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An optimization problem concerning multiplicative
functions

Titus Hilberdink
Department of Mathematics, University of Reading, Whiteknights,
PO Box 220, Reading RG6 6AX, UK; t.w.hilberdink@reading.ac.uk

Abstract

In this paper we study the problem of maximizing a quadratic form (Az,zx) subject to
llz]l¢ = 1, where A has matrix entries f(([z;])) with ¢, j|k and ¢ > 1. We investigate when the
optimal is achieved at a ‘multiplicative’ point; i.e. where £1Zmn = Tmxn. This turns out to
depend on both f and ¢, with a marked difference appearing as q varies between 1 and 2. We
prove some partial results and conjecture that for f is multiplicative such that 0 < f(p) < 1,

the solution is at a multiplicative point for all ¢ > 1.
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81. Introduction

In optimization problems involving multiplicative structure, there is a tendency for multiplicative
functions to play a crucial role. This can appear in various ways; the optimal may itself be
multiplicative, or the point where the optimal occurs may be multiplicative.

For instance in [3], Codecd and Nair considered (amongst others) the problem of minimizing a
quadratic form (Bx,x) subject to ||z||2 = 1 where B is the d(k) x d(k) matrix with entries %]m
where i, j|k, (i,7) is the ged of 4 and j, and k is squarefree. They proved that any real multiplicative
function f with 0 < f(p) < 1 (for primes p|k) can be realised as such as minimum. Further, they
explicitly determined this minimum when A is multiplicative and of the form h = 1% g, with g > 0.

Another example comes from [7], where Perelli and Zannier considered the problem of mini-
mizing (Ax,z) subject to ||z|]]2 = 1 where A is the d(k) x d(k) matrix (again with k squarefree)

with entries f( ([zi])) (here [3, 5] is the lem of i and j) in the special case that f(n) = § + 13- They

.. . (k) . . : _ _m(d)
show that the minimum is 5~ and that this is achieved at the point x4 NIGR

In [6], it was noted that the operation cod = ([EZ]) is a group operation on D(k) = {d : d|k} if k

is squarefree and, as an application of this algebraic structure, the problem of maximizing (Asz, )
was considered, where Ay = (f(cod)). qx but now subject to [|z[|, = 1 with ¢ > 2. It was found
that for any f: D(k) — (0,00), the optimal is

d(k)'"5 Y f(d),
dlk
and that it occurs at x4 constant. Notice that in both of the above examples, ;—‘f is multiplicative
at the optimal, even if f is not. In the latter, the optimal itself is also multiplicative precisely
when f is.
In this paper we consider the above optimization problem for the range 1 < ¢ < 2, which turns
out to be highly non-trivial. This has its origin in a problem concerning gcd sums. Briefly, one

wishes to maximize the sum )
Fo(S)= > CYTE
m,nes

over all sets S of size N (see [5] for the case & = 1 and [4] and [1] for other values of o > 0). For
o > 3 good bounds for this maximum have been established (sharp for o = 1 [5] and close to best



possible for 1 < a < 1 see [1], [2]), but for 0 < a < % little is as yet known, except for rather crude
upper and lower bounds. Thus it is known that in this range

_ _ log N logloglog N
N2 2« F N2 2c
< |I§i3)fv w(9) < exp ca Tog log N

for some absolute constant ¢ (see [2]), but the true order is far from settled. In work in progress, a
new lower bound N272%(loglog N)?® can be established which may also turn out to be the correct
order of magnitude. This hinges (in part) on maximizing (Asz, z) with f(n) =n~ over ||z||, = 1,
where g = ﬁ € (1,2). This motivates studying the following

Optimization problem: Let f: D(k) — (0,00) where k is squarefree. Find the supremum of

(Apz,x) = Z flcod)zcwq subject to  ||z|, = 1.
c,d|k

Throughout the article, k is squarefree, ¢ > 1 and |[[z[|, is the usual g-norm: with z = (24)q,

lelly = (s leal?)1/2. Also let F(k) = Sy £(d).

Remarks 1

(a) Note the following symmetry: let ' = (z/,) where 2!} = xcoq for some c|k (for all d|k); then
(A’ a") = (Ajx, x), and ||2'||q = ||z]|q. Thus if z is optimal, then so is 2’. Also, as f > 0,
the maximum occurs for z > 0. Hence, without loss of generality, by permuting the x4, we
may always assume that at the optimal, z; > x4 > 0 for every d|k.

(b) For Ay positive definite, Ay = B*B for some B, so that (Afz,z) = ||Bz||* and the problem
becomes one of evaluating the norm ||B||, 2. We discuss the details in §5.

For ¢ = 2 the problem is standard: optimizing a (Hermitian) quadratic form. The optimal is just
the largest eigenvalue of Ay, which is F'(k) = > ;; f(d). As mentioned earlier, for ¢ > 2 the
answer is also relatively straightforward as shown in [6], and we briefly outline the proof. Our
main interest shall be the range 1 < ¢ < 2.

Let A (or A, if we wish to emphasize the dependence on ¢) denote the optimum, indeed
maximum. Also let

M, = max{(Afx7x> D lzflg =1 and 2% is multiplicative}
denote the maximum over ‘multiplicative’ z; i.e. when 1, = X2y, for (m,n) = 1.
Our main results are the following:

Theorem 1
Let f : D(k) — (0,00). Then there exists ¢ > 0, depending on f and k, such that for ¢ > 2 — ¢,
the optimal solution occurs at x4 constant and A, = d(k)*~2/91F (k).

Theorem 2

Let f be multiplicative on D(k) such that 0 < f(p) < 1 for all plk. Then there exists ¢ > 0,
depending on f and k, such that for q € [1,1+ ¢), the optimal solution occurs at a multiplicative
point; i.e. where T1Tyn = Ty whenever (m,n) = 1.

Combining these, we see that for f multiplicative, M, = A, for ¢ € [1,1+ ¢1) U (2 — ¢2,00)
for some c1,co > 0, depending on f and k. However, we believe that the result is true throughout
[1,00). In other words, we make the following

Conjecture: Let f be multiplicative on D(k) such that 0 < f(p) < 1 for all p|k. Then the optimal
solution occurs at a multiplicative point and so M, = A, for all ¢ > 1.



Briefly we outline the rest of the paper. In §2, we indicate how the method of Lagrange
multipliers deals with the ¢ > 2 case and what it tells us about the range 1 < ¢ < 2. We take a
particular look at the first non-trivial case k = 6.

In §3, we evaluate M, explicitly, while in §4 we give the proofs of our main results. In §5, we
show how we can view the problem as a problem of determining a norm, giving an equivalent form
of the above conjecture.

82. The method of Lagrange multipliers

To find the optimal, we use the method of Lagrange multipliers. We observe that, for ¢ > 1, the
maximum must occur at an interior point; i.e. where each x4 > 0. For suppose z, = 0 for some
alk at a local maximum. There exists b such that a, > 0. Let

G(a) = (Asz,a) = 3 fleo da.ra

c,d|k

and consider G(z 4+ h) — G(x) with h = (hq) = (...,&,...,—¢,...) where there is an £ > 0 in the
a*™ place and —¢’ in the b*® place and zeros elsewhere, with ¢’ chosen so that ||z + hll, = 1. As

such
€q

e =y — (2] — %1 ~ —— =o(e),
qzT,

as ¢ — 0. Now

G+ 1)~ G@) = 3 fleod){(re+ he) wa+ ha) — zera}

c,d|k

=2 Z flecod)x hg + Z flcod)h.hg
c,d|k c,d|k
= 252]‘(00 a)x. +o(e) > 2ef(aob)xy + o(e) > 0,
clk

for e sufficiently small and positive. Thus G(z) cannot be maximal.

For x = (xq)q € Ri((lf), let H(z) = G(z) — 2A(3 4, ©q — 1), where A is to be determined.

Then at the optimal solution, we must have % = 0 for every d|k; i.e.

Azd™t =" f(cod)z, (Vdlk).

clk

Multiplying through by z4 and summing over d shows that we must take A = A. Thus, at the
optimal,
Azdt = Z flcod)x. for every d|k. (2.1)
clk

2.1 The case ¢ > 2
Using equations (2.1), the case ¢ > 2 can be easily dealt with.

Theorem A (see [6])
Let k be squarefree, f : D(k) — (0,00) and ¢ > 2. Then A = d(k)l_%F(k), where the optimal
1

occurs for xgq constant; i.e. xq = \/t
Y d(k)

Proof. Let x = (x4) denote the optimal and z and T the minimum and maximum of x4 respectively.
By (2.1), for some d|k,

Azt =" flcod)ze >z f(cod) = zF (k)

clk clk



since (D(k), o) is a group. On the other hand, for some d'|k,

AT =" fcod)z. <T Y fcod)=TF(k).

clk clk

Combining these gives Az9=2 > F(k) > Az%72. For q = 2 this forces A = > f(d). For g > 2,
we must have Z < z; i.e. x4 must be constant. As 3, zd =1, this forces x4 = 1/¢/d(k). This
must give the maximum value of G as it exists and it lies in the interior of the region. Hence
2
A = d(k)' "5 F(k) follows.
O

2.2 The case 1 < ¢ <2

If ¢ € (1,2), the above analysis using Lagrange Multipliers leading to (2.1) is still valid, but the
conclusion that x4 is constant at the optimum no longer holds in general. However, as we shall
prove in Theorem 1, this constant solution continues to hold in an interval ¢ € (2 — ¢, 2) for some
¢ > 0, depending on both f and k.

For smaller ¢ though, the optimal changes. Indeed, looking at the behaviour of the optimal
solution when ¢ is close to 1, shows precisely what is required for multiplicativity. Indeed, for
q = 1, one can construct examples with f > 1 where the optimal is not multiplicative, even if f is
(see Remarks 2). By continuity, this shows it also fails for some ¢ > 1. However, if f(n) < f(1) =1
for all n, then the optimal when ¢ = 1 occurs at = (1,0,...,0). For ¢ close to 1, we shall see
that in this case (taking z1 > x4)

297t~ f(d)  as g — 14, for every d|k.

Thus for z4/x1 to be multiplicative, we need f to be multiplicative.
However, there are indications that it is also sufficient. Note that for f multiplicative, the
eigenvalues of Ay are [, (1+ f(p)) (where any combination of =+ is possible — see [6]) and Ay is

positive definite precisely when —1 < f(p) < 1 for all prime divisors p of k. The condition that f
is at most 1 in Theorem 2 is therefore quite natural.

2.3 The simplest non-trivial case; £ =6

The reason why we expect multiplicativity at the optimum may not be clear at this stage. That it

is true in a fairly trivial way for ¢ > 2 is not sufficient reason. Also it is vacuously true when k is

prime. A look at the first non-trivial case gives some indication why multiplicativity is expected.
Writing f(2) = a and f(3) = b (so that f(6) = ab), the problem for the k¥ = 6 case now

becomes: mazimize

r] + 3 + 23 + 23 + 2a(v172 + 1376) + 2b(T123 + T2T6) + 20b(T176 + T2T3)
subject to x1,x2, 23,16 > 0 and x] + 24 + 2% + 2 = 1.

The Conjecture says that, if 0 < a,b < 1 then, at the maximum, z;z¢ = z2x3.
Let us see why this is plausible. Equations (2.1) give
Az?! = 2y + axy + bas + abxg
Axg_l = ax; + 9 + abzrs + bzg
Azd™" = bxy + abxy + x3 + axg
Aasgfl = abxi + bxo + axs + 6.

Multiplying the cases d = 1 and d = 6 together and subtracting the product of d = 2 and d = 3
gives (after some cancellation)

AZ((M%)H - (xzzg)q*) = (1—a®)(1 - b?)(z126 — wa3).



This indicates the special role played by the quantity xiz¢ — zoxs.
If 126 # wox3, then we may divide through:

T1xe — T2T3 T1Te — T2T3

2 _ (1 — a2)(1 —p?
A = (1 )(1 b )(.Z‘ll'ﬁ)q_l — (332.’133)‘1_1 ($1x6>q—1 — (1'2333)‘1—1’

It is not difficult to show that the RHS has its supremum (over all z such that ||z|; = 1 and
2126 # Tox3) when x4 is constant, interpreted in the limit as z12¢ — zax3. (We omit the details.)
As a result,
2(2-q)
oo QT
=T
But A > 1 (by taking 1 =1 and x4 = 0 for d > 1). Thus z 26 # z2x3 implies

2(2—9q)

(¢g—1)4 < 1.

But this is (fairly easily) shown to be false for ¢ € (1.1076,2]. Thus the conjecture holds when k = 6
for ¢ € (1.1076, 2] at least. By Theorem 2, it also holds for ¢ in an interval [1,1 + ¢) but, unfortu-
nately, ¢ is not an absolute constant, depending as it does on a and b. So the case k = 6 is still open.

83. The maximum over multiplicative = for f multiplicative
Now we calculate the maximum over ‘multiplicative’ z (i.e. evaluate M) when f is multiplicative.
We shall require some preliminaries. For 1 < ¢ < 2, a € (0,1) and « > 0, define the functions

hy(a,z) = ar? + 27 —a—2x
1+ 2az + 22

Lq(a,x) = 7(1 n xq)Z/q .

Note that hg(a,1) = 0, and for z > 0, hy(a, 2) = =2~ %hy(a,z) and Ly(a, 1) = Ly(a, z).

Lemma 3.1
Fiz q € (1,2) and a € (0,1) and let v = % —1, so that v € (0,1). Then

(a) if a >y, then hg(a,x) <0 in [0,1);

(b) if a <7, then hy(a,x) has precisely one root in [0,1).

Proof. We have hy(a,0) = —a < 0, hy(a,1) = 0 and hj(a,1) = g(a — 7). Thus we have a zero at 1
in any case, while if a < v we must have (at least) one more in (0,1). But also

hy(a,x) = q(q — Dz *(az — ).

If a < 7, then h is concave in [0, 1] and so there is precisely one zero in (0,1). If a > v, then A’ is

decreasing on [0, 2] and increasing on [1,1]. Thus

min hy(a,z) = h; (a, 1) = (g)%q -1>0

o<z<1 4 a vy -
and so hy(a,x) is (strictly) increasing in [0, 1].
U
Now let rq(a) denote the unique root of hg(a,z) in (0, 1) for a < . Thus
-1 _ a+rq(a) a1
T‘I(a) 1+CL’I"q(CL). ( : )



Also extend to (0,1) by defining r,(a) =1 for v < a < 1. Let

Qq(a) =supLy(a,x) = Omax Ly(a,x).
x>0

Since L (a,r) = —%, it is quickly seen that for ¢ > 1, Q4(a) = L4(a, rq(a)) while

ifa<l1

1 <
Ql(“)_{ Lo fg>1

Lemma 3.2
Fiz a € (0,1). Then, as ¢ — 14, rq4(a) — 0. More precisely, for a < v = % -1,

qg—1
1—aq’

rq(a) <
Hence (3.1) implies rq(a)?™! — a as ¢ — 1+.

Proof. For a < 7, hg(a,z) has one turning point in (0,1), say at s(a). This is necessarily
a maximum and r(a) < s(a). We have ags(a)?™! + (¢ — 1)s(a)?™2 = 1. In particular, 1 <
(¢ —1)s(a)?2 + aq. Thus

-1
r(a) < r(a)?™1 < s(a)Z_q < 1q .
—aq

Proposition 3.3
Let [ be multiplicative and positive on D(k). Then, with v = % -1

Mq:HQq(f H Qq H 1+27J;(p)

plk f(p)<vy f(p)=y
In particular for ¢ =1,
1+ f(p)
I
f(p)>1

Proof. For x = (x4) such that ||z||, = 1, we may write

d
ZTq = gl((k))’ where g > 0 is multiplicative and G(k) = (Zd‘k,g(d)q)l/q

We recall from [6] that with " ® G defined on D(k) by (F'® G)(n) = >, F'(d)G(n o d), then
(FRG)(n) = % is multiplicative whenever F' and G are, provided that (F ® G)(1) # 0.
Further, (FRG)(p) = L@FCP) g0 5 prime p. As such,

1+F(p)G(p)
(Afz,z) = QZfC od)g = 229 (f@g)(d
ok dlk
O Y F©g(e) Y a(@)(fg)(d
clk d|k
_ H{ 111;; g) )q (1+ g(p)(f@g)(]?))} (by multiplicativity)
1+2f(p)g(p) +
_H{ (1+g(p)7) 2/q } HL



In order to maximize this, we maximize each factor independently of the others. Since there is no
restriction on g(p), we need to maximize L,(f(p),t) over ¢ in (0,1). Thus we take g(p) = rq(f(p))
giving the maximum Qq(f(p)), and so

My =1]Qq(f(p))

plk

The second formula follows on using Q,(f(p)) = %f”) whenever f(p) > ~.

Remarks 2

(a) Note that if f(p) < 1 for each p|k then, for ¢ close to 1, g(p)?~! = f(p) + O(q— 1) by Lemma
3.2 and, by multiplicativity, g(d)?~! = f(d) + O(q — 1).

(b) From the formula for M; we can show that the maximum need not necessarily occur at a
‘multiplicative’ point, even if f is multiplicative. As an example, take kK = 6 and let f be
multiplicative with f(2), f(3) > 1. Then

A+ /@HA+fB)

M, = 1

But at ¢ = (%70, 0, %), (Apz,z) = w, which is larger. (Indeed this can be shown to
be the maximum.) By continuity, for this f, M, < A, if ¢ is a little larger than 1.

84. Proof of Theorems 1 and 2

Proof of Theorem 1. We need only consider ¢ < 2. Since A, varies continuously with ¢ and

Ay = F(k), we must have
Ay=F(k)+o(l) asq—2—.

Let = be such that ||z]|, = 1 and z7 > x4 without loss of generality. Then we have
1= Z zd < zld(k
dlk

so that z; > d(k)~1/9 = \/ﬁ +0(1). Now put d =1 in (2.1). Thus

D fQ)re = Agai™h ~ F(k)ay.

clk
It follows that, for every d|k,

0 < f(d)(z1 — zq) <Zf (r1 — zc) —F(k)xl—Aqx[f_1—>O
clk
as ¢ — 2—. Thus x4 = 21 + o(1) for every d|k. We may therefore write
xqg =x1€ ", where 0 <9y — 0as q— 2—.
Let n = maxg), ng and H = ﬁ Zd|k 7nq. Note that H <n, and n — 0 as ¢ — 2—. Then
I—Zxd—m Ze ana = g Z 1—qna+0n?) = 21d(k)(1 — ¢H + O(n?)).
d|k d|k d|k

Thus
1+ H+0(n?)

T = d(k)l/q



Next,

Ag=a1)  fleod)e ™™ M =af Yy flcod)(l—ne—na+O(°))

c,d|k c,d|k
=23 (3D fleod) =23 n Y fleod) +OR))
clk dlk ck  dlk

= a1F(k)d(k)(1 — 2H + O(*)).

Inserting (4.1) gives

Ag = F(R)d(k)' =71+ O(n?)). (4.2)
Now, with d =1 in (2.1), and dividing through by 1,
Agr{ ™2 =D f(@)e™™ =Y (@)1~ 5+ O )= > F©me+O0P).
clk clk clk

Rearranging and inserting (4.1) and (4.2),
> flem — Agzi7?+ 0(?) = F(k) — F(k)(1+ (¢ — 2)H) + O(n?)
clk
= (2= qHF(k) + O(1°) < (2 = @)nF (k) + O(n*).

But the left-hand side is at least f(d)n for some d. If > 0, we may divide through to get

fld) < (2= q)F(k) +On).

This is a contradiction for all ¢ sufficiently close to 2. Thus n = 0 and x4 is constant.
O

For the proof of Theorem 2, we first determine the asymptotic behaviour of the solution and A,
as ¢ — 1. For the following result we do not require f to be multiplicative, only to be bounded by 1.

Proposition 4.1
Let f: D(k) — (0,1] such that f(d) =1 at d =1 only. Then, at the optimal, as ¢ — 1+

Ag=1+0(g—1) and :E371 = f(d) +O(q —1).

Proof. Since f <1, we have for ||z|, =1,

2 2 2(1-3) 2(a=1)
1<n, < (Pw) < (X)) (X1) " =aw* T =1+ 03— 1),
dlk dlk dlk
Also 1 =37, g < d(k)z{ < d(k)z1, so that ( ; < @1 <1 and hence 277 =14 0(¢g—1). Now
(2.1) with d = 1 implies
Z fe)ze. = Aqx'fl =1+0(g—1).

clk

But >, zc =14 O(q — 1) also, and subtracting gives

> (1 - f(e))ze = O(g—1).

clk
As f(c) < 1 whenever ¢ > 1, we see that 4 = O(¢—1) for each d > 1, and hence z; = 14+0(g—1).
This implies
Mgyt =) fleod)re = f(d) + Og - 1),

clk



with ¢ = 1 giving the main term. Thus z4 ' = f(d) + O(q — 1) as required.
g

Proof of Theorem 2. Again we may assume that at the optimal solution x; > x4 > 0 for all d|k.
We shall also assume that ¢ > 1, the ¢ = 1 case being trivial, so that the method of Lagrange
multipliers is valid and equations (2.1) hold.

These may be rewritten by letting h(d) = ¢ as follows. Then dividing (2.1) through by the
d =1 case gives

A7) f(Ohle) = fleod)h(c) or  h(d)™ = (f&h)(d). (4.3)

clk clk

The aim is now to show that h(d) = g(d), where g(d) is the optimal chosen in the multiplicative
case in Proposition 3.3. There we found that

f(p) +9(p)
1+ f(p)g(p)

Since f and g are multiplicative, it follows that

9(d)"™" = (f&g)(d).

g(p)~t = = (f®g)(p).

Thus g(d) also satisfies (4.3).
Furthermore, both g(d)?~! = f(d) + O(¢g — 1) and h(d)?~! = f(d) + O(¢ — 1) as ¢ — 1+ (from
Remarks 2(a) and Proposition 4.1 respectively). Thus h(d) < g(d) < f(d)q%l and we may write
h(d) = g(d)e™,
where g = O(1). As such, (4.3) becomes
> (Fleod) = F()gd)r @~ ) h(e) = 0.
clk
Splitting €749~ into 1 4 (e"4(¢=1) — 1) and using (4.3) for g leads to
> (fleod) = F(Og(d) ) gle) (e = 1) = g(d) (@D 1) Y f(Ohle).  (44)
clk clk

Choose d such that 14| > |n.| for all c|k and suppose for a contradiction that |ng| > 0. Then the
RHS in (4.4) is, in modulus, at least

(@) e @D — 1] ~ f(d)[nal(q — 1)

But on the left of (4.4), the ¢ = 1 term is zero, while for ¢ > 1, g(c) is exponentially small, as
g(c)9™t — f(c) < 1. Thus the LHS of (4.4) is, in modulus,

< [nal Y 9(e) < [nal (max f(c )7 = o(lmal(g — 1)).

We have our desired contradiction, and so h = g, making h multiplicative.

85. Problem transposed into one of norms
If Ay is positive definite, which is our main interest, then Ay = B*B for some B, so that (Asz,z) =
|| Bz||?> and the problem becomes one of evaluating the norm

IIBxllz
o Tally

[1Bllg2 =



Such norms are generally difficult to find, there being no general formulae. Indeed, for bounded
linear operators ¢ : [P — [9, a general formula (in terms of the associated matrix entries) is only
known for the cases p =1 or ¢ = oo (see for example [8], Chapter 4).

Now if f is multiplicative, then Ay is positive definite precisely when f(p) € (—1,1) for all p|k.
We can give a precise form for B in this case. We require some concepts from [6].

Every f : D(k) — C has a Fourier series

1 N
f(n) = ax) Xe%k) FOOx(n),

~

where y ranges over the characters of D(k) and f(x) are the Fourier coefficients of f, given by

f(X) = Z x(d)f(d) (: H(l +x()f(p)) if f is multiplicative).
d|k plk

~

If f(x) >0 for all x, we may define for a > 0,

1 ~
f%(n) = m Z FOO%x(n). (5.1)
x€D(k)
Equivalently, we may write Ay = U*DU where U is the unitary matrix with entries (X(d))d|k T
and D = diag(f(x))XeD/@, in which case A} = Ajysa.

. B
Also let f®%(n) = % whenever the denominator is non-zero.

Proposition 5.1 )
Let f be multiplicative on D(k) such that 0 < f(p) < 1 for all primes p|k. Then f®% is multiplica-
tive for every a > 0, and furthermore for each n|k,

Bayy - TT UL P)* — A~ f(p)*
1 =1L e r =t

—

Proof. Denote the d(k) characters of D(k) by xa(-) = p((-,d)) where d|k and u(-) is the Mébius
function. We prove by induction on w(k) (the number of prime factors of k) that

pln

£ = i H{<1 )+ xp(n)(1 - f(p))“}- (5.2)

plk

For if (5.2) holds, then dividing through by the n = 1 case and using x,(n) = —1 if p|n and 1
otherwise, gives the result.

Now if w(k) = 2, then k is prime and D(k) consists of two characters 1 and p. Thus by (5.1)

1, ~ ~ 1

7o) = 5 (F)1m) + Fn)un)) = 5 (0 + )™ + u(m)(1 = £(1)°)

which is the RHS of (5.2).

For the inductive step, suppose (5.2) holds for some k squarefree and all n|k. Let ¢ be prime
and such that ¢ fk, and consider (5.2) for gk.

Observe that (i) D(gk) = D(k)UqD(k) (since every divisor d|qk satisfies either d|k or d = qd’,

d'|k), and (ii) x € D(qk) < X = Xd OF X = Xqd = XqXa for d|k since (¢,d) = 1.

T

Thus for x € D(gk), we have
00 =TI+ xmfp) =0 +x@F@) [0+ x®)fp)

plak plk
{ L+ f@) L+ x@)f(p) i x=xa
(L= f@) [y +xw) f(p) i X = Xqa

(d|k),
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using the fact that x,(p) =1 if p|k and —1 otherwise. Thus

~

Yo Xm0 = Y x(m(t+ fa)* [TA+x@)f@)

xeD(qk) x€D(k) plk
+ > xe(mxm)(1 = F@)* TT+x) f(p)°
xeD(k) plk
= (0 £@)" + g = F@)*) 32 x) [T+ x0)f )"
XED(¥) plk
= (1) + a1 - 1)) TH{ 0+ 760" + - 1)}
plk

(by assumption)

U
Note also that 0 < f&(p) < 1 for all p|k.
It follows from Proposition 5.1 that for f multiplicative on D(k) satisfying 0 < f(p) < 1 for
plk, we have
Ap = A7 = g(1)?A3,

where g = f®2 and h is the multiplicative function f®%. Thus
Ag = 22 (1) Anll3 2,

and an equivalent problem is therefore to evaluate || Ay 4,2 for a general multiplicative function h.
As such, let hy, : D(k) — (0,00) denote the function restricted to D(p); i.e.

[ h(n) ifn=1p
hy(n) = { 0 otherwise

Using the above relation to Ag, it is readily seen® that || Ap,[lq.2 = v/1+ h(p)2/Qq(f(p)) with Qg
as in section 3. But also Proposition 3.3 gives

A VM,
{ [ Azl :  is multiplicative } =Y 1 H | An, llq,2,
g fe2(1)

plk

by using (5.2). On replacing h by f, the conjecture (made after the statement of Theorem 2) is
therefore equivalent to

Conjecture: Let f be multiplicative on D(k) such that 0 < f(p) < 1 for all p|k. Then

14slle2 = TT 145,

plk

|q,27 (53)

and the norm is achieved at a multiplicative point.
Note that since Ay =[], Ay, (see Theorem 3.3, [6]), (5.3) may equally be written as

145, =TT14s 002
plk plk

1Use the formula /1 + f(p) + /1 — f(p) =

q,

2
1+h(p)?°
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