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ON THE CARDINALITY AND COMPLEXITY OF THE SET OF CODINGS FOR
SELF-SIMILAR SETS WITH POSITIVE LEBESGUE MEASURE

SIMON BAKER

ABSTRACT. Let A1, ..., A, be real numbers in (0,1) and py, ..., p, be points in RY. Consider
the collection of maps f; : R? — R? given by
fi(@) = Xjz 4+ (1= A))p;.

It is a well known result that there exists a unique nonempty compact set A C R? satisfying

= Uj_,fj(A). Each @ € A has at least one coding, that is a sequence (€;)72; € {1,..., n
that satlsﬁes UMy oo fe oo fen (0) = .

We study the size and complexity of the set of codings of a generic € A when A has positive
Lebesgue measure. In particular, we show that under certain natural conditions almost every
x € A has a continuum of codings. We also show that almost every = € A has a universal coding.

Our work makes no assumptions on the existence of holes in A and improves upon existing
results when it is assumed A contains no holes.

1. INTRODUCTION

Let A € (3,1) and I, := [0, 125]. Each z € I, admits a sequence (¢;);2; € {0, 1}" such that
T = Z e
i=1
Such a sequence is called a A\-expansion for x. Expansions of this form were pioneered in the
papers of Rényi [21] and Parry [18]. We can study A-expansions via the iterated function system
defined by the maps fy(z) = Az and fi(z) = Az + A. I, is the attractor of the IFS { fo, f1} and
it is a straightforward exercise to show that
N
foo fon(0) = 3N,
i=1
Therefore limy o fe, - - - fe (0) = x if and only if (¢;)$°, is a A- expansmn for z.
In [6] it was shown that if A € (Q 1) then every =z € (0 ) has a continuum of -
f 1

shown to be sharp in the following sense: If A € (3, ¥2-1) then there exists = € (0, ﬁ) with a

unique A-expansion. The size of the set of points w1th unique A-expansion was studied further
in [11], amongst other things it was shown that the set of z € I, with unique A-expansion

’1)\

expansions. The endpoints of /) trivially have a unique expansion. In [5] the value was
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2 SIMON BAKER

has positive Hausdorff dimension when \ € (%, A*). Here \* ~ 0.559 is the reciprocal of
the Komornik Loreti constant introduced in [17]. However, in [22] it was shown that Lebesgue
almost every x € I has a continuum of \-expansions for any A € (%, 1). This almost every result
was later generalised to a class of IFS’s in [23]. We now give details of their generalisation.

Let Aj, ..., \, be real numbersin (0,1) and py, . . ., p, be points in R¢. Consider the collection
of maps f; : RY — R? given by
(L1 fi(@) = Ajz + (1= Xj)p;.

In [12] it was shown that there exists a unique nonempty compact set A C R? that satisfies
A = Uj_, f;(A). We refer to A as the attractor for the collection of maps {f;}7_;, or when
the collection of maps is obvious just the attractor. Each x € A admits a sequence (¢;)2, €
{1,...,n}" such that limy o fe, -+ fer (0) = 2. We refer to such a sequence as a coding for
x. Moreover, the set of © which have a coding is precisely A. When A\; = --- = \,, we will say
that we are in the homogeneous case. When there exists \;, A; such that \; # \; we will say that
we are in the inhomogeneous case. When we are in the homogeneous case we will denote the
common scaling ratio by A. For further background we refer the reader to Chapter 1 from [15]
and Chapter 9 from [8].

Let €2 denote the convex hull of {p1, ..., p,}. Without loss of generality we may assume that
the dimension of € is d. In [23] the author considers the homogeneous case under the additional
assumption that A = (), i.e., the case when the attractor has no holes. In particular it is shown

that the property A = 2 holds for all A > ﬁ‘ll. He also proved the following result.

Theorem 1.1. Assume A = ) and that we are in the homogeneous case. If there exists 1 < k <
I < n such that a vertex of fi(Q2) belongs to the interior of f;(Q2) then Lebesgue almost every
x € A\ has a continuum of codings, and the exceptional set has Hausdorff dimension strictly less
than d.

The purpose of this paper is to generalise and strengthen Theorem 1.1. Our approach does not
make any assumptions on the existence of holes in A and extends to the inhomogeneous case.

Let A be as above. We will be interested in the case when £(A) > 0. Here £(-) denotes the
d-dimensional Lebesgue measure. Clearly when A = 2 then £(A) > 0. However, there are
cases when A # () i.e., the case when our attractor has holes, yet the Lebesgue measure of A is
still positive. Typically, determining whether the attractor of a given IFS has positive Lebesgue
measure is a difficult problem. For more on this difficult problem we refer the reader to [9] and
[25].

In [13] the authors consider the case when there are n homogeneous contractions f; : R? —» R?
of the form

i) = Xa + (),

where (¢, ) € {(a,b) € Z* : 0 < a,b < k — 1}. Itis assumed that n > k. If the points (c;, ;)
are fixed and X is allowed to vary, the geometry of the associated A also varies. In particular,
if A is sufficiently small then the open set condition is satisfied and the Hausdorff dimension is
easy to compute. However, for \ sufficiently large the open set condition is not satisfied and
determining the dimension of A is less straightforward. The authors show that for each family

of contractions there exists an interval I C (0, 1) for which £(A) > 0 for almost every A € I.
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Moreover, this [ is calculated explicitly. Their results imply the existence of a broad class of A
for which £(A) > 0 and A contains holes.

In [2] the case where p1, p> and p3 are the vertices of an equilateral triangle is studied. For
A= % our A is the well known Sierpinski gasket. It can be shown that A = (Q if and only if
A > % The authors show that for all A > \* & 0.647 the associated A has nonempty interior and
therefore has positive Lebesgue measure. Here \* is the appropriate root of 223 — 222 + 27 = 1.
It is a consequence of the aforementioned results of [13] that for almost every A > 0.585. .. the
associated A has positive Lebesgue measure.

Our main result is the following generalisation of Theorem 1.1.

Theorem 1.2. Assume Y " | X} # 1 and that L(A) > 0. Then almost every x € A has a
continuum of codings.

When fi.(A) N f;(A) has nonempty interior for some 1 < k < [ < n we can make a stronger
statement.

Theorem 1.3. Assume fi.(A) N fi(A) has nonempty interior for some 1 < k < I < n. Then the
set of points that do not have a continuum of codings has Hausdorff dimension strictly less that

d.

The expression 2?21 )\? occuring in the statement of Theorem 1.2 appears naturally in the
study of IFS’s. If Z;l:l A4 < 1 then it is a simple exercise to show £(A) = 0. Therefore it is

only possible for £(A) > 0 when 7, /\? > 1. The condition ) 7, AJ # 1 stated in Theorem
1.2 is not a technical condition and is in fact essential. It will be shown in Corollary 2.4 that
if Z?Zl /\? = 1 then almost every x € A has a unique coding. It is natural to ask whether

there exists self-similar sets with positive Lebesgue measure when Z?zl )\? = 1. However, it is
straightforward to construct examples when this equation is satisfied. For example, consider the
case where d = 1, p; = 0, po = 1 and Ay = As. In this case Z?:l Aj = 1 when \ = % The
associated A is the interval [0, 1], which clearly has positive Lebesgue measure.

In this paper, as well as studying the cardinality of the set of codings of a generic x € A,
we also study the complexity of these codings. In the context of A-expansions we say that
a A-expansion of x, the sequence (¢;)%°, € {0, 1}, is a universal expansion for x if given
any finite block d; - - - oy consisting of 0’s and 1’s, there exists & € N such that ¢;,; = ¢; for
1 <4 < N. Universal expansions were originally introduced in [7], where they were shown to
be intimately related to the so called spectra of a real number. We discuss this relation in more
detail in Section 5. In [24] it was shown that for A € (%, 1) almost every x € I has a universal
expansion, this was later improved upon in [3] where it was shown that almost every « € I has
2% yniversal expansions. Proceeding by analogy with the case of A\-expansions, given z € A and
(e:)2, € {1,...,n}" a coding for z. We say that (¢;)$2, is a universal coding if for any finite
block d; - - - 0 consisting of elements from {1,...,n}, there exists & € N such that €;,; = J;
for 1 <+¢ < N. Our result regarding universal codings is the following.

Theorem 1.4. Suppose L(A) > 0, then almost every x € A\ has a universal coding.
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The proofs of Theorems 1.2 and 1.4 will take on a similar structure. As such we will only
prove Theorem 1.2 in full and outline the necessary modifications required to prove Theorem
1.4.

The rest of this paper is structured as follows. In Section 2 we state some necessary prelimi-
naries before giving our proofs of Theorems 1.2, 1.3 and 1.4 in Section 3. In Section 4 we discuss
some applications of our results to A\-expansions with arbitrary digit sets. Finally in Section 5 we
pose some open questions.

2. PRELIMINARIES

Before proving Theorems 1.2, 1.3 and 1.4 we require the following technical arguments. For
ease of exposition we denote the set of codings for a given z € A by ¥, (), i.e.,

Sae) = {(e) € {1 on"s Tim fo o £, (0) = 2},
Moreover, let
Uy = {a: € A:card ¥ (z) = 1}.

That is U, is the set of points with a unique coding. U, is called the set of uniqueness. Un-
derstanding the size/dimension of this set will be important in our proofs of Theorems 1.2 and
1.3.

Let { B }?2; be an enumeration of the set of all finite blocks consisting of elements from the
set {1,...,n}. Moreover let N}, denote the length of the block By. To each By, we associate the
set Up, defined as follows:

Us

k

= {x € A : no coding of = contains the block Bk}.

The following proposition highlights the importance of the set U and the Up,’s.

Proposition 2.1. The following inclusions hold:

@2.1) Uy C {x € A card Sa(z) < 2N0},
2.2) U Ug, C {x € A : x has no universal coding },
k=1
2.3) {x € A : card Sy(z) < 2“0} clJ U fa SO,

2.4) {x € A : x has no universal coding } C D D U fe - - fex (Ug,)-
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Proof. Statements (2.1) and (2.2) are obvious. The proof of (2.3) is a simple generalisation of
the proof of Lemma 3.1 from [23]. As such we only show that (2.4) holds. Suppose x € A does
not have a universal coding and let { B, }?2; be as above. To begin with we ask whether x has a
coding containing the block B;. If it doesn’t then = € Up,. Suppose otherwise and let (¢;)3°, €
YA(x) contain By. Let M; € Nbe such that €y, 11 - - - €p7,+ 8, = B1. Moreover, let j; € N be the
unique natural number for which B), appears in €; - - - €p7,4n, for every 1 < k < jy, but B;
does not appearin € - - - €57, 4N, - Such a j; has to existas €; - - - €p7, 4 v, 18 of finite length. Now we
consider all codings of x that begin with €; - - - €/, + n, and ask whether one of these codings con-
tains the block Bj, 4;. If there doesn’t exist such a coding then limy o0 fey, v, 10+ fen (0) €
U, ,,,» which implies € f1--- fe,, (U, le—&-l)- If there does exist such a coding we denote
it by (€7);2, and let M> € N be such that €3, -+ €iy, v, ., = Bji+1. We then define j» € N
to be the unique natural number such that By appears in €2 - - - 6?\/12 NG forall 1 < k£ < jo,
but B}, does not appear. We then ask whether there exists a coding for x beginning with
€2 -6%42 TN that contains the block Bj,;;. If such a coding doesn’t exist we stop, if one
does exist we repeat the above steps. Assuming the above process does not terminate then at
the n-th iteration we have constructed a finite sequence containing the blocks By, ..., B,, and
this sequence can be extended to an element of ¥, (). If this process continues indefinitely then
we will construct a universal coding for . However, as x has no universal coding this algo-
rithm must at some point terminate. This yields K, My € N and (¢;)2, € ¥a(z) such that
Hmy oo ferr, o fen (0) € Upye. Inwhichcase z € f, -+ fe,, (Up, ) and we may deduce the
inclusion in (2.4). O

The right hand side of (2.4) in Proposition 2.1 might seem excessive. We might naively expect
that if z € A does not have a universal coding then z € Up,, for some k. However, even
if  has no universal coding we cannot discount the possibility that for each By there exists
(eF)>2, € ¥p(x) containing By.

The following corollary is an immediate consequence of Proposition 2.1 and the fact that our
f;’s are all similitudes.

Corollary 2.2. The following statements hold:

o L{z €A:card¥p(x) < 2%}) = 0ifand only if L(Uy) = 0.
o dimy({x € A : card T\ (x) < 2%0}) = dimy (Uy).
o L({z € A: x has no universal coding }) = 0 if and only if L(Ug, ) = 0 for every Bj,.

By Corollary 2.2, to show that Theorems 1.2, 1.3 and 1.4 hold, it suffices to show that equiva-
lent statements hold for U, and a typical Up, .

We now elaborate on the technical condition Z?Zl )\? # 1 stated in Theorem 1.2.

Proposition 2.3. Assume L(A) > 0. If " X4 = 1 then L(fi.(A) N fi(A)) = 0forall 1 <k <

j=1""

[ < n. However, if Y " X% # 1 there exists 1 < k < | < n such that L(fr(A) N f;(A)) > 0.

j=1""
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Proof. Tt is a straighforward inductive argument to show that the following holds. Let {A;}7_,
be a finite collection of measurable sets with finite Lebesgue measure. Then

(2.5) L(UI_A)) = Z L(A;) - Z LU A; N A).

Letus assume » 7 | A = 1 and that there exists 1 < k < I < n such that L(fi(A)N fi(A)) >0

Without loss of generahty we may assume that £ = 1 and [ = 2. We observe the following:

L(A) = L(Uj_1 [5(A)

=Z£<fj Zc A) N fi(8))
ZV Zﬁ 2L F(A) N F(A).

In our second equality we have used equatlon (2.5). It follows that

O—Zﬁ A) N fi(A)).

However, this is not possible if £( fl( )N fa(A)) > 0.
Now let us assume that > A4 2 1 and that £L(A) > 0. By the inclusion exclusion principle
the following equation holds.

L(A) = LU f5(A)
=2 LWHW) = D LAEM DLW+ D0 LA N FA) N fi(A)-

1<i<j<n 1<i<j<h<n
A (=D)"TLL(NG fi(A)).

Which by a simple manipulation implies

(CM-1)em) = 3 LAEMNHAN = 3 LED) N LA N AN)+

1<i<j<n 1<i<j<h<n
o+ (=D)L S (M)

By our assumptions the left hand side of the above equation is not equal to zero. This implies the
right hand side is also non zero and there must exist 1 < k < < n such that L(f,.(A)N fi(A)) >
0. i

We remark that if + € fi(A) N fi(A) with k& # [ then x has at least two codings, one
with first digit £ and one with first digit [. Moreover, it is straightforward to show that x €
feo oo fen (fe(A) N fi(A)) for some N € N, ()Y, € {1,....,n}Y and 1 < k < [ < nif
and only if x has at least two codings. This important remark will be used in the proof of the
following corollary and later in our proof of Theorem 1.2.
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i1 A = 1and L(A) > 0. Then almost every x € A has a unique

Corollary 2.4. Suppose >
coding.

Proof. By the above remarks the following equality holds

{xEA card X5 (x } U U U fl“‘fsN(fk(A)ﬂfl(A))'

1<k<i<n N=0 (¢;)€{1,...,n}

It is an immediate consequence of this equality, the fact that our f;’s are all similitudes, and
Proposition 2.3 that L({x € A : card X5 (z) > 1}) = 0. O

3. PROOF OF THEOREMS 1.2, 1.3 AND 1.4

We begin by proving Theorems 1.2 and 1.4. Their proofs will depend on an application of the
Lebesgue density theorem. The Lebesgue density theorem states that if £ C R is a Lebesgue
measurable set, then for almost every x € F

L LENB@)
=0 L(B(z)) '

Here B, () denotes the closed d-dimensional ball in R¢ with radius 7 centred at x. This statement
is of course vacuous if L(F) = 0. It is an immediate consequence of the Lebesgue density
theorem that if £ C R is such that every = € E satisfies

lim sup —E(E N5 (@)

PP T LB )

then £(E) = 0. This will be the strategy we employ when it comes to proving Theorems 1.2 and
1.4.

Proof of Theorem 1.2. By Corollary 2.2 it suffices to show L£(U, A) = 0. By Proposition 2.3 we
may assume that 1 < k < [ < n are such that L(f,(A) N f(A)) >
We now fix = € Uy, and let (¢;)°, be its unique coding. Given r > 0 we associate the unique
n(r) € N satisfying

n(r) n(r)—1
Diam(Q) H Ae; <1 < Diam(9) Ae; -

i=1 =1

Itis a consequence of these inequalities that f,, - -~ f.  (A) C B.(z).
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We observe the following:

LUANB(2)) _,  LWUENB.(x))
L(B,(x)) L(B,(r))
‘C(UX N fe1 e fsn r (A))
T I
oy Bl o M) N0 AA)))
B L(B,(z))
_1_ L(fe(A) N AA) TTE M
B C(d)rd
o L) 0 AT A
T C(d)(Diam(Q) [T AL
_, L(fu(A) N fi(A)AL
B C(d) Diam/(Q)4
_ 1 L) N Ai(A) min; <<, {A7}
N C(d)Diam(£2)? '

In the third line of the above we have used the fact that f, - - - fc (f(A)Nfi(A) C fi-- fe,,,(A)
and fe, -+ fe, ., (f(A)Nfi(A)) C Ug. Here C(d) is the d-dimensional volume of the unit sphere.
Clearly the upper density can therefore always be bounded above by some positive constant

strictly less than 1. Which by our earlier remarks implies £(U,) = 0.
g

By Corollary 2.2 to prove Theorem 1.4 it suffices to show L(Up, ) = 0 for each By. This will
follow from an analogous application of the Lebesgue density theorem. The role of fi,(A)N f;(A)
isplayed by fe, -+ fey, (A) where By, = € -+ - en,. Clearly f, -+ foy, (A) ¢ Up,, ithas measure

L(A) Hf\i“l )\i and its image under any finite sequence of f;’s will also be in the complement of
Usp,.
We now prove Theorem 1.3. The proof of this theorem is analogous to the proof of Theorem

1.1 with one minor alteration. We begin by stating a lemma whose proof can be found in [23].

Lemma 3.1. Let A C RY be such that there exists a positive constant 6 > 0 such that for an
arbitrary cube C C R® which intersects A, one can find a cube Coy C C' such that L(Cy) >
L(C) and CoyN A =0. Then dimpy(A) < d.

The proof of Lemma 3.1 is fairly straighforward and follows from a box counting argument.

Proof of Theorem 1.3. By Corollary 2.2 it suffices to show dimy(Us) < d. We now show that
Lemma 3.1 can be applied with A = U,. By our assumption f;(A)N f;(A) has nonempty interior
and therefore contains a d-dimensional cube that we shall denote by C*. We will show that we

can take
L(C*) miny<j<, {\]} }
(2Diam(2))4 '

0 = min {Q_d,
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Let C(z,7) denote the cube in R? centred at z with side length r. Suppose C(z,r) intersects
Ux. We ask whether U, intersects C(z, ). If it doesn’t we can take Cy = C(z, 5) and £L(Cp) =

274L(C(z,7)). Suppose otherwise, let z € Uy N C(z, %) and ()2, € Tp(x). Weletn(r) € N
denote the unique natural number satisfying the following inequalities
n(r) , n(r)—1
Diam(S2 Ae, < = < Diam(Q) Ae,
iam( )g (<3S iam(2) E .
Clearly f., - - fc,,,(A) C C(z,r) and therefore f,, - -- f, . (C*) C C(z,r). Moreover f, -+ f . (C")
is a cube and it is contained in U§. Finally we observe

rdﬁ(C*))\fn(r) - L(C’*)minlgjgn{)\?}

2Diam(Q))? = (2Diam(Q))? L(C(z,1)).

n(r)
L(fr fer, (C)) = LICH ] M. >
=1

Taking Co = fe, = fe, ) (C*) we see that our value for ¢ applies. Applying Lemma 3.1 yields
our result. 0

4. APPLICATIONS TO A-EXPANSIONS WITH DELETED DIGITS

Instead of considering A-expansions where \ € (%, 1) and our sequences are elements of

{0,1}Y, we can consider the more general case where A € (0, 1) and the elements of our se-
quences are elements of A = {as,...,a,}. Here ¢; € R forall 1 < j < n, and without
loss of generality we may assume that a; < --- < a,. We refer to A as our alphabet. Given

x € [#2 93] we say that a sequence (¢;)7°, € A" is a A-expansion for x with respect to A if

T = Z e
i=1
Expansions of this type were studied in [4, 16]. We define the analogue of a universal expansion
with respect to A in the natural way. Pedicini in [19] showed that every z € [%, 4221 has a
A-expansion with respect to A if and only if

Ma, —a

1%?7551(%“ — ) = %
To the alphabet A we associate the set of maps {f;}7_, where f;(r) = Az + Aa;. Itis straight-
forward to show that (¢;)%°, € {1,...,n}" is a coding for z if and only if (a. ), € AV is a
A-expansion of = with respect to the alphabet .A. Therefore the attractor A of { f; %y coincides
with the set of points that have a A\-expansion with respect to this alphabet. As such, when the
Pedicini condition is satisfied A = [%, %] In which case Theorem 1.4 applies and we have
the following result.

Theorem 4.1. Let A = {ay,...,a,} and suppose that X\ € (0,1) is such that the Pedicini

cor;cllition is satisfied. Then almost every x € [%, %] has a universal expansion with respect
to A.
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It was previously shown in [23] that when the Pedicini condition is satisfied and there exists
j for which (a1 — a;) < w, then almost every z € [£4, %3] has a continuum of
expansions.

We now show that our results also translate over to cases of A-expansions where the Pedicini
condition is not satisfied. We now fix our alphabet to be A = {0, 1, 3}. Let

Iy = {x cr = Zei/\i for some (¢;);2, € AN}
i=1
The study of \-expansions with respect to this alphabet and the set I, 4 has received a lot of
attention. We refer the reader to [14, 20] and the references therein. In [26] it was shown that for
almost every A € (3, 2) the Lebesgue measure of I, 4 is positive. Applying Theorems 1.2 and
1.4 we have the following result.

Theorem 4.2. For almost every X € (3,3) almost every x € I 4 has a continuum of \-
expansions and a universal expansion.

We remark that for all A € (%, %) the Pedicini condition is not satisfied. The above theorem
therefore demonstrates cases where the Pedicini condition is not satisfied yet almost every = € A

has a continuum of A-expansions and a universal expansion.

5. OPEN PROBLEMS

We conclude by posing some open questions and giving some general discussion.
e Let A € (3,1) and

X(\) = {Zei)\’i c¢, €{0,1} and n = 0,1,...}.
=0
X () is adiscrete set and may therefore be written as {yx(A) }52; where y1(\) < y2(A) <
.... We introduce the following limits
I(A) = liginf Yr+1(A) = yi(A) and L(A) = hgl Sup Ypr1(A) — Yr(A)-
oo — 00

The set X () and the limits /(A) and L()\) have received a lot of attention. For more
information on this topic we refer the reader to [6], [7], [1] and the references therein.
The classification of those A for which [(\) = 0 was completed in a recent paper by
Feng, see [10]. It was shown that [(\) = 0 if and only if A~! is not a Pisot number.
However, we are interested in a result stated in [7] which states that every = € (0, ﬁ)
has a universal expansion with respect to the alphabet {0, 1} if L(A) = 0. Given this
connection between the set X (\) and the existence of universal expansions the following
question seems natural: For a general A can we construct a set which is in some sense
natural, and plays a similar role as X () does for A-expansions? That is, does there
exist £ C R? for which some sort of clustering property occuring within £ as we get
further away from the origin implies the existence of universal codings for every point
in int(€2) N A. The author expects that such a set £ will exist. Our main motivation for
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posing this question is that we anticipate once we know how to define E' lots of other
interesting question will arise. For example, once the analogues of /() and L(\) are
established, when do they equal zero?

e As stated in the introduction we can construct a self-similar set with positive Lebesgue
measure when Z;;l )\;l = 1. However, the example we gave was somewhat unsatisfac-
tory. When p; = 0, p, = 1 and A = 5 the images of f1([0,1]) and f([0, 1]) intersect
in a trivial way. We would be very interested to know whether there exists an example
of a self-similar set with positive Lebesgue measure when Z?Zl /\;-l = 1 for which the
overlaps are nontrivial. More specifically, does there exist a self-similar set with positive
Lebesgue measure when Z?Zl )\? = 1 for which there exists 1 < k& < [ < n such that
fr(£2) N £i(€2) has nonempty interior?

e In the case of A-expansions with respect to the alphabet {0, 1} what can be said about the
Hausdorff dimension of the set of x € I, with no universal expansion? For X sufficiently
close to one it can be shown that L(\) = 0 and the set of points that do not have a
universal expansion are precisely the endpoints of /. However, we can assert that the
Hausdorff dimension is positive when A\ € (%, A*), where \* is the Komornik Loreti

constant. This is a straightforward consequence of the fact that z € [, with a unique \-

expansion cannot be universal, combined with the aforementioned results of [11] which
state that for A € (3, \*) the Hausdorff dimension of the set of # € I, with unique

A-expansion is positive. In particular, we would be interested in determining for which

values of \ € (%, 1) is the Hausdorff dimension of the set of points with no universal

expansion positive.
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