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x 6LPSO\3SHUIRUPHGDVZHOOLQFDOLEUDWLRQYDOLGDWLRQDQGVFHQDULRVDVDZHOOHVWDEOLVKHG
VXEVWDQWLDOO\PRUHFRPSOH[PRGHO
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&DWFKPHQWVFDOHZDWHUTXDOLW\PRGHOVDUHLQFUHDVLQJO\SRSXODUWRROVIRUH[SORULQJWKHSRWHQWLDO
HIIHFWVRIODQGPDQDJHPHQWODQGXVHFKDQJHDQGFOLPDWHFKDQJHRQZDWHUTXDOLW\+RZHYHUWKH
G\QDPLFFDWFKPHQWVFDOHQXWULHQWPRGHOVLQFRPPRQXVDJHDUHFRPSOH[ZLWKPDQ\XQFHUWDLQ
SDUDPHWHUV UHTXLULQJ FDOLEUDWLRQ OLPLWLQJ WKHLU XVDELOLW\ DQG UREXVWQHVV $ NH\ TXHVWLRQ LV
ZKHWKHUWKLVFRPSOH[LW\LVMXVWLILHG7RH[SORUHWKLVZHGHYHORSHGDSDUVLPRQLRXVSKRVSKRUXV
PRGHO SimplyP LQFRUSRUDWLQJ D UDLQIDOOUXQRII PRGHO DQG D ELRJHRFKHPLFDO PRGHO DEOH WR
VLPXODWH GDLO\ VWUHDPIORZ VXVSHQGHG VHGLPHQW DQG SDUWLFXODWH DQG GLVVROYHG SKRVSKRUXV
G\QDPLFV7KHPRGHO¶VFRPSOH[LW\ZDVFRPSDUHGWRRQHSRSXODUQXWULHQWPRGHO,1&$3DQG
WKH SHUIRUPDQFH RI WKH WZR PRGHOV ZDV FRPSDUHG LQ D VPDOO UXUDO FDWFKPHQW LQ QRUWKHDVW
6FRWODQG )RU WKUHH ODQG XVH FODVVHV OHVV WKDQ VL[ 6LPSO\3 SDUDPHWHUV PXVW EH GHWHUPLQHG
WKURXJK FDOLEUDWLRQ WKH UHVW PD\ EH EDVHG RQ PHDVXUHPHQWV ZKLOVW ,1&$3 KDV DURXQG 
XQPHDVXUDEOH SDUDPHWHUV 'HVSLWH VXEVWDQWLDOO\ VLPSOHU SURFHVVUHSUHVHQWDWLRQ 6LPSO\3
SHUIRUPHGFRPSDUDEO\WR,1&$3LQERWKFDOLEUDWLRQDQGYDOLGDWLRQDQGSURGXFHGVLPLODUORQJ
WHUPSURMHFWLRQVLQUHVSRQVHWRFKDQJHVLQODQGPDQDJHPHQW5HVXOWVVXSSRUWWKHK\SRWKHVLVWKDW
,1&$3 LV RYHUO\ FRPSOH[ IRU WKH VWXG\ FDWFKPHQW :H KRSH RXU ILQGLQJV ZLOO KHOS SURPSW
ZLGHU PRGHO FRPSDULVRQ H[HUFLVHV DV ZHOO DV GHEDWH DPRQJVW WKH ZDWHU TXDOLW\ PRGHOOLQJ
FRPPXQLW\DV WR ZKHWKHU WRGD\¶V PRGHOVDUHILWIRUSXUSRVH6LPSOHU PRGHOVVXFKDV6LPSO\3
KDYHWKHSRWHQWLDOWREHXVHIXOPDQDJHPHQWDQGUHVHDUFKWRROVEXLOGLQJEORFNVIRUIXWXUHPRGHO
GHYHORSPHQW SURWRW\SH FRGH LV IUHHO\ DYDLODEOH  RU EHQFKPDUNV DJDLQVW ZKLFK PRUH FRPSOH[
PRGHOVFRXOGEHHYDOXDWHG















'\QDPLF SURFHVVEDVHG LQWHJUDWHG FDWFKPHQW PRGHOV DUH GHVLJQHG WR UHSUHVHQW WKH
SURFHVVHVJRYHUQLQJFDWFKPHQWK\GURORJ\DQGZDWHUTXDOLW\DQGPD\WKHUHIRUHEHXVHIXOWRROV
IRUFDWFKPHQWPDQDJHPHQW0RGHOVFDQEHXVHGIRUH[DPSOHWRLQWHUSRODWHVSDUVHPRQLWRULQJ
GDWDWRKLJKOLJKWNQRZOHGJHDQGGDWDJDSVDQGKHOSGHVLJQPRQLWRULQJVWUDWHJLHVDVZHOODVWR
SURYLGH HYLGHQFH WR VXSSRUW GHFLVLRQ PDNLQJ ,QWHJUDWHG FDWFKPHQW PRGHOV DUH LQFUHDVLQJO\
FDOOHGXSRQIRUH[DPSOHWRH[SORUHSRWHQWLDOIXWXUHZDWHUTXDOLW\XQGHUVFHQDULRVRIFKDQJLQJ
PDQDJHPHQW ODQG XVH DQG FOLPDWH RIWHQ DV SDUW RI ZLGHU LQWHJUDWHG PRGHOOLQJ IUDPHZRUNV
-DNHPDQ   /HWFKHU  0DUWLQ2UWHJD et al.   $V D UHVXOW PDQ\ FDWFKPHQWVFDOH
QXWULHQWDQGVHGLPHQWPRGHOVKDYHEHHQGHYHORSHGGXULQJWKHODVWIHZGHFDGHV















,Q D UHFHQW UHYLHZ :HOOHQ et al.   IRXQG WKDW WKH PDMRULW\ RI UHFHQW QXWULHQW
PRGHOOLQJVWXGLHVXVHGMXVWILYHPRGHOV6:$7 $UQROG )RKUHU$UQROG et al. 
,1&$ :DGH et al.  :DGH et al. :KLWHKHDG et al.   $QQ$*136 %LQJHU 
7KHXUHU<RXQJ et al. +63) %LFNQHOO et al.'RQLJLDQ-U et al. DQG
+%9 QRZ VXSHUVHGHG E\ +<3( /LQGVWU|P et al.   7KHVH PRGHOV DUH VHPLGLVWULEXWHG
PDVV EDODQFH PRGHOV ZKLFK VLPXODWH WKH GDLO\ G\QDPLFV RI QXWULHQW WUDQVSRUW LQ FDWFKPHQWV
$OWKRXJKWKHPRGHOVGLIIHULQWKHLUVWUXFWXUHVHDFKUHTXLUHVRQWKHRUGHURI!WRVRIXVHU
VXSSOLHG SDUDPHWHUV IRU K\GURORJ\ VHGLPHQW DQG SKRVSKRUXV 3  VLPXODWLRQV WR EH SHUIRUPHG
0DQ\ RI WKHVH FDQQRW EH PHDVXUHG GLUHFWO\ DQG DUH KLJKO\ XQFHUWDLQ DQG WKHLU YDOXHV PXVW
WKHUHIRUHEHGHWHUPLQHGE\FDOLEUDWLQJWKHPRGHOWRREVHUYDWLRQV,QPRVWFDWFKPHQWVFDOLEUDWLRQ
LVFDUULHGRXWXVLQJHQGRISLSHPHDVXUHPHQWVRIGLVFKDUJHDQGZDWHUFKHPLVWU\WKHODWWHURIWHQ
RQO\ VDPSOHG LQIUHTXHQWO\ 3UHYLRXV DQDO\VHV KDYH VXJJHVWHG WKDW WKHUH LV RQO\ HQRXJK
LQIRUPDWLRQLQGLVFKDUJHGDWDWRFRQVWUDLQDVPDOOQXPEHU  RIK\GURORJ\PRGHOSDUDPHWHUV

,QWURGXFWLRQ
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GXULQJ FDOLEUDWLRQ -DNHPDQ   +RUQEHUJHU   DQG LW VHHPV XQOLNHO\ WKDW LQVWUHDP
FRQFHQWUDWLRQ GDWD ZLOO SURYLGH HQRXJK DGGLWLRQDO LQIRUPDWLRQ IRU WHQV RU HYHQ KXQGUHGV RI
DGGLWLRQDOSDUDPHWHUVWREHFRQVWUDLQHG .LUFKQHU 2YHUDOOWKHUHLVDJURZLQJDZDUHQHVV
WKDWJLYHQGDWDDQGSURFHVVNQRZOHGJHOLPLWDWLRQVFXUUHQWFDWFKPHQWZDWHUTXDOLW\PRGHOVDUH
RYHUO\FRPSOH[ DQG WKHUH LV D QHHG IRU PRUH SDUVLPRQLRXV PRGHOV WKDW FDSWXUH WKH GRPLQDQW
PRGHV RI EHKDYLRU DW WKH VFDOH RI LQWHUHVW -DFNVRQ%ODNH   6WDUUIHOW  -DNHPDQ et al.
.LUFKQHU.UXHJHU et al.5DGFOLIIH et al. ([DPSOHVRIVRPHRIWKHQHZ
VLPSOHUG\QDPLFQXWULHQWPRGHOVEHLQJGHYHORSHGLQFOXGHWKH5DLQIDOO5XQRII3KRVSKRUXVPRGHO
+DKQ et al.9DQ0HWHU %DVX ZKLFKIRFXVHVRQLGHQWLI\LQJFULWLFDOVRXUFHDUHDV
DQG VLPXODWLQJ GLVFKDUJH DQG VROXEOH UHDFWLYH SKRVSKRUXV 653  FRQFHQWUDWLRQ LQ JUDVVODQG
FDWFKPHQWVDQGDQDQDO\WLFDOPRGHOIRUTXDQWLI\LQJWLPHODJVEHWZHHQLPSOHPHQWLQJPHDVXUHV
DQGVHHLQJUHGXFWLRQVLQVXUIDFHZDWHUQLWUDWHFRQFHQWUDWLRQV 9DQ0HWHU %DVX 7KHVH
PRGHOVDUHUHODWLYHO\OLPLWHGLQWKHLUDLPVDQGVFRSHDQGWKHUHLVDQHHGWRDVVHVVWRZKDWH[WHQW
WKH DLPV RI PRUH FRPSOH[ PRGHOV OLNH ,1&$ DQG 6:$7 ZKLFK DWWHPSW WR VLPXODWH D ZLGHU
UDQJHRIQXWULHQWVSHFLHVDQGSURFHVVHVFRXOGEHDFKLHYHGXVLQJVLPSOHUPRGHOOLQJDSSURDFKHV
























7KHUHDUHVRXQGWKHRUHWLFDOUHDVRQVIRUZK\VLPSOHUPRGHOVVKRXOGEHFKRVHQRYHUPRUH
FRPSOH[RQHV VHHHJ0DF.D\&KDSWHU :LWKRYHUSDUDPHWHUL]HGPRGHOVGLIIHUHQW
SDUDPHWHUVHWVZLOOJLYHDOPRVWLGHQWLFDOILWVWRWKHFDOLEUDWLRQGDWD HJ%HYHQ %LQOH\ 
DQG\HWPD\\LHOGYHU\GLIIHUHQWSUHGLFWLRQVRIKRZWKHV\VWHPZLOOEHKDYHDVFRQGLWLRQVFKDQJH
DQGFDQWKHUHIRUHSHUIRUPSRRUO\LQYDOLGDWLRQ 6HLEHUW 0RGHOFRPSOH[LW\RIWHQWKHUHIRUH
WXUQVRXWWREHXQMXVWLILHGLQSUDFWLFH HJ3HUULQ et al. 7KHUHDUHUHODWHGSUDFWLFDOUHDVRQV
IRUFKRRVLQJVLPSOHUPRGHOV)LUVWO\RYHUFRPSOH[LW\OHDGVWRGLIILFXOWLHVLQXVLQJWKHPRGHOWR
WHVWK\SRWKHVHVDERXWWKHGRPLQDQWSURFHVVHVRSHUDWLQJZLWKLQDFDWFKPHQWDVWKHUHDOSURFHVVHV
PD\EH PDVNHGE\WRRPXFKIOH[LELOLW\LQWURGXFHGE\XQQHFHVVDU\SDUDPHWHUV -DNHPDQ et al.
.LUFKQHU 6HFRQGO\ODUJHSDUDPHWHUVSDFHVOHDGWRGLIILFXOWLHVLQPRGHOFDOLEUDWLRQ
EHFDXVHRISDUDPHWHUQRQLGHQWLILDELOLW\ZKHWKHUGXHWRVWUXFWXUDORUSUDFWLFDOQRQLGHQWLILDELOLW\
DV GHILQHG LQ 5DXH et al.   7KHUH DUH WKHQ UHODWHG SUREOHPV ZLWK DXWRFDOLEUDWLRQ
VHQVLWLYLW\ DQG XQFHUWDLQW\ DQDO\VHV DV WKH SDUDPHWHU VSDFH LQFUHDVHV H[SRQHQWLDOO\ ZLWK WKH
QXPEHURISDUDPHWHUVHYHQWXDOO\EHFRPLQJWRRODUJHWREHVHDUFKHGZLWKLQUHDOLVWLFWLPHIUDPHV
8QFHUWDLQW\DQDO\VHVDUHEHFRPLQJDSUHUHTXLVLWHIRUPRGHODSSOLFDWLRQV\HWDVRQO\VXEVHWVRI
WKHSDUDPHWHUVSDFHRIPRUHFRPSOH[PRGHOVFDQEHVHDUFKHGWKHVHDQDO\VHVEHFRPHVRPHZKDW
VXEMHFWLYHDQGLQFRPSOHWH -DFNVRQ%ODNH 6WDUUIHOW3DSSHQEHUJHU et al. DQGWKH
PHDQLQJIXOQHVV RI HVWLPDWHG XQFHUWDLQW\ LQWHUYDOV LV RIWHQ TXHVWLRQDEOH )LQDOO\ DV PRGHOV
EHFRPH PRUH FRPSOH[ WKH\ EHFRPH PRUH WLPHFRQVXPLQJ WR VHW XS DQG UHTXLUH ODUJHU
FDOLEUDWLRQ DQG HYDOXDWLRQ GDWDVHWV LQFUHDVLQJ WKH ILQDQFLDO EXUGHQ DVVRFLDWHG ZLWK PRGHO
DSSOLFDWLRQV DQG OLPLWLQJ WKH VL]H RI WKH XVHU JURXS 8OWLPDWHO\ RYHUFRPSOH[LW\ WKHUHIRUH
UHGXFHVDPRGHO¶VXVHIXOQHVVIRUVXSSRUWLQJUHVHDUFKDQGUHDOZRUOGGHFLVLRQPDNLQJ









6LPSOLFLW\VKRXOGQRWEHDJRDOLQLWVHOI±WKHXOWLPDWHWHVWRIDPRGHOLVKRZZHOOLWFDQ
VLPXODWHWKHV\VWHPRILQWHUHVWXVXDOO\DVVHVVHGWKURXJKYDOLGDWLRQ7KHUHODWLYHSHUIRUPDQFHRI
GLIIHUHQW PRGHO VWUXFWXUHV LQ YDOLGDWLRQ GHSHQGV WR VRPH H[WHQW RQ GDWD DYDLODELOLW\ ± PRUH
GHWDLOHGGDWDSHUPLWPRUHULJRURXVWHVWLQJSRWHQWLDOO\DOORZLQJLGHQWLILFDWLRQRI PRUHFRPSOH[
PRGHOVWUXFWXUHV+RZHYHULQDSSOLFDWLRQVZKHUHWKHGDWDDYDLODEOHIRUFDOLEUDWLRQDQGYDOLGDWLRQ
DUH ³VSDUVH´ XVXDOO\ WKH FDVH IRU FDWFKPHQW VLPXODWLRQV HYHQ LQ ZHOOVWXGLHG FDWFKPHQWV 
VLPSOHUPRGHOVPD\EHH[SHFWHGWRSHUIRUPMXVWDVZHOODVFRPSOH[RQHV
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7KH K\SRWKHVLV GULYLQJ WKLV VWXG\ LV WKHUHIRUH WKDW WKH PRVW SRSXODU FDWFKPHQWVFDOH
G\QDPLFZDWHUTXDOLW\PRGHOVDUHXQQHFHVVDULO\FRPSOH[7HVWLQJWKLVK\SRWKHVLVZLOOUHTXLUHD
FRQFHUWHGHIIRUWIURPPDQ\PRGHOOLQJJURXSVZLWKFRPSDUDWLYHVWXGLHVRIDUDQJHRIGLIIHUHQW
PRGHOVWUXFWXUHVLQDZLGHYDULHW\RIFDWFKPHQWV,QWKLVVWXG\ZHEHJLQWKLVPRGHOHYDOXDWLRQ
SURFHVV ZLWK WKH FRPSDULVRQ RI RQH SRSXODU DQG UHSUHVHQWDWLYH ZDWHU TXDOLW\ PRGHO ,1&$3
DQGDQHZO\GHYHORSHGSDUVLPRQLRXVFDWFKPHQWSKRVSKRUXVPRGHO6LPSO\37KHFRPSDULVRQLV
FDUULHGRXWLQDUXUDO6FRWWLVKFDWFKPHQWZKLFKFRQWDLQVWKHPDMRULW\RIODQGXVHVDQG3UHODWHG
SURFHVVHV IRXQG LQ WHPSHUDWH UXUDO UHJLRQV VR UHVXOWV DUH OLNHO\ WR EH DSSOLFDEOH PRUH ZLGHO\
2XU K\SRWKHVLV LV WKDW ,1&$3 LV RYHUO\FRPSOH[ IRU WKH FDWFKPHQW LQ ZKLFK FDVH ZH ZRXOG
H[SHFWVLPLODUPRGHOSHUIRUPDQFHVNLOOPHWULFVIURP,1&$3DQG6LPSO\3




















0RGHO DSSOLFDWLRQV ZHUH FDUULHG RXW LQ WKH 7DUODQG %XUQ FDWFKPHQW XSVWUHDP RI WKH
-DPHV+XWWRQ,QVWLWXWHPRQLWRULQJSRLQWDW&RXOO NP 7KH7DUODQGLVDUXUDOVXEFDWFKPHQW
RI WKH 5LYHU 'HH LQ QRUWKHDVW 6FRWODQG /DQG XVH LV D PL[WXUH RI DJULFXOWXUH SULPDULO\ VSULQJ
EDUOH\LPSURYHGJUDVVODQGDQGURXJKJUD]LQJ XSODQGKHDWKDQGIRUHVWU\+XPXVLURQSRG]ROV
DQG EURZQ IRUHVW VRLOV WHQG WR EH DVVRFLDWHG ZLWK DJULFXOWXUDO ODQG ZLWK SHDW\ SRG]ROV XQGHU
VHPLQDWXUDO ODQG RQ WKH KLOOV IULQJLQJ WKH FDWFKPHQW 7KH PDLQ VHWWOHPHQW LV WKH YLOODJH RI
7DUODQGZKLFKKDVDVPDOOZDVWHZDWHUWUHDWPHQWZRUNV DURXQGSHRSOH VHSWLFWDQNVVHUYH
WKHUHPDLQGHURIWKHFDWFKPHQW VHYHUDOKXQGUHGSHRSOH :DWHUTXDOLW\LVRIFRQFHUQSULPDULO\
GXHWRLQSXWVRIQXWULHQWVDQGVHGLPHQWVIURPDJULFXOWXUH7KH7DUODQG%XUQLVWKHPRVWXSVWUHDP
WULEXWDU\RIWKHHFRORJLFDOO\VHQVLWLYH5LYHU'HHWRKDYHLPSDLUHGZDWHUTXDOLW\DQGZRUNVKDYH
WKHUHIRUH EHHQ XQGHUZD\ GXULQJ WKH ODVW GHFDGH WR UHGXFH VHGLPHQW DQG QXWULHQW LQSXWV WR WKH
ZDWHU FRXUVH %HUJIXU et al.   'XULQJ WKH  SHULRG WKH FDWFKPHQW KDG D PHDQ
DQQXDOUDLQIDOORIPPDPHDQDQQXDOUXQRIIRIPP\UDQGPHGLDQWRWDOGLVVROYHG3
7'3 DQGWRWDO3 73 FRQFHQWUDWLRQVRIDQGJOUHVSHFWLYHO\





0RGHOOLQJDSSURDFK





,1&$3














,1&$3 LV D SURFHVVEDVHG VHPLGLVWULEXWHG FDWFKPHQW PRGHO IRU VLPXODWLQJ WKH GDLO\
WUDQVSRUW RI VHGLPHQW GLVVROYHG DQG SDUWLFXODWH 3 IURP FDWFKPHQWV WR VWUHDPV DV ZHOO DV
VXEVHTXHQWLQVWUHDPWUDQVSRUWDQGSURFHVVLQJ,WLVVLPLODUWRRWKHUSRSXODUZDWHUTXDOLW\PRGHOV
LQWHUPVRILWVVWUXFWXUHDQGWKHQXPEHURISURFHVVHVDQGSDUDPHWHUVLWLQFOXGHVDQGLVWKHUHIRUH
UHSUHVHQWDWLYH RI WKH FXUUHQW G\QDPLF SKRVSKRUXV PRGHOV LQ SRSXODU XVDJH 'XULQJ WKH ODVW
GHFDGH,1&$3KDVEHHQDSSOLHGWRDYDULHW\RIFDWFKPHQWVWKURXJKRXW(XURSH HJ&RXWXUH et
al.0DUWLQ2UWHJD et al.:DGH et al.:KLWHKHDG et al. &DQDGD HJ
&URVVPDQ et al. DQG,QGLD -LQ et al. WRH[SORUHKRZ3G\QDPLFVPD\UHVSRQGWR
FKDQJHVLQODQGPDQDJHPHQWDQGFOLPDWH7KHPRGHOZDVRULJLQDOO\GHYHORSHGLQWKHHDUO\V
:DGH et al. DQGKDVVLQFHXQGHUJRQHVHYHUDOSKDVHVRIUHGHYHORSPHQW7KHPRVWUHFHQW
PRGHOGHVFULSWLRQLVJLYHQLQ-DFNVRQ%ODNH et al.  DQGRQO\DEULHIGHVFULSWLRQLVJLYHQ
KHUH,QWKLVVWXG\ZHXVHG,1&$3YHUVLRQ






,1&$3 UHTXLUHV LQSXW WLPH VHULHV RI DLU WHPSHUDWXUH SUHFLSLWDWLRQ K\GURORJLFDOO\
HIIHFWLYHUDLQIDOO +(5WKHZDWHUIURPSUHFLSLWDWLRQDQGVQRZPHOWZKLFKFRQWULEXWHVWRUXQRII 
DQG VRLO PRLVWXUH GHILFLW 60' WKH GLIIHUHQFH EHWZHHQ WKH VRLO PRLVWXUH FRQWHQW DQG ILHOG
FDSDFLW\ +(5DQG60'DUHGHULYHGIURPDQH[WHUQDOK\GURORJ\PRGHO

6WXG\DUHD
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:LWKLQ,1&$3ZDWHULVGHOLYHUHGWRWKHZDWHUFRXUVHYLDWKUHHIORZSDWKVTXLFNIORZ
ZKLFK DFFRXQWV IRU RYHUODQG IORZ DQG RWKHU UDSLG IORZ SDWKZD\V VRLO ZDWHU IORZ DQG
JURXQGZDWHU IORZ 4XLFN IORZ LV JHQHUDWHG WKURXJK LQILOWUDWLRQ DQG VDWXUDWLRQ H[FHVV RYHUODQG
IORZVRLOZDWHUIORZLVJHQHUDWHGE\+(5DQGJURXQGZDWHUIORZLVGHULYHGIURPVRLOZDWHUIORZ
YLDSHUFRODWLRQ$OOIORZVWUDQVSRUWGLVVROYHG3 DV7'3 ZKLOVWVHGLPHQWDQGSDUWLFXODWH3 33 
DUHRQO\WUDQVSRUWHGYLDTXLFNIORZ:LWKLQWKHWHUUHVWULDOFRPSDUWPHQW3LVSUHVHQWLQWKHVRLODV
VROLG ODELOH RU LQDFWLYH VRLO 3 RU DV GLVVROYHG 3 LQ VRLO ZDWHU :LWKLQ WKH VRLO ZDWHU DQG
JURXQGZDWHU 7'3 FRQFHQWUDWLRQV DUH FRQWUROOHG E\ VRUSWLRQ HTXLOLEULD 7HUUHVWULDO 3 LQSXWV
LQFOXGHVROLGDQGOLTXLGIHUWLOL]HUPDQXUHDQGDWPRVSKHULFGHSRVLWLRQWKHPDMRUWHUUHVWULDOVLQNV
DUH SODQW XSWDNH DQG DGVRUSWLRQ 7KH UDWHV RI SODQW XSWDNH ZHDWKHULQJ DQG LPPRELOL]DWLRQ DUH
GHSHQGHQW RQ WHPSHUDWXUH ZKLOVW SODQW XSWDNH LV DOVR GHSHQGHQW RQ VRLO PRLVWXUH DQG VHDVRQ
6HGLPHQWGHOLYHU\WRWKHVWUHDPXVHVHTXDWLRQVIURP,1&$VHG -DUULWW /DZUHQFH/D]DU
et al.   LQFOXGLQJ SURFHVV UHSUHVHQWDWLRQV IRU VSODVK GHWDFKPHQW IORZ HURVLRQ DQG WKH
WUDQVSRUW FDSDFLW\ RI TXLFN IORZ 33 LV DVVRFLDWHG ZLWK VHGLPHQW DQG WKHUHIRUH DIIHFWHG E\ WKH
VDPH SURFHVVHV ,QVWUHDP WKH PRGHO LQFOXGHV HIIOXHQW LQSXWV ZDWHU DEVWUDFWLRQV VHGLPHQW
VHWWOLQJ DQG UHVXVSHQVLRQ EDQN HURVLRQ 3 VRUSWLRQ UHDFWLRQV LQ WKH ZDWHU FROXPQ DQG LQ WKH
VWUHDPEHGDQGELRORJLFDOXSWDNHRI3IURPWKHZDWHUFROXPQDQGWKHVWUHDPEHG7RVLPXODWH
ELRORJLFDOXSWDNHWKHPRGHODOVRVLPXODWHVWKHG\QDPLFVRIHSLSK\WH DQG PDFURSK\WH ELRPDVV
ZLWKLQVWUHDPUHDFKHV





7KH UDWH RI FKDQJH LQ YROXPH RU PDVV RI PRGHO VWDWH YDULDEOHV ZLWK UHVSHFW WR WLPH LV
GHVFULEHG E\ D VHULHV RI RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV 2'(V  VROYHG ZLWKLQ HDFK WLPH VWHS
XVLQJDQDGDSWLYHWKRUGHU5XQJH.XWWH0HUVRQPHWKRG










$QHZVLPSOHK\GURORJ\VHGLPHQWDQGSKRVSKRUXVPRGHO6LPSO\3ZDVGHYHORSHGIRU
FRPSDULVRQ WR ,1&$3 $ IXOO GHVFULSWLRQ RI 6LPSO\3 PRGHO VWUXFWXUH HTXDWLRQV QXPHULFDO
PHWKRGVDQGSULRULWLHVIRUIXWXUHPRGHOGHYHORSPHQWLVJLYHQLQWKHVXSSOHPHQWDU\LQIRUPDWLRQ
6,7H[W DQGRQO\DEULHIGHVFULSWLRQLVSURYLGHGEHORZ


















$ IXOO GHVFULSWLRQ RI PRGHO DLPV DQG VFRSH LV JLYHQ LQ 6, 6HFWLRQ  %ULHIO\ WKH
GHYHORSPHQW RI 6LPSO\3 ZDV PRWLYDWHG E\ UHVXOWV RI VHYHUDO VWXGLHV HYDOXDWLQJ ,1&$3
-DFNVRQ%ODNH et al.-DFNVRQ%ODNH 6WDUUIHOW-DFNVRQ%ODNH et al. 7KHVH
SURYLGHG UHFRPPHQGDWLRQV IRU PRGHO LPSURYHPHQWV VRPH RI ZKLFK ZHUH LQFRUSRUDWHG LQWR
,1&$3 YHUVLRQ  RQZDUGV  +RZHYHU RQH RI WKH PDLQ UHFRPPHQGDWLRQV ZDV IRU PRGHO
VLPSOLILFDWLRQ :KLOVW D FHUWDLQ DPRXQW RI VLPSOLILFDWLRQ FDQ EH DFKLHYHG WKURXJK
SDUDPHWHUL]DWLRQWKLVUHTXLUHVDKLJKOHYHORIIDPLOLDULW\ZLWKWKHPRGHOLVWLPHFRQVXPLQJDQG
SURQHWRHUURUVDQGWKHUHDUHOLPLWVWRWKHDPRXQWRIVLPSOLILFDWLRQWKDWFDQEHDFKLHYHG7KHDLP
KHUHZDVWKHUHIRUHWRFDUU\RXWDPRUHVXEVWDQWLDOSURFHVVRIVLPSOLILFDWLRQZKLOVWPDLQWDLQLQJ
VXIILFLHQW FRPSOH[LW\ IRU WKH PRGHO WR EH XVHIXO LQ K\SRWKHVLV DQG VFHQDULR WHVWLQJ 6LPSO\3
UHWDLQV D QXPEHU RI VLPLODULWLHV ZLWK ,1&$3 6HFWLRQ   2WKHU DUHDV RI WKH PRGHO ZHUH
LQVSLUHGE\H[SHULHQFHVLQDSSO\LQJ,1&$3E\DVVXPSWLRQVXVHGLQRWKHUZDWHUTXDOLW\PRGHOV
RU E\ ZHOOHVWDEOLVKHG SURFHVV XQGHUVWDQGLQJ $ SDUWLFXODU GHVLJQ DLP ZDV IRU WKH SURFHVV
UHSUHVHQWDWLRQWREHVLPSOHHQRXJKWRDOORZSDUDPHWHUYDOXHVWREHFRQVWUDLQHGXVLQJDYDLODEOH
GDWDE\ERWKNHHSLQJWKHQXPEHURISDUDPHWHUVUHTXLULQJFDOLEUDWLRQWRDPLQLPXPDQGDLPLQJ
IRUDVPDQ\SDUDPHWHUVDVSRVVLEOHWREHLQSULQFLSOHPHDVXUDEOH

6LPSO\3
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/LNH,1&$3DQGRWKHUSRSXODUPHFKDQLVWLFZDWHUTXDOLW\PRGHOV6LPSO\3LVG\QDPLF
ZLWKDGDLO\WLPHVWHSDQGLVVSDWLDOO\VHPLGLVWULEXWHGVRWKHFDWFKPHQWPD\EHVSOLWLQWRVXE
FDWFKPHQWVDQGDVVRFLDWHGUHDFKHV7KHPRGHOLVUXQIRUHDFKVXEFDWFKPHQWLQWXUQDQGRXWSXWV
IURPHDFKUHDFKDUHIHGLQWRWKHPDLQVWHPVHTXHQWLDOO\GRZQVWUHDP/DQGPD\EHIXUWKHUVXE
GLYLGHGEDVHGRQVLPSOHµODQGFODVVHV¶IRUGLVVROYHG3SURFHVVHVWZRFODVVHVDUHFRQVLGHUHGD
µKLJK 3¶ DQG D µORZ 3¶ FODVV /DQG ZLWKLQ D JLYHQ FODVV VKRXOG KDYH D VLPLODU JURVV DQQXDO 3
EDODQFHVRLO3FRQWHQWDQGK\GURORJLFDOFKDUDFWHULVWLFVLQDW\SLFDOUXUDOFDWFKPHQWWKHKLJK3
FODVVFRXOGLQFOXGHIHUWLOL]HGJUDVVODQGDQGDUDEOHODQGZLWKHYHU\WKLQJHOVHDVVLJQHGWRWKHORZ
3FODVV)RUVHGLPHQWDQGSDUWLFXODWH3SURFHVVHVWKHKLJK3FODVVPD\EHVXEGLYLGHGWRDFFRXQW
IRUGLIIHUHQFHVLQHURGLELOLW\ HJLPSURYHGJUDVVODQGYHUVXVDUDEOHODQG )LQDOO\LIDUDEOHODQG
LVSUHVHQWWKHSURSRUWLRQRIVSULQJYHUVXVDXWXPQVRZQFURSVPD\EHWDNHQLQWRDFFRXQWDORQJ
ZLWKWKHYDULDWLRQLQVRLOHURGLELOLW\WKURXJKWLPH)RUFRQYHQLHQFHWKHUHLVDOVRWKHSRVVLELOLW\RI
DµQHZO\FRQYHUWHG¶ODQGFODVVWRWDNHLQWRDFFRXQWOHJDF\VRLO3ZKHQDJULFXOWXUDOODQGEHFRPHV
GLVXVHGRUWKHODFNRIOHJDF\VRLO3LQQHZDJULFXOWXUDOODQG VHH6,6HFWLRQ 

















$ IXOO GHVFULSWLRQ RI 6LPSO\3 PRGHO SURFHVVHV LV JLYHQ LQ 6, 6HFWLRQ  ,Q EULHI WKH
IROORZLQJ VHWV RI SURFHVVHV DUH LQFOXGHG VQRZ DFFXPXODWLRQ DQG PHOW 6, 6HFWLRQ  
UDLQIDOOUXQRII 6, 6HFWLRQ   LQVWUHDP K\GURORJ\ 6, 6HFWLRQ   VHGLPHQW GHOLYHU\ WR
WKH ZDWHUFRXUVH DQG LQVWUHDP WUDQVSRUW 6, 6HFWLRQ   DQG WHUUHVWULDO DQG LQVWUHDP 3
SURFHVVHV 6,6HFWLRQ $VXPPDU\RIWKHPDLQVWRUHVDQGIOX[HVRIZDWHUVHGLPHQWDQG3LV
SURYLGHG LQ )LJXUH  7KUHH WHUUHVWULDO IORZ SDWKV DUH WDNHQ LQWR DFFRXQW   4XLFN IORZ WR
VLPXODWHLQSXWVWRWKHZDWHUFRXUVHGXULQJODUJHUUDLQIDOOHYHQWVDQGZKHQVRLOVDUHGU\DQGOLWWOH
VRLO ZDWHU IORZ RFFXUV 7KLV ZDV VLPSO\ FDOFXODWHG E\ DVVXPLQJ TXLFN IORZ LV SURSRUWLRQDO WR
LQFRPLQJ SUHFLSLWDWLRQ DQG LV URXWHG LQVWDQWDQHRXVO\ WR WKH VWUHDP   6RLO ZDWHU IORZ
UHVSRQVLEOHIRU7'3OHDFKLQJIURPVRLOVDQGJURXQGZDWHUUHFKDUJH,QSXWVWRWKHVRLOZDWHUDUH
IURPUDLQIDOODQGVQRZPHOWRXWSXWVDUHWKURXJKHYDSRWUDQVSLUDWLRQDQGVRLOZDWHUIORZDQGVRLO
ZDWHU IORZ LV DVVXPHG WR RQO\ RFFXU RQFH WKH VRLO ZDWHU FRQWHQW LV DERYH ILHOG FDSDFLW\  
*URXQGZDWHU IORZ LPSRUWDQW IRU FRQWUROOLQJ EDVHIORZ 7'3 FRQFHQWUDWLRQV *URXQGZDWHU
UHFKDUJHRFFXUVWKURXJKSHUFRODWLRQIURPWKHVRLOZDWHU,QVWUHDPUHDFKYROXPHDQGGLVFKDUJH
DUHWKHQHVWLPDWHG





6HGLPHQWSURFHVVHVDUHUHSUHVHQWHGLQDKLJKO\VLPSOLILHGPDQQHU VHH6,6HFWLRQIRU
GHWDLOV  %ULHIO\ LQVWUHDP VXVSHQGHG VHGLPHQW 66  FRQFHQWUDWLRQ KDV ORQJ EHHQ NQRZQ WR EH
ZHOOH[SODLQHGE\DVLPSOHSRZHUODZZLWKLQVWUHDPGLVFKDUJH %DJQROG DV
66 (VXV4UN

>@









ZKHUHQrLVLQVWUHDPGLVFKDUJHDQGEsusDQGkDUHFRQVWDQWV &ROE\ 7KLVVLPSOH
SRZHUODZLVWDNHQDVWKHEDVLVIRUSUHGLFWLQJWKHFRPELQHGVHGLPHQWLQSXWVWRWKHVWUHDPUHDFK
IURP ERWK WKH ODQG SKDVH DQG LQVWUHDP HQWUDLQPHQW 7KH Esus SDUDPHWHU LV GLYLGHG LQWR D
FDOLEUDWHGVFDOLQJIDFWRUDQGDQXPEHURIIDFWRUVZKLFKDUHNQRZQWRDIIHFWWHUUHVWULDOVHGLPHQW
GHOLYHU\ DQG LQVWUHDP HQWUDLQPHQW UDWHV VXFK DV VXEFDWFKPHQW DQG FKDQQHO VORSH DQG ODQG
FRYHU7KHODQGFRYHUIDFWRUPD\EHYDULHGWKURXJKRXWWKH\HDUWRWDNHLQWRDFFRXQWSHULRGVRI
KLJKHUVRLOHURGLELOLW\ :DWVRQ (YDQV 






3LVUHSUHVHQWHGLQWKHVRLOLQWKUHHIRUPV7'3LQWKHVRLOZDWHUODELOHVRLO3DQGLQDFWLYH
VRLO37KHPDVVHVRIGLVVROYHGDQGODELOHVRLO3FKDQJHWKURXJKWLPHZKLOVWWKHPDVVRILQDFWLYH
VRLO3LVFRQVWDQW/DELOHVRLO3DQG7'3DUHDVVXPHGWREHLQHTXLOLEULXPUHODWHGYLDDOLQHDU
UHODWLRQVKLS 0F&UD\ et al. $QXPEHURIDVVXPSWLRQVDUHPDGHWRKHOSSDUDPHWHUL]HWKLV
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UHODWLRQVKLSHJLWLVDVVXPHGWKDWWKHLQDFWLYHVRLO3FRQWHQWLVWKHVDPHLQWKHKLJKDQGORZ3
FODVVHV DQG WKDW WKH ORZ 3 FODVV GRHV QRW FRQWDLQ ODELOH VRLO 3 DQG KDV VRLO ZDWHU 7'3
FRQFHQWUDWLRQV DURXQG ]HUR 7KH GLIIHUHQFH LQ WRWDO VRLO 3 FRQWHQW EHWZHHQ WKH WZR FODVVHV LV
WKHUHIRUH DOO SRWHQWLDOO\ ODELOH 3 LQ WKH KLJK 3 FODVV EXLOW XS GXULQJ IHUWLOL]HU DQG PDQXUH
DGGLWLRQV IRU D GLVFXVVLRQ RI WKH LVVXHV UHODWLQJ WR LQFRUSRUDWLQJ DJURQRPLF VRLO WHVW 3
PHDVXUHPHQWV LQWR WKH PRGHO VHH 6, 6HFWLRQ H  ,QLWLDO VRLO ZDWHU 7'3 FRQFHQWUDWLRQ LV
FDOLEUDWHGZLWKLQSODXVLEOHUDQJHVDQGXVHGWRFDOFXODWHDJUDGLHQWIRUWKHODELOH3YHUVXV7'3
UHODWLRQVKLS ZKLFK FDQ WKHQ EH XVHG WR UHODWH VRLO ODELOH 3 DQG 7'3 FRQFHQWUDWLRQ RXWVLGH WKH
FDOLEUDWLRQSHULRG VHH6,6HFWLRQ )HUWLOL]HUPDQXUHDQGSODQWXSWDNHIOX[HVDUHJURXSHG
WRJHWKHU LQWR D VLQJOH JURVV DQQXDO 3 EDODQFH SDUDPHWHU ZKLFK LV WKHQ HYHQO\ DSSOLHG RU
VXEWUDFWHG RYHU WKH FRXUVH RI WKH \HDU 7KLV UHSUHVHQWDWLRQ RI VRLO 3 SURFHVVHV LV KLJKO\
VLPSOLILHG ,Q UHDOLW\ VRLO 3 LV SUHVHQW LQ D FRQWLQXXP RI LQWHUOLQNHG VWDWHV RI YDU\LQJ
H[WUDFWDELOLW\ DQG K\VWHUHVLV HIIHFWV DUH FRPPRQ LQ 3 WUDQVIHUV EHWZHHQ VWDWHV +RZHYHU WKH
XQGHUVWDQGLQJRIKRZGHWDLOHGVRLOFKHPLFDOSURFHVVHVXSVFDOHWRWKHFDWFKPHQWVFDOHLVDUJXDEO\
QRW\HWDGYDQFHGHQRXJKWREHXVHIXOO\LQFRUSRUDWHGLQWRDFDWFKPHQWVFDOHPRGHO











4XLFN IORZ 7'3 FRQFHQWUDWLRQ LV DVVXPHG WR EH WKH VDPH DV VRLO ZDWHU 7'3
FRQFHQWUDWLRQ *URXQGZDWHU 7'3 FRQFHQWUDWLRQ LV VHW DV D FRQVWDQW JLYHQ JHQHUDOO\ KLJK 3
VRUSWLRQFDSDFLWLHVLQDQGEHORZPLQHUDOVRLOKRUL]RQV7'3LVWKHQWUDQVSRUWHGWRWKHUHDFKYLD
DOO WKUHH WHUUHVWULDO IORZ SDWKZD\V ZKLOVW 33 G\QDPLFV DUH OLQNHG WR 66 G\QDPLFV WDNLQJ LQWR
DFFRXQW HQULFKPHQW RI 33 UHODWLYH WR SDUHQW PDWHULDO GXH WR WKH VHOHFWLYH WUDQVSRUW RI ILQHU
JUDLQHG PRUH 3ULFK PDWHULDO 6KDUSOH\   ,QFLGHQWDO 3 ORVVHV SRWHQWLDOO\ ODUJH 3 IOX[HV
ZDVKHG LQWR ZDWHUFRXUVHV ZKHQ UDLQIDOO HYHQWV FRLQFLGH ZLWK IUHVK IHUWLOL]HU DQG PDQXUH
DSSOLFDWLRQVDUHQRW\HWLQFOXGHGGXHWRGLIILFXOWLHVLQFDSWXULQJWKHKLJKVSDWLDODQGWHPSRUDO
YDULDELOLW\RIWKHVHHYHQWVDQGWKHUHODWLYHO\GHWDLOHGPDQDJHPHQWNQRZOHGJHUHTXLUHG









,QVWUHDPWKHPRGHORQO\LQFOXGHVWKHGLOXWLRQRIGLIIXVHDQGSRLQWVRXUFH3LQSXWVDQG
GRZQVWUHDPWUDQVSRUW7KLVVLPSOHIRUPXODWLRQDVVXPHVWKDWLQVWUHDPSURFHVVLQJLVLQDVWDWHRI
G\QDPLF HTXLOLEULXP LH LQVWUHDP VLQNV DQGVRXUFHVDUH EDODQFHG :KLOVW WKHUH LVLQVXIILFLHQW
GDWD WR VXJJHVW RWKHUZLVH LQ WKH VWXG\ FDWFKPHQW LW ZRXOG EH VWUDLJKWIRUZDUG WR DGG D VLPSOH
UHWHQWLRQ RU ORVV IDFWRU WR WKH PRGHO IRU FDWFKPHQWV ZKHUH LQVWUHDP UHWHQWLRQ LVWKRXJKW WR EH
LPSRUWDQWLQIRUPHGIRUH[DPSOHE\UHVXOWVRIODUJHVFDOHHPSLULFDOVWXGLHV HJ$OH[DQGHU et
al. 






7KH UDWH RI FKDQJH LQ YROXPH RU PDVV RI PRGHO VWDWH YDULDEOHV ZLWK UHVSHFW WR WLPH LV
GHVFULEHGE\DVHULHVRI2'(V7RUHGXFHHUURUVLQWURGXFHGE\QXPHULFDODSSUR[LPDWLRQVPRGHO
2'(V ZHUH IRUPXODWHG DV FRQWLQXRXV IXQFWLRQV DYRLGLQJ WKUHVKROGV DQG ZHUH VROYHG ZLWKLQ
HDFKWLPHVWHSXVLQJWKH/62'$VROYHU +LQGPDUVK  VHH6,6HFWLRQ 







6LPSO\3 UHTXLUHV LQSXW WLPH VHULHV RI GDLO\ SUHFLSLWDWLRQ DLU WHPSHUDWXUH DQG SRWHQWLDO
HYDSRWUDQVSLUDWLRQ 3(7 0RGHORXWSXWVLQFOXGHWLPHVHULHVRIGDLO\IOX[HVDQGIORZZHLJKWHG
GDLO\ PHDQ FRQFHQWUDWLRQV RI 7'3 33 DQG 66 DQG GDLO\ PHDQ IORZ 7KH VWDWH RI WKH LQWHUQDO
VWRUHVPD\DOVREHRXWSXW HJVQRZGHSWKYROXPHVDQGIORZVIURPWKHWZRZDWHUVWRUHVDQG3
PDVVHVLQWKHGLIIHUHQWVWRUHV 




6LPSO\3 Y PRGHO FRGH LV RSHQ VRXUFH DQG IUHHO\DYDLODEOH IRU GRZQORDG
KWWSVJLWKXEFRP/HDK-%6LPSO\3 6HH6,6HFWLRQIRUGHWDLOVDQGLQVWUXFWLRQV
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'DWDIRUPRGHOFDOLEUDWLRQDQGWHVWLQJ











'DWDIURPWKHFDWFKPHQWRXWIORZIURPWRZHUHXVHGIRUPRGHOFDOLEUDWLRQDQG
WHVWLQJ :HHNO\ FKHPLVWU\ VDPSOLQJ WRRN SODFH EHWZHHQ  DQG WKH HQG RI  ZLWK VRPH
GDLO\VDPSOLQJGXULQJUDLQIDOOHYHQWV'DLO\VDPSOHVZHUHFROOHFWHGEHWZHHQ)HEUXDU\DQG
-XQH  SURYLGLQJ  PRQWKV RI GDLO\ GDWD $IWHU -XQH  LQIUHTXHQW LUUHJXODU VDPSOLQJ
FRQWLQXHGIRUWKHUHVWRIWKHSHULRG0HDVXUHGSDUDPHWHUVLQFOXGHG667'3DQGVROXEOHUHDFWLYH
3 653 FRQFHQWUDWLRQVGDLO\VDPSOHVZHUHDOVRDQDO\]HGIRUWRWDO3 73 DOORZLQJ
33WREHFDOFXODWHG DV73±7'3 'DLO\GLVFKDUJHGDWDLVDOVRDYDLODEOH GDLO\PHDQVFDOFXODWHG
IURPPLQXWHGDWD )RUIXUWKHUGHWDLOVRIPRQLWRULQJDQGDQDO\WLFDOPHWKRGVVHH6WXWWHU et al.
 







$FRPSUHKHQVLYHVHWRIDGGLWLRQDOGDWDZHUHFRPSLOHGWRKHOSSDUDPHWHUL]HERWKPRGHOV
LQFOXGLQJ ODQG XVH GDWD HVWLPDWHV RI VHZDJH HIIOXHQW LQSXWV IURP VHSWLF WDQNV DQG WKH VHZDJH
WUHDWPHQW ZRUNV VRLO VROXWLRQ DQG JURXQGZDWHU 7'3 FRQFHQWUDWLRQV DQG VRLOV GDWD LQFOXGLQJ
VRLO WRWDO 3 FRQWHQW DQG EXON GHQVLW\ 6HH -DFNVRQ%ODNH et al.   IRU D IXOO GHVFULSWLRQ RI
WKHVHGDWD














7KH ,1&$3 DSSOLFDWLRQ XVHG LQ WKLV VWXG\ LV GHVFULEHG LQ -DFNVRQ%ODNH et al.  
%ULHIO\WKHFDWFKPHQWZDVVSOLWLQWRIRXUUHDFKHVDQGDVVRFLDWHGVXEFDWFKPHQWV )LJXUH )RXU
SDUDPHWHUV ZHUH YDULHG E\ UHDFK UHDFK ZLGWK DQG VORSH LQLWLDO EHG VHGLPHQW VLOW PDVV DQG
HIIOXHQWLQSXWV7KUHHODQGFODVVHVZHUHFRQVLGHUHGDUDEOHLPSURYHGJUDVVODQGDQGVHPLQDWXUDO
DOWKRXJKZKHQFDOFXODWLQJIHUWLOL]HUDQGPDQXUHLQSXWVWRDJULFXOWXUDOODQGDUHDZHLJKWHGLQSXWV
IURP D ILQHUUHSUHVHQWDWLRQ RI WKH ODQG XVH ZHUH XVHG 6HPLQDWXUDO ODQG LQFRUSRUDWHG URXJK
JUD]LQJ KHDWKHU PRRUODQG GHFLGXRXV DQG FRQLIHURXV ZRRGODQG )RU PRUH GHWDLOV LQFOXGLQJ
SHUFHQWODQGXVHSHUVXEFDWFKPHQWVHH-DFNVRQ%ODNH et al.  










)RU6LPSO\3WKHFDWFKPHQWZDVFRQVLGHUHGDVDVLQJOHXQLWUDWKHUWKDQEHLQJVHSDUDWHG
LQWRVXEFDWFKPHQWVDQGUHDFKHV2QO\RQHSDUWLDOO\XQFRQVWUDLQHG6LPSO\3SDUDPHWHUPD\YDU\
E\UHDFKWKHHIIOXHQWLQSXWDQGIRUWKLVILUVWWHVWRIWKHPRGHOVHZDJHHIIOXHQWLQSXWVIURPWKH
VHZDJH WUHDWPHQW ZRUNV DQG VHSWLF WDQNV ZHUH VXPPHG DQG DGGHG DW WKH WRS RI WKH VLQJOH
VLPXODWHGUHDFK7KHFDWFKPHQWDUHDZDVWKHQJURXSHGVLPLODUO\WRWKH,1&$3VHWXSWKHKLJK3
FODVV  RI WKH FDWFKPHQW DUHD  LQFOXGHG DUDEOH ODQG   DQG LPSURYHG JUDVVODQG  
8SODQGKHDWKIRUHVWU\DQGURXJKJUD]LQJZHUHJURXSHGLQWRWKHORZ3FODVVDVVHPLQDWXUDOODQG
 








,QSXWGDWDWRGULYHERWKPRGHOVLQFOXGHGDLUWHPSHUDWXUHDQGSUHFLSLWDWLRQGHULYHGIURP
WKH 8. 0HW 2IILFH  NP JULGGHG GDWDVHW DQG 3(7 HVWLPDWHG XVLQJ WKH )$2 3HQPDQ
0RQWHLWK PHWKRG $OOHQ et al.   +(5 DQG 60' WLPH VHULHV IRU ,1&$3 ZHUH FDOFXODWHG
XVLQJ D ZDWHU EDODQFH PRGHO GHVFULEHG LQ -DFNVRQ%ODNH et al.   ZKLFK LQ WXUQ UHTXLUHG
LQSXWVRIGDLO\SUHFLSLWDWLRQDQG3(77KLVZDWHUEDODQFHPRGHOKDVSDUDPHWHUVWKHPDMRULW\
EDVHGRQVRLOSURSHUWLHV









,GHDOO\DVLQJOHDXWRFDOLEUDWLRQSURFHGXUHZRXOGEHXVHGWRFDOLEUDWHERWK,1&$3DQG
6LPSO\3 UDWKHU WKDQ UHO\LQJ RQ PDQXDO FDOLEUDWLRQ ZKLFK FRXOG LQWURGXFH PRGHOHU ELDV
+RZHYHUWKHFRPSOH[LW\RI,1&$3PHDQVWKDWIXOODXWRFDOLEUDWLRQRIDOOXQFHUWDLQSDUDPHWHUV

0RGHOVHWXSVLQWKHVWXG\FDWFKPHQW

0RGHOFDOLEUDWLRQYDOLGDWLRQDQGVFHQDULRDQDO\VLV
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LV QRW SRVVLEOH ± WKH SDUDPHWHU VSDFH LVWRR ODUJH WR EH H[SORUHG ZLWKLQ UHDVRQDEOH WLPH VFDOHV
HJ-DFNVRQ%ODNH 6WDUUIHOW DQGWKHFKRLFHRIZKLFKVXEVHWRISDUDPHWHUVWRLQFOXGH
LQ WKH DQDO\VLV LV VXEMHFWLYH $XWRFDOLEUDWLRQ RIWHQ GRHV QRW OHDG WR LPSURYHG PRGHO
SHUIRUPDQFH FRPSDUHG WR PDQXDO FDOLEUDWLRQ %R\OH et al.   SDUWLFXODUO\ IRU G\QDPLF
YDULDEOHV VXFK DV SKRVSKRUXV ± SUHYLRXV DXWRFDOLEUDWLRQ RI ,1&$3 LQ WKH VWXG\ FDWFKPHQW
UHVXOWHG LQ OHVV UHDOLVWLF VLPXODWHG 7'3 G\QDPLFV WKDQ PDQXDO FDOLEUDWLRQ -DFNVRQ%ODNH 
6WDUUIHOW   )RU WKLV VWXG\ ERWK PRGHOV ZHUH WKHUHIRUH FDOLEUDWHG PDQXDOO\ 7KH ,1&$3
FDOLEUDWLRQ GRHV KRZHYHU UHSUHVHQW ZKDW ZH IHHO LV WKH EHVW SRVVLEOH VHWXS IRU WKH 7DUODQG
FDWFKPHQW PXFK WLPH KDV EHHQ VSHQW FDOLEUDWLQJ ,1&$3 LQ WKH VWXG\ FDWFKPHQW LQLWLDOO\
WKURXJKPDQXDOFDOLEUDWLRQDQGDQLQYHVWLJDWLRQRIGLIIHUHQWPRGHOVWUXFWXUHV -DFNVRQ%ODNH et
al. WKHQWKURXJKDXWRFDOLEUDWLRQXVLQJDVRSKLVWLFDWHG0&0&DOJRULWKP -DFNVRQ%ODNH
  6WDUUIHOW   DQGILQDOO\WKURXJK PDQXDO FDOLEUDWLRQ LQIRUPHG E\ WKH UHVXOWV RI SUHYLRXV
FDOLEUDWLRQV -DFNVRQ%ODNH et al. %\FRQWUDVWWKH6LPSO\3FDOLEUDWLRQZDVGRQHZLWKLQD
IHZKRXUVDQGWKHUHIRUHUHSUHVHQWVDILUVWWHVWRIWKHPRGHO¶VSRWHQWLDO






7KH FDOLEUDWLRQ SHULRG ZDV  HQFRPSDVVLQJ WKH  PRQWKV ZKHQ GDLO\
GLVFKDUJH DQG VXUIDFH ZDWHU FKHPLVWU\ GDWD DUH DYDLODEOH 'DLO\ GLVFKDUJH DQG VSDUVHU ZDWHU
FKHPLVWU\ GDWD IRU WKH SHULRG  H[FOXGLQJ   ZHUH WKHQ XVHG IRU PRGHO
YDOLGDWLRQ















0DQXDOFDOLEUDWLRQZDVGRQHLQDVWHSZLVHPDQQHUK\GURORJ\UHODWHGSDUDPHWHUVZHUH
DGMXVWHGXQWLODQDFFHSWDEOHGLVFKDUJHFDOLEUDWLRQZDVREWDLQHGWKHQVHGLPHQWUHODWHGSDUDPHWHUV
DQG ILQDOO\ 3UHODWHG SDUDPHWHUV ZLWK VHYHUDO LWHUDWLRQV $GGLWLRQDO GDWD WDNHQ LQWR DFFRXQW LQ
FDOLEUDWLRQLQFOXGHGRQHRIIPHDVXUHPHQWVRIVRLOVROXWLRQ7'3FRQFHQWUDWLRQVIURPDJULFXOWXUDO
VRLOVLQWKHFDWFKPHQW0RGHOSHUIRUPDQFHZDVHYDOXDWHGXVLQJWKHSURFHGXUHUHFRPPHQGHGLQ
-DFNVRQ%ODNH et al.   XVLQJ D FRPELQDWLRQ RI   YLVXDO DVVHVVPHQW RI WLPH VHULHV  
FRPSDULVRQRIGLVWULEXWLRQVRIREVHUYHGDQGVLPXODWHGGDWDXVLQJTXDQWLOHTXDQWLOH 44 SORWV
DQG   PRGHO SHUIRUPDQFH VWDWLVWLFV LQFOXGLQJ 6SHDUPDQ¶V 5DQN FRUUHODWLRQ FRHIILFLHQW DQG
PRGHO ELDV 1DVK 6XWFOLIIH HIILFLHQF\ 16  DQG 16 RQ ORJJHG GDWD ZHUH XVHG WR DVVHVV WKH
GLVFKDUJH VLPXODWLRQ 16 ZDV QRW XVHG IRU ZDWHU FKHPLVWU\ SDUDPHWHUV DV SUHYLRXV ZRUN KDV
VKRZQ LW WR EH SRRU DW GLVFULPLQDWLQJ EHWZHHQ UHDOLVWLF DQG XQUHDOLVWLF 3 VLPXODWLRQV -DFNVRQ
%ODNH et al. ,QDGGLWLRQWKH,1&$3FDOLEUDWLRQLQFOXGHGFKHFNLQJIRUSODXVLEOHFKDQJHV
LQPDVVHVRIVRLO3DQGVWUHDPEHGVHGLPHQWDQG33GXULQJWKHPRGHOUXQ












)RUERWKPRGHOVWKHFDOLEUDWLRQSURFHGXUHDOVRLQYROYHGDGMXVWLQJWKHLQLWLDOVRLO3VWRUH
VRWKDWVLPXODWHGDJULFXOWXUDOVRLOZDWHU7'3FRQFHQWUDWLRQFKDQJHGDWDQDSSURSULDWHUDWHRYHU
ORQJHU PRGHO UXQV ORQJWHUP PRQLWRULQJ H[SHULPHQWV VXJJHVW WKDW LQ WKH DEVHQFH RI IHUWLOL]HU
LQSXWVVRLO3LQDJULFXOWXUDOODQGVKRXOGGURSWRQHDUVHPLQDWXUDOYDOXHVZLWKDKDOIOLIHRIWR
\HDUV 0F&ROOXP6\HUV et al. LHZLWKLQDURXQG\HDUVLQWKHVWXG\FDWFKPHQW
,Q ,1&$3 WKLV LQYROYHG DGMXVWLQJ WKH VRLO GHSWK SDUDPHWHU ,Q 6LPSO\3 WKH VRLO DUHDO PDVV
SDUDPHWHUZDVDGMXVWHG FRPELQLQJVRLOGHSWKDQGEXONGHQVLW\6,7DEOH 6RLOGHSWKVLQWKH
UDQJHWRFPZHUHREWDLQHGWRFPWDNLQJVRLOSRURVLW\LQWRDFFRXQW7KLVLVSODXVLEOH
JLYHQWKDWVRLO3GHFUHDVHVZLWKGHSWKDQGLVKLJKHVWLQWKHWRSFPLQDJULFXOWXUDOVRLOV 6\HUV
et al. &DOLEUDWHGSDUDPHWHUYDOXHVIRU6LPSO\3DUHJLYHQLQ7DEOH






6HYHUDOVHQVLWLYLW\WHVWVZHUHWKHQFDUULHGRXWZLWK6LPSO\3WRWHVWWKHPRGHO¶VDELOLW\WR
H[SORUH IXWXUH VFHQDULRV RI FKDQJH 7KH PRGHO ZDV UXQ IRU D \HDU SHULRG ZLWK D QXPEHU RI
UHGXFWLRQV LQ QHW 3 LQSXWV UHODWLYH WR WKH  ±  EDVHOLQH FRUUHVSRQGLQJ WR UHGXFWLRQV LQ
IHUWLOL]HU DQG PDQXUH DSSOLFDWLRQV RI   DQG  $JULFXOWXUDO ODQG LQ WKH FDWFKPHQW
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KDVDQHVWLPDWHG3EDODQFH LQSXWVIURPIHUWLOL]HUDQGPDQXUHPLQXVRXWSXWVYLDKDUYHVWLQJ RI
DURXQG  NJ KD \U 0HVVLJD et al.   DQG IHUWLOL]HU DQG PDQXUH LQSXWV DUH HVWLPDWHG DW
DURXQG  NJ KD \U 7KH  DQG  UHGXFWLRQ VFHQDULRV DUH WKHUHIRUH HFRQRPLFDOO\
IHDVLEOHFRUUHVSRQGLQJWRDQQXDO3EDODQFHVRIDURXQGDQGNJKD\UZKLFKVKRXOGKDYH
OLWWOHLPSDFWRQFURS\LHOGVIRUDQXPEHURI\HDUV7KHUHGXFWLRQVFHQDULRLVLQFOXGHGDVD
VHQVLWLYLW\WHVW5HVXOWVZHUHFRPSDUHGWRSUHYLRXVUHVXOWVIRUWKHVDPHVHWRIVFHQDULRVGHULYHG
XVLQJ,1&$3 -DFNVRQ%ODNH et al. 





5HVXOWV





&RPSDULVRQRIPRGHOSURFHVVUHSUHVHQWDWLRQDQGFRPSOH[LW\














6LPSO\3KDVDQXPEHURIIHDWXUHVLQFRPPRQZLWK,1&$3VXFKDVWKUHHWHUUHVWULDOIORZ
SDWKVDVLPSOHVSOLWRI3LQWR7'3DQG33DQGDVSOLWRIVRLO3LQWRODELOHDQGLQDFWLYHVWRUHV
0DQ\ SURFHVVHV LQFOXGHG LQ ,1&$3 KDYH KRZHYHU EHHQ RPLWWHG IURP 6LPSO\3 WKH PRVW
LPSRUWDQW 3UHODWHG RQHV EHLQJ   WKH UHPRYDO RI VHDVRQDO YDULDELOLW\ LQ VRLO ZDWHU 7'3
FRQFHQWUDWLRQV   VLPSOLILFDWLRQ RI TXLFN IORZ JHQHUDWLRQ E\ UHPRYLQJ WKH SURFHVV
UHSUHVHQWDWLRQ RI LQILOWUDWLRQ H[FHVV DQG VDWXUDWLRQ H[FHVV   H[WHQVLYH VLPSOLILFDWLRQ RI WKH
VHGLPHQWUHODWHGHTXDWLRQVLQFOXGLQJUHPRYLQJWKHSURFHVVUHSUHVHQWDWLRQRIVSODVKGHWDFKPHQW
IORZHURVLRQWKHWUDQVSRUWFDSDFLW\RITXLFNIORZDQGLQVWUHDPHQWUDLQPHQWDQGGHSRVLWLRQ  
FRQWUROVRQJURXQGZDWHU7'3FRQFHQWUDWLRQZKLFKLQ6LPSO\3LVFRQVLGHUHGWREHFRQVWDQW  
VLPSOLILFDWLRQ RI WKH LQVWUHDP 3 SURFHVVHVLQFOXGLQJ UHPRYDO RI WKH PDFURSK\WH DQG HSLSK\WH
ELRPDVV HTXDWLRQV DQG RI WKH VLPXODWLRQ RI VHSDUDWH 3 SURFHVVHV LQ WKH ZDWHU FROXPQ DQG WKH
VWUHDPEHG







$QRWKHUGLIIHUHQFHLVWKHLQFRUSRUDWLRQRIDK\GURORJ\PRGHOLQWR6LPSO\3:HVHHWKLV
DVDJUHDWLPSURYHPHQWUHPRYLQJWKHQHHGIRUDQH[WHUQDOK\GURORJ\PRGHODQGVLPSOLI\LQJWKH
FDOLEUDWLRQ SURFHGXUH DV ZDWHU TXDOLW\ VLPXODWLRQV DUH H[WUHPHO\ GHSHQGHQW RQ WKH K\GURORJ\
VLPXODWLRQ VR WLPHFRQVXPLQJ LWHUDWLYH FDOLEUDWLRQ RI VHSDUDWH K\GURORJ\ DQG ZDWHU TXDOLW\
PRGHOVLVRIWHQUHTXLUHGIRUJRRGPRGHOSHUIRUPDQFH









0RGHO FRPSOH[LW\ LV LQ SDUW UHIOHFWHG E\ WKH QXPEHU RI VWDWH YDULDEOHV LQFOXGHG LQ WKH
PRGHO )RU HDFK VXEFDWFKPHQWUHDFK 6LPSO\3 KDV  2'(V 7DEOH 6,  SOXV IRXU IRU
FDOFXODWLQJ GDLO\ LQVWUHDP IOX[HV IURP LQVWDQWDQHRXV IOX[HV QRW SUHVHQW LQ ,1&$3 WR RXU
NQRZOHGJH EXW UHTXLUHG WR FDOFXODWH YROXPHZHLJKWHG GDLO\ PHDQ FRQFHQWUDWLRQV  7KLV LV
VXEVWDQWLDOO\ IHZHU WKDQ ,1&$3 GHVSLWH WKH IDFW WKDW 6LPSO\3 LQFOXGHV D K\GURORJ\ PRGHO
,1&$3KDV2'(VEHIRUHODQGXVHYDULDELOLW\LVWDNHQLQWRDFFRXQWDQGLQDQHTXLYDOHQW
VHWXSWR6LPSO\3ZLWKODQGXVHFODVVHV












0RGHOFRPSOH[LW\LVDOVRLQSDUWUHIOHFWHGE\WKHQXPEHURIPRGHOSDUDPHWHUV6LPSO\3
SDUDPHWHUVDUHGHVFULEHGLQ7DEOHDQG,1&$3SDUDPHWHUVLQ-DFNVRQ%ODNH et al.  %RWK
PRGHOVUHTXLUHDQXPEHURIZHOOFRQVWUDLQHGSDUDPHWHUVZKLFKDUHJHQHUDOO\QRWLQFOXGHGLQWKH
FDOLEUDWLRQ SURFHGXUH HJ FDWFKPHQW DUHD DUHDV RI ODQG FODVVHV VORSHV DQG UHDFK OHQJWKV
GHVFULEHGLQ7DEOH6,IRU6LPSO\3 ([FOXGLQJWKHVHWKHWRWDOQXPEHURISDUDPHWHUVLQERWK
PRGHOVVSOLWE\SURFHVVRUW\SHLVVXPPDUL]HGLQ7DEOH6LPSO\3KDVSDUDPHWHUVWKDWDUHWR
VRPH H[WHQW XQFRQVWUDLQHG  ±  ZKHQ VSDWLDO YDULDELOLW\ EHWZHHQ ODQG FODVVHVLVWDNHQ LQWR
DFFRXQW $W OHDVW  RI WKHVH DUH RSWLRQDO EHIRUH WDNLQJ VSDWLDO YDULDELOLW\ LQWR DFFRXQW 
GHSHQGLQJ RQ WKH OHYHO RI SURFHVVUHSUHVHQWDWLRQ GHVLUHG %\ FRPSDULVRQ ,1&$3 KDV 
SDUDPHWHUV DVVXPLQJ RQH UHDFK DQG VXEFDWFKPHQW YDU\LQJ WKUHH SDUDPHWHUV E\ WZR ODQG
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FODVVHVIRUGLVVROYHG3SURFHVVHVDQGE\WKUHHFODVVHVIRUVRLOHURGLELOLW\IRUFRPSDUDELOLW\ZLWK
6LPSO\3 7KHYHUVLRQRI,1&$3GHVFULEHGLQWKHWHVWVSHUIRUPHGKHUH UHDFKHVZLWKODQG
FODVVHV  LQYROYHV DURXQG  FDOLEUDWLQJ SDUDPHWHUV ZKLFK ZH EHOLHYH LV VLPSOH FRPSDUHG WR
SUHYLRXV DSSOLFDWLRQV HJ &URVVPDQ et al.  -LQ et al.   $ IXUWKHU a SDUDPHWHUV
ZHUH FDUHIXOO\ DVVLJQHG YDOXHV WR KHOS VLPSOLI\ WKH PRGHO VWUXFWXUH DQG WXUQ FHUWDLQ SURFHVVHV
RIIOHDYLQJDURXQGXQXVHGSDUDPHWHUV






2QO\RQH6LPSO\3SDUDPHWHUYDULHVE\VXEFDWFKPHQWRUUHDFKWKHHIIOXHQW7'3LQSXW
VR PRGHO FRPSOH[LW\ ZLOO QRW LQFUHDVH VXEVWDQWLDOO\ LQ ODUJHU V\VWHPV )RU ,1&$3 
SDUDPHWHUV PD\ EH YDULHG E\ VXEFDWFKPHQW RU UHDFK UHVXOWLQJ LQ WKH SRWHQWLDO IRU KLJKO\
SDUDPHWHUL]HGPRGHOVHWXSV
















$QRWKHU LPSRUWDQW LVVXH LV WKH H[WHQW WR ZKLFK PRGHO SDUDPHWHUV PD\ EH LQIRUPHG E\
GDWD 7DEOH   $URXQG  ,1&$3 SDUDPHWHUV DUH QRW PHDVXUDEOH DQG PXVW EH GHWHUPLQHG
SXUHO\ WKURXJK FDOLEUDWLRQ DQG  DUH QRW PHDVXUDEOH DQG \HW DUH WKRXJKW WR H[HUW D NH\
LQIOXHQFH RQ PRGHO RXWSXW -DFNVRQ%ODNH et al.   7KLV FDQ EH SUREOHPDWLF IRU PRGHO
FDOLEUDWLRQ0HDQZKLOHWKHPDMRULW\RI6LPSO\3SDUDPHWHUVPD\EHEDVHGRQPHDVXUHGGDWDRU
GDWD GHULYHG IURP OLWHUDWXUH UHYLHZV DQG RQO\  RU  PXVW EH GHWHUPLQHG SXUHO\ WKURXJK
FDOLEUDWLRQ 7DEOH   2QH RI WKHVH UHODWHV WR WKH VHGLPHQW VLPXODWLRQ WKH UHVW DUH K\GURORJ\
SDUDPHWHUV 7KLV LV SURPLVLQJ DV ZDWHU TXDOLW\ PRGHOV DUH SDUWLFXODUO\ VHQVLWLYH WR K\GURORJ\
SDUDPHWHUV 'HDQ et al.-DFNVRQ%ODNH 6WDUUIHOWYDQ*ULHQVYHQ et al. VR
WKHUHLVDJRRGFKDQFHRIWKHVHSDUDPHWHUVEHLQJLGHQWLILDEOH(YHQLQWKHPRVWFRPSOH[VHWXSLQ
ZKLFK DOO  6LPSO\3 SDUDPHWHUV DUH XVHG LW VKRXOG WKHUHIRUH EH IHDVLEOH WR VHDUFK WKH HQWLUH
SDUDPHWHUVSDFHDVSDUWRIDQDXWRFDOLEUDWLRQRUXQFHUWDLQW\DQDO\VLVSURYLGHGWKHXVHUKDVGDWD
WRLQIRUPWKHSDUDPHWHUYDOXHV 7DEOH DQGVXIILFLHQWGLVFKDUJHDQGZDWHUTXDOLW\REVHUYDWLRQV
LQFOXGLQJ667'3DQG33FRQFHQWUDWLRQVXQGHUWKHIXOOUDQJHRIIORZFRQGLWLRQV 





0RGHOSHUIRUPDQFHLQWKH7DUODQG%XUQ



4.2.1

Model calibration and validation results



















'XULQJ WKH FDOLEUDWLRQ SHULRG GLVFKDUJH SHUIRUPDQFH VWDWLVWLFV ZHUH VOLJKWO\ EHWWHU IRU
6LPSO\3 WKDQ IRU ,1&$3 7DEOH   7KLV LV LQ SDUW EHFDXVH D VQRZ DFFXPXODWLRQ DQG PHOW
URXWLQH ZDV LQFOXGHG LQ 6LPSO\3 DQG QRW LQ WKH VLPSOH PRGHO XVHG WR JHQHUDWH +(5 LQSXW IRU
,1&$3 DOWKRXJK WKLV RQO\ DIIHFWV D IHZ ZLQWHU IORZ SHDNV )LJXUH   6PDOO GLVFKDUJH SHDNV
ZHUH DOVR RIWHQ VOLJKWO\EHWWHU VLPXODWHG E\ 6LPSO\3 SDUWLFXODUO\ GXULQJ EDVHIORZ ZKLFK PD\
QRW KDYH EHHQ WKH FDVH KDG D PRUH FRPSOH[ K\GURORJ\ PRGHO EHHQ XVHG WR JHQHUDWH LQSXW IRU
,1&$3 7KH PRGHOV SHUIRUPHG VLPLODUO\ IRU 66 ZKLFK LV QRWHZRUWK\ JLYHQ WKH GUDPDWLFDOO\
VLPSOHU SURFHVVUHSUHVHQWDWLRQ LQ 6LPSO\3 6OLJKWO\ LPSURYHG 66 SHUIRUPDQFH VWDWLVWLFV IRU
6LPSO\3 DUH OLNHO\ WR EH GXH WR WKH VOLJKWO\ EHWWHU GLVFKDUJH VLPXODWLRQ 7KH 73 DQG 33
VLPXODWLRQVDUHDOVRVLPLODURXWSXWIURP6LPSO\3LVOHVVELDVHGWKDQRXWSXWIURP,1&$3DQG
WKHGLVWULEXWLRQRIWKHVLPXODWHG33GDWDLQSDUWLFXODULVFORVHUWRWKDWRIWKHREVHUYDWLRQV )LJXUH
 %RWKYDULDEOHVKRZHYHUKDYHDORZHUFRUUHODWLRQFRHIILFLHQWWKDQ,1&$3RXWSXW7KHVWRU\LV
FOHDUHUIRUWKH7'3VLPXODWLRQZLWK6LPSO\3VFRULQJKLJKHULQDOOPRGHOSHUIRUPDQFHVWDWLVWLFV
GXULQJ WKH FDOLEUDWLRQ SHULRG 7DEOH   DQG DOVR SURGXFLQJ GLVWULEXWLRQV RI VLPXODWHG GDWD WKDW
ZHUHPRUHFRPSDUDEOHWRWKHREVHUYDWLRQV )LJXUH 7KHVOLJKWO\LPSURYHG7'3G\QDPLFVPD\
EH UHODWHG WR WKH EHWWHU GLVFKDUJH VLPXODWLRQ +RZHYHU DQ LPSURYHPHQW LQ VLPXODWHG 7'3 LV
DSSDUHQW HYHQ GXULQJ IORZ HYHQWV ZKHQ 6LPSO\3 DQG ,1&$3 SURGXFHG FRPSDUDEOH GLVFKDUJH
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VLPXODWLRQV )LJXUH   6LPSO\3 7'3 SHDNV WHQG WR EH OHVV EURDG DQG PRUH UHVSRQVLYH WR
K\GURORJLFDO LQSXWV VRPHWKLQJ ZKLFK FRXOG QRW EH DFKLHYHG ZLWK ,1&$3 HYHQ ZKHQ WKH VRLO
ZDWHUWLPHFRQVWDQWVZHUHUHGXFHGWREHORZWKHYDOXHVXVHGLQ6LPSO\37KHUHDVRQVIRUWKLVDUH
QRWFOHDUEXWFRXOGUHODWHWRWKHIRUPXODWLRQRUVROYLQJRIWKH2'(VLQ,1&$3 DOWKRXJKWKLV
FRXOGQRWEHFKHFNHGDVWKHFRGHLVFORVHGVRXUFH 














7KHVWRU\LVVLPLODUGXULQJWKHYDOLGDWLRQSHULRGZKHQPRGHOSHUIRUPDQFHVWDWLVWLFVIRU
6LPSO\3ZHUHVOLJKWO\EHWWHUWKDQWKRVHIRU,1&$3IRUGLVFKDUJHDQG7'3 DVLGHIURPDVOLJKWO\
ODUJHU ELDV LQ 7'3  ZKLOVW 66 KDG ORZHU ELDV EXW D VPDOOHU FRUUHODWLRQ FRHIILFLHQW 7DEOH  
7KHUHKDVEHHQDVKLIWLQEDVHIORZGLVFKDUJHRYHUWLPHGXULQJWKHYDOLGDWLRQSHULRG )LJXUH 
OLNHO\ GXH WR D FKDQJH LQ FKDQQHO FURVV VHFWLRQ %RWK PRGHOV WKHUHIRUH RYHUHVWLPDWH VXPPHU
GLVFKDUJH GXULQJ WKH ILUVW KDOI RI WKH SHULRG DQG XQGHUHVWLPDWH LW ODWHU RQ $OWKRXJK 7'3
SHUIRUPDQFHVWDWLVWLFVDUHVOLJKWO\EHWWHUIRU6LPSO\37'3LVVRPHZKDWXQGHUHVWLPDWHGGXULQJ
EDVHIORZVRPHWKLQJZKLFKLVOHVVRIDQLVVXHLQ,1&$3GXULQJWKHYDOLGDWLRQSHULRG )LJXUH 
DQGZKLFKOHDGVWRWKHVOLJKWO\ODUJHUGLIIHUHQFHLQGLVWULEXWLRQVRIREVHUYHGDQGVLPXODWHGGDWD
IRU6LPSO\3 )LJXUH 7KLVLVOLNHO\GXHWRGLIIHUHQFHVLQWKHGLVFKDUJHVLPXODWLRQDV6LPSO\3
WHQGV WR VLPXODWH VOLJKWO\ KLJKHU GLVFKDUJH GXULQJ EDVHIORZ DQG HYHQ VPDOO GLIIHUHQFHV LQ
VLPXODWHGEDVHIORZGLVFKDUJHOHDGWRODUJHGLIIHUHQFHVLQVLPXODWHGFRQFHQWUDWLRQ









1RWH WKDW 16 FRHIILFLHQWV DUH RQO\ UHSRUWHG IRU ZDWHU TXDOLW\ YDULDEOHV LQ 7DEOH  IRU
FRPSDUDELOLW\ ZLWK RWKHU VWXGLHV DQG ZHUH QRW XVHG ZKHQ DVVHVVLQJ PRGHO SHUIRUPDQFH
$OWKRXJK 16 FRHIILFLHQWV PLJKW VXJJHVW VLPXODWLRQV IURP ERWK PRGHOV DUH LQDGHTXDWH YDULRXV
DXWKRUVKDYHSRLQWHGRXWSUREOHPVZLWKXVLQJ16DVDPHDVXUHRIPRGHOSHUIRUPDQFH HJ-DLQ
  6XGKHHU  6FKDHIOL   *XSWD   DQG ZH KDYH DUJXHG HOVHZKHUH WKDW 16 LV
SDUWLFXODUO\SRRUIRUPHDVXULQJWKHSHUIRUPDQFHRI3PRGHOVLQDJULFXOWXUDOFDWFKPHQWVZKHUH
16YDOXHVDERYHDUHUDUHXQOHVVSRLQWVRXUFHVGRPLQDWH -DFNVRQ%ODNH et al. 











7KH UHVXOWV SUHVHQWHG KHUH FRQVWLWXWH D VPDOO IUDFWLRQ RI WKH EHKDYLRU WKDW FRXOG EH
FRPSDUHGEHWZHHQWKHWZRPRGHOV+RZHYHUWKHLQGLFDWLRQVDUHWKDWDWOHDVWGXULQJFDOLEUDWLRQ
DQG WHVWLQJ ZLWKLQ VLPLODU FRQGLWLRQV WR WKH FDOLEUDWLRQ SHULRG 6LPSO\3 DSSHDUV WR SHUIRUP
FRPSDUDEO\IRU3366DQG73DQGSHUKDSVVOLJKWO\RXWSHUIRUP,1&$3LQWHUPVRIGLVFKDUJH
DQG 7'3 7KH WZR PRGHOV WKHUHIRUH DSSHDU WR EH DV FDSDEOH DW OHDVW LQ WKLV FDWFKPHQW RI
VLPXODWLQJ GDLO\ FRQFHQWUDWLRQV DQG GLVFKDUJH 7KH EURDGHU TXHVWLRQ RI ZKHWKHU HLWKHU PRGHO
SHUIRUPVZHOOHQRXJKIRUPRGHORXWSXWWREHXVHIXOLVDYDOLGRQHWKHDQVZHUGHSHQGLQJODUJHO\
RQZKDWWKHRXWSXWZLOOEHXVHGIRUDQGKRZLWLVSUHVHQWHG7KLVLVGLVFXVVHGIXUWKHULQ-DFNVRQ
%ODNH et al.  

Scenario analysis




4.2.2











5HVXOWVIURPWKHIHUWLOL]HUDQGPDQXUHUHGXFWLRQVFHQDULRVDUHVKRZQLQ)LJXUHLQWHUPV
RI WKH FKDQJH LQ DJULFXOWXUDO VRLO ZDWHU EPC0 WKH HTXLOLEULXP 7'3 FRQFHQWUDWLRQ RI ]HUR
VRUSWLRQ  DQG LQVWUHDP PHDQ DQQXDO 7'3 FRQFHQWUDWLRQ RYHU WKH\HDU SHULRG 5HVXOWV IURP
WKHWZRPRGHOVWHOOWKHVDPHVWRU\XQGHUWKHEDVHOLQHDQGUHGXFWLRQVFHQDULR3LVVWLOOEHLQJ
DGGHGVXUSOXVWRFURSUHTXLUHPHQWVDQGVREPC0FRQWLQXHVWRULVHUHVXOWLQJLQDQLQFUHDVHRYHU
WLPH LQ LQVWUHDP 7'3 FRQFHQWUDWLRQ GXULQJ UDLQIDOO HYHQWV DQG D KLJKHU DQQXDO PHDQ
0HDQZKLOHWKHDQGUHGXFWLRQVFHQDULRVUHVXOWLQQHWSODQWXSWDNHRI3IURPWKHVRLO
JUDGXDOO\GHSOHWLQJWKHODELOH3VWRUHDQGFDXVLQJUHGXFWLRQVLQVLPXODWHGEPC0VRLOZDWHU7'3
LQSXWV WR WKH VWUHDP DQG WKHUHIRUH ORZHU PHDQ DQQXDO LQVWUHDP 7'3 FRQFHQWUDWLRQ +RZHYHU
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WKHUHLVDQLPSRUWDQWODJLQWKHWLPHIRULPSURYHPHQWVWREHVHHQZLWKRQO\VPDOOGHFUHDVHVLQ
LQVWUHDP 7'3 FRQFHQWUDWLRQV GXULQJ WKH ILUVW  \HDUV RI WKH VLPXODWLRQ OHVV WKDQ D 
UHGXFWLRQFRPSDUHGWRWKHEDVHOLQHHYHQIRUWKHUHGXFWLRQVFHQDULRGDWDQRWVKRZQ 7KH
IXOOEHQHILWVRIWKHPHDVXUHVDUHRQO\UHDOL]HGE\WKHHQGRIWKH\HDUSHULRGWKHWLPHWDNHQIRU
QHDUIXOOGHSOHWLRQRIWKHODELOHVRLO3VWRUH






:KLOVW WHUUHVWULDO FRPSDUWPHQW UHVXOWV ZHUH VLPLODU IRU WKH WZR PRGHOV LQVWUHDP 7'3
UHVXOWVGLIIHUHGVOLJKWO\ZLWKDODUJHUHIIHFWVLPXODWHGE\,1&$37KLVPD\EHEHFDXVHWKHLQ
VWUHDP7'3SHDNVVLPXODWHGE\,1&$3DUHVOLJKWO\WRREURDG 6HFWLRQ UHVXOWLQJLQRYHU
HVWLPDWLRQRIWKHLQIOXHQFHRIDJULFXOWXUDOLQSXWVRQPHDQLQVWUHDP7'3FRQFHQWUDWLRQV









7KH VLPLODULW\ LQ UHVXOWV GRHV QRW PHDQ HLWKHU PRGHO LV ULJKW EXW LW GRHV VKRZ WKDW
6LPSO\3LVDVFDSDEOHRISUHGLFWLQJWKHG\QDPLFVRIOHJDF\VRLO3DV,1&$3)RUERWKPRGHOVWR
SURGXFH PRUH UREXVW RXWSXW PRUH ORQJ WHUP VRLO 3 GDWD LV QHHGHG WR KHOS FRQVWUDLQ WKH
SDUDPHWHUL]DWLRQDVZHOODVLPSURYHGXQGHUVWDQGLQJRIKRZVRLO3H[WUDFWDELOLW\FKDQJHVDWWKH
FDWFKPHQWVFDOHDVVRLO3VWRUHVEHFRPHGHSOHWHG)XUWKHUPRUHDSRWHQWLDOO\LPSRUWDQWSURFHVV
FXUUHQWO\PLVVLQJIURPERWKPRGHOVLVWKHOLQNEHWZHHQVRLO3FRQWHQWDQGFURSXSWDNHRI3DVLW
LVSUREDEO\XQUHDOLVWLFWRH[SHFWXSWDNHWREHXQFKDQJHGDVVRLO3VWRFNVEHFRPHGHSOHWHG









6LPSO\3KDVEHHQUXQZLWKMXVWRQHNLQGRIIXWXUHVFHQDULRKHUH±WKHHIIHFWRIFKDQJLQJ
WHUUHVWULDO3EDODQFHV+RZHYHUOLNH,1&$WKHPRGHOFDQEHXVHGWRVLPXODWHDQXPEHURIRWKHU
EURDGVFDOHPHDVXUHV%HLQJDFDWFKPHQWVFDOHPRGHOLWLVSDUWLFXODUO\VXLWHGWRORRNLQJDWWKH
SRWHQWLDO LPSDFWV RI FKDQJHV LQ ODQG XVH FOLPDWH DQG HIIOXHQW LQSXWV 7KH HIIHFWLYHQHVV RI
PHDVXUHV DLPHG DW UHGXFLQJ VHGLPHQW LQSXWV WR WKH VWUHDP PD\ DOVR EH VLPXODWHG WKURXJK
FKDQJLQJ WKH WHUUHVWULDO HURGLELOLW\ SDUDPHWHUV LQIRUPHG IRU H[DPSOH E\ OLWHUDWXUH RQ WKH
8QLYHUVDO6RLO/RVV(TXDWLRQ .LQQHOO RUWKURXJKWKHXVHRIDGHOLYHU\UHGXFWLRQIDFWRU


















:H VHW RXW WR WHVW WKH K\SRWKHVLV WKDW ,1&$3 LV RYHUO\FRPSOH[ ZKHQ DSSOLHG LQ D
6FRWWLVK DJULFXOWXUDO FDWFKPHQW 7R GR WKLV D QHZ VLPSOH FDWFKPHQW SKRVSKRUXV PRGHO ZDV
GHYHORSHG6LPSO\3DQGPRGHOVWUXFWXUHDQGSHUIRUPDQFHZHUHFRPSDUHGWR,1&$36LPSO\3
LV VXEVWDQWLDOO\ PRUH VWUHDPOLQHG WKDQ ,1&$3 ZLWK XS WR  SDUDPHWHUV ZKLOVW ,1&$3 KDV
DURXQG2QO\RU6LPSO\3SDUDPHWHUVDUHµIUHH¶LHFDQQRWEHLQIRUPHGE\REVHUYDWLRQV
FRPSDUHGWRDURXQGIRU,1&$37KLVUHGXFWLRQLQFRPSOH[LW\LVGHVSLWHWKHIDFWWKDW6LPSO\3
LQFOXGHV D UDLQIDOOUXQRII PRGXOH ZKLOVW ,1&$3 UHOLHV RQ RXWSXW IURP DQ H[WHUQDO K\GURORJ\
PRGHO QRW LQFOXGHG LQ WKLV FRPSDULVRQ RI FRPSOH[LW\  ,Q WKH VWXG\ FDWFKPHQW ERWK PRGHOV
SHUIRUPHGVLPLODUO\GXULQJFDOLEUDWLRQDQGYDOLGDWLRQ%RWKPRGHOVDOVRSURGXFHGVLPLODUUHVXOWV
LQDVFHQDULRDVVHVVPHQWZLWKLGHQWLFDOLPSOLFDWLRQVIRUGLIIXVHSROOXWLRQPLWLJDWLRQDQGGHFLVLRQ
VXSSRUW 5HVXOWV WKHUHIRUH VXSSRUW WKH K\SRWKHVLV WKDW ,1&$3 LV RYHUO\FRPSOH[ LQ WKH VWXG\
FDWFKPHQW









$OWKRXJKOLPLWHGWRMXVWRQHVWXG\VLWH3G\QDPLFVLQWKHVWXG\FDWFKPHQWDUHFRQWUROOHG
E\VLPLODUSURFHVVHVWRWKRVHRSHUDWLQJLQWKHPDMRULW\RIWHPSHUDWHUHJLRQVZLWKD PL[WXUHRI
ODQGXVHVK\GURORJLFDOIORZSDWKVDQG3LQSXWVIURPERWKDJULFXOWXUHDQGVHZDJH7KLVUHVXOWLV
WKHUHIRUH OLNHO\ WR EH WUDQVIHUDEOH WR RWKHU VWXG\ DUHDV ,Q DGGLWLRQ ,1&$3 LV VLPLODU LQ
FRPSOH[LW\DQGVWUXFWXUHWRRWKHUSRSXODUFDWFKPHQWZDWHUTXDOLW\PRGHOVVRWKLVFRQFOXVLRQLV
OLNHO\ WR DSSO\ WR RWKHU PRGHOV DQG ZDWHU TXDOLW\ YDULDEOHV 5HVXOWV DUH FRQVLVWHQW ZLWK ORQJ
HVWDEOLVKHG WKHRU\ DQG UHFHQW WKLQNLQJ LQ FDWFKPHQW VFLHQFH HJ .LUFKQHU  6LYDSDODQ

'LVFXVVLRQDQGFRQFOXVLRQV
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 DQGSURYLGHIXUWKHUVXSSRUWIRUWKHLGHDWKDWDPRUHSDUVLPRQLRXVDSSURDFKWRVLPXODWLQJ
FDWFKPHQWZDWHUTXDOLW\LVZDUUDQWHG
























2YHUDOO WKHUH DUH VWURQJ DUJXPHQWV EDFNHG XS E\ WKH ILQGLQJV SUHVHQWHG KHUH WKDW WKH
FXUUHQW JHQHUDWLRQ RI FDWFKPHQWVFDOH G\QDPLF ZDWHU TXDOLW\ PRGHOV DUH WRR FRPSOH[ 7KLV
FRPSOH[LW\ KDV OLNHO\ EHHQ GULYHQ E\ WZR IDFWRUV )LUVWO\ WKHUH KDV EHHQ D GHVLUH WR LQFOXGH
SURFHVVXQGHUVWDQGLQJ DQG GDWD GHULYHG IURP SORWVFDOH VWXGLHV +RZHYHU QRQOLQHDULWLHV
EHWZHHQVPDOOVFDOHDQGFDWFKPHQWVFDOHSURFHVVHVPHDQXSVFDOLQJLVRIWHQLQDSSURSULDWH HJ
.LUFKQHU  2UHVNHV   %HOLW]   FDWFKPHQWVFDOH UHVSRQVHV DUH RIWHQ VLPSOHU WKDQ
PLJKW EH DQWLFLSDWHG IURP GHWDLOHG SURFHVV NQRZOHGJH 6LYDSDODQ   :H WKHUHIRUH QHHG D
EHWWHU XQGHUVWDQGLQJ RI FDWFKPHQWVFDOH EHKDYLRU UHTXLULQJ PRUH FRPSUHKHQVLYH VSDWLDOO\
GLVWULEXWHG GDWD FROOHFWLRQ DFURVV FDWFKPHQWV DV ZHOO DV KLJK IUHTXHQF\ PRQLWRULQJ RI
ZDWHUFRXUVHV 7HFKQRORJLFDO LPSURYHPHQWV LQ UHPRWH VHQVLQJ DQG LQVWUHDP VHQVRUV DUH
EHJLQQLQJ WR \LHOG H[FLWLQJ QHZ GDWD EXW PRUH HIIRUW LV QHHGHG WR FRQVWUDLQ VRLO ZDWHU
JURXQGZDWHUDQGHIIOXHQWFKHPLVWU\DQGWRGHWHUPLQHORQJHUWHUPWUHQGVLQVRLODQGJURXQGZDWHU
FKHPLVWU\ HVSHFLDOO\ LQ UHVSRQVH WR FKDQJHV LQ HJ ODQG PDQDJHPHQW DQG FOLPDWH 6HFRQGO\
WKHUHKDVEHHQDGHVLUHWRPDNHPRGHOVYHUVDWLOHDQGZLGHO\DSSOLFDEOHLHWRSURGXFHµRQHVL]H
ILWVDOO¶ PRGHOV 7KLV KDV KHOSHG XV WKLQN DERXW WKH YDULHW\ RI SURFHVVHV WKDW FRXOG RSHUDWH LQ
GLIIHUHQW DUHDV EXW IRU DQ\ JLYHQ VWXG\ DUHD LV OLNHO\ WR UHVXOW LQ RYHUO\ FRPSOH[ PRGHOV
%DODQFLQJ WKH GHPDQGV RI PRGHO UHDOLVP DQG SDUVLPRQ\ UHPDLQV D VLJQLILFDQW FKDOOHQJH DQG
UHVROYLQJ WKH WHQVLRQ EHWZHHQ WKH WZR FDQ RQO\ EH DFKLHYHG E\ DVVHVVLQJ WKH SHUIRUPDQFH RI
PRGHOV ZLWK GLIIHUHQW VWUXFWXUHV HJ )HQLFLD et al.   SUHIHUDEO\ ZLWKLQ VWDWLVWLFDO PRGHO
FRPSDULVRQ IUDPHZRUNV HJ 6SLHJHOKDOWHU et al.   )RU WKLV FRPPXQLW\EDVHG PRGXODU
PRGHO IUDPHZRUNV RIIHU SHUKDSV WKH EHVW KRSHIRU WKH IXWXUH HJ 0RRLM et al.  5REVRQ
 





















7KHLQLWLDODLPLQGHYHORSLQJ6LPSO\3ZDVDSURRIRIFRQFHSWWKDWVLPSOHFDQEHDVJRRG
DV FRPSOH[ +RZHYHU ZH EHOLHYH WKDW 6LPSO\3 DOVR KDV WKH SRWHQWLDO WR ILOO DQ LPSRUWDQW JDS
DWWHPSWLQJWREHERWKSURFHVVEDVHGDQGG\QDPLFPDLQWDLQLQJDVSDWLDOO\VHPLGLVWULEXWHGVHWXS
GLIIHUHQWLDWLQJEHWZHHQVROXEOHDQGSDUWLFXODWH3SKDVHVLQFRUSRUDWLQJK\GURORJ\DQGDYDULHW\
RI IORZ SDWKV DQG \HW KDYLQJ IDU IHZHU SDUDPHWHUV WKDQ RWKHU SRSXODU ZDWHU TXDOLW\ PRGHOV
6LPSO\3 DOVR UHWDLQV VXIILFLHQW FRPSOH[LW\ WR EH XVHG WR LQYHVWLJDWH VFHQDULRV UHOHYDQW IRU
UHVHDUFKSROLF\DQGODQGPDQDJHPHQW,WZDVPDUNHGO\TXLFNHU DQGWKHUHIRUHFKHDSHU WRVHWXS
DQG FDOLEUDWH WKDQ ,1&$3 DQG LW VKRXOG EH IHDVLEOH WR LQFOXGH DOO SDUDPHWHUV LQ DQ DXWR
FDOLEUDWLRQXQFHUWDLQW\ DQDO\VLV SURFHGXUH DQG WKHUHIRUH LQ D IRUPDO PRGHO FRPSDULVRQ
IUDPHZRUN7KHIDFWWKDWPRVWSDUDPHWHUVDUHSK\VLFDOO\PHDQLQJIXOLVDOVROLNHO\WRKHOSZLWK
JHQHUDOL]DWLRQDQGWUDQVIHUDELOLW\WRRWKHU SHUKDSVPRUHGDWDSRRU DUHDV 6LYDSDODQ $WD
PRUH IXQGDPHQWDO OHYHO WKH UHGXFWLRQ LQ WKH QXPEHU RI SDUDPHWHUV VKRXOG PDNH YDOLGDWLRQ
H[HUFLVHVPRUHHIIHFWLYHIRUGLDJQRVLQJVWUXFWXUDOSUREOHPVZLWKWKHPRGHODVPRGHOEHKDYLRU
EHFRPHVOHVVGHSHQGHQWRQSDUDPHWHU WXQLQJDQG PRUH RQ PRGHO VWUXFWXUH7KLVLQWXUQPHDQV
WKDW WKH VLPSOHU PRGHO VKRXOG EH PRUH XVHIXO IRU WHVWLQJ K\SRWKHVHV DERXW V\VWHP EHKDYLRU
.LUFKQHU 7KHKRSHLVWKHUHIRUHWKDW6LPSO\3FRXOGSURYLGHDEHQFKPDUNZKHQFKRRVLQJ
EHWZHHQ GLIIHUHQW PRGHOV D EXLOGLQJ EORFN IRU IXWXUH PRGHO GHYHORSPHQW RU JLYHQ LWV
DGYDQWDJHVRYHUPRUHFRPSOH[PRGHOVEHDXVHIXOWRROLQLWVRZQULJKW SURWRW\SHFRGHLVIUHHO\
DYDLODEOHVHH6HFWLRQ 




)RU6LPSO\3WREHFRPHDUREXVWWRROLQLWVRZQULJKWDQXPEHURIIXUWKHUGHYHORSPHQWV
DUHUHFRPPHQGHG7KHILUVWSULRULW\LVIRUPRUHWHVWLQJLQDUDQJHRIFRQWUDVWLQJVWXG\VLWHVWR
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HVWDEOLVKZKHWKHUDQ\RIWKHH[WUDSURFHVVHVDYDLODEOHLQPRUHFRPSOH[PRGHOVDUHUHTXLUHGLQ
FHUWDLQ DUHDV $GGLWLRQDO SRWHQWLDO PRGHO LPSURYHPHQWV DUH VXPPDUL]HG LQ 6, 6HFWLRQ  DQG
7DEOH6,0DQ\RIWKHVHVXJJHVWLRQVLQYROYHDQLQFUHDVHLQFRPSOH[LW\DQGZRXOGQHHGWREH
MXVWLILHGE\GHPRQVWUDWLQJLPSURYHGPRGHOSHUIRUPDQFHLQYDOLGDWLRQ







2YHUDOOZHKRSHWKDWWKHPRGHOGHYHORSPHQWDQGVLPSOHFRPSDULVRQH[HUFLVHSUHVHQWHG
KHUH ZLOO KHOS SURPSW ZLGHU PRGHO FRPSDULVRQ DQG VLPSOLILFDWLRQ DQG PRUH JHQHUDOO\
HQFRXUDJHGHEDWHDPRQJVWWKHZDWHUTXDOLW\PRGHOOLQJFRPPXQLW\DVWRZKHWKHUWRGD\¶VPRGHOV
DUHDSSURSULDWHDQGILWIRUSXUSRVH



6XSSOHPHQWDU\UHIHUHQFHV














7KH GHVFULSWLRQ RI 6LPSO\3 LQ WKH VXSSOHPHQWDU\ LQIRUPDWLRQ FLWHV PDQ\ DGGLWLRQDO
VWXGLHVUHSURGXFHGKHUHLQWKHPDLQWH[WWRHQVXUHWKH\DUHLQGH[HGLQFOXGHGLQFLWDWLRQUHFRUGV
DQGJLYHQDSSURSULDWHFUHGLW %RZHV et al.&KDSUD&ODUN .DYHWVNL&URNH
et al.'DUL et al.'RPDJDOVNL -RKQVRQ)HQLFLD et al.*DQ /XR
 +LQGPDUVK  +ROPDQ et al.  +RXVH  -DUYLH et al. D -DUYLH et al.
E-RUGDQ0HLOOH et al..DYHWVNL &ODUN.DYHWVNL et al.D.DYHWVNL et
al.E.OHLQPDQ et al./HIUDQoRLV et al./HRSROG 0DGGRFN-U/XR et
al.0HQ]HO0HUULWW et al.1HDO -DUYLH2HXUQJ et al.5DGFOLIIH
&DEUHUD5DWOLII et al.5HQDUG et al.6DPSOH6KDUSOH\ et al.
6WROOHQZHUN  6WXWWHU et al.  6WXWWHU et al.  7ULPEOH  7ZDUDNDYL et al.
:LVFKPHLHU 6PLWK:LVFKPHLHU 6PLWK:LWWHQEHUJ:ROPDQ et
al. 



$FNQRZOHGJHPHQWVDQG'DWD












0DQ\WKDQNVWR'PLWUL.DYHWVNLIRUDGYLFHRQIRUPXODWLQJ2'(VDQGWR0DUF6WXWWHUDQG
$QG\9LQWHQIRUXVHIXOGLVFXVVLRQVZKLFKFRQWULEXWHGWRWKHGHVLJQRI6LPSO\37KLVZRUNZDV
IXQGHGE\WKH5XUDODQG(QYLURQPHQW6FLHQFHDQG$QDO\WLFDO6HUYLFHV 5(6$6 GLYLVLRQRIWKH
6FRWWLVK *RYHUQPHQW DQG E\ WKH 1RUGLF 5HVHDUFK &RXQFLO1RUGIRUVN SURMHFW  H
,QIUDVWUXFWXUH IRU ULYHUEDVLQ PRGHOOLQJ 'DWD WR UHSURGXFH WKH FRQFOXVLRQV UHSRUWHG KHUH DUH
DYDLODEOH IRU GRZQORDG LQFOXGLQJ SDUDPHWHU YDOXHV LQSXW GDWD DQG REVHUYHG GDWD
KWWSVJLWKXEFRP/HDK-%6LPSO\3WUHH+\GURORJ\B0RGHO7DUODQGB'DWDB:55 
6LPSO\3 SDUDPHWHU YDOXHV IRU VFHQDULR DQDO\VLV DUH GHVFULEHG LQ 6HFWLRQ  6LPSO\3 PRGHO
FRGH PD\ EH GRZQORDGHG IURP KWWSVJLWKXEFRP/HDK-%6LPSO\3 VHH 6, 6HFWLRQ  IRU PRUH
GHWDLOV7RREWDLQDQ,1&$3H[HFXWDEOHHPDLOUPF#QLYDQR



5HIHUHQFHV









$OH[DQGHU 5 6PLWK 5 6FKZDU] *   (VWLPDWHV RI GLIIXVH SKRVSKRUXV VRXUFHV LQ VXUIDFH
ZDWHUVRIWKH8QLWHG6WDWHVXVLQJDVSDWLDOO\UHIHUHQFHGZDWHUVKHGPRGHOWater Science
and Technology,
$OOHQ53HUHLUD/5DHV'6PLWK0  Crop evapotranspiration – guidelines for computing
crop water requirements. FAO irrigation and drainage paper 56
$UQROG -* )RKUHU 1   6:$7 FXUUHQW FDSDELOLWLHV DQG UHVHDUFK RSSRUWXQLWLHV LQ
DSSOLHGZDWHUVKHGPRGHOOLQJHydrological Processes,
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$UQROG-*6ULQLYDVDQ50XWWLDK56:LOOLDPV-5  /DUJHDUHDK\GURORJLFPRGHOLQJDQG
DVVHVVPHQW SDUW , 0RGHO GHYHORSPHQW JAWRA Journal of the American Water
Resources Association,
$VVHOPDQ 1(0   )LWWLQJ DQG LQWHUSUHWDWLRQ RI VHGLPHQW UDWLQJ FXUYHV Journal of
Hydrology,
%DJQROG5  $QDSSURDFKWRWKHVHGLPHQWWUDQVSRUWSUREOHPGeneral Physics Geological
Survey, Prof. paper
%HFN+('LMN$,0LUDOOHV'*-HX5$0FYLFDU756FKHOOHNHQV-  *OREDOSDWWHUQVLQ
EDVHIORZLQGH[DQGUHFHVVLRQEDVHGRQVWUHDPIORZREVHUYDWLRQVIURPFDWFKPHQWV
Water Resources Research,
%HUJIXU - 'HPDUV %2/ 6WXWWHU 0, /DQJDQ 6- )ULEHUJ 1   7KH 7DUODQG &DWFKPHQW
,QLWLDWLYH DQG ,WV (IIHFW RQ 6WUHDP :DWHU 4XDOLW\ DQG 0DFURLQYHUWHEUDWH ,QGLFHV J.
Environ. Qual.,
%HYHQ.%LQOH\$  7KHIXWXUHRIGLVWULEXWHGPRGHOV0RGHOFDOLEUDWLRQDQGXQFHUWDLQW\
SUHGLFWLRQHydrological Processes,
%LFNQHOO%5,PKRII-&.LWWOH-U-/-REHV7'RQLJLDQ-U$-RKDQVRQ5  +\GURORJLFDO
VLPXODWLRQ SURJUDP)RUWUDQ +63) YHUVLRQ  XVHU¶V PDQXDO AQUA TERRA
Consultants, Mountain View, California
%LQJHU 5 7KHXUHU )   $QQ$*136 7HFKQLFDO 3URFHVVHV GRFXPHQWDWLRQ YHUVLRQ  ,Q
USDA-ARS, National Sedimentation Laboratory.SS3DJH
%RZHV 0- +RXVH :$ +RGJNLQVRQ 5$ /HDFK '9   3KRVSKRUXV±GLVFKDUJH K\VWHUHVLV
GXULQJVWRUPHYHQWVDORQJDULYHUFDWFKPHQWWKH5LYHU6ZDOH8.Water Research,

%R\OH'3*XSWD+96RURRVKLDQ6  7RZDUGLPSURYHGFDOLEUDWLRQRIK\GURORJLFPRGHOV
&RPELQLQJWKHVWUHQJWKVRIPDQXDODQGDXWRPDWLFPHWKRGVWater Resources Research,

&KDSUD6&  Surface water-quality modeling:DYHODQGSUHVV
&ODUN03.DYHWVNL'  $QFLHQWQXPHULFDOGDHPRQVRIFRQFHSWXDOK\GURORJLFDOPRGHOLQJ
 )LGHOLW\ DQG HIILFLHQF\ RI WLPH VWHSSLQJ VFKHPHV Water Resources Research, 
:
&ROE\ %   5HODWLRQVKLS RI VHGLPHQW GLVFKDUJH WR VWUHDPIORZ  SS 3DJH 86 'HSW RI WKH
,QWHULRU*HRORJLFDO6XUYH\:DWHU5HVRXUFHV'LYLVLRQ
&RXWXUH 50 7RPLQDJD . 6WDUUIHOW - 0RH 6- .DVWH  :ULJKW 5)   0RGHOOLQJ
SKRVSKRUXV ORDGLQJ DQG DOJDO EORRPV LQ D 1RUGLF DJULFXOWXUDO FDWFKPHQWODNH V\VWHP
XQGHUFKDQJLQJODQGXVHDQGFOLPDWHEnvironmental Science: Processes & Impacts,

&URNH %) $QGUHZV ) -DNHPDQ $- &XGG\ 60 /XGG\ $   ,+$&5(6 &ODVVLF 3OXV D
UHGHVLJQ RI WKH ,+$&5(6 UDLQIDOOUXQRII PRGHO Environmental Modelling & Software,

&URVVPDQ-)XWWHU012QL6. et al.  ,PSDFWVRIFOLPDWHFKDQJHRQK\GURORJ\DQGZDWHU
TXDOLW\)XWXUHSURRILQJPDQDJHPHQWVWUDWHJLHVLQWKH/DNH6LPFRHZDWHUVKHG&DQDGD
Journal of Great Lakes Research,
'DUL%1DLU9&ROHH-+DUULV:0\ODYDUDSX5  (VWLPDWLRQRI,VRWKHUP3DUDPHWHUV$
6LPSOHDQG&RVWHIIHFWLYH3URFHGXUHFrontiers in Environmental Science,
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'HDQ6)UHHU-%HYHQ.:DGH$-%XWWHUILHOG'  8QFHUWDLQW\DVVHVVPHQWRIDSURFHVV
EDVHGLQWHJUDWHGFDWFKPHQWPRGHORISKRVSKRUXVStochastic environmental research and
risk assessment,
'RPDJDOVNL-/-RKQVRQ+0  6XEVXUIDFHWUDQVSRUWRIRUWKRSKRVSKDWHLQILYHDJULFXOWXUDO
ZDWHUVKHGV86$Journal of Hydrology,
'RQLJLDQ-U$%LFNQHOO%,PKRII-6LQJK9  +\GURORJLFDO6LPXODWLRQ3URJUDP)RUWUDQ
+63) Computer models of watershed hydrology.
(XURVWDW   $JULHQYLURQPHQWDO LQGLFDWRU IDFW VKHHW  ULVN RI SROOXWLRQ E\ SKRVSKRUXV ,Q
European Union (EU) agri-environmental indicator fact sheets.SS3DJH
)HQLFLD ) .DYHWVNL ' 6DYHQLMH ++*   (OHPHQWV RI D IOH[LEOH DSSURDFK IRU FRQFHSWXDO
K\GURORJLFDO PRGHOLQJ  0RWLYDWLRQ DQG WKHRUHWLFDO GHYHORSPHQW Water Resources
Research,QDQD
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Syst. Sci.,
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YDOLGDWLRQRIDSDUVLPRQLRXVPRGHOHydrology and Earth System Sciences,
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Hydrological Processes,
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DQGHTXDWLRQVEnvironmental Modelling & Software,
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1. Introduction
SimplyP is a parsimonious catchment-scale dynamic water quality model, which simulates hydrology,
phosphorus (P) and sediment dynamics in catchments. The model was originally developed in 2015 at the
James Hutton Institute (Scotland), as part of L. Jackson-Blake’s PhD. The model is under development, lead
by NIVA (Norway), with input from the James Hutton Institute. Here, we present model aims, scope and
scale (Section 3) and give a detailed overview of the processes and equations included in SimplyP v1.0, as
well as the underlying scientific rationale. A suggestion of model development priorities is provided in
Section 5.

2. Model availability
SimplyP v1.0 model code is open source (https://github.com/LeahJB/SimplyP). Running the model requires
a Python installation able to run iPython notebooks (e.g. WinPython; http://winpython.sourceforge.net/);
instructions for installing WinPython and running the model using an example dataset are provided in the
GitHub repository. Model parameters are input to the model via a simple Excel interface; recommendations
for default, minimum and maximum values and potential data sources are provided in Table 11.

3. Model aims, scope and scale
3.1 Model aims
SimplyP aims to be process-based, i.e. model equations reflect hypotheses about the processes governing
system behaviour. The aim in developing SimplyP was to minimize the process representation to only those
processes that appear to control the catchment response, whilst maintaining the flexibility and functionality
required for the model to be useful in hypothesis and scenario testing. The process representation aims to be
simple enough to allow parameter values to be constrained using available observational data. What is
presented here is a first prototype, the aim being to attempt a proof-of-concept that simple can be as good as
complex. The hope is that this simple model could provide a useful benchmark when choosing between
different models, or, after further testing, be a useful modelling tool in its own right.
SimplyP was developed with a number of potential uses in mind, including: (1) interpolation of sparse
monitoring data, to provide more ecologically-relevant in-stream phosphorus concentrations or more
accurate estimates of loads delivered downstream to lakes or estuaries; (2) hypothesis testing and
highlighting knowledge and data gaps. This in turn could be used to help design monitoring programmes,
highlight experimental needs, and prioritise areas for future model development; (3) exploring the potential
response of the system to future change, especially in terms of anticipated storm and low-flow dynamics; and
(4) providing evidence to support decision-making, for example to help set water quality and load reduction
goals and to advise on the best means of achieving those goals.
A particular requirement at present is for models which can predict time lags in the system due to stores of
‘legacy’ P, P which has accumulated in the catchment along transport pathways in the land-freshwater
continuum. These legacy P stores may become net sources of P if inputs to the store are reduced, potentially
confounding management efforts aimed at reducing in-stream P concentrations (Sharpley et al., 2013). Stores
of legacy P include: (1) soil P, from historic applications of fertilizer and manure in excess of crop
requirements; (2) terrestrial sediment-bound P, stored in areas where local topography promotes sediment
deposition; (3) groundwater P, due to percolation of P-rich water from agriculture or sewage; (4) P in upstream impoundments (e.g. lakes, reservoirs and canals); and (5) P in in-stream bed sediments. The latter
may be sourced from the deposition of particulate P in areas of slower flow (e.g. pools, floodplains), or from
the adsorption of dissolved P from the water column, particularly downstream of sewage treatment works.
The aim here is for the model to reproduce the first of these stores, soil P, as this is often the largest and the
most pervasive legacy source of P to the environment (Jarvie et al., 2013a; Kleinman et al., 2011; Sharpley et
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al., 2013). The remaining legacy P stores are beyond the scope of this initial version of the model, though
recommendations are provided for how more legacy P sources could be incorporated.
In the future, it is likely that well-devised auto-calibration and uncertainty analysis routines will become prerequisites for model applications. To date, attempts to bring about a shift in modeller behaviour have focused
on improving algorithms and making them more available, but have largely over-looked other important
barriers such as the subjectivity of the analyses (Jackson-Blake and Starrfelt, 2015) and the often
prohibitively large amounts of time required to set up and conduct such analyses. We believe that the use of
auto-calibration and uncertainty analysis tools would increase substantially if more attention were paid to:
(1) developing models with fewer parameters, so all uncertain parameters can be included in an analysis; (2)
reducing the number of interacting parameters, to reduce non-identifiability issues and the need for timeconsuming ad hoc code to be written; and (3) maximising the number of parameters which can in principle
be measured, and therefore given informative priors. SimplyP was developed with these three aims in mind.
In practice, the number of parameters that can be calibrated in a given study area depends on data available
for model calibration and for constraining model parameters to plausible ranges. However, studies have
rarely successfully explored more than 40-dimensional parameter spaces (e.g. Dean et al., 2009; JacksonBlake and Starrfelt, 2015; Starrfelt and Kaste, 2014), so an upper limit of 40 parameters was decided on.

3.2 Model temporal and spatial scale
The model is dynamic and currently runs at a daily time step, short enough to capture much of the variability
in catchment hydrology and the associated delivery of dissolved and particulate matter to the water course,
yet not so short that computing run times become prohibitively long when the model is run to explore longer
term trends. A daily time step is also compatible with the majority of widely-available meteorological data
sets used to drive the model.
The model is spatially semi-distributed, as a compromise between the complexity of fully-distributed
methodologies and the lack of spatial process representation in fully lumped models. The catchment is
broken down into perceived biophysical regions, thereby allowing a certain amount of the spatial variability
in processes and outputs to be simulated, whilst reducing input data requirements and computing run times.
The main disadvantage compared to fully-distributed models is that the interconnectedness of different parts
of the landscape is not included, but in most areas this is justified by the lack of input data for a finer-scale
division of the landscape and the reduced computing run times. The catchment area may be split into:
1. Sub-catchments and associated reaches, which should be defined based on the presence of
monitoring stations, sewage treatment work inputs, or major changes in terrestrial conditions such as
geology, topography or soil type. The model is run for each sub-catchment in turn, and reach outputs
are fed sequentially down-stream.
2. Grouped soil properties and broad land management, termed the land class. A summary of the land
class sub-divisions is given in Table 1. For dissolved P processes, two land classes are considered, a
‘high P’ class and a ‘low P’ class. Land within a class should have a similar annual P budget, soil P
content and hydrological characteristics, or area-weighted properties should be used. A third optional
‘newly-converted’ class may also be included, to take into account legacy soil P when land use
conversion occurs, or the lack of legacy soil P in new agricultural land. For sediment and particulate
P processes, the high P class may be further sub-divided in two to account for differences in
erodibility (e.g. agricultural land could be split into improved grassland and arable land). Finally, the
proportion of spring versus autumn-sown crops that make up any arable land may be taken into
account when calculating the variation in soil erodibility due to plant cover through time.
In highly agricultural areas where there is no ‘low P’ land, if the model is to be used to explore
impacts of changing fertilizer or manure inputs or land use, the expected inactive P content for semi-
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natural land in the area must still be provided, to provide a reference point for the P enrichment of
agricultural soils, but the ‘low P’ class coverage of the catchment would be set to zero.

Processes
Dissolved P

Landscape division
High P
e.g. arable land, improved grassland

Low P
e.g. unfertilized forest,
moorland, rough grassland
Low P

Sediment &
particulate P

High P
High erodibility*
Low erodibility*
e.g. arable
e.g. improved
grassland
Spring-sown*
Winter-sown*
Table 1: Land class sub-divisions available for use in SimplyP. These differ according to the process being simulated
(dissolved or particulate phosphorus processes). *Optional

4. SimplyP model structure and equations
A summary of the main stores and fluxes of water, sediment and P is provided in Figure 1. The model
includes the following components:





A snow accumulation and melt model (Section 4.1.1)
Rainfall-runoff (Section 4.1.2) and in-stream hydrology (Section 4.1.3)
Sediment delivery to the watercourse and in-stream transport (Section 4.2)
Terrestrial and in-stream P processes (Section 0)

Dissolved and particulate P are simulated separately as total dissolved P (TDP) and particulate P (PP). PP is
assumed to be sediment-bound and no distinction is made between organic and mineral P.

Figure 1: Schematic of the main stores, processes and pathways included in the model. White boxes show the
state variables whose volume (water) or mass (sediment, P species) is tracked. Arrows show fluxes within
and between compartments. P: phosphorus, SS: suspended sediment, TDP: total dissolved P, PP: particulate
P, ET: evapotranspiration.

4.1 Hydrology
4.1.1

Hydrological inputs

Input time series of precipitation and potential evapotranspiration (PET) are required. If the snow module is
not used, then these are used to drive hydrological processes in the model. If the snow accumulation and melt
4

module is used, then air temperature must also be supplied, and a time series of rain plus snowmelt is
calculated and used to drive hydrological processes in the model. Parameters and variables used in the
hydrological input equations are defined in Table 2.
Variable
Dsnow
Dsnow,0
fDDSM
P
Pmelt,max
Prain
Psnow
Ptotal
Tair

Description
Snowpack depth
Initial snowpack depth
Degree-day factor for snowmelt
Hydrological input to the model
Potential maximum snowmelt
Precipitation as rain
Precipitation as snow
Total precipitation
Mean daily air temperature

Units
mm
mm
mm/degree-day °C
mm day-1
mm day-1
mm day-1
mm day-1
mm day-1
°C

Source
Equation 3
Input parameter
Input parameter
Equation 4
Equation 2
Equation 1
Equation 1
Input time series
Input time series

Table 2: Parameters and variables used in calculating hydrological inputs to the model
Within the snow model, precipitation falls as snow when the mean daily air temperature is below 0°C
(Equation 1). Potential daily snow melt is calculated using a simple degree-day factor method (USDA,
2004), assuming that melting begins once the air temperature rises above 0°C (Equation 2). Both temperature
thresholds are hard-coded into the model at present, but could be readily converted to user-supplied
parameters. The degree-day approach to simulating snow melt is one of the simplest formulations. Key
limitations are discussed in USDA (2004), in particular: (1) the degree-day factor is assumed to be constant,
whilst in reality it varies seasonally and by location; (2) snow melt is only controlled by temperature, and
therefore ignores important factors such as snow density; and (3) it is not valid for rain-on-snow events.
Equation 1: Partitioning of total precipitation into rain, Prain, and snow, Psnow (mm day-1)
When 𝑇𝑎𝑖𝑟 > 0: 𝑃rain = 𝑃total , 𝑃snow = 0
Otherwise: 𝑃rain = 0, 𝑃snow = 𝑃total

Equation 2: Potential daily snowmelt, Pmelt,max (mm day-1)
When 𝑇air > 0: 𝑃melt, max = 𝑓DDSM (𝑇air − 0)

Snow pack depth is then calculated as initial depth plus the change due to snowfall and snowmelt, with the
latter limited by the snow pack depth (Equation 3). As snowfall and melt are constant over a day, there is no
need for Equation 3 to be formulated as a differential equation. Finally, the sum of rain and snowmelt is used
as input to the hydrology model (Equation 4).
Equation 3: Snow pack depth, Dsnow (mm), where superscript t denotes the current time step, and t-1 the
previous time step. This calculation requires a user-supplied initial snowpack depth, Dsnow,0
𝑡
𝑡
𝑡−1
𝑡
𝑡−1
𝐷snow
= 𝐷snow
+ 𝑃𝑠𝑛𝑜𝑤
− minimum(𝑃melt,max
, 𝐷snow
)

Equation 4: Hydrological inputs to the model, P (mm day-1)
𝑃 = 𝑃rain + 𝑃melt

An example of output from the snow module for the Tarland Burn catchment for the period 2004-2005 is
shown in Figure 2.
The snow model uses mean daily air temperature as input, which could lead to under- or over-estimation of
snowfall and snowmelt. In areas where there is significant winter accumulation of snow, a possible future
modification to the model would be to use a more sophisticated representation of temperature variation
throughout a day, for example using a triangular or a sinusoidal shape.

5

Figure 2: Inputs to and outputs from the snow accumulation and melt module, using input data for the
Tarland Burn catchment. ‘Pptn’ is precipitation. Snow depths are given as mm of water equivalent.

4.1.2

Terrestrial hydrology

A hydrology model provides the foundation for any water quality model, as the flow of water transports
matter from the land to the stream. To simulate hydrology alone, simple models may be appropriate, with
just a couple of calibration parameters (e.g. IHACRES, Croke et al., 2006). However, to be able to simulate
the transport of both dissolved and particulate P under varying flow conditions, a slightly more complex
representation of terrestrial hydrology is needed. Here, three terrestrial flow paths are taken into account: (1)
quick flow, to simulate water, sediment and P inputs to the watercourse during larger rainfall events and
when soils are dry (and therefore little soil water flow occurs); (2) soil water flow, responsible for TDP
leaching from soils and groundwater recharge, and (3) groundwater flow, which is important for baseflow P
concentrations.
The soil water and groundwater equations used were based on those described by Sample (2015), who
provides a full description of their derivation (last accessed March 2016). For convenience, volumes and
fluxes are expressed as water depths per unit area in units of mm or mm day-1. Associated real volumes can
be derived by multiplying by the catchment area, ASC (km2), with unit conversions: 1 m3 = 103 ASC mm.
Parameters and variables used in the terrestrial hydrology equations are defined in Table 3.
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Variable
α
β
dQg/dt
dQs/dt
dQs/dVs
dVg/dt
dVs/dt
Ea
Ep
fE(Vs)
fquick
fsw(Vs)
P
Qg
Qg,min
Qq
Qs
Tg
Ts
Vg
VFC
Vs

Description
Potential evapotranspiration correction factor
Base flow index
Change in groundwater flow with time
Change in soil water flow with time
Change in soil water flow with soil water volume
Change in groundwater volume with time
Change in soil water volume with time
Actual evapotranspiration
Potential evapotranspiration
Function to limit evapotranspiration when soil water level
drops below field capacity
Proportion of hydrological inputs to the soil that contribute
to quick flow
Function to limit soil water flow once soil water level
reaches field capacity
Hydrological inputs to the soil (rain plus snowmelt)
Groundwater flow
Minimum groundwater flow
Quick flow
Soil water flow
Baseflow recession constant
Soil water time constant
Groundwater volume
Field capacity
Soil water volume

Units
none
none
mm day-1 day-1
mm day-1 day-1
mm day-1 mm-1
mm day-1
mm day-1
mm day-1
mm day-1
none

Source
Input parameter
Input parameter
Equation 13
Equation 10
Equation 9
Equation 11
Equation 6
Equation 7
Input time series
Equation 7

none

Input parameter

none

Equation 8

mm day-1
mm day-1
mm day-1
mm day-1
mm day-1
days
days
mm
mm m-1
mm

Equation 4
Equation 13
Input parameter
Equation 5
Equation 10
Input parameter
Input parameter
Equation 11
Input parameter
Equation 6

Table 3: Parameters and variables used in the terrestrial hydrology equations

a) Quick flow
Quick flow is conceptualised to include a host of rapid flow pathways, including infiltration and saturation
excess overland flow, tile drainage, runoff from impervious surfaces and macropore or preferential flow
through soils. In practice, it is difficult to differentiate between these various rapid flow paths when
calibrating using in-stream discharge data. Therefore as a starting point all were lumped into a single input to
the stream, calculated as a function of incoming precipitation. A number of options for characterising quick
flow were considered (in order of increasing complexity):
1. Assume quick flow is directly proportional to incoming precipitation and is routed instantaneously to
the stream. This involves just one calibration parameter, fquick, the proportion of precipitation that
contributes to quick flow:
𝑄𝑞 = 𝑓quick 𝑃

2. Assume quick flow only occurs above some precipitation threshold, Imax, with all precipitation routed
instantaneously to the stream above this threshold. As with option (1), this involves just one
calibration parameter:
𝑄𝑞 = max{(𝑃 − 𝐼max ), 0}

3. A third option builds on option 2, including a factor to describe the proportion of the precipitation
that contributes to quick flow once the threshold has been exceeded. It therefore has two parameters,
fquick and Imax:
𝑄𝑞 = 𝑓quick max{(𝑃 − 𝐼max ),0}

4. Adopt one of the above approaches to describe the hydrological inputs to a quick store of water, and
track the change in volume and flow of water in the store. This involves an additional user-input
parameter, the time constant of the store, and therefore involves two or three user-supplied
parameters. This approach is used by many process-based catchment water quality models, e.g.
INCA.
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Option 4 was discounted as being unnecessarily complex: the time constant is likely to be set to a small value
in most catchments, and so the assumption in options 1 to 3 of quick flow directly entering the stream
without a time lag is usually justifiable. As a starting point option 1 was chosen, being the simplest (Equation
5), but future work comparing options within a formal statistical framework would be useful.
Equation 5: Quick flow inputs to the stream, Qq (mm day-1)
𝑄𝑞 = 𝑓quick 𝑃

Despite being simple, this approach allows summer flow events to be simulated, as a proportion of all
precipitation enters the stream even when soil water level is below field capacity (often the case during the
summer in temperate regions), when no soil water flow is simulated. It is important to be able to simulate
these summer flow events, as they are often associated with nutrient peaks. Several models address the
problem by adding in an additional quick flow path when soil water drops below field capacity (e.g.
PERSiST, Futter et al., 2014). However, it is conceptually more consistent for this process to occur whatever
the soil water level, as in Equation 5.
An important limitation of the adopted approach is a lack of seasonality in the generation of quick flow; in
reality, quick flow is likely to be higher when soils are saturated, which is often the case during winter in
temperate regions. A potential future extension to the model would be to include this saturation excess flow,
which would require a re-formulation of the soil water equations.

b) Soil water
The soil water ordinary differential equations (ODEs) are solved separately for semi-natural and agricultural
land, so the equations described in this section are present in the model for both land use classes. The change
in soil water volume with time is given by Equation 6. Inputs to the soil water are from rainfall and snowmelt
(Section 4.1.1), taking into account the proportion that is routed to quick flow; outputs are through
evapotranspiration (Ea) and soil water flow.
Equation 6: Rate of change in soil water volume, Vs, with respect to time (mm day-1)
𝑑𝑉𝑠
= (1 − 𝑓quick )𝑃 − 𝐸𝑎 − 𝑄𝑠
𝑑𝑡

Ea is calculated from a user-supplied time series of potential evapotranspiration (EP), taking into account: (1)
differences between land cover and topography in the study catchment compared to reference values used to
compute Ep, through the optional use of a correction factor, and (2) moisture limitation once soil water drops
below field capacity (Equation 7). To achieve the link between evapotranspiration and soil water content, an
additional variable is needed in Equation 7 which tends to 1 as Vs approaches field capacity and to 0 as Vs
tends to 0. A convenient function which displays this behaviour is fE(Vs) = 1-eµVs, where µ is a tuning
parameter that determines the shape of the curve (Fenicia et al., 2011). The value of µ is determined within
the model as a function of field capacity: for the desired behaviour, EA should be close to EP when the soil
water is at field capacity, i.e:
EP = k EA when Vs = VFC, where k is near 1

Substituting this into Equation 7 and re-arranging gives µ = -ln(1-k)/VFC. The fE(Vs) function is plotted in
Figure 3 for a variety of values of k and for the minimum and maximum likely field capacity values (100 to
450 mm/m; Ratliff et al., 1983). Based on this plot, k was fixed at 0.99 so that fE(Vs) is close to 1 at field
capacity and drops away relatively quickly below field capacity.
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Equation 7: Actual evapotranspiration, Ea (mm day-1). The function fE(Vs) limits evapotranspiration when
soil water content drops below field capacity
𝐸𝑎 = 𝛼𝐸𝑝 𝑓𝐸 (𝑉𝑠 ) = 𝛼𝐸𝑝 (1 − 𝑒 −𝜇𝑉𝑠 ), where 𝜇 =

−ln(0.01)
𝑉𝐹𝐶

Figure 3: Relationship between fE(Vs) and soil water volume (Vs/mm) for a variety of k factors, where fE(Vs)
= 1-eµVs and µ =-ln(k)/VFC. The vertical lines mark the minimum and maximum likely values for field
capacity (FC). Solid lines: FC=100; dashed lines: FC=450 mm m-1.
It is assumed that soil water flow only takes place when the soil water level is above field capacity and that
flow is proportional to the volume of water above field capacity (Equation 8). The constant of proportionality
is 1/Ts, where Ts is the soil water time constant. The additional function in Equation 8, fsw(Vs), prevents soil
water flow from occurring when soil water content drops below field capacity. One option is for this function
to involve a set of logical conditions (e.g. fsw(Vs) = 0 when Vs > VFC; otherwise fsw(Vs) = 1). However, this
kind of logic introduces non-differentiable discontinuities into the ODE. Instead, a continuous sigmoid
function was used (Fenicia et al., 2011), which yields a curve which switches rapidly from zero to one
around field capacity (Figure 4).
Equation 8: Discharge from the soil water store, Qs (mm day-1)
𝑄𝑠 =

1
1
1
(𝑉𝑠 − 𝑉𝐹𝐶 ) 𝑓𝑠𝑤 (𝑉𝑠 ) =
(𝑉𝑠 − 𝑉𝐹𝐶 ) (
)
(𝑉
𝑇𝑠
𝑇𝑠
1 + 𝑒 𝐹𝐶−𝑉𝑠)

Figure 4: Schematic demonstrating the form fsw(Vs) takes when a sigmoid curve is used
To derive an equation for the rate of change in soil water flow with time, dQs/dt, Equation 8 must be
differentiated with respect to time. To do this, dQs/dVs is first defined by differentiating Equation 8 with
respect to soil water volume (Equation 9), which is then used to derive dQs/dt (Equation 10).
Equation 9: Rate of change in soil water flow, Qs, with respect to soil water volume (day-1)
𝑑𝑄𝑠 (𝑉𝑠 − 𝑉𝐹𝐶 )𝑒 𝑉𝐹𝐶−𝑉𝑠
1
=
+
𝑑𝑉𝑠
𝑇𝑠 (𝑒 𝑉𝐹𝐶−𝑉𝑠 + 1)2 𝑇𝑠 (𝑒 𝑉𝐹𝐶−𝑉𝑠 + 1)
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Equation 10: Rate of change in soil water flow, Qs, with respect to time (mm day-2)
𝑑𝑄𝑠 𝑑𝑉𝑠 𝑑𝑄𝑠
=
𝑑𝑡
𝑑𝑡 𝑑𝑉𝑠

Finally, a proportion (β) of the discharge from the soil box is assumed to percolate to groundwater, whilst the
remainder of the soil water flow (1 – βQs) is assumed to travel to the stream along shallow flow pathways.

c) Groundwater
The rate of change of groundwater volume with time is controlled by the balance of inputs from the soil
water and outputs via groundwater flow (Equation 11). Percolation from the soil water is calculated as a
fraction (β) of the soil water outflow (where β is the baseflow index). Groundwater flow is assumed to be
directly proportional to groundwater volume (Equation 12), and can be differentiated with respect to Vg to
give 1/Tg, where Tg is the baseflow recession constant. As with the soil water flow, the rate of change in
groundwater flow with time is then calculated as the product of dVg/dt and dQg/dVg (Equation 13). The
baseflow recession constant is determined through model calibration or from discharge observations using
hydrograph separation techniques (e.g. Van Dijk, 2010). Beck et al. (2013) have produced a global dataset of
baseflow index and recession constants which could provide useful starting points for model calibration.
Equation 11: Rate of change of groundwater volume, Vg, with time (mm day-1)
𝑑𝑉𝑔
= 𝛽𝑄𝑠 − 𝑄𝑔
𝑑𝑡

Equation 12: Relationship between groundwater flow and volume
𝑄𝑔 =

𝑑𝑄𝑔
1
1
𝑉𝑔 ; therefore
=
𝑇𝑔
𝑑𝑉𝑔
𝑇𝑔

Equation 13: Rate of change of groundwater flow, Qg, with time (mm day-1 day-1)
𝑑𝑄𝑔 𝑑𝑉𝑔 𝑑𝑄𝑔 𝛽𝑄𝑠 − 𝑄𝑔
=
=
, where 𝑄𝑔 = maximum(𝑄𝑔,𝑚𝑖𝑛 , 𝑄𝑔 )
𝑑𝑡
𝑑𝑡 𝑑𝑉𝑔
𝑇𝑔

The minimum groundwater flow parameter in Equation 13, Qg,min, prevents groundwater flow from dropping
below a user-specified threshold. Without this, sustained periods when soil water is below field capacity may
result in little groundwater recharge and under-simulation of low flows (red line in Figure 5 for the Tarland
catchment). This threshold is implemented by testing whether the groundwater flow at the end of the day is
below the user-specified threshold. If it is, the initial conditions at the start of the next time step are set to the
threshold. It is therefore possible for groundwater flow within a day to drop below the threshold, but
generally not by much.
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Figure 5: Comparison of simulated runoff with and without inclusion of a minimum groundwater flow in the
Tarland catchment. Note log scale.

Figure 6: Comparison of simulated runoff generated using a linear and a non-linear groundwater reservoir
in the Tarland. Note the log scale.
Poor representation of low flows is a common weakness in hydrological simulations (Fenicia et al., 2006),
leading to potentially large errors in simulated solute concentrations during the ecologically-sensitive
summer period. Whilst preventing groundwater flow from dropping below a certain threshold improves the
simulation, it is not an ideal solution: (1) it circumvents the fact that something is wrong with the model
conceptualisation if sustained summer baseflows cannot be simulated, and (2) it does not satisfy the internal
catchment water balance, as the excess water required to sustain groundwater at the user-specified threshold
is not sourced from within the catchment. This approach therefore works for the purposes of developing a
prototype model, and indeed is that adopted by e.g. INCA. However, alternative options were also
considered, and should be a priority for future development of the model. These include:
1) Replacing the linear relationship between groundwater volume and flow with a non-linear relationship,
so that Vg = TgQk, as described by Wittenberg (1999), where k, the non-linear coefficient, reflects the
influence of aquifer properties on Qg. Equations for the rates of change in groundwater volume and flow
therefore become:
1−𝑘

𝑑𝑄𝑔 𝑉𝑔 𝑘
1
=
when k = 1)
1 (which simplifies to
𝑑𝑉𝑔
Tg
𝑘
𝑘𝑇𝑔
1

𝑑𝑉𝑔
𝑉𝑔 𝑘
= 𝛽𝑄𝑠 − ( )
𝑑𝑡
𝑇𝑔
𝑑𝑄𝑔 𝑑𝑄𝑔 𝑑𝑉𝑔
=
𝑑𝑡
𝑑𝑉𝑔 𝑑𝑡

A comparison of simulations using a linear and a non-linear groundwater store in the Tarland are shown
in Figure 6. In this case the non-linear model produces a flatter recession, but simulated low flows are
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too high. Discussions as to whether the groundwater storage-discharge relationship should be considered
linear or non-linear have been on-going in the literature for some time, and certainly in some cases a
non-linear reservoir appears to perform better (e.g. Gan and Luo, 2013). Other researchers have added in
additional storage boxes to help improve model performance (e.g. Luo et al., 2012). In cases this may be
justified, but Fenicia et al. (2006) make a strong argument for non-linear reservoirs often appearing to
perform better only when important fluxes into or out of the groundwater storage zone have been
neglected.
2) The second option considered was therefore that the model is missing an additional flux into the
groundwater, e.g. slow recharge from the unsaturated zone. Possible alternative formulations of the soil
water store, which would allow for some groundwater recharge to occur when the soil water level drops
below field capacity, include:
a. Adding in a small, constant flux from the soil water box to the groundwater, which is
independent of soil water content. This would require a user-calibrated parameter to set the flux,
and a function as used in Equation 7 to prevent negative soil water volumes.
b. Changing the shape of the sigmoid function used to limit soil water drainage below field
capacity, so that it behaves less like a step function and allows some continued percolation to
groundwater below field capacity. This is a mechanistically justifiable option, as soils continue
to produce water when water contents drop below field capacity, although the fluxes involved
vary with soil type and texture (Twarakavi et al., 2009). Some practicalities of this option would
need careful consideration, e.g. choosing an appropriate shape parameter for all possible values
of field capacity, to ensure zero flow when water level drops to zero.
The model only considers average conditions over the catchment, whilst in reality, although
catchment-average soil water content may be at or below field capacity, soils in parts of the
catchment (e.g. at the foot of slopes or in hollows) are likely to remain above field capacity, and
therefore able to feed water into groundwater and surface watercourses. This is a limitation of
using a semi-distributed approach, and provides further justification for using a less steep
sigmoid function.
In summary, the simple linear store with a user-supplied minimum groundwater flow provides a working
solution to the problem of simulating summer low flows, and is suitable for the purposes of the prototype
model being developed here. However, improved realism should be achievable without much increase in
model complexity, and exploring options to achieve this should be a high priority for any future development
efforts.

d) Example model output
An example of terrestrial hydrology output for the Tarland Burn catchment for the period 2004-2005 is
shown in Figure 7, using time constants of 1 day for agricultural land and 10 days for semi-natural land. For
both land use classes, soil water volume is at or above field capacity for most of the winter and then drops
below field capacity during the summer, when quick flow provides the only soil input to the stream. The
larger soil water time constant in semi-natural land means that it responds more slowly to changing inputs
than agricultural soil water, with lower, broader peaks in flow and volume after rainfall. The groundwater
time constant is much longer than the soil water time constants (65 days), so changes in groundwater flow
and volume are a highly damped version of the changes in the soil water stores.
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Figure 7: Terrestrial compartment hydrology results in the Tarland catchment. Q: discharge, Vol: volume,
SW: soil water, GW: groundwater, Agri: agricultural land, SN: semi-natural land. Grey lines on the soil
water volume plots mark the field capacity. N.B. volumes and fluxes are per unit area.

4.1.3

In-stream hydrology

Observed discharge can often be simulated without accounting for within-reach water travel times. However,
the water quality model requires estimates of reach volume and discharge, to allow concentrations and fluxes
from the reach to be calculated. Parameters and variables used in the instream hydrological equations are
defined in Table 4. Note that, as in the terrestrial compartment, all volumes and fluxes are calculated using
units of depth per unit area. The simulated daily mean flow is then converted to cumecs for comparison with
observations (1 m3 s-1 = 103 86400-1 ASC mm day-1, where ASC is sub-catchment area in km2).
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Variable
a
b
β
dQr/dt
dQr,av/dt
dVr/dt
fA

Description
Gradient of in-stream velocity-discharge relationship
Exponent of in-stream velocity-discharge relationship
Base flow index
Rate of change in reach discharge with time
Rate of change in daily mean flow with time
Rate of change in reach water volume with time
Proportion of agricultural land in the sub-catchment

Units
m-2
None
None
mm day-1 day-1
mm day-1 day-1
mm day-1 day-1
None

fS
Lreach
Qg
Qq
QsA

Proportion of semi-natural in the sub-catchment
Reach length
Groundwater flow
Quick flow
Soil water inputs from agricultural land

None
M
mm day-1
mm day-1
mm day-1

Source
Input parameter
Constant (0.42)
Input parameter
Equation 17
Equation 18
Equation 14
Input parameters
(fAr + fIG)
Input parameter
Input parameter
Equation 13
Equation 5
Equation 10

QsS
Qr
Qr,av
Qr,US
Tr
Vr

Soil water inputs from semi-natural land
Outflow from the reach
Daily mean flow from the reach
Inputs to the reach from upstream reaches
Reach time constant
Reach water volume

mm day-1
mm day-1
mm day-1
mm day-1
Days
Mm

Equation 10
Equation 17
Equation 18
Model calculates
Equation 16
Equation 14

Table 4: Parameters and variables used in the instream hydrology equations
The instream hydrology equations used are similar to those used in other water quality models. The change
in water volume in each reach is assumed to be proportional to the difference between input and output
fluxes (Equation 14). Input fluxes are from quick flow, soil water flow, groundwater flow and inflow from
upstream reaches, and water leaves via the reach outflow. The soil water input to the reach is calculated as
the sum of inputs from semi-natural and agricultural land in the catchment.
Equation 14: Rate of change in reach volume, Vr, with time (mm day-1)
𝑑𝑉𝑟
= 𝑄𝑞 + (1 − 𝛽)(𝑓𝐴 𝑄𝑠𝐴 + 𝑓𝑆 𝑄𝑠𝑆 ) + 𝑄𝑔 + 𝑄𝑟,𝑈𝑆 − 𝑄𝑟
𝑑𝑡

Flow downstream, Qr, is assumed to be proportional to the reach volume (Equation 15), with a constant of
proportionality 1/Tr (where Tr is the reach time constant in days). Tr is not however constant as it is in the
terrestrial stores, but is inversely proportional to water velocity to account for the shorter residence time of
faster flowing water (Equation 16). Water velocity is estimated using an empirical relationship with
discharge (Equation 16) (Chapter 14, Chapra, 2008; Leopold and Maddock Jr, 1953), where a is a usersupplied parameter, derived where possible from velocity profiling carried out as part of flow gauging, and b
is a non-linear coefficient. The a parameter is the most site-specific, whilst b is usually between 0.3 and 0.5.
To reduce model complexity and interactions between these two parameters, the value of b was therefore set
as a constant with a value of 0.42, corresponding to the average from over 200 river cross sections in the US
and Europe (Wolman et al., 1964). The units of a (m-2) assume that observed velocity and discharge have
units of m s-1 and m3 s-1, respectively.
Equation 15: Relationship between reach discharge, Qr (mm day-1) and volume, Vr (mm)
𝑉𝑟 = 𝑇𝑟 𝑄𝑟 =

𝐿reach
(1−𝑏)
𝑄
86400 𝑎 𝑟

Equation 16: Reach time constant, Tr (days), where U is the water velocity (m s-1)
𝑇𝑟 =

𝐿reach
𝐿reach
; 𝑈 = 𝑎𝑄𝑟𝑏 , so 𝑇𝑟 =
𝑈
86400 𝑎𝑄𝑟𝑏

The rate of change in discharge with time is given by Equation 17. The time-varying nature of Tr gives rise
to the (1-b) factor in the denominator. To get a time series of daily mean flow, the rate of change in discharge
with time is integrated with initial conditions set to zero at the start of each day (Equation 18), to provide the
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total flux of water leaving the reach over a day. The units of this daily mean flow time series are then
converted to cumecs for comparison with observations.
Equation 17: The rate of change in reach discharge, Qr, with time (mm day-1 day-1)
𝑑𝑄𝑟
1
=
(𝑄 + (1 − 𝛽)(𝑓𝐴 𝑄𝑠𝐴 + 𝑓𝑆 𝑄𝑠𝑆 ) + 𝑄𝑔 + 𝑄𝑟,𝑈𝑆 − 𝑄𝑟 )
𝑑𝑡
𝑇𝑟 (1 − 𝑏) 𝑞

Equation 18: Change in daily mean flow, Qr,av (mm day-1), with time
𝑑𝑄𝑟,𝑎𝑣
= 𝑄𝑟
𝑑𝑡

The daily mean flow is used to determine the flux from the up-stream reach, Qr,US. For the top reach, this is
set to zero. For all other reaches, it is set equal to the daily mean flow from the upstream reach for the same
time step. In this sense, the reaches are not fully coupled, as simulated within-day changes in flow are not
cascaded from reach to reach. However, this assumption simplifies the coding considerably and should be
appropriate in all but large, highly flashy systems.

4.2 Sediment processes
4.2.1

In-stream suspended sediment

In-stream SS concentrations are highly variable spatially and temporally, changing in response to terrestrial
delivery, stream bank erosion, entrainment of bed sediment material and sediment deposition on floodplains
and the stream bed. Terrestrial delivery is in turn controlled by the detachment of soil particles by raindrop
impact, flow erosion and transport through the catchment, with deposition in areas of lower water velocity.
Important factors affecting in-stream processes include stream power, particle size and type, stream bed
morphology, macrophyte cover and antecedent conditions (Merritt et al., 2003). Incorporating these
processes into a model would require many parameters to be calibrated, even with a simple formulation. In
intensively-studied catchments some terrestrial data may be available to help constrain parameter values, but
in most areas calibration is done using only in-stream SS concentration time series, and it is doubtful that
these time series contain enough information for such a level of process representation.
Despite the varied and complex processes which represent sediment fluxes to and within streams, in-stream
SS concentration has long been known to be well-explained by a simple power law with in-stream discharge:
𝑆𝑆 = 𝑎𝑄𝑟𝑏 , where SS is suspended sediment concentration, Qr is in-stream discharge, and a and b are
parameters determined by regression (Colby, 1956). There are therefore strong indications that, at the
catchment scale, this complexity may be simplified to a remarkably straightforward relationship. Here, this
simple power law is therefore taken as the basis for simulating the change in SS mass with time in each
stream reach. Parameters and variables used in the sediment equations are defined in Table 5.
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Variable
ASC
Ccover
Cmeasures
dMsus/dt
dMsus,tot/dt
EM
Esus
fAr
fIG
fS
kM
Minput
Msus
Msus,DS
Msus,US
Msus,tot
Qr
Qr,av
SSC
Sreach
SSr
Vr

Description
Sub-catchment area
Erosion soil cover factor
Erosion management factor
Rate of change in reach suspended sediment mass with time
Change in total daily flux of sediment from the stream reach
Sediment input scaling factor
Sediment-discharge rating coefficient
Fraction of arable land in the sub-catchment
Fraction of improved grassland in the sub-catchment
Fraction of semi-natural land in the sub-catchment
Instream erosion and entrainment non-linear coefficient
Flux of sediment to the reach from terrestrial and instream
sources
Reach suspended sediment mass
Flux of sediment downstream out of the reach
Flux of sediment from upstream reaches
Total daily flux of sediment from the stream reach
Reach discharge
Daily mean discharge
Sub-catchment slope
Reach slope
Mean daily concentration of suspended sediment in the reach
Volume of water in the reach

Units
km2
none
none
kg day-1
kg day-1
kg mm-1
kg mm-1
none
none
none
none
kg day-1

Source
Input parameter
Equation 26
Input parameter
Equation 19
Equation 23
Input parameter
Equation 21
Input parameter
Input parameter
Input parameter
Input parameter
Equation 20

kg
kg day-1
kg day-1
kg day-1
mm day-1
mm day-1
°
°
mg l-1
mm

Equation 19
Equation 22
Model calculates
Equation 23
Equation 17
Equation 18
Input parameter
Input parameter
Equation 24
Equation 14

Table 5: Parameters and variables used in the in-stream sediment equations
The rate of change in SS mass with time is controlled by the difference between sediment input and output
fluxes (Equation 19). Inputs from the terrestrial compartment, in-stream channel erosion and entrainment are
grouped into a single input term, Minput, assumed to be related to in-stream flow using a power law (Equation
20). It was originally envisaged that Equation 19 would include separate terms for sediment delivery from
the land (proportional to quick flow) and instream entrainment and erosion (proportional to instream
discharge). However, adding a quick flow-dependent term to Equation 20 made little difference to model
output and was therefore discarded, and the entrainment term was re-formulated to represent both terrestrial
and instream inputs.
Equation 19: Rate of change in suspended sediment mass in the stream reach, Msus, with time (kg day-1),
where superscript i denotes the land use class. fi is one of fAr, fIG or fS.
𝑑𝑀sus
𝑖
= (∑ 𝑓 𝑖 𝑀input
) + 𝑀sus,US − 𝑀sus,DS
𝑑𝑡
𝑖

Equation 20: Flux of sediment to the stream from terrestrial and in-stream sources, Minput (kg day-1)
𝑘

𝑀input = 𝐸sus 𝑄𝑟 𝑀

This simple treatment of the sediment inputs to the reach assumes that the majority of in-stream SS is
generated from within- or near-channel sources, as is often observed (Bowes et al., 2005). A further
assumption is made that these near-channel sediment sources are directly controlled by catchment erodibility
and delivery to the watercourse, so that a change in terrestrial erodibility causes an instant reduction in instream SS concentration. This assumption is based on the observation that the coefficient in Equation 20,
Esus, relates to the erodibility of soils in the catchment (reviewed in Asselman, 2000). To build in a link
between terrestrial processes and in-stream SS, the value of Esus therefore incorporates data on the relative
differences in expected erosion fluxes from different land units used in the Universal Soil Loss Equation
(USLE; Kinnell, 2010; Renard et al., 1991; Wischmeier and Smith, 1965, 1978). Esus is therefore calculated
per land class (e.g. arable, improved grassland and semi-natural) and sub-catchment by multiplying a usercalibrated scaling factor with factors representing erodibility and sediment delivery to the stream (Equation
21). These factors include average slope (SSC, which affects the transport capacity of quick flow), a

16

vegetation cover factor (Ccover) and a management factor (Cmeasures), all of which may vary with land use, and
the cover factor may vary through the year if desired (Section 4.2.2).
Equation 21: Sediment-discharge rating coefficient, Esus, (kg mm-1), where superscript i indicates that the
variable or parameter varies by land use, and superscript j by sub-catchment.
𝑖,𝑗

𝑗

𝑖,𝑗

𝑖
𝑖
𝐸sus = 𝐸𝑀 𝑆reach 𝑆𝑆𝐶 𝐶cover
𝐶measures

The cover factor, Ccover, describes the ratio between the erodibility of a bare soil plot and the land use class;
its value therefore ranges from 1 (maximum erodibility) to 0 (no erosion). Cover factors can be sourced from
USLE-related literature reviews, selecting an appropriate geo-climatic region and range of vegetation and
crop types. For example, Panagos et al. (2015) have collated crop type factors for typical European crops
(Appendix, Table A1) and other European land cover (Appendix, Table A2). The user can also incorporate
relative differences in inherent soil erodibility of different land classes into the relative differences in Ccover,
i.e. differences due to soil properties such as texture and organic matter content (generally termed the K
factor in USLE-related literature). A potential future extension to the model for areas which are dominated
by semi-natural land could be to build in a link between the cover factor on semi-natural land and pressures
which are known to increase soil erodibility such as grazing, burning and tree felling.
The management factor, Cmeasures, allows the user to explore the effects of sediment reduction measures and
should be in the range 0 to 1, where 0 implies 100% reduction in sediment yield. Measures that could be
taken into account could, for example, relate to the effects of tillage, cover crops or measures to reduce
sediment connectivity to the stream (e.g. buffers or fences). The model requires the user to know the
effectiveness of the chosen measure for a given land class. Values for effectiveness can be obtained for
example from the USLE literature (e.g. Panagos et al., 2015) or from experimental work within the study
catchment.
Sediment input to the watercourse should not only vary with terrestrial erodibility and transport capacity, but
also with changes in in-stream inputs. A large body of empirical and theoretical work has shown that instream sediment transport is controlled by stream power, i.e. the rate of energy expenditure on the stream bed
and banks (Bagnold, 1966). In-stream sediment inputs to the watercourse were therefore assumed to be
proportional to stream power per unit length, ω=ρgSreach Qr. This equation includes terms for the density of
water (ρ) and gravitational acceleration (g), both of which are constant and therefore grouped into the usersupplied scaling factor (EM) in Equation 21. The remaining term, the reach slope (Sreach) is then an additional
factor in Equation 21.
Additional sediment inputs to the stream reach are via flow from any upstream reaches and sediment is lost
via flow from the reach (Equation 22). The integral of the flux out of the reach over each day, starting with
an initial condition of 0, then provides a time series of the total sediment flux from the reach per day
(Equation 23), which is used to calculate daily mean SS concentration (Equation 24). The latter is output by
the model for comparison with observations.
Equation 22: Reach suspended sediment outflow from the reach bottom, Msus,DS (kg day-1)
𝑀sus,DS =

𝑀sus
𝑄
𝑉𝑟 𝑟

Equation 23: Rate of change in the flux of sediment from the reach, Msus,tot (kg day-1)
𝑑𝑀sus,tot
= 𝑀sus,DS
𝑑𝑡
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Equation 24: Mean daily concentration of SS in the stream reach, SSr (mg l-1)
𝑆𝑆𝑟 =

𝑀sus,tot 1
𝑄𝑟,av 𝐴𝑆𝐶

Connectivity between sediment source areas and the water course is an important factor in determining
sediment yield to a water course. This is not explicitly accounted for at present, although it is indirectly
included in the value assigned to the scaling factor, EM, in a given area. A potential improvement would be to
explicitly include a connectivity factor in Equation 20, for example by: (1) using drainage density as a proxy
for connectivity, (2) only considering the characteristics of land within a certain distance of a drainage
ditch/watercourse, as land most likely to be a potential sediment source area; (3) factoring in field size and
the presence of barriers to flow such as walls and hedges; (4) calibrating the sediment yield scaling factor by
sub-catchment, rather than keeping it constant over the whole catchment. In addition, the sub-catchment
slope factor could be altered to be more representative of potential sediment source areas, for example it
could be the average slope of land within a certain distance of a watercourse.
Assuming that the amount of sediment in near-channel sources is directly proportional to terrestrial
erodibility is a big simplification. An implication of this assumption is that a reduction in terrestrial
erodibility causes an instant reduction in in-stream SS concentration. In reality, hysteresis is often seen in the
sediment-discharge relationship, reflecting the change in sediment source distance or supply during a rainfall
event (e.g. Oeurng et al., 2010). As the store of sediment in near-channel sources is not tracked, there is no
ability to simulate source-exhaustion over successive storm events (Bowes et al., 2005). Test applications are
required to determine whether this is an issue in a given study catchment. Over the longer term, we might
expect a time lag between changes in erodibility and in-stream effects as in-stream sources become
exhausted. For example, typical lag times of decades or more have been reported for the retention of bulk
sediment in river channels (Trimble, 2010). However, here we are primarily concerned with the fine
sediment fraction (silt and clay), as the fraction that is of greatest significance for P transport due to its
relatively high P content. This finer sediment fraction is substantially more mobile, with residence times of
less than a year reported for many rivers, excluding storage on floodplains (Sharpley et al., 2013, and
references therein).
Other issues with this simple formulation are that sediment deposition is not explicitly accounted for, and so
the model cannot simulate a net flux of sediment from the water column to the stream bed. This could be a
problem in some areas, for example in catchments with a big difference in slope and sediment supply
between reaches. Future work is needed to determine under which circumstances deposition needs taking
into account, and how it should best be done in the simplest way possible. Another potential future
improvement could be to split bank erosion and entrainment from terrestrial delivery. Bank erosion and
entrainment may be a key sediment input (Lefrançois et al., 2007), and assuming terrestrial sediment
reduction measures cause a proportional reduction in in-stream sediment load ignores the fact that bank
erosion will be unaffected by these measures. Finally, the instream sediment equations only consider
allochthonous particles sourced from the catchment. However, autochthonous particles, generated in-stream
by biological processes, may make up an important part of suspended matter (Stutter et al., 2009), and in
some areas it may be appropriate to consider both.

4.2.2

Dynamic cover factor

On arable land, the key risk period for soil erosion is between preparation of the seed bed and establishment
of the crop, when fine ploughing results in bare soils with low cohesion. To take this temporal change in
erodibility into account in the model, there is the option to replace the user-supplied constant cover factor on
arable land (hereafter termed Ccov,av) with a dynamic factor, which changes during the course of the year
(hereafter termed Ccover). This dynamic cover factor is calculated so that its annual average is the userspecified cover factor, to preserve the user’s knowledge of the ratio in long-term erodibility between land use
classes. In most temperate areas, high-risk seed beds will be present during both spring and autumn, as many
farmers cultivate a mixture of spring- and autumn-sown crops. Arable land may therefore be further sub18

divided into spring-sown (e.g. spring cereals) and autumn sown (e.g. winter cereals) if the user wishes to take
dynamic erodibility into account.
Two options were explored for calculating the dynamic cover factor (associated parameters and variables are
defined in Table 6). The first approach uses a cosine wave (Equation 25). This is appealing in that it is
smooth and only requires one user-supplied parameter, the date of maximum erodibility. In much of northern
Europe, for example, this could be around the end of February (day 60) for spring-sown crops and the end of
October (day 300) for autumn-sown crops. The amplitude of the curve can be fixed to ensure that the annual
mean is equal to Ccov,av (Equation 25). The downside of this formulation is that it assumes that points of
maximum and minimum erodibility are half a year apart. For autumn-sown cereals in particular this is
unlikely.
Variable
Ccover
Ccover,av
Cmeasures
dE,max

Description
Erosion soil cover factor
Average soil cover factor for erodibility
Erosion management factor
Date of maximum soil erodibility

Units
None
None
None
None

dE,start
dE,end
dyear
fspr

Start of the high erodibility period
End of the high erodibility period
Julian day of the year
Fraction of arable land that is spring sown

None
None
None
None

Source
Equation 26 (if dynamic) or Ccover,av
Input parameter
Input parameter
Input parameter (for spring- and autumnsown)
Model calculates (DE,max -30)
Model calculates (DE,max+30)
Model calculates
Input parameter

Table 6: Parameters and variables used in the erodibility equations
Equation 25: Dynamic crop cover factor for arable land calculated using a cosine wave, where superscript i
indicates the crop type (spring-sown or winter-sown)
𝑖
𝐶cover
=

𝑖
𝐶cov
2𝜋
,av
𝑖
(cos (
𝑑
+ 𝑑Emax
) + 1)
2
365 year

The alternative approach adopted instead was to assume a constant cover factor throughout the year, apart
from during a high risk period defined by a user-specified maximum erodibility date. Within this high risk
period, the factor follows a triangular shape (Figure 8), which smooths the transition from lower to higher
erodibility risk, to take into account differences in ploughing dates across the catchment. The difference
between Ccov,av and the dynamic cover factor outside the high risk period is calculated so that the annual
average of the dynamic cover factor equals Ccov,av (Figure 8 and Equation 26). To provide comparable
simplicity to the sine curve option, the length of the high erodibility period is fixed. This period should
encompass the likely variability in seed bed presence in both space and time in the catchment, whilst not
being so wide as to reduce the cover factor during the remainder of the year to below the average values on
improved grassland and semi-natural land – we would generally expect arable land, with its higher
proportion of bare soil, compaction and tramlines, to have higher erosion risk than the other two land classes.
A period of two months (60 days) provided a good compromise, although the sensitivity of the model to this
factor could be assessed in the future. Within the high risk period, the value of the dynamic cover factor is
then calculated by linear interpolation (Equation 26), and the results for spring- and autumn-sown crops are
averaged to give the overall factor to be used in Equation 21.
Equation 26: Dynamic cover factor for arable land, Ccover, calculated using a triangular wave during the high
risk period, where superscript i indicates the crop type (spring-sown or winter-sown)
If the day of the year, dyear, is within the period dE,maxi ± 30 days:
𝑖
𝑖
(1 − 𝐶cov,av
)(𝑑year − 𝑑𝐸,
start )
𝑖
𝑖
If 𝑑year < 𝑑𝐸,max : 𝐶cover
= 𝐶cov,av
+
𝑖
𝑖
𝑑𝐸,𝑚𝑎𝑥 − 𝑑𝐸,𝑠𝑡𝑎𝑟𝑡
𝑖
If 𝑑year > 𝑑𝐸,max : 𝐶cover
= 1+

𝑖
𝑖
(𝐶cov,av
− 1)(𝑑year − 𝑑𝐸,
max )
𝑖
𝑖
𝑑𝐸,
end − 𝑑𝐸,max
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Otherwise:
𝑖
𝑖
𝐶cover
= 𝐶cov,av
−(

𝑖
60(1 − 𝐶cov,av
)
)
2(365 − 60)

Averaging over arable land classes:
spring

autumn
𝐶cover = 𝑓spr 𝐶cover + (1 − 𝑓spr )𝐶cover

Figure 8: Schematic illustrating the shape of the dynamic crop cover factor (Ccover) over a year. The period
of high erodibility starts on dE,start, is at its maximum at dE,max and finishes at dE,end.
Model testing, preferably in a formal statistical framework, is required to determine whether the additional
complexity of the dynamic cover factor is warranted. A good place to test this would be in an area where
sediment fluxes are believed to change throughout the year in response to changing arable crop cover. It
would also be worth exploring how suitable the dynamic cover factor formulation is for autumn-sown crops,
which are likely to have relatively bare soils throughout the winter.

4.3 Phosphorus processes
4.3.1

Soil processes

a) Overview
Soil P processes are calculated separately for two land use classes – a ‘high P’ class and a ‘low P’ class.
Below, the high P class is referred to as agricultural land, and the low P class as semi-natural, but other land
uses could be assigned to these classes. For particulate P fluxes, a further distinction may be made between
high and low erodibility land uses in the high P class, e.g. between arable and improved grassland, to take the
different erodibility (and therefore sediment and PP transport) into account (Section 4.2.1). The model also
includes the ability to simulate semi-natural land newly-converted from agricultural land and vice versa
(discussed further in Section 4.3.1 c).
In the model, P is present in the soil in three forms: (1) dissolved P (TDP) in the soil water, (2) labile soil P,
which can take part in sorption reactions with soil water TDP, and (3) inactive soil P. The masses of
dissolved and labile soil P change through time, whilst the mass of inactive soil P is constant. Parameters and
variables used in the soil P equations are defined in Table 7.
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Variable
ASC
β
dPlabile/dt
dTDPs/dt
EPC0

Description
Sub-catchment area
Baseflow index
Rate of change of labile soil P mass with time
Rate of change of soil water TDP mass with time
Agricultural soil equilibrium P concentration of zero sorption

Units
km2
None
kg day-1
kg day-1
kg mm-1

EPC0,user
fi

User-supplied initial EPC0 for agricultural soil
Fraction of land use in each of the possible land use classes, i,
including agricultural (A; fAr + fIG), arable (Ar), improved
grassland (IG), semi-natural (SN), and newly-converted
versions of all 3 (NC_i)
Soil P adsorption coefficient
Soil mass
Soil mass per m2 (soil depth × bulk density)
Soil inactive P mass
Soil labile P mass
Initial soil labile P content
Net annual input (or uptake) of P to the land class
Total soil P content in agricultural land as a mass ratio
Total soil P content in semi-natural land as a mass ratio
Quick flow
Soil water flow
Groundwater TDP concentration
Groundwater TDP input to the reach
Quick flow TDP input to the reach
TDP mass in the soil water
Soil water TDP input to the reach
Soil water volume

mg l-1
None

Source
Input parameter
Input parameter
Equation 33
Equation 34
Equation 29 or
EPC0,user
Input parameter
Input parameters

mm kg soil-1
kg
kg m-2
kg
kg
kg
kg ha-1 yr-1
mg P (kg soil)-1
mg P (kg soil)-1
mm day-1
mm day-1
mg l-1
kg day-1
kg day-1
kg
kg day-1
mm

Equation 28
Equation 32
Input parameter
Equation 30
Equation 33
Equation 31
Input parameter
Input parameter
Input parameter
Equation 5
Equation 10
Input parameter
Equation 37
Equation 36
Equation 34
Equation 35
Equation 6

Kf
Msoil
Msoil,m2
Pinactive
Plabile
Plabile,0
PnetInput
PsoilConc,A
PsoilConc,S
Qq
Qs
TDPg,conc
TDPg,land
TDPq,land
TDPs
TDPs,land
Vs

Table 7: Parameters and variables used in the soil and groundwater P equations

b) Interactions between soil P and dissolved soil water P
The labile soil P store and dissolved P in the soil water are assumed to be in equilibrium, and a simple linear
relationship is used to relate soil total P concentration and EPC0, the equilibrium TDP concentration at which
there is no net sorption or desorption of P (Equation 27; Figure 9). This relationship can be conceptualised as
accounting for sorption and mineralization/immobilization reactions. This linear relation cannot simulate P
saturation, but because of its simplicity it is recommended for use in catchment models, as long as soil water
TDP concentration is below 1 to 10 mg l-1 (McCray et al., 2005).
Equation 27: Relationship between soil P content (Psoil,conc; kg P kg soil-1) and soil water TDP concentration
(expressed as the equilibrium P concentration, EPC0; kg mm-1)
𝑃soil,conc = 𝐾𝑓 EPC0 + 10−6 𝑃soilConc,S

Soil water in semi-natural areas tends to have low TDP concentrations (Q75<5 μg l-1; unpublished James
Hutton Institute data), implying tight retention of any P released from the soil matrix. It is therefore assumed
that semi-natural land does not contain labile soil P, that semi-natural soil water TDP concentration is zero,
and that all soil P in semi-natural land is in the inactive soil P store (Equation 30). The soil P content of seminatural land is therefore used as the y-axis intercept in Equation 27, and the inactive soil P store on
agricultural land is assumed to be the same as in semi-natural land (Figure 9).
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Figure 9: Illustration of the conceptual model used to link soil P content and soil water TDP concentration,
expressed as EPC0, the equilibrium TDP concentration of zero sorption.
Having defined the y-intercept, there are then two unknowns in Equation 27 for a given soil total P content:
the adsorption coefficient (Kf) and EPC0. It is very important for simulated soil water TDP concentrations to
be in the right range, as in diffuse pollution-dominated systems near-surface soil water flow often controls
in-stream TDP peaks. Initial agricultural soil water TDP concentration, assumed to be equivalent to soil
water EPC0, was therefore chosen to be the calibrated parameter, and Kf is calculated internally by the model
using Equation 28. Once agricultural EPC0 has been determined through calibration, Kf output by the model
from the calibration period is then supplied as an input parameter for model runs in simulation mode and
EPC0 is calculated instead within the model (Equation 29). Initial EPC0 is still an input parameter in any
validation and scenario runs, but merely to provide the initial conditions for the soil water P content. This
formulation removes much of the need for careful thinking and parameterisation from the modeller, thereby
reducing the risk of highly inappropriate sorption equations, and therefore unrealistic simulations of the
impacts of changes in fertilizer or manure inputs or land use change.
Equation 28: The adsorption coefficient, Kf (mm kg soil-1), calculated during the calibration period
𝐾𝑓 =

10−6 (𝑃soilConc,A − 𝑃soilConc,S )

EPC0

Equation 29: EPC0, the equilibrium TDP concentration of zero sorption (kg mm-1 in the equation below;
supplied by the user in mg l-1). N.B. the user may also opt for EPC0 to be constant
EPC0 =

𝑃labile
𝐾𝑓 𝑀soil

Having assumed that the inactive soil P store on agricultural land is equivalent to the total soil P content on
semi-natural land, initial labile P content in agricultural land is then calculated as the difference between
cultivated and semi-natural total P content (Equation 31). This assumption is only appropriate if soils under
the two land classes have similar P sorption capacity (controlled primarily by iron oxide and clay content).
Equation 30: Inactive soil P content in agricultural and semi-natural land, Pinactive (kg)
𝑃inactive = 10−6 𝑃soilConc,𝑆 𝑀soil

Equation 31: Initial labile soil P content in agricultural land, Plabile,0 (kg)
𝑃labile,0 = 10−6 (𝑃soilConc,𝐴 − 𝑃soilConc,𝑆 )𝑀soil

Converting from soil P concentration to mass of P in the labile and inactive stores requires an estimate of the
sub-catchment soil mass (Equation 32). The user-specified areal soil mass parameter (Msoil,m2) can be
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calculated by multiplying soil bulk density with an estimate of soil depth; topsoil depth is recommended,
being the depth of soil which contains highest soil P concentrations. These two parameters are lumped
together as one user input parameter to reduce parameter non-identifiability issues during auto-calibration.
Equation 32: Sub-catchment topsoil mass, Msoil (kg)
𝑀soil = 𝑀soil,𝑚2 106 𝐴𝑆𝐶

The change in mass of P in the labile P store due to a change in TDP concentration in the soil water can then
be calculated and is assumed to control the rate of change in soil labile P in agricultural land with time
(Equation 33). Inputs from fertilizer and manure are all assumed to occur in liquid form and to bring about
an increase in labile P mass through adsorption. Conversely, a change in labile P content may cause a change
in soil water TDP concentration due to a shift in EPC0 (Equation 29). The model also includes the option for
EPC0 to be constant over time, to simplify the model for short model runs where no shift in soil water TDP
concentration is expected.
Equation 33: Rate of change in soil labile P mass, Plabile, with time (kg day-1)
𝑑𝑃labile
TDP𝑠
= 𝐾𝑓 𝑀soil (
− EPC0 )
𝑑𝑡
𝑉𝑠

The rate of change of soil water TDP mass with time in agricultural land is controlled by the balance of input
and output fluxes (Equation 34). Potential inputs are from the application of fertilizer and manure and net
release of soil P. Outputs are via plant uptake, sequestration into soil P, soil water flow and quick flow. The
latter is included as it is assumed that quick flow also inherits soil water TDP concentration. Fertilizer,
manure and plant uptake fluxes are grouped together into a single annual P budget parameter (PnetInput; kg ha-1
yr-1), which is then evenly applied (or subtracted, if there is net output) over the course of the year. This
grouping greatly reduces the number of parameters required, and the PnetInput parameter may be readily
informed by budgeting studies or published national P surplus values (e.g. eurostat, 2013). This simplified
treatment of terrestrial P inputs and outputs assumes a relatively constant TDP concentration in soil water
throughout the year. Whilst this is clearly a simplification, previous modelling work has suggested the
additional complexity involved in attempting to simulate the daily changes in soil water TDP concentration
in response to variations in fertilizer, manure and plant uptake fluxes is not justified (Jackson-Blake et al.,
2015). At present the model takes as input a single constant value. An easy future extension to the model
would be to provide the option for this to be replaced by an annual time series of values.
Equation 34: Rate of change of soil water TDP mass, TDPs, with time (kg day-1)
𝑑 TDP𝑠 100 𝐴𝑆𝐶
𝑑𝑃labile
TDP𝑠
TDP𝑠
=
𝑃netInput −
− 𝑄𝑠
− 𝑄𝑞
𝑑𝑡
365
𝑑𝑡
𝑉𝑠
𝑉𝑠

This representation of soil P processes greatly simplifies the actual processes involved. In reality soil P is
present in a continuum of interlinked states of varying extractability, and hysteresis effects are common in P
transfers between the states. However, the understanding of how detailed soil chemical processes upscale to
the catchment-scale is arguably not yet advanced enough for fine-scaled geochemical principles to be
usefully incorporated into a catchment-scale model, and there is certainly a lack of data to constrain such
processes at a catchment scale. A potential future change to the model would however be to use more
detailed geochemical models or lab experiments to derive isotherm parameters for a suite of soil types, using
soil properties such as Fe and Al oxide content (Dari et al., 2015).
Example soil P results for agricultural soils in the Tarland catchment are shown in Figure 10, assuming an
initial labile soil P content of 585 mg kg-1, an initial EPC0 of 0.1 mg l-1, soil depth of 9.5 cm and annual net P
inputs of 10 kg ha-1 yr-1. Soil water TDP concentrations are slightly higher than the EPC0 because of P inputs
to the soil water, resulting in net adsorption and a gradual increase in labile P and EPC0 over time.
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Figure 10: Simulated change in agricultural soil labile P content, soil water (SW) EPC0 and soil water TDP
concentration over a two year period, assuming a soil depth of 9.5 cm and net P inputs of 10 kg ha-1 year-1.

c) Newly-converted land
A potential use of the model is to explore the impact of land use change on surface water P concentrations
and loads. This land use change could be the conversion of agricultural land to semi-natural land, or vice
versa. Land that has recently changed use will retain many of its previous characteristics, and cannot
therefore be grouped with long-established land of the same use. Of particular importance for P and water
quality is legacy soil P, the store of P that builds up in agricultural soil over years of high P application rates.
Such legacy P may result in sustained high leaching and PP losses from old agricultural land potentially for
several decades after reductions in fertilization (Jarvie et al., 2013b). Likewise the lack of legacy soil P in
new agricultural land, recently converted from semi-natural land, may result in low P losses compared to
well-established agricultural land.
To allow such effects to be simulated, a third ‘newly-converted’ land class was introduced into the model.
Within each sub-catchment, this newly-converted land can be either semi-natural (initial labile soil P is
equivalent to that on agricultural land) or agricultural (no labile soil P at the start of the model run). Two
additional ODEs are then introduced: the change in labile soil P on newly-converted land with time and the
change in soil water TDP with time. These take the same form as Equation 33 and Equation 34, respectively.
EPC0 is also calculated for the newly-converted class, and there is one additional user-input parameter,
PnetInput. On new semi-natural land this is likely to be a negative, with net uptake of P from the soil.
Otherwise, newly converted semi-natural land is grouped with existing semi-natural land, and likewise for
agricultural, for other parameterisations and processes.

d) TDP flux to the stream from soil water and quick flow
The TDP input to the stream transported by soil water flow is calculated by summing the inputs from
agricultural land and any newly-converted semi-natural or agricultural land (Equation 35).
Equation 35: TDP input to the reach from soil water flow, TDPs,land (kg day-1), where i denotes the land use
class (A: agricultural, NC: newly-converted semi-natural or agricultural)
TDP𝑠,𝑙𝑎𝑛𝑑 = ∑

𝑖=𝐴,𝑁𝐶

𝑓𝑖 (1 − 𝛽)𝑄𝑠 (
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TDP𝑠𝑖
)
𝑉𝑠

The flux of TDP to the water course from the reach via quick flow is given by Equation 36. The majority of
the flow pathways that make up quick flow inputs to the stream interact with the soil surface (e.g. infiltration
and saturation excess flow) or are sourced from soil water (e.g. tile drainage). It was therefore assumed that
quick flow inherits soil water TDP concentration. This may be conservative in areas where there is
substantial runoff from farmyards, which may have TDP (and PP) concentrations which are well above those
found in soil water, or if quick flow events occur directly after fertilizer or manure are applied.
Equation 36: Quick flow TDP input to the reach from the land, TDPq,land (kg day-1), where i denotes the land
use class (A: agricultural, NC: newly-converted semi-natural or agricultural)
TDP𝑞,land = ∑

𝑖=𝐴,𝑁𝐶

𝑓𝑖 𝑄𝑞 (

TDP𝑠𝑖
)
𝑉𝑠

e) Incorporating soil test P data
Soil P content is usually measured for agronomic purposes, where the aim is to measure plant-available P to
help choose appropriate fertilizer application rates. Many procedures exist which aim to determine plantavailable soil P; indeed, there are more than ten official methods used in Europe alone (Jordan-Meille et al.,
2012). This soil test P data is much more common than total soil P data, so it would be useful for the model
to be able to incorporate soil test P data, rather than relying on total soil P data alone. In principle soil test P
could replace labile soil P in Equation 27, as long as two additional relationships can be defined:
(1) A relationship between soil test P and total soil P, as total soil P content is still required for the PP
simulation. There is always likely to be considerable scatter in this relationship due to varying soil
chemistry, composition and texture. An analysis of Scottish soils data, for example, revealed a weak
but significant relationship between total soil P and Modified Morgan’s P: 𝑃𝑡𝑜𝑡𝑎𝑙 = 61.1 𝑃𝑠𝑜𝑖𝑙𝑇𝑒𝑠𝑡 +
529 (n=77, R2=0.62, p<0.001), although as is clear in Figure 11, the uncertainty in total P
predictions based on this equation would be substantial.

Figure 11: Relationship between soil test P (Modified Morgan’s P) and total soil P from a range of
Scottish soils (M. Stutter, pers. comm.)
(2) A relationship describing the proportion of net total P inputs (e.g. from fertilizer and manure minus
uptake) that enters the labile, soil test P store. Model testing showed that this ratio cannot be the
same as that derived from the relationship between soil test P and total soil P. If this ratio were the
same, a total P to soil test P ratio of around 60 (from the Scottish soils dataset above) would imply
that 1/60th of net total P inputs enter the available P store. However, with a net P input of 10 kg ha -1
yr-1 (typical for Scottish catchments), model testing showed that a ratio of <25 is required to maintain
plant-available P stores at their present-day value, and that the model is extremely sensitive to the
value chosen.
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The fact that these two additional relationships must be independently specified causes an increase in model
complexity that was not felt to be justified by an increase in model realism. In particular, if linear
relationships are used to relate total soil P and soil test P, and to relate soil test P and soil water EPC0, then
by definition there will also be a linear relationship between total soil P and soil water EPC0, meaning the
increase in complexity is not justified. It was therefore decided to maintain the model structure described in
Section 4.3.1 (b). However, if soil test P data are available instead of total soil P data for a given area, the
user could use a linear regression between soil test P and total soil P to derive the latter (e.g. using the
regression derived above for Scottish soils data). A potential future extension to the model is for this
calculation to be performed internally, using user-specified regression coefficients.

4.3.2

Groundwater phosphorus

The concentration of TDP in groundwater, as in soils, depends on historic P inputs and the P sorption
capacity of the aquifer matrix. The latter is often largely controlled by the iron oxide content of the aquifer,
with groundwater pH and dissolved oxygen content also playing an important role (Domagalski and Johnson,
2011), whilst co-precipitation with calcium carbonate is important in calcareous aquifers. These processes
substantially reduce P mobility within the sub-surface, and traditionally groundwater has therefore only been
considered to have negligible TDP concentrations and to dilute surface water P concentrations. However, it
is now being increasingly recognised that groundwater TDP concentrations can become elevated by
anthropogenic activities (e.g. Holman et al., 2008). Some areas in which groundwater has become enriched
in P, for example due to elevated agricultural P inputs or prolonged disposal of sewage effluent, may
potentially become net sources of P for decades after the original source of P has been removed
(Stollenwerk, 1996).
Ideally, the model would therefore include a link between soil water and groundwater TDP concentrations,
taking into account aquifer and groundwater geochemistry. However, the process-understanding needed to
formalise this link is arguably not yet developed enough, and certainly the data on groundwater and aquifer
geochemistry is hard to come by in many areas. There are therefore good practical reasons for adopting a
simpler approach which does not take this process understanding into account. In addition, changes in
groundwater TDP concentration over time are likely to be slow, being buffered by potentially large
groundwater residence times and sorption reactions, and smaller than associated changes in soil water and
effluent fluxes which will drive any changes in groundwater state. For these reasons, a very simplistic
approach is taken in the model: dissolved P transport to the stream occurs via groundwater flow, but
groundwater TDP concentration is assumed to be constant through time, maintained at a user-specified value
(TDPg,conc; Equation 37. Variables are defined in Table 7).
Equation 37: Groundwater TDP input to the reach, TDPg,land (kg day-1)
TDP𝑔,land = 𝐴𝑆𝐶 𝑄𝑔 TDP𝑔,conc

This simplistic approach is a good starting point, but is only valid where the groundwater TDP concentration
is indeed unlikely to change over the course of the model run. This is likely to be the case over sub-decadal
time periods, in areas with large aquifers, where the groundwater matrix is rich in Fe oxides and/or where the
groundwater is oxic. Caution should otherwise be employed. This is a potential area for future model
development, the ultimate aim being to derive a simple relationship between soil water and groundwater
TDP concentration using readily-measurable groundwater properties. A linear relationship could be a
suitable starting point. The gradient of the line could be derived by making some assumptions to help
estimate the location of two points on the line: point 1 could be current measured groundwater TDP
concentration, corresponding with sub-catchment averaged soil water TDP concentration. The second point
would require an estimate of the ‘pristine’, non-anthropogenic groundwater TDP concentration (e.g. based
on space-for-time substitution of measured data), associated with soil water TDP concentrations in seminatural land, plus knowledge or assumptions of the time taken for semi-natural groundwater to reach its
current state.
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4.3.3

In-stream phosphorus

The in-stream P process model simulates in-stream dilution of diffuse and point source P inputs and downstream transport. Parameters and variables used in the in-stream P equations are defined in Table 8.
Variable
ASC
dPPr/dt
dPPr,df/dt
dTDPr/dt
dTDPr,df/dt
EPP
fi

Minput
Msoil
Pinactive
Plabile
PPinput
PPr
PPr,conc
PPr,df
PPr,US
Qq
Qr
Qr,av
TDPeff
TDPg,land
TDPq,land
TDPr
TDPr,conc
TDPr,df
TDPr,US
TDPs,land
Vr

Description
Sub-catchment area
Change of PP mass in the reach with time
Daily flux of PP from the stream reach
Rate of change of TDP mass in the reach with time
Daily flux of TDP from the stream reach
Particulate P enrichment factor
Fraction of land use in each of the possible land use classes, i,
including agricultural (A; fAr + fIG), arable (Ar), improved
grassland (IG), semi-natural (SN), and newly-converted
versions of all 3 (NC_i)
Sediment mass input to the reach from the land and in-stream
entrainment
Soil mass
Soil inactive P mass
Soil labile P mass
PP input to the reach from the land and in-stream entrainment
Mass of PP in the reach
Daily mean concentration of PP in the reach
Mean daily flux of PP from the reach
PP input to the reach from upstream reaches
Quick flow
Instantaneous reach discharge
Daily mean reach flow
Effluent TDP input to the reach
Groundwater TDP input to the reach
Quick flow TDP input to the reach
Mass of TDP in the reach
Daily mean concentration of TDP in the reach
Mean daily flux of TDP from the reach
TDP input to the reach from upstream reaches
Soil water TDP input to the reach
Reach volume

Units
km2
kg day-1
kg day-1
kg day-1
kg day-1
None
None

Source
Input parameter
Equation 40
Equation 41
Equation 38
Equation 41
Input parameter
Input parameters

kg day-1

Equation 20

kg
kg
kg
kg day-1
kg
mg l-1
kg day-1
kg day-1
mm day-1
mm day-1
mm day-1
kg day-1
kg day-1
kg day-1
kg
mg l-1
kg day-1
kg day-1
kg day-1
mm

Equation 32
Equation 30
Equation 33
Equation 39
Equation 40
Equation 42
Equation 41
Model calculates
Equation 5
Equation 17
Equation 18
Input parameter
Equation 37
Equation 36
Equation 38
Equation 42
Equation 41
Model calculates
Equation 35
Equation 14

Table 8: Parameters and variables used in the in-stream P equations.

a) TDP
The rate of change in instream TDP mass with time depends on the difference between input and output
fluxes. A simplistic representation is used, where inputs are from the land phase (quick, soil water and
groundwater flow), sewage and upstream reaches, and the only output is reach outflow (Equation 38).
Equation 38: Rate of change in reach TDP mass, TDPr, with time (kg day-1)
𝑑 TDP𝑟
TDP𝑟
= TDP𝑞,land + TDP𝑠,land + TDP𝑔,land + TDPeff + TDP𝑟,𝑈𝑆 − 𝑄𝑟
𝑑𝑡
𝑉𝑟

This simple formulation assumes that instream TDP is in a state of dynamic equilibrium, i.e. instream sinks
of TDP (e.g. adsorption and biological uptake) are balanced by instream sources (e.g. desorption and
mineralisation). Studies have indicated that this balance between sources and sinks may in fact change
through the year in response to changing concentrations (e.g. Stutter and Lumsdon, 2008). Retention is
thought to be particularly important during low flows, due to biological uptake and sorption (House, 2003).
Omitting TDP sinks from the model could therefore result in other P sources being over-estimated,
particularly groundwater and effluent inputs. To determine whether an in-stream TDP sink is significant in a
particular study catchment, data are needed to quantify the sink directly or to provide good constraints on
groundwater and effluent inputs. In-stream processes may also become net sources or sinks of TDP if
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equilibrium has not yet been reached or is disturbed, e.g. by a change in external loading. For example,
reducing effluent P inputs may cause a reduction in water column TDP concentration, which may cause Penriched bed sediments to release TDP until a new equilibrium state is reached (Stutter et al., 2010). By not
incorporating this potential interaction between bed sediments and the water column, the model is not able to
represent legacy sewage effluent P. However, as explained in Section 3.1, this legacy store is thought to be
much smaller than other potential legacy P stores in the catchment, and to have a more rapid turnover time.
In many countries, soluble reactive P (SRP) is used by regulators to assess compliance with water quality
standards, rather than TP or TDP. It is therefore desirable to be able to convert TDP to SRP. Models such as
INCA-P do this using a simple linear regression with regression parameters supplied by the user. This
approach works well in the majority or rivers, and as a starting point is recommended here. It has not been
coded into the model, but the user can easily transform model output using their own regression equation.
Different TDP sources may have very different SRP:TDP ratios, and a potential future extension could be to
factor in different SRP:TDP ratios of different P sources.

b) PP
All PP is assumed to be sediment-bound, and so PP inputs to the water column are assumed to be
proportional to sediment inputs (Equation 39). The mass of PP input to the stream is therefore simply the
mass of sediment transported to the stream from each land use class, Minput, multiplied by the P content of the
soil in that class and assuming unlimited soil P. This approach has the same limitations and caveats as the
sediment equations (Section 4.2.1). It also assumes that changes in the P content of soils are instantly
reflected in the composition of in-stream sediments, discounting time lags or potential in-stream PP stores.
In-stream stores of P are relatively small and short-lived compared to terrestrial stores (Jarvie et al., 2013a),
so it was felt that the additional complexity needed to account for these in-stream processes was not justified.
Equation 39: PP input to the reach, PPinput (kg day-1), where superscript i denotes the land use class
𝑖
PPinput = 𝐸PP 𝑀input
∑ 𝑓𝑖
𝑖

𝑖
(𝑃labile
+ 𝑃inactive )
𝑀soil

An enrichment factor, EPP, represents the selective delivery to the stream of finer particles enriched in P
compared to source soils (Sharpley, 1980). The use of a constant enrichment factor is a simplification; in
reality there is a well-documented decrease in PP loss with increasing erosion (Radcliffe and Cabrera, 2006).
This is because as runoff and erosion increase there is less particle size sorting, so P-enriched finer sediment
makes up a smaller proportion of the total sediment mobilised. When assembling enrichment ratio
information for the CREAMS model, Menzel (1980) concluded that a log-relationship between enrichment
ratio and sediment yield appears to hold in a variety of conditions: ln(𝐸𝑃𝑃 ) = 2.00 − 0.16 ln(𝑌𝑠𝑒𝑑 ), where
Ysed is the sediment yield (kg ha-1). A potential future extension to the model would be to investigate whether
this additional complexity is warranted in some areas.
In Equation 39, PP inputs to the stream are summed over up to six land use classes: arable, improved
grassland, semi-natural, and newly-converted versions of each (Section c). The sediment flux for newlyconverted land corresponds to the same flux for established land. The rate of change in the mass of PP in the
water column with time is then given by Equation 40. As with TDP, a simplistic representation of the
associated fluxes is adopted: inputs are from the land phase and entrainment (grouped as one flux) and
upstream reaches; the only output is via outflow from the reach. Sewage PP inputs are not included, as the
majority of effluent P tends to be in dissolved form (Neal et al., 2005; Withers and Jarvie, 2008). As a
starting point, in-stream desorption of TDP from PP is not accounted for. This is likely to be justified in
rivers with relatively short residence times, but potentially less so in larger, slower-flowing rivers.
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Equation 40: Rate of change in reach PP mass, PPr, with time (kg day-1)
𝑑 PP𝑟
PP𝑟
= PPinput + 𝑃𝑃𝑟,US − 𝑄𝑟
𝑑𝑡
𝑉𝑟

c) Daily fluxes and mean daily concentrations of TDP and PP
Time series of total daily fluxes of TDP and PP leaving the reach are obtained by integrating the
instantaneous fluxes with respect to time, starting each day with initial conditions of zero (Equation 41).
These total daily fluxes are then used in the calculation of daily mean TDP and PP concentrations (Equation
42), converted from units of kg mm-1 to mg l-1 for comparison with observations.
Equation 41: Rate of change of daily flux of dissolved and particulate P from the stream reach (kg day-1)
𝑑TDP𝑟,df
TDP𝑟 𝑑PP𝑟,𝑑𝑓
PP𝑟
= 𝑄𝑟
;
= 𝑄𝑟
𝑑𝑡
𝑉𝑟
𝑑𝑡
𝑉𝑟

Equation 42: Daily mean concentrations of TDP and PP in the stream reach, TDPr,conc and PPr,conc (mg l-1)
TDP𝑟,𝑐𝑜𝑛𝑐 =

TDP𝑟,df 1
PP𝑟,df 1
; PP𝑟,conc =
𝑄𝑟,av 𝐴SC
𝑄𝑟,av 𝐴SC

4.4 Summary of equations, initial conditions and input parameters
Table 9 summarises the 19 ODEs which are solved simultaneously for each reach in the catchment. For the
first time step initial conditions must be supplied for each ODE. To define these, three parameters are
specified by the user: in-stream flow in the top reach, total soil P content and soil water TDP concentration in
the ‘high P’ class. If the snow module is run, initial snow depth is also required. All other initial conditions
are derived from these parameters or using simple assumptions – details are provided in Table 9. Initial
instream masses of SS, PP and TDP are set to 0, so a burn-in period is required (the length of burn-in
depends on the residence time in the reach, but should be of the order of days – weeks).
ODE
dVs/dt
For agricultural & semi-natural
dQs/dt
For agricultural & semi-natural

Equation
Equation 6

Initial conditions (first time step)
Vs,0 = VFC

Equation 10

𝑖
𝑄𝑠,0
=

dVg/dt
dQg/dt
dVr/dt

Equation 11
Equation 13
Equation 14

Vg,0 = Qg,0 Tg
Qg,0 = β Qs,0
Vr,0 = Qr,0 Tr,0; where 𝑇𝑟,0 =

dQr/dt

Equation 17

dQr_av/dt
dMsus/dt
dMsus,out/dt
dPlabile/dt
For arable & newly-converted
dTDPs/dt
For agricultural & new seminatural
dTDPr/dt
dTDPr,out/dt
dPPr/dt
dPPr,out/dt

Equation 18
Equation 19
Equation 23
Equation 33

Reach 1: Input parameter Qr0,init (units converted to mm day-1 in
model)
Downstream reaches: Qr,0 = Qr,av from the upstream reach for day 1
0.0
0.0
0.0
Equation 31

Equation 34

TDPs,0 = ASC EPC0,user Vs

Equation 38
Equation 41
Equation 40
Equation 41

0.0
0.0
0.0
0.0

𝑉𝑠𝑖 −𝑉𝐹𝐶
𝑖

𝑇𝑠𝑖 (1+𝑒 𝑉𝐹𝐶 −𝑉𝑠 )

; where superscript i denotes the land class

𝐿reach
0.42
8.64×104 𝑎𝑄𝑟0

Table 9: Ordinary differential equations (ODEs) solved within the model and information on how the initial
conditions are defined for the first time step.
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The model requires a number of parameters which should be calculated for example using a GIS (Table 10).
These parameter values are likely to be well-constrained, and therefore generally will not form part of any
calibration procedure (although if they are uncertain they could be included in an uncertainty analysis).
Param
ASC
fAr

Units
km2
none

fIG

none

fS

none

fNC_Ar
fNC_IG
fNC_S
fspr
SAr
SIG
SSN
Lreach
Sreach

none
none
none
none
degrees
degrees
degrees
m
degrees

Description
Sub-catchment area
Proportion of arable or other high soil P, high erodibility land (excluding newly-converted
from SN)
Proportion of improved grassland or other high soil P, moderate erodibility land
(excluding newly-converted from SN)
Proportion of semi-natural and other low soil P land (excluding newly-converted from
agricultural)
Proportion of newly-converted arable land (from SN)
Proportion of newly-converted improved grassland (from SN)
Proportion of newly-converted semi-natural land (from agricultural)
Proportion spring-sown crops make to total arable land area (assume rest is autumn-sown)
Mean slope of arable land in the sub-catchment
Mean slope of improved grassland in the sub-catchment
Mean slope of semi-natural land in the sub-catchment
Reach length
Reach slope (ideally length-weighted)

Table 10: General model parameters derived using a GIS, whose values will usually be kept constant during
model calibration.
The remaining model parameters are likely to be less well constrained, and are summarised in Table 11,
together with suggested default values, recommended ranges, and potential data sources that could be used to
inform the parameter values. An additional model parameter, Cmeasures, is not a calibration parameter and is
only given a value when the user wishes to investigate the impact of sediment reduction measures on instream SS and PP concentrations or loads. There are 23 parameters in Table 11, 24-27 when spatial
variability between land use classes is taken into account. Only one of these varies by sub-catchment or
reach (effluent inputs), and so model complexity will not increase substantially in larger systems compared
to smaller ones. At least 8 of these model parameters are optional (before taking spatial variability into
account; Table 11), so in a given setup the actual number of parameters requiring calibration may be much
less than 27. Even in the most complex setup in which all 27 parameters are required, an algorithm could
potentially search the entire parameter space so that all could be auto-calibrated, provided the user has a full
suite of water quality observations for calibration and testing (i.e. observed discharge, suspended sediment,
dissolved and particulate P concentrations under the full range of flow conditions). In addition, plausible
ranges for the majority of parameters may be based on measured data or data derived from literature reviews.
Only four or five parameters must be determined purely through calibration (Table 11). One of these
unmeasurable parameters relates to the suspended sediment simulation (EM); the rest are hydrology
parameters.
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Table 11: SimplyP model parameters, including default values, recommended ranges and possible data
sources. ‘Spatial’ column describes whether the parameter varies spatially by land use (LU), in which case
by which LU type (A: agricultural, S: seminatural, Ar: arable, IG: improved grassland), or subcatchment/reach (SC/R). Parameters likely to be key in most settings are marked with an asterisk. Many of
those without an asterisk are optional. Q is discharge
Type

Dissolved P

Sediment

Hydrology

Snow

PP

Param

Units

Description

Spatial

Tarland

Default

Min

Max

Data sources

Dsnow,0

mm

Initial snow depth

–

0

0

0

Meteorological records

fDDSM

2.74

2.74

1.6

LU (A, S)

Calibration

–

A: 1
S: 10
0.02

30

none

A: 2
S: 10
0.02

>0

fquick

0

0.2

Calibration

alpha

none

Degree-day factor for
snow melt
Soil water time
constant
Proportion of
precipitation routed
to quick flow
PET reduction factor

–

*Ts

mm
dd°C-1
days

1000
0
6

–

1

1

0.4

1.2

*FC

mm

Soil field capacity

–

290

300

100

400

*beta

none

Baseflow index

–

0.70

0.60

0

1

*Tg

days

Baseflow recession
constant

–

65

65

>0

100

Qg,min

mm d-1

–

0.4

0.0

0

2

a

m-2

Minimum
groundwater flow
Gradient of stream
velocity-Q
relationship

Literature, e.g. Allen et al.
(1998)
Soils database, or from soil
texture using conversion charts
(e.g. Appendix, Figure A1)
Local or global databases (e.g.
Beck et al., 2013)
May be estimated from Q data
using methods of Van Dijk
(2010); see Beck et al. (2013)
for a global analysis
Calibration

–

0.5

0.5

0.1

0.8

Qr0_init
Ccover

m3 s-1
None

–
LU (Ar,
IG, S)

1.0
A: 0.2
S: 0.021
IG: 0.09

1.0
A: 0.2
S: 0.021
IG: 0.09

>0
0

N/A
1

*EM

kg mm-1

–

1500

1500

0

5000

Calibration

*kM

none

Initial in-stream Q
Vegetation cover
factor (ratio of
erosion rates under
the land class vs bare
soil)
Sediment input
scaling factor
Sediment input nonlinear coefficient

–

2.0

2.0

1.2

3

dmaxE,spr

none

–

60

60

1

365

dmaxE,aut

none

–

304

304

1

365

Local agronomic practices

*PsoilConc

mg kg-1

Julian day with max
erodibility; springsown crops
Julian day with max
erodibility, autumnsown crops
Initial total soil P
content

Empirical relationship between
Q and SS observations or
literature (e.g. Asselman, 2000)
Local agronomic practices

LU (A, S)

A: 1458
S: 873

A: 1458
S: 873

0400

>300
0

*PnetInput

kg ha-1
yr-1

Net annual P input to
the soil (negative if
uptake > input); S
fixed at 0

LU (A)

10

10

-30

30

*EPC0,init

mg l-1

LU (A)

0.1

0.1

0

2

*Msoil,m2

kg m-2

–

95

100

>0

800

Soils data (bulk density and
depth)

*TDPeff

kg day-1

SC/R

0.1

0

0

N/A

*TDPg

mg l-1

–

0.02

0

0

2

*EPP

none

Initial soil water TDP
concentration on
agricultural land
Soil mass per m2,
important in
determining the
initial soil labile P
mass
Reach effluent TDP
inputs
Groundwater TDP
concentration
PP enrichment factor

Soils database. Estimate from
soil test P data using an
empirical relationship
Fertilizer and manure
application surveys, literature
for P uptake, national P balance
inventories (e.g. eurostat, 2013,
for EU countries)
Direct measurements, literature

–

1.6

1

1

6

Water company/environment
protection agency data
Direct measurements or
literature
Direct measurements or
literature (e.g. Sharpley, 1980)

Literature, e.g. USDA (2004)

Empirically-derived from
paired velocity and Q
measurements (e.g. from flow
gauging)
Q observations
(R)USLE literature, e.g.
Panagos et al. (2015)

4.5 Numerical methods
The model equations summarised in Section 4.4 must be solved numerically. Simply put, this involves
providing initial conditions describing the state of the system, and then using the model equations to project
forward in time to predict the new state of the system at the end of the time step. This then becomes the
initial condition for the next time step, and the process is repeated. This process of numerical approximation
introduces errors, and minimizing these errors by formulating and solving the governing model equations in
a robust way is an important part of the model development process. Indeed, Clark and Kavetski (2010)
suggest that in some cases numerical errors may be larger than model structural errors. Additional benefits of
a robust numerical model include a smoother objective function relating model input parameters and model
output (Kavetski et al., 2006a), which may reduce model calibration difficulties by allowing powerful
classical parameter analysis techniques for optimisation and uncertainty analysis to be used. Kavetski et al.
(2006b) argue that many of the difficulties in hydrological modelling over the last two decades, which have
prompted the development of complex parameter estimation tools, are in fact due to (1) discontinuous model
structures, where sharp internal thresholds introduce non-smoothness into the objective function, and to (2)
poor choice of ODE solver. An attempt was made to avoid the first of these issues by avoiding thresholds in
the model equations (e.g. using continuous functions rather than logic checks in equations in Section 4.1.2b).
The final part of the model-building process was then to choose an appropriate ODE solver. Three factors
were taken into account: (1) whether the solver is appropriate for stiff or non-stiff equations, related to the
time-stepping scheme used (see below); (2) popularity, and (3) availability.
Differential equations may be categorised as stiff or non-stiff. Generally speaking, stiff equations include
some terms which can lead to rapid variation in the solution, which means that certain numerical methods for
solving them are unstable unless the step size taken is excessively small in relation to the smoothness of the
exact solution. Time-stepping in this context relates to the sub-steps the model time step is broken down into
by the solver. Most of the classical numerical methods for solving ODEs are only suitable for non-stiff ODEs
(e.g. the simple Euler method, the 4th order and various adaptive Runge-Kutta methods and the multi-step
Adams’ method). If applied to stiff systems, these methods are likely to be inaccurate or prohibitively slow.
Many ODE systems are stiff in practice, and a wide range of off-the-shelf ODE solvers are available which
are able to adapt their time-stepping routine and fluctuate between using stiff or non-stiff solvers. It is
therefore surprising that many catchment models continue to use simple, often unsuitable solvers (Kavetski
and Clark, 2011). Here, the LSODA solver was chosen, taken from the FORTRAN ODPEPACK library
(Hindmarsh, 1983). LSODA starts using a non-stiff method (an Adams predictor-corrector method) and
dynamically monitors the data, if necessary switching to a stiff method (the multi-step Backward
Differentiation Formula method). LSODA is both widely-used and easy to implement using the
SciPy.integrate module’s odeint function.
The solver’s error tolerance parameters affect the precision of the result, with a smaller error tolerance
resulting in more time steps and greater precision but longer run times. Testing showed an approximate log
relationship between run times and the relative error tolerance parameter (rtol), with a decrease in run times
of around 70% for an increase in rtol from the default of 1×10-8 to 0.05. rtol was set to 0.01, to optimise the
trade-off between decrease in run time and loss in accuracy. The maximum number of within-timestep
function evaluations was set to 5000, to prevent the solver reaching the maximum threshold before finding a
solution within the required error tolerance, which could introduce errors.

5. Future model development priorities
A number of potential areas for model improvement are highlighted throughout Section 4 and are
summarised in Table 12. Most of these suggestions involve an increase in model complexity, and before
being adopted any increase in complexity needs to be justified by demonstrating a substantial increase in
model performance, preferably within a statistical model comparison framework. To help prioritise areas for
model improvement from within this list (or indeed to highlight other areas), the model needs to be tested in
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a range of contrasting catchments, including catchments where internal processes and fluxes have been
measured.
Additional general recommendations for model improvement include:
 On a practical level, the model is currently slow to run compared to professionally-coded models
such as INCA-P. This may be because of the choice of ODE solver, which is sophisticated compared
to the solvers employed by most water quality models, or because the model is coded in Python
rather than a faster, lower-level language such as C++. Other solvers should be investigated for speed.


At present, there is no flexibility in the model in terms of the number of land use classes, which are
fixed at two (for dissolved P processes) or three (for sediment and PP). This reduces the versatility of
the model, and future development to increase flexibility in this regard could widen the appeal of the
model. However, it would also require a re-conceptualisation of the soil P equations.



As pointed out by Adams et al. (2016), new monitoring techniques mean that high frequency P
concentration measurements are now available, e.g. at 30 minute resolution, and yet many popular
water quality models are only able to simulate at a daily resolution. A simple change to the model
described here would be to allow the user to specify the time step required.



Improved representation of critical source areas, by taking spatial variability in hydrology, sediment
and phosphorus sources, mobilisation processes and transport/delivery pathways into account in a
fuller way.
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Hydrology and snow:
 Add in a PET calculation, so that the model can be run using just precipitation and temperature as inputs.
 Refinements needed to the simple degree-day approach to simulating snow melt in areas with higher snowfall?
 Include a more detailed representation of temperature variation throughout a day in the snow melt calculation.
 Is model performance improved by adding a parameter to define a lower threshold for precipitation inputs, below
which quick flow is zero?
 Should quick flow be varied by land class? If so, is there still a need for different soil water time constants in the
land classes?
 Add an upper limit to the soil water volume (at the saturation capacity); water above this is routed to quick flow.
 Replace the minimum groundwater flow threshold parameter with a more process-based representation. E.g. factor
in percolation from the soil when soil water level drops below field capacity, but at a reduced rate.
Sediment:
 Should the sediment equations be amended to attempt to track the store of sediment in the near-channel sources, to
be able to simulate source-exhaustion?
 Soil erodibility may also be affected by soil wetness, which could be factored in to Equation 21.
 The slope factor in Equation 21 could be altered to be more representative of potential sediment source areas. E.g.
the average slope of land within a certain distance of the watercourse.
 An additional factor could be introduced to Equation 21 to represent connectivity between sediment source areas
and the watercourse.
 The Ccover factor for semi-natural land could be extended to incorporate knowledge on the factors which affect
erodibility, such as grazing, burning and felling.
 More testing is required to determine whether the additional complexity of a dynamic Ccover factor is warranted, and
if so whether the adopted approach is suitable.
 Under what circumstances should sediment deposition to the stream bed be taken into account, and how could this
relatively complex process be represented in a simple way?
 Can reach sediment (and PP) inputs be split into inputs from the land versus bank erosion in a simple way? Work
on sediment fingerprinting may help.
 Should a distinction be made between allochthonous & autochthonous in-stream sediment and PP?
Phosphorus:
 Add in an option for the net P input parameter to be dynamic, for example as a user-input time series. In addition, a
link between soil P content and net P uptake would improve simulations of the longer term soil P dynamics (though
is likely to require soil test P to be simulated).
 Geochemical models or lab experiments could inform the adsorption coefficient in Equation 27, e.g. by providing a
range of parameters for a suite of soil types with a range of P sorption capacities.
 Add the ability to input soil P as soil test P rather than total soil P. This could be a user-specified linear relationship,
but a more advanced geochemical representation may be required for meaningful results to be obtained.
 A dynamic PP enrichment factor could replace the constant, for example linked to discharge.
 To simulate legacy groundwater TDP, a simple link is needed between soil water and groundwater TDP
concentration, predictable using readily-measurable groundwater properties.
 Add in an option for effluent inputs to be read in from a time series, rather than being constant.
 When/where is it necessary to explicitly account for in-stream TDP sinks (e.g. adsorption or biological uptake of
sewage effluent P)? A simple decay factor may be sufficient.
 When/where should P desorption from the stream bed be simulated? How should this be done?
 For reaches with longer residence times, a link may be needed between in-stream PP and TDP.
 Sewage PP inputs could be added.
 More process-based representation of septic tank inputs.
 Ability to predict SRP concentrations, either using a simple linear regression between TDP and SRP, or by taking
into account the TDP:SRP ratio of agricultural versus sewage effluent P inputs.

Table 12: Examples of areas for future model development.
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Appendix A: Data to help with model parameterisation

Figure A1: Chart for estimating field capacity based on soil texture, if only the latter is known.
Source: ftp://ftp.dynamax.com/turf_irrigation/Soil%20Moisture%20Range%20Chart.pdf
Crop type
Common wheat and spelt
Durum wheat
Rye
Barley
Grain maize – corn
Rice
Dried pulses (legumes) and protein crop
Potatoes
Sugar beet
Oilseeds
Rape and turnip rape
Sunflower seed
Linseed
Soya
Cotton seed
Tobacco
Fallow land

C-factor
0.2
0.2
0.2
0.21
0.38
0.15
0.32
0.34
0.34
0.28
0.3
0.32
0.25
0.28
0.5
0.49
0.5

Table A1: USLE cover factors for typical European crops (Panagos et al., 2015)
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Group

Detailed class

Description

C-factor

Permanent
crops

Vineyards
Fruit trees & berry
plantations

Vineyards
Fruit trees or shrubs: single/mixed fruit
species, fruit trees with permanently grassed
surfaces
Olive trees
Dense graminoid grass cover of floral
composition, not under a rotation system.
Mainly used for grazing.
Non-permanent crops (arable land or
pasture) associated with permanent crops
(<25% non-associated crops)
Small parcels of annual crops, pasture and/or
permanent crops (each occupy less than 75%
of the total area)
Principally agricultural, with natural areas
(agricultural land occupies 25 to 75% of the
area)

0.15–0.45
0.1–0.3

Annual crops or grazing land under forested
cover
Principally trees including shrub and bush
understories

0.03–0.13
0.0001–
0.003

0.0011

Low productivity grassland, often on rough
and uneven ground
Low and closed cover dominated by bushes,
shrubs and herbaceous plants
Bushy sclerophyllous vegetation, including
maquis (dense, shrubby) and garrige
Bushy or herbaceous vegetation with
scattered trees
Beaches, dunes and expanses of
sand/pebbles. Coastal or continental
Scree, cliffs, rocks and outcrops
Includes steppes, tundra, badlands. Scattered
high-altitude vegetation
Areas affected by recent fires, still mainly
black
Land covered by glaciers or permanent
snowfields

0.01–0.08

0.0319

Pastures

Heterogeneou
s agricultural
areas

Olive groves
Pastures

Annual crops
associated with
permanent crops
Complex cultivation
patterns
Principally
agriculture,
significant areas of
natural vegetation
Agro-forestry

Forests

Scrub and/or
herbaceous
vegetation

Open spaces
with little or
no vegetation

Broad-leaved,
coniferous and mixed
forest
Natural grasslands
Moors and heathland
Sclerophyllous
vegetation
Transitional
woodland-shrub
Beaches, dune, sands
Bare rocks
Sparsely vegetated
areas
Burnt areas
Glaciers and
perpetual snow

0.1–0.3
0.05–0.15

UK
mean

0.0867

0.07–0.35

0.07–0.2

0.1201

0.05–0.2

0.1068

0.01–0.1
0.01–0.1
0.003–0.05

0.0183

0
0
0.1–0.45

0.1825

0.1–0.55
0

Table A2: USLE cover factors collated for European land cover classes (Panagos et al., 2015)
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