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Abstract

A generalization of Arakawa and Schubert’s convective quasi-equilibrium
principle is presented for a closure formulation of mass-flux convection pa-
rameterization. The original principle is based on the budget of the cloud
work function. This principle is generalized by considering the budget for
a vertical integral of an arbitrary convection-related quantity. The closure
formulation includes Arakawa and Schubert’s quasi-equilibrium, as well as
both CAPE and moisture closures as special cases. The formulation also in-
cludes new possibilities for considering vertical integrals that are dependent
on convective-scale variables, such as the moisture within convection.

The generalized convective quasi-equilibrium is defined by a balance be-
tween large-scale forcing and convective response for a given vertically-integrated
quantity. The latter takes the form of a convolution of a kernel matrix and
a mass-flux spectrum, as in the original convective quasi-equilibrium. The
kernel reduces to a scalar when either a bulk formulation is adopted, or only

large-scale variables are considered within the vertical integral. Various phys-
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ical implications of the generalized closure are discussed. These include the
possibility that precipitation might be considered as a potentially-significant
contribution to the large-scale forcing. Two dicta are proposed as guiding
physical principles for the specifying a suitable vertically-integrated quantity.
Keywords: Parameterization, Closure, Mass-Flux Formulation,

Quasi-Equilibrium

1. Introduction

Quasi-equilibrium is often considered an important guiding principle for
understanding the role of moist convection in the large-scale atmospheric
circulations (cf., Emanuel et al. 1994). However, it is often forgotten that the
concept of convective quasi-equilibrium was originally introduced by Arakawa
and Schubert (1974: hereafter AS) in a rather specific and technical manner.
In spite of the great influence of this concept, the original specific formulation
is strangely not much investigated in the literature (cf., Yano and Plant
2012a). The goal of the present paper is to present its direct generalization.

Arakawa and Schubert’s original quasi-equilibrium principle is specifically
introduced as a closure condition for mass-flux convection parameterization.
Thus, the present paper pursues its generalization also in the context of
parameterization closure. The importance of subgrid-scale parameterization
and the challenges that we still face cannot be overemphasized (cf., McFarlane
2011). The closure problem remains one of the major difficulties, for which
many hypotheses have been proposed but without any clear consensus (cf.,
Yano et al. 2013, 2014).

For this goal, a general formulation for the convection parameterization



closure is developed. Some existing closure hypotheses are also examined and
compared on a equal footing in the light of the developed general formulation.
Although the general formulation itself does not provide an ultimate answer
to the question of the closure choice, a well-defined and consistent perspective
on the possible formulations is definitely a step forward. A well-defined
physical basis for closure must be capable of being incorporated within a
suitably general framework, and this statement in itself may help to narrow
down the acceptable possibilities.

General conceptual reflections on the convective closure problem are pro-
vided by Arakawa and Chen (1987), and Arakawa (1993), in which they
propose to categorize the closures into the four types. The present paper de-
velops a general closure formulation in mathematical terms, mostly focusing
on the type IV in their terminologies.

We take the mass-flux parameterization structure as the basis for consid-
ering this general closure formulation, also because the majority of current
operational parameterizations follow this approach. For a presentation and
discussion of the whole structure of the mass-flux convection parameteriza-
tion, we refer to Yano (2014a). In terms of the mass-flux parameterization,
the closure refers more specifically to the problem of defining the value of the
convective mass-flux at the convection base.

This problem arises in the following manner. In the process of comput-
ing the tendency of resolved-scale variables due to convection, a mass-flux
convection parameterization needs to determine both the mass flux and the
values of convective-scale variables. A spectrum of the mass flux may be

considered, M;, with ¢ an index for a convection type. Alternatively, a single



bulk mass flux, M, may be preferred. Once this quantity is defined, all of the

convective-scale variables, here designated by ¢;, are then calculated from:

0
z

Here the bar designates the grid-box average, p is the air density, o; is the
fractional area occupied by the i-th convection type and F; is the forcing on
 averaged over the i-th convection type. z is the height coordinate.

The procedure for solving Eq. 1.1 is relatively straightforward once the
mass flux, M;, is known, so long as the variable is conserved (i.e., F; = 0).
For issues concerning non-conservative processes, we refer to Donner (1993).
The issues of prescribing the entrainment and detrainment rates, F; and D;,
are reviewed by de Rooy et al. (2013).

Thus, the main problem in mass-flux convection parameterization reduces
to that of defining the mass flux, M;. The usual practice is to consider
it under a separation of variables into a vertical dependence and temporal
dependence:

M; = ni(2)Mp,(t). (1.2)
Here, 1;(2) is a “normalized” vertical profile and Mp ;() is a time-dependent
amplitude of convection. The problems of defining them are usually called
“the cloud model” and “the closure” respectively, and the latter is the topic
of the present paper. Mg ;(t) is usually defined as a value at the convection
base, but mostly for a historical reason (cf., Yano 2011).

The cloud model is usually formulated in terms of prescribed fractional
rates, ¢; = E;/M; and §; = D;/M;, for the entrainment and detrainment by
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Vertical integration leads to

= [[ta- ] »

such that the normalization of the mass flux profile is obtained with 7;(z =
zp) = 1.

The present paper presents a general formulation for mass-flux convection
parameterization closure (i.e., for the calculation of Mg ;) as an extension of
the common current closures which are based on CAPE (convective available
potential energy) and moisture convergence. A general statement of the
problem is made in the next section and the formulation is developed over
Secs. 3—6, gradually increasing its generalizabilty and providing examples of
how existing closure methods fit into the overall structure. The most general
case is presented in Sec. 6. Hence, the two earlier sections may be considered
preparations for presenting this general result. Nevertheless, these sections
also contain their own useful results for some simple but important examples.

The results are summarized and further examined in Sec. 7. The gener-
alized convective quasi-equilibrium principle presented herein naturally does
not cover all of the existing closure hypotheses. These more general aspects

are discussed in the last section in conclusions.

2. General Statement of the Problem

A common approach for defining the mass-flux convection parameteriza-
tion closure is to assume that a certain vertical integral, I, is quasi-stationary

under interactions between convection and the large-scale dynamics. Thus,

0

51 =0, (2.1)

>



where

I= /:T fdz. (2.2)

Various possibilities for the integrand f will be specified in the following
sections. The integral may be performed from the convection base, zg, to the
convection top, zr, but this can be modified as in Sec. 3.2 below. Equation 2.1
along with Eq. 2.2 may be considered as a generalization of the AS convective
quasi-equilibrium principle, as will be demonstrated in the following.

Here, note that the definition for the bottom and the top of convection is
itself an open question. The convection base, z, would be most conveniently
defined at the top of the planetary boundary layer (assuming a well-mixed
convective boundary layer), as assumed by AS. In many CRM/LES (cloud-
resolving model/large-eddy simulation) diagnostic analyses, the convection
base is simply defined as a cloud base, or a lifting condensation level. The
ECMWF model, for example, also takes this latter definition. Alternatively,
we may take the convection base simply at the surface. The convection
top, zr, is relatively straightforward to define if we follow the basic ideas
of convective plumes (cf., de Rooy et al. 2013, Yano 2014b): it would be
equated with the level of neutral buoyancy. However, this is not a unique
option, and one may for example wish to consider the possibility of convective
overshooting.

The basic idea behind this closure formulation may be understood by
explicitly writing down a budget equation in the form:

(%) (%) (23)

L c
Here, (OI/0t)y, is the rate at which the quantity [ is generated by large-scale
processes (i.e., the large-scale forcing), and —(0I/0t).. is the rate at which I is
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consumed by convection (i.e., convective damping). The precise meanings of
these two terms will be specified step by step as the formulation is developed
in the following. The closure of Eq. 2.1 implies that whenever I is generated

by a large-scale process, it is consumed by convection almost immediately so

ORORI

is maintained. The idea was originally proposed by AS, and their specific

that a balance

formulation (convective quasi-equilibrium closure) is presented in Sec. 6.2. In
this respect, Eq. 2.4 may be considered a generalization of the AS convective
quasi-equilibrium principle (cf., Yano and Plant 2012a).

Note that generally, the two terms, (01/0t)r, and (01/0t)., on the right-
hand side of Eq. 2.3 are not necessarily positive and negative definite, respec-
tively. Thus, some modifications of the physical interpretation of the balance
condition 2.4 may be required. Nevertheless, it is reasonable to expect that
the condition 2.1 or 2.4 remains a useful guiding principle for convection-

parameterization closure.

3. Closures depending only on the large-scale variables: f = f()

The simplest choice for the vertical integral, I, is

= / " H@)d, (3.1)

where f is an unspecified function of an unspecified physical variable, ¢, that
is defined as a grid-box average (i.e., a “large-scale” variable).
The function f may, in general, depend on multiple such variables, in

which case, ¢ must be replaced by a vector representing those variables. The
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possibility for this generalization is kept implicit in much of the following
analysis, because it introduces only a minor modification of the notation in
so far as the derivations are concerned. The important point for now is that
the function, f, is taken to depend solely on large-scale variables. As it turns

out, the two most commonly adopted types of closure fall into this category.

3.1. Equation for the large-scale variable

In order to find a more explicit expression for Eq. 2.1, we substitute

Eq. 2.2, and perform the temporal derivative:

oI _ [ (f\dp . . . .
E—/ZB (a@) atdZ+ZTfT ZBfB (32)

by invoking Leibniz’s theorem. Here and hereafter, the subscripts 7" and B
denote values at the top and the bottom of the integration limits.
As already remarked, it is convenient to separate the temporal tendency,

Jp/0t, into terms due to convective activity and terms due to large-scale

op _ (0¢ op
o= (o) (%), 3
Substitution of Eq. 3.3 into Eq. 3.2 leads to:
ory [ (Of op
(&)~ [, (5) (%) = (342
ol T rof 0p . .
—) = (= - . 4
@), f, ) (&), srmmsnn i

Note that the top and the bottom contributions are mostly conveniently

processes:

assigned to be a part of the large-scale forcing for now. However, in later
developments, it turns out that a part of these terms may be better considered

as corresponding to a convective-scale contribution, as discussed in Sec. 7.1.



In the mass flux parameterization framework, the prognostic equation for
a large-scale variable ¢ can be written as in Eq. 7.9 of Yano (2014a), with

the convective and large-scale tendencies being given respectively by:

dp\ 1 3@
o2\ o 10
(E)L =-V- wa — ;&pwcp + Fe' (35b)

Here, the superscript D is added to ¢; to indicate the value on detrainment,
and F, is the forcing on ¢ averaged over the environment.

By substituting Eq. 3.5a into Eq. 3.4a we obtain:

<%)C — Z:KiMB,i (3.6)

where

K; = /ZT m Of { —-9)+ %} dz (3.7)

It is obvious that this type of closure depending only on the large-scale
variables cannot define a spectrum of convective types, since only a single
constraint is available. In order to emphasize this point, where a bulk for-

mulation is necessary, we replace the index ¢ by the subscript ¢ as required.

Thus,
ol ol
= KM )
n BT (81&) (3.8a)
where
T of |5 o
K = — | dz. 3.8b
[ AR (3.50)
By substituting Eq. 3.8a into the closure condition 2.1, we obtain
1 /oI
Mgp=——|—=—] . 3.9
PTOK <at) L (3:9)



3.2. Kuo’s (197}) moisture-based closure

The moisture-based closure proposed by Kuo (1974) is probably the best

known example of a closure solely based on large-scale variables. It sets

f=rq (3.10)

with ¢ the moisture mixing ratio. In applying the general formulation derived
above, we note that the vertical eddy flux in the boundary layer, especially
the surface evaporation rate, is important for the moisture budget. In order

to see this contribution explicitly, we set

10
F=—-—puwq. 3.11
.7 (3.11)

The closure condition is then given by Eq. 3.9 with
T 67
K= / e {50(% — 9+ —q] dz (3.12a)
p 0z
0l, T 0
— | =- V-uq+ —pwq| dz+ H 3.12b
(8t>L /ZB {p uq+azpwq} 2+ Hp (3.12b)

Here we have added a subscript ¢ to I to indicate results specific to the
moisture-based closure. The vertical integral of the forcing term has been
written as Hpg, which is simply the surface evaporation rate if zp is taken at
the Earth’s surface. The top of the integral, zr, is taken at the top of the
atmosphere for now, so that there is no contribution from that limit to the
eddy moisture flux.

The major interest of Kuo (1974) is to obtain the convective moisture

tendency, (0q/0t)., which may be expressed as:
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where
Fo) =[S o -0 (3.130)
In Kuo’s (1974) original formulation, the vertical profile, f(z), is deter-
mined in a rather arbitrary manner. However, once Kuo’s (1974) closure
is re-cast into the mass-flux framework as presented here, this issue simply
reduces to that of determining a vertical profile for the mass flux, 7., as seen

from Eq. 3.13b. Kuo’s (1974) formulation has been further pursued by e.g.,
Krishnamurti et al. (1976), Anthes (1977), Molinari (1985).

3.3. CAPE-based closure

Many current operational models adopt CAPE (cf., Roff and Yano 2002)
as the basis for their closure. This is perhaps a less obvious example, but it

does belong to the same closure category. It amounts to setting
f=5b (3.14)

in Eq. 2.2, where b is the lifting-parcel buoyancy defined in terms of the

virtual temperature, T, by:
b=g———. (3.15)

Here, T, is the lifting-parcel virtual potential temperature, in which no
mixing with the environment is assumed. The virtual temperature may be
defined by:

T, = (14 g — )T,

with & = R, /Ry — 1 defined in terms of the gas constants for dry air, R4, and
water vapour, R,. The cloud liquid water is denoted by [. Alternatively, it
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is convenient to express the lifting-parcel buoyancy as:

b= pa(sy — Sy), (3.16)
in terms of the virtual static energy:

s, = CpT, + g2, (3.17)

where C), is the specific heat at constant pressure, and

o= g —.
pCyT,

The CAPE closure can be considered as a case where the function f only

(3.18)

depending on large-scale variables, given that the lifting-parcel virtual po-
tential temperature, 7,,, may be interpreted as a large-scale variable. Specif-
ically, T, does not follow the standard rule for convective-scale variables as
being influenced by entrainment, as reviewed below in Sec. 4.2. By following
the same procedure as for the moisture-closure case (Sec. 3.2), the CAPE
closure is again given by Eq. 3.9, setting I = CAPE and ¢ = s,, — 3, to

produce:

2T B B
K = /ZB a&(sw — §y)dz (3.19a)

OCAPE 0
o) - 2 (50p — 5 . 1
( g )L /ZB pa [81& (Sup sv)} ; dz (3.19b)

Note that 1. = 1 for non-entraining parcel ascent. In writing Eq. 3.19b, it is
also assumed that the integral limits are set where the lifting—parcel buoyancy
vanishes. Eq. 3.19a can be further simplified by neglecting any changes to the

lifting—parcel moist virtual static energy s,, during a non-entraining ascent,

9T, g
K=~ — = 2
Cp/ZBa(8z+Cp)dZ (3.20)

12
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which is a typically adopted formulation in operations (cf., Bechtold et al. 2014).
In many current operational implementations, however, the large-scale
tendency, (OCAPE/0t)r, is usually not directly calculated but instead re-

placed by the term
CAPE

T

(3.21)

where 7 is known as the closure timescale. This replacement is necessary
in practice, because otherwise a parameterization “underestimates convec-
tive activity in situations where the large-scale forcing is weak, and where
convective heating precedes the dynamic adjustment” (Bechtold et al. 2014).
Various other examples and further discussions of such an implementation
are found in Bechtold et al. (2001), Emanuel (1993), Fritsch and Chappell
(1980), Gregory (1997), Gregory et al. (2000), Kain (2004), and Zhang and
McFarlane (1995).

By putting all those approximations and assumptions together, a final

expression for the closure is given by

CAPE (9T, g -
MB = - |:Cp /ZB (0% ( 92 + Ep) dZ:| . (322)

3.3.1. Boundary-layer and parcel-environment based closure

The CAPE tendency may, furthermore, be divided into two contributions:
one coming from the parcel virtual temperature, 7,,, and the other directly

from the environmental state, T,,. These are given by

OCAPE g 0T,
— = d 2
( ot )BL /ZB T, ot~ (3.232)
and B
OCAPE g o,
= — = 2
( 5 )env /ZB T ot dz (3.23b)
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respectively. We have neglected any contributions arising from changes to 7,
in the denominator of the integrand: this factor may be absorbed into a part
of the integration variable if the integral is performed in terms of pressure.

The contribution from the parcel virtual temperature, 7T, is considered as
arising due to boundary—layer (BL) processes, because the parcel originates
from the boundary layer and, by definition, does not interact with the envi-
ronmental air aloft. On the other hand, the contribution from the large-scale
virtual temperature, T}, is labelled as environmental (env).

Our physical intuition would suggest that most of the CAPE variability

originates from the boundary layer, so that

0CAPE ~ (3CAPE> (3.24)
BL

ot ot

Emanuel (1995) and Raymond (1995), thus, argue that the CAPE closure can

be well approximated by considering only its boundary—layer contribution:

APE
(0C ) ~ (. (3.25)
ot BL

This idea is called boundary—layer quasi-equilibrium.

However, the observational data analyses by Zhang (2002, 2003) and Don-
ner and Phillips (2003) lead to rather unexpected conclusions. The data
both from the tropics and the mid-latitudes does not support boundary—
layer quasi-equilibrium observationally (see Yano et al. 2013 for detailed dis-
cussions). These authors instead propose that the CAPE closure should be

replaced by that for the parcel environment, i.e.,

OCAPE
( o )env_o. (3.26)
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This leads to the idea of the parcel-environment based closure. For an opera-
tional implementation of the parcel-environment based closure, see Bechtold
et al. (2014).

An important variant on CAPE is to replace the integrated buoyancy b by
the density—weighted integrated buoyancy, choosing f = pb. The resulting
integral is named PCAPE by Bechtold et al. (2014), who also show that this
modification is a key ingredient for simulating the diurnal cycle of convection

along with the adoption of the parcel-environment closure.

4. Closures depending only on the convective-scale variables: f; =

f (i)

4.1. General formulation

An alternative possibility, considered now, is to assume that the integral
function, f, depends only on convective-scale variables, ;. This assump-
tion has some physical appeal, because the properties of the convection are
expected to reach quasi-equilibrium (or quasi-stationarity: Yano and Plant,
2012a) against the large-scale state, and not the other way round. Here,
note that the convective-scale variables are already slaved to the large-scale
variables under the steady-plume hypothesis (cf., Sec. 7.3 in Yano 2014a),
as suggested by Eq. 1.1 above, and as will be fully elucidated in Sec. 4.2
below. Thus, this attempt should not be confused with that of closing a con-
vection parameterization solely in terms of convective-scale variables. The
latter attempt would be ill-posed.

In this case, a vertical integral, [;, is defined for each convection type, 7,

and thus it can more readily be applied to a spectral formulation. Specifically,
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in this case the vertical integral may be defined by

. / " gz, (4.1)

and the quasi-equilibrium condition becomes

0

EL =0. (4.2)

The convection top, zr;, is considered to depend on the convection type, i,

whereas the convection base, zg, is assumed to be common to the all types.
Taking Eq. 4.1 to define I;, we can re-write Eq. 4.2 as:

o1, _ 0 f; 0p

ot Op; Ot

2B

dZ + Z.Tisz‘ — 2BfB (43)

in analogy with Eq. 3.2.
In order to derive a full expression for Eq. 4.3, however, we need an
explicit expression for the tendency, dp;/0t, which is the subject of the next

subsection.

4.2. Convective-scale variables
4.2.1. Diagnostic solution

The convective-scale variables are dealt with diagnostically under the
standard mass-flux formulation as carefully discussed in Sec. 7 of Yano (2014a).
This diagnostic equation is given by Eq. 1.1 for a convective-scale variable,

;. That may be re-written as

o . ~
(az + 6%‘) PYi = €P;, (4 4)
where
~ _ PO =~



and

po; -
F;. 4.5b
M;p; ( )

Here and hereafter, the subscript ¢; is added whenever it is necessary to

€p; = € —

indicate a definition depending on ;. The final terms in both of the expres-
sions 4.5a,b are obtained by dividing the forcing term, Fj, into two arbitrary
contributions:

F,=F,+F,. (4.6)

The division can be made in any manner desired so as to obtain a more con-
venient analytic expression for the particular variable ;. The ideal division
would be to make the parameter €, a function of height only (with a pos-
sible extension to the case with additional dependence on ¢;), and for @; to
have a simple closed expression (ideally independent of the convective-scale
variables: see immediately below).

In general, ¢; may depend on other physical variables such as y; and Y

so that Eq. 4.5a takes the form

pi = &+ Frilxi ) (4.7a)
where
~ pO'Z ~
i = ——F. 4.7b
FL’ EiMi ( )

This possibility will be considered only later in Sec. 5.2. For now, however,
©; is assumed to be a function of height only with no additional functional
dependence.
Eq. 4.4 is readily solved, and the solution is
1 i -
O; = — [%’B +/ Ez‘ﬁgoi%dz/] : (4.8)
®i 2B
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where

Tlp = €Xp {/ E%dz'] : (4.9)
zB

Note that 7, # 7; (compare Egs. 1.4 and 4.9) even when €, = ¢;, unless
a purely entraining plume is assumed. Keep in mind that this paper pur-

sues a general formulation without this assumption. It is also convenient to

fli = exp { / eidz’} (4.10)
2B

introduce

for later use.

4.2.2. Prognostic equations

A prognostic equation for a convective variable, ¢;, is obtained by taking
a time derivative of Eq. 4.8. This procedure is consistent with the spirit
of the bounded—derivative method (Kreiss 1980, Browning et al. 1980): i.e.,
when a balance condition (diagnostic relation) is assumed for a given variable,
its prognostic equation is obtained by taking a time derivative of the given
balance condition.

In order to proceed towards this direction, we first need to note that

877 i Z o~ ~
af = —Zp€ui BTy, (4.11a)
where
. 1 Z 9E,
Pp=ip— - / Por g (4.11D)
€pi,B 2B ot

Before taking the time derivative of Eq. 4.8, we first re-write it as

z
N Pi = i +/ €l PidZ .

2B
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The time derivative of the left hand side is:

8 - ~ 8901 Lo~ ~
&77901'(102' = 77%@ — ZB€yi,BNp; Pi-

The time derivative of the integral on the right hand side gives:

o [¢ - ? 0 - -
a7 N Pidz = Mo iB | Pid? — ipeipdi
ot /23677%90 < /ZBGU% (8t ZBecp B)SD % — ZB€iBYiB

Putting these two expressions together, and simplifying the result with the

help of Egs. 4.8 and 4.11b we obtain

_ O0p; ) N {3 ( 00; A) / Dé,, ]
Nei—- = —2B6iBAYiB+ | — 2B | -7 —Fi | — “d2'| B
oot ot M;p; B 2B ot
z a(p
i dz' 4.12
* /ZB o ot ( a)
where
A@ip = QiB — Pip- (4.12b)

For further developments, we also need the following prognostic equation:

0
+ ( BT )L, (4.13a)

aéz o % 2 pPT; o
<at)L‘(at) +0t< F) (4.130)

which follows immediately from Eqgs. 3.3 and 4.5a. In general, the second

ag01: [ZD +Mg(p

where

term on the right hand side of Eq. 4.13b may depend on convective-scale
variables, but it is assumed for now to depend only on the large-scale vari-
ables, with modifications to be considered later in Sec. 5.2.

The final result is obtained by substituting from Eqgs. 4.12a and 4.13a

into Eq. 4.3. In this process, an additional key step is to exchange the order
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of integration, e.g.,

274 . ZTi 5. ATi 1
[ [t = [ en S [T LS
zg i 8902 zB ot zZB ot z 774‘0 a(pz

We finally obtain

Z M;p + (%{;’)L (4.15)

where
274 3 a@
Kij = / ~ Gy, €3], 1) {5 (0] — @) + g} dz (4.16a)
Zm B 0P 2T ) o~
66!17]1(—) dz+/ €iCip; N, 7 ( E)dz
() e\ ot ), e POt \ e M,
[%z Bay T 5%] vip + 2riGri + 2Gpi
(4.16b)
and
GTz = sz' (417&)
~ ~ po; 2
B CL@,B{eB SDB-F(Mi% )B@B] IB ( )
The coefficients in Eq. 4.16 are defined by:
274 1
Gy, :/ afl (4.184a)
z 7]501 a(pz
2T aew
Cp; = Gy, —dz. (4.18b)
v /ZB 7ot

4.8. Two-part vertical integral

In vertically integrating convective-scale variables, it often becomes con-

venient to divide the integration range into two parts, in order to adopt a
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different form for the integrand when crossing the condensation level, z;.

Thus,
Zci 2T
ZB Zci

c

We also denote fi(yp;) = fi; and fo(p;) = for. We assume that the two

functions are continuous over the interface, z = z.;, so that
f1i(z = 2ei) = fai(z = 2ai). (4.20)

Even with this separation of the integral, the derivation of the budget for
I; proceeds in a similar manner as before. The starting point is

ol; — [* Ofu a%dzjt 0 f2i O
ot dp; Ot ... Op; Ot

dz + Zrifoi(2 = 21i) — 2 f1i(2 = 2B).

ZB

(4.21)

Here the assumption of continuity (Eq. 4.20) of the two functions over z =

Z+; ensures that contributions at the integral boundary z = z. cancel out.

However, some care is required in changing the order of the integrals. In

place of Eq. 4.14 above, we need to use:

o1 Ofy (7 . O, Feio 0@, [F 1 Ofy

/ — fi / €Tl Piddy = / emwiﬁ/ ~—idz'dz, (4.22a)
25 e 8901 zZB ot zB ot z Neps 8901

Zri ] a ; z ~ a:, 2Tq ~ a:, 2Tq 1 a ;
/ — f2 / €iTly; P dy = / €iTlps Pi / Tﬁdz'dz.
2ei Mo 8901 zZB ot zB ot max(z,2ci) Neps 8901

: (4.22b)

Following a similar reduction, we arrive at the same general form as Eq. 4.15,
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although with different definitions for the terms:

€101, T D - op

9, /ZB P 773{3(90] 90)4‘82} “
@
0z

T €4A2,,Tp; _
+/ ——EEy [53'(90? -9+
2B

; 0 ] dz (4.23a)

ol; ~ _ 0 ~ .
BT = (1,48 + azgoiB)E — (Crp; + Co,) | Wi
L,c

Zei R a(; ATi ~ aé
+/ €015, T, (—’) dz+/ €02 4, M, (—’) dz
s ot ), . ot ),

+ 27:Gri + 258G B; (423b)
with

Gri = fori (4.244a)

Gpi = —(Q1,p,8 + G2,4,B) {QBA%B + ( o FZ) %‘B} — fipi-  (4.24b)
M;p; B

For later ease of reference, a further subscript ¢ has been added to the defini-
tions in Eq. 4.23 in order to indicate that these terms arise from an integrand
with dependence on convective-scale variables.

The new definitions of the coefficients are

1 O0fu
i, = / Ohi .0 (4.25a)
2 e Opi
2Ti 1
a9, = / L 0 g (4.25b)
max(z,2¢;) 7]501 8901
B Zci B aelp
1, i:/ Q,p,——dz (4.25¢)
® . Pi @t
3 T e,
2.5, :/ 9,4, ——dz. (4.25d)
® . Pi at

It is easy to check that the results of this subsection reduce to those of Sec. 4.2

by setting z.; = zp; or 2, = 2.
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4.4. Convective-scale moisture closure

As a variant of the standard moisture closure presented in Sec. 3.2, we
can consider a closure based on a quasi-equilibrium of the column-integrated
convective-scale water vapour. Such a possibility is identified by a cloud-
resolving model analysis by Yano et al. (2012). In particular, their Fig. 10(a)
demonstrates that this quantity satisfies the quasi-equilibrium. Thus, we
may set f; = pg;.

Since the moisture is not a conserved quantity above the condensation
level, it is convenient to look for an alternative expression, which may be

found as Eq. 56 in AS:

o~ 4.2
w=g+ 1 (B0, (4.20
where 7 is defined by
L, (04"
=Y _ 4.27
=5, <6T)p’ (4.272)
and
h=C,T+ L,q+ gz (4.27Db)

is the moist static energy with the latent heat of condensation, L,. The above
expression 4.26 is obtained from a Taylor expansion of ¢; about ¢* = ¢*(T', p).
By applying the same procedure for a infinitesimal change in ¢* in time, it is

straightforward to obtain

8¢ 4 1 ok

=—— ) 4.28
ot  1+~L, ot (4.282)
By invoking this relation, we further find that
0q; 1 Oh;
N (4.28b)

ot 1+~L, 0t
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Thus, we set

J1i = pa; (4.29a)

fQZ—pQ‘i‘l_}_,y Lv

(4.29b)

In applying the general results 4.23-4.25 to this closure, we need to keep in
mind that the dependent variable, ¢;, changes when crossing the condensa-
tion level. Apart from this caveat, the application is relatively straightfor-
ward as ¢; and h; are conserved quantities below and above the condensation
level respectively. Although Eq. 4.29b contains the two large-scale variables
g* and h* in its definition, they do not contribute in the following due to the
constraint of Eq. 4.28a.

The final results are:

Fei € . _ aq Fei P,
Kijc ——/ —1in; {(5-(q-—q —|——} / —dz'dz
! o P ) ozl J,

2Ti €; _ al_l 2T p ,y
—i—/ZB p77773 |:J( J ) + 82} /maX(Z’ZCi) P it Z'dz

oI, Oqip [ Ohip [T
:qB/gdZ+ B/ Py,
ot ). ot J,, i ot ). nily,1+7
Zci R aq Zci p ,
ZB at LJz 7]1

27 87; 274
+ / il (—) / LT gde (4.30D)
ZB ot L Jmax(z,2¢:) 77sz 1+ 7

This is an attractive alternative closure because unlike classical closures

(4.30a)

based on large-scale variables as considered in Sec. 3, it does not lose the
predictability of the large-scale variable (e.g., column—integrated moisture,

CAPE) that is chosen to be in quasi-equlibrium.
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5. The mixed closure: f = f(p;i, @)

5.1. General formulation

In general, the vertical integral may depend on both large-scale variables,
@ and convective-scale variables, ;. Under this generalization, the vertical

integral may be defined by

I — / " o @) (5.1)

Here, we take the same notation for the convective-scale variable as for the
large-scale variable solely for the sake of the simplicity. In general, the two
could be different variables. As already discussed in the last section, more
generally, the vertical integral may also be separated into two parts:

L= [ ntenode [ e (2

C

In this section, we consider closures based on Eq. 5.2. As before, we denote

fi(@s, @) = fi and fo(pi, @) = fa.

Here, the time derivatives can be expanded as, for example for fi;,

3f1z' _ afu 3% afli%
ot dp; Ot | Op Ot

(5.3)

with a similar expression for fo;. From this expression, it is seen that the
present case can be considered a linear combination of the cases considered

in the previous two sections. Thus, we write

Kij = Kij 1+ Kij. (5.4a)
— 4
(8t>L (at>L,L+<8t)L,c (54b)
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The terms Kj;;. and (01;/0t)r . are defined by Eqgs. 4.23a and 4.23b respec-
tively. The terms K;; ; and (01;/0t)y 1, are easily obtained as modest gener-

alizations of Eqs. 3.8b and 3.4b respectively, and are:

;O f . 0p
S N (ope oy
Kijo /ZB ) 0 {%(% @) + &z] dz

T [ 02
—l—/za PN {53(% o)+ az}dz (5.5a)
2T af22 a@
/Z. e <8t)Ldz. (5.5b)

0l [0t (00
(5), L5 (5=

5.2. Dependence of forcing on convective-scale variables

As discussed in Sec. 4.2.1, for the derivations so far we have assumed
that the pseudo large-scale tendency, (9p;/0t)r, can be treated as a part of
the large-scale forcing. In general, this is not the case, and a dependence
on convective-scale variables may be present, as indicated by Eq. 4.7. This
subsection considers further modifications of the closure formulation in order
to accommodate this generalization.

Moreover, the tendency of the pseudo-fractional entrainment rate, €;,
could also depend on convective-scale variables, as indicated by Eq. 4.5b.
Such a further generalization is in fact straightforward. However, with the
convective buoyancy, b;, as a specific example in mind, it turns out that only
the generalized treatment of (0p;/0t), is necessary. Thus we do not explic-
itly consider a generalized treatment of 0€,, /0t in this paper since it would
serve only to complicate the final results presented.

The generalization means that (0@;/dt) 1, does not solely represent a large-
scale tendency, but also contains some convective contributions that stem

from the second term on the right hand side of Eq. 4.13b. That term should
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therefore be separated into the contributions associated with the large scale

0 (poi =\ _ [0F, OF,,
ot (6MF) B ( ot >L+< ot > (5.6)

by referring to the definition 4.7b. As a result, Eqs. 4.13a and 4.13b read:

and convection:

&pZ B Op OF,, 0%,
— [ZD +M8Z +< 5t ) +(8t)L’ (5.7a)
and B
05,\ (09 OF,,
(at)L‘(at)ﬁ( o ) (5:70)
respectively.

A new type of term (the second term on the right hand side) appears in
Eq. 5.7a and leads to a corresponding new type of contribution, A(9I;/0t),
in the budget for I;, which may be written as

l, = [OF,, o [ 0F,,
A(at)L:/zB eial,%mpi< 8;) dz+/ZB eiag,%mpi< 8;) dz.

(5.8)
by analogy with the second and third terms on the right hand side of Eq. 4.23b.

In order to express this contribution in the form of the other convective terms

within Eq. 4.21 we begin by writing:

0F,, \ _ 0F, 0xi | 0F, (0
( ot ) o ot oy \at ), (5.9)

Here, the tendencies Oy;/0t and (0x/0t). can be expressed using the equiv-

alent equations to Eqs. 4.12a and 3.3 for the convective-scale and large-scale
variables y; and Y, respectively. Note that the total tendency is considered

for x;, whereas only the convective tendency is considered for y so that the
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necessary new contributions are properly accounted for. In the following, we
will assume that y is a conserved variable so that no further forcing terms
applying to xy must be added. This assumption serves only to simplify the
final expression, but a further generalization or the inclusion of a further
dependence of .7-1% on the mass-flux profile, 7;, is also possible if desired.

With these assumptions, the tendency for y; reads

i 1 . oxin /Z L O
BT 5 Zp€iBAX:B T ot + zB€77 ot ¢ ( )

Recall that 7); is defined by Eq. 4.10. This tendency may furthermore be
divided (somewhat arbitrarily) into the term containing the convective ten-
dency for y and the remaining terms, adding the subscripts ¢ and L, respec-

tively:

OXi 1 = [Ox )

( ot ) i /ZB o (E)Cdz (5.11a)
aXi - 1 . aXiB z A a)z /

( ot )L R [ ZpeipAXip + o + /ZB €T (815 )Ldz] . (5.11b)

Accordingly, the tendency, (0F,,/0t)., may also be divided into the two

major contributions:

aﬁ% _ af‘% a‘,ﬁ%
<at>—<8t> +<8t>L (5'12)

where
OF,, OF,. (Oxi OF,, (0x
L] = L= 1
( ot ) oxi (m)f oy \at) (5.132)
OF,, _ OF, (O
< > ) o (at)L' (5.13b)



Substituting into Eq. 5.13a using Eq. 5.11a for (0x;/0t). and Eq. 3.5a for
(0x/0t)., and reversing the order of integration for the double integrals, the
required correction due to (9F,, /dt)... can be reduced to have the same form

as the other convective terms in Eq. 4.15:

o1,
A ( It )ch = 2]: AKZ‘]’MJ'B (514&)

with the correction to the interaction matrix given by

g OF,, i OF,
AKZ‘]’ = / [nwlal i 67 L+ 7]1/ €; CL1 i~ A aXSozd ]

0
i 10,(x aﬁ} dz
Tie | OF, i iy, OF,
+ — |2 £ 4 Ai/ €l p, - 202
/ p [77 e a B max(z,2ci) e i aXZ
m [5] gx} dz. (5.14b)

The term, (&7—" ./0t)c.1, on the other hand, contributes as an additional

term for the large-scale forcing:

ol;
A (2 — . AG ;
( at )L » X
+/ Cl eidlvvinf)i o {aXiB +/ €M (a ) dZ/} *
zZB i axl ot zZB L

B o / z o
~ 77<p1- 8]—“% aXZ'B / ~ aX /
+/ZB €025, P O, [ p + ZBen o), 2 dz ( c)

Here, this term includes contributions from changes of the convection base

=

g

with

AGBi,X = —€;3AXiB

OF,, T OF,,
/ 61&1 Pi njoz Pi dz + / 61&2 Pi njoz £i dz
zZB i aXZ zZB i aXl
(5.14d)
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Consequently, the interaction matrix and the large-scale forcing are given

by

Ki' = Kij,L + Kij,c + AKU (515&)

(at)f(m)L,ﬁ(at)L,fA(at)L (5150)

as generalizations from Eqgs. 5.4a and 5.4b respectively.

5.3. Dilute CAPE-based closure (based on convective-scale buoyancy)

As an alternative to the standard CAPE, we may wish to consider b;, the

actual buoyancy felt by the i-th convection type, so that
bi = pa(sy; — 5y). (5.16a)
The generalization of CAPE is then defined by

2T
CAPE; = / bidz (5.16b)

ZB
with the subscript ¢ designating the convection type. This definition is some-
times referred to as “dilute CAPE”.

In practice, the virtual static energy, s,, is not a convenient variable to
work with above the condensation level, z.;, because it is no longer conserved.
For this reason, above the condensation level, we re-write the convective

buoyancy, b;, by invoking a relation
b = pB(hi = I*) + pacL,[6(q" — q) — L], (5.17)

as given by Eq. B3 of AS. Here,

B=a (1 + 755) , (5.18a)




with -
C,T
L,
while o was already defined by Eq. 3.18.

E =

(5.18b)

Thus, the dilute CAPE reduces to a vertical integral of the form of Eq. 5.2

with the two functions defined by
fri = pa(sy; — 8y), (5.19a)

Joi = pB(hi = 1) + pacLy[6(3" — §) — L. (5.19b)
Here, note pacL, = g/(1 + ). In the following, the variables, o and 33,
associated with the large-scale virtual temperature profile, T,,, are treated as
constant with time, as in Sec. 3.3.
The temporal tendency of the dilute CAPE is given by

OCAPE; /Z [3f1i DSy + df1; 05,

ot Bs,; Ot | 05, Ot dz

+/m Of2 Ohi | Of2 0l O fa OR* 012 00" | 0fs0q "
.., LOh; ot = Ol ot Okt Ot = Ogr Ot 0g ot
— zpfipi + Zrifori- (5.20)

The forms of the functional derivatives are straightforward to derive from
the definitions of fi; and f5;. In order to simplify the result it is useful to

invoke Eq. B9 of AS, which reads

05, oh* 0,
—pa = pl—- + pacLyd= (7"~ q)

and from which it follows that:

O foi Oh* | Ofa O | 0f,0q _ 0fii 05,
oh* Ot o ot  Og Ot 95, Ot
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This relation allows us to simplify Eq. 5.20 to

OCAPE; . 0 frg 33uid n /ZTi Ofa Ohy  Of % d
ot ). 0sw ot ). |oh ot ol o]
*Ti 9 f1; 03, . .
+ /ZB 02, En dz — zg fiBi + Z7i fori- (5.21)

In order to follow the full recipe of Sec. 5.2, we now need to consider
further the treatment of forcing terms for the convective-scale variables. The
moist static energy, h;, is the simplest since this is conserved, and so the
associated entrainment, €,, = ¢;, the hat-forcing, Fhi =0 and ¢yp, = 0. For
the virtual static energy, s,;, there may be a forcing due to evaporation and
we partition this as being an effective modification of s,; rather than as an
effective entrainment. Thus, the associated entrainment, €; . = ¢;, the hat-
forcing FSM = 0 and ¢, 5,, = 0 while the profile of s,,; itself is determined from

Eq. 4.4 as

0 .
(& + 62‘) Svi = Gigm‘, (522&)
where
5 = 5, — Ly(1 — £8) X2, (5.22b)
€; V1

Here, e; is the evaporation rate from the i-th convective type, and note that
AS assume ¢; = 0.

A major additional hidden contribution from the convective-scale arises
from a term involving (8112 JOt)r. A closer look at the convective-scale cloud-
water budget is required in order to obtain an explicit form for this term.
This is facilitated by examining the convective total-water budget. The only

sink term for convective total-water, ¢y, is the precipitation, r;. Thus,

o)

0 _
(& + Ei) Qri = €iGs — —GIZ-OMiTi’ (5.23a)
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where q;; = ¢; + 1; and ¢, = g+ L.
We consider a division for the precipitation rate, r;, of the i-th convective

type into two contributions by setting

%n = ol + %r (5.23)
Thus, the precipitation is treated as being potentially an effective entrain-
ment, potentially as an external forcing modifying ¢;;, and also potentially as
a combination of the two. AS took the first of these options and set ¢y to be
a constant as well as 7; = 0. The additional term 7; # 0 is introduced here to
provide a possible further freedom for the convective precipitation rate for-

mulation. Rewriting Eq. 5.23a as an equation for the convective cloud-water

l;, it takes the form

<% 1 gli) I, = e, (5.24)
where
gli =€+ C (525&)
and
= - 10 po;
Li=qg+l—|—+1) ¢ — . .25b
q+ (ei8z+ )q L (5.25b)

Partitioning the forcing in this way means that, recalling Eq. 4.9,

Ne: = Thi (5.26a)

for ¢; = sui, h;, but for I; we have

i = exp [ / (e + co)dz’] | (5.26b)

According to Eq. (5.25b) above, l:Z depends on ¢ and ¢;. Thus the tenden-

cies in these variables must be taken into account in computing the tendency
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for 1. Specifically, the recipe of Sec. 5.2 requires that (9, /0t). must be

evaluated, which is given by

OF) o[ (10 ).
ot Ot 1 € 0z ch

Working directly on those tendencies is not quite convenient, because the

moisture is not a conserved quantity. Rather, we re-write these tendencies in

terms of those for dry and moist static energies, obtaining;:

Ol (1o N, J_-_ L o( 7y o L 0Oh 10s
ot |17 \ 602 G T, \1+4) & " T,0a+y ot L,ot

(5.27)

This result is straightforward to verify by starting from Eqs. 4.26 and 4.27b

and taking appropriate derivatives. It immediately follows that

OF,\ 1 0 ( ~ 8hi+1 oh\ 1 (0s
ot gL, 0z \1+~/)\ 0t ), L(Q+vy)\ot), L,\ot),

and corresponding to Eq. 5.8 in Sec. 5.2, we obtain

ol; T . [ oh T _ (0s
A ( ot )L - lB PE; |;r]zcz - 1 +’Y,ml:| <E)Cdz+\/23 Ezpaznli <E)Cd'z

(5.28)

for a correction to the forcing term. Note that in order to obtain this final
result, (Oh;/0t). is expressed in an analogous manner to Eq. 5.11a. Here,

some coefficients are introduced by

g /ZTi 1 /Z/ " /
0, = ————exp |— (€ + co)dz" | d2/, (5.29a)
pLU max(z,2c;) 1+ 5(? [ zZB
1 ZTi ~. a
¢ = / po, i & () g, (5.29b)
pJ. ni 0z \1+7

These two definitions may be considered as generalizations of Eqs. B20 and

B19 of AS, respectively, specifically formulated for the entraining plumes.
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Here, we note that

gy, = —Lyp0;,

where ay;, is obtained from Eq. 4.25b by setting ¢; = [;. Furthermore, we

( ) Z Bm{ _EH%}’

as particular cases of Eq. 3.5a. Substituting these relations into Eq. 5.28

recall that

enables us to then determine the corrections to the interaction matrix asso-
ciated with the precipitation.

The corresponding correction to the large-scale forcing term, A(9I;/0t) L 1,
can also be evaluated by following the method shown by Egs. 5.11b and 5.14¢
in Sec. 5.2.

After putting all of these calculations together, the final result is:

. s
. D _ k
Ky = / nj (—a + €;a;1;) {‘%’(Svj =)+ 0z ] e

o o e = 0 (] [5.h0 _ iy 4 0P
€iNiM; {b +¢ 1+’Y(ﬁi)] [5J(hj h)+8z dz

ZTl . 0s
+/ 6”77177]{(?—) }dz

+

0z

eZL 0,71,M; {5 (l- — D)+ gi] dz (5.30a)
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0CAPE; 0 0 0
— = i,B 7 Swi i i.B) - hip — Ly0i g1
( ot )L PB[G,BatS B“‘(b,B“‘C,B)at B D,Bat B}
2T
zB
] o (%), (%) )
i\ —(5, -« paz
. ot ), ot ),
i o [ oh
+/ €M [bi +c — ( A)} (—) pdz
op 1+~ \ 7 ot ), .
2T ag 2T al
p ot), . ot),
275 a . 275 2T4q
+ /ZB GiLvaiﬁlia (%ﬂ) de + /;B eiLUaiﬁlil CodZ/,OdZ
+ 27:Gp; + 28GR (530b)
where
Gri = —pa(Sy — Spi)|smzr, (5.31a)

Gpi = —palein{tisA3wp + (0. + ¢ 3) Ahip — L0, pAlig} — apAsyp
+coLy,0; plig] (5.31b)

in which further coefficients have been introduced by

1 Zci

a; = —/ pgdz/ (5.32a)
P min(z,z¢;) i
1 274

b, = —/ pgdz/ (5.32b)
P max(z,2¢;) i

6. Closures also depending on the mass-flux profile: f = f(n;, @, ;)

6.1. General Formulation

The vertical profile of the mass flux, n;, may play an important role in

order to constrain the intensity of convection for a given component, ¢. For
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this reason, 7; may also be added as an additional dependence in the function

f. Thus, the most general case to be considered is to set:

Zei 274
ZB Zci

The original convective quasi-equilibrium hypothesis of AS is a special case
of a vertical integral with this form. In the following, we derive the closure
condition under a constraint 4.2 for such a vertical integral I;.

The procedure remains the same as in the last section, but we have to add
a new term, (0f1/0n;)(0n;/0t), to the right hand side of Eq. 5.3. There is a

similar term arising from the f, derivative and hence two additional integral

/cz O fii ade/ PO fa 0mdz (6.2)

terms

must be added to the expression of 01;/0t.

B

The tendency, On;/0t, may be obtained directly from the definition of

Eq. 1.4 and is
o .
ot

Thus the first integral from Eq. 6.2 can be re-written as

L Ofuln , 0
a’fh ot dz = ZB(G’LB 613)/ i 8772

ZB

_Z.B(GiB — 523)771 (63)

dz (6.4)

zZp
with a similar expression for the second integral. Thus, it leads to a change
of the bottom boundary contribution

Zei ale 2T an’L
AGp;, = —(€ig — 0; ; d i dz| , .
Gin = —(ein )MB g z—i—/z ng z] (6.5)

which is to be added to the right hand side of Eq. 4.24b. This is the only mod-

ification required in order to add an 7;-dependency to the closure integral.
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Here, the subscript n is added in the definition 6.5 in order to distinguish
it from the modifications defined by Eq. 5.14d associated with forcings that
depend on ceonvective-scale variables.

A case of particular interest for this form of integral is one for which
the integrands take the form f,; = n; fl,(cpi, @) with v = 1,2, because this
produces a convective-profile weighting of f,;. The formulation development
proceeds just as in the previous section, except for the introduction of factors
7; in the integrands and adding the new terms given by Eq. 6.5. The AS con-
vective quasi-equilibrium closure considered explicitly in the next subsection
falls into this category.

The final, and most general result of our calculations is given by bringing
together Eqs. 4.15, 4.23a, 4.23b, 4.24a, 4.24b, 5.5a, 5.5b, 5.14b, 5.14c, 5.14d,
6.5 to produce:

K- |2 <eia1m¢i + %) ni |06 = @) + ‘;—f] dz

B

i Ei&2 4,0-774,0- D _ 695
+ — o e 5 (oY — @ + = d
/z P K J( ! ) 0z :

B

i1 0 f p . O0p

g |~ OF,, i, OF, ox

_|_ _Z ) ) Pi _|_ AZ‘ ; . Pq Sozd / . 5 D < + AN

/ZB p [n4ﬂza17§01 a)z 77 /Z € al#ﬂz /ﬁz aXz < 7]] ](X] X) az

e | OF.. [T 0 OF.
+/ = | T gy ——2 —i—m/ €l ——1d2 | n;
zg P [‘P v aX max(z,2ci) v i aXz !
%
{‘%‘(Xf —X)+ 8_;(] dz (6.6a)
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ol; ~ N 0 5 N
o), = (al,soiBﬂL@zsoiB)a—(Cl,soi+02,soi) Yip
o [0g; Ofv (0p
+/ZB [” ( o )ﬁ E (at)L] 4
275 N N aéz 275 anZ a@
P (B e [ 1)

ct

Zci ~ ﬁgoi aﬁ% aXiB / i ~ aX /
—l—/ZB €01, i O { oL + ZBH] o ; Z | dz

27y ~ T z -
~ ues 8‘7:% |:8XiB / ~ (ax) /:|
+/ €020, + eni | = | dz'|dz
2B v ;i aXZ at 2B at L

+ 21iGri + 258G (6.6h)
where
Gri = fors (6.7a)
I

- - ~ g;
— (A1,5,B + G2,0,B) [Q’BA%‘B + (]\Z Fz) QDiB:|
i B

i, OF,, o g, OF,,
— eBAXiB / €iQ1,p; nfl “dz +/ €;a2,p; nfoz £ dZ] — fiBi-
ZB ZB

i Oxi M OXi

(6.7b)

6.2. The AS convective quasi-equilibrium formulation

The core of the AS convective quasi-equilibrium closure is to take the
cloud work function as the vertical-integral quantity under the general for-

mulation presented above. The cloud work function is defined by

2Ti
ZB

in terms of the convective buoyancy, b;, for the i-th convection type de-

fined by Eq. 5.16a above. The cloud work function constitutes a measure of
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the capacity of a convective ensemble for generating convective kinetic en-

ergy, which may be called the potential energy convertibility (PEC; cf., Yano
et al. 2005).

By referring to the general formulae already obtained, the interaction

matrix, K;;,

(5

0A;

K.

).

and the large-scale forcing, (0A;/0t)y, are given by:

2Tq B ﬁl B agv

i ~ - ~ 62 ﬁli 7 al_l
+/ €Nin; [b +Ci_1+7<ﬁi)] {@(hf—h)jta] dz

. 05
‘ mlm[ (2~ 3)+ az}dz

/ZTZ
/ZTZ

0 . .0 - 0
PB |iazB atSUzB + (sz + CiB)ahiB — LvDiBaliB:|

ZTz
[ pL,0; ( ) codz] li
m,
o, L (), - (5) )
€;a;7); - 1\ "o,
. o ), o ),
Ti R ~ - 6Z i 371
ok 1+~ \n ot ), i
2Ti 05 274 B ol
+/ €;047); (—) pdz —/ €;L,0;m; (—) pdz
. ot ), . ot),
g;

ZTi a 2T ~ 2T
+/ € L0 — pdz+/ eiLUDmZ-/ codz pdz
zZB at zZB z

+ 27;Gri + 28GR (6.9b)
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where

Gri = —pan;(Sy — Sui) =21 (6.10a)
Gpi = _(EiB - 5z‘B)Ai
— ppleis{aipAS,ip + (EiB + ¢ig)Ahip — LvaiBAZiB} — apnNipASyip

+ coLy0ipliB) (6.10Db)

in which further coefficients have been introduced by

5 1 Zci i

a = —/ pa?—dz’ (6.11a)
P min(z,z¢;) i

_ 1 Zci i

b = - / pBL (6.11b)
P Jmax(z,z2¢:) i

~ 1 [*T _n O

G = —/ po, L (L) dz (6.12a)
pJ- 0; 0z \1+~

/

an

g 2Ti 1 i
PLU /max(z,zm') 1+ 6q z

The expressions obtained above generalize Eqs. B17 and B18 of AS in

(0; — co)dz”] dz (6.12b)

several ways. For example, AS restricted their attention to an entraining
plume, so that 7, = 7; = 7;. Also note that G'r; = 0 when the convection top
is defined by the level of neutral buoyancy as in AS. Moreover, according to
AS, ¢ is a fixed constant, and thus ¢y = 0, although again such contributions

are retained for generality above.

7. Summary and Discussions

7.1. Summary

The major finding of the present analysis is that, regardless of many

details of the vertical integral, a closure condition defined by a stationarity
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(or equilibrium) of a vertically-integrated quantity, as given by Eq. 2.1 or
Eq. 4.2 always reduces to a form given by Eq. 4.15, which constitutes a
generalization of the AS convective quasi-equilibrium.

However, the formulation is not quite closed yet, because we still require
expressions for Zp; and Zp in (01;/0t); (Eq. 6.6b). In the case of AS, they

assume that

zri =0
and
) 1 )
ip=——Msp+ (48)L
PB

where (Zp)y, is a large-scale tendency for zg. Note that the latter formula is
derived based on their own boundary-layer formulation. The result changes
when a different boundary-layer formulation is adopted.

As their example suggests, also in general, these two terms proportional
to z7; and Zp can be partitioned into convective and large-scale terms so long
as a certain linearity is satisfied. As a result the general closure condition can
be reduced to Eq. 4.15, with now no dependence of (01;/0t);, on the mass
flux M;, by re-defining these two terms accordingly. Comparing Eq. 4.15 to

Eq. 2.4 we see that the convective consumption term is defined by
ol;
<at) = Ki;M;p. (7.1)
¢ J

The closure condition may equally be presented in a vector-matrix form as:

ol
KMpg + (E)

= 0.
L

In principle, the closure condition can be solved by inverting the matrix, K,
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to obtain:
ol
Mp=-K"'|—| . 7.2
=k (5), "
The idea of quasi-equilibrium closure, generalized here, is schematically sum-

marized in Fig. 2 of Yano and Plant (2012a).

7.2. Operational implementation issues

Although the solution 7.2 may appear straightforward, we have to take

into account technical aspects such as the positiveness of the mass flux,
Mp; > 0.

In order to overcome this difficulty, a rather involved procedure for solving
Eq. 4.15 was proposed by Lord (1982), and Lord et al. (1982).

As an alternative approach, Moorthi and Suarez (1992) propose to con-
sider only the diagonal terms of K in order to simplify the procedure, and

thus the solution (7.2) is replaced by

1 [0l
o (2 o

They call this procedure the relaxed Arakawa and Schubert (RAS).

7.3. Choice of 1: Physical considerations

The generality of the convective quasi-equilibrium principle presented al-
lows us to examine many existing closure hypotheses, and several popular
examples have been presented. The advantages and disadvantages of existing
closure hypotheses can then be discussed and their validity may be analysed
in detail through evaluation of the various terms in the budgets, perhaps from

cloud-resolving model data. However, the presented general principle does
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not specify which variable is the most physical to be taken for the vertical
integral(s), I, in Eq. 7.2.

In order to address this last question, we propose the following dictum:
Dictum 1: Any physically-based diagnostic convective closure must have a
prognostic counterpart.

This dictum essentially says that a closure should be derived from a bud-
get equation. If not, then a given closure hypothesis must be deemed to be
unphysical. This statement is rather trivial if a closure condition is derived
based on the generalized convective quasi-equilibrium principle as presented
herein. However, in the literature, there are various closure hypotheses pro-
posed which are not necessarily consistent with the above dictum.

For example, Bougeault (1985) assumes the stationarity of the convec-
tive tendency (rather than the total tendency) for the moist static energy as
a closure condition for defining a height-independent detrainment rate (cf.,
his Eq. 8). However, this diagnostic closure that does not have a prognos-
tic counterpart (i.e., knowing the convective tendency is not enough for a
prognostic evaluation).

A stronger version of this dictum may be stated as:

Dictum 2: Any physically-based diagnostic closure condition must have a
prognostic counterpart that can be integrated in time in a self-contained man-
ner.

This dictum may much narrow down the possibilities.

Under the mass-flux formulation, the goal of the closure is to define Mp;.
A first point to be emphasized is that so long as any variable controlled by

convection is chosen for the vertical integral (and assumed to be steady) a
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given closure condition can define the mass-flux magnitude (provided cer-
tain mathematical conditions, such as invertibility of a matrix are satisfied).
However, it is natural to expect that in a prognostic treatment, such a self-
contained description should produce a self-contained prognostic equation
for the mass flux or an equivalent quantity.

AS’s choice of the cloud work function as the vertically-integrated quan-
tity, I;, based on the convective kinetic-energy budget, is consistent with the
stronger version of the dictum. Although they do not explicitly remark on
the possibility of integrating this energy-cycle system in time self-consistently,
arguably that idea was implicit. This possibility was first taken up by Ran-
dall and Pan (1993), and Pan and Randall (1998). More recently, Yano
and Plant (2012b,c), and Plant and Yano (2013) proposed a different ver-
sion, which can explain a basic life-cycle of convective systems consisting of
discharge and recharge (or trigger and suppression) as well as interactions
between shallow and deep convection.

A self-consistent closure framework can also be developed simply by writ-
ing down a prognostic equation for the convection-base mass flux, which can
essentially be derived by vertically integrating a prognostic mass-flux equa-
tion (i.e., physically a convective vertical-velocity equation). It is straight-
forward to show that in this case, the evolution of the vertically-integrated
mass flux is controlled by the vertically-integrated convective buoyancy. By
then constructing a prognostic equation for the vertical integral of convec-
tive buoyancy, we obtain a self-contained prognostic system for describing
the evolution of mass-flux amplitude. From this perspective, the stationar-

ity of the vertically-integrated convective buoyancy may be seen as a logical
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choice for an equilibrium convective closure under the mass-flux formulation.

On the other hand, the consistency of Kuo’s (1974) moisture closure with
the second, stronger dictum is not obvious. It is widely believed that atmo-
spheric moist convection is controlled by moisture, but there is no known
self-contained prognostic description under a coupling with the moisture clo-
sure. A strong objection to moisture closure from this point of view was
expressed by Emanuel et al. (1994).

Some potential issues with quasi-equilibrium closures are listed in Sec. 3.4
of Yano and Plant (2012a). Note that these issues equally apply to the

generalized formulation developed herein.

7.4. Prognostic formulations for the moisture-based closure

As just stated above, it is less obvious how to proceed to a prognostic
version of the moisture-based closure. Nevertheless, it appears to be a good
idea to maintain a certain predictability of the column-integrated moisture.

Two possibilities are considered here.

7.4.1. Kuo’s (1974) solution
In his original formulation, Kuo (1974) introduces a major provision in

making the column-integrated water-vapour tendency slightly non-stationary

oI, (8Iq)
—L—p, (=) . (7.4)
or - \ot ),

Here, b, is a small positive parameter that controls this weak unsteadiness

by setting

(0 < by, < 1). After this modification, the closure changes to

1—b, (O]
My = — e () .
B K (at)L (7.5)
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Note that under this generalization, Eq. 3.13a is re-written as

It is often criticized that the small parameter, b,, remains arbitrary. How-
ever, the introduction of the parameter, b,, may be viewed more positively
as a simple attempt to overcome the limit of a strictly stationary closure

condition.

7.4.2. Bougeault (1985)

Bougeault (1985) proposed an alternative approach for making the moisture-
based closure prognostic. His main proposal is to modify Kuo’s (1974) closure
so that the moistening, D.(q¢” — §), by detrained air does not contribute as
part of the closure balance as in Eq. 3.13b, but simply acts to increase the
large-scale moisture. Thus,

% = D(q; — q).

By substituting this expression into the moisture budget equation in the form

o (0l
MB/ZB e ™ = (at)L‘

7.5. Precipitation forcing

2.3, we obtain

In order to treat the non-conservative nature of convective-scale physical
variables in a general analytic manner, we have proposed to divide the non-
conservative term (forcing) into the two components (Sec. 4.3). As a result, a
part of convective-scale forcing may be externalized into a part of large-scale
forcing. Specific examples are found in Sec. 5.3, where the dilute CAPE clo-

sure is considered, and in Sec. 6.2, where the AS convective quasi-equilibrium

47



closure is examined under generalizations. Our general consideration of the
precipitation formulation has led to the possibility of an externalized forcing
term, which may be called precipitation forcing.

By assuming a generality of the precipitation formula 5.23b, we find an
additional term due to 7; # 0 in the forcing term: the temporal tendency,
Or;/0t, of the precipitation rate becomes a part of large-scale forcing. The
possibility merits further investigation because the order of magnitude of
precipitation forcing is comparable to that of other aspects of the standard
large-scale forcing, as is shown now.

According to Eq. 6.9b in Sec. 6.2, the precipitation forcing is defined by

9
Lv i 01— . dz. 7.7
/ZB ebnat(qwi)pz (7.7)

An equivalent term can also be found in Eq. 5.30b from Sec. 5.3. Recall

that 7; measures a convective-scale precipitation formation rate as defined
by Eq. 5.23b, and w; = M;/po; is the convective vertical velocity. However,
7i/w; is a rather non-trivial variable to interpret, with a unit of m~' or
gkeg™'m™! depending on the unit taken for the water mixing ratio. This
is essentially a vertical gradient of the precipitating water generation rate.
Only after multiplying by w; does the quantity reduce to a rate at which
precipitating water is being generated at a given vertical level per unit time
(with the unit of s7! or gkg™'s™1).
The corresponding total convective precipitation is given by

L[
P=— [ p,) #dz (7.8)

where p, and p, are the air and liquid water densities. A typical tropical

1

precipitation rate is P ~ 10 mmh~! ~ 3 x 107% ms~!. The precipitation rate
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due to the i-th convective type may be, to an order of magnitude, estimated

from Eq. 7.8 as
P~ P,

Pw

with H; providing a vertical scale for the convection. A typical value for
7;/w; is then estimated as

7 P, 3 x 1076 ms™!

— ~ ~ ~3x107"m.
w;  (pa/pw)w;H 1073 x 1 ms~! x 10* m o

Here, we have assumed that w; ~ 1 ms™! and H ~ 10* m. A crucial assump-
tion behind this estimate is that the order of magnitude of the i-th convective
precipitation is of the same order as the total.

Next, note that the precipitation forcing given by Eq. 7.7 is controlled
by a temporal change, O(7;/w;)/0t, of the precipitation formation measure.
In order to estimate this, we introduce a characteristic timescale, 7, for
convective precipitation formation. We consider the two possible values,
T ~1h~3x10%s and 7 ~ 1 day~ 10° s. With the respective values, we
obtain the estimates:

QE N i/ w; N 3x107" m™! 10710 -l
ot w; T 3x 103 s

and
0 T; fz/wz 3)(1077 m~!
ot w; T 105 s
Additionally, we need an order of magnitude estimate for L,d; defined by

Eq. 6.12b, which is given by

~3x 1072 mts

LyﬁingiN 10 ms™2 x 10* m 5
p

assuming ¢y = 0 and d; ~ 0 (assuming an entraining plume, this term con-

tribute only a factor of unity to the integrand).
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Finally, we obtain the order of magnitude estimate for precipitation forc-

3 r -0 (7

~1kgm™ x 10° m s*ng—l x 107 m™'s™! x 10? m

ing as

~ 107 Jkgts7t ~ 10* Jkg 'day?

with 7 ~ 1 h, and

o[(r ~ 0 (7
L, i d pL,0,— | — | H;
/’”7 815( ) T 8t(wi)
~1kgm ™ x10° m®s?kg™' x 3 x 1072 m~!s7! x 10* m
~3x1073 Jkg st ~ 300 Jkg 'day*

with 7 ~ 1 day. These estimates are comparable to an order of magnitude
estimate for large-scale forcing F' ~ 10% Jkg='day~! (cf., Yano and Plant
2012b). The very last estimate can also be obtained by recalling a typical
value for CAPE ~ 103 Jkg™! for the tropics as well as assuming a character-
istic timescale of 1 day.

In general, when a sophisticated convective precipitation formulation is
adopted, it becomes increasingly difficult to incorporate this process as a
part of the convective response within the interaction matrix, K ;. It may
be more straightforward to treat it as a part of the large-scale forcing from
the point of view of studying the closure relation. Generally speaking, such
a precipitation forcing cannot be fully determined until the full convective
response is known and thus the procedure for solving the closure problem

and evaluating precipitation forcing becomes an iterative procedure.

50



8. Concluding remarks

The present paper has introduced a general principle of convective quasi-
equilibrium, which also constitutes a generalized diagnostic convection-parameterization
closure. The generalization is based on a dictum that any diagnostic closure
must have a prognostic counterpart. Thus, the general closure is constructed
under a stationarity condition of the budget equation of a vertical integral of
a general function of physical variables. The formulation may also be consid-
ered as a generalization of the AS convective quasi-equilibrium hypothesis,
by taking a mathematically analogous formulation.

A very general structure is required in order to incorporate the AS quasi-
equilibrium within the same structure as other common closures such as
moisture convergence, CAPE and dilute CAPE. The final expressions de-
rived may appear rather involved but they have been obtained here in a
stepwise manner in order to make plain the origin of the various contribu-
tions to the budget. A very general structure is required in order to treat
forcing terms in anything other than a grossly simplified manner. Forcing
terms in the equations for a convective-scale variable equation have a rather
subtle role, as shown in Sec. 5.2. As stated therein, we did not even attempt
a full generalization. Further generalizations would introduce further com-
plications to the budget equations, and we did not see any immediate benefit
in doing so.

In the literature, moisture and CAPE-based closures are often taken as
major counterparts (cf., Emanuel et al. 1994). However, under the gen-
eral closure formulation presented herein, both fall into the same category

in which the closure only depends on the large-scale variables. Thus, the
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moisture-based closure may be considered as a type of convective quasi-
equilibrium condition, a perspective which is also supported by observations
(cf., John L. McBride, unpublished manuscript, ca., 1990). We also note that
Kuo’s (1974) formulation may be presented under the mass-flux formulation
in a self-consistent manner.

Section 4 presents the major alternative possibility of taking a convective-
scale variable, e.g., convective moisture, as a closure variable. An important
advantage of such a closure is that as a result, the predictability of the large-
scale variables is not lost even in a vertically integrated sense. This possibility
is worthwhile to pursue further. Here, recall that a convective-scale variable
is determined in terms of the large-scale variables, as detailed in Sec. 4.2,
as a consequence of the steady-plume hypothesis. Thus, we merely take a
convective-scale variable as a medium for controlling convection by the large-
scale variables.

Under this general perspective, the original AS quasi-equilibrium closure
is the most complex case of the categories considered: it includes both large-
scale and convective-scale variables in the closure. The advantage of this
closure is the relative ease of developing a self-contained prognostic version
(Randall and Pan 1993, Pan and Randall 1998, Yano and Plant 2012b,c,
Plant and Yano 2013). We propose the existence of a self-contained prognos-
tic version as a stronger dictum for justifying a physical basis for convection
closure. Unfortunately, none of the other closures based on quasi-equilibrium
principle in the literature has been shown to satisfy this stronger dictum.
Here, a possibility of developing another self-contained prognostic formula-

tion by considering the budget of vertically-integrated convective mass flux
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is suggested in Sec. 7.3 in discussing the dicta.

The generalized convective quasi-equilibrium principle has also suggested
that some of the convective-scale non-conservative processes may be more
conveniently considered a part of large-scale forcing. The precipitation pro-
cess is specifically identified as such an example. We expect that many other
microphysical processes, which are fairly involved in their formulations, might
also be more conveniently represented within closure budgets as being a part
of large-scale forcing. Our preliminary estimate suggests that the strength
of such precipitation forcing could be comparable to other important terms
in the “proper” large-scale forcing.

The possibilities for many other alternative closure formulations would
be needless to emphasize (cf., Yano et al. 2013). The present general for-
mulation for quasi-equilibrium hardly covers all of those, but the generality
presented under this sub-class should not be underestimated. Equivalent
studies for other closure types are awaited. Many new closures of interest
could nonetheless be constructed within the framework presnted. For exam-
ple, we raised the possibility of using a convective-scale moisture variable to
provide a closure and it would be useful to investigate numerically the bud-
gets derived for that possibility, alongside the directly equivalent budget for
the large-scale moisture. Our calculations also enable more directly compa-
rable and much more detailed numerical analyses of the budgets for CAPE,
dilute CAPE and cloud work function than have been conducted thus far.
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