied in the “singular” direction ¢;), leading to the quadrature rule in the
physical domain

n K n K
(32) QN = Z Z F © (b%(tﬂ)‘]q%( (tﬂ)nﬂ = Z Z F(x,u%v y;m, Z;Lx)wp%;
p=1 =1 p=1 =1

with the total number of nodes N = nK. The transformed nodes and weights are

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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given in terms of the backward transform

(33) (x,u%vyu%a z,u%) = q)%(t,u), Wz 1= Jq>% (t“)n#.

Enumeration with the single index (p, k) — A gives the desired quadrature rule (1.5).
Hence, to obtain a quadrature on the physical domain S x S one needs to evaluate
®,.(t) and Jg,(t) for any t € [0,1]%¢. Explicit evaluation of ®,, and Jg,, is the focus
of this section. To this end it will be convenient to split the evaluation into eight
steps, which we discuss next.

Step 1: Transform (z,y) € S x 3 to (u,v) € S4 X Sg. Suppose that

SU) are given by their vertices v(%0) ... (@4 such that v(17) = v for j =0,...,k
and v(17) #£ (29 for j =k +1,...,d. We agree that values k € {—1,0,1,...,d} are
allowed. Then the case k = —1 represents two disjoint simplices, and k = —1,0,1,...d

represents the dimension of S(V) N .S(?) (with the convention that the dimension of the
empty set equals —1).
From now on we agree that all vectors in R? are given by the row vectors of their
components. Consider two d x d transformation matrices
(@) — 4 (7,0)
AU = . j=1,2.
p(@d) _ 4,(5,0)

They allow us to parametrize z € S,y € S by u,v € Sy via the affine transform
(3.4) z=v10 4y AW y =v20 1943,

In the case of nontrivial intersection (0 < k < d) we observe that v(>0) = y(10) and
the first k rows of AM) and A® coincide:

B 1) _ (5,0) pUk+1) _ (5,0)
A(j):< (j)), B = , BYW .= ,
B LR _ (G.0) L) _ (G.0)
where B € R¥*? and BY) € RU-MXd Let 4 := (uy,...,up), @ := (Uhs1,--.,uq),
and similarly for v; then for 2 := ¢ — 4 and
(3.5) z=y—x=24B+0oB® —qBW
there holds
(3.6) I = / G(u,v,0 — 1) dvdu with
u€Sq JvESy

(3.7 G(u,v,2):=J-F (v(l’o) +uA® 20 4y A? 2B 4 pB?) — aB(l)) ,

J= ‘det AD det A®

The integrand G is singular if (@, 9, 2) = 0; cf. [3, (3.11)] and part (i) of the proof of
Theorem 4.1 below.

In the case £k = 0 we adopt the convention % := wu, ¥ := v, and 4, 0,2 do not
appear in the integrand functions. There holds AU) = B and the integral (3.6)
takes the form

(3.8) I :/ G(u,v) dv du with
u€Sq JvESy

(3.9) G(u,v):=J-F (v(l’o) +uAd® y20 Ly A®) A3 uA(l)) )

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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In the case of disjoint simplices (k = —1) we have @ := u, ¥ := v, and
(3.10) z=y—x =020 —y10 4 4yA@ 4D,
In this case (3.8) also holds with the integrand
(3.11) G(u,v) :=J - F(v(l’o) + uA® 920 4y A (20 _ (10 4y A uA(l)).

Step 2 for k = —1: Transform (u,v) € Sq X Sq to (u,v) € [0,1]2%. In
case k = —1 the resulting integrand G in (3.11) is Gevrey-0 regular (or analytic if
§=1)in Sy x Sy. We parametrize Sy by [0,1]¢ as in (2.12) and obtain

(3.12) I :/ G(x(@), x(@))ad=" .. ag_10¢ ... 041 dv da.
(@,v)€[0,1]24

According to [3, Proposition 3.3], the tensor product Gauss-Legendre quadrature rule
achieves an exponential rate of convergence of the type (1.6) with v = 1/(2dé) for
such integrands. In Theorem 5.4 below we prove that the Gauss—Jacobi quadrature
rule absorbing monomial weights in (3.12) converges asymptotically at the same rate
as the Gauss—Legendre quadrature rule.

The remaining coordinate transformations in Steps 2-8 are relevant only in the
case 0 < k < d.

Step 2: Transform (u,v) € SgXSq to (4, 0,0,4) € Sq—pXSd—k X Sk X Sk.
If £ > 1, the intersection SM) N S@ has a positive dimension k. In this case we will
transform the integration over the intersection in Steps 2-6. If k = 0, the simplex S},
degenerates. In this case we say that Sy is zero-dimensional. Similarly, we say that
u € Sy is a zero-dimensional variable. We will use this terminology throughout the
paper.

In the case k = 0 we can skip Steps 2—6 and go directly to Step 7 below because
the intersection S™) N S(?) degenerates to a point. According to (2.5) we have

Sy = {(CfﬂN,ﬂ) | U € Sk, U € Sd—k}

and similarly for v; thus it follows that

(3.13) I:/ / / H(, v, 5, ) dads do da
UESq_1 JVESq_k JVESE JUESk

(cf. (2.6)), where

(3.14) H(i,9,0,7) := G (040, @, 050, 0, 050 — 040) orok.

¢

The integrand H is singular at (@, 9,0 — @) = 0; see [3, Lemma 4.12] and part (ii) of
the proof of Theorem 4.1.

Accurate float point evaluation of Z = o0 — oyt is important for preventing
subtractive cancellation of digits; cf. [3, Remark 3.7]. In particular, evaluation of £ in
the form

d—k
(3.15) t=opitay (i — ),
=1

where Z = 0 — @ (see Step 3), helps to avoid subtractive cancellation.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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This evaluation is unfortunately not possible if {1, is a piecewise smooth manifold
in a higher dimensional space. A possible solution in this case is to use an asymptotic
expansion of the integral kernel. We do not elaborate on the details and instead refer
the reader to [7, Chapter 7]. In particular, we refer the reader to [7, section 7.2] for
the change of coordinates in pseudohomogeneous kernels and to [7, section 8.5] for
surface potentials on a boundary manifold.

We mention that Sy is zero-dimensional if £k = 0. In this case &« = u, ¥ = v, and
(3.13) formally hold in view of (3.8), and (3.9) is reduced to

= / H(u,5)dodu  with  H(i,0) = Gu,v).
uESy JVESq

Step 3: Transform (0,%) € S, X Sk to {(Z,4) |Z € Ak, 0 € Er(Z)}. Let
Z:=0—1u € A where Ay := S, — Sy ={y—x | 2,y € Sg}. Then for a fixed value
of the outer integration variable Z € Ay we need the inner integration variable 4 such
that @ € Sy and ¥ = @+ Z € Si. In other words, for a fixed Z € Ay, the variable @
belongs to a Z-dependent domain Ey(Z) := S, N (Sx — 2). This construction gives a
new representation for I which is equivalent to (3.13):

(3.16) I:/ / / / H(u,9,% + 4, a) da d? do d.
WESg—k JUVESqg_k JZEA ﬂEEk(Z)

Step 4: Reflections. Due to [3, Lemma 3.6] we have with M = {1,...,k} the
following decomposition: Ay = Uy An,an\ N, Where

An- n+ i ={z€ Ay | 2y- <0,2y+ >0}
(3.17)
= {Z | ZN- € —S#N—,ZN+ S S#N*}-

Every subdomain Ay- n+ admits further decomposition into a disjoint union of two
pyramids Ax pn\ N = AE_M\N U Ay yp\ e Where

AE—,N‘*’ = {Z S AN_7N+ | Zj Zj > 0}

(3.18)
= {sz|2y- € =Syn-; 2N+ € Byn+; s €[0,1]},
(3 19) A;\,,JVJF = {ZEAN—)NJr |ZJZJSO}
. = {sz | 2ny- € =Bgn-; zn+ € Sgn+; s € [0,1]}.
Define
(3.20) By e (3) = =2 4 [ 15) (an2); | Sa.

J

Note that EJJ{,,) ~+(2) takes the following explicit form:

(3.21) Ef yie(®)==2") 405 S
According to [3, Lemma 3.6] we have

(3.22) Ze Ay ye vielding Ey(2) = Ex_ . (3).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Collecting the terms, we obtain a new representation for the integral I in (3.16):
(3.23)

=3 3 / / / / H{(a, 0,7 + 4, a) da dz do di.
€Sq—r JVESq_ JZ E° ?)

NCM oe{—,+} A% M\ N N,M\N(z

The double sum runs over 2¥*1 — 2 many terms, because the subdomains A O.M and
Al .y are trivial. Definitions (3.18), (3.19), and (3.20) directly yield
_ AT

Ay- Nt = Nt N- and E

N- N+( Z)=Z2+ E]-i\}-f—,N— (2).

Interchanging the integration and summation over o, we obtain from (3.23)

(3.24) I= / / / / o fla,v,z,a)duadzdoda
NCM UESq_1 JVESq_1 z z

N LMA\N EY M\N(Z)
with
(3.25) fu,0,2,a) :== H(i,d, Z + 4,a) + H(i, 0, % + ).

Note that f is singular at (u,?,2) = 0 and is regular with respect to @.

Step 5: Permutations. Now we group the subsets N with #N = j together
for each j = 0,...,k — 1. For every proper subset N C M of cardinality j and any
vector v € R* we define a permutation operator Py satisfying

(3.26) w = Pyv & wy = (v1,...,v;) and wypn = (Vjg1,.--,Vk).
Then for N :={1,...,j}, Rj :={j +1,...,k} there holds for any N C M
{(0) |2 € Af ypy o0 € By (5)} = {(Pw3, Pyi) |2 € A%, g i€ B, g (2)}.

In other words, all domains A7 NM\N and EN M\ y (2) with the same cardinality of the

index set NV can be treated as images of the reference domains A%, N, R, and ENj, R, (%)
under a suitable coordinate permutation. As there exist only k different pairs of
reference domains, this allows us to rewrite (3.24) in the following equivalent form,
reducing the number of distinct domains of integration. For k = 0, ..., d the integral
I takes the form

max(k—1,0)
1= Z 1;, where
(3.27)
I; = / / / / g; (4,0, 2, 0) dudz dv du
UWESy_ JVESG_k ZEA; R ﬁGE;J_’RJ_(E)
and
(3.28) 9;(0,0,2,@) == f(i, ¥, PyZ, Pyii).
NCM,
#N=j

We remark that (3.27) and (3.28) formally hold also if ¥ = 0. In this case we neces-
sarily have j = 0 and

(3.29) I=1 —/ / 0)dvdu  with  go(u,?) := f(a,D).
UESy ’UESd
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All functions g; in (3.28), (3.29) have singular support (@, 9, Z) = 0 because zZ = 0 iff
PNz =0.

Step 6: Transform u € Ej\', r; (%) to u € [0, 1]¢.  Using representation
(3.21) of E]J{, .r, (%) and parametrization (2.12), we introduce

(3.30)

hj(i, 0, 2) ::/ gj(zl,ﬂ,i,&)dﬂzf 9j(@,0,2, -2 oz @) ok da
acEY Rj(g) WES) 3 j

(3.31) :/ o ukgj(a,za,z,—z(Nﬂ +05ij(a))a§Rja’f—1...ak,lda

and thus

(3.32) I :/ / / h; (i, 5, ) dZ di di.
WESq_ JVESa—k EEij’RJ_

Note that in this equation some of the sets Sy_p, A;{,j) R, May be zero-dimensional.

In this case the corresponding integration in (3.32) should be omitted. For instance,
AN, g, and By p (%) are zero-dimensional for k = 0. In this case j = 0 and there
formally hold

IQ = / / 12 ’lv} dv dﬂ, ho(’ﬁ,f}) = ho(’ﬁ,f),é) = go(ﬁ,’lv}).
u€Sq JVESy
The simplex S;_j is zero-dimensional for k = d, and we have
L[ o omGa ) =),
ZEAY n,
J°70
All integrands h; are singular at the origin (4,0, Z) = 0.
Step 7: Transform (i, d,2) € Sqg—r X Sd—k XAI"\',j,Rj to (s1,a, s2,b, p, 83, q)
€ [0,1]2¢=F. Recall parametrizations (2.8), (2.9), and (3.18). Their combina-

tion allows us to use the following equivalent parametrizations for @,v € Sy_j and
zZ € A}w R,

(3.33) 4 € Sqg—t, = {(04s1,510) |51 €[0,1],a € Sqg_p—1},
(3.34) VE Sy = {(CbeQ, Szb) | So € [0, 1],b S Sd—k—l},
(3.35) Ze A}j7Rj = {(—s3p,0483,53¢9) |p € Sj,53 €[0,1],9 € Sp—;—1}.

Depending on particular values of j, k, d certain subdomains in (3.33)—(3.35) may
be zero-dimensional. This gives the following cases.
Case a: 1 <k < d— 1. We get for s = (s1, 82, 83)
(3.36) I = / Tj(s)(s182) " 1sh™t dsy dsy dsy,
€[0,1]
where for h; = h; ((0451, 510), (0552, 52b), (—83p, 0453, 53¢)) We set

(3.37) T;i(s) == / / / / hj dg dp db da.
a€Sg_p—1 JbESG k-1 pGS qESK— j—1

Depending on j, k, d we have the following structure:
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1.IU2<k<d-—2,1<j<k—2, then none of the subdomains in (3.37) is
zero-dimensional.

2.If 0 = j < k — 2, then §; is zero-dimensional and (—s3p,0ys3,s3q)
(0453, 539).

3. If 1 < j =k —1, then Sy_;_; is zero-dimensional and (—s3p, 04s3,53¢) =
(—s3p).

4. If £ = 1, then both subdomains S; and S;_;_1 are zero-dimensional and
(—s3p, 0453,53q) = (s3). Note that s5~! =1 in (3.36) in this case.

5. If k=d—1, then Sy_;_1 is zero-dimensional and ((0451, s1a), (0ps2, S2b)) =
(s1,82). Note that (s1s52)?" %=1 =1 in (3.36) in this case.

We use the parametrization of a simplex by a cube from (2.11) and (2.12), a =
x(a), and similarly for b, p, g. Then T};(s) from (3.36) reads

Ty(s) = / / / / hy T (@) T (6) T, (5) T (@) dq dp db da
a€cl0,1]4—k=1 Jpel0,1]4-k-1 Jpe[0,1)9 Jge[0,1]k—i—1

with the function

hj = hj ((oy(@)s1, s1x(@)), (o (b)s2, s2x(D)), (—s3X (D), Oy (3)53, 53X (7))

and monomial weights J,, defined in (2.15).
Case b: k = 0. In this case A}j7Rj is zero-dimensional and we get for s = (s1, s2)

(3.39)
Iy :/ TQ(S)(SlSQ)d71 dso dsq, with
s€[0,1]?
(3.40)
Ts::/ / ho ((oy(ay51, s1x(@)), (0,552, s2x(D
ols) acfo,1]¢-1 Joeo,1]4-1 ’ (( M@= (@ ( A ()))

- Jy(a)Jy (b) db da.
Case c: k = d. Then Sy x Sq_ is zero-dimensional and we get for s = s3
(341) Ij = / Tj(53)5g71 d837
s3€[0,1]
where
(342) Tj(53) Z/ / ) hj (_SBX(p)vUX(q)Sg’ ng(q)) JX(?)JX(Q) dg dp.
p€(0,1]3 J ge[0,1]k—i—1

Depending on values of j, k, d, cases a.1-a.4 are valid here. We remark that all inte-
grands 7} in cases a, b, and c are singular iff s = 0.

Step 8: Integration over s in a cube.

Case a: 1 < k < d— 1. Here I; in (3.36) reads
I = /G[O . (Tj(rl,rlrg,ﬁm) + Tj(rira, rl,rlrg))r%dfkflrgfkflrlgfl

(3.43) !
2d—k—1

=+ (TJ (7’17‘2, r173, 7'1)) ] (T‘g’r‘3)d_k_l drs drs dry.
Case b: k = 0. Then [; in (3.36) takes the form

(344) Ij = / (Tj (’I"l, 7"17"2) + Tj (’I"17’2, 7’1)) T%dingil d7’2 dTl.
r€[0,1]2
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Case c: k = d. In this case no transform is needed, and we get
(3.45) I; = / Ti(r)r{=t dry.
T1€[0 1]

Note that the integrands in all three cases are singular only in 71 = 0 and regular
in the remaining variables.
Remark 2. In summary, we have rewritten the integral (1.3) as

min(k—1,0) K;

(3.46) I= Z I, Ij:/ Z(Fo@,{j)(t)Jcpw(t)dt
te[0,1]24 .

=0

Enumeration with a single summation index (k, j) — » brings (3.46) into the desired
form (3.1). Hence, the quadrature strategy described in the beginning of the present
section can be applied. Here, ¢t stands for the collection of all integration variables
in the unit cube [0,1]?¢ after the transformations in Steps 1-8, i.e., 2d variables
r,a,b,p,q,u. We identify ¢t; = r; as the singular variable.

Remark 3. We observe that the Jacobians can be factored, i.e.,

(3.47) Ja, (8) = 21FTLTEON (1 ) T (1),

where Jg'°" is a product of monomials and Jg™ is a polynomial remainder. Precisely,

Ty (@) Iy (V) k=-1,
ry (@) Ty (), k=0,
(3.48) Jmon = TSI i 1r§_1Jx(d)Jx(E)Jx(ﬁ)Jx(@Jx(a)
and , 1<k <d,
(rars)=F 1T (@) T (D) Iy (P) T (@) Ty (@)
Iy (D) (@) T (@), k=d,

where, according to (2.13),

Note the following:

e The singular coordinate ¢; is not contained in ng;ﬂ.

e In the case k > 0, the dimension of @, b, p, G, and hence the exact form of the
Jacobians in (3.48) depends on the parameter j.

e The splitting (3.47) follows solely from the explicit form of the coordinate
transforms in Steps 1-8 and not from the particular assumptions on the in-
tegrand. Hence it is valid, e.g., for the general class of admissible integrands
satisfying (1.4).

Having the splitting (3.47), the monomial part Jg ; can be incorporated into the
quadrature weights in terms of the tensor product Gauss—Jacobi quadrature. Suppose

{(tg,;]], fj,;]j) 1i—1 is the corresponding quadrature rule, i.e.,

mon GJ
/te[ouzd V()5 (ta, - -, ta) db & ZFl ST ws,
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for some sufficiently smooth F;. Then

n mil’l(klfl,o) Kj

I~ QgJ = Z Z Z F(x;mja Yurgs Z,urcj)w,urcja
p=1 7=0 =1
where N = n(Ko + -+ 4+ Kin(k—1,0)) and

GJ 2d—k—1 GJ
(xunja Yurjs Zp,/ij) = (I)nj (tunj)a Wykj = tl JéCKT(t)wunj |t:tc‘] .

HKJ
Note that J}gl:j“ = tBi) for a suitable multi-index B(rjy = (0, B2, ..., f2qa) with integer
entries. In Theorems 5.3 and 5.4 we prove exponential convergence for this type of
quadrature rule.
Remark 4. In the case of volume or surface layer potentials for second order
elliptic operators there are two possible cases:
1. The singularity of F(x,y, z) is of the type ||z||“ with integer a. More precisely,
the integrand satisfies [10, section 5.1.3]
(3.49)
Fle,y,2) = el B, 2),  Fla,y,2) = By, 2l 2/ =),

F(z,y,r,0) analytic in z € SO, y € @ r e [0,R], 0 € {z e R | ||z] = 1}.

After applying the transformations in Steps 1-8, the integrands will become

analytic in all variables; see [3, Remark 4.3]. In this case the variable 1 can

be treated the same as the remaining variables. In this case the full tensor

product Gauss—Legendre quadrature rule achieves exponential convergence

(1.6) with v = 1/(2d¢) for all k = —1,0,...,d instead of v = 1/(2dé + 1) if a

composite Gauss—Legendre quadrature rule [11] is used in ¢; [3, Theorem 4.5].

2. For elliptic PDEs in two dimensions the fundamental solution has a logarith-

mic singularity. Therefore, single layer potentials and volume potentials have

a logarithmic singularity, and F(z, y, ) has a singularity of type ||z||*° log||z||

with integer ag. In this case (1.4) is satisfied with o = g — € for any € > 0.

We prove in Theorem 5.4 below that an exponential convergence with v = 1/(2d4)

can be also achieved for integrands of the type (3.49) and noninteger a > k — 2d with
the aid of a suitable Gauss—Jacobi quadrature rule applied in the ¢;-direction.

4. Explicit structure of the transformed singularity F satisfying (1.7).
The main result of this section is the proof of the following theorem.

THEOREM 4.1. Suppose k = dim(S™ N S@)) > 0 and the integrand F in (1.3)
has the structure

(4'1) F(x,y,z) = ||ZHO‘F(:E,y,Z),

where a > k —2d and F € G*(SM x §@ x (§@) — SM)) for some § > 1. Then after
the coordinate transforms from section 3, the integral I in (1.3) takes the form

(4.2) I= / tot2d=k=1R () dt
[071]2d

with some R € G°([0,1]%).
Proof. 1t suffices to prove that under the coordinate transforms in section 3 the
function

ly(t) — =(®)[

¢
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is analytic in ¢ € [0,1]?¢. Then the assertion follows by Propositions A.1 and A.2
and the fact that the coordinate transformations in section 3 are polynomial and
hence analytic, i.e., belong to G*([0,1]?¢). The regularizing effect of the coordinate
transforms in section 3 is due to the Jacobian determinant t%dik*l, appearing in
(3.43)—(3.45). The transformations are rather complex, and we split

ly =™ ly—a* (@50 —a)* (a0 2)] ||
ty (@, 0,0 =a)l* (a0, 2)] sl ¢

= A1 Ax Az Ay

for the sake of convenience. We show analyticity of all four fractions in the right-hand
side separately. We follow here the strategy in [10, Chapter 5], [12, 11] restricted to
the special case d = 2. We represent each A; in the form A; = ||w||® for some suitable
analytic (in fact, polynomial) w and show that w has no real roots in the integration
domain. This implies analyticity of A;.

(i) We introduce polar coordinates (r, ) satisfying

Ci= (a0, 0—a) =10, r=|C|, 0= IITCII (60,6, ).
The aim is to show that A; = A;(f) is analytic in the polar coordinates. Here
the subvector #®) is empty if k = 0 and 8V, #) are empty if k = d. Recalling
transformation (3.5), we find

pOBE _gph. k-,
(4.3) y—x=rw(0), w@®=L68B + B2 _gMBL < k<d,
6G) B, k=d.

Note that w(#) is a linear map and hence is analytic. According to [3, (3.9)] there
exists ¢; > 0 such that ||y — z|| > ¢1||C]| = c17, yielding

— X
o)) = 2=t 050

Then, w(f) is never zero for 6 corresponding to (@, w), (¥,9) € Sq4, and hence A; =
ly==I" — ||w(6)||* is analytic. This covers the coordinate transformation in Step 1.
(ii) If kK = 0, we have Ay = 1. Suppose 0 < k < d. Let us redefine the polar

coordinates

Com (Wa,5) =10, r=]cl, e:HCTH:(M,a(?),a(B))

and prove that A, is analytic as a function of r, 0, 4. Recalling transformations in
Step 2 of section 3, in particular relation (3.15), we find (@, 9,9 — @) = rw(r,0,a),
where

d—k
01,0 00 gmy + 0y (0D —0@)) |, 0<k<d,
w(r,a,ﬂ/) = j=1

0, k=d.

Lemma 4.12 from [3] provides the estimate
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uniformly in the domain of integration. Therefore, the polynomial w(r, 8, @) is nonzero
it (a,u), (0,0) € Sk X Sq—g; thus Ag = "(“”:7;“”‘“ = ||w(r,0,)||* is analytic. This
result covers the transformations in Step 2. In Steps 3-5 only domain partition
happens, and the transformation in Step 6 does not influence the singularity. This
gives the desired result for transformations in Steps 2-6.

(iil) Let us consider the function A3. For

(s1,52), k=0,
§= (81382753)7 O<k<d7
53, k:da

we introduce polar coordinates via the relation

5 (61,02), k=0
s=rb, r=]|sll, 0=+==1< (01,02,03), 0<k<d
sl 05, k=d

and show that A3 = Aj3(f) is an analytic function is polar coordinates. Combining
all the transformations in Step 7, we obtain

(aa T}a 2) = TW(G, a, bvpa q)7 LU(H, a, bapv Q) = (Uaola 01a7 Ub027 GQba _93pa Uq937 93(])7

where some components of w may vanish depending on the values of j, k, d; cf. Step 7.
For the || - [|;-norm we have

lwlls = 101l min{[[(oa, )|, | (a5, D)|1, [I(oq: @)1} = (1612

because ||(0q,a)|[1 = |1 —>_a;| + > |a;| > 1. Since in a finite dimensional space all
norms are equivalent, we have ||w|| > ¢3(d)||0]] = c3(d) > 0 uniformly in the domain
= l@sHI* lw]|® is analytic.

of integration, and hence w is nonzero. Hence Aj
This covers the coordinate transformations in Step 7.

(iv) Finally, we prove that A, is analytic. In Step 8 the variables s are transformed
to variables r according to (3.43)—(3.45), and r; is identified with ¢;. In all three cases

we have s = tyw(r) with

(1, 7"2), k = 0,
OJ(T‘): (1,7"2,7"3), 0<l€<d,
1, k=d,
up to a permutation. Therefore, ||w(r)|| > 1, yielding that A4 = H:(}la = [Jw(r)||* is

an analytic function of r. The proof is complete. d

5. Convergence of Gauss—Jacobi quadrature rules. In this section we give
convergence results for tensor product quadratures involving one-dimensional Gauss—
Jacobi rules.

5.1. Convergence of the Gauss—Jacobi quadrature for Gevrey-9 inte-
grands on an interval. Suppose a, f > —1 are fixed parameters, and consider a con-

tinuous function g on an open interval (a, b) such that f: lg(x)|(b—2)%(z—a)? dx < .
We approximate the integral

b
I[“7b]’(a’6)[f] — / 9(2)(b — 2)*(z — a)® da
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by the Gauss—Jacobi quadrature rule:

n

QI Rf]:= 3 " g(i)wi.

i=1

The Gauss—Jacobi quadrature rule is exact for polynomials of degree up to 2n — 1;
cf. [8, Chapter 7.3].
THEOREM 5.1. Letn € N and k € {2,3,...,2n — 1}. Then for g € C*([a,b])

‘I[a7b]7(ax6) [g] _ Q%”’b]’(avﬁ) [g”

5.1
o _ (b= D+ )rB 1) 2t g0
-\ 2 Fla+B8+2) (k—1)(2n— k)1
Proof. We first consider [a,b] = [-1,1]. QL) g exact of degree 2n — 1;

hence for an arbitrary polynomial ¥ of degree up to 2n — 1

|[[—1>1],(a,5)[g] _ leyl],(a”@)[g” < }][—1,1]7(a,ﬁ)[g _ ¢H + |Q£;171]7(a,3)[g _ ¢H
< 20 g — o
and TI=11(@A)[1] = 208K (0 + )T (B+1)/T(a+ B+2) < oo, since a, 3 > —1. We

choose a particular ¢ := Ty, _1[g] as the Chebyshev approximation of degree 2n — 1
to g. According to [14, Theorem 4.3] this yields the bound

2]lg™ (@) /V1 = 22|l _ 2019™ |
m(k —1)(2n —k)*=t = (k—1)(2n — k)k—1"

19 = Ylloo <

An affine transformation to [a, b] yields the assertion. 0
THEOREM 5.2. Assume that g € G°([a,b]) with & > 1 and constants Ay, Ay in
(1.2). Let p:= A1(b—a)/2. Let

Sp~ 19, 0> 1.

Then for any r < r. there exists C > 0 depending only on r,p,a, 3, and & such that
for alln € N

(5:2) (TSR] Qs ] < Agfh — a)HFHIC exp(—rnl/?).

Proof. The proof is analogous to [3, Theorem 2.3]. In the case § = 1 the only
difference is the factor (252)**+A+1 appearing while scaling [a, b] to [~1,1] in [3, (2.4)].
In the case § > 1 the expression 32°2¢ in [3, (2.5)] changes to (25%)atAt+igati+s

5 2
. % according to Theorem 5.1. O

5.2. Tensor product quadrature on [0,1]¢. The following theorems follow
directly from Theorem 5.2, two theorems from [3], [3, Theorems 2.5 and 2.7], and the
tensor product argument in [3, Proposition 2.8].
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THEOREM 5.3. Suppose d € N, § > 1, and o > —1, and assume that g €
G?’S([O, 1]9). Let Qn,m be the constant or variable order composite Gauss—Legendre
quadrature Tule on [0,1] with m subintervals and n nodes in the largest subinterval,
m ~ n'/%; cf. [3, Definition 2.4]. Let § = (0, B, ..., Bq4) be a multi-index satisfying
B>—1and QP = QL?’H’(O’&) be a family of Gauss—Jacobi quadratures with n nodes.
Then there exist C,r,v" > 0 independent of d such that for all n € N

/ g’ dt — Qun ® Q2 @ -+ @ Q[g]| < Cexp(—rn'/?)
(53) [071]11 ’
< Cexp(—r/ N1/(do+1)),

where N = O(nd+5_1) is the total number of quadrature nodes.

THEOREM 5.4. Suppose d € N and § > 1, and assume that g € G°([0,1]?). Let
B = (B1,B2,---,B4) be a multi-index satisfying B > —1, and let Q5 = Qi?’”?(o’ﬁ”
be a family of Gauss—Jacobi quadratures with n nodes. Then there exist C,r,7" > 0
independent of d such that for alln € N

(5.4)
‘ / g’ dt — Qi @ QP2 @ -+ @ Qpt[g)| < Cexp(—rn'/?) < Cexp(—r' NV4),
[0,1]4

where N = O(n?) is the total number of quadrature nodes.

6. Numerical examples. In this section we give convergence results for the sug-
gested 2d-dimensional quadratures involving one-dimensional Gauss—Jacobi quadra-
ture rules and compare them to the hp-quadratures from [3].

6.1. Comparison of composite Gauss—Legendre and Gauss—Jacobi rules
for Gevrey-d integrands with singularity in one dimension. In this section we
compare performance of the composite Gauss—Legendre quadrature and the Gauss—
Jacobi quadrature for a Gevrey-¢§ integrand with an algebraic singularity on an inter-
val. Let us consider a function

(61) foz,p(x) = (1 - x)agp(x)’ gp(x) = {(e)}’(p(_xp)’ —? ; i 2 é’

The function f,, has an integrable singularity at 1 if & > —1, and is not analytic in
any neighborhood of 0. Precisely, g, € G°([—1,1]) iff § > 1+1/p; cf. [3]. According to
Theorem 5.4, we expect the convergence rate of order O (exp(—r'N1/%)) for the Gauss—
Jacobi rule with the weight (e, 0). According to [3], we expect the convergence of order
O(exp(—r'N1/(29))) for the composite Gauss-Legendre rule. Convergence results for
p=2and @« = 1/ — 1 given in Figure 6.1 show the sharpness of these estimates.
We observe a clear advantage of the Gauss—Jacobi quadrature rule for integration of
this type of singularity if the exponent « is known. The classical Gauss—Legendre
quadrature rule converges slowly, because the integrand f, , has a singularity; see,
e.g., [5].

6.2. Performance of Gauss—Jacobi quadrature rules for 2d-dimensional
integrands. We consider the integral (1.3) for two particular simplices S := Sy
and S@ := (Y1, ..., Yr> —Yks1s---»—Ya) | y € Sa), where k =0,...,d, i.e., the inter-
section S N SP?) = {(#,0,...,0) | # € Si} is of dimension k. For k = —1 we use
S = Sy and S@ := 55— (1,...,1).
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0

10

(# quadrature points)z/3

Fic. 6.1. Comparison of Gauss—Jacobi, composite Gauss—Legendre, and Gauss—Legendre
quadrature rules for the univariate Gevrey-d integrand with an algebraic singularity from (6.1).

We examine the performance of various transformed quadrature rules for the
kernel

(6.2) F(z,y,2z) =z, z=y—z, a=k—-2d+f

with 8 > 0; i.e., the exponent is larger by S than the critical exponent k — 2d, where
F(z,y,y —z) ¢ L'(SM x §®?)). Note that F satisfies assumptions (1.4) and (1.7).
In this case, quadrature rules involving a suitable Gauss—Jacobi rule in the singu-
lar direction are expected to be more efficient than those using the general purpose
composite Gauss—Legendre rule.

In our numerical experiments we used 8 = 1/m. We choose singularities very close
to the nonintegrable case for all k = 0,...,d as a severe test for our algorithm. In
applications for integral equations one has a fixed integrand F(z,vy,2) ~ ||z||** with
a, > —dfor all k, and 8= B := . — (k— 2d) > d — k.

As motivated in the beginning of section 3, any sufficiently accurate (e.g., ex-
ponentially converging) quadrature rule on the cube ¢ € [0,1]2? for integrands with
univariate algebraic singularity in ¢; and Gevrey-0 smooth in (o, . . ., taq) yields an ac-
curate (exponentially converging) quadrature rule in the physical domain by means of
the transform in section 3. In what follows we compare three classes of tensor product
quadrature rules corresponding to the following combination in the singular/regular
directions on [0, 1]¢:

1. composite Gauss-Legendre/Gauss—Legendre (CGL-GL),

2. Gauss—Jacobi/Gauss—Legendre (GJ-GL),

3. Gauss—Jacobi/Gauss—Jacobi (GJ-GJ).
In the tests we use the Gauss—Legendre and Gauss—Jacobi quadrature rules with n
nodes in each direction. The parameters of the composite Gauss—Legendre quadrature
rule are chosen as follows. Let 7 = 2n. We use a geometric mesh with ratio o = 0.1
and m = n subintervals, with 1,2,... n Gauss—Legendre points on the subintervals;
cf. [3] for the details.

Other combinations of quadrature rules are also possible. We refer the reader to
[2] for more numerical examples, combining, e.g., Smolyak-type quadrature rules in the
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—o— d=3, k=3, CGL-GL
| —5— d=3, k=2, CGL-GL
—+— d=3, k=1, CGL-GL
—o— d=3, k=0, CGL-GL
- © - d=3, k=3, GJ-GL
— B - d=3, k=2, GJ-GL
- + —d=3, k=1, GJ-GL
— & —d=3, k=0, GJ-GL

18 20 22

—6— d=4, k=4, CGL-GL
—&— d=4, k=3, CGL-GL
—+— d=4, k=2, CGL-GL
—A— d=4, k=1, CGL-GL
—— d=4, k=0, CGL-GL
- © —d=4, k=4, GJ-GL
| - 8 — d=4, k=3, GJ-GL
- + —d=4, k=2, GJ-GL
- A —d=4, k=1, GJ-GL
- & — d=4, k=0, GJ-GL

2 4 6 8 10 12 14 16 18 20
(# quadrature points)”Q

Fic. 6.2. Comparison of CGL and GJ in the singular direction for F = ||y — z||*. Relative
error |I — Qn|/|I| ford=3,4 and k=0, ...,d.

“regular” direction with the Gauss—Jacobi or composite Gauss—Legendre quadrature
rule in the “singular” direction.

In the convergence plots we show on the vertical axis the relative error |[I — Qn/| /|I]
in the logarithmic scale, and on the horizontal axis N'/(24+1) where N is the total
number of quadrature points (or function evaluations). This yields

Kn(n+1)n2d_1, 0<k<d 2 for k=0,
N = 2 K={32"1-2) for1<k<d-—1,
n*?, k=-1, 2kl 2 for k =d.

The value of K = Ko + -+ + Kyin(k—1,0) follows from the explicit form of the trans-
formations in section 3

In Figure 6.2 we present the convergence history for the combinations CGL-GL
and GJ-GL for d = 3 and 4 and the integrand (6.2). As the approximate integral value
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(# quadrature points)”9
10° : : : : : . . .
=4, k=4, GJ-GL
=4, k=2, GJ-GL
=4, k=0, GJ-GL
1072 =4, k=4, GJ-GJ
=4, k=2, GJ-GJ
=4, k=0, GJ-GJ
10’4 .................... ........ ........
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(# quadrature points)”9

Fi1c. 6.3. Comparison of GJ and GL in the regular direction for F = ||y — z||*. Relative error
I —Qn|/|I| ford=4 and k= —1,...,d.

we take the value of the GJ-GL quadrature on the finest discretization level. In both
cases d = 3 and d = 4 we observe a strong improvement of several orders of magnitude
if Gauss—Jacobi quadrature is used instead of the composite Gauss—Legendre rule in
the singular direction.

In Figure 6.3 we compare the combinations GJ-GL and GJ-GJ. We observe that
both quadrature rules provide almost the same quality of approximation: GJ-GJ is
better for ¥ = —1,0, GJ-GL is better for K = 3,4, and the error curves are very
close for k = 1,2. Taking into account that the implementation of the Gauss—Jacobi
quadrature rule in the regular direction is somewhat more complex (e.g., the weights
of the input quadrature depend on the parameter j; cf. Remark 3) and the simplices
with many common vertices (i.e., for high k) cause the largest quadrature error,
the combination GJ-GL is advisable for implementation for problems with kernels
satisfying (1.7). In the case of more general singularities (1.4) the combination CGL-
GL (not CGL-GJ) is advisable for the same reason.
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Appendix. Here we prove two auxiliary results on regularity of the product and
composition of Gevrey-d functions.

PROPOSITION A.1. Suppose f € G°(Q) and g € G*2(Q) for some Q C R™ and
81,02 > 1. Then the product fg € Gmax101.92}(Q)),

Proof. By definition (1.2), there exist Ao, A1, By, B1 > 0 such that

D" f(z)| < ApAV W)Y |DYg(a)| < BoBY ) wwe NP, Vazeq.

Then, by the m-dimensional product rule

|Dyfg| - Z ( ; )Dv—ﬁfDﬁg‘
0<B<v
< Z ( g )A()A'l”—m((y _ ﬁ)!)[slBOB‘f'(ﬁ!)&?
0<p<r

< AgBo(Ay + By)V(p)ymaxtondz}

and hence fg € Gmax{01.921(Q) by (1.2). O

PROPOSITION A.2. Assume that 81,02 > 1 and f € G*(Q), g € G%(Qy) for
some Qy C R™ and Rangeg C Q) C R™'. Then fog € GOH21(Qy).

Proof. We recall a multivariate version of the formula of Faa di Bruno [4], which
represents the chain rule for composition of multivariate functions

|v]

¢
v _ [v],ma,€ Biy
Dag (f og)(x) - Z Z 73, B(1yse- ﬁ(z)( Yiq -+ y], H Dy gﬁ
le( e )GM i=1
By, - By vt
Here 7j|u,6\),(117)12,e 5, Are positive integers, and the sum is taken over the set
(A1)

M[:{< Iy ) Jis--de€{1,...,mi} and }
e BBy ) Byt B =v A Bu#F0i=1,....0 [

Note that ji, ..., j, are integers and (1), . . ., B(¢) are multi-indices of the same length
as v, that is, mo. We have

¢
- lv|,ma,l . b
|-D | < Z Z Pyj>ﬁ(1)72-..,5(e) Dyj1.~.yjef(y) H Dw g]L (x)
e y i=1
(5(11 ,,,,, é(e)) € M,
3 lv],ma,e ¢ B
Byt ¢ g (i) 1
< Z 7j7,8(1),2...,3(£)A0A1 (e HBOBI (Bayh).
=1 Jiye--sJe palet
<6<11>7..,73(£)) € My,
From (A1) we got i, 1Bi)| = |v| and Hf:l(ﬁ(i)!) < v!; hence
3 v| £
DS o g)@)l < AO(AlBOBl)M Z Z 7:373727 ,Bu) ¢! 61 H 6(1
=1

=1/ j -
J1s---5700
(,3(1), cees ,3(@)> € Mo

< Ao(41BoBy) () o)t 0
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with
v ’
_ [v],ma,¢
©= Z Z 7j7,3(1)?~~~7,3(2)€! H(ﬁ(l)') < (ml + 1)‘V||V|!’
=1 Jiy- e M =1
(3(1)7~~~73(e)> & Mue

where in the last step we applied the identity [4, (1.24)]. The multinomial theorem
yields |v]! < ma!"I); therefore,

1D%(f 0 g)(x)| < Ag(A1BoBimy® ) (11)%1 021,

Hence fog € Gi+%2-1(Q,) by (1.2). O
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