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Abstract

We consider the discrete and continuous vector non-linear Schrodinger (NLS) model. We focus on the
case where space-like local discontinuities are present, and we are primarily interested in the time evolution
on the defect point. This in turn yields the time part of a typical Darboux—Bécklund transformation. Within
this spirit we then explicitly work out the generic Bicklund transformation and the dressing associated
to both discrete and continuous spectrum, i.e. the Darboux transformation is expressed in the matrix and
integral representation respectively.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The non-linear Schrodinger equation (NLS) is one of the fundamental equations in mathe-
matical physics with numerous applications, e.g. in the theory of non-linear optics and ocean
waves (see e.g. [1,2]) to name a few. The NLS equation is an exactly solvable model, and has
been integrated using the Inverse Scattering Transform (IST) [3.4], (see also [5,6]). The first vec-
tor generalisation of NLS was introduced by Manakov [7], while further generalisations of the
model have been discovered (see for instance [8—10] and references therein). An alternative to

* Corresponding author.
E-mail addresses: p.adamopoulou@hw.ac.uk (P. Adamopoulou), a.doikou@hw.ac.uk (A. Doikou),
g.papamikos @reading.ac.uk (G. Papamikos).

http://dx.doi.org/10.1016/j.nuclphysb.2017.02.016
0550-3213/© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.nuclphysb.2017.02.016
http://www.elsevier.com/locate/nuclphysb
http://creativecommons.org/licenses/by/4.0/
mailto:p.adamopoulou@hw.ac.uk
mailto:a.doikou@hw.ac.uk
mailto:g.papamikos@reading.ac.uk
http://dx.doi.org/10.1016/j.nuclphysb.2017.02.016
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2017.02.016&domain=pdf

92 P. Adamopoulou et al. / Nuclear Physics B 918 (2017) 91-114

the IST method for constructing solutions of integrable equations is the dressing method, which
was first presented by Zakharov and Shabat (ZS) [11] and further developed in [12]. The dress-
ing formulation is based on the concept of Darboux Transformations (DTs) [13], and it is this
approach that we follow in Sections 4 and 5, where we present the dressing method for the vector
NLS equation (VNLS).

A relevant problem within this frame is the interpretation of local space(time)-like integrable
impurities as Darboux—Bicklund transformations. It was first observed in [14] that classical de-
fects in integrable 1 4 1 integrable field theories may be seen as “frozen” Darboux—Bécklund
transformations (see also [15-21]). Then along this spirit the notion of quasi Bdcklund transfor-
mation as defect was introduced in [21] in both discrete and continuous integrable systems. In the
present investigation we explore the quasi Biacklund transformation i.e. the defect for the discrete
and continuous vector NLS model. The s/, discrete NLS model was studied in [ 18], whereas the
continuous generalised NLS in [20]. Here we generalise the study of the discrete vector NLS,
and then we also consider the continuous vector NLS model. In the continuous case we mainly
focus on the time evolution associated to the defect, and inspired by this we give some generic
expressions on the Bicklund transformations and dressing. A brief discussion of a novel class of
BTs that associate solitonic with anti-solitonic solutions is also presented.

More precisely, the outline of this paper is as follows: in Section 2 we present the discrete
vector NLS model, after a brief review we study the model in the presence of a local defect
in section 3. The associated integrals of motion and the corresponding time components of the
Lax pairs are presented. In Section 4 we focus on the dressing and Bécklund transformations
(BT) for the continuous vector NLS equation. We treat both the focusing and defocusing cases
simultaneously using an appropriate symmetry of the related Lax pair. Such symmetry groups,
known as reduction groups, were first introduced in [22-24] and later developed in, e.g. [25].
In particular, we present the dressing transformation and give the general higher rank 1-soliton
solution, as well as the n-soliton solution as a ratio of determinants. Moreover, we obtain the
Bécklund transformation for the vector NLS model, which generalises the BT for the focusing
and defocusing scalar NLS equation presented in [26,27]. We also briefly discuss the existence
of a novel class of BTs, which essentially relates each field to its conjugate or in other words
solitonic solutions to anti-solitonic ones. In Section 5 we provide a generic description of the ZS
dressing and the Darboux—Bicklund transforms as integral representations. The novel case of
different spectral parameters associated to each field even in the case of “one-soliton” solution
is discussed. This picture is more in tune with the quantum picture and the nested Bethe ansatz
formulation. Both the discrete and continuous spectrum are discussed for the vNLS model.

2. Discrete vector NLS

Let us first focus our analysis on the discrete vector NLS model, generalising essentially the
results presented in [18], where the s/ NLS model was studied in the presence of point-like
defects. We shall focus mainly on the time evolution of the degrees of freedom associated to the
defect obtained essentially as equations of motion of the system evaluated on the defect point.
We consider the following linear system [5]

W1 =L;¥;
d @.1)
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for an auxiliary function W, with (L, A) the Lax pair. Here j denotes the lattice site on a one-
dimensional N -site periodic lattice. The compatibility condition of the above system of equations
reads

d
L =AjnLj —LjA;. 2.2)

and is equivalent to the discrete (differential-difference) equation at hand.
In the case of the discrete glns NLS model, the associated Lax operator I (acting on site j) is
given by

N-1 N N
LiA)=0+x1+ Z xj(k)X;k))EM + Zekk + Z (x§k71)€1k + Xﬁkil)ekl) , (2.3)
k=1 k=2 k=2

where A is the spectral parameter and ej; are N x N matrices such that (ex;) oy = &p814. The
Lax operator (2.3) satisfies the quadratic algebra [5]

{Lai ), Loy 0} = [rs Gt = 320, Laa 0L ) [ @4

where the indices a, b denote auxiliary spaces and i, j denote sites on the one-dimensional lattice.
The corresponding r-matrix is [28]

P N
rG)=— with P= Z eij®eji, (2.5)
i,j=1
and satisfies the classical Yang—Baxter equation [29]. Relation (2.4) provides the following Pois-
son brackets between the dynamical variables x®), X %)

{xl.(k), xj.’)] = —5i16u. (2.6)

The monodromy matrix is defined as the product of N Lax operators each acting on a site of
the periodic lattice, in other words,

T =Ly Ly_1(A)...Li(x). 2.7)

The monodromy matrix T(A) satisfies the same quadratic relation (2.4) as IL()1). If we define
the transfer matrix 7(A) as the trace of the monodromy matrix, i.e. 7(1) = tr T(A), then one can
verify that

[ran.z0] =0. 2.8)

Hence, expansion of the transfer matrix () in powers of the spectral parameter A provides the
charges in involution. To obtain the local integrals of motion, expansion of In7(}) is required
instead.

In order to obtain the associated integrals of motion it is convenient to utilise the bra-ket
notation for a (A — 1)-dimensional vector and co-vector, in other words,

xM

xX®
|X) = . , (x]:= <x(l) x@ .. x(N_l)) , (2.9)

XN
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and also define
N—-1
Nj=1+ Y xOx0 =1+ (x1x)). (2.10)
k=1

Then the Lax operator (2.3) can be written in block matrix form as

a1 (O Nj  (xl
L/—)\DJ-FA/—)»('O) 0>+(|X;> 1’) (2.11)

where 0 and 1 denote the (N — 1) x (N — 1) zero and identity matrix, respectively.
Expanding the monodromy matrix T(A) in powers of % we can then express the transfer
matrix in the form

1 1 1
TW=l+-n+gnt Snt., 2.12)

A A2
where for instance,

tr(ZDN Di11AiDj1. D1>,

T =1tr ZDN...DH_lA,'D,'_]...Dj+1Aij_1...D1 . (2.13)

i>j
The associated local integrals of motion are obtained as coefficients of the expansion of Int(A)
in powers of %, ie

1 1 1
Int(A — 00) = —Il+ 12+ 13—|— (2.14)

The different I, are found in terms of {zi}i_,. For example, for the first three local integrals of
motion we have

1 1
I =1, 12=—§I%+f2, 13=—61?—1112+T3, (2.15)

and so on. It turns out that the first three I, are given by the following expressions

1 N N
I = EZ ?+le|xl 1)

1 N
=3 ZN? + Z(x,-|xl-72> = > (Nip + N (x| X 1) (2.16)
i= =1

i=1
Each of the above integrals of motion has an associated Lax pair (L, A). The operator A of
the Lax pair can be found via [29]

B0 =77 00w (Ta(V. o) rap = i) TG = 113 ). @.17)

where we have defined
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Tais jo }) =Lai (W) Lai—1 (V) ... Lgj(A),  with i > j. (2.18)

In the present case, where the r-matrix is given by expression (2.5), operator A takes the form:

-1
Aj(x,u)za_(z) TG — 1,1, ) T(N, j, 1). (2.19)

Expanding (2.19) in powers of % results in
NG Lo LING)
Aj(/\,u)=XAj (M)+FA,< (M)+A—3AJ~ () +..., (2.20)

with each A;.i) being associated to each of the integrals of motion (2.16). In the present case we
obtain

Wy (1 (Ol @ * Kl

2
A® =< W= IX-n) fo'—"‘f(xf'“xf“'). 2.21
i =X — XN+ X a) X 1) {xj] 220

Consider the pair (I, Af) ). Then the associated equations of motion for the multicomponent
fields (x| and | X) are obtained from the compatibility condition (2.2)

(@71 = N7 = (gt X0 | = (e X)L = (NG 4 NG (g |+ (xjigal
1X7) ==X NG 4 X0 G 1X5) 4+ 1X ) 01X 0) + 1X 1) (Nj -1 4+ Nj) — [ X ).
(2.22)
3. Vector DNLS in the presence of defects

We now consider the DNLS model in the presence of a point-like integrable defect. We intro-
duce the defect on site n of the one-dimensional N-site lattice, with n # 1, N. The Lax operator
associated to the defect is

_ N N
Ln(A) =kzekk + Z aey 3.1)
k=1 K, 1=1

and we assume that it satisfies the same quadratic algebra (2.4) as the gl Lax operator (2.3).

Hence, it follows that the Poisson brackets between the dynamical variables a,(lkl) associated to

the defect are given by
. a0} = oy —aflsy. (3.2)

For convenience we write the defect Lax operator (3.1) in the following form

1Y) An

where 17 denotes the N x A identity matrix and

in(x)=A1N+anan+<“” w"'), (3.3)
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oy = (x,(lll) , (Bnl = (a,(llz) 051513) . oc,(llN)) ,
(21) 22 2N
(31) 01;5 ) Olr(z )
oy
[Vn) = . s A= : : (3.4
: 2
W ot,ﬂN ) a,(/\/N)
)
In the case where a defect is introduced on site n, the monodromy matrix T()) reads
T =LyG) ... L1 W) Do) Lymi ) ... Li(b). (3.5)

To obtain the local integrals of motion we first expand the monodromy matrix in powers of L
where this time the contribution from the defect point must be taken into account (see also [20]
for generic expressions). Then, the expansion in powers of % of the logarithm of the transfer
matrix (with the defect incorporated) reads

Int(A — 00) = —Il-l— Iz+ 3I3+.... 3.6)

The integrals of motion take the form

Il=zNi+an,

i#n
2
———ZN T D il Xa) + gt 1 Xa1) + (Bal Xuo1) + (ot va)
i#n i#n,n—1
1 1
_§ZN?+§“2+ Y X
i#n i#n,nt1
D N+ N ) (g1 1X) 4 Nogt (511X 1)
i#n,n—1
+ (N1 = @) (Bt 1 X1} + ot [ A X 1) + (02| Xn1)
+ <;11+1 | Xn—2) — an{Xns1l¥n), 3.7
where we have defined
Enat] = Cns1 +Bal. 1 Xnc1) =1 Xno1 +¥a) - (3.8)
The components of the Lax pair around the defect point are given by:
Ay~ * Gl , A(2) M Gl 3.9
A® () = 2 = (xn-11Xp-2) (1 =N 1)<xn H+ (@
-1 [Xn—2)( — Nu—2) + | X5 —3) | Xn—2Xxn—1l
AD () = ( 12 — (K11 Xn-1) <xn+1|M+(Xn+1|+ xn+2|>
[Xn—1)(u —Np—1) + X, -2) [ Xn—1 xn+1|
A(3) () = < u? — Xn+1|Xn 1) (= Npg 1) (g1 | + Xn+2|>
+l [ X 1M+|Xn 1+ 1Xn-2) |Xn I{Xn1] ’
- X ) (= Np2)(xpnp2| + (xp43]
A® ( 12 = (Xn42l Xnt1 310
2=, (= Ny + 1%, 1) X 1) 2] G-10
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where
(fnJrl | = (Xng1lAn — Npp1 (g1 —ay <;n+1 l,
|Xn—1):An|Xn—l>_|Xn—l>Nn—l _|Xn—1)an~ (311)

Again we consider the pair (L, A?)). For j #n,n+1, n+2 the matrix A?) is givenin (2.21)
and the equations of motion for the fields (x|, | X) coincide with equations (2.22). However, in
order to derive the equations of motion for the fields in the neighbourhood of the defect, i.e. for
Jj =n=£1,n=+2, one must take into account expressions (3.10). Hence, we obtain the following
differential-difference equations for (x|, | X)

(2] =Nj_y (xn—2] — (tn—11Xn—2) (xn—2| — (Xn—2|Xn—3) (xn2|

= (Np—1 + Np—2) (xn—1] + (Bnl + (xn411,
| Xp—2) = =1 Xn-2)NZ _y + X2} (%011 Xn-2) + | Xn—2) (X021 Xn—3)

+1Xn-3)(Ng—2 +Np—3) — | Xpn—4), (3.12)
(et = N2 ot ] = o 11X 1) o1 | — e 11 Xn—2) 1| — (Bl Xn—1) (Xn—1]

— an{Bnl = Nu—1(Bul — (Np—1 + Np1) (Xn1 | + (Xn11An + (Xn2],
1Xn—1) = = XuoONp_y 4 [ X ) 1 1 Xn—1) + 1 X 1) (a1 Xn—2)

+ 1 Xn-1)(Bnl Xn—1) + [ Xn—2)(Np—1 + Np—2) — [Xy—3), (3.13)
(Xny1l = Ni+1 (K1l = K11 Xn—1) Xnt 1] — n21 X 1) 1| — np 1 [vn) (X1

— (Np+1 + Np2) (12| + (xn31
1 Xnt1) = =1 Xt ONG 1+ [ X)) 1 1 Xn—1) + 1 Xng1) gz | X 1)

[ Xn+1) Cnt11¥n) + [Va)Nnt1 + Vo) n + [ Xn—1)on — Ap|Xu—1)

+ 1 Xn-1)(Np—1 +Npy1) — [Xn-2), (3.14)
(Xn+2| = N,21+2 (42| = (Xnr2l Xn+1) (Xnr2| — (n31 Xn42) (Xnt2]

— (Np42 + Npg3) (43| + (xn44l

| Xnt2) = _|Xn+2>N%+2 + | Xn12) X2l Xng1) + [ Xna2) (X131 X g2)
+ [ X0 1) (Npg1 + Nu2) — ) — [Xn—1) . (3.15)
Moreover, on the defect site n the compatibility condition (2.2) takes the form
d~ - o~
5]]4:1 =Ap1Ly — LyAy, (3.16)

and leads to the following equations of motion for the dynamical variables «,, (B,|, |vn), An
associated to the defect

& = (oty + Np— 1) (Bul Xn—1) — (ot + Npp 1) 1 1va) + Xna2lvn) — (Bul Xn—2) ,
<,8n| = — (X 1| Xu—1) (Bl — Xnr1l¥n) (Bnl — (Bul Xn—1){Bn] +ay2,<ﬂn|
+ o (ot + Ny (1] — (@ + Npr ) 11 Ay — (Bul Xn—1) (Xn41]

—ap (Xni2] + {(Xpp2| Ay,
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1Y) = = 1Y) @2 + 1Y) G 1 17) + V) G 11 Xn1) + [70) (Bn | Xnm1)
— 1 Xn-1)ety — | Xn-1)eNp—1 4+ A | X 1) (@ + Na—1) + 1 Xn—1) (X1 17)
+ 1 Xn2)oy — Ayl Xp—2),
Ay ==ty +Na— )X 1)XBul + (@ + Nt D[V )Xt | + 1 Xn2)(Bul — V) X2
F X)X 11 A = Al X1 Y1 (3.17)

The equations above generalise the results presented in [20] in the glas case.
4. The continuous vector NLS

In the present section we construct a Darboux transformation for the continuous vNLS equa-
tions for both the focusing and defocusing cases. The construction makes use of the reduction
group [22]. The matrix that defines the Darboux transformation, is structurally similar to the de-
fect matrix as already discussed. This suggests an alternative to the r-matrix construction of the
defect and possible classification using the theory of reduction groups.

We start with the Lax operator of the vector AKNS hierarchy namely,

LA)=Dy—U®), UMK)=AU;+0Up 4.1

where

U1=a<p01 _01> and [Uo:ﬁ(<2| |g>>. 42)

In (4.2) a and B are complex numbers, 1 is the (N — 1) x (N — 1) identity matrix, and |u), |v)
are A — 1 dimensional vector valued fields. We choose p = (N — 1)~! in order to ensure that
U; € slys. It follows that U(A) € slps[A].

We assume that the Lax operator £()) is invariant under the Z, reduction group generated by
the involution

r:L) > —0L0H 0 (4.3)

where

Q=<g °K>, Py “4)

The £(1)" in (4.3) denotes the formal adjoint operator of £(A),i.e. L(A)T = —D, —UX)". More-
over, * denotes complex conjugation and { stands for Hermitian conjugation. The invariance of
L()) under r implies that

—QUGH R =TM. 4.5)
From equation (4.5) follows that

a=ia€iR, B=+/k and |v)=|u)*=]u*). (4.6)
For convenience we choose the normalisation a = —(p + 1) ™' = (1 = AN

It is easy to see that the operator
AR =D = V), V) =212Vo + 4V + V (4.7)

where
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is also invariant under the action of r and that the compatibility condition of the two operators
[£,A1=0&TU; =V, +[U,V]=0 4.9)
is equivalent to the vector NLS equation
ilue)s + ) — 26 ful*ju) =0, (4.10)

where |u|? = (u*|u). Depending on which «k we choose we obtain the focusing or defocusing
vNLS equation (see [30,8] for general focusing/defocusing systems of NLS equations). In what
follows next we treat both vNLS equations simultaneously.

4.1. Darboux transformation with a Z, symmetry
We are now in the position to construct Darboux-dressing transformations for the vNLS (4.10)
using the reduction group (4.3). Let W (X) be the fundamental solution of the linear system
v, =UWY, Vv, =VQ)w (4.11)
satisfying the initial condition \Il()»)i(x’ H=(0.0) = 1. Using the invariance condition (4.5) it fol-

-1 . . . . o .
lows that QW (1*)T" Q is also a solution which satisfies the same initial condition, hence we
obtain that W satisfies

v 0=w0. @.12)
A Darboux transformation is a gauge transformation
V) > @) =MW (2) (4.13)

that leaves the linear system (4.11) covariant. We call the matrix M(A) Darboux or dressing
matrix. We are interested to find those Darboux matrices so that & satisfies the same initial
conditions as W. This implies that & satisfies the constraint (4.12) too. Then it is not hard to
show that the Darboux matrix M(}) has to satisfy the same relation (4.12) or equivalently

MO~ = oM@ T 0. (4.14)
The transformed fundamental solution @ (X) satisfies the linear system
o, =0OW®, &=V (4.15)

where KNJ(A) =U(|u), A) and similarly for %7()»). Using (4.13) and (4.11), equations (4.15) imply
that the Darboux matrix satisfies the following equations

M, = UM -MU, M, =VM-MV (4.16)

known as Darboux-Lax equations. The Darboux—Lax equations are equivalent to the following
relations

LO)=MMWLOMMN ™Y, A% = MO)AMNMO) L, 4.17)

where £(1) = Dy — U()) and A(L) = D; — V()). Equations (4.16) are linear in M()) and thus
invariant under a transformation of the form

M) = f (M)
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where f(A) is a non-zero scalar function of A. This means that without any loss of generality we
can assume that M(X) has no poles at A = co. The simplest such matrix with a single pole is of
the form

Mp
MO =1+ . (4.18)
Equation (4.14) implies that the inverse of M(1) has the form
MT
MGt =1+ M2 (4.19)
A—u*
Taking the residues at A = x and p* of equation M(A)M(A)~! = 1 we obtain
M, M. :
M, 1+ 2 OQ* -0, <1+ — )QM(;Q:o (4.20)
n— W=

respectively. Assuming that det(M) # 0 we have that det(QMSQ) # 0 and thus the second
equation of (4.20) implies that My = (i — n*)1. In this case M(A) = %]l and so M is a trivial

Darboux matrix. Hence we assume that M is not of full rank and specifically we are interested
in the case where rank(M) = 1 and thus M((A) will be the simplest Darboux matrix (elementary
Darboux matrix). In the case where the Lax matrices U and V are 2 x 2 matrices the rank one
case is the only possibility, however in our case rank(Mp) = 1, ..., N — 1. Nevertheless, we
continue our investigations assuming that Ml has rank(Mp) = s.

Since rank(M) = s, M can be parametrised by two matrices of dimension N x s as

Mo =pq’. 4.21)
Here q=(q',...,q%) € My (C) with ¢/ = (qu, ey qﬂ/)r being N -vectors and similar for p.
Then we can solve (4.20) with respect to p obtaining
p=(u—u"0q* @ 0qH". (4.22)
Therefore, the Darboux matrix has the form
no— _
M) =1+=—"P u#u' P=0q"@ 040 q". (4.23)

Notice that P is a projector (P2 = P) and that the following relations

Mu*Qq* =0, q"M@u*)=0, M (1)Qq*=0, q"'M '(u)=0 (4.24)
are satisfied due to the following identities

(1-P)Oq*=0 and q'(1—-P)=0. (4.25)
Moreover, P and thus MI(A) is invariant under the transformation

q—~ qC, C:(x,t)~ C(x,1) e GL(s,C). (4.26)

It follows that M(%) is parametrised by a non-real complex number p and a point q in the
complex Grassmannian Gr (s, N) >~ My s(C)/GL(s,C). In the next section we focus on the
special case where s = 1 and thus q is an element of the projective space pN-1 (©)~Gr(1,N).
We note here that the s = 1 case has been extensively used, see [5,13,31,32] and references
therein.
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4.2. Dressing and Bdcklund transformations

We have used the symmetries of the Lax pair in order to write the general form of an elemen-
tary Darboux matrix (4.23). Moreover the Darboux matrix must preserve the form of the Lax
operators £ and A, i.e. equations (4.17) must hold. Since the first part of (4.17) must hold iden-
tically in A we obtain the following equations from the regular part at A = oo and the residues at
the simple poles at A =y and A = p*

Uo=Uo+ (u—pu)[P.Uil, PL@WA—-P)=0, (1—P)L"P=0. (4.27)
Using the fact that P is a projector and of the form (4.23), it is not hard to see that the second
and the third equation of (4.27) are equivalent to the following eigenvalue problems

a; +q' U =fq". q; - QUu"HQ0q" =q*f1, (4.28)

respectively, with f and f; s x s matrix valued functions of x and ¢. Taking into account the
invariance of U under the reduction group (4.5) it follows that equations (4.28) are compatible if
£ =f.
Similarly, from the poles at A = u and A = u* of the second equation of (4.17) we obtain
PA(w(A—-P)=0 and (1—-P)Au P =0

which imply that q also satisfy
¢ +a' Vi =gd". @ - 0OV(H0d =q"gr. (4.29)

with g, g1 being s x s matrix valued functions of x, ¢. Using again the invariance of V under
the reduction group implies that g; = g'. We have proved that q has to satisfy the system of
equations

o/ +q'Uw=1q¢". o +q" Vi =gq". (4.30)
The compatibility of equations (4.30) implies that f and g have to satisfy the zero curvature
condition f; — g, + [f, g] = 0, and hence locally exists a matrix valued function h such that
f=h,h~! and g=h;h~!. Since q € Gr(s, NV), the transformation

q— qh” 4.31)

preserves the form of the Darboux matrix and also makes equations (4.30) homogeneous. There-
fore, we obtain

a' =CTw ' =CcTowwH'o (4.32)
where W (u*) is the fundamental solution of the linear problem
W, =U"HY, ¥ =V(uHw (4.33)

and C is a constant matrix of dimension A/ x s.
Using (4.32) and the expression for P (4.23), we can write the projector matrix P in
terms of solutions of the linear system (4.33) that correspond to the VNLS potential |u) =

M1, s uN— )T. The first equation of (4.27) defines the transformation for the vNLS equation
- () :

and Py; can be written as a ratio of two determinants
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0 xqy Kqy
aj 4q" 0q' q" 0q’
¢ ¢ 0q" - ¢° 0g°
PNj=——7—0 T (4.35)
9 Q¢ - q Qq
T ) * ' T j *
" Qq" - q° Qg

where the ¢’ i = 1,...s denote the columns of matrix q (4.32). Specific solutions for various
different s will be presented elsewhere.

The special case s = rank M = 1 is the simplest and has additional interest. In this case P
takes the form

p_ Qud
ol *
q' Oq
where q is now an N -vector. Moreover, equation (4.34) takes the form

(4.36)

Y

a2+ -+ lan—11* — klgn*’
which is the dressing transformation for both the focusing and defocusing vector NLS equation
[33,34]. The transformation (4.37) is a generalisation of the well known dressing transformation
for the scalar NLS equation, see [11,35,5].

In the rank My = 1 case we can also use the Darboux matrix (4.23) in order to derive the
Bécklund transformations for both focusing and defocusing vNLS equations and for arbitrary
N To this end we first use the rescaling symmetry (4.26) and write q in the following form

o= (Ic{> ) ' (4.38)

Then M takes the form

wj=uj—i(u* — Wi i=1,...,N—1 (4.37)

_(dlg*)ql dlg*)
MO_(—Kd(q| d (4.39)
where
_ *
d=L"" wih a*=-d. (4.40)
lgl~ —«
The first equation of (4.27) implies that
1
= 0= u). 441
lq) iﬁdﬂu) |u)) (4.41)
It follows that
1
lg1* = (q*|q) = — i = ul® (4.42)

and using (4.40) we obtain that d # 0 satisfies the quadratic equation
kd®> — (W —pw)d+ i —ul?>=0. (4.43)
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Therefore,

£ (4.44)

where

RN
n=/<“ : “) — k| —ul?. (4.45)

From the pole at 1 = u of equations (4.16) we see that My has to satisfy

Moy = U()Mo — MoU(u) and Mo, = V()Mo — MoV (se) . (4.46)
The first equation of (4.46) implies
(—kd{gl)y = —idux(q| + /xd (@lg*)(q| + k/icd {u] (4.47)

while from the second we obtain

(—rd(g))i = pkdig))s +ivicd (iclg*) (q| +id|@>{q] +id (q|u*)u] + i /hed (] .

(4.48)
Using relation (4.41) and (4.44) equation (4.47) takes the form
L) — )y = —p (1) — Ju)) + (“ - in) Ju)
SN2 )% *
U (”";’ ) <“ ad :|:;7> (|i) — |u)) (4.49)
|u — u| 2

and constitutes the x-part of the Béacklund transformation of vNLS while (4.48) can be rewritten

as
i(|ﬁ>—|u>>,=—m(|ﬁ>—|u>)x—i(<”"'“ ) = G >)<" ;“xn) (|if) — Ju))

| — ul|?

*

W=
2

e 200 = ) + i (@) = ) ) +i ( + n) ) . (450)
When N = 2 the Biicklund transformation (4.49), (4.50) becomes the known BT for NLS equa-
tion with x = %1 (see [26]).

4.2.1. Bdcklund transformations: solitons to anti-solitons

We shall briefly discuss here the existence of a novel type of Bicklund transformations that
associate solitonic to anti-solitonic solutions. This idea is essentially inspired by the existence of
certain boundary conditions in high rank gl integrable systems that force a soliton to reflect
as an anti-soliton. In the language of representation theory in quantum integrable systems this
translates into a change of the representation of a particle into its conjugate after reflection. In
the present context and associated to the notion of “integrable defects”, that we are interested
in, such a BT may be seen as a discontinuity in the one dimensional system relating solitonic to
anti-solitonic solutions of the non-linear equation at hand. In a more physical context the defect
as a quasi BT can be thought of as a transmitting object that turns each field to its conjugate
after transmission. This is mathematically and physically a very interesting issue, which will be
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discussed in detailed in future works. Nevertheless, we shall give a first flavour of this behaviour
here.
Let us introduce the following object:

UX, 2 =-UT(X, -, 4.51)

where 7 denotes usual transposition. Then the corresponding time component of the Lax pair
can be derived via the familiar formula below [29]

Ve =700t (Ta(=Lox, g (a4 0 Taw, L) (4.52)
where T« denotes transposition on the space characterised by the index a, and

t()=trT(=L,L; %), T(a,b,))=T (b,a,r), b>a
b

T(b, a, A) :exp{/dx U(x,k)}. (4.53)

a
In the case where r is the Yangian matrix the raTZTb = ryp. Working out the BT for the setting
above we end up to structurally similar BTs as the ones defined earlier in the text, but now the

following identifications hold:
A= —A, |uy—> |ut), |a*)— |u). (4.54)

In the VNLS case the situation is quite straightforward, however more interesting and presumably
richer scenarios could arise in more involved models, such as the affine Toda field theories or
higher rank Landau—Lifshitz models. Also, this setting naturally applies to discrete integrable
modes associated to higher rank algebras. All these are significant issues that will be discussed in
detail in future investigations, given that our main purpose here is to provide a brief introduction
to the soliton anti-soliton type BTs.

4.3. Higher Darboux transformation

In this section we investigate Darboux-dressing transformations that correspond to multi-
soliton solutions. In principle, in order to obtain higher soliton solutions one can consider
compositions of elementary Darboux transformations of the form (4.18) with several different
poles in A, see [5,32]. However, here we are interested in a non-elementary Darboux matrix,
which has n poles and is of the form

M;
A=

M@R) =1+ (4.55)
i=1

Moreover, we assume that MI(1) has the same structure as the 1-soliton Darboux matrix, that is
it satisfies relation (4.14). It follows that the inverse matrix is of the form

MM '=1+) oM, 9
i=1

. 4.56
- (4.56)

Comparing the asymptotic expansions of M(%) and M(1)~! at A — oo we also obtain the fol-
lowing relation
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Y Mi=-3 oM. (4.57)
i=l1 i=l1

Taking the residue at A = 1+ and u;‘ of equation M()\)I\/JI()»)’1 =1 we have that

MM(uj)™' =0, M@uHOM;0=0, j=1,...n, (4.58)

respectively. The above equations imply that all M; are not of full rank. In general we can
proceed assuming that rank(M;) =s; with 1 <s; < N — 1 but instead we will treat only the
case where rank(M(;) =1 for all j.

As in the 1-soliton case, we can express all M; in the form M; =p; q/T. where p; and q; are
N -vectors. Then, equations (4.58) imply that

M)~ =0, M@)HQq;=0, j=1...n (4.59)
respectively. As the relations in (4.59) are equivalent to each other, using one of them we have

that

n

T *

q; 0q; _
Y —Lpi=0q;, j=1,...n (4.60)
o T M

T *
q; 0q; .

" —/ and if we assume that
Hi— I

the Cauchy type matrix (q;, q;) is invertible, then using the Cramer’s rule we can solve (4.60)
for all p;. In this way the p;’s can be expressed in terms of the q;’s as a ratio of determinants

with p; # u;‘ for all i, j. We define the scalar quantities (q;, q;) =

@,q) - @,q-1) 047 (@, qi+1) - (q1,qn)
. Gn-q1) - @n,qi-1) Od; (Qn,qiv1) -+ (qn,qn). 4.61)
@, q) - (q1,9.)
(q,1:q1) (qn;Qn)

The symbolic determinant in the numerator is expanded with respect to the i-th column.
From the regular part at A = oo of the dressing relations (4.17) we obtain

To=Uo+ [Z pig; , Ul] : (4.62)

i=1

where we have used relation (4.57), while from the residue at A = ,u*/f we have that

MuHLWHOMEQ =0, M@HAWHOMQ=0. (4.63)
Similar to the single pole case, using relations (4.59), equations (4.63) imply that

qjx — QU()"0q; =0, q;i—QV(n)*Qq; =0, (4.64)
hence we can write

qf =cTovuhH'o. (4.65)

where the C; are constant N -vectors and ‘ll(,uf.) is a fundamental solution to the linear problem
at A = ;Lj‘
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Using equation (4.61), relation (4.62) is the dressing transformation which can be written as

~ in
u,:u,-—ﬁ?’, i=1,--- ,N—1, (4.66)
where 7, 7; stand for the following determinants
0 i 0 Qui
@.q) - (@90 kqi e @q) o (q,q0)
T = . , Ti= ,’ . 3 . s (4-67)
@ q) - (Qn, qn) G @na) o (@)

with q , denoting the m-th component of the qi vector. Recently, bright and dark soliton solu-
tions were obtained using the dressing method, see [36,37].

5. Integral operators as global Darboux transformations & dressing

We shall focus on situations where the dressing is expressed in terms of integral representa-
tions. Let us recall the “bare” differential operators associated to the vector NLS model (see e.g.
[3,38] and references therein):

D(()l) =M, M= Za,- el.([N)
i

DY = (ia 8 — 92)1 (5.1

where recall ei(j\[) are N x N matrices with elements (el.(j/,v)) Kl =0ik8ji.

Let us briefly recall the Zakharov—Shabat (ZS) dressing [11,38], which is equivalent to the
inverse scattering transform as well as the Riemann—Hilbert problem, and leads to the Gelfand—
Levitan—-Marchenko (GLM) equation (see [5,38,39]):

K(x,z)+F(x,z)+/K(x,y)F(y,z)dz=0, x <z (5.2)

The starting point of the formulation is the following factorisation for the operator 1 + JF, which
holds at the abstract operator level:

A+K) A+F)=1+K), (5.3)

and we define the integral representations as:

f@=/ﬂwﬂ®@
szfKquw@

ﬁﬂ=/ﬁﬁyﬂw®- (5.4)
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In the matrix language the factorisation of I 4 F corresponds essentially to the decomposition
on upper and lower triangular matrices. Note also that F satisfies the linear equations emanating
from the following invariant actions:

DY F=FDy, iefl, 2} (5.5)
Thus via the integral representation of F the following equations arise

ia F, — Fox + Fo, =0

MF.+F.M=0 (5.6)
where
y N N N
Fi,zn =y fitzn el 3 fi.zn ). (5.7)
j=2 j=2

It is worth noting that a more general choice of the solutions of the linear problem i.e. F ex-
pressed in the generic Grassmannian form:

Ok ka./\f)
F = 5.8
(Yka ON >N ©-8)

will provide solutions to the matrix NLS model, however this problem will be discussed in detail
elsewhere.
We shall henceforth focus on solutions of the linear equations above (5.7) that are factorisable
ie.,
n
fizmn=Y X0z

a=1
n

fiezin =Y X 0Z? ). (5.9)
a=1

It is clear that the ZS dressing may be thought of as a global Darboux transformation; it is
essentially a Darboux transformation in an integral representation:

v =5,
UV=1+K, Yy=1+F, B=1+K. (5.10)
We come now to the main objective, which is the solution of the GLM equation (5.2) for the
vector NLS system. Given the form of the solution F (5.7), and also considering the generic

expression K (x,z) = Zi’ j K;j(x,z)e;; we end up to the following set of equations (see also
[40,38] for the si; NLS case):

Kij(e.2)+ fi(x.2) +f1<u(x, WFiG2)dy=0

X
(,¢]

Ku(x,z)+/ZK1,-(x,y)f,-<y,z) dy =0, (5.11)
J

X
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Kit(x,2) + fi(x,2) + ZfKij<x, .0 fi(y,2)dy=0

J x
KU(X,Z)-I-/K“(x,y,t)fj(y,z) dy=0. je{2,...,N}. (5.12)

The two sets of equations above can be independently solved to provide Ky, K11 and K;1, K;j

respectively. Moreover, given the form of the dressed operators it is clear that Kj; and K

provide the fields u ;1 and u;‘._l respectively, i.e. the components of (u| and |u*) (see also [41]).
Solving the latter system (5.11) we obtain

Ko+ 00 - [ [ayas ki A6 0000 =0 (5.13)

Due to the form of the latter formula we can consider the following factorisation of the kernel

n
Kijx,zn =y L7 @). (5.14)

a=l1

Recalling the form of f;, f] and after integration we end up with the following generic expres-
sion:

Y3 LP @ oMl =XV x. 1) (5.15)
i B '
where we define:
p By 5
Mija = 8[/80{/3 - Piiy Pl');'a (516)
and
o0 o
P (x,1) = / dy zP X (v, Pl(x.) = / dy 2 Xy, (507
X X

Notice that the obvious choice

PN @y @) A
X;a)(X, 1) = bjelA.f t—H)\j x, Z;a) — M e
N A A s N i n (@)
Xga)(x’ 1) = bjelAj t—HAj )c7 Zg'a) —oHj 2 (5.18)

leads to simple expressions for P, P after integration (see also [39] for relevant expressions in
the context of the inverse scattering transform):

AW, 3 (B)
zAj t+zAj X'HM]- X

By r)€
P, =—b: -

IND O x i

pre— _p@¢ (5.19)
ij i T @ A
l()\ja + Mu; )
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Equation (5.11) can be expressed in a more compact form as:
L-M=-X=L=-X-M", (5.20)

where

L= ZZL(a)A*(N) ®é*(") M= ZZMMS (N) ®eg/l3)’

o,B i,
5.21)
(oz)/«*(/\/) *(n)
X= E E X ® e,

and ¢*™) are the N dimensional column vectors with 1 at position j and zero elsewhere. Our
task is to identify K ;, which will provide in turn the fields «; _1; indeed K1;(x, x) ocuj—1(x)
[39.41].

Similarly, we solve the system (5.12) to identify the quantities K;, which in turn provide the
fields u}_;. From the form of the system it is easier first to solve for K;; (i, j # 1) and then
obtain K;1, and hence the u_, fields (time dependence is implicit in all the expressions below)

Ky~ [ fannoon-Y [ [Gdkienicoses. 62
X ! X X

From the latter expression and the chosen form of the solution of the linear system we can
consider the following factorised form for K;;:

Kij(x, z)—ZL(%c 2 (). (5.23)

Substituting the latter expression in (5.22) we obtain the following linear system:

Z Z L(ﬁ)Mﬁ“ — Z }A(i(ﬂ) (x)ﬁi/j’a (x). (5.24)
B

Moreover, the quantities K11 and K;; may be also derived via (5.11), (5.12), hence we obtain:

K==y Y LYWP 2] @)

i By
Kijr,9==Y 3P ®02P @ -3 Y LV 0P 02 @) (5.25)
B i By

It is easy now to extract for instance the one-soliton solution given the description above.
Indeed expressions (5.20), (5.24) still hold, but now M is defined as (no Greek letter indices
involved any more as is natural):

M;; =8 — Pii P (5.26)
where we define:
o o
Pii(x,1) = / dy Zi(»)Xi(y. 1), Pij(x.t)= / dy Zi()X;(y.1). (5.27)

X X
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For the sake of simplicity let us consider the case where all the spectral parameters A ; are the
same for all the fields, then it is clear that:

fj (x,7:1) = bjeiAt+i)\x+ip,z’ J? — éjeiAt—H)‘x—H”Z (5.28)

bj, b ; are the components of the so-called polarisation vectors. Then it is clear from the integral
equations Ky, K;i:

Kij(x,z;0) = Li(x,e'", Kji(x,z;1) = Lj(x, 1)e'. (5.29)

One can then easily obtain a solution for L j- Indeed, one obtains a simple scalar equation, which
immediately provides the solution

7 iAr+idx
bje

L, )y=—">Ll —
iD= e G

ol (A M)+ QA1) x

where C=Y b;b;, H(x,1)= — (5.30)
; A+ )+ w
Similarly, the expressions for L ; reduce into the simple formulas below:
L=—cMpM! (5.31)
where we define:
Y N Y N
~*x(NV) 5#(N)
L:ZL,-ej , B:ijej , M=1+P (5.32)
j=1 j=1
and P is expressed as a bi-vector
P=H(x,1) B'B (5.33)
and is also a projector:
P> =CH(x, 1) P, (5.34)
which leads to the immediate identification of the inverse M~
—1 1
=1-—P. (5.35)
1+ CH(x,1t)
The identification of L; is then straightforward
bl AFirx
Li(x,)y=——1——, (5.36)
' 1+ CH(x, 1)

and clearly compatible with the solution for L j(x, ).
5.1. The continuous case
It will be instructive for the general purposes of studying solutions of integrable PDEs, but

also in association with the time evolution of point-like defects to consider the continuum case.
Basically the structure of the linear equations emanating from GLM remains intact, however
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instead of the matrix formulation one employs in this case linear integral equations as will be
evident below.

The essential difference with the discrete case studied above is that all discrete sums formally
turn into integrals i.e.

n o0
> o9 — / dk f (k). (5.37)
a=1 —00
More precisely, considering factorised expressions for the solutions of the linear problem
oo
filx,z;0) = / dk X j(k;x,t) Zj(k;z)
—00
(e.¢]
fo,zn= / dk X j(k; x,1) Z;(k; 7) (5.38)
—00

we then obtain the continuum limit for the factorisation of K7 ;:

o0
Kij(x,z,1) = /dk Li(x,1;k)Z;(z: k). (5.39)
—00

The fundamental linear equation (5.15) is then written as

o0
Z f dk L (x,t; k) My (x, 15k, k) = =X (x, 15 k), (5.40)
i —0Q
where we define
M;;(k, k) = 8;;8(k, k) —/dk’P,»,-(/?, k') Pij (k' k) (5.41)

and P, P are then defined as the continuum analogues of (5.19), i.e.

];J, (,;) eii\(l?)z+i}\(1€)x+m(k)x

Pii(x, t;k k) = —
i(A(k) 4+ p(k))
. ~ b ,(,;)em(lé)z+ix(l€)x+iﬁ(k)x
Pij(x,t;k, k) = L (5.42)
i(A(k) + a(k))
Similarly, as in the discrete case we can obtain the factorised form:
Kij(x,Z):/dk L,‘j(x,t;k)Zj(Z;k) (5.43)

and the respective linear equation

Z/d}? Li(x,t;k) Mlj(x,:;lz,k)=/d1€ Xi(x,t5k) Pij(x, 15k, k) (5.44)
l
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the other quantities are then immediately deduced via (5.11), (5.12). Thus the fields can be com-
pletely reconstructed from the knowledge of the kernel K;;. Similar expressions are then obtained
for K11 and K;; via (5.11), (5.12):

Ko == [ di [ dk Ly nbopy kb2 @h
J
K,-l(x,z>=—fd/2 XG0 2iz B
—Z/dk/dlé Lij(x,t;k) Pjj(x, t;k, k) Z;(z; k). (5.45)
J

Let us finally discuss in more detail the time part of the BT. As explained in detail earlier in
the text, as well as in previous related works we are mostly interested in the time evolution of
the defect. In the present formulation the defect degrees of freedom are encoded in /C, therefore
studying the time evolution of C is of great relevance in this context. This will naturally lead to
BT type relations similar to the ones derived in the previous sections as will become apparent
below. Let G be the global Darboux transformation such that:

V=GV (5.46)
and W, U satisfy:

ia 3[@ = 25 \,I\l

ia W=DV (5.47)
where

D=Dy+M, D=Dy+ M. (5.48)

From the latter equations immediately follows the typical time part of a Darboux—Béicklund
transformation

3G=DG-GD. (5.49)
Taking into account (5.48), (5.49) and setting G = 1 + X, we obtain the following global expres-
sion:

iayK=MK—-KM+DyK—-KDy+M—-M (5.50)

M, M are N x N matrices, and Dy = ]183. The integral representation of the expression above
becomes (K are also N x A matrices)

X X X

ia /dy 3zK(x,y)f(y)=/dy M(x)K (x, y)I(y) — /dy K(x, y)yM(I(y)

+ / dy (aﬁK(x,y)—BfK(x,y))f(y)

+ 28, K (x, x)f(x) + (M (x) — M (x))f(x) (5.51)

leading to the following equations:
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ia 9K (x,y) = 07K (x,y) — 07K (x,y) + M(x) K (x,y) = K (x,y) M(y)
20, K(x,x)=M(x) — M(x). (5.52)

One can of course start the “dressing” process with trivial solutions i.e. M = 0 as described
in the previous subsection. But in general the time evolution (5.52) describes the connection be-
tween two different solutions of the same non-linear differential equation. With this we conclude
our analysis on the Darboux transforms and dressing for the vector NLS model.
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