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Abstract We prove the inf-sup stability of a discontinuous Galerkin scheme for sec-
ond order elliptic operators in (unbalanced) mesh-dependent norms for quasi-uniform
meshes for all spatial dimensions. This results in a priori error bounds in these norms.
As an application we examine some problems with rough source term where the solu-
tion can not be characterised as a weak solution and show quasi-optimal error control.

Keywords Discontinuous Galerkin methods - Inf-sup condition - Rough problem
data

Mathematics Subject Classification 65N12 - 65N30

1 Introduction

Discontinuous Galerkin (dG) methods are a popular family of non-conforming finite
element-type approximation schemes for partial differential equations (PDEs) involv-
ing discontinuous approximation spaces. In the context of elliptic problems their
inception can be traced back to the 1970s [5,21]; see also [1] for an accessible overview
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and history of these methods for second order problems. For higher order problems,
for example the (nonlinear) biharmonic problem, dG methods are a useful alternative
to using C'-conforming elements whose derivation and implementation can become
very complicated [5,13,23].

Inf-sup conditions form one part of the Banach—Necas—Babuska condition which
guarantees the well-posedness of a given variational problem. In this note, we shall
describe an analytical framework to examine the stability of dG approximations for L
and H-like mesh-dependent norms. This is in keeping with the spirit of [3,4], where for
continuous finite element methods the authors prove equivalent results for second and
fourth order problems respectively. The present approach, however, is quite different
and results in inf-sup stability for both L,- and H-like mesh-dependent norms under
the assumption that the underlying mesh is quasi-uniform.

The analysis presented utilises a new H2-conforming reconstruction operator, based
on Hsieh—Clough—Tocher-type C! reconstructions. Such reconstructions, based on
nodal averaging, are used for the proof of a posteriori bounds for non-conforming meth-
ods for elliptic [7,13,18,24] and hyperbolic problems [12, 16]. The new reconstruction
operators presented below enjoys certain orthogonality properties; in particular, they
are adjoint orthogonal to the underlying Hsieh—Clough—Tocher space and maintain
the same stability bounds as the H?-conforming reconstruction from [13].

The argument is quite general and allows the derivation of inf-sup stability results
whenever the numerical scheme has a well posed discrete adjoint (dual) problem over
an appropriately constructed non-conforming finite element space. This is contrary to
the Aubin—Nitsche L, duality argument whereby it is the underlying partial differential
operator itself that requires the well posedness of the adjoint continuous problem.

The use of these recovery operators is not limited to an a posteriori setting, indeed,
they have been used to quantify inconsistencies appearing in standard interior penalty
methods when the exact solution is not H2($2) [17]. This allows for quasi optimal a
priori bounds for elliptic problems under minimal regularity up to data oscillation.
Fundamentally the assumption in this analysis is that the singularity arises from the
geometry of the domain rather than through the problem data itself. Our analysis allows
us to show quasi-optimal L, convergence to problems that have rough problem data. To
showcase the result we study the convergence of a method posed for an elliptic problem
whose source term is not H~! in both 1 and 2 spatial dimensions. In this case the Aubin—
Nitsche, and indeed the standard treatment of Galerkin methods, are not applicable.

The note is set out as follows: In Sect. 2 we introduce the problem and present the
analysis cumulating in inf-sup stability for problems with smooth data. In Sect. 3 we
examine a particular problem with rough data and prove quasi-optimal convergence
in this case. In addition we give some numerical validation of the method.

2 Problem set up and discretisation
To highlight the main steps of the present developments in this area, we consider
the Poisson problem with homogeneous Dirichlet boundary conditions. Let Q  R?

be an open convex domain and consider the problem: given f € L»(2) find u €
H?(Q) NH}(Q), such that
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/Vu~Vvdx=/fvdx VUEH(I)(Q). (1)
Q Q

We consider .7 to be a conforming triangulation of €2, namely, .7 is a finite family
of sets such that

(1) K € 7 implies K is an open simplex (segment for d = 1, triangle for d = 2,
tetrahedron for d = 3),

(2) forany K, J € .7 we have that K N J is a full lower-dimensional simplex (i.e.,
it is either (4, a vertex, an edge, a face, or the whole of K and 7) of both K and
J and

3) Uges K = Q.

The shape regularity constant of .7 is defined as the number

. PK
T) = inf —, 2
w(T) L. 2
where pg is the radius of the largest ball contained inside K and kg is the diameter
of K. An indexed family of triangulations {7}, is called shape regular if

ni= irr%f w(IT" > 0. 3)

Further, we define i : 2 — R to be the piecewise constant meshsize function of 7
given by

h(x) := max hg.
K>x

In addition if
maxges hg

mingc o hg < Cau. @)
we call .7 quasiuniform. If an entire indexed family of triangulations satisfy (4), we
call it a quasiuniform family. In what follows we shall assume that all triangulations
are shape-regular and quasiuniform.

We let & be the skeleton (set of common interfaces) of the triangulation .7 and
say e € & if e is on the interior of Q2 and e € 92 if e lies on the boundary 92 and
set K, to be the diameter of e. We also define the “broken” gradient V;, Laplacian
Ay, and Hessian Dﬁ to be defined element-wise by Vyw|x = Vw, Ajw|x = Aw,
Diw| x = D?w forall K € .7, respectively, for respectively smooth functions on the
interior of K,

We let P¥(.7) denote the space of piecewise polynomials of degree k over the
triangulation .7, and introduce the finite element space V := P*(.7) to be the usual
space of discontinuous piecewise polynomial functions of degree k. We define average
operators for arbitrary scalar functions v and vectors v over an edge e shared by
elements Kj and K> as { v }= %(U|K1 + v|K2), {v)= %(V|K1 ~|—V|K2) and jump
operators as [v] = vlk,nk, + vlk,nk,, [V] = Vlk, - nk, + V|, - nk,. Note that
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1536 E. H. Georgoulis, T. Pryer

on the boundary of the domain 92 the jump and average operators are defined as
toy ] =vlod| =vll| =v ]| =v-n

Definition 2.1 (Mesh dependent norms) We introduce the mesh dependent L, —, H'-
and H?-norms to be

2 2 3/2 2 1/2 2
lwallg s == lwalif, @ + 1B & Vwn I, suag) + 1'% Twallif , su90

2 2 —1/2 2
lwnllT s o= IVhwlE ) + 1072 TwnlllF, suag)

lwall3.p = 1 Anwallt, @) + 122 [VwallIZ, o) + 1272 [wal I, euaqy )
Note for w, € V in view of scaling each mesh dependent norm is equaivalent to the
continuous counterpart, that is [|wyllo,n ~ lwnllL, @) for example.

Consider the interior penalty (IP) discretisation of (1), to find u, € V such that
Ay (up, vp) = (fyvn) Yop €V, (6)

where
m,(uh,vh>=/ vhuh'vhvhdx—/ [un] - € Vo) + [onl - § Van ) ds
Q EUIQ
+ / %0 [un] - [ou] ds + / o1h [Vun] - [Voa] ds, ™
cuae h &

where op > 0, o1 > 0 represent penalty parameters. Note that a standard choice is to
take o1 = 0. The choice o1 # 0 results in a class of stabilised dG methods [8].

Proposition 2.2 (Continuity and coercivity of <7, (-, -) [1,11, c.f.]) For o1 > 0 and
o9 large enough and any uy, v, € V the bilinear form <), (-, -) satisfies

Ay (up, up) = Cllugl, (8)
Sy (up, vp) < Cllupltnllvellnn. 9

Lax-Milgram Theorem guarantees a unique solution to the problem (7). Also, since
u € H2(Q), the bilinear form is consistent, hence, Strang’s Lemma yields quasioptimal
convergence of the method in the ||-||1,, norm:

lu —wupliin < C inf flu—whllin (10)
thV

Conforming reconstruction operators The key tool in the proof of the inf-sup
condition is the notion of reconstruction operators. It is commonplace in the a posteri-
ori analysis of nonconforming schemes to make use of such operators. A simple, quite
general methodology for the construction of reconstruction operators is to use an aver-
aging interpolation operator into an H?-conforming finite element space. For example
a C! Hsieh—Clough—Tocher (HCT) macro-element conforming space for H> confor-
mity [6,13,25, c.f.]. Another option is the use of Argyris-type reconstructions [6].
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O

O O %\O
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@) O @)

Fig.1 The P4 Hsieh—Clough-Tocher-type macro-element, as a H?2 (£2)-conforming reconstruction to the
quadratic Lagrange element. Here the large, blue circles represent degrees of freedom associated to a
function evaluation, the small, red circles represent those associated to full derivative evaluation and the
arrows a normal derivative evaluation

Example 2.3 (Construction of the HCT(4) space for d = 2) Since the HCT spaces are
an integral part of our analysis, we will illustrate the construction of the HCT(4) space
for d = 2, over triangles, noting that for d = 1, we can simply consider families of
cubic splines, while for d = 3 corresponding constructions are possible [19, Ch. 18].
Consider a triangle K that is partitioned in 3 subtriangles, { K; }?:] by connecting each
of the vertices to the barycentre as illustrated in Fig. 1. We then take

HCT(4) := |¢> e CH(K) : ulk, € P*(K;) fori = 1,2,3} . (11)

The dimension of P*(K;) is 15. It can then be verified that, upon enforcing continuity
of functions and their derivatives across the subtriangulation edges for the degrees of
freedom depicted in Fig. 1, the dimension of the HCT(4) space is 21 and those degrees
of freedom and unisolvent.

For the general construction of the macro-element HCT () space for simplicial and
box-type elements, we refer to [10,19,22].

Definition 2.4 (H2(Q)-reconstructions) An example of HZ2(Q) reconstruction opera-
tor E2(uy) of k-th order Lagrange elements is defined as follows. Let X be a degree
of freedom of the H2-conforming space HCT(k + 2) consisting of HCT-type macro-
elements of degree k + 2, and let Ky be the set of all elements sharing the degree of
freedom x. Then, the reconstruction at that specific degree of freedom is given by

1

E2 =
() (X) card ()

> unlgk (). (12)

KeKy

For the case k = 2, the associated degrees of freedom are illustrated in Fig. 1. Notice
that the degrees of freedom of the reconstruction are a superset of those of the original
finite element. This is due to the lack of existence of a conforming H?(2) subspace
in V for low k; for instance, the existence of an H?(£2)-conforming space requires
k > 5 in two dimensions (Argyris space). Corresponding reconstructions for higher
polynomial degrees have been considered in [6,13], for instance.

Even though the HCT(k + 2) space contains functions that are not polynomial,
it does include P¥*2(K) and hence the HCT(k + 2) interpolant preserves PF2(K)
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1538 E. H. Georgoulis, T. Pryer

functions, hence by Bramble-Hilbert the HCT (k + 2) space has quasi-optimal approx-
imability.

We refer also to the discussion in [13], regarding reconstructions of box-type k-th
order Lagrange elements into HCT (k + 2).

Lemma 2.5 (Reconstruction bounds [13, Lem 3.1]) For d = 1, 2, the HCT(k + 2)
reconstruction operator E* : V — H*(Q) satisifies the following bound for all
up € V:

IE>un) — unlli ), < C(nh”2 [Vurllf e + 1712 [[uh]]niz(g)), (13)

with the constant C > 0 independent of uj, and of h.

Remark 2.6 Lemma 2.5 is proven in [13] for d = 2. For d = 1, we can recover into
cubic or quartic splines and the proof is completely analogous. The proof for d = 3
using one of the trivariate C'-elements with nodal and normal derivative degrees of
freedom presented in [19] is conjectured to follow along the same lines to the proof
of [13, Lem 3.1].

Using this HCT(k + 2)-reconstruction, we can construct a further HCT(k + 2)-
reconstruction admitting the same bounds, but also satisfying an adjoint orthogonality
property.

Definition 2.7 (HCT (k + 2)-Ritz reconstruction) We define the Hsieh-Clough—
Tocher HZ(Q)-conforming Ritz reconstruction operator EZ .V —> HCT(k + 2)
such that

Lemma 2.8 (Properties of EZ ) The HCT(k + 2)-Ritz reconstruction is well-defined
and satisfies the orthogonality condition:

/(uh —E'%)(uh)) AT=0 V7¥eHCTk+2). (15)
Q
In addition, for @« = 0, 1, 2, we have

> |ER ) —

KeT

< (I IVanlIR 5, + 12~ [nIR )

(16)

2
H*(K)

for C > 0 constants, independent of uy, and of h.

Proof Fixing uj € V, EZ (up) is well-defined. Indeed, setting v = EZ (up) in (14),
along with a standard inverse estimate, we deduce

IVEZ )Ly < Cllunllin,
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Analysis of dG methods in mesh-dependent norms 1539

for C > 0 independent of u;,. The orthogonality condition follows from integrating
both sides of (14) by parts.
To see (16) we note that
VE ) = wnl} = Co(E? Gun) — wn, B un) = wp)
= Coh(E” @n) = wn, E*un) — )

< CIEZ (un) — unlln | EX(un) — wpllp- (17

Notice that in order to invoke coercivity of .27, over W (h) we must choose o larger than

if we merely required coercivity over V since, as already mentioned in Example 2.4,

W (h) contains piecewise polynomials two degrees higher than V. Using the properties

of E%(uy,) from Lemma 2.5 shows the claim for & = 1. The result for « = 2 follows
by an inverse inequality.

For o = 0 we use a duality argument. Take z € H>(€) N H(l)(Q) as the solution of

the dual problem .
— Az = E” (u) — up; (18)

then
VE2 un) — unl?, o) = / — a2 (E# ) = un) dx
Q
_ / —(Az— A’Z)(E‘%(uh) - uh) ds VI eHCTk +2),
Q
(19)

in view of the orthogonality property (15). Integrating by parts we see

IEZ (up) — unll}, ) = / (Vz=V2) '(VEQ(”’“) - V"”) dx
Q

+ / (V2 - VZ) - [un] ds
&

< 117N (Vz = VD)L, IRV EZ (up) — Viun) Ly
V2V = VI L, 1 [un]l,e)-  (20)

The result follows using the approximability of the HCT(k + 2) space [9] that can be
inferred through the dimensional analysis in Definition 2.3 and the regularity of the
dual problem, specifically

1= (Vz = VD@ + I1h72 { V2 = VZ)lILy@e) < C Izl
< CIE” () — iy,
@1)

thereby concluding the proof. O
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1540 E. H. Georgoulis, T. Pryer

Theorem 2.9 (inf—sup stability over W (h)) For polynomial degree k > 2 there exists
ayp > 0, depending on the quasiuniformity constant Cyy, such that, when o, o1 are
chosen large enough, we have for all w, € V

(W, V)

= > Yullwall2,n, (22)
vewmy Vlon
where W (h) .=V + HCT(k + 2).

Proof The proof consists of two steps. We first show for a given wy € V that there
exists a v € W (h) such that

h(wn, V) = Cmin ) Jwpll3 (23)
and that
Ila) < Cmaxm)?|wallon, (24)

which, along with the quasi-uniformity assumption on the mesh, yields the inf-sup
condition (22).
Firstly note that, after an integration by parts, the IP method (7) can be written as

ﬂh(wh,vh):/ —Ahwhvhdx+/ﬁ[[whﬂ {on) ds—/ [l VR ds

Q &Ud
o
+/ % Fuon] - [vn] ds—i—/ oth [Vuwp] - [Vou] ds.  (25)
U h &
Upon setting 7 = wy, — E‘%(wh) —ah?Apwy, for some parameter « € R to be chosen

below, we compute

1/2 2 —1/2 2
/ ﬂvwh]]”Lz(g)“‘UO”h / [[wlzﬂ||L2(guagz)

—/ Apwy, (wh - E%(wh)> dx
Q

Ay (wp, D) = alhApwyf g + o1 llh

+L [Vwi] § wy—EZ (wy) ) ds—f

wnd -V (wi—E7 i)} ds
EUIQ

—(x/ R [Vwp] § Awp Y ds+a/ B2 [wi] - § VAwy,} ds
& &EUIQ

—aoy / B [Vwp] [VAw,] ds — anf hwn] - [Awg] ds.
& &EUIQ
(26)

The orthogonality property of the HCT (k + 2)-Ritz reconstruction (15) yields

/;Z—Ahwh (wh — E‘%)(wh)> dx = L(AE%(wh) — Ahwh><wh — E‘%(wh)) dx.
(27

@ Springer



Analysis of dG methods in mesh-dependent norms 1541

Repeated use of the Cauchy—Schwarz inequality, therefore, gives

y(wp, B) = allhApwillf ) + o1 lh? [Ywillif, s + ool [walll, suag)
— 1 Anwn — AE” i) ) Iz I8~ (wh = B (wi)) Iz

— 102 [Vwi] Iy k=7 Cwn — EZ (wi) Yy
— 1272 [walllL, euae 1R { Vwn — VEZ (wp) YL, suse)
—allh' 2 [Vwp]llL, @) 1h* § Aws YL, )
—allh? [[wh]]||L2(gua§z)||hs/2 { VAw, }i,eua)
— o1 [Vwn] Iy 12772 [V Awi] I, )
— apallh™? [wy] L, cuae) 1732 [Awa] L, suse
=: al|hApwallt, ) + ollh? [Vwi]IE, )

7

+oolh™ 2 [willE, susg) — D - (28)

i=1

We proceed to bound each of the terms .#; individually. Note that in view of scaling
and inverse inequalities we have for any wj;, € V:

1 wa Mo < CrLlb™ Pwill, &0k (29)
I Vwn HliLse) < C2llh™wallL, g0k, (30)

for any edge/face e := K1 N Ky € &, and elements K1, K» € 7, with Cy, C,
depending only on the mesh-regularity and shape-regularity constants.
For .41, in view of Lemma 2.8, we have

7 < C3(||h1/2 [Vwnlll?, ) + 187172 [[whﬂllfz<g>) : D

with constant C3 > 0 being the maximum of all constants in (16) for all «.
For .#,, (29) and Lemma 2.8 yield

1/2 B 1/2
75 = CCYP IR [Van e (1072 IV 0nlI2, g, + 1572 [l ) )

Ccic;
< CRC3 "2 [Vwn]IE, ) + —5— 10" [wa]IE, s (32)

For .#3, (30) and Lemma 2.8 yield

172, — _ 172
75 = CC P12 wnllaceuney (1072 [Vl ) + 1A2 [wil 12, ) )
2

_ GG

=3 152 [Vwi]liL,suag) + C3C3llh™"2 [wa] Ly &)- (33)
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1542 E. H. Georgoulis, T. Pryer

For .74, we have
Iy < Cra|lh' 2 [Vun]liLye lhAwpllLye) < éallhAwslf, )

C12“ 1/2 2
+E”h vah]]”Lz(f)’ (34)

for any €4 > 0, while for .5, we get
Is < Coa||h™ 2 [wa] Ly sum 1h AwnllLy@) < esallhAwpllE, g

+ S 12 2 (35)
des UL, (U8 Q)

for any €5 > 0; similarly for .% and for any €¢ > 0, we have

Is < Crora|h'? [Vwp]lLye) lhAwnlliy @) < esallhAw i, )

C%Ulza

+ 182 [Vwalli, s)- (36)

€6

Finally, the last term .#7 can be bounded as follows:

S < Crooa|h™"? [wi]lILyuae 1R AnwiILye) < erallhApwili o)

C%62a _
+%”h 172 [[wh]]”]z_z(gugg), 37

for any €7 > 0.
Collecting the results (31)—(37) and substituting this into (28) we deduce

Gh(wp, 0) = [[hARwy, IIfZ(Q)Oé<1 — €4 — €5 — € — 67)

C3C? C?a Cica
12 2 —C3-Cics— 23 1 2]
+ A [[th]]HLz(g)("l G- CiG——5 des  4ec )

CiCs

2 2.2
—C3C5 — G _ M).
2 465 467

(38)

+ 1A [l I, suqy (70— Ca—

To arrive to (23), we can choose €4 = €5 = €6 = €7 = %, o= (max(oOZ, 02))_l and
oo and o7 large enough.
For (24), we use Lemma 2.8 to see that

1V, < llw, — E‘%(wh)lle(Q) + lah? ApwiliL,@ < CllR2wallan, — (39)

which, together with the quasiuniformity of the meshes, completes the proof. O
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Analysis of dG methods in mesh-dependent norms 1543

Lemma 2.10 (Stability of the Ritz projection) Let R : W (h) — V denote the <7, (-, -)
orthogonal projector into V. Then, for w € W (h), there exists a C > 0, independent
of h but possibly dependent on the quasiuniformity constant, Cqy, such that

IRWIlL, @) < C(gleaghIIV@lle(Q) + ||w”L2(Q)) < Cllw|lLy)- (40)

Proof Letg € W(h) be the solution to the discrete dual problem such that
A, (V,8) = (Rw,v) VYveWh). 41

Note that this is well posed owing to coercivity as long as the penalty parameters
are tuned to account for the fact that W (&) contains piecewise polynomials over the
subpartition two degrees higher than V itself. Then, we have
IRBIE ) = (R — @, RW) + (@, RD)
Let IT : H(Q) — VN H(l)(Q) a suitable projection with optimal approximation
properties. Then
IRBI ) = (R — i, § — T1Z) + (i, Rib)
< hRB — D) [1a ™ @G = TD 1w + 1Bl | RDllLy@).  (43)

through the continuity of <7, (-, -). From the optimal approximation properties of the
projection/interpolant I, we have

Ih~1E =TT, < CquClZ N30 (44)

and, using the discrete regularity of g induced by the inf-sup condition in Theorem 2.9

- (8, V) (Rw, )
vullgllan = _sup —==— = T

= = — < Cl|RW||Ly()- (45)
sewm Nvllon sewm Ivllo.n

Hence we see that
IRBIE, ) < C(I1h(RT — D) 11| RD Ly + 1By IRD Ly )

< C(IhDl1alIRDNLy@) + 1D lL@ IRD L, @) » (46)

in view of the quasi-best approximation in |-||1 5 from (10). The conclusion follows
from standard inverse inequalities. O

Theorem 2.11 (inf-sup stability over V) For polynomial degree k > 2 there exists
a yp > 0, independent of h, but dependent on Cy, such that, when oy, 01 > 1 are
chosen as in Theorem 2.9, we have for all w, € V

@ Springer



1544 E. H. Georgoulis, T. Pryer

(W, vp)

> vullwnllo,n- 47
wev  lvnll2n

Proof To show (47) we fix wy, and let & € V be the solution of the dual problem
o (Y, ¢>):/ wp,Wdx VW eV. (48)
Q

Following the same arguments as in the proof of Theorem 2.9, it is clear that there
exists a C > 0 such that
CR @13, < (D7), (49)

where U := ® — E‘%)(QD) — ah?Aj,®. Now it is clear that
IWllLy@ I Pll2n < CRI®3), < C.(P, D), (50)

and hence in view of Lemma 2.10 we have, with R denoting the <7, orthogonal
projector into V, that

RVl (@) < Cgleaéh(”V’E”Lz(Q) + IlLy @) < ClivlLy @), (D
through inverse inequalities. Hence

IRV, @) | P20 < ClIVIILy ) 1P ll2,8- (52)

Now arguing as in the Proof of Theorem 2.9, and noting the constant will now depend
on Cy,, we may show that

IBlLai@) < ClIA> @2, (53)
Combining the previous two inequalities yields
IRVIIL, @) @ ll2h < ClIAR3), < C (D, D) = Caty (P, RY), (54

concluding the proof. O

Corollary 2.12 (Convergence) Let u solve (1) and up, € V be the interior penalty
approximation from (7), then, under the assumptions of Theorem 2.11,

Cg\ . 1 A (up — u, vp)
lu —upllon < (1 + —) inf |lu —wpllop + — sup ———=,  (55)
Vi ) wneV Yh veev  lvnll2n

where yy, is the discrete inf-sup constant and Cp is the continuity constant. If u €
H*(Q) for k > 2 the following a priori bound holds:

lu — unllon + 1A — up)llin + I1h2 @ — up)llon < CH T July s . (56)
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Analysis of dG methods in mesh-dependent norms 1545

Proof Using the inf-sup condition from Theorem 2.11 we see for all w;, € V

Sy (W — up, vp)
Yullwy — unllon < sup ———

eV lvnll2,n
h(wy, —u, v Iy, (u — up, v
= h(wh h) + sup h( h h). 57)
eV v ll2,n wev  lvnllzn
Now using the natural continuity bound
Ay (u — wp, vp) < Cpllu — wallonllvallzn (58)
we see c | o )
B (U — up, vp
lwp —unllop < —llu —wnllon + — sup ———. (59)
Yh Yhoopev  llonlizn
Hence, in view of the triangle inequality
Cg 1 Ay (U — up, vp)
lu —unllon 5(1 +—) lu —wpllo,n + — sup —————. (60)
Vh Yhveev  lvnll2n

The bound (55) follows since wj, was arbitrary and (56) follows from the best approx-
imation of V. O

3 Applications to problems with rough data
In this section we examine some problems of the form

—Au = finQ
u=0ondR 61)

where f may be as rough as H_Z(Q)\ H! () andso,u € Lo(R2)\ H' (€2). This means
that the problem (75) cannot be characterised through a weak formulation, rather an
ultra weak formulation, whereby we seek u € Lo (2) such that

/Q—uAvdx = (fVg2@up@ YVE H3(Q), (62)

and the right hand side of (62) is understood as a duality pairing. In this setting standard
tools pertaining to the analysis of Galerkin methods may not apply, for example the
Aubin—Nitsche duality argument.

However, the stabilised IP method is still well defined and the inf-sup condition
still holds. Indeed, we define the modified IP method: seek u;, € V such that

=(fI1EF v
o) = (FIEF @) L VeV, (63)
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where E3 : V — HZ(Q) is the modification of E* recovering onto Hj (2) which is
constructed by setting to zero all the degrees of freedom on 9$2. We note that Lemma
2.5 still holds verbatim when E? is replaced by E(Z) The nonstandard definition of
the right-hand side allows us to make sense of extremely rough source terms [15] by
interpreting the right-hand side a a duality pairing. Correspondingly, we also denote
by ng the recovery given by Definition 2.7 when E Zig replaced by E(Z). Also, we note
that Lemma 2.8 holds for Egj also.

Since the inf-sup condition given in Theorem 2.11 is a condition only on the operator
itself, the best approximation result given in Corollary 2.12 holds true. The only
uncertainty with the bound is the behaviour of the inconsistency term. The control of
this term is the main motivation in the nonstandard definition of the right hand side
of (63).

Theorem 3.1 (quasi-optimal error control for problems with rough data) Let u €
L2 (S2) solve (62) and uj, € V be the approximation defined through (63), then

lu—uple < € inf (lu—whlio@+18Y2 [Vwnlliye +10 ol ) -
h

(64)
Proof The proof takes some inspiration from that of [17], where inconsistency terms
arise from the fact that the solution of an elliptic problem may only lie in H! (), for
which the operator <7, (u, v;) may not be well defined. Here, the situation is more
involved, since the solution u € L,(£2)\ H(Q).

Using the inf-sup condition from Theorem 2.11 we have

oy (W — up, vp)
Yrllwy, —upllon < sup ————. (65)
eV lvnll2,n

Now, by adding and subtracting appropriate terms and using (62) and (63), we see

Sy (W —up, V) = %(wh, Eog’)(vh)> +f MAE(‘)%)(vh)dx+Jth (wh, vy — E?(%))
Q
= (wn, E (o)) +/ uAEY (vy) dx
Q

+ 5 (wn — B3 on), v — B (on)) (66)

by the orthogonality properties of E(‘)% (wp,) given in (14). Now we may use that

/ uAES (o) dx + o (wn, B o)) = Cllu = willLyo IAES 0l
Q

< Cllu —wpllL, ) llvall2,n, (67)

through the stability of E Z (o).
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Finally, using the approximation properties of Eg2 (-) and Eé(-) we see

o (wn = E3wn), vy — E (o)
< Cllwy — EZwi)lnllvn — ES (o)1,

= (12 Vsl + 102 [l ) slos.— (68)
Substituting (67) and (68) into (66) we have

Ay (Wh — Up, Vp)
= C (Il = willua@ + 1172 [Vwalliiae) + 1872 [wallise ) Tl (69)

and hence

le —upllLy @) < llu —wpllL, @) + lur — willL, @)
< lu —wpllLy@ + llun — wrllo,n

< (e = walluae + 1972 [Vwnlliae + 1872 Twallise )
(10)

as required. O

3.1 Numerical experiments

The implementation of all the numerical experiments was performed in Matlab®
on a laptop computer with a 2.3GHz Intel i7 processor and 16 GB of RAM. All
computations took less than 2 min on this machine.

3.1.1 Test 1: an one-dimensional example

We begin by assessing the method (63) ford = 1. We set 2 = (0, 1) and consider the
problem of finding u such that

—u" =68, inQ

u=0 ondQ, (71)

where 87 denotes the distributional derivative of the Dirac distribution at a point
x € Q. This one-dimensional problem was a motivating example in the classical
work of Babuska and Osborn [3]; this computation is included here as a tribute to that
inspiring work.
For this problem we can even characterise a distributional solution, indeed we have
that
X when x < X

ux) =1 72
x) 1—x when x > Xx, (72)
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solves (75). If we assume that x does not lie on the skeleton of the triangulation we
can define our approximation as seeking u, € V such that

y(un, vn) = Ef o) (®) Vv €V, (73)
Using Theorem 3.1 we are able to show this approximation satisfies the a priori bound

lu — unliiy@) < Ch'Y?7¢ Ve >0, (74)
since 8 € H™5(Q) forall s > 1/2.

We fix k = 2 and solve (73) over a sequence of uniform meshes in 1d with 7 =
1/2,1/4,...,1/1024. We take X = 1/2 + +/2/100000 as to not align it with the
nodes of the mesh. In Fig. 2 we show the numerical approximation over the finest
mesh along with the experimental order of convergence.

3.1.2 Test 2: d = 2 with a Dirac source term at a point

We now take 2 = B(0, 1), the open ball of radius 1 centred at the origin, and consider
the problem of finding u such that

—Au=28 inQ
u=0 ondQ. (75)

The exact solution « is the fundamental solution of Laplace’s problem

1
u(x) = —=—log(x]), (76)

for which we have u € L,(Q)\ H/ ().

0.5 10°
0.4
0.3 L
g
0.2 .
10" \&
0.1 B T~
0 e e i N
E e

-0.2

01 \'\‘\.\
10%F TS~

-0.3

-0.4

-0.5 107 . -
1/h

(a) (b)

Fig. 2 In this experiment we test the Ly convergence of the interior penality method to approximate the
distributional solution (72). Notice the error converges approximately like O(h1/2). a The IP approximation.
b Error and the experimental order of convergence
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& fuoh L2
- om

102}

Error

103}

10-4 L
10° 10* 102 10°
1/h

(a) (b)

Fig. 3 We test the Ly-norm convergence of the method (80) to approximate the fundamental solution of
Laplace’s problem (76). The error converges approximately like O(%). a The IP approximation. b Error and
the experimental order of convergence

We define our approximation as seeking uj; € V such that
Sy (un, vn) = Ef ) (®) Yy €V, (77)

and, under the assumptions of Theorem 3.1, we are able to show that this approximation
satifies the a priori bound

lu —uplliy@ < Ch'™¢ Ve >O0. (78)

This is in agreement with the results of [2] for conforming finite elements applied to
this problem.

We fix k = 2 and solve (80) over a sequence of unstructured, quasiuniform trian-
gulations of B(0, 1). For the coarsest mesh we have & =~ 0.13 and for the most fine
h = 0.0019. In Fig. 3, we show the numerical approximation over the finest mesh
along with the error measured in the Ly-norm and its convergence history. We remark,
that the boundary approximation by straight-faced elements is not detrimental to the
convergence rate in this case as the error is measured in the Ly-norm.

3.2 Test 3: d = 2, rough source terms defined over an one-dimensional manifold

We now test the proposed method on a more complicated problem, whereby, we set
Q = (0, 1)? and consider the problem of finding « such that

—Au=aSy+(1—a)dd y; inQ
u=0 ond<, (79)
where « € {0,1} and #Z = {(x,y) : |[x—1/2|] < l/4dandy = 1/20rx =

1/2 and |y — 1/2| < 1/4} is an one-dimensional manifold. When o« = 1, we have
u € H'(Q), whereas when o = 0, we have u € L,(Q)\ H ().
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(a) (b)

Fig. 4 The approximations to the solution of (79) produced by (80) for two different values of «. The two
dark regions on the right plot depict jump discontinuity. ac = 1. ba =0

We seek uy, € V such that
(i, vp) = aEF (o) (%) +(1 — ) 0. EF (vp) () Vvp eV, X €. (80)

We fix k = 2 and solve (80) over a uniform, criss-cross triangulation of € with
h ~ 0.015. In Fig. 4 we show the numerical approximation over this mesh for both
values of «.

We conclude this exposition by noticing that, since the singularity in all tests were
isolated, adaptive approximations should be able to recover best approximation. This
motivates the extension of this analysis from the quite restrictive quasiuniform meshes
to those that allow for some grading. Note the recent work [14] where, using a posteriori
localisation techniques, analagous inf-sup results for the classical interior penalty dG
scheme have been proven over meshes satisfying a mesh variation condition.
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