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Predictability of Fat-tailed Extremes

Tamés Bédai* and Christian Franzke'

We conjecture for a linear stochastic differential equation that the predictability of threshold
exceedances (I) improves with the event magnitude when the noise is a so-called correlated additive-
multiplicative (CAM) noise, no matter the nature of the stochastic innovations, and also improves
when (II) the noise is purely additive obeying a distribution that decays fast, i.e., not by a power-law,
and (III) deteriorates only when the additive noise distribution follows a power-law. The predictabil-
ity is measured by a summary index of the receiver operating characteristic (ROC) curve. We provide
support to our conjecture, to compliment reports in the existing literature on (II), by a set of case
studies. Calculations for the prediction skill are conducted in some cases by a direct numerical
time-series-data-driven approach, and in other cases by an analytical or semianalytical approach

developed here.

Keywords: Fat tail, alpha-stable distribution, Predictability, ROC curve

I. INTRODUCTION

Extreme events in an observable are defined by some
authors [1] as states realised by a process which reflect
in such values of the observable that are distributed ap-
proximately by a power-law. It is usually the tail of the
marginal distribution associated with the observable in
question — what we will refer to as a process distribu-
tion — that follows a power-law. The reason for such a
focus on fat-tailed extremes [2] only is that other types
of events of the same rarity or frequency have a much
smaller magnitude. One can compare, for example, a so-
called standard Fréchet and a standard exponential ran-
dom variable (rv) in this regard [3, 4]. In other words,
fat-tailed extremes are more dangerous. For that reason
their predictability is of great practical interest. Fat-
tailed extremes commonly occur in natural or man-made
phenomena. Examples include rain fall, relative vorticity,
and stock market indices e.g. the DAX (German Stock
Index) returns [1, 5-7].

The predictability of fat-tailed extremes have been ad-
dressed in the past by several authors, to be discussed
next. One group of studies concern the predictability
of threshold exceedances in stochastic or deterministic
processes based on the so-called receiver operating char-
acteristic (ROC) curve (Sec. IIB). These studies treat
fat-tailed extremes, but also other ones. One feature of
the predictability is shared by the models and observ-
ables studied thus far rather surprisingly without ex-
ception: larger magnitude events are better predictable.
This finding remains without an explanation up to now.
A collection of these studies is listed in Table I. Sepa-
rated by horizontal lines we also include studies that do
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not evaluate the prediction skill [8] or do not measure
the predictability based on the ROC curve [9, 10]. An-
other study [11] that measures predictability by a mean
squared error in terms of an ensemble forecast could fit
all slots of Table I as its statement on predictability is
based only on the process distribution, whether it is pro-
duced by a stochastic or a deterministic process. They
find that predictability deteriorates in the limit of the
highest thresholds for any of the Extreme Value Distri-
butions. However, even those studies that rely on the
ROC curve use different summary statistics or indices of
it, such as (find definitions in Sec. IIC2): the ‘initial’
slope [12]; the area under the curve [13]; or the distance
from perfect predictability [14], ROC-D in short; and
some [15, 16] does not even evaluate a summary index.

We note that the phrasing “larger magnitude events
are better predictable” suggests a nonasymptotic be-
haviour, and so it is somewhat imprecise. The more
precise formulation of the research question is the fol-
lowing. Assume that the asymptotic limit of the pre-
diction skill when increasing the threshold level beyond
any limit is nontrivial, i.e., the skill does not vanish, nor
does it become maximal, like in a deterministic system
with arbitrary amount, precision and accuracy of data,
and using ideal precursory variables that fully embed the
attractor [14]. In this case the question is whether the
limit is approached from above or below. In other words:
is the lowest-order term of an asymptotic expansion pos-
itive or negative? This meaning is implied implicitly by
the approach of [12]. Nevertheless, for convenience we
keep using the original phrasing too synonymously with
the latter more precise but also lengthier phrasing.

As listed in Table I, we are aware of two studies that
examine the predictability of fat-tailed extremes using
the ROC curve. The subject of neither of these studies is
a process that is defined explicitly by an equation. One of
them [12] considers a process that was defined implicitly
by a time series that was constructed from a time series
of a Gaussian AR(1) process as follows. They generated
an auxiliary time series consisting of independent realisa-
tions of a symmetrized Pareto rv (Sec. IV B). They then
replaced the n’th largest value of the original time series



TABLE I. Studies on the predictability of extremes. Along the horizontal dimension we make distinction regarding the nature
of the laws governing the studied process; and along the vertical dimension we distinguish between processes whose marginal

or process distribution does or does not feature a fat tail.

Stochastic
Gaussian AR(1) [12]
Atmospheric dynamics [15]

No fat tail

Rescaled Gaussian AR(1) [12]
Social media [13]
Atmospheric dynamics [10]

Fat tail

with the n’th largest one from the auxiliary time series.
According to the authors such a process has a ‘step-wise
correlation factor’ (with a reference to the parameter of
a common AR(1) process) varying in time. They studied
this process only numerically. The other study [13] exam-
ined fat-tailed time series data to do with the attention
received by social media content or scientific publications.
For prediction they used the category of the content as
a precursor (Sec. IIB). Concerning e.g. YouTube videos
categories may be: music, sport, cat fails, etc. They
found an improving predictability with the event magni-
tude, and explained it with the difference in the power
exponent governing the fat tails of the different distribu-
tions conditioned on the category (in our parlance the
conditional probability defined by eq. (21)). This is the
only theory explaining the said improving predictability
that we are aware of. However, it is applicable to a rather
specific problem only. A difference in the power exponent
seems to be possible for the banal reason that the distinct
content categories entail distinct processes.

For the first time regarding the predictability of ex-
tremes we will consider in this note an AR(1)-type pro-
cess that is driven by — instead of a additive Gaussian rv
as in case of the ‘common’ AR(1) — a fat-tailed so-called
a-stable or simply stable rv [17]. We will show that the
process distribution inherits the power exponent (1 + «)
of the noise distribution. We find for this process, the
first of its kind, that the predictability of threshold ex-
ceedances deteriorates with increasing threshold level, or,
the limit of the ROC-D is approached from below. This is
not in contradiction with the finding of [13], because the
probability distributions conditioned on different values
of the precursor of our choice all inherit the same power
exponent.

In search for a theory to explain this finding, we de-
velop an analytical approach (Sec. II C2) to evaluate the
prediction skill as a function of the threshold level. Un-
fortunately we do not find it a productive way forward
in its generic form, and the finding remains unexplained.
However, a semianalytical (partially analytical) version
of our approach facilitates the evaluation of the predic-
tion skill with a high accuracy, for which reason asymp-

Deterministic

Atmospheric dynamics [15]
Lorenz 84 [14]

System of coupled FitzHugh-
Nagumo units [16]
Electronic circuits [8]
Geophysical models [9]

totic power-laws are confidently detected. Besides, this
is numerically much more efficient than the data-driven
direct numerical approach (Sec. IIC1).

Furthermore, we are able to disprove a few intuitive
propositions as to why the predictability might improve
or deteriorate with the event magnitude. It does not im-
prove — when it does — because of a decay of the process
distribution (Sec. III), nor does it necessarily deterio-
rate when the noise distribution is fat-tailed (Sec. V).
The existence of the variance of the noise distribution is
also not decisive (Sec. TVB). These falsifications can,
of course, be facilitated by a pertinent finding in a sin-
gle case each. But, our case studies, however systematic,
cannot imply in a mathematical sense ‘positive’ univer-
sal statements. Nevertheless, they compel us to make a
conjecture on the conditions of improving or deteriorat-
ing predictability. It is spelled out in terms of a Venn
diagram shown in Fig. 1.

II. METHODOLOGY
A. Examined processes

We examine processes that are governed by the fol-
lowing linear stochastic differential equation (in the It6
form):

dz = (ax 4+ b)dt + (cx + d)d X, (1)

where dX is an infinitesimal increment of an ‘input’
stochastic process. We can write W in place of X for
the Wiener process, which is the integral of a Gaussian
white noise process. The process probability density dis-
tribution function (PDF) can be found by integrating
the Fokker-Planck (FP) equation [18] (for details see eq.
(5.13) on page 98 of [19]) as:

2 ad—bc
2¢” c?(d+cw)

d+ cx) e/’ @)

p(z) = No(

where Ny is a normalization constant. Since p as a proba-
bility is nonnegative, the lower boundary of the domain is



FIG. 1. Schematic depiction of a conjecture on the pre-
dictability of threshold exceedances in the linear SDE (1).
Round shapes represent sets of models of certain properties
identified by capital letter codes, with matching colors or line
type of borders, as follows: P — the noise distribution features
a power-law tail; V — the variance of the noise distribution
does not exist; C — the noise is of the CAM-type (¢ # 0).
The rectangular shape is a representation of all possibilities
(except that b = 0). In each region defined by a unique com-
bination of these properties we put a + or — sign according to
whether the asymptotic limit of the predictability with ever-
increasing event magnitude is approached from above or be-
low. (Note that a larger value of the measure of predictability
measured by the ROC-D (17) means poorer predictability.)
In these regions a code stands for the section number where
a particular scenario is examined. The regions in color repre-
sent fat-tailed extremes.

—d/c. Also, for a well-posed problem we need ad—bc < 0,

when lim p(z) =0, as it is co otherwise. Fixing b =0
z——d/c

makes no restriction on the qualitative behaviour. Fur-
thermore, it is clear that for ¢ # 0 this distribution fea-
tures a fat tail. The noise term (cz + d)dW in eq. (1)
is referred to by some authors [6, 10, 20] as the ‘corre-
lated additive-multiplicative’ (CAM) noise. In this pa-
per we will refer to processes in this form as Pl-type
processes. The Wiener process W can be replaced by
the more generic Lévy process: dX = dL. The process
PDF in this case can be found by solving the fractional
Fokker-Planck (fFP) equation [21].

In the special case when only additive noise is retained,
¢ =0, eq. (1) is known as the Ornstein-Uhlenbeck (OU)
equation. It can be shown [22] that by taking the limit
¢ — 01in eq. (2), p(x) will take the specific form of the
normal distribution that is known to be the solution for
the OU equation. However, integrating the FP equation
with setting ¢ = 0 beforehand will lead to a Gaussian
process PDF via a more straightforward calculation.

To achieve a fat-tailed process with simple additive
noise, the noise itself need to be fat-tailed. We will refer
to such processes as P2-type processes. As an alternative
way to solving the fFP equation, in order to show how

the fat tail of the noise is inherited, first we discretize
eq. (1). A discretized form can be obtained by applying
some stochastic integrator scheme [23]. A simple choice
is the Euler-Maruyama scheme, with which we have:

Tp = 1+ (b4 axp_1)At+ (d+ cxp—1) VAL, 1. (3)

With ¢ = 0 (which is assumed in the rest of this sub-
section, unless otherwise said), eq. (3) is known as the
auto-regressive model of order 1, AR(1) in short. If &,
are realisations of an a-stable rv, then the x,,’s are also
a-stable rv’s (with the difference that it is a correlated
sequence). For example, if pe(€) = ps(&a, 8 =0,7¢,0 =
0), 0 < o < 2,0 < 7 is an unskewed (8 = 0) a-
stable distribution, or in short ‘stable distribution’, then
p(z) = ps(z;a,f = 0,7,,0 = 0) is also an unskewed
stable distribution. The reason for this is that from eq.
(3) x,, emerges as a weighted infinite sum of stable vari-
ables &,,, and that the stable distribution is a so-called
infinitely divisible distribution. Equations (1.8) of [17]
provide formulae for the parameters of a stable distribu-
tion of such a composed rv. From these it follows that
the tail behaviour of the noise PDF p¢(§) is inherited by
the process PDF p(x) in that they share the same stabil-
ity or shape parameter o. Furthermore, the process and
noise scale parameters have the following relation:

'71275/ V31—, (4)

where we introduced ¢ = 1+ aAt. For stationarity |¢| <
1 is required.

In the special case of a = 2 the stable distribution is
a normal distribution, whose variance exists unlike any
other fat-tailed stable distribution (o < 2) and is given
by the scale parameter . Then, clearly, eq. (4) relates
the process and noise variances, which is a well-known
property of the OU process/Gaussian AR(1). It holds
exactly also if &, obeys some other than the normal dis-
tribution whose variance exists. Furthermore, if &, is a
stable rv, the observed or sample variances s, and s¢ of
finite process and noise time series, respectively, obey not
eq. (4) but s, = s¢/y/1 — 2.

When ¢ 5 1, the Generalized Central Limit Theorem
(GCLT) implies that p(z) =~ ps(z;a < 2,6 = 0,7,,0 =
0) for any fat-tailed pe(§) ~ o€ /€*T! symmetric around
& = 0, whose variance does not exist, where the relation-
ship between the scale parameter of the asymptotically
equivalent classical Pareto distribution (a paradigmatic
model for fat-tailed distributions) and ~, we provide here
as:

Em
/1- ¢ sin(ma/2)I(a + D/(ra)

In the above we used the asymptotic behavior of a stable
distribution given by Theorem 1.12 of [17] and eq. (4).
Note that we have ¢ < 1, or more precisely 0 < 1—¢p < 1,
when 0 < At < —1/a. The latter means that the time
step size needs to be much smaller than the time scale of

Vo = (5)




the linear deterministic part. In fact this is needed also
for the discrete-time process (3) to reproduce approxi-
mately the process PDF of the continuous-time process
(1). The latter is related to the weak convergence prop-
erties of the stochastic numerical integrator scheme [23].
Note, however, that for e.g. eq. (4) alone to hold no
condition on ¢ is imposed.

Note also that the situation when ¢ < 1 significantly
can be interpreted in a way that the discrete mapping
establishes a connection between states at times fur-
ther apart, say, some k multiple of At, such as: z, =
Py + Zle @' 1¢, s, provided that b = ¢ = 0. Even
ifepsl o= @F < 1 significantly is possible for a large
enough k. This way we can conveniently examine the pre-
dictability depending on the prediction lead time. Such
a dependence in an SDE with a nonlinear deterministic
part has been found nontrivial, featuring a return of skill
and a reversal of the tendency of the predictability de-
pending the event magnitude [14]. However, we do not
expect such effects with a linear deterministic part con-
sidered here, and so did not make investigations in this
direction.

The lack of process skewness is due to the fact that
reversing the signs of z,,_1 and the symmetrically dis-
tributed &,_1, the same process equation will result in
—x,. Clearly, this is not the case when ¢ # 0, which is
reflected in the generically skewed form under (2).

B. Prediction scheme and skill

Our aim is to predict large excursions of some (scalar)
physical observable x, exceeding a chosen threshold level
T4, before that exceedance happens. Figure 2 pictures
the situation as the observable is sampled discretely in
time, x,, = z(t, = nAt), n € Z, occasionally exceeding
the threshold.

The following methodological description regarding the
prediction task closely follows [14, 24]. We introduce a
binary event variable:

1, x, > x,
Xn = {O, Ty < Ty (6)

The prediction is based on a precursory structure x,, €
RM of size M, whose different members, observables de-
sirably related to x, may belong to different times, e.g.
tn—d,,, preceding the current time ¢,,, specified by delays
dp € Z, m = 1,...,M. We call t, —t,_nin@,,) > 0
the prediction lead time. Our binary prediction for .,
at t,,_min(d,,) is defined as:

. 1, L(xp) > L.
Xn = { 0, c(xng < L. Q

based on the likelihood function:

L(x) =Pyx(x = 1,x) = P(x)/p(x). (8)

In the above P(x) = py|y (X, x = 1)Py(x = 1) is the pos-
terior PDF of x, and p(x) is the process PDF in terms
of the precursory variables, i.e., the basic PDF gener-
ated by the considered process [25]. Refer to the ap-
pendix of [26] for an integral formulation of e.g. P(x)
which applies the Heaviside step function as a filter. Note
that Eq. (8) expresses Bayes’ theorem relating the con-
ditional probabilities: the likelihood and the posterior
probability. Our prediction Y, is controlled by a thresh-
old £, € [min(£), max(L)] of stringency on £. Note that
an actual choice is meant to be made as to the applied
value of L, in practice, for which reason this kind of
prediction is not probabilistic, but we call it a categoric
prediction.

TABLE II. Realised and predicted threshold exceedance event
probabilities.

X
1 0
A B
C D

To quantify the prediction skill the rate of true posi-
tives, or the hit rate, i.e., the frequency of making correct
predictions, which depends on L., can be defined [27, 28]
as:

A
A4C

and the false alarm rate can be defined as:

H(L,) (9)

B

F(L) = 55 (10)

In the above A, B,C,D are the frequencies or probabili-
ties [29] of situations specified by different combinations
of x and ¥, which can be collected, following [28], in a
table format shown in Table II. These probabilities we
express by the following integrals:

A(L) = /R AV P(x)H(L(X) — L), (11)
B = [ | aVilolod) ~ PGOH(ER) — £.), (12
(L) = /]R AVP(IH(L. ~ £(2)) (13)

D(L,) = / AVp(0) ~ POOH(L. — £(x). (14)

In the above dVyx is a volume element in the precursory
space; and H(-) is the Heaviside step function. Upon
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FIG. 2. Illustration of the prediction problem: given a discrete-time irregular time series x,, that every so often overshoot a
relatively high threshold z. (straight horizontal line), we want to predict these overshoots, i.e., extreme events, at the time,
say, of the immediately preceding observation. The discrete data points are connected by straight lines to indicate their order

in time.

detailing A, B,C,D, the hit and false alarm rates take
the following forms:

_ Jrar AV P(x)H(L(x) — Ly)

Jonr dViP (%) ’
_ Jpar dValp(x) = P(x)H(L(x) — L)
- 1 — foar dViP(x)

where only H(L(x) — L) appears.

A parametric plot or curve {(F(L.),H(L.))} is re-
ferred to as the receiver operating characteristic (ROC)
curve [30]. With the extremal choices, £, =0 and 1, we
have (F = 1,H = 1) and (F = 0, H = 0), respectively,
i.e., the ROC curve stretches from corner to corner. It
is a diagonal straight line with no prediction skill at all
(over random predictions ¥ with P(x = 1) = 1—-L,), and
situated above the diagonal with any skill.

The ideal situation when extreme events (y = 1)
and nonevents (x = 0) can be predicted with certainty
(X = x) is represented by the (F = 0, H = 1) corner in
the ROC diagram. In this case no choice has to be made
on the applied stringency L. In the nonideal situation an
optimal L, is to be chosen. This is always the case when
the precursory space does not embed the attractor unam-
biguously, or, when the equations governing the process
feature randomness. A unique optimum exists only in
terms of a single-objective optimization problem, defined
by a scalar-valued cost function. However, in our case
the minimization of the false alarm rate and the max-
imization of the hit rate are both ‘valid’ objectives. It
takes a specific application to be possibly able to define
a scalar-valued cost function C'(F, H). For our general
assessment of predictability we choose to consider the
intuitive measure:

D°P! = min(y/F2 + (H — 1)2), (17)

*

the smallest or optimal distance of the ROC curve from
the ideal corner. With no prediction skill at all: D°P! =
V/2/2. Other summary statistics for the ROC curve have
also been defined, such as the area under the curve [24], or
the slope Hj-(F = 0) [12]. Unlike these two, the distance
De°Pt can be associated to actual predictions specified by
an actual choice L2 for £,. We note that it is not trivial
to interpret what the comparison of D°P* with a proper
skill score of probabilistic prediction [24] means.

C. Evaluation of skill
1. Direct numerical approach

Perhaps the most obvious factor that compromises
data-driven prediction skill is the finite size N of the
data set: {2,,x,}, n =1,..., N. The distributions p(x),
P(x), L(x) will be approximated in our study by his-
tograms {pp}, {Pp}, {Lp}, b = 1,..., B; different values
of b can be assigned to the different bins arbitrarily, it
serves only the purpose of identification. Note that in
the coarse-grained situation {L£p} derives from {p,} and
{Pp} much the same way as with the continuous func-
tions according to Eq. (8). With the discrete formula-
tion of Egs. (15) and (16), accordingly, the ROC curve
turns into (the graph of) a staircase (function), given by
a set of discrete data points: {(Hp, Fp)}, b = 1,..., B,
belonging to stringency levels {L,,} = {Lp}:
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Hy = (18)
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N =21 Py

Note first that in the above the bin counts of the his-
tograms {py} and {P,} are assumed to be not normal-
ized (otherwise one should write 1 in place of N); and
e.g. {Lp} and {Lyp}, b, = 1,..., B, denote the same
set. Second, if £; does not’, then neither do Hj and Fj,
change monotonically with increasing b. Third, H(-) de-
notes a Heaviside-like function with the only difference
that H(0) =0 (not 1/2).

The above estimation of the measures of skill is not
conservative [31], which is to do with finite histogram bin
counts for P(x) and associated statistical errors. An ap-
proach to fix this problem is the following. The available
data is divided equally into ‘training’ and ‘evaluation’
data sets. Then, the conservative estimates are defined
again by Eqgs. (18) and (19), but the different terms ap-
pearing in them are associated with different data sets:
{Ly} is derived from the training data set, and {p,} and
{Py} are derived from the evaluation data set. Note that
the latter requires the use of the same grid forming the
bins in case of the training and evaluation data sets.

A further issue to do with small bin sizes when many
bins of P(x) contain a single data point is that the ‘ROC
staircase’ can have an excessively large last step. This is
so, because bins that contain single data points tend to
have empty counterparts mutually between the ‘training’
and ‘evaluation’ data sets. This way D°P* > \/2/2 can
even be realised.

Too large bin sizes would of course also deteriorate the
prediction skill. Therefore, there should be an optimal
bin size yielding (locally) minimal D°P*. Our numeri-
cal experience shows that there is always, for any given
prediction lead time or threshold level z,, a unique (glob-
ally) optimal uniform bin size. Beside a regular grid one
can also use e.g. an irregular grid such that the same
number N/B of data points fall in each bin. In this case
there is an optimal choice for N/B, and so for B.

We adopt the latter approach. The irregular high di-
mensional grid (when M > 1) can be created iteratively,
treating one dimension of the precursory variable space
at a time. We note that the grid, i.e., the configuration of
bins, depends on the order of precursory variables con-
sidered in the iterative process. We do not claim that
any of these grids is the optimal grid. That is a question
to be investigated elsewhere.

2. Analytical and Semianalytical approaches

To be able to describe a ‘mechanism’ that produces
some properties of D°P(z,), it would be desirable to con-
struct this functional relationship analytically. Next we

outline the formulae for this, considering processes gov-
erned by eq. (3), when the aim is to predict threshold
exceedances of z,, based on a single precursory variable
Xp = Tp—1. Equations (8)-(16) indicate that we need two
things:

(i): The likelihood function £(x;z.), and
(ii): the process PDF p(x).

The process PDF we have already discussed in Sec. II.
The likelihood function, on the other hand, we can write
for a scalar precursory variable as:

E(In—l;x*) = / dxnpxn|wn,1(xn7xn—l)v (20)

in which the conditional probability can be written as:

Pxy|zn_1 ($n7 il'n,1) =

(21)

NO(xn—l;At)pf(gn—l(xnaxn—l;At))'
upon expressing the noise variable £, 1 =
&n—1(Tn,Tn—1;At) — whose distribution pe(-) we

know — from the process equation (3) as:
gnfl(xna Tn—1; At) =
Ty — Tp—1 — (b+ ax,_1)At (22)
(d+ cxp_1)VAL

In eq. (21) the normalization factor derives from the
following basic property of a conditional probability:

/ dxnpzn\xn,l(xn;xn—l) =
NO(l'n—l; At)
(d+ cxpn_1)VAL

The likelihood function can in fact be formulated,
thanks to the factorization of additive terms of
En—1(xn, xn_1; At) wrt. x, and x,_1, by the noise cu-
mulative probability distribution function (CDF) as:

L(zn-1;2:) =1 = Fe(§n-1(24, Tn-1)), (24)

(23)

in which the normalization factor Ny does not appear.
The numerator of the expression for the hit rate under
(15), for example, can be written as:

A, £2) = /
zr(xe,L4)

where the lower limit of integration is found by solving

dxnflﬁ(xnfl; x*)p(xnfl)a (25)

L(zp;xe) = Ly (26)

for ;. Then the shortest distance D°P! of the ROC
curve from perfect predictability in terms of an optimal
L% can be obtained by solving the equation:

D' (L") = 0. (27)



The alternative summary index the area under the ROC
curve can be obtained by the integral:

/ AL H (L (L), (28)
0

or the ‘initial’ slope of the ROC curve is:

S = Jim H'(L.)/F/(L.). (29)

We are not aware of a model of the form (3) for
which D°P*(z,) can be obtained analytically, even ap-
proximately relying on the GCLT, avoiding the use of
stable noise variables whose PDF is in general not in
an analytic form. We have been able to obtain F(L.)
and H(L,) analytically in some cases, but with any at-
tempt using the software package Mathematica we failed
to carry out either (27) or (28). However, even if it was
possible, it is doubtful how much it could aid further
studies, as the expressions already for F'(L,) and H(L,)
are extremely complicated. In this respect it is not much
help that the slope S (29) is a more simple quantity than
Dert or AUC in that the latter require in addition ei-
ther solving a nonlinear equation or carrying out an in-
tegral. A further problem with S is that it could be
less informative too. For example, if the limiting ROC
curve as x, — oo is in the linear form of H = ¢; 4+ ¢ F,
c1,c2 € [0,1], then the limit of S does not exist, and so
it could not indicate a nontrivial, less than perfect pre-
dictability as specified by ¢; # 1, ¢o # 0. This is in fact
the case with unskewed stable or symmetrized Pareto
noise distributions (and ¢ = 0), as introduced in Sec. IV.

Even if a fully analytical treatment is not possible, the
direct numerical approach based on (long) time series
data (Sec. IIC1) is not the only alternative. We can
still make use of egs. (20)-(27) etc. by evaluating them
numerically. We will refer to this in the following as
a semianalytical approach. With this approach we can
evaluate D°P? at a desired w,. It turns out that a choice
of x, has its limits regarding the accuracy of calcula-
tions due to finite machine precision. What is important
is that a sufficiently large range of x, is considered in
which the asymptotic behaviour shows up, and if it is
a scaling behaviour, then an accurate estimation of the
scaling exponent be possible.

In our numerics D' (and L") is found by Mat-
lab’s fminbnd (an approximate solution of eq. (27)) for
which D(z,, L) is calculated by numerical integration
of expressions like (25) using Matlab’s integral for any
L, required by fminbnd and a readily fixed z.. Equa-
tion (26) is solved numerically by Matlab’s fzero. We
note that the procedure is greatly expedited by using eq.
(24) avoiding the numerical integration of the conditional
probability (21) as dictated by (20). This is particularly
useful when considering stable rv’s of a for which the
stable distribution does not have an analytic form (as in
Sec. IV) but it has to be numerically computed by e.g.
Matlab’s makedist.

IIT. PROCESS DISTRIBUTION NOT DECISIVE

It could be thought that (i) a decaying D°P!(x.), as
has been found in all the situations ever examined that
we are aware of and reported on in Sec. I, is due to
a decaying process distribution p(z), or, (ii) a reducing
frequency of events [32]. Or (iii) it could be thought
that an increasing D°P!(x,) is due to some other prop-
erty of the process distribution alone again, e.g., a fat
tail (Frechét-type extreme value distribution [3, 4]). We
will demonstrate in this section that, in relation with
(iii), D°P*(x,) can be decreasing even if the process dis-
tribution is fat-tailed (Sec. IIIA), and, in relation with
(1), it can be increasing even if the process distribution
is decaying (Sec. IITA), or, in relation with (ii), if the
frequency of events is increasing (Sec. I1I1IB).

A. Two processes with identical process
distributions

First we give the examples of two processes which
feature the same process distribution, yet D°P(x,) ap-
proaches its limit value from above in one case and from
below in the other. This will indicate that something else
than the process distribution, precipitated in some likeli-
hood function, is also at work [33]. One of the processes
is a P2-type process, as introduced in Sec. IT A, driven
by a stable rv of pe(§) = ps(& o = 1/2,8 = 1,7¢,6¢).
The special case of & = 1/2 is called a Lévy distribution,
one of two stable distributions that take analytic forms
expressible by elementary functions:

pr(z;sp,y) =ps(ria=1/2,0=1,7,0 =y +pu) =
0% 67 2(:;/—;0 (30)
27 (x — p)3/2

@ < x < oo. Notice that the skewness parameter of this
stable distribution takes on its largest possible value, § =
1, so that the distribution looses the power-law tail on the
left and becomes even bounded on that side. Such a noise
produces a Lévy P2-type process distribution p,(z) =
pa(wia = 1/2,8= 1,7, = 3¢/ YT— 97,6, = 8/ (1-9)),
as can be derived from egs. (1.8) of [17].

We point out that the (analytic) process PDF (2) with
appropriate parameters is in the form of the Lévy dis-
tribution (30). The appropriate parameters we find to
be: a =1/4,b=0, c=1, d = —1, with which g = 1,
v = 1. Therefore, in order to match the P1 and P2 Lévy
process distributions, for P2 with, say, ¢ = 1/2 we need
noise parameters: ve = (1 —1/v/2)2, §¢ = 1/2.

For the described P1 and P2-type processes we see
D°P!(z,) and the corresponding £ (x,) diagrams in
Figs. 3 and 4, respectively. In the same diagrams direct
numerical (Sec. IIC1) and semianalytical results (Sec.
I1 C 2) are plotted. They match rather closely. The differ-
ent diagrams of D°Pt(z,) are as forecast in the beginning
of this section. We note that in both cases £ (z,) are
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FIG. 3. Predictability of extremes in a P2-type process (Sec.
ITA) using two different fat-tailed noise variables of power
exponent 3/2 both (see main text for details). One noise
variable is of a Lévy-type (blue and red curves with plus sing
+ and dot e markers, respectively), and the other one is of
a matching (see main text for details) Pareto-type (magenta
and green curves with circle o and dot e markers, respec-
tively). The calculations were done both by a direct numer-
ical method (Sec. IIC1, red and green curves, N = 10°,
B = 2-10*) and by a semianalytical method (Sec. IT1C 2 blue
and magenta curves). A straight line of slope 1/2 is included
for reference.

vanishing according to power-laws. The power exponent
in Figs. 3 is measured to be about 1/2 and in Fig. 4
somewhat less, which suggests a connection with the sta-
bility parameter a@ = 1/2, possibly an exact one in the
former case. Because of the good quality of the power-
laws 