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Abstract During periods of storm activity and enhanced convection, the plasma density in the
afternoon sector of the magnetosphere is highly dynamic due to the development of plasmaspheric
drainage plume (PDP) structure. This significantly affects the local Alfvén speed and alters the propagation
of ULF waves launched from the magnetopause. Therefore, it can be expected that the accessibility of ULF
wave power for radiation belt energization is sensitively dependent on the recent history of magnetospheric
convection and the stage of development of the PDP. This is investigated using a 3-D model for ULF waves
within the magnetosphere in which the plasma density distribution is evolved using an advection model for
cold plasma, driven by a (VollandStern) convection electrostatic field (resulting in PDP structure). The wave
model includes magnetic field day/night asymmetry and extends to a paraboloid dayside magnetopause,
from which ULF waves are launched at various stages during the PDP development. We find that the plume
structure significantly alters the field line resonance location, and the turning point for MHD fast waves,
introducing strong asymmetry in the ULF wave distribution across the noon meridian. Moreover, the
density enhancement within the PDP creates a waveguide or local cavity for MHD fast waves, such that
eigenmodes formed allow the penetration of ULF wave power to much lower L within the plume than
outside, providing an avenue for electron energization.

1. Introduction

One of the principal interests in ultralow frequency (ULF) waves within Earth’s magnetosphere over the
last several decades stems from their potential for interaction with high-energy radiation belt electrons
(e.g., Elkington, 2006). ULF wave-particle interactions can lead to radially inward or outward electron transport,
which in the former case results in energization through the conservation of the first adiabatic invariant M,
(Degeling & Rankin, 2008; Fälthammar, 1965; Shprits et al., 2008), and in the latter case, loss to the magne-
topause through magnetopause shadowing, (Degeling et al., 2013; Herrera et al., 2016; Turner et al., 2012).
The mechanism by which the electrons and ULF waves interact, known as drift resonance, requires that the
electron orbital motion, which is eastward due to the gradient-curvature drift in Earth’s geomagnetic field,
approximately matches the phase speed of the ULF waves (Elkington et al., 1999).

Ultralow frequency (ULF) magnetohydrodynamic (MHD) waves are commonly launched into the magneto-
sphere from the dayside magnetopause and propagate mainly in the antisunward direction (Allan & Poulter,
1992). The energy source of the waves is provided by oscillations of the magnetopause that can be caused by
variations in the solar wind dynamic pressure (Claudepierre et al., 2009; Kepko & Spence, 2003; Kessel et al.,
2004; Kim et al., 2002), shear flow (Kelvin-Helmholtz) instability along the morning and afternoon magne-
topause flanks (Chen & Hasegawa, 1974; Mills et al., 1999; Rae et al., 2005; Walker, 1981), flux transfer events
at the magnetopause (Gillis et al., 1987; Glassmeier et al., 1984; Russell & Elphic, 1978), or hot flow anomalies
in the magnetosheath (Hwang & Sibeck, 2016). MHD Fast mode waves, which propagate across the magnetic
field as compressional waves at the Alfvén speed vA = B∕

√
𝜇0𝜌 (where B and 𝜌 are the magnetic field strength

and plasma mass density, respectively), transmit wave power from the magnetopause into the magneto-
sphere interior. Both B and 𝜌 are highly inhomogeneous within the magnetosphere: B is dominated by the
geomagnetic field and varies roughly as L−3 in the equatorial plane (L is equatorial radius) within the inner
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magnetosphere (Roederer, 1970); 𝜌 also decreases with L in the equatorial plane within a region close to the
Earth known as the plasmasphere (Dent et al., 2003; Denton et al., 2004) and can decrease abruptly at the edge
of this region (known as the plasmapause) by 1 or 2 orders of magnitude, at about L = 4 or 5RE (Dent et al.,
2006). Both B and 𝜌 generally have power law-type dependencies in the direction along the magnetic field.
The resulting inhomogeneity in the Alfvén speed gives rise to strong the refraction and reflection of MHD Fast
mode waves as they approach the inner magnetosphere (Allan & Poulter, 1992). Interference between the
incident and reflected waves forms the so-called cavity resonance structure in the dayside magnetosphere
(Piersanti et al., 2012; Walker, 1981), and waveguide modes propagating antisunward in the morning and
afternoon flanks.

In contrast to the MHD Fast mode, the Shear Alfvén mode, which is characterized by a transverse field line
displacement, propagates along the magnetic field (Hasegawa & Chen, 1974). These waves are reflected at
the northern and southern ionospheric boundaries and form eigenmodes within the magnetosphere with
natural frequencies that depend on the Alfvén speed distribution along the magnetic field, the local magnetic
field line length (Samson et al., 1971), and ionospheric conductivity (Allan & Knox, 1979a). The polarizations of
these eigenmodes have also been found to depend on the local magnetic topology (Kabin et al., 2007; Rankin
et al., 2006). Linear mode conversion from MHD fast modes to Shear Alfvén eigenmodes occurs at loca-
tions within the magnetosphere where the MHD fast mode driver frequency matches the Shear Alfvén wave
eigenfrequency, forming highly localized features known as field line resonances (FLRs) (Allan & Poulter, 1992;
Rae et al., 2005; Walker, 2000). These have been used to determine the equatorial cold plasma density from
ground-based observations (Dent et al., 2006; Vellante, Piersanti, Heilig, et al., 2014; Vellante, Piersanti, &
Pietropaolo, 2014).

The plasmasphere (Denton et al., 2004) is formed by low-temperature plasma flowing along magnetic field
lines from Earth’s ionosphere. This plasma is trapped within Earth’s magnetic field and has an azimuthal flow
provided by Earth’s rotational motion. As distance from the Earth increases, the plasma flow becomes increas-
ingly affected by a sunward convective flow from the magnetotail, driven by magnetic reconnection in the
magnetotail, and along the dayside magnetopause (Volland, 1973). In the dusk sector these flows are in oppo-
sition, and a stagnation point exists where the flows have equal strength. The streamline passing through
this point marks the plasmapause boundary (Dent et al., 2003; Kale et al., 2007), separating trapped plasma
flowing azimuthally around the Earth, and plasma that can escape to the magnetopause. The location of the
plasmapause, being dependent on the rate of convection within the magnetosphere driven by day and night-
side reconnection, is dynamic (Dent et al., 2006; Kale et al., 2009) and depends on the direction of the solar
wind interplanetary magnetic field (IMF) since this strongly influences the rate and location of reconnection.
A typical feature of geomagnetic storm activity is a switch in the IMF direction (O’Brien et al., 2001), and a
corresponding increase in convection within the magnetosphere. The increased convection causes a sudden
decrease in radius of the plasmapause location and results in the release of formerly trapped plasma from the
plasmasphere along streamlines toward the dayside magnetopause (Carpenter & Lemaire, 1997; Dent et al.,
2006). Finally, the escaping plasma forms a transient structure of density within the magnetosphere, known
as a plasmaspheric drainage plume (PDP) (Sandel et al., 2003), which typically extends from a location around
local dusk at roughly 5 RE through the afternoon sector toward the dayside magnetopause and lasts for
intervals on the order of a few days.

ULF wave propagation and mode conversion within the magnetosphere has been extensively modeled using
magnetohydrodynamics (MHD) (Allan & Knox, 1979b; Allan & Poulter, 1992; Claudepierre et al., 2016; Degeling
& Rankin, 2008; Degeling et al., 2011; Lee & Lysak, 1991; Lysak et al., 2015; Rankin et al., 2006; Singer et al., 1981;
Waters et al., 2010), although only in the case of axisymmetric plasma density profiles. Given the importance
of ULF waves for electron dynamics during storms (e.g., Degeling et al., 2014; Li et al., 2017; Mann & Ozeke,
2016; Tan et al., 2011; Zong et al., 2009), it is important to determine how azimuthal density structure within
the magnetosphere can change the behavior of ULF wave properties during important geomagnetic events.

This paper reports an investigation of how a plasmaspheric drainage plume structure affects ULF wave prop-
agation and accessibility to lower L shells in the afternoon sector of the magnetosphere and establishes
whether this is important for the radial transport of electrons by ULF waves. These questions are addressed
using a 3-D model for MHD waves in the magnetosphere with day/night asymmetry in the background
magnetic field and a paraboloid magnetopause boundary. The cold plasma density is provided by a simple
transport model driven by a Volland-Stern electrostatic potential (Volland, 1973). The importance of the plume
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in the context of radiation belt dynamics is addressed by considering the ability of ULF waves to do work on
electrons at successive stages during the plume development and comparing against the initial state where
the plume is absent. This is done for a range of frequencies from 1 to 7 mHz. The rest of the paper is organized
as follows: The next section gives an overview of the modeling components, including the background mag-
netic field in section 2.1, the ULF wave model in section 2.2, and the cold plasma density advection model in
section 2.3. Results and discussion are presented in section 3, in which an example of the alteration of 4 mHz
ULF wave mode structure during PDP evolution is examined (section 3.1), and the frequency dependence
of ULF wave accessibility during PDP evolution is discussed (section 3.2). Our conclusions are presented in
section 4.

2. Overview of the Numerical Models

Out full investigation incorporates a range of different models. ULF waves are modelled in a nonaxisymmet-
ric 3-D magnetic field with a range of number density profiles that mimic the evolution of a plasmaspheric
drainage plume. In this section, we describe each of the model components used in this investigation.

2.1. Background Magnetic Field and Coordinate System
A simple semianalytic model for a dipole-like magnetic field with day-night asymmetry and an enclosing day-
side magnetopause boundary is the vacuum (i.e., curl free) magnetic field model of Stern (1985). In this model,
a dipole field is situated within a conducting paraboloid shell that represents the magnetopause, where sur-
face (Chapman-Ferraro) currents flowing along the shell cancel the magnetic field component normal to the
surface, confining the magnetic flux. Inside the boundary the magnetic field may be described by B=∇𝜓 ,
where 𝜓 satisfies Laplace’s equation with the boundary condition that ∇𝜓 ⋅ n̂= 0 along the magnetopause,
and n̂ is a unit vector perpendicular to this surface.

We use a curvilinear field-aligned coordinate system (𝛼, 𝛽, 𝛾), such that B=BoE∇𝛼 × ∇𝛽 (where BoE =−3.11 ×
10−4 T); 𝛾 is a coordinate aligned with the magnetic field (hence, 𝛾 = 𝛾 (𝜓)), and Euler potentials 𝛼 and 𝛽 are
constant along field lines. Using the covariant formalism described in D’haeseleer et al. (1991), a vector (say, E)
is described in terms of its covariant components and contravariant basis vectors (e𝛼 = ∇𝛼, e𝛽 = ∇𝛽 and
e𝛾 =∇𝛾) by E=E𝛼e𝛼 + E𝛽e𝛽 + E𝛾e𝛾 . The metric coefficients gij =ei ⋅ e j characterize the geometric properties of
the coordinate system. The Euler potentials 𝛼 and 𝛽 are defined numerically by field line tracing from starting
locations in the equatorial plane to the northern and southern ionospheres, and the metric coefficients are
obtained by centered finite differences.

2.2. ULF Waves
We model ULF waves throughout the magnetosphere by making a linear approximation following Rankin
et al. (2006) and Degeling et al. (2010). Under ideal MHD conditions in a cold plasma, the equations for linear
low-frequency waves are as follows:

𝜕b
𝜕t

= −∇ × E (1)

1
v2

A

𝜕E
𝜕t

= ∇⊥ × b −
(
𝜇0J × b

)
× B

B2
+ 𝜇0Jext (2)

where b and E are the perturbed magnetic and electric fields, respectively, B and 𝜇0J = ∇×B are the ambient
magnetic field and current density, respectively, and vA is the Alfvén speed. The term Jext is the external driver
for exciting waves in the model and is only required at locations close to the magnetopause, elsewhere it is
set to zero.

Under the restriction that B = BoE𝜎∇𝛾 , (and hence B⋅J = 0 in our model geometry), it can be shown (Degeling
et al., 2010) that(

1
𝜎

G ⋅

(
E′
𝛼

E′
𝛽

))′

−
√

g

v2
A

G ⋅
(

Ë𝛼
Ë𝛽

)
− 1
𝜎

(
−𝜕∕𝜕𝛽

(
ḃ𝛾𝜎

)
𝜕∕𝜕𝛼

(
ḃ𝛾𝜎

) )
=
√

g

(
∇𝛼
∇𝛽

)
⋅
(
𝜇0J̇ext

)
(3)

where dashes and dots represent partial differentiation with respect to 𝛾 and t, respectively,
√

g =
(∇𝛼 × ∇𝛽 ⋅ ∇𝛾)−1, and G is a 2 × 2 tensor given by

G =
(

g𝛼𝛼 g𝛼𝛽

g𝛼𝛽 g𝛽𝛽

)
(4)
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and ḃ𝛾 is given in terms of the components of E by

ḃ𝛾 = −𝜎
(
𝜕E𝛽
𝜕𝛼

−
𝜕E𝛼
𝜕𝛽

)
(5)

In Degeling et al. (2010), a spectral method for the 𝛽 and 𝛾 directions was used to solve the above equations.
However, for the present study we wish to evaluate the solution close to the parabolic magnetopause bound-
ary and to account for arbitrary structures in the Alfvén speed, a task for which the finite element method
(FEM) applied in the equatorial plane (as in the 2-D ULF wave model of Degeling et al., 2011) is more suitable.
Therefore, we extend the model of Degeling et al. (2011) to 3D by using a spectral method for the 𝛾 direc-
tion only and 2-D FEM for the 𝛼 and 𝛽 directions to solve equations (3) and (5). The ULF wave electric field
components are given by (

E𝛼
E𝛽

)
=

N∑
n=0

(
E𝛼n (𝛼, 𝛽)
E𝛽n (𝛼, 𝛽)

)
𝜑n (�̂�) e−i𝜔t (6)

where 𝜔 is the wave frequency, 𝜑n (�̂�) is a set of basis functions, and �̂�∈[−1, 1] is a scaled field-aligned coor-
dinate (namely, �̂� = 𝛾∕𝛾ion (𝛼, 𝛽), where 𝛾ion (𝛼, 𝛽) is the value of 𝛾 at the ionosphere). For simplicity in the
current model, the ionospheric Pederson conductance Σp is assumed to be much greater than the critical
valueΣpc=1∕𝜇0vAi (where vAi is the Alfvén speed at the ionosphere) (Allan & Knox, 1979a), such that nodes are
assumed for the electric field at the ionosphere. This is enforced by choosing basis functions with 𝜑n (±1)=0
in the model, which are constructed using an orthogonal modification of Chebyshev polynomials.

ULF wave power dissipation in the ionosphere due to finite conductance is included phenomenologically by
introducing a small imaginary part to the driver frequency𝜔→𝜔+ i𝜈, where 2𝜈∕𝜔=1−

((
Σp−Σpc∕

)
∕
(
Σp+Σpc

))2

(Degeling et al., 2010) (this can be obtained by considering the ionospheric reflection coefficient for the wave
electric field Scholer, 1970).

Further information on the details of the spectral method used in the model are given in Appendix A.

2.3. Cold Plasma Transport Model
The cold plasma density 𝜌 is governed by its continuity equation: 𝜕𝜌∕𝜕t+∇⋅(𝜌u) = S−L. Here the plasma flow
u = (−∇Φ × B) ∕B2 (due to an assumed electrostatic potentialΦ) is synonymous with the motion of magnetic
flux under ideal MHD conditions, and S and L are plasma source and loss terms, respectively. Under ideal
MHD conditions it is assumed that plasma transport along magnetic field lines occurs very rapidly in order
to remove field-aligned potential gradients, and this field-aligned transport is instantaneous in our model.
Hence, any variations in S − L occurring at the ionosphere are effectively dispersed over the entire field line.
Since B ∥ ∇𝛾 in our model, u ⋅ ∇𝛾 = 0, and the continuity equation in the covariant formalism becomes

𝜕

𝜕t

(√
g𝜌

)
+ 𝜕

𝜕𝛼

(
(u ⋅ ∇𝛼)

√
g𝜌

)
+ 𝜕

𝜕𝛽

(
(u ⋅ ∇𝛽)

√
g𝜌

)
= S − L (7)

In the special case that S − L = 0, the product
(√

g𝜌
)

is a function of 𝛼, 𝛽 , and t only; hence, it can be shown

from the definition of
√

g that on a given field line 𝜌 = 𝜌0 (𝛼, 𝛽, t)
(

B∕B0

)2
, where the subscript “0” indicates

equatorial values. For example, for a dipole field this approximately gives 𝜌 ≈ 𝜌0 (𝛼, 𝛽, t)
(

r∕r0

)−6
.

We will therefore assume that the effective field-aligned profile for S − L varies as
(

r∕r0

)−Q
, where Q is a

constant, and 0 ≤ Q ≤ 6. We therefore have a quasi-2-D model, in which the plasma density is given by
𝜌≈𝜌0 (𝛼, 𝛽, t)

(
r∕r0

)Q−6
. This functional form is supported by observations and often used in empirical models,

whereby field-aligned variations are fit to any value between r0 and r−6 (Denton et al., 2004). The equatorial
density 𝜌0 (𝛼, 𝛽, t) is then given by solving equation (7) with the right-hand side set to zero. This is carried out
by calculating marker particle trajectories for the plasma density in the equatorial plane and interpolating 𝜌0

from the markers onto a fixed equatorial mesh at each output time step, following the method of Nunn (1993).

The electric field used to drive the convective flow u is assumed to be electrostatic, with model potential Φ in
accordance with Volland (1973) and (Stern, 1975) given by

Φ = Φ0Lksin (𝜙) −
ΩE B0E R2

E

L
(8)

DEGELING ET AL. PDP CONTROL OF ULF WAVE ACCESSIBILITY 4



Journal of Geophysical Research: Space Physics 10.1002/2017JA024874

a) 0 hrs

b) 3 hrs

c) 6 hrs

d) 9 hrs

-5 0 5 10

e) 12 hrs

1 2 3

Figure 1. Equatorial density profiles at various stages during the
development of the plasmaspheric density plume, under the action of
the Volland-Stern electrostatic potential (equation 8, with E0 =0.25 mV/m
and k = 1).

where the amplitude Φ0 sets the convection electric field strength, ΩE

denotes the Earth’s angular rotation frequency, L and 𝜙 are the L shell
parameter and azimuthal angle (with zero at local midnight) in the equato-
rial plane, respectively, and k is set to 1 for a constant dawn-dusk convec-
tion electric field.

The initial equatorial mass density profile is given by log
(
𝜌0

)
=(1 − w) log(

𝜌1

(
L∕L1

)q1
)

+ wlog
(
𝜌2

(
L∕L2

)q2
)

. The terms on the right-hand side
represent plasmasphere and plasmatrough density profiles, respectively.
To provide a smooth transition between plasmasphere densities and plas-
matrough densities, w is chosen to be a function of L that equals zero for
L ≤ L1 and one for L ≥ L2 and varies smoothly from zero to one in-between.

An initial profile with an eroded plasmapause is chosen with parameters(
L1, L2

)
= (3, 6),

(
q1, q2

)
= (−4,−1) and

(
𝜌1, 𝜌2

)
= (600, 30) amu/cm3,

respectively. In this paper, our aim is to show how changes in density struc-
ture in the magnetosphere can change the properties and behavior of ULF
waves driven by magnetopause oscillations. Future work will determine
the sensitivity of ULF wave behavior to variations in the initial plasma
density profile.

For the purposes of this paper, a simplistic scenario is considered, in which
the above initially symmetric plasma profile is assumed to change with
time (t) as a result of an applied dawn-dusk convection electric field. The
density profile at T = 0 is set as above (consistent with Φ0 = 0); then Φ0

is set to a constant value of 1.59 keV for T > 0 (corresponding to a dawn-
dusk convection electric field strength of 0.25 mV/m). The resulting
evolution in equatorial mass density is given in Figure 1. This figure shows
the textbook development of a plume structure in the afternoon sector
(e.g., Goldstein & Sandel, 2005) as plasma flows along streamlines toward
the magnetopause. A sharp plasmapause boundary also develops as low-
density plasma flows sunward into the morning sector from the nightside
(e.g., Goldstein et al., 2005). Both of these effects impact the accessibility
of ULF wave power to the inner magnetosphere, as demonstrated in the
next section.

3. Results and Discussion

All of the ULF wave results in this paper are generated using the same spa-
tial amplitude profile and direction for the ULF wave source vector Jext.
The amplitude is an approximate Gaussian function of distance along the
magnetopause, centered at 12 magnetic local time (MLT), with a half width
of ∼18 RE . The direction of Jext is set parallel to the magnetopause, such
that the resulting force Jext × B0 is perpendicular to the boundary.

We wish to characterize the effect of the evolving plasma density profile
on the distribution of ULF wave power within the magnetosphere. Using the
models detailed above, we examine the wave behavior in a series of
density profiles taken at hourly intervals from the density model (some
examples are shown in Figure 1). We assume that the time scales of wave
propagation through the closed magnetosphere are small compared to an
hour (Chi et al., 2006) and so at every hour during the formation of the plas-
maspheric drainage plume, we consider these density profiles to be a tem-
porally constant profile. We then calculate the spatial distribution of ULF
waves that result from a continuously driven source with constant ampli-
tude and single frequency. In so doing, the wave equations (equation (3))
reduce to elliptic PDEs with 𝜕2∕𝜕t2 replaced by −𝜔2. The pertinent input
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Figure 2. Equatorial maps of ULF wave components E𝜙 , bz∕B0 and Er ,
for 4 mHz ULF waves, at various stages during the development of the
plasmaspheric density plume shown in Figure 1.

parameters for this study are therefore the ULF wave driver frequency 𝜔,
and the elapsed time in hours t after the convection field is initiated.

3.1. Alteration of ULF Wave Mode Structure During PDP Evolution
We first focus on the ULF wave characteristics for a set of models with
constant driving frequency f =4 mHz but varying number density models
that mimic the behavior of a plasmaspheric drainage plume. Figure 2
shows example 2-D profiles in the equatorial plane of the ULF wave ampli-
tude (components Er , E𝜙, and bz∕B0) resulting from a continuously driven
4 mHz source along the magnetopause, for the stages of plume develop-
ment shown in Figure 1 (corresponding to elapsed times of 0, 3, 6, 9, and
12 h, respectively). In each plot, white dotted contours indicate plasma
density at 10, 100, and 1,000 amu/cm3, respectively. Also, plotted in each
figure are the locations of resonant surfaces for the lowest order Shear
Alfvén Wave (SAW) eigenmodes, for driven excitations at 4 mHz (solid
magenta and dashed cyan contours, for the “toroidal” and “poloidal” SAW
polarizations, respectively). It is important to note, however, that designa-
tions of poloidal and toroidal waves can become misleading for SAWs in
compressed-dipole magnetic fields, as demonstrated in Kabin et al. (2007).
Only the locations for eigenmodes with even north-south symmetry are
shown in Figure 2 (i.e., with an antinode in E at the equator) as these are
the only available modes given the north-south symmetry in both the
geometry and driver used in this model.

Figures 2a–2c (at t = 0 h) show a typical example of the excitation of funda-
mental mode field line resonances (FLRs) at an equatorial radius of about
6 RE in the morning and afternoon sectors, due to resonant coupling from
MHD fast mode waves launched from the magnetopause. This example
shows clear symmetry about the noon/midnight meridian, as expected
from the corresponding symmetries in the ULF wave source and the Alfvén
speed profile. These FLRs are similar in structure to those seen in previ-
ous models (e.g., Claudepierre et al., 2016; Degeling et al., 2010, 2011) with
axisymmetric density structure.

Figures 2d–2f (at t=3 h), taken after the plasma density profile has devel-
oped a bulge toward the magnetopause in the afternoon sector, show
a dramatically altered radiation pattern. The increased density along the
dayside and particularly in the afternoon sector has shifted the resonant
surfaces significantly earthward, allowing a deeper penetration of low
m (azimuthal mode number) MHD fast mode waves into the afternoon
sector. These waves form a broad peak in E𝜙 centered at roughly (r, 𝜙) =(

6RE , 15MLT
)

and a corresponding peak in bz∕B0 at higher L. These fast
mode waves have a much greater amplitude than found at t = 0 h using
the same driver at the magnetopause. Associated with the localized fast
modes is a strongly excited toroidal-mode FLR (visible in Er , peaked near
local dusk) along the fundamental SAW resonant surface that stretches
from the late morning sector across the dayside into the evening sector.

Figures 2g–2i, 2j–2l, and 2m–2o, corresponding to t = 6, 9, and 12 h, respectively, show an interesting pro-
gression in ULF wave activity as the plasma density bulge in the afternoon sector extends further toward the
magnetopause and narrows into a drainage plume.

We first concentrate on wave activity within the plasmaspheric drainage plume, before discussing interest-
ing wave behavior on the duskward gradient of the plume. The strongly excited MHD fast mode and FLR in
the afternoon sector evident at 3 h has largely disappeared by t = 6 h, with ULF wave activity reduced to a
similar level found at t = 0 h, albeit at lower L shell. By t = 9 h, however, a localized peak in E𝜙 and bz∕B0 has
reappeared, at L =5 and 7, respectively, and 15 MLT. This corresponds with approximately the central axis of
the plume structure. Associated FLRs along the fundamental mode resonant surface are visible in Er in the
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Figure 3. Equatorial maps of ULF wave components Er , E𝜙 and bz∕B0 for 4 mHz ULF waves, at various stages during the
development of the plasmaspheric density plume shown in Figure 1.

afternoon sector, centered at (L,MLT) (4,18) and (4.5,14), respectively. Weaker peaks in Er also appear close to
the higher harmonic resonant surfaces within the density plume. These peaks appear to be centered on the
sunward and duskward flanks of the plume and are separated in MLT by a minimum along the plume axis.

Observations of ground-based ULF wave power in and around a plasmaspheric drainage plume (Abe et al.,
2006) indicate that near L = 5.5, the ULF wave power inside the plume appeared weaker than the power
outside the plume. Figure 2 indicates that the relationship between power inside and outside of the plume
is significantly more complicated and depends upon frequency, radial distance, and stage of evolution in
the plume.

As the density plume evolves from t=6 to 12 h, the fundamental mode SAW resonant surfaces develop a kink
in the postdusk sector, which in turn becomes a “zigzag” (i.e., a multivalued function of MLT), along the
duskward fringe of the density plume. It is interesting that a localized peak in E𝜙 develops where the resonant
surface becomes approximately radially aligned, and strongly peaked structures in Er are also found nearby
at higher L, where the resonant surface narrows to a cusp. To examine the mode structure for the fd = 4 mHz,
t = 9 h case (plot 2k) , the components Er and E𝜙 are interpolated along an arc from 11 to 21 MLT at a fixed L of
5 RE (i.e., an MLT baseline), and along a radius from L of 2 to 10, at a fixed MLT of 19 h (i.e., a radial baseline), and
shown in Figure 3. The top row of plots in the figure show the amplitude variation as a function of MLT and
L in the left- and right-hand columns, respectively, whereas the bottom row of plots shows the phase variation
in the same format.

The MLT baseline at 5 RE shown in Figures 3a and 3b passes through plasmaspheric density plume in the
afternoon sector, indicating the mode structure in this region. There are three strong peaks in E𝜙 occurring
at approximately 12, 15, and 19 h MLT, respectively, and two main peaks in Er at 13 and 19 MLT, with nodes
(accompanied by𝜋 rad phase changes) at 12, 16, and 20 MLT. The phase is approximately stationary across the
peaks in Er and the central peak in E𝜙, indicating they are antinodes. In other words, the ULF waves appear to
have formed an eigenmode structure within the PDP, with E𝜙 and Er components having odd and even parity
modes across the plume, respectively.
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The peak in E𝜙 at roughly 15 MLT coincides with a region of roughly constant phase, whereas the peaks at
12 and 19 MLT are both associated with significant changes in phase with MLT (corresponding to approxi-
mately 𝜋 rad for the stronger peak at 19 MLT). Given that the MLT baseline intersects the fundamental SAW
resonant surfaces at both 12 and 19 MLT, it is natural to expect FLRs to form. However, it is expected that
externally driven FLRs would exhibit a peak in Er and 𝜋 rad phase change in the radial direction. For the FLRs
appearing in this situation, the roles of r and 𝜙 seem reversed. We note that the direction of the gradient in
the local Alfvén continuum has changed dramatically due to the evolution of magnetospheric plasma density.
As noted earlier, Figure 2 shows that the resonant surface has an approximately radial alignment at 19 MLT
(and a minor kink at 12 MLT appears to provide a local radial alignment in the resonant surface at this loca-
tion also), indicating that the local gradient in Alfvén continuum is in the azimuthal direction, not the radial
direction. Hence, during the evolution of the plasmaspheric drainage plume, the change in direction of the
gradient of the Alfvén continuum can lead to atypical FLR behavior.

The radial baseline at 19 h MLT also passes through peaks in Er at L ≈ 4 RE and L ≈ 7–8 RE close to the cusp in
the SAW resonant surface. The phase plot in Figure 3d shows that the amplitude peak at L ≈ 4 RE is associated
with a phase shift of 𝜋 radians, indicating an FLR; however, the phase change is not large for the higher L case.

3.2. Frequency Dependence of ULF Wave Accessibility During PDP Evolution
We have seen above that ULF waves at f =4 mHz have significantly greater access to the inner magnetosphere
in the presence of a plasmaspheric drainage plume, with localized regions of enhanced wave amplitudes
within and duskward of the density maximum. The next natural step is to investigate whether wave accessibil-
ity is a function of frequency. To simplify this analysis, we have developed a method to combine the important
contributions of different ULF wave perturbations into a single parameter that indicates the potential for
drift-resonant interactions with radiation belt electrons.

We consider the rate of work done by the waves on equatorially mirroring particles. The rate of work is given
by dW∕dt = qE ⋅ vd + (M∕𝛾) 𝜕B∕𝜕t, where M is the magnetic moment, 𝛾 is the relativistic correction factor,
and vd is the drift velocity of a particle (of charge q), given by vd =(E × B + (M∕q𝛾)B × ∇B) ∕B2. Inserting the
expression for vd into the rate of work done gives dW∕dt = (M∕𝛾)dB∕dt, where dB∕dt (to first order for ease
of calculation, indicated by B1) is given by

dB1

dt
=

E × B0 ⋅ ∇B0

B2
0

+
𝜕bz

𝜕t
(9)

Equation (9) provides an estimate of the total rate of change of magnetic field strength B at a given location.
The first term estimates the rate of change of magnetic field strength due to the advection of gradients in
B at the “field line velocity” vfl =E×B0∕B2

0. The second term gives the rate of change of magnetic field strength
due to explicit local changes in B, for example, due to ∇ ⋅ vfl characteristic of MHD fast mode waves.

We therefore adopt dB1∕dt evaluated in the equatorial plane as a metric for the distribution of ULF wave
activity available for electron energization and investigate how this varies with changes in the driver fre-
quency fD and elapsed time as the plasma density distribution evolves. To this end, a series of calculations
were performed with frequency steps of 0.5 mHz from 1 to 7 mHz and with hourly steps in time through the
density model from 0 to 24 h. A selection from these parameter scans are shown in Figure 4 to summarize our
results. These plots show the equatorial distribution of |dB1∕dt| at frequencies of 2.5, 4.0, 5.5, and 7.0 mHz
(first to fourth columns), and time steps of 3 h from 0 to 12 h (first to fifth rows, similar to previous figures).
White dotted lines in these figures again indicate plasma density contours, the magenta dashed lines indicate
surfaces of constant L∗ (levels 3,5,7 and 9), where L∗ =(B0E∕B)1∕3.

The light colored regions of these plots illustrate zones within the magnetosphere where significant wave
power is available for particle energization compared to the initial conditions displayed in the top row.
The location of these regions varies dramatically with both frequency and the elapsed time. First, comparing
the results at 4 mHz (Column 2; plots b, f, j, n and r) with Figure 2, the combination of peaks in E𝜙 and bz

together provide a peak in |dB1∕dt| in the afternoon sector, occurring at t≈3 h and again at t≈9 h from L∗ ≈4
to 7. Similar peaks in the afternoon sector occur at t≈6 h at 5.5 and 7 mHz, and between 9 and 12 h at 2.5 mHz.

Another interesting feature in these plots is that a peak in |dB1∕dt| appears in the late morning sector, at t≈3
and 6 h for the 5.5 and 7 mHz cases (plots 4g, h, k and l). To examine whether these peaks may be significant
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Figure 4. Equatorial maps of |dB1∕dt| for driver frequencies of 2.5, 4, 5.5, and 7 mHz (columns), at various stages during
the development of the plasmaspheric density plume shown in Figure 2 (rows).
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Figure 5. Equatorial maps of the phase of dB1∕dt for the cases of 5.5 and 7 mHz (columns) after elapsed times of 3 h
and 6 h (rows).

for electron energization, equatorial maps of the phase of dB1∕dt are shown in Figure 5 for these cases. These
figures indicate that the phase increases azimuthally from approximately 9 MLT across the dayside magneto-
sphere for both cases at t ≈ 3 h (top row) and from 9 MLT to 16 MLT at t ≈ 6 h (bottom row). Since the phase
gradient is directed eastward, these waves are able to interact resonantly with electrons whose drift velocity
matches the local wave phase velocity. The eastward ULF wave propagation across the dayside may be
explained by considering surfaces of constant phase launched simultaneously along the magnetopause (as is
the case for this simulation). These surfaces propagate more slowly into the magnetosphere in the afternoon
sector where the Alfvén speed is lower due to increased density. Therefore, the resulting phase fronts refract
eastward from the morning sector as long as the convection of plasma maintains a corresponding gradient in
density and Alfvén speed. The results shown in Figures 2 and 4 indicate that ULF wave coupling to the inner
magnetosphere is a sensitive function of the plasma density distribution and driver frequency. In particular,
peaks in power injection (from the same ULF source distribution along the magnetopause) appear to coincide
with the establishment of eigenmodes in the afternoon sector that correspond and evolve with the plasma
density profile.
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Figure 6. Contour plots of the ⟨dB1∕dt⟩ data set, showing variations as a function of: a) t and L∗ , holding fD constant
at 3.5 mHz; b) fD and L∗ , holding t constant at 8 h; and c) t and fD, holding L∗ constant at 4.5 (Black dots indicate data
point locations).

An overall indicator of the availability of ULF wave power for electron energization at a given L∗ is provided
by calculating the expectation value of dB1∕dt, given by

⟨
dB1

dt

⟩
= 1

2𝜋

(
∮L∗||| dB1

dt
|||2d𝜙

)1∕2

(10)

The integrand in this expression is interpolated along a series of constant L∗ contours (for 2 ≤ L∗≤ 7) to
calculate ⟨dB1∕dt⟩ for each of the model runs comprising the parameter scans in both fD and elapsed time t.
Figures 6a and 6b show the variation of ⟨dB1∕dt⟩ with L∗ as a function of t (holding fD fixed at 3.5 mHz) and fD
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(holding t fixed at 8 h), respectively, while Figure 6c shows the variation of ⟨dB1∕dt⟩ with fD as a function of t
(holding L∗ fixed at 4.5).

Figure 6a clearly shows that the availability of ULF wave power at a given frequency is peaked at particular time
intervals, corresponding to the excitation of trapped modes within the evolving plasma density distribution.
The amplitude of peaks in ⟨dB1∕dt⟩ is shown to decrease with time. This is because the extent of the trapped
modes in MLT reduces with t as the PDP structure narrows and also because the coupling efficiency to the
modes appears to decrease with time. This figure also shows that at 3.5 mHz, the amount of power available
in the range 4 ≤ L∗≤5 is higher than the initial value over the first 16 h as the PDP develops and that it is
roughly a factor of 2 higher for 4 h≤T ≤12 h .

Figure 6b shows significant peaks in ⟨dB1∕dt⟩, which at t=8 h, occur at 2.5, 4–4.5, and 6.5 mHz, at L∗ values of
5.5, 5.0, and 4.5 respectively. Keeping in mind that the waves are excited by the same amplitude driver regard-
less of their frequency, this figure indicates the resonant excitation of the trapped modes. It also suggests
that the PDP configuration at a given time will have a filtering effect on a broadband ULF wave source at the
magnetopause. Peaks in ⟨dB1∕dt⟩ are at progressively lower L shells for increasing frequency as is expected
from a more simple plasma density model—long field lines at high L support lower resonant frequencies than
short field lines at low L.

Figure 6c shows how the frequency dependence of ⟨dB1∕dt⟩ varies with time at L∗ = 4.5. This plot shows that
the peaks shown in Figures 6a and 6b are intersections through a family of eigenfrequencies that have a clear
time dependence as the PDP structure evolves. A simple model for the eigenfrequencies is given by consider-
ing a simplified dispersion relation for MHD fast mode waves in the equatorial plane of the magnetosphere:
𝜔2 =𝜔2

∥ +
(

k2
L + (m∕L)2) v2

A, where 𝜔∥is the eigenfrequency for oscillations along field lines (taken to be the
lowest SAW eigenfrequency here), and kL is a radial wave number. The turning point for MHD fast mode waves
is given by setting kL to zero. A resonance may be expected if the azimuthal mode number m at the turning
point matches an integer number of half-wavelengths (N) across the width of the plasma density plume, that is,
m=N𝜋∕Δ𝜙, where Δ𝜙 is the azimuthal width of the plume. Hence, the trapped mode eigenfrequencies may

be estimated by 𝜔N ≈
(
𝜔2
∥ + (N𝜋∕LΔ𝜙)2 v2

A

)1∕2
. The values of 𝜔∥ and vA are evaluated as a function of the

elapsed time t from the ULF wave model data by finding their minimum values along a line of constant
L which passes through the plume. The values of Δ𝜙 and L are adjustable parameters in this simple model
and are set to 𝜋∕3 and 6.3, respectively, to give the white dashed lines shown in Figure 6c, for N = 1, 2, and 3.
These curves follow a trend that is dominated by the variation of the minimum Alfvén speed with time, which
decreases with time as the plasmaspheric density plume forms and then begins to increase with time as the
plume density gradually empties to the magnetopause. The curves appear to agree fairly well with the peaks
in ⟨dB1∕dt⟩ from the ULF wave model for N=1 and 2 for the first 15 h, and the curve for N = 3 appears to coin-
cide with a possible peak at high frequency for times between 6 and 9 h (and is visible in Figure 6b at 6.5 mHz),
although this peak diminishes rapidly with time. For later times (t> 15 h), the peaks for N =1 and 2 show an
increasing trend at a rate that is more rapid than predicted by the simple model. This is most probably due
to the fact that the plume width in MLT is gradually decreasing with time, whereas a constant value for Δ𝜙 is
used in the model.

4. Conclusion

Using a 3-D MHD model for ULF waves, we have demonstrated how the development of a plasmaspheric
drainage plume affects the accessibility of dayside ULF wave power to radiation belt electrons. By performing
a series of numerical experiments over a range of driver frequencies from 1 to 7 mHz, the distribution of ULF
waves was mapped at successive stages in the evolution of a PDP structure. Clear evidence was found of the
establishment of trapped MHD fast mode waves within the PDP, enabling the penetration of ULF waves to
lower L shell, and excitation of higher amplitudes by a cavity resonance. A metric for the ability of ULF waves
to do work on the electrons is used to indicate zones and conditions where coupling between the ULF wave
and electrons is potentially significant. These results underline the importance of the recent history of the
plasmasphere and magnetospheric convection in providing a state in which the radiation belts are susceptible
to interactions with ULF waves driven by magnetopause perturbations.

Appendix A: Further Details on the Wave Model

Rather than using a set of Shear Alfvén Wave eigenfunctions for the basis functions in the spectral method
(as used in Degeling et al., 2010), a more standard approach (Galerkin’s method using modified Chebyshev
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polynomials Boyd, 2000) is taken here. This requires that the field-aligned coordinate be scaled to the interval
[−1, 1], namely, �̂�=𝛾∕𝛾ion (𝛼, 𝛽), where 𝛾ion (𝛼, 𝛽) is the value of 𝛾 at the ionosphere. The partial differentials in

equations (3) and (5) are transformed such that 𝜕

𝜕𝛾
→

(
𝜕�̂�

𝜕𝛾

)
𝜕

𝜕�̂�
and 𝜕

𝜕𝛼
|𝛾→ 𝜕

𝜕𝛼
|�̂� +(

𝜕�̂�

𝜕𝛼

)
𝜕

𝜕�̂�
(and similarly for 𝜕

𝜕𝛽
).

The basis functions are 𝜑n (x)=
(

1 − x2
)

Un (x) (where Un (x) is type-2 Chebyshev polynomials), which satisfy

the orthogonality condition ∫ 1
−1 w (x)𝜑n𝜑kdx=𝜋∕2𝛿nk with weight w (x) =

(
1 − x2

)−1∕2
. This is a convenient

choice because 𝜑′ (x) = − (n + 1)
(

1 − x2
)−1∕2

Tn (x) (where Tn (x) is type-1 Chebyshev polynomials), with
orthogonality condition ∫ 1

−1 w−1 (x)𝜑′
n𝜑

′
kdx=𝜋∕2 (n + 1)2 𝛿nk .
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