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Quasi Kronecker products and a determinant formula

Titus Hilberdink
Department of Mathematics, University of Reading, Whiteknights,
PO Box 220, Reading RG6 6AX, UK; t.w.hilberdink@reading.ac.uk

Abstract

We introduce an extension of the Kronecker product for matrices which retains many of
the properties of the usual Kronecker product. As an application we study matrices over
divisor-closed sets with multiplicative entries, and show how these are quasi Kronecker prod-
ucts over the primes of simpler matrices. In particular this gives a formula for the determinant
of such matrices which combines and generalizes a number of previous results on Smith type
determinants.

2010 AMS Mathematics Subject Classification: Primary 15A15, 15A69; secondary 11C20.
Keywords and phrases: multiplicative functions, Kronecker products, Smith determinants.

Introduction

In [5], inspired by a result of Codéca and Nair [2], it was shown that matrices with multiplicative
entries indexed over a divisor set D(k) = {d € N : d|k} factorize as Kronecker (or tensor) products;
namely, for f : N2> — C multiplicative (as a function of two variables) and A = (f(m, n))m.neD(k)s

A=) A,

plk

where A, = (f(p’,p’))o<i j<r and p"||k.} Since Kronecker products satisfy many useful properties,
this makes is possible to deduce lots of information about A from the A, like its eigenvalues, norm
and determinant.

It is natural to enquire what we can say more generally about matrices Ag = (f(m,n))m nes
for some finite set S C N, in particular when f is multiplicative. We find a natural condition
on S is that it should be divisor closed; i.e. n € S implies d € S whenever d|n. For example
S = {1,...,N}, which gives the usual N x N truncation, is divisor closed. Determinants of
matrices over divisor-closed sets have been discussed by many authors (see for example, [1], [3]),
after the well-known Smith determinant from 1876 [6].

We show in this more general setting that Ag still factorizes over the primes in S as a type of
psuedo-Kronecker product. This more general Kronecker product still retains a number of useful
properties which we investigate here. In particular, we find linearity, commutativity and associa-
tivity are retained, even if multiplicativity fails. Furthermore, a neat formula for the determinant
(already found in [4] for S = {1,...,N}) and results on positive definiteness are obtained. As
a consequence, we find a formula for det Ag whenever S is divisor-closed and f is multiplicative.
This generalises a number of earlier results concerning determinants of arithmetical matrices over
divisor-closed sets.

81. Quasi Kronecker products

Let A = (a;5) be an n x n matrix, B = (b;;) an m x m matrix, and [ = (I1,...,1,) € N” where
max{ly,...,l,} =m. Let B.g = (b;j)i<r j<s denote the r x s truncation of B. If r = s we simply
write B,..Put L =10y +---+1,. Define A ®; B to be the L x L matrix given by the block matrix

A B = (aijBi,)ij<n- (0.1)

1Here p"||k means, as usual, that p”|k but p"t1 fk.



Example 1 With [ = (3,2),

a b ¢ 2a 2b
d e f 2d 2e
h i 29 2h
3a 3b 3¢ 4a 4b
3d 3e 3f 4d 4e

L2
3 4 )71

Q a2
>0 o
SR 0
I
RS

Remarks 1

(a)

(b)

()

If the [; are constant, say I; = m for all 7, then A ®; B reduces to A® B, the usual Kronecker
product.

Note the asymmetrical nature of this generalised product whenever the [; are not constant.
In the above example, the top left corners of A and B feature more prominently than the
bottom right.

Since L =1 + -+, we can call [ = (Iy,...,1,) a partition of L (of length n). If we let
L0:0andLi:ll+-~-—|—li fOI"L'Zl,...7’I’L, then

(A®; B)uw = @ijbu—r1, yv-1; 1> (0.2)
where 4, j < n are the unique positive integers such that L;_; <u < L; and L;j_; <v < Lj.

For X and Y of the same size, let us write X 2 Y to mean X = P~!Y P for some permutation
matrix P. Note that A ®; B = A ®;- B where [I* = (I},...,1) is the permutation of [ with
> >

We can view A ®; B as a ‘projection’ of A ® B onto a smaller matrix. More precisely (and
using the same notation as above), there is a mn X L matrix P such that

A® B=P'(A® B)P.
Indeed, with P = (p;;)i<mn,j<1 We have
pij=1 ifj=L._1+s,i=m@r—1)—L_1+sforl<r<mnandl<s<lI,

and p;; = 0 otherwise.

Equivalently, there exists a (diagonal) orthogonal projection @ such that

Q(A@B)Q%“<A®ZB 0)1

0 |o
Indeed Q = diag(d\”,...,dW, ..., d™, ... d%) where

d, {O il <r<m fori=1,...,n.

For Example 1, we have @ = diag(1,1,1,1,1,0).

1.1 Properties of the Kronecker product
The Kronecker product satisfies many properties as we see below (cf. [8]). For A, B,C of appro-
priate sizes:

(a)

(M) ® B =A® (AB) = AMA ® B;

(b) (A+B)®C=A2C+BRC; AR (B+C)=A®B+A®C;

(¢) A B=0if and only if A =0 or B = 0;



(d) ¥ B C, then A B~ A® C,

(e) A® B B® A;

(f) A (BeC)=(A®B)® C;

(8) (A® B)(C® D) = (AC) ® (BD);

(h) A, B symmetric/unitary/normal/positive definite implies A® B symmetric/unitary /normal/positive
definite respectively;

(i) det(A® B) = (det A)™(det B)™ if Ais n x n and B is m x m;

() tr(A® B) = tr(A) tr(B);

(k) [A® Bl = [|Alll|IB]| and [|A® Bll2 = [|A]]2]| B]|2; 2

(1) 0c(A® B) =0(A)o(B), where o(A) is the set of eigenvalues of A;
)

(m) Defining A®B = A®I+I1® B to be the Kronecker sum of A and B, we have e ®@e8 = 495,
Also 0(A® B) =0(A) + o(B).

1.2 Properties of the Quasi Kronecker product
Here we investigate how the above properties (a) to (m) generalize. We shall find that (a), (b),
(e), (f), (i) and (j) all generalize directly or in some suitable sense, while for the other parts, only
less information can be salvaged. For example, in (k), equality is replaced by inequality. It would
be especially useful if (1) could be generalized in a suitable way.

Trivially, we find (a) and (b) continue to hold with ® replaced by ®;. Part (c) fails; e.g. with

1=(3,2)
0 0
2
(g 4)®1 0 0
00

Indeed, with the notation of (0.1), A ®; B = 0 if and only if a;; B,;; = 0 for all 4,5 < n.
Part (d) is also false in general whenever [ is not constant as can be readily shown. Thus

I ®2,1) I2 = I3 but
01 0
1 0 0 1
(01>®<2$1><10>= 10 0 (0.3)
0 0 O

which is not permutation similar to I3.

0
0 =
1

o O o oo
o O o oo
OO O oo
oo o oo
o O o oo

For (e) and (f), we have the following elegant generalizations which shows the role partitions
play. Since L =1 + -+ + 1, we can regard [ = (I1,...,l,) as a partition of L of length n. By
Remark 1(d), we may assume that the I; decrease; as such l; = m. Its conjugate partition is
U'=(,...,l,,) where I/, = #{j : [; > r}. Note that I/ = n. The conjugate partition is easiest to
visualize by a Ferrer’s diagram, which has each [; as a sequence of horizontal dots. Transposing
the diagram (or viewing it vertically) gives the conjugate partition. For example, with | = (3,2),
we have I = (2,2,1):

has dual o o

2Here || - || is the operator norm, i.e. |A] = sup|z=1 lAz| and || - [|2 is the Hilbert-Schmidt norm: for A =

(aij)i,j<n, we have A3 =32, <, laij|*.



Theorem 1
We have A ®; B = B Qu A, where l’ is the conjugate partition of I. In particular, if l =1', then
A® B= B A

We postpone the proof until after Theorem 5 as it follows from that proof.

Thus in example 1, we have I’ = (2,2,1) and we find

a 2a b 2b ¢
3a 4a 3b 4b 3c
By A= d 2d e 2 f
3d 4d 3e 4de 3f
g 29 h 2h i

With P representing the permutation (4235); i.e.

1
0
P=1]10
0
0

o= O OO
oo o= O
_ O O OO
OO = OO

we have Pil(A X B)P = By A.

Theorem 2 B
Given partitions k,l and square matrices A, B, C" of appropriate sizes, there exist partitions k and
l dependent on k and l only such that

A®y (B C) Z(A®;; B) ®[C. (1.1)

Proof. We start with some notation. Let A be n X n and B be m x m so that k = (k1,...,k,)
and ! = (l1,...,lp). Put K; =k +---+k;and L, =13 +---+1; with K = K,, and L = L,,,. Also
write Ko = Lo = 0. The conditions imply that max; k; = L and that the LHS matrix in (1.1) is
K x K.
We define k and [ in turn. First k = (/:;1,...,15,1) where l~cl is the unique k € N such that
L1 <k; <Lg;ie.
Lfci—l <k; < L];i.

As for k, let Ki=k + - +k and K = f(n, with Ky = 0. Note that A ®j, B is of size K.

Next we define [ = (l~1,...7l~l~() where, for i =1,...,n,

Z~7¢—1+j =1; for1<j<k,and l~~7: =ki—Lg, -

As for [, let Li=lL+ - +1; and Lo =0.
It follows in particular that

ki—1

Z l~j: le‘i’(ki*LkifJ:ki’

Ki1<j<K; J=1

and, summing from ¢ = 1 to r gives, for every r < n

l

L =

—
l
2

(1.2)

Now using (0.2), we find that

(A Sk (B 1 O))Lw = a’ijbpqcu_Ki—l_Lp—17'U_Kj—1_Lq—l7 (13)



where i, j < n and p,q < m are the unique positive integers such that

K,_1<u<K; nd Lp—l <u—K;_1 < Lp
K; 1 <v<K; & Lii<v—Kj 1 <Ly~

In the same way,

(A®p, B) @7 C)uv = aijh, g, |« & \Cuir v w—Lu

j—1
where 7, s < K and 1, 7 < n are the unique positive integers such that

K;_ < K;
and ~’1<T_~l.
s Kj71<S§Kj

Write p = r — K;_ 1 and q=5s— Kj_l. Note that 1 < p < Ki— Ky = l;:i < m and similarly
1 <g¢<kj<m. Then
((A ®I~c B) (X)l~ C)“U = aijbpqcu—ir_1,1)—l~/s_1'

For this to equal (1.3) the c-entries have to match up; i.e. we have to show that
Lhy=Ki1+L,; and Ly, =K; 1+Ls ;.
But
Erq = E;} + (ifﬁfﬁl + -+ l~r71)
=Kiaa+U+-+l 7 ) (by (1.2) and since r — 1 < K;)
=Kia+L,. | g =K1+ Ly,

1—1

as p =71 — K;_1. In exactly the same way fls,l = Kj_1+ Ly—1. The result follows.

Example 2 First we illustrate how to find k and [ from k and [.
Let k = (8,12,3,2,5) and | = (4,3,3,2). Line up the numbers 8,12,3,2,5 from k and see how
many of the I; (i.e. 4,3,3,2) are needed to add up to each k; with the last term adjusted to give k;

exactly, as follows:
8§ 12 3 2 5

AN A A
4314332 3 2 41 .
NSNS
3 4 1 1 2
The numbers needed are given at the bottom and give k, while [ is found by the middle line. Thus
k=(3,4,1,1,2) and [ = (4,3,1,4,3,3,2,3,2,4,1).
For an illustration of the associative property, we take smaller partitions.

a b Ty A u a b Ty A u
(2 8)oun((2 2o (2 ) =((2 B)oon (2 2o 2

with both sides equalling
ax\ axp ay\ ayp  bxr
aroc axrT ayo ayt bro
az\  azp awA awp bz
azo azT awo awt bzo
cxA cxp  cyh  cyp dx

For (g), we find it is false. Indeed, (A ®; I)(B®;I) # AB®; I. Take [ = (2,1) and

(22 e-(21)

)



Then
0

0
AB& I — (A N(Be I)=| 0 bz
0

o
o O O

Furthermore, each of A®; B, (A®, I)(I ®; B) and (I ®; B)(A ®; I) are all different.

Part (h): trivially we retain the implication A, B symmetric (or Hermitian) implies A ®; B
symmetric (or Hermitian) but (h) fails for unitary/normal matrices. Example (0.3) shows that it
fails for unitary A, B while the example

~—

111

11 11

(_1 1>®<271)<_1 1): -1 1 -1 |=c¢
-1 -1 1

say, has C*C # CC* although the matrices on the left are normal. For positive definite A, B we
have the following:

Theorem 3
We have AAB>0 — A®; B>0and A,B>0 — A®; B>0.

Proof. We know that A, B > 0 implies A® B > 0. But A ®; B is a principal submatrix of A ® B.
Thus by Theorem 7.2 of [8], A®; B > 0. The same argument also holds for strict inequality.
O

For part (i), we have the following result, which was proved in [4]:
Proposition A ([4], Proposition 4.4)

[
Suppose that L = (Iy,...,1,) withly > --->1,. Then

det(A®; B) = H(det A)lr=l+r det By,

r=1

where Ar = (asj)ij<r 15 the r X 1 truncation of A and lp41 = 0.

Part (j) generalizes similarly as

n

tr(A® B) =Y (tr(4,) — tr(A,_1))tx(By,) Ztr )(tr(By,) — tr(By,,, ),

r=1

as can be seen by direct calculation. (Here Ag = 0.)

Remarks 2

(a) Proposition A shows that A ®; B is invertible if and only if A, (if I, > l,41) and B;_ are
invertible for each r. In particular, this shows that the existence of A~! and B~! is necessary
for A ®; B to be invertible but (in general) it is not sufficient (see (0.3)).

(b) Note that in the generalizations of (i) and (j), the determinant and trace of A ®; B can be
expressed in terms of the A, and B, . This is not true for tr((A ®; B)?). For example,

0 = O
1 1 0 =z
4 0 2 0

say. Then tr(C?) = 4z + y?, while tr(B?) = 0 and tr(B3) = 2z + y? which is not a function
of 4z + y2.



The above example also shows||A®; B||2 cannot be expressed in terms of the ||A. |2 and || By,.||2
as can be readily verified. On the other hand, for this norm and the usual operator norm we do
have the following which may be seen as a generalization of (k):

Theorem 4
Let A and B be square matrices of size n and m respectively. Then ||A ®; Bll2 < || All2]|Bll2 and
|A @ B|| < ||A||l|B]|. Furthermore, equality occurs in the former if and only if

aijbrs =0  for alli,j < n wheneverl; <r <m orl; <s<m, (1.5)
in which case |A ®; B| = ||Alll|B]|-

Proof. The first inequality follows by a straightforward computation and using ||[A ® B> =
([ All2[| B]2:

lA@ Bl3 = Y laglPlIBugls = Y lagl® D 1besl> < Y lagl® Y |besl* = |A@ BII5.
ij<n ij<n Pl i.j<n rs<m
St

From this it is immediate that equality holds if and only if (1.5) holds.
For the second inequality, we have, for some orthogonal diagonal projection matrix @,

A B0
1A &0 Bl = H (LF) H — Qe BQ| < QA BIIQl = A3,

since ||Q|| = 1.
Suppose now (1.5) holds. Consider (A ® B)x = y where
T (1)

T = : and z; =

and similarly for y. Then

I(A® B)z||? = Z Iyl =S P

i=1r=1
But
3 St =3 Yl
j=1s5=1 j=1s=1
Thus, without loss of generality, we may take m =0 for s > [;. Let
o
I = where ; = :
xgli)
As such [|Z| = ||z|| and ||[(A® B)z|| = [(A®, B)Z|| < ||A®, B||||Z||; i-e. ||A®: Bl > [|A® B|| and
the result follows.
O
. a b ¢
For example with [ = (3,2) and A = <z 3}) and B=| d e f | wesee that (1.5) holds
g h 1
if A, B are one of the forms
. a b 0 . a b 0 z 0 a b ¢
(zi’]) d e 0 |; (og> d e 0 |; (z()) d e f
0 00 g h O 0 0 0



For part (1) we find there is no obvious relation between o(A®; B) and the spectra of truncation
of A and B. This is no doubt due to the failure of the multiplicative property (g).

In the case when A or B is triangular, we can find the spectrum of A ®; B easily. Suppose A
is upper-triangular. Then

)\Ill — allBll ES n
det(M — A®; B) = det = [[ det(\L, — aiiBy)).
0 >\Iln — annBln i=1

It follows that A € (A ®; B) if and only if det(A\];, — a;;B;;) = 0 for some i; i.e. A € o(a;By;) for
some 7. Thus, in this case

n n

o(A@ B) = Jo(aiB) = (o(Ai) \ a(Ai_l))o(Bli). (1.6)

i=1 =1

=

But (1.6) is false more generally. For example, < lli /f ) has eigenvalues 1 + 1 and ( } 1 >

has eigenvalues 0, 2, but
1 12 1 1 3 1
“(( pol >®(271> ( 11 )) SRCSERCTE

For (m), we need to generalize the notion of a Kronecker sum. For A, B and [ as before, define
the Quasi Kronecker sum by

A B=A® I+ 1,2 B.

As a consequence of Theorems 1 and 2, we have A@®; B = B®y A and A®y (B®,C) = (A®; B)®;C
(using the notation from Theorem 2). Thus for some permutation matrix P,

=P (I, ® A+ B®y I,)P =P (Bay AP,

while, with A, B, C' of size n, m, r respectively, we have

A (BeC)=A@, I+ 1, @k (B I + I, ®, )
=AQ, (Im @ L)+ I,k (B I.) + I, @ (I, @ C) (by Remark 1(e))

= (A®y Iy) @j I + (I, @ B) @7 I + (I, @ Iy,) @5 C (by Theorem 2)
= (Ao B)®; I + Iz ®;C (where K = k1 + -+ + k)
= (A®; B)®; C.

We find that part (m) is false; i.e.
eA@lB # eA ®l eB

in general. For we can find invertible C' and D such that C' ®; D is not invertible. But we may

write C' = e and D = e® for some A and B, while C ®; D is not even an exponential.
For an explicit example, let a = % and put A = (8 8) and B = <aa “ ) Then, with
l=(2,1), we have

01 0 0 1
eAeeP=1 0 0 while e4®B=1[1 0 0
0 0 0 0 0



Part (m) is even false for Hermitian A and B. Take A = (Z Z) and B = (ccl i)

where b,d # 0. We omit the details. Furthermore, with A, B as such and [ = (2,1), we have
o(A®; B) ={a+c,a+c++vb?+d?} while 0(A) = {a £ b} and o(B) = {c £ d}, and there is no
obvious relation between these.

§2. Divisor closed sets
Let S C N be finite and divisor closed; i.e. if n € S and d|n then d € S. For p € S (p prime), let
k =k, be the largest power of p in S; i.e. p* € S but pFt1 & S. We can partition S as follows:

S =SyUpSiU---UprSy, (2.1)

where each S, contains no multiplies of p. Note that Sy = {n € S : p/n} and more generally?
p" Sy ={n €S :p"|n}. Assuch,

(i) each S, is divisor closed,

(i) S,» C S, for ' > r, and

(ii) [Sol + -+~ + S| = |-

To see (i) let n € S, and d|n. Then p'n € S and p/fn. As S is divisor-closed, p"d € S also.

Since p/d it follows that d € S,. For (i), let n € S... Then p"n € S. As S is divisor closed, we
must have p'n € S; i.e. n € S,. Part (iii) follows from (2.1).

For example, S = D(m) = {d € N : djm} is divisor closed. For each p|m, say p¥||m, we have
S, = D(m/p*) and so |S,| = 7(m/p*) for each r = 0,..., k.
Sometimes we shall write £k = k, and S, = 5P 4o highlight the dependence on p.

2.1 Matrices over divisor closed sets
For a divisor closed set S and A = (a;;), we write As = (aij)ijes. If p prime, we write

f[p = (aprps Jo<r.s<k Where p¥ is the largest power of pin S; i.e. A, = Ar, where T, = {1,p, ... , P
From [5], we see that if S is of the form D(k) and a;; is multiplicative (in two variables), then Ag
is a Kronecker product over the primes in S; namely Ag = ®pesfip. We generalize this to any
divisor closed set using the notion of quasi Kronecker product.

We recall that a function f : N2 — C is multiplicative if f is not identically zero and

f(mlnthnQ) = f(ml,mz)f(nh nz)

if (myma,ning) = 1. (See [7] for a survey of multiplicative functions of two or more variables.)

Theorem 5
Let S C N be finite and divisor closed, and let A = (f(m,n))mn>1 where f is multiplicative (of
two variables). Let p € S be prime and define Sy, ..., Sk as above. Then

As = A, ®; As,, (2.2)
where I = (|Sol, ..., |Sk|).

Proof. Order the rows and columns of A along elements of Sy, ... Sk. The block corresponding to
p"S,,p*S, has mn'-entry (where m € S,,n € S;)

f(@"m,p°n) = f(p",p°) f(m,n)

by multiplicativity of f. Hence

Ag = (f(p’”7p3)(f(m, n))mesmness) = fip ®; Ag,-

0<r,s<k

3Here, p"||n means, as usual, p"|n but p"t! fn.



O

As an immediate consequence of this and Theorem 3, we see that Ap > 0 for all p € S implies
Ag > 0.

Remark 3. Since Sy is again divisor closed, we can apply Theorem 5 to Ag,; i.e. for a prime
q € So, we have Ag, = A, Qi Ag,, for suitable k and Spy. But we cannot (in general) conclude
that ~ R

As = AP ® (Aq Q@ ASOO)

due to the failure of (d) for quasi Kronecker products.

Proof of Theorem 1. We are now in a position to prove Theorem 1. Let A = (a;j)i j<n, B =
(bij)ij<m and | = (l1,...,l,) with i = m. It is clearly sufficient to prove the result when
ai1,b11 # 0. By rescaling, we may assume that a;; = by; = 1. The idea is to identify A and B
with some matrices of the form A, and As derived from some matrix Ag where S is a suitable
divisor closed subset of {273 : r, s > 0}.

We choose S to be the (divisor closed) set

S={2"137:1<r<n0<qg<l}

Thus S,_1 ={37:0<q <1} and |S,_1| =1, for r = 1,...,n. Let f: N> — C be multiplicative
and defined at the prime powers by

f@7 27 = q for 1 <d,j <n,  f(371,3771) = by for 1 <i,j <m,

and f(p',p?) = 0 in all other cases. As such, A = Ay and B = A3. We have the partitions
n—1 m—1
S=J2s, = | 37,
r=0 q=0

where T, = {2"71 : 7 > 1 and 2"7'37 € S}. Theorem 5 with p = 2 says

Ag =2 A®; B,
where I = (|Sol, ..., |Sn—1|).- On the other hand, applying Theorem 5 with p = 3 gives
As =2 By A,
where I" = (|To|, ..., |Tm-1]). As |S| =|So| + -+ |Sn=1| = [To| + - - + |Tsn—1| = L say, both [

and I’ are partitions of L. We need to show they are conjugate. This involves showing that
|T;| =#{r>0:|S.|>i+1} fori=0,1,...,m—1.

Since S is divisor closed and its elements are only products of powers of 2 and 3, we see that
|S.| = #{j >0:273/ € S}. Thus |S,| > i+ 1 if and only if 23" € S; i.e.

#{r>0:18|>i+1}=#{r>0:2"3" € S}.

But this equals |T;|.

2.2 A determinant formula

Applying Proposition A to Theorem 5 leads to a formula for the determinant of Ag. This gener-
alizes both Theorem 1 from [2] where S = D(N) and f(m,n) = W with h multiplicative and
Theorem 3.1/3.2 from [4] where S = {1,..., N} and f(m,n) = F(®) with F multiplicative on Q.
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Theorem 6
Let S C N be finite and divisor closed, and let As = (f(m,n))mnecs where f is multiplicative.

Then, with A, S¥) and k, as in (2.1) and in Section 2.1, we have

’ p)|_1g(P)
det Ag = H ﬁ (det(/ip)”rl)lsy(‘ -8

peS r=1

(Here (A,),41 is the (r + 1) x (r + 1) truncation of A, and |S,(£)+1| =0.)

Proof. Let p € S. Apply the determinant formula of Proposition A to (2.2). Thus, with [, = \Sﬁzi)ﬂ,

kp+1
det AS = det(Ap Xy Asép)) = 1:[1 (det(Ap)r)lrilrJrl det(As(()p))lr.

Since (Ap)1 = (1), the r = 1 term may be dropped, so

kp kp+1
g (p)|_|g(P)
det Ag = [ J(det(Ay)p 1) 1155l T det(Agwm )1,
r=1 r=1

Note that the determinant on the right has no terms with f(p”,p®). Since both sides are just
polynomials in all these variables, we can factor out the first term on the right above for each
p € S. Thus the result follows.

O

With a little extra work we see this result also contains the determinant formula in Theorem
2 from [1]. There, the matrix is of the form (g([m,n]))m.nes with S divisor closed and g mul-
tiplicative, where [m,n] is the LCM of m and n. Writing f(m,n) = g([m,n]), we see that f is
multiplicative and the matrix is just Ag.

Now (Ap)rs1 = (9(p™*"71))o<ij<r which has determinant® g(p") [Ty, _, (9(™ ") — 9(»™))-
Applying Theorem 6 and manipulating the formula then leads to the formula in [1].

As a special case of Theorem 6, suppose S has only squarefree elements. Then &, = 1 for all
p € S. Hence

det As = [] (£ (0, p) = fp, 1) F(1,p))™,

pES

where N, = |S£p)| =#{n € S:pn}.
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