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Uniform factorial decay estimates
for controlled differential equations®
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Abstract

We establish a uniform factorial decay estimate for the Taylor approximation of
solutions to controlled differential equations in the p-variation metric. As part of
the proof, we also obtain a factorial decay estimate for controlled paths which is
interesting in its own right.
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1 Introduction

For a controlled differential equation of the form

dv; = f(Y)dX,
Yo = o (1.1)

where X : [0,7] — R? is a path with finite 1-variation and f : R® — L (R4 R°) is a
smooth vector field, we are interested in estimating the Taylor remainder

N
Y= Yo=Y o (YS)/ dX,, ®...®dX,, (1.2)
k=1 s

<s1<...<sp<t

= / fON (Yel)ffON (Ye)dXsl ®...®dX3N, (13)
5<81<...<sny<t

where o : R® — L ((]Rd)®m ,]Re) is defined inductively by

L=
fok+1 — D (fok) f
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Factorial decay estimates for differential equations

The functions f°F can also be expressed in terms of iterative applications of the vector
field f as differential operators [3]. The iterated integrals in (1.2) will appear numerous
times and we shall use the shorthand

Xk, ::/ dX,, ®...®dX,,. (1.4)
' 5<81< <8<t

Since the 1—variation norm of X equals to the L! norm of the derivative of X, we
have (see for example [4])

= ok k o(N+1) |X|iv—tizr;[s,t]
Y;—Ys—;f (Vo) Xk, | < [0y (1.5)
where .
[ XT1varsfs, ) = sup Z | X, — Xe,

s<t1<...<tn<t T

and || f°||__ denotes sup, .

f°Y (x)| with |-| being the operator norm

ONZL’ v
N =y D]

ve(R4)ON [[v]l

Estimates of the form (1.5) have application both as a theoretical tool for analysing the
equation (1.1) and as a practical numerical scheme for constructing the solution. The
estimate (1.5), when the 1-variation metric is replaced by the p-variation metric, has
been shown in [2] (p < 3), [5] (p < 3) and [4] (all p > 1) without the factorial decay factor.
We shall prove such estimate with the factorial decay factor. The estimates of Davie
[2], Gubinelli [5], Friz and Victoir [4] as well as our estimates below gives a numerical
scheme for approximating a solution to (1.1) in O (1) time steps.

Theorem 1.1. Letp > 1. Let X = (1, X*,..., X?)) be a p-weak geometric rough path.
Let f be a Lip(y — 1) vector field where v > p. LetY be a solution to the differential
equation

dY; = f (Y1) dX, (1.6)

defined in the sense of [3]. Then there exists a constant C, depending only on p such

that

Lv] 1

Vi Yo = Y SR ) X € o B oy X ey D)
= (5!
where
lp]+1 lp)+1
Moy = 26 (fluarmnnion V1) (Xlpmar V1)
om min(y—m,1)
= io(ont ; 1.8
Hf”o'y L’YJ*L;DJI?’E})EWS L’YJ |f |L2p(m1n(’y—m,1)) ) ( )

lp]+1

» 1+Z(7‘El/\1> " (1.9)
r=2

We refer the readers to Definition 9.16 and Definition 10.2 in [3] for the definition
of Lip (v) vector fields and weak geometric rough paths respectively. We shall however
recall the definition of p-variation and some basic notations in Section 2.

@™
Il

Remark 1.2. If the equation (1.6) has more than one solution, then any solution must
satisfy (1.7).
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Factorial decay estimates for differential equations

Remark 1.3. Taking the biggest v may not yield the best estimate for the left hand side
of (1.7). In general the term | f||,,, could grow factorially fast in 7. Since a Lip(y) function
is also Lip(y’) for all 4" < , we may choose v’ which optimises the estimate (1.7).

The proof for (1.5) relies heavily on the relation between the 1-variation of the path
and the L! norm of its derivative. Proving an estimate of the form (1.5) for the p-variation
metric, even without the factorial decay factor, requires the clever idea of Young[9]. The
integration with respect to a path can be expressed in terms of the limit of a Riemann
sum as the size of partition converges to zero. Young’s idea was to estimate the Riemann
sum with respect to a partition by removing points from the partition successively. This
idea had been used in [6] to show that, for p < 2, the n-th order iterated integral of a
path X is uniformly bounded by

1 n 1 % n
(1+ 43¢ @m)” (2) 1K1 sur o (1.10)

where ( is the classical zeta function. T. Lyons’ proof for the p > 2 case in [7] is slightly
different and used the neoclassical inequality ([71,[11)

N
1 k/pp(n—k)/p < 1 n/p
_— +b 1.11
N R yrE Pt @Y (111)

to obtain an uniform bound of the form

1
n—1 n
B T (TL/p + 1) ||XHp7var,[U,T]

where I is the Gamma function and § is as defined in (1.9).

2 The Proof

2.1 Notations and basic definitions
For each k € IN, we equip a norm on (]Rd)®k by identifying it with R%". Let

VR =1eR'e... e (RY)".

If m; denotes the projection operator 77' (R%) — (Rd)m, then we define a norm on
T (R%) by
1
— ®
Joll = s, I (@)
Definition 2.1. Let T >0 andp > 1. Apath X : [0,T] — TleJ (R%) has finite p-variation
ifforall0<s<t<T,

s<t1<...<tn<t1<k<|[p]

n—1 \ r
||X||p7'uar,[s,t] = Sup max <Z Hﬂ-k (th'lXtiJrl) Hk> <0 (21)

i=

where X ! denote the unique multiplicative inverse of X & T1LpJ (R%). We will denote
XN p—varjo.z7 BY 1 XM —var-

We first recall Lyons’ extension theorem, which will be used repeatedly in the follow-
ing form:
Fact 2.2. (Theorem 2.2.1 in [7]) Let p > 1 and X = (1, X',...,X?)) be a p-weak
geometric rough path. Then for all N > |p| + 1, there exists a unique continuous
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path X = (1,X',...,X") € T (R?) which extends X, Xy, = (1,0...,0) and for all
lp] <I<N,
6l71

(5):
o)
Remark 2.3. We will denote X 'X; by X, ; and m (X;¢) by X;t. In particular, X, , ®
Xyt = X, and so, for any s < u <t

||7rl (Xt_i,lXtiJrl) || < ||XH;i7—var,[s,t] . (22)

X0 =Y Xl e X, (2.3)
=0

Note that for paths with finite 1-variation, the (X*), defined in this theorem are
exactly the iterated integrals of X. Hence no confusion will arise by using the same

notation as in (1.4).
Remark 2.4. If r > |p|, then for any m > 0,

n—1 r

X;?t - \%go Z Z X;nﬂ;k ® X'i:tiﬂ (2.4)
=0 k=1

where the limit is taken as the mesh size of the partition P = (s < t; < ... < t,—1 <)
goes to zero. By convention, for any s < ¢, X“;t =1land X, = 0if m < 0. In the case
r = m, (2.4) follows directly from (2.3). For » < m, note that the sum over k from r + 1 to
m in (2.4) vanishes after the taking of limit, due to (2.2). See [5] for details.

2.2 The proof

The following lemma is a factorial decay estimate for the Taylor remainder of a
controlled path in the sense of Gubinelli [5]. This lemma is interesting in its own right.
We interpret it as the dual counterpart of Fact 2.2.

Lemma 2.5. Letp > 1 and v > p. Let (1,X!,..., X?)) be a p-weak geometric rough
path. Let Y be a function [0,T] — L ((Rd)®’ ,Re) and (Y@, YW . YD) satisfies,
for [y —pl <m < [v],

[y]—-m
m m 1 —m —-m

1/15( )_ Z Ys(lJr )Xi,t S lv]—m MBHJ HX”;—var,[s,t]’ (25)

1=0 (T)!

forall s <t and for0 <m < [y —p] — 1, the limit
n—1[y]-m ( )
. m—+ l

\71’1\3(); ; Ytl Xt“twrl’ (2.6)

where |P| — 0 denotes the limit as the mesh size of a partition P on [s, t] goes to zero,
exists and equals
Y,y m), (2.7)

For | > |p| + 1, let X' denote the projection to (IRd)®l of the unique extension of
(1,Xx*',..., X)) given in Fact 2.2. Then (2.5) holds for all0 < m < |v].

Proof. We will carry out backward induction on k starting from [y — p| and moving down
to 0.
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The base induction step of £ = [y — p]| holds because of the assumption. We will
assume from now onwards that & < [y — p]| — 1. It is useful to bear in mind that

) =lp) <Tv—=pl <) —p] +1.
For the induction step, note that by (2.4) and the equality of (2.6) and (2.7),

lv]-F
Y;(k‘) _ Z Yg(k*H)Xi’t (28)
=0
n |v]-k [y]—k—l2
= Jm 30T (e D v XL 29)
=0 lx=1 11=0

where the limit is taken as the mesh size of the partition P = (s < t; < ... < t,_1 <t)
goes to zero.
We first show that the term

n—1v]—=k [v]—k—l2

DD D YRR XL (2.10)

i=0 lp=1 1;=0

is in fact independent of the partition P.

Z Z Y k+l1+l2)Xl1 Xt i

'M‘

1v] =k [v]—k=l2
2=

i=0 ly=1 1,=0
n-1[ [v]—k
= Z Ys(Hlle)Xll tihﬂ - Z y ) Xll
i=0 | 0<li+l2<[v] -k 11=0
n—1 [lv]—k Ly) -k
= DORED DS Al <D NS WIS AatD ¢
i=0 | r=0 lLi+lp=r 11=0
n—1 [lv]-k ly)—k
= Z Y(k)-‘rT)XTt _ Z Y(k+T)X
S S,lit1 S
i=0 L r=0 r=0
lv]-Fk
= Z Yq(kJrT)X:t
r=1 7
where we have used (2.3) in the third line. Let
lv]—k P n—1|v]—k el [v]—k=1
AU DR AL <l BED IO W R AR DES AtalD ¢ B
1=0 i=0 ly=1 11=0
Since (2.10) is independent of the partition,
)=k i 1=k Pt
(k) _ Z }/;(I)Xé,t — |y, — Z }/;(Z)Xi,t (2.11)
ly]-Fk lv]- vk
k+l v k+l k+z
- Z Yt Xt: oty T Z YtJ tJthJrl Z Yt t] 1ytj41
=1 =1 =1
[v]—k v]—k—Ia
ki k+l +1 l l
S S TSI SRSTEUR I O @12)
12 1 l1 0
ECP 20 (2015), paper 94. ecp.ejpecp.org
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By induction hypothesis, (2.5) which holds for m > k and Theorem 2.2.1 in [7],

lv]-k ol ly]—k—1 .
+ +l1+ 1 2
DR RO DS it I B A
lp=1 11=0
lv]—Fk 1 e .
v]—k—1 Y= 2
- Z (LWJ*’“i?)' <l2> Mo 2 ”X”p var,ftj—1,t]
l2=1 P “\p
Xﬁlz 1 ||XHp var,[t; t1+1]:| (213)
1
Pyp—* | x|7- (2.14)

(LVJ*’C)|B p—var,[tj—1,tj+1]’
=)
where the final line is obtained by the neoclassical inequality (1.11), proved in [1].

Let w(s,t) = \|X||p var.[s,1)- We now choose j such that, for [P| > 2,

2
w(tj—1,tj41) < <|p|_1/\1>w(s,t)

which exists since

n—1

Zw i—1, 1+1 < QW(Sat)

=1
and also that

w(tj-1,tj41) Sw(s,t)

for all j. Then as v — k > |p] + 1, (2.14) is less than or equal to

1 9 lpl+1
P _ P
fMﬁl."/J k <n_1/\1> HX”

ESL

By removing points successively from P and using that (Ys(k) — Z}lﬂ)*k YS(kH)X ét)
0, we have

p—var,[s,t]

(st}

P ,
v]—k 1 » 00 9 lelit
(k) _ (k+1) ! R [v]-k _c
Ys Z Ys Xs,t < (l_"/J_k’l) ﬁMﬂ Z (n_]_ /\1> HX”P var,[s,t]
1=0 — n=2
1
- [v]-F
(m—k|> MBI X0 e
!
where the final line follows from (1.9).
By taking limit as |P| — 0, (2.5) follows for m = k. O
For the differential equation
dY; = f (V) d X, (2.15)

we wish to apply Lemma 2.5 to (Y, feryy, ..., et (Y)) Using the standard estimates
for rough differential equations, it turns out that it suffices to verify the assumption of
Lemma 2.5 for paths with finite 1-variation. To do so, we need the following lemma.
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Lemma 2.6. Let X : [0,7] — R be a path with finite 1-variation. Let f be a Lip(y — 1)
vector field. Let Y; be a solution to the differential equation (2.15). Then

V)=
fonL (}/t> onL Z fo(nL+k) Xﬁt

= {fs<51<..‘<8m—m<t fom (Ys,) — for (Ys)dXs, ®...® dXs ., ,0<m< el
fou! (Yt)_fOL’YJ (Y) ,m=[v].
Proof. We will prove it by backward induction, starting from |~v].

The case m = |v] is trivially true.
For the induction step, note first that by the fundamental theorem of calculus,

/t fO(m+1) (

- / D(f°™) (Y,) f (Ya) dX,,
= /D Om dY
- — oYy, (2.16)

Then by (2.16) and the induction hypothesis,

lvl—m
) =) = Y e (v xk,

t -
[t e, A s

:/ f V) = Y () X @ e d X
<8158y ] -m ST

O

Proof of Theorem 1. The only thing to prove is that (Y, f°* (Y),..., f*(') (V) satisfies
the assumptions of Lemma 2.5.
For each s < t, let 25! : [s,#] — R be a continuous path with finite 1-variation such
that for 1 <1 < |p|,
(2" = X! (2.17)

s,t s,t)

where we use the notation from (1.4) and

[ 10051 < 1 .18

for a function ¢, of p which is specified in [3] along with the existence of z*'
Consider the differential equation

avgt = f(Y9h) dast

u

Yot =y, (2.19)

By Theorem 10.16 in [3], there exists a solution Y* of (2.19) such that the following
estimate holds

s, A +1 A +1
Yo=Y < Gl IX 20 (2.20)

ECP 20 (2015), paper 94. ecp.ejpecp.org
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for some function (), depending on p only.
Note that by (2.17) and m > [y —p] > |v] — |p],

-
o(m) th Z fo(m—i-k)

ly)—m
< L = e [+ e () = X0 £ ) (@), @21
k=0

By (2.20), for0 <m < |y] — 1,

|f0m (Yt) _ fom (Y;s,t)|
£ Lapy [Ye = Y|
< Gl papy TS gy XA (2.22)

Lip((v=1)Alp]) p—var,[s,t] *

IN

If[vy—pl <m<|v|—1, theny—m < |p| and so

‘fom (Y}) _ fom (Y;S’t)’ (2.23)

(lpJ+
om A +1
< ol o D, oy (KT g V1) I Mg - (2:29)

To estimate (2.23) for m = ||, we note that

fOLvJ (V;) — fOLvJ (ytsﬁt)

< olv] y, _ yst )
< Lip(wfhj)| ¢ ¢ |

olv] YAl +1) (v=17]) (el +D (=171
< Gl g T lisG-nalen ™ X l=var e

In particular, we have

thJ (V;) — fOL’vJ (y;svt)‘

‘flv/\(LPJJrl =) (HX”

(lpl+
olv] y=17]
f ! Lip(v—7]) Lip((v—=1)Alp]) ] v 1) ||XHP var,[s,t] *

< G

p—var,[s,t

To estimate the second term in (2.21), we use Lemma 2.6 to see that for [y—p] <m < |v],

lv]-

me”“ ) (@),

— /< . fO(L"YJ) (Yssl,t) _ fO(L“/J) (Ys) dxg,lt dxgltWJ ‘ (2.25)
51 Slyj—m<t
[y]—m | folv] s,t|7— L] lv]—m
S Cp f Lip(v—|v)) ’Y |p—var,[s,t] ” Hp var,[s,t]
< ¢ | (|f| v l)m—m 2.26)
- p Lip(y—|~]) Lip((v—1)Alp)) .
(e=D(v=1D)
x (”XHP*UU’T’[SJ] v 1) ||X| p—var,[s,t] ? (227)
ECP 20 (2015), paper 94. ecp.ejpecp.org
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where in the third line we have used the v — || Hoélder continuity of f o(lv]) with (2.18)
and in the final line we have used Theorem 10.16 in [3].

Combining (2.21), (2.23) and (2.26), we have for [y —p| <m < |v],

v]—
o(m) }/t Z fo(m+k) X;Ct

; lp]+1
om min(y—m,1)
P ) T LipGmingy-m 1) (1 imr—tyntn V1)
lp]+1
X (X e V1) X (2.28)

Here since [y —p] <m < |v] so |y] —m < |p] and

([v) =m)t < [p]t.

Therefore, by changing the constant C,, we rewrite (2.28) in the form of the right hand
side of (2.5). It now suffices to show (2.7). Note first that for 0 < m < [y —p] — 1 and
s<u<wv<it,

[y]—-m
SooemE () Xk, (2.29)

lv]—
<) = )+ | F () Z £ (V) (@), (2:30)

lvl— [v]-
+ Z f m+k) ) Z fo(m+k) ) ) (2.31)

k=|p|+1 k=[p|+1

The estimate (2.22) still holds with (s, t) replaced by (u,v) and (2.26) would hold with
the constant C), now depending on « as well. For the final term in (2.31),

[v]- lv]-
Z fo(m—i-k) ) Z fo(7n+k) )
k=|p]+1 k=|p]+1
[v]—m [y]—-m
< Z fo(m—i-k) (Ya) (xu,v)ﬁ,v + Z fo(m-i-k) (Ya) Xk
k=|p]+1 k=lp|+1

om 1
< 2lyfel! max sup 177 (V)] (X pargeg V1) IXIZSEE L

0<m<|v] s<u<t

where we used Fact 2.2 and

IN

‘(xu,v)k

uU,v

v k
cl; (/ |dx;f”|)

Cp X1y

IN

p—var,[u,v] *

Therefore, combining with (2.22) and (2.26), we have for some constants C p, x s,tv, C , x 5.t~

ECP 20 (2015), paper 94. ecp.ejpecp.org
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independent of u, v such that when |u — v| is sufficiently small,

lvl—m
Y = Y0 () X,

k=0

A +1) +1

< Crpxnn (XA UK o + IX IS )
A +1)

< }~,P7X;S7t’Y H ||;)/ E}EzZ:"J [u,v]

Denote the expression in (2.29) as E (u,v). Let limp|_,, denote the limit as the mesh
size of a partition P on [s, | goes to zero. Then for m < [y — p]| — 1,

n—1lv]-m
li E (t;,t;
g2 Bt
“/A LPJ+1
S O}J)yX s,ty ‘ hm Z ” |p var, t,,t1+1 (232)
/\ —+1
< Oy Jim max | X700 tl,)tlfl]ZII [ (2.33)
Since fors < u <t,
(B  +HIX < 11X

p—var,[s,u p—var,[u,t p—uvar,[s,t]’

(2.33) is bounded by

N (lpl+1)—p

Cf’p’Xa’Y hmomaX”XHp var,[ti tis] H ||p var,[s,t] ?

which equals 0 by the uniform continuity of the map (u,v) — || X||7_,,,. w,0) (See [8]).
Finally,
n—1[v]—
1 (m—+1) Y
\Pllgoz_: Z e (Ye) X tu i1
- 1 M (Vi)) = £ (Ya) + B (i, 1
‘,Pllriloz.f t1+1 f ( tl) + ( +1)
= ST = ).
O
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