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ABSTRACT

The rate of humidity entrainment in the convective parameterization scheme in a general circulationmodel

affects the simulation of convectively coupled waves. However, it is unclear whether this is caused directly by

the effects of entrainment on waves or indirectly through associated impacts such as on the basic state.

Therefore, using an aquaplanet model, we employ a novel framework in which we entrain a weighted average

of the resolved humidity field and a prescribed zonally symmetric field, with the weighting controlled by a

decoupling parameter. Hence, we can vary the entrainment rate of basic-state humidity independently of the

entrainment of humidity perturbations, simultaneouslyminimizing changes in the basic state. Thus, we isolate

the effect of moisture entrainment on the waves. Enhancing the entrainment rate increases spectral power

over all zonal wavenumbers and frequencies, with an increase in the ratio of eastward-to-westward power.

The Kelvin wave speed decreases as entrainment increases, which can be partially accounted for by an as-

sociated change in basic-state humidity. Increasing the decoupling parameter reduces spectral power in

Kelvin waves relative to the background, with only long waves still prominent when entrainment is almost

fully decoupled from the resolved moisture field, suggesting the wave structure in humidity is required for

convection to organize into short-wave structures. For long waves, the increase in the ratio of eastward-to-

westward power as entrainment rate increases cannot be explained by the changes in the coupling with the

wave structure in humidity but is consistent with the changes in the basic state.

1. Introduction

Convectively coupled waves, such as equatorial waves

and African easterly waves (AEWs), play a key role in the

organization of tropical convective precipitation (Kiladis

et al. 2006; Hall et al. 2006; Kiladis et al. 2009). They are

therefore of particular importance for forecasting in the

tropics and understanding the distribution of tropical

convection in climate simulations generally.

One important class of such waves is equatorial Kelvin

waves, which propagate eastward with a phase speed of

around 15–25ms21 with associated organized convection

;103km across (Straub and Kiladis 2002; Mounier et al.

2007; Mekonnen et al. 2008). Over Africa, their modu-

lation of convection is on the same order of magnitude

as that by AEWs (Mounier et al. 2007; Janicot et al.

2008). It has also been proposed that they trigger AEWs

(Ventrice and Thorncroft 2013), play a role in tropical

cyclogenesis (Schreck and Molinari 2011), and can affect

the onset date of the boreal summer West African mon-

soon (Cornforth 2013). Equatorial Kelvin and Rossby

waves form theMatsuno–Gill response to diabatic heating

in the tropics (Matsuno 1966; Gill 1980) and are be-

lieved to play a role in the initiation and propagation of

the Madden–Julian oscillation (MJO; e.g., Matthews

2000; Zhang 2005; Haertel et al. 2015).

However, convectively coupled tropical waves and

their related activity tend to be poorly simulated in

numerical weather prediction (e.g., Vitart et al. 2007;

Agustí-Panareda and Beljaars 2008) and climate models

(e.g., Lin et al. 2006). Moreover, the basic equatorial

wave theory (e.g., Matsuno 1966; Gill 1980; Holton

2004) inadequately represents the conditions under

which waves propagate and couple to convection. For

example, a resting mean state is assumed, so the theory

does not account for meridional or vertical shear, which

would cause tilt in the wave structures. The effects of

latent heat release and cloud–radiative interaction are

also not included.

Notwithstanding these shortcomings, the dry theory

has reasonable success in predicting the waves’ observed
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horizontal structures. Yang et al. (2003) demonstrated

that observational and reanalysis data project strongly

onto the theoretically derived structures (e.g., Yang

et al. 2007a), but there are differences between obser-

vations and the basic dry theory. For example, in the

upper troposphere, higher-order structures appear in

eastward-propagating disturbances, including a meridi-

onal wind component (Yang et al. 2007b). In the eastern

hemisphere, the observed convective maximum is ap-

proximately collocated with the maximum lower-

tropospheric westerlies, and in the western hemisphere,

it is centered between the lower-tropospheric westerlies

and divergence maxima (Yang et al. 2007a), but in the

theoretical dry dynamics, the maximum ascent is collo-

cated with the convergence maximum.

Further mechanisms proposed to model the observed

features of equatorial waves, particularly MJO propaga-

tion, include wave–conditional instability of the second

kind (CISK; e.g., Hayashi 1970; Lindzen 1974; Lau and

Peng 1987). In aCISKparameterization, heating depends

on vertical velocity or large-scale low-level convergence,

on the assumption this is enough to overcome convective

inhibition by lifting moist, warm air to the level of free

convection. In wave-CISK, this convergence may be

provided by waves such as gravity, Kelvin, Rossby, or

mixed Rossby–gravity waves. However, as discussed

above, it is often unrealistic for convection to be collo-

cated with the maximum in lower-troposphere conver-

gence. Furthermore, this model suffers from the so-called

wave–CISK catastrophe, a tendency for convection to

collapse down to the smallest possible horizontal scale

(Dunkerton and Crum 1991; Crum and Dunkerton 1992;

Matthews and Lander 1999).

Improvements to convectively coupled waves in

models will likely require a better understanding of the

underlying processes. Here, we investigate the effect of

the rate ofmoisture entrainment and detrainment on the

waves. This is motivated in part by previous studies,

described below, that have found an impact of moisture

sensitivity and, specifically, entrainment and detrainment

rate on the spatiotemporal distribution of convection,

including the simulation of the MJO.

Hirota et al. (2014) showed that, in experiments with

the Model for Interdisciplinary Research on Climate,

version 5 (MIROC5), entrainment acts to increase both

spatial and temporal variability in convection. The

spatial variability arises as entrainment causes convec-

tion to be favored in regions of high humidity and ascent

and suppressed in regions of low humidity and subsi-

dence; and the temporal variability arises as congestus

clouds moisten the midtroposphere, with high precipi-

tation amounts occurring only once sufficient moisture

becomes available. A model intercomparison study by

Kim et al. (2014) showed the relationship between

rainfall rate and the vertical relative humidity profile is

strongly linked to models’ ability to simulate the MJO,

with a more realistic MJO in models with a stronger

sensitivity of convection to moisture. Tokioka et al.

(1988) showed that in an Arakawa–Schubert convection

scheme, imposing a minimum value of cumulus en-

trainment rate was necessary to have an MJO.

Bechtold et al. (2008) found changes to the European

Centre for Medium-RangeWeather Forecasts (ECMWF)

model, including making the entrainment rate pro-

portional to environmental relative humidity, were

responsible for improvements when forecasting syn-

optic to decadal time scales. This included a more

realistic spectrum of convectively coupled equatorial

waves and an MJO that maintains a more realistic

amplitude. It was further shown byHirons et al. (2013a,b)

that this change in the representation of entrainment, by

increasing the sensitivity of deep convection to the en-

vironmental humidity, alters the relationship between

humidity and precipitation. Entrainment increases in

dry columns, thus terminating convective plumes at a

lower altitude and increasing the amount of cumulus con-

gestus. The congestus clouds moisten the midtroposphere,

priming the atmosphere for deep convection. This

control on the transition to deep convection is impor-

tant in the interaction between convection and large-

scale waves.

Klingaman and Woolnough (2014) showed that en-

hancing the rate of deep- and midlevel entrainment in

the Met Office Unified Model (MetUM) by 50% in-

creases MJO activity almost to observed levels (except

in the Maritime Continent). Furthermore, model fore-

cast skill, measured by correlation of the real-time

multivariate MJO (RMM; Wheeler and Hendon 2004)

indices in hindcasts versus observations, improves from

12 to 22 days. They hypothesized that this is because

increasing the entrainment rate tends to cause more

shallow convection, which removes instability less effi-

ciently. Therefore, instability can build up over a longer,

more realistic time scale. However, changing the en-

trainment rate also has an impact on the model basic

state. For example, Bush et al. (2015) showed that in-

creasing the entrainment rate has an impact on re-

gional feedbacks, which can affect model biases in the

South Asian summer monsoon, and Möbis and Stevens

(2012) and Oueslati and Bellon (2013) each demon-

strated the sensitivity of organized tropical convection

to the entrainment rate, particularly in the intertropical

convergence zone (ITCZ), with enhanced entrainment

favoring a single rather than double ITCZ.

Kang et al. (2013) used an aquaplanet experiment

with various sea surface temperature (SST) profiles to
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investigate the relative power of equatorial Kelvin and

Rossby waves as a function of the broadness of the

equatorial SST peak and its associated humidity dis-

tribution. A broader peak triggers the Rossby mode

more strongly by increasing off-equatorial moisture

convergence and altering static stability. This change in

ITCZ structure and humidity in response to a changing

SST profile is similar to that from changing entrain-

ment. Following Klingaman and Woolnough (2014), in

this study, we increase the rate of moisture entrainment

for deep- and midlevel convection in the MetUM rel-

ative to a control case, and the effect on convectively

coupled equatorial waves is diagnosed. Given the

findings of Kang et al. (2013), a reasonable hypothe-

sis is that as entrainment rate varies, associated

changes in the basic state can account for any changes

in convectively coupled waves as opposed to changes in

the waves being directly due to changes in the wave

moisture entrainment.

To investigate this, a novel framework is implemented

in the convection scheme in which the basic-state hu-

midity and humidity perturbations can be entrained at

different rates. A zonally symmetric aquaplanet is used

since this provides an idealized setup in which to inves-

tigate the effects of entrainment without the complication

of spatial variations in the surface boundary condition, for

example, due to orography or coastlines. Hence, wave

propagation is uniform, and the analysis is made simpler

as all longitudes are equivalent. Of course, in an idealized

setup, the waves may have slightly different structures to

those in reality, but a simplified setup such as this is

ideal for examining the effect of entrainment in a

straightforward manner.

The model is described in section 2 and the new en-

trainment framework defined in section 3. Results are

presented in section 4 and conclusions in section 5.

2. Model description

MetUM, version 8.2, with the New Dynamics dy-

namical core, was used with the Global Atmosphere,

version 3 (GA3), configuration (Walters et al. 2011).

The latter study showed that, during boreal winter in the

Pacific, there is a wet bias in the ITCZ and South Pacific

convergence zone and a dry bias on the equator, as is

indicative of a double-ITCZ bias. Bush et al. (2015)

showed that the June–August basic state of this version

of the MetUM is sensitive to increasing entrainment,

and that while increasing the entrainment rate improved

regional aspects of the tropical Indian Ocean and west

Pacific precipitation, the overall mean state of this re-

gion was degraded. Klingaman and Woolnough (2014)

showed that an earlier configuration [Global Atmo-

sphere, version 2 (GA2)] had an improved simulation of

the MJO with increased entrainment.

The MetUM uses a mass flux convective parameteri-

zation based on Gregory and Rowntree (1990), of which

version 4A was used here with modifications as de-

scribed in section 3. The model was run at N96 resolution

(1.258 latitude3 1.8758 longitude; approximately 200-km

grid spacing at the equator) with 85 vertical levels; 3.5-yr

integrations were performed, with the first 6 months

discarded as spinup time. An aquaplanet setup was used

with fixed, zonally symmetric SST. The dependence on

latitude f of SST was the ‘‘control’’ case from the Aqua-

Planet Experiment (APE; Blackburn and Hoskins 2013):

SST(8C)5

8><
>:

27

�
12 sin2

�
3f

2

��
, 608S,f, 608N

0, otherwise

. (1)

In the standard (control configuration) convection

scheme, themoisture entrained into a convective plume is

E
C
5 «qeM , (2)

where « is the control entrainment rate, qe is the envi-

ronmental (i.e., resolved) specific humidity, andM is the

convective updraft mass flux. For deep- and midlevel

convection, « varies vertically as

«(z)5 4:05
p(z)r(z)g

p2
0

, (3)

where z is height, p is pressure, r is density, g is accel-

eration due to gravity, and p0 is surface pressure.

For shallow convection, the entrainment rates are

specified based on the similarity theory of Grant and

Brown (1999) and are not modified in this study. For

deep and midlevel convection, we define a factor f that

multiplies « so the entrained moisture becomes

E
f
5 f«qeM . (4)

We investigate the cases f 5 1:5 and f 5 2:0, in com-

parison with the control f 5 1:0.
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3. Experimental setup

a. Modifications to model entrainment

To isolate the role of moisture entrainment from

other impacts of changing entrainment, we begin by

partitioning qe:

qe(l,f, z, t)5q(f, z)1 q0(l,f, z, t) , (5)

where l is longitude, t is time, q is the basic-state specific

humidity, and q0 the perturbation from that basic state

(i.e., the moisture within the wave). Since the prescribed

SST is zonally symmetric, we define the basic state as the

time and zonal mean.

As explained in section 1, we aim to separate the di-

rect effect of changing moisture entrainment within a

wave from other indirect impacts of varying f. Hence, we

construct a new framework with the entrainment rate

of q0 held fixed while the entrainment rate of q (and

basic-state temperature and momentum) varies with

f. Therefore, we can investigate whether changes in wave

activity require coupling with moisture in the wave dy-

namics or whether they arise through waves drawing on

the basic state and wave–mean flow interaction. Hence,

we seek to modify moisture entrainment rate such that

~E
f
’ f«qM1 «q0M . (6)

This is approximately achieved by modifying the

moisture entrainment to entrain humidity q1Dq in-

stead of q when performing deep- or midlevel convec-

tion so that (4) becomes

~E
f
5 f«(qe 1Dq)M , (7)

where we define

Dq5a(qc 2 qe) . (8)

Here, qc is a specific humidity climatology that varies

with latitude and height only and is prescribed; a is

the decoupling parameter, which takes a value from

0 to 1 inclusive; a5 0 is the fully coupled (control) case

in which we entrain environmental humidity only, as

normal. With 0,a, 1, the entrainment is partially

decoupled from the environment as we entrain a

weighted sum aqc 1 (12a)qe of the humidities. With

a5 1, the decoupling is absolute as we entrain qc only.

Substituting (5) and (8) into (7) yields

~E
f
5 f«[aqc 1 (12a)q1 (12a)q0]M . (9)

Consider the case of nonzero a. If the qc we prescribe

is q from a previous model run that had the same f and

had a5 0, then we hypothesize that, unless entrainment

of q0 has a major effect on basic-state humidity, our

model run with the modified scheme has

q’ qc . (10)

Substituting this into (9) yields an expression for the new

amount of moisture entrained:

~E
f
’ f«qM1 f«(12a)q0M . (11)

Therefore, by comparison with (6), to entrain the basic

state at the enhanced rate f« but the perturbations at the

control rate «, we require

a5 12
1

f
. (12)

This is implemented in the MetUM as described in

section a of the appendix.

After convecting, the MetUM convection scheme

calculates the effect on the environment and adjusts the

resolved humidity qe accordingly. When a5 0, moisture

is entrained from the environment, which has no effect

on the environmental specific humidity, so we do not

need to make any further adjustment. However, when

a 6¼ 0, we entrain air with different properties to qe.

To ensure conservation of moisture, Dq entrained in (7)

has to be accounted for in the effect of convection on

resolved scales. Details are given in section b of the

appendix. The result, shown in (A9), is that the drying of

qe (due to subsidence, compensating for the updraft in

the plume) is partially offset in moist environments and

increased in dry environments.

b. Integrations performed and their interpretation

The experiment proceeds as follows, with model in-

tegrations shown in parameter space in Fig. 1. First, we

vary f (holding a5 0) to investigate the changes to the

basic state and convectively coupled wave modes as the

entrainment rate changes. As f increases, we are in-

creasing the rate of entrainment of both the basic state

and perturbations of humidity (and also of temperature

and momentum). We then vary a to investigate the ef-

fect of decoupling entrained moisture from the wave

structure. For fixed f, as a increases, the rate of en-

trainment of humidity perturbations decreases, but the

rate of entrainment of the basic-state humidity is ap-

proximately fixed [(11)].

As explained above, we are particularly interested in

the cases when a5 12 1/f . For any given f 6¼ 1, we wish

to compare the a5 12 1/f case to the a5 0 case (where

qc came from the a5 0 case with the same value of f).
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If the experiments with these two values of a give a

similar result, we know that changes in convectively

coupled wave activity as f changes do not result from

changes to entrainment of perturbationmoisture. This is

because the two cases entrain humidity perturbations

at a different rate (see Table 1) yet give the same result.

Instead, the changes would be attributable to other im-

pacts of varying f—for example, changes to themass flux

profile and entrainment of temperature, which may af-

fect the vertical profile of diabatic heating, moisture, and

momentum tendencies resulting from convection. Con-

versely, if the a5 12 1/f case gives a similar result to

(f 5 1:0, a5 0), changes to the wave activity with

changing f are attributable directly to changes in the rate

of moisture entrainment within the wave. Results are

presented in the following section.

4. Results

a. Effect of varying f, using standard entrainment
scheme (a 5 0)

Three integrations were performed for f5 1.0, 1.5, and

2.0 (with a5 0). Themean state—defined as the time and

zonal mean—precipitation for each run is shown in

Fig. 2a and for 68N–68S (over which rangemore than 90%

of themodel precipitation is from the convection scheme)

in Fig. 2b, which covers most of the width of the ITCZ.

The mean precipitation varies very little in the extra-

tropics with changing f, as it is only in the tropics that deep

and midlevel convection dominate over dynamics. The

particular configuration of the model we use has a split

ITCZ in the control case, changing to a single, stronger,

narrower ITCZ at higher f.

According to Rajendran et al. (2013), about two-thirds

of models used in the APE had a single ITCZ with the

control SST profile, but other studies have shown that the

switch between a single and double ITCZ in an aqua-

planet is highly sensitive and depends on the type of

convection scheme used and on a variety of parameters

(e.g., Lee et al. 2003; Liu et al. 2010; Möbis and Stevens

2012; Oueslati and Bellon 2013). The result found here is

consistent with Möbis and Stevens (2012), Oueslati and

Bellon (2013), and Talib et al. (2018), who each found a

switch from a double to a single ITCZ on enhancing the

entrainment rate in an aquaplanet (see section 1). This

result is to be expected because as a convective updraft

FIG. 1. The 13 experiments performed, each represented by a circular marker in parameter

space for the entrainment ( f ) and decoupling (a) parameters, with colored circles indicating

the casesa5 0 anda5 12 1/f . Labeled arrows indicate the effect on specific humidity qwhen

the values of f and a vary. Letters indicate the associated panels in Figs. 8 and 10. The curve

a5 12 1/f is shown in black, alongwhich the entrainment of moisture within a wave q0 is held
at the control rate even as the entrainment of basic-state moisture q varies with f.

TABLE 1. Entrainment rates for deep andmidlevel convection of

the basic-state environmental specific humidity q and perturba-

tions from the basic-state q0 for particular cases of f and a. En-

trainment rates are derived as the coefficients of q and q0 in (11),

assuming that qc prescribed in the f 5 1:5, a5 1/3 simulation is

obtained as q from the f 5 1:5, a5 0 case.

Parameter values Entrainment rate

f a q q0

1.0 0 « «

1.5 0 1:5« 1:5«

1.5 1/3 1:5« «
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rises through the lower troposphere, its humidity reduces,

because of entrainment from the environment, as does its

buoyancy. If the entrainment rate is increased, thenmore

boundary layer moist static energy (MSE) is required to

sustain deep convection [although Talib et al. (2018)

show that cloud radiative effects also have an important

role in this sensitivity]. Therefore, the ITCZ convection

favors warmer SST, which, in these experiments, peaks

on the equator [see (1)].

To investigate theeffect of entrainment rateonconvectively

coupled equatorial waves, we compute spectra in zonal

wavenumber (k)–frequency (v) space (Wheeler and

Kiladis 1999) of daily mean precipitation. The precip-

itation time series was separated into 108-day segments,

overlapping by 72 days and tapered to zero over 5 days at

either end. Each segment was Fourier transformed in time

and longitude, and the Fourier coefficients for each

segment were summed together. This was performed

separately for each latitude f from 158N to 158S,
then the spectra for each latitude were summed; unlike

in Wheeler and Kiladis (1999), at this stage, the spec-

tra were each weighted by cosf. The logarithm of

this field is plotted in Fig. 3. Unlike Wheeler and

Kiladis (1999), we do not first separate the field into

its equatorially symmetric and antisymmetric parts.

The right-hand side of the plots (positive k) shows

eastward-propagating disturbances.

The blue curves are dispersion relations obtained from

the standard equatorial wave theory on a resting atmo-

sphere (e.g., Holton 2004) for an equatorial Kelvin wave

(eastward propagation, straight line through the origin);

equatorial Rossby waves with meridional wavenumber

n5 1, 2, and 3 (westward propagating, curves through the

origin, with n5 1 at the top); and amixed Rossby–gravity

wave (extending into both the westward and eastward

parts of the diagram). In each case, the curves have

been Doppler shifted by the zonal wind from that

model run averaged over time, longitude, 158N–158S,
and 600–400 hPa. These values were 23.73, 22.83,

and 22.57m s21 for f 5 1.0, 1.5, and 2.0, respectively.

The least squares best fit equivalent depth is 85.3m,

obtained by matching the slope for equatorial Kelvin

waves in the f 5 1:0 case after the appropriate Doppler

shift had been applied. The same equivalent depth is

used for all the theoretical curves.

Figures 3a–c demonstrate that enhancing the en-

trainment rate increases convectively coupled spectral

power—that is, increases the variance of precipitation—

across all spatial and temporal scales, consistent with

Hirota et al. (2014; see section 1). Thus, the red (stronger

at lower v) background spectrum becomes stronger for

larger f. This background partially obscures the wave

structures in these diagrams, so it is desirable to remove

it. After some experimentation, it was decided to define

the background as the spectrum averaged over k5215

to 115. The backgrounds for the three values of f are

shown in Fig. 3d. The strongest background power for

f 5 1:0 is at a period of around 27 days, shortening

slightly to about 22 days for f 5 2:0. For v , 0.25 cycles

per day (cpd), the increase from f 5 1:0 to f 5 1:5

strengthens the spectrum much more than the increase

from f 5 1:5 to f 5 2:0. The spectra in Figs. 3a–c were

divided by their respective backgrounds (without taking

logarithms first), and the ratios are plotted in Fig. 4 with

the same dispersion curves as described previously.

For low-v waves (period of 5 days or more), in-

creasing f results in less Rossby wave power and more

Kelvin wave power. Kelvin waves have alternate regions

of active and suppressed convection centered on the

equator, whereas Rossby waves have off-equatorial

convection (Yang et al. 2003). We have already seen

FIG. 2. (a) Time- and zonal-mean precipitation for the experi-

ments with convective entrainment parameter f 5 1.0, 1.5, and 2.0

and decoupling parameter a5 0. (b) As in (a), but zooming in on

the ITCZ region only.
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that the ITCZ strengthens and narrows with increasing f,

so the changes in Kelvin and Rossby wave power are

consistent, with more on-equatorial convection associ-

ated with stronger Kelvin waves and less off-equatorial

convection associated with weaker Rossby waves. This

is consistent with the results of Kang et al. (2013), in

which stronger Rossby wave activity was found with a

broader peak of SST about the equator (see section 1),

which corresponds to our low-f case with broader

equatorial convection.

However, this does not hold at higherv, forwhichKelvin

wavesweakenwith increasing f. Furthermore, above 0.3 cpd,

the Kelvin wave branch curves upward, especially for

f 5 1:0. This behavior is contrary to the standard theory,

in which Kelvin waves are nondispersive (Holton 2004).

We next investigate the sensitivity of the Kelvin wave

phase speed ce to changing f and the role of changes in

the basic-state winds (Fig. 5) and humidity (Fig. 6).

The Kelvin wave speed, measured by the gradient in

k–v space, reduces with increasing f. However, since the

Doppler-shifted dispersion lines in Fig. 4 do not fit the

Kelvin waves in the spectra in the enhanced entrainment

experiments, this cannot be explained solely by changes

in the basic-state zonal wind u (Figs. 5a,b,d). Indeed,

midlevel easterlies weaken at higher f, so a change in the

Doppler shift alone would cause a faster eastward

phase speed.

Wang (1988) presented a method for calculating a

theoretical value of ce in a moist environment. Dividing

the free troposphere into two levels with midpoints at

pressure levels p1 (upper level) and p3 (lower level), and

the boundary between them at p2, and letting latent

heating be proportional to wave moisture convergence,

the theoretical phase speed is1

c
e
5 c

0

ffiffiffiffiffiffiffiffiffiffiffi
12 I

p
, (13)

where c0 is the dry Kelvin wave speed and I is

FIG. 3. The log10 of zonal wavenumber–frequency spectral power of precipitation rate for (a) f5 1.0, (b) f5 1.5, and

(c) f5 2.0, all with a5 0. Blue curves are theoretical dispersion relations for waves with equivalent depth h5 85.3m

(see main text for details), Doppler shifted by the mean zonal wind over 158N–158S and 600–400 hPa for each model

run. (d) Background spectra, defined as the average over k5215 to k5115 of the spectra shown in (a)–(c).

1We change Wang’s (1988) a to an A to avoid confusion with

our own decoupling parameter.
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I5
q
3
2 q

1

A
. (14)

In (14) q1 and q3 are the basic-state specific humidity on

the equator at the given levels, and

A5 2
C

p

R

1

L
c

p
2

p
3
2 p

1

c20
1

b
, (15)

where R/Cp 5 2/7 is the adiabatic ratio, Lc 5 2:53
106 J kg21 is the specific latent heat of condensation of

water, and b is the fraction of moisture converted to

precipitation.

This model has only three quantities that may vary

with f: the dry wave speed c0, which depends on static

stability; the vertical moisture gradient q3 2 q1; and

the precipitation efficiency b. Choosing p1 5 350 hPa,

p2 5 550 hPa, and p3 5 750 hPa, we diagnose the Brunt–

Väisälä frequency as

N5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g

u
2

u
1
2 u

3

z
1
2 z

3

s
, (16)

where z is height, u is potential temperature, and g is the

acceleration due to gravity; N reduces slightly from

0.0118 s21 (f5 1.0) to 0.0117 s21 (f5 2.0), a reduction of

0.8%, contributing a slight reduction in c0 and slowing

the wave. The values of q3 2 q1 are 8.21 gkg21 for f 5
1:0, 8.53 g kg21 for f 5 1:5, and 8.64 g kg21 for f 5 2:0.

Hence, the vertical gradient of q strengthens with in-

creasing f (Fig. 6; see section 4b), thus increasing I and

also contributing a reduction in ce. This is because, with

more moisture at low levels (upper-level moisture is

near zero and varies negligibly between experiments),

unit low-level convergence generates more heating, re-

ducing the effective static stability. All else being equal,

this reduces
ffiffiffiffiffiffiffiffiffiffiffi
12 I

p
by 11% from f 5 1.0 to f 5 2.0.

The precipitation efficiency b is a convenient quantity

in models such as in Wang (1988), but in practice, it is

very difficult to diagnose. In principle, it may be mea-

sured as the ratio of precipitation rate to vertically in-

tegrated moisture flux convergence (VIMFC), averaged

over some appropriate time period. However, b is non-

constant given that it depends on variations in q, and in

practice for any given value of VIMFC, there is a very

broad spread of precipitation rate (e.g., for f 5 1:0, the

correlation coefficient between 5-day means of VIMFC

and precipitation is only 0.35). Therefore, it was not

possible to diagnose meaningfully a quantitative change

in b for increasing f, and predicting the likely change is

nontrivial. We can hypothesize that since entrainment

dries the plume, increasing f would probably reduce b,

thus reducing I and increasing ce. However, the drying

FIG. 4. Wavenumber–frequency spectra with the background

removed—that is, the raw spectra shown in Figs. 3a–c divided by

the background spectra shown in Fig. 3d (but without taking

logarithms first). Blue curves are the dispersion relations de-

scribed in Fig. 3.
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may be offset by the environment being moister at low

levels for higher f (Fig. 6). It is also possible that b is

affected by changes in vertical structure within the wave;

however, the vertical modes arising from the heating

profiles in these experiments have negligible changes

with varying f (not shown).

When the effect of advection is removed, the mea-

sured phase speeds ce 2 u of the Kelvin waves are 29.0,

23.4, and 21.9m s21 for f5 1.0, 1.5, and 2.0, respectively.

This suggests that if the change in b with increasing f

does act to speed up the wave, as hypothesized above,

the effect must be relatively small since the observed

speed reduces. We can say qualitatively, however, that

the change in vertical moisture gradient contributes to

the change in phase speed—that is, the change in phase

speed with changing f depends at least in part on the

associated change in basic-state moisture. However, the

change in observed phase speed from f 5 1.0 to f 5 2.0

is a reduction of 24%, over twice the magnitude of the

11% calculated above. This may be due to effects other

than the change in basic-state moisture or shortcomings

in the simple Wang (1988) model.

b. Effect of varying a

We now consider the effect of changing the decou-

pling parameter a, as well as f. The three runs in section

4a had a5 0, so the moisture entrained was entirely

from the environment, and q and q0 were entrained at

equal rates. We now perform runs for f 5 1:5 and 2.0,

with a5 1/6, 1/3, 1/2, 2/3, and 1, recalling from section 3

that we are particularly interested in a5 12 1/f (i.e., 1/3

for f 5 1.5; 1/2 for f 5 2.0).

The mean-state precipitation is shown in Fig. 7, as a

difference from the a5 0 cases, for 68N–68S. Beyond the

FIG. 5. (a) Time- and zonal-mean (i.e., basic state) zonal wind u (m s21), for f5 1.0, a5 0. (b)Difference between

u for f5 1.5 and f5 1.0 (both for a5 0). (c) For f5 1.5, difference between q for a5 12 1/f and a5 0. (d),(e) As in

(b) and (c), but for f5 2.0 instead of f5 1.5. In each case, the fields are averaged over the two hemispheres, and sinf

is plotted on the abscissa, with associated latitudes labeled in degrees.
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tropics, there is almost no perceptible change be-

tween experiments. The effect of decoupling from the

environment (increasing a) is that the single ITCZ

strengthens and narrows. When f 5 1:5 (Fig. 7a) and

a 5 1/6, precipitation increases by about 1.5mm day21

on the equator and weakens everywhere poleward of

28N/S. Increasing a to 1/3 or 1/2 gives much the same

ITCZ, but a 5 2/3 and 1 see a further strengthening at

38N–38S, increasing equatorial rainfall by about 2.5 and

4.5mmday21, respectively. For f 5 2:0 (Fig. 7b), in-

creasing a also strengthens near-equatorial rainfall. In

contrast to f 5 1:5, each value of a has well-separated

mean precipitation, with a 5 1/6 giving near-zero

change and increasing values giving monotonically in-

creasing amounts of precipitation on the equator. For

a $ 1/2, these increases are larger than the equivalents

for f 5 1:5.

Section 3 explained that, in the experimental design,

we aimed to minimize the changes in q resulting from

modifying the entrainment scheme. In particular, we

aim to have no change in q between the a5 0 and

a5 12 1/f cases for a given value of f.

Figure 6a shows q for the control case f 5 1:0. To

eliminate very small meridional asymmetries, the field is

averaged over the two hemispheres, and to emphasize

the tropics, the horizontal axis is sine of latitude.

Figures 6b and 6d show the differences from this control

case for f 5 1:5 and f 5 2:0, each with a5 0. Each shows

lower-tropospheric moistening between 48N and 48S
(approximately the ITCZ region) except for a very thin

layer of drier air around 950 hPa, probably associated

with changes in boundary layer height. The moistening

for higher f is consistent with greatermixing detrainment

of moist air out of the plume. It is also possible it could be

associated with a change in meridional circulation in line

with the changes in the ITCZ (see section 4a), inducing

stronger low-levelmoisture convergence.Above 750hPa,

there are drying regions around 58 off the equator in each

FIG. 6. As in Fig. 5, but for specific humidity q (g kg21).
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hemisphere. This is probably because higher f means

more dry air being entrained into the rising plume so that

by the time it reaches upper levels it is drier, and less-

humid air is detrained back out to the environment. A

further layer of increased moisture, centered on 800hPa

and approximately 150-hPa deep, extends beyond the

tropics to f56408 for f 5 1:5 and 6458 for f 5 2:0.

Figures 6c and 6e show q for a5 12 1/f as differences

from the respective a5 0 cases. For f 5 1:5 (Fig. 6c), the

difference is near zero, as intended for our experiment,

so that (6) and (11) hold approximately. However, for

f 5 2:0 (Fig. 6e), the difference is far greater, with the

atmosphere being significantly drier almost everywhere

within the tropics. The difference in the equatorial tro-

posphere from the a5 0 case is greater than the effect of

doubling entrainment in the first place. The tropical off-

equatorial region above 750 hPa in which air dried with

increasing f strengthens and deepens considerably with

increasing a. The regions of enhanced moisture—on the

equator in the lower troposphere and extending into the

extratropics around the top of the boundary layer—are

both considerably weakened. The only region in which

increasing a moistens the air is on the equator at

950 hPa, canceling out the drier air that was seen there

when increasing f.

Although the experimental design attempted to main-

tain the basic state in q only, we also consider u. The

control case f 5 1:0 is shown in Fig. 5a; u shows the fa-

miliar picture of tropical easterlies and westerly sub-

tropical jets aloft. The effect of enhancing entrainment is

seen mainly above 600hPa, where the jets weaken and,

especially for f 5 1:5, shift marginally equatorward. The

easterlies on the equator also weaken in the mid- to

upper troposphere. This is likely to be due to a compli-

cated interaction of several effects, including a change in

the meridional circulation associated with the change in

ITCZ (see section 4a); a change in the propagation of

waves from the extratropics to the tropics, which is to

be expected with changes to the subtropical jet; and

changes to the structure of the equatorially trapped

waves. On the latter point, we note that composites

of long equatorial Kelvin waves from our experiments

(not shown) have a horizontally tilted structure, with

[u*y*]. 0 in the tropical Southern Hemisphere and

[u*y*], 0 in the tropical Northern Hemisphere (y is

meridional wind, square brackets denote a zonal mean,

and an asterisk denotes an anomaly from the zonal

mean). Therefore, we have negative (›/›y)[u*y*], which

contributes eastward acceleration to the mean-state

zonal wind (e.g., James 1995), so the change in u with

increasing f is consistent with the increased Kelvin

wave power.

The effect of increasing a to 12 1/f is seen in Figs. 5c

and 5e. As for q, in the f 5 1:5 case (Fig. 5c), the effect of

a on u is near zero, so the basic state is almost un-

changed. For f 5 2:0 (Fig. 5e), there is a reinforcement

of the pattern in Fig. 5d, but the effect of increasing a is

smaller in magnitude than that of increasing f.

For f 5 2:0, the entrainment rate is clearly beyond the

regime in which our alterations to the convection

scheme are able to keep the basic state constant. How-

ever, the f 5 1:5 case works as intended. These results

will be borne in mind when we come to compare the

a5 0 and 12 1/f cases (section 4c).

Raw (v, k) spectra of precipitation for all experiments

are shown in Figs. 8a–m; f increases going down the

figure, and a increases from left to right (Figs. 8a,b,h are

the same as those shown in Fig. 3). Decoupling from the

FIG. 7. (a) Time- and zonal-mean precipitation over the ITCZ

region for each nonzero value of a used (1/6, 1/3, 1/2, 2/3, and 1) as

an anomaly from thea5 0 case, for entrainment rate f5 1.5. (b)As

in (a), but for entrainment rate f 5 2.0.
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environment increases spectral power across all v and k.

Typical 6-h mean snapshots of precipitation are shown

in Fig. 9 for a5 0 (all values of f), and a5 12 1/f and

a5 1 (f 5 1.5 and 2.0). Increasing f results in more

concentrated regions of heavy convective rainfall [con-

sistent with Arnold and Randall (2015)]. However, the

concentration and intensification is even more marked

for increasing a. This is consistent with the changes in

the spectra in Fig. 8 as the more sharply defined features

of aggregated convection contribute to the spectrum

across a broad range of zonal wavenumbers, so there is a

large amount of spectral power for large k.

At high v, for both f 5 1:5 and f 5 2:0, the spectra in

Fig. 8 are dominated by eastward power for low a

(contours sloping upward to the right), yet westward

power increases most with increasing a. As in Fig. 3,

equatorial waves are obscured by the strong back-

ground, which we obtain by averaging over k 5 215

to 115 (shown for f 5 1:5 in Fig. 8n; f 5 2:0 is very

similar). Power increases monotonically with a over all

v and, as with increasing f, increasing a slightly shortens

the period at which the spectrum peaks, from 27 days for

a 5 0 to 22 days for a5 1.

Ratios of raw spectra to their background are shown

in Fig. 10 (Figs. 10a,b,h are the same as in Fig. 4). The

clearest effect on convectively coupled waves of in-

creasing a is that short Kelvin waves (high v and high k)

become indistinguishable from the background because

of the background becoming stronger, so convection at

these time scales is no longer organized into wave

structures (consistent with the small-scale aggregated

regions seen in Figs. 9f and 9g). Above a 5 1/2, Kelvin

waves of v. 0:25 cpd are no stronger in spectral power

than the background. The ratio of Kelvin wave power to

background power at lower v also decreases with in-

creasing a. For example, for f 5 2:0, the spectral ratio

exceeds 5.0 in almost all of the thin linear region from

(k5 1, v5 0:025 cpd) to (k5 4, v5 0:175 cpd) for a5 0

(peaking at 10.6 and with amean of 7.0; Fig. 10h), but for

a5 1, the mean ratio over the same area is just 2.8

(Fig. 10m). This is despite the total power (Fig. 8), along

the entire Kelvin wave branch, varying little with a.

FIG. 8. (a)–(m) The log10 of raw zonal wavenumber–frequency spectra of precipitation for varying entrainment rate f (increasing from

top to bottom) and decoupling parameter a (increasing from left to right). Highlighted labels indicate the special cases (a),(b),(h) a5 0

and (d),(k) a5 12 1/f . (n) Background spectra for f5 1.5, defined as the average over k5215 to k5115 of the spectra shown in (b)–(g).
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As a increases, entrainment is less strongly coupled to

zonal variations in q, and the convectively coupled

Kelvin wave power accordingly becomes less prominent

against the background, with only the longer (more

zonally uniform) waves clearly distinguishable. The

shorter convectively coupled waves are indistinguish-

able from the background when entrainment does not

see the wave structure in moisture.

FIG. 9. Example of 6-hourly mean near-equatorial precipitation (mm day21) for runs with (a)–(c) a 5 0, (d),(e) a5 12 1/f , and

(f),(g) a 5 1.

FIG. 10. Wavenumber–frequency spectra with background removed—that is, the raw spectra shown in Figs. 8a–m divided by the back-

ground k-averaged spectra (shown for f 5 1:5 in Fig. 8n). Highlighted labels are as in Fig. 8.
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For westward-propagating waves, the ratio also de-

creases at lowv asa increases, but conversely, for higher

v, the spectral power increases relative to the back-

ground. However, it is not presently understood why this

is the case.

The effect of varying f and a is summarized for east-

ward and westward power, for both small v, k and large

v, k, in Table 2.

c. Attribution of results to changes in the basic state

We now turn to the question of whether changes in

wave activity with changing f are attributable to the

change in entrainment in the moisture wave or to other

effects. The previous subsection found (Figs. 5 and 6)

that for f 5 1:5, the basic state is almost unchangedwhen

increasing a from 0 to 12 1/f, as designed. However, for

f 5 2:0, this was not the case, so we cannot draw the

same conclusions for the f 5 2:0 case as for f 5 1:5.

We return to the (v, k) spectra of precipitation, rela-

tive to the background spectra, in Fig. 10. The panels

with highlighted labels contain the important cases of

a5 0 (Figs. 10a,b,h) and a5 12 1/f (Figs. 10d,k). For

Fig. 10d, we consider whether the spectrum is most like

the respective a5 0 case (Fig. 10b) or the f 5 1:0 case

(Fig. 10a). For large v, the a5 12 1/f case is very unlike

the a5 0 case, and for small v, they are also not very

similar. The eastward power for f 5 1:5, a5 1/3 is

weaker than for f 5 1:5, a5 0 and peaks in a different

place than for f 5 1:0 (at less than 0.1 cpd compared with

around 0.2 cpd).

Since this comparison does not produce a distinct at-

tribution for changes to the wave activity, we look further

by averaging over k5 1 to 15 and over k521 to215 to

examine the mean eastward- (Fig. 11a) and westward-

propagating (Fig. 11b) power. We show this for v up to

0.25 cpd—the region of the spectrum inwhichmost of the

power is in the waves—so we may think of this as the

eastward- and westward-propagating wave power.

For v, 0:1 cpd, the eastward power for f 5 1:5,

a5 12 1/f is generally closest to the f 5 1:5, a5 0

curve. This is especially true below 0.05 cpd.

For the westward-propagating power, f 5 1:5, a5
12 1/f is closest, and of a similar functional form,

to f 5 1:5, a5 0, up to around 0.2 cpd. Therefore, in a

k-averaged sense, the changes in wave activity we see

with increasing f cannot be directly explained by changes

in moisture entrainment in the wave, since a5 12 1/f

bears the most resemblance to a5 0 with the same f de-

spite these two cases entraining q0 at different rates.
A clearer picture still is obtained from the ratio of

eastward-to-westward power (Fig. 11c). For v, 0:085 cpd

(period *12 days), the f 5 1:5, a5 12 1/f case is very

similar to f 5 1:5, a5 0. Nowhere does the a5 12 1/f

resemble f 5 1:0. Therefore, the change in the ratio of

eastward-to-westward power for low v and k as f in-

creases from 1.0 to 1.5 is again not explained directly

by changes in moisture entrainment in the wave but

must be attributed to other impacts of varying en-

trainment rate, which includes a change of basic state.

As explained in section 1, Kang et al. (2013) made an

argument for the basic state affecting the ratio of

eastward-to-westward power of convectively coupled

equatorial waves. In this study, we have provided

evidence that when the entrainment rate is varied,

the direct impact does not explain such a change in

wave activity, consistent with the theory that instead

changes in basic state (as seen in Fig. 6; see section 4b)

are responsible.

5. Conclusions

This study was motivated by the known impact of

varying moisture entrainment rate on convectively

coupled tropical waves, particularly in the context of

MJO propagation. Any new feature or configuration

change in a GCM is liable to impact the basic state,

which itself may impact the modeled physical pro-

cesses. It is generally nontrivial to distinguish the direct

impact of a change in model physics from indirect im-

pacts such as altering the basic state. In this paper, we

have presented a novel framework with the aim of

isolating these effects for the case of a change in

moisture entrainment affecting convectively coupled

equatorial waves.

Following Klingaman and Woolnough (2014), exper-

iments were conducted with the entrainment rate for

deep- and midlevel convection at the control level for

the GA3 configuration of theMetUM (f 5 1:0) and with

the entrainment rate increased by 50% (f 5 1:5) or

100% (f 5 2:0). These experiments (Figs. 2–4) showed a

tendency toward a single, stronger ITCZ with increas-

ing f and an increase in spectral power of precipita-

tion across all v and k (i.e., the background became

stronger).

TABLE 2. Summary of the effect on spectral power, as a ratio

relative to the background power, of increasing the parameters f

and a (see Fig. 10). An up (down)-pointing arrow indicates that the

spectral power of waves relative to the background generally in-

creases (decreases) as the given parameter increases.

Parameter to increase

Westward power Eastward power

Low v, k High v, k Low v, k High v, k

f Y Y \ Y
a Y \ Y Y
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For equatorial Kelvin waves, increasing f increased

power in long waves and reduced power in short

waves. Wang (1988) predicted that, provided I, 1 and

2qBL 2 q3 2 q1 .A [where qBL is q at the top of the

boundary layer and the other symbols have the same

meanings as in (14)], Kelvin waves can be unstable. Both

of these inequalities hold in our experiments. Further-

more, Wang (1988) predicted that long waves become

unstable first as the left-hand side of the second in-

equality increases, with a short-wave cutoff. Taking the

pressure at the top of the boundary layer to be 900hPa,

we can confirm that 2qBL 2 q3 2 q1 does increase with

f (15.80 g kg21 for f 5 1:0, 16.10 gkg21 for f 5 1:5, and

16.38 g kg21 for f 5 2:0), so our results are consistent

with this prediction.

Enhancing the entrainment rate reduced the ratio of

the power in westward-propagating (e.g., Rossby) waves

to the power in the background, because of the back-

ground strengthening. It also reduced the ratio of power

relative to the background for eastward-propagating

waves at high v and k but increased the ratio for low

v and k. This is consistent with Kang et al. (2013), who

investigated changes in wave power due to changing the

prescribedmeridional SST gradient through its effect on

the meridional gradient of q. Here, we do not vary SST,

but the q gradient is affected by changes in f (Fig. 6),

with larger f causing low-level q to be more strongly

peaked on the equator. This corresponds to Kang et al.’s

(2013) narrower SST profile, with narrower equatorial

convection; as in our experiment, this caused a decrease

in the ratio of Rossby to Kelvin wave power. Gonzalez

and Jiang (2017) showed, using 21 GCMs, a positive

correlation between model low-level moisture and

MJO skill, with better MJO models tending to have a

stronger meridional moisture gradient on the equator.

The equatorial moistening of the lower troposphere

seen with enhanced f in Fig. 6 may therefore explain

the results of Klingaman and Woolnough (2014), in

which enhanced entrainment improved MJO skill in

the MetUM.

The decoupling parameter a was introduced in a

new framework designed to separate out the effects of

changing the basic state from the direct effect of

changing moisture entrainment (section 3). When a5 0,

the moisture entrainment behaves as normal, entraining

moisture from the full three-dimensional humidity field

(the environment). However, when a5 1, the moisture

is entrained from a prescribed climatology, which we

take from the time and zonal mean of a previous run

with the same value of f and with a5 0. When 0,a, 1,

the moisture entrained is a weighted average of the two

fields. We compare experiments with a5 12 1/f to

f 5 1:0, a5 0, with the enhanced entrainment rate f« in

FIG. 11. (a) Averages of each of the five highlighted spectra in

Fig. 10 for k511 to k5115 (i.e., power in the eastward half of the

spectrum). (b) As in (a), but for k521 to k5215 (i.e., westward

power). (c) Ratio of (a) to (b). The a5 0 cases are plotted with

solid lines and a5 12 1/f with dashed lines; f 5 1:0 is shown in

green, f 5 1:5 in red, and (for reference) f 5 2:0 in blue.
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the a5 12 1/f case applying to the basic-state humidity

q only, and humidity perturbations q0 being entrained at

the control rate « in both experiments. We also compare

experiments with a5 12 1/f to a5 0 (with the same

value of f in each case) since q is entrained at rate f« in

both experiments but humidity perturbations q0 are

entrained at the control rate « for a5 12 1/f . This ar-

gument requires the basic state to remain unchanged by

the change in a. For f 5 1:5, the attempt to leave the

basic state unchanged works well, with q (Figs. 6b,c) and

zonal-mean zonal wind u (Figs. 5b,c) changing mini-

mally for these values of a. However, for f 5 2:0, the

basic state changes significantly. Therefore, we cannot

make any definitive conclusions for the f 5 2:0 case, but

we can be confident in the results when f 5 1:5.

Increasing a strengthens and narrows the ITCZ

(Fig. 7) and increases the background spectrum across

all v and k (Fig. 8). Removing the background spectrum

shows that decoupling moisture entrainment from the

environment reduces the relative power in the eastward

half of the spectrum (Fig. 10). Above 0.25 cpd, it de-

creases markedly with increasing a as the background

spectrum increases. This shows that zonal variations in

moisture, to which the entrainment is less sensitive with

increased a, are essential for convection to be organized

in short Kelvin wave structures. That is, coherent Kelvin

wave propagation at high v and k requires the wave

structure to be fully coupled to the moisture field, and

this effect is more pronounced for f 5 2.0 than 1.5.

Conversely, only the long Kelvin waves can couple

coherently to convection when a is high and the mois-

ture field is more zonally symmetric. Nonetheless, rela-

tive power in these long waves does weaken when

a increases (Fig. 10), so the wave structure in the hu-

midity field is still important for them, but entrainment

of mean humidity is enough to maintain some con-

vectively coupled long Kelvin wave activity.

The mean spectral power for the eastward and west-

ward parts of the spectrum, and the ratio of the two,

were shown in Fig. 11. For eastward propagation (which

is to say, Kelvin waves), the a5 12 1/f cases show a

significant difference between low and high frequencies,

with low-frequency waves having an amount of spectral

power fairly similar to that of a5 0 and high frequencies

having a drop-off in spectral power, which is not seen for

a5 0. For westward propagation (Rossby waves), there

is always a gradual reduction in spectral power with in-

creasing v, regardless of the values of f and a.

High-frequency Kelvin waves are associated with a high

zonalwavenumber or shortwavelength.Whena increases,

so entrainment depends more on qc, there is less zonal

asymmetry in the entrained q (since qc depends on lati-

tude and height only). Hence, less zonal asymmetry in

entrainment reduces the power seen in shortKelvinwaves,

although there is relatively little effect on long waves.

For the special case of f 5 1:5, a5 1/3, the eastward-

to-westward power ratio is much more similar to f 5
1:5, a5 0 than f 5 1:0, a5 0 for low-frequency waves

(below 0.085 cpd). Hence, for this part of the spectrum

(a band of the spectrum that also includes the MJO),

the effect on waves of changing entrainment is not

explained directly by changes in entrainment of mois-

ture in the wave. Moreover, we have seen that for

higher f, there is a stronger equatorial peak in basic-

state humidity (Fig. 6) and an increase in the ratio of

eastward-to-westward spectral power, consistent with

the theory of Kang et al. (2013). Together, these find-

ings are consistent—for a 50% increase in entrainment

rate relative to the control—with the hypothesis stated

in section 1 and motivated by Kang et al. (2013). That

is, the change in basic state as f varies explains the

change in convectively coupled equatorial wave activ-

ity in terms of the eastward-to-westward ratio of wave

power. (However, in this setup, it was not possible to

test the same hypothesis for a 100% increase in the

entrainment rate.)

The mechanism by which the entrainment rate af-

fects theMJO, as found by other studies (see section 1),

may similarly be an indirect effect. This would be

consistent with the results of Gonzalez and Jiang

(2017), in which MJO fidelity depends on low-level

mean-state meridional humidity gradient, and Kang

et al. (2013), in which the amount of eastward activity

relative to the amount of westward activity is de-

pendent on the basic state generated by varying the

prescribed SST. Such a finding would also be consistent

with MSE hypotheses of MJO propagation (e.g., Wang

et al. 2017; Sobel et al. 2014).
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APPENDIX

Discretization of Convection Scheme Equations
in the MetUM

a. Implementation of the new moisture entrainment
framework

In section 3, modifications to the MetUM convection

scheme were introduced that change the moisture

entrained into a plume [(7)]. These changes are im-

plemented in the model as follows. The pertinent

equations in the convection scheme are, from Gregory

and Rowntree’s (1990) (6) and (8) (and using their no-

tation throughout),

›M
P

›s
5E2N2D , (A1)

and

›qPM
P

›s
5EqE 2NqN 2DqR 2Q , (A2)

where MP is the cloud mass flux; s is the verti-

cal coordinate; E is the entrainment rate; N is

the mixing detrainment rate; D is the forced de-

trainment rate; qP, qE, qN , and qR are the specific

humidity of cloudy air, of the environment, on

mixing detrainment, and on forced detrainment,

respectively; and Q is the conversion of water vapor

to the liquid or ice phase.

In the MetUM, during a call to the convection scheme,

the entrainment is performed alone and the detrainment

and condensation subsequently. Therefore, as we pro-

ceed, we let N 5 D 5 0. The above equations are verti-

cally discretized with levels labeled as K, K1 1, . . . , with

the level number increasing downward in the atmo-

sphere. Entrainment takes place at levels K21/4 and

K23/4. Defining the fractional entrainment rate as

«5E/MP, (A1) and (A2) are discretized as

M
K21

5M
K
1 «

K21/4
M

K
Ds

K21/4

1 «
K23/4

M
K
(11 «

K21/4
Ds

K21/4
)Ds

K23/4
, (A3)

and

M
K21

qP
K215M

K
qP
K 1 «

K21/4
M

K
qE
KDsK21/4

1«
K23/4

(11 «
K21/4

Ds
K21/4

)M
K
qE
K21DsK23/4

,

(A4)

where subscripts denote level numbers [cf. (10) and (12)

of Gregory and Rowntree 1990].

Substituting (A3) into (A4) yields

qP
K21 5

qP
K 1 «

K21/4
Ds

K21/4
qE
K

z}|{1
1 «

K23/4
Ds

K23/4
(11 «

K21/4
Ds

K21/4
)qE

K21

zffl}|ffl{2

(11 «
K21/4

Ds
K21/4

)(11 «
K23/4

Ds
K23/4

)
. (A5)

In our new framework, we replace the quantities 1 (qE
K)

and 2 (qE
K21) with (qE

K 1DqK) and (qE
K21 1DqK21), re-

spectively, where DqK and DqK21 are the Dq defined in (8)

at levels K and K2 1.

b. Effect of convection on environmental specific
humidity

After convecting, the MetUM calculates the resulting

change to environmental specific humidity. In the standard

configuration, this change is [from (21b) of Gregory and

Rowntree 1990]

DqE
K 5

M
K
Dt

Ds
K

f(11 «
K21/4

Ds
K21/4

)(12 d
K
Ds

K21/2
)(12h

K
Ds

K21/2
)(qE

K21 2 qE
K)

1 d
K
Ds

K21/2
(12h

K
Ds

K21/2
)(qR

K 2 qE
K)1h

K
Ds

K21/2
(qP

K 2 qE
K)

1 [h
K
Ds

K21/2
1 d

K
Ds

K21/2
(12h

K
Ds

K21/2
)]lPKg , (A6)
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where d5D/MP and h5N/MP are the forced andmixing

fractional detrainment rates, respectively, and lP is cloud

liquid water. It is important to note the difference between

DqE in (A6), which is Gregory and Rowntree’s (1990)

notation for the correction to environmental humidity af-

ter convection, and Dq defined in (8), which is the extra

humidity entrained in our new entrainment framework.

The first term of (A6) is due to vertical advection of

moisture, because of compensating subsidence balancing

the updraft in the plume. We need partially to offset this

term to take account of the extra humidity DqK entrained

at levels K21/4 and K23/4. With reference to Fig. 1 of

Gregory andRowntree (1990),we see thatwemust subtract�
Dt

Ds
K

�
M

K
«
K21/4

Ds
K21/4

Dq
K

and

�
Dt

Ds
K

�
M

K11/2
«
K11/4

Ds
K11/4

Dq
K
. (A7)

Using the fact that

M
K11/2

5
M

K

11 «
K11/4

Ds
K11/4

(A8)

(again from their Fig. 1), the extra terms on the right-

hand side of (A6) become

DqE
K 5 � � �2M

K
Dt

Ds
K

 
«
K21/4

Ds
K21/4

1
«
K11/4

Ds
K11/4

11 «
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K11/4

!

3Dq
K
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