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SOME PROPERTIES RELATED TO TRACE INEQUALITIES FOR THE
MULTI-PARAMETER HARDY OPERATORS ON POLY-TREES

NICOLA ARCOZZI, PAVEL MOZOLYAKO, KARL-MIKAEL PERFEKT

ABSTRACT. In this note we investigate the multi-parameter Potential Theory on the weighted d-tree (Carte-
sian product of several copies of uniform dyadic tree), which is connected to the discrete models of weighted
Dirichlet spaces on the polydisc. We establish some basic properties of the respective potentials, capacities
and equilibrium measures (in particular in the case of product polynomial weights). We explore multi-
parameter Hardy inequality and its trace measures, and discuss some open problems of potential-theoretic
and combinatorial nature.

1. INTRODUCTION

The Hardy operator on the set of the positive integers is given by Ip(n) = Y-, ¢(I). The problem of
characterizing the positive weights u,v : N — R* such that

(1) 1ol )y < Clleller )

for some positive C, depending only on 1 < p < co,u, and v, has long been considered and solved [14]. It
was only rather recently [5] that an analogous problem was considered on trees. Let T be a tree with vertex
set V(T) > o, where o is a root of T, and define, for ¢ : V(T') — R4, the function Iy : V(T) — Ry as
Ip(a) = Eﬁe[o,a] ©(B), where [0, ] is the “geodesic” joining « to the root. In fact, N is a particular tree,
but general trees might exhibit the exponential growth, with respect to n, of the number of points having
distance n to a distinguished vertex. The usual dyadic tree is a typical example. We postpone the precise
definition of the Hardy operator on trees to the next section, where the necessary notation is introduced.

Characterizing the two-weight inequality for the Hardy operator on trees led to a new characterization of
the Carleson measures for the Dirichlet space, a result originally due to Stegenga [13], which applied, in fact,
to a wide range of exponents, weights, and underlying spaces. In its simpler form, one wants to characterize
all possible measures > 0 on the unit disc {# € C: |z|] < 1} in the complex plane, such that

2) J[ @k < c [[ 1P

for all holomorphic functions satisfying f(0) = 0. The connection between the holomorphic problem and the
discrete one might be summarized as follows. The function f on I is somehow identified with the function
I, the function f’ with ¢ (the “derivative” of Ip), the unit disc D with the tree T' which indexes its dyadic
Whitney decomposition.

In 1985, E. Sawyer [12] considered the extension of (1)) to the bi-linear case: IT¢(m,n) = > 1", Z?:o o(i,7),
with ¢ : N2 — R, . He characterized the two weight inequality for the bi-linear Hardy operator 11, and it
should be mentioned that the tri-linear inequality still awaits a characterization.

Recently, we and Giulia Sarfatti [4] considered the problem of characterizing the Carleson measures for
the Dirichlet space on the bi-disc, which may be thought of D(D?) = D(D) @ D(D). The first step is reducing
the problem to one on the bi-tree: the Cartesian product of two copies of the tree, with the corresponding
Hardy operator defined by summation on Cartesian products of geodesics, as in Sawyer’s result. We could
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not modify the proof of Sawyer, however, to make it work in the bi-tree case. Our proof follows Stegenga’s
idea of proving a capacitary strong type inequality, which is the heart of the proof.

In this note, we prove some results in multi-linear potential theory, which might prove useful in extending
the results in [4] to (i) polytrees (with more than two factors), (ii) with weights. In Section [3| we prove that
the capacity of a subset E of the polytree T? = T x --- x T is comparable to that of its projection S,(E)
onto the distinguished boundary (OT)¢ of T®. The novelty is that we consider the discrete problem arising
from the study of the Potential Theory associated with weighted Dirichlet spaces, which have not been so
far investigated. In Section [} we give two noncapacitary sufficient conditions for a measure to satisfy the
trace inequality for the multilinear Hardy operator on a polytree. Throughout this paper we refer to some
basic facts from potential theory, as presented in [I, Chapter 2].

The few notions of graph theory used in this article can be found in many textbooks, or in [4].

2. WEIGHTED d-TREE AND POTENTIAL THEORY

2.1. d-trees. As in [4] we start by considering the rooted directed (away from the root) uniform infinite
binary tree (a dyadic tree). The order relation on the vertex set V(T) is given by direction: for o, 5 € V(T)
we say that a < (3, if one can get from S to « following the directed root. In other words, 5 is one of the
endpoints of the edges in the geodesic [, 0] connecting « and the root o: the path from « to o containing
the least number of edges. We also write a < 3, if a < 3, and a # (5. The boundary 9T of the tree is
defined in a standard way; each point w € 9T is encoded as an infinite directed sequence [¢°,e!,...] C E(T)
of connected edges that starts at the root o (i.e. o is the endpoint of €”). The order relation makes sense for
0T as well, given w € 0T we say that w < «, if and only if the vertex « is an endpoint of one of the edges
ek encoding w, or if a = w. We write T := T'(JOT. In what follows we identify the vertex set V(T') and
the tree itself, i.e. we assume that o € T is always a vertex. If o, 8 € T, then there there exists a unique
point v € T that is the least common ancestor of o and 3, we denote it by a A 8. Namely, we have that
v > «, v > B, and if there is another point 4 satisfying these relations, then 4 > ~ (basically « is the first
intersection points of geodesics connecting o and S8 to the root). In particular, @ Ao = . The total amount
of common ancestors of o and 3 is denoted by dr(aAB) (dr(aApB) = distr(aAB,0)+ 1, where distr is the
usual graph distance on T'). dr can be infinite, for instance, dr(w A w) = oo when w € 9T. The predecessor
set (with respect to the geometry of T') of a point a € V(T) U 9T is

Pla)={BeT: B>al.
In particular, every point is its own predecessor. The successor set is
SB)={aeT: BeP(a)}, BeT.

Clearly dr(a A B) = tP(a A p).
We are now ready to define the d-tree. Fix an integer d, and consider 11, T5, ..., Ty — identical copies of
the dyadic tree T. The vertex set V(T')¢ of the graph T is defined as follows

V(T = V(T) = V(T)) x V(Tz) x - x V(Ty),

ie. a € V(TY), if @ = (aq,...,aq) with a; € T}, j = 1,...,d. Two vertices a, 3 € V(T?) are connected
by an edge, if and only if there exists a number 1 < j < d such that a; and 3; are connected by an edge
in T;, and oy, = By, for any k # j. As before, we usually identify V(7T?) and T9. The order relation on 7%
is induced by the order on its coordinate trees, we say that a@ < 8, if a; < ; for every 1 < j < d. The

boundary of the d-tree is
or'=|J JIn [ o
DC{1,2,...,d} JED  ke{1,2,....d}\D

(the Cartesian products are taken according to the order of indices). The set 9Ty x 9Ty X --- x 9Ty is
called a distinguished boundary of T% and denoted by (9T)%. We let T = 1d JaT?. As before, we define
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predecessor and successor sets of a vertex o = (a,,. .., qq) using the same notation
Pa) =Plag) X -+ x Plag), S(a) = S(ag) x -+ x S(ag).

Sometimes we specify the dimension writing Sr(«) for a point « in the tree T, and Sra(«) for a point « in
the d-tree (same goes for the predecessor sets). The part of S(«) that lies on the distinguished boundary is
denoted by 0S(«). Similar to one-dimensional setting we denote the number (possibly infinite) of common
ancestors of & and 8 by dpa(aAB), where a A = (a1 APy, ..., aq /A Bq) is a (unique) least common ancestor
(in T%) of a and 3. The predecessor and successor sets are defined as above (and denoted in the same way).
We have

IS

dra(a A B) = H (aj A B;) = tP(a A B).

We also write dr(a;) and dpa(3) instead of dT(aj A o) and dpa(B A B).

2.2. Potential theory on d-tree. Before we introduce the basics of potential theory on the d-tree we adapt
our space to the conventions used in [IJ.
First we define a metric on Tj: given a;, 8; € Tj we set

1
Silai. ) = 9~ dr(ajAB;) _ — (Q*dT(aj) Q*dT(ﬁj)>
i(aj,5) B + )

essentially this is a distance associated to the graph distance on T with weights 2797(%) Then we let
d d
(3) 6(a,f) = bi(a. B), a,feT.

Clearly, 4 is a metric on T

We suggest two ways of interpreting a d-tree: as parametrizing the Cartesian product of d copies of the
Cantor set, or, rather, as parametrizing dyadic parallelepipeds. The first one is less natural in a sense, but
as it identifies 77 with a compact subset of R2?, it allows us to properly use the machinery in [1]. The
reader who is not worried with such details can directly consider the more natural interpretation below. The
dyadic tree is a planar graph, and one can embed it into R? in such a way that its boundary 0Tj is actually
a classical ternary Cantor set E. on the unit interval. As a result we can assume that Tj C R?, moreover,
embedded with §; it is a locally compact Radon space, and Borel sets in Tj are Borel in R2. In the same
vein, the points of 7% embed into R2¢. In particular (9T)? can be identified with E.

Let 7 be a positive Borel measure on T¢, that is, collection of positive weights on vertices of T¢ — we
always assume 7 has zero mass on 9T%. Denote by M the (open) d-tree T equipped with measure 7 and
a family of Borel (with respect to the distance §) measurable sets. We define a kernel G : R?¢ x M — R,
to be G(a, B) := xs,(a), where o € e R24 B € T9 and Sp := {v € 7. v < B} is the T successor
set of . It is easy to verify that G is lower semicontinuous on T in first variable, and measurable on M in
second variable. This means that we are now squarely in the context of Adams and Hedberg ([I, Chapter
2.3]), and we can proceed with the Potential Theory. Given a non-negative Borel measure p on 7’ (which,
again, is by extension Borel on R??) and a non-negative m-measurable function f on M we let

(4a) (If) (@) := [y G(ev, B)f(B) dm(B) = 2250 f(M7(7),
(4b) (T0)(B) = fpu Gl B) dpla) = [5) dia(a).
Observe that a measure supported on 7% and a non-negative function are pretty much the same objects —

a collection of masses assigned to the points of the d-tree. The Potential Theory generated by these two
operators leads us to the notions of w-potential

(5) Vi = (IT) ()
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and capacity

(6) Cap, E = inf{/f2 dr: £>0, (If)(a)>1, ac E} EcT

Given two Borel measures p,v > 0 on Td we define their mutual energy to be

(7) Ealiv)i= | iy = [ V=3 (I p)(@)Iv) (@)m(a) = (I TV) pagran,
s o aeT?

the last two equalities following from Tonelli’s theorem. When p = v we write E;[u] instead, and we call it

. d . . e
the energy of p. Given a Borel set £ C T there exists a uniquely defined equilibrium measure pg > 0 that
generates the minimizer in (@, so that

Cap, E = / (I j)? dr = Exlp) = pio(E)
Td

(see [I]). If E is a compact set, then one also has supp ug C E.

Another way to look at the d-tree (which is more convenient and tangible) is the dyadic rectangle rep-
resentation. It is well known that a dyadic tree can be interpreted as a collection of dyadic subintervals of
some basic interval (say, [0,1]), with a natural order given by inclusion. This approach is not without its
own problems though, since 9T and [0, 1] do not have a one-to-one correspondence — dyadic-rational points
can be images of two different elements of 9T. This obstacle however is is not relevant in the context of
the potential theory we have developed, since the measures we are working with do not distinguish these
points. In other words, if the measure has finite energy for an appropriate choice of weight m, its total mass
on the non-injective set is zero, see Lemma That means that for every point a € T there exists a
unique dyadic rectangle R, = H?Zl[kﬂ_”ﬂ', (kj +1)277] € [0,1]¢ with n; > 0 and 0 < k; < 2" — 1, and
vice-versa, every such dyadic rectangle corresponds to a point o € T'¢. In the same way, the distinguished
boundary can be roughly viewed as the unit cube [0, 1]¢ (again, the problematic points are not seen by finite
energy measures). The rest of 7% is visualized similarly.

This representation makes it clear that a d-tree (for d > 2) is not a tree, since, for instance, every point
has several geodesics connecting it to the root (o1, ...,04), and T¢ has a lot of cycles. This has been a serious
obstruction to developing a bi-parameter theory, at least since the pioneering work of Jessen, Marcinkievicz,
and Zygmung [9]. However T? still has some structural properties inherited from the geometry of T', in
particular it does not have any directed cycles. This allows us to salvage some of the arguments used in
one-dimensional case.

As usual, we write A < B if there exists a constant C' (that depends only on d, 7, and whose value may
change from line to line) such that A < CB, and A=~ B, if A< B and B < A.

3. PROPERTIES OF POTENTIALS AND STANDARD POLYNOMIAL WEIGHTS

3.1. Basic properties of potentials and capacities. We call 7 a product weight, if 7(8) = H?:l i (85),
where 7; is a weight on T}.

Lemma 3.1 Assume 7 is bounded away from zero. Then the following properties hold:

(1) If u > 0 is a Borel measure on (9T) with finite energy, then u({w;} x 15z 0Tk) = 0 for any
OJjE@Tj, 1§j§d
(2) Assume m is a product weight. Let E C Td be a Borel set. Define E; C Tj to be its coordinate

projections, i.e. oy € Ej, if there exist points oy, € Ty, k # j such that (o, .. ., aj,...,0q) =a € E.
Then
d
(8) Cap, E < H Cap,, Ej.
j=1

In particular, if E is a product set, E = FE1 X --- X Eg4, then we have equality in .
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(3) Let E be a Borel subset Ode and 1 > 0 be a Borel measure on T such that Exlp] <00 and V4 <1
g.a.e. on E. Then Cap, E > u(E).

(4) Let E be a Borel subset of T and i > 0 be a Borel measure on T with finite mass such that
i(E) = Exlu]. Then Cap, E > u(E).

Proof. Property . Assume j = 1 and p({w1} X szz 0Ty) = € > 0 for some wy; € 9T;. Then we

immediately have (I*v)(aq,02,...,04) > € for any a; > wy, and
Exlp] = Z ('v)* (@) (a) > Z (T'v)* (a1, 02, ..., 00)T(a1, 02, . . ., 04) = 00,
aeTd a1 >w

since m > 1 (actually that is the only thing we need from the weight here).
Property @ For every 1 < j < dlet f; be some admissible for E; function (so that 35, f;(8;)7;(8) >
1 for every o; € E;). Define

d
=[] £ BeT™
j=1

Since 7 = []¢

=1 Tj, we clearly have

d
e =] f(B)m(8))
B>a Jj=18>a;

=d . - d . d
forany o € T". Therefore f is admissible for [[;_, E;. In the same fashion, ||f||%2(Td7d7r) == Hfj||2L2(T~,d7rj)7
hence Cap, (H?Zl Ej) < H =1 Cap,r 5, and follows immediately. In particular, the product of sets

having null capacity, has null capacity as well.
To get the equality for product sets we turn to the dual definition of capacity:

Cap,., = sup{p;(E;)* : suppp; C Ej, Ex ;] < 1}
Now let u; be some admissible (in the sense above) measure for E;. Define p to be the usual extension of

H?Zl uj to T As before, for any « € T one has

OEDMURICLEED Oy B /Z s (T)dn(r) =

B B>a
(D>

d
)= / JY Ay X wG ). dualr) =[] V2
T T i
In particular, we observe that E[u] = szl Ex, (1], hence m-energy of p is less than 1. Combined with the

B>aNT d B1>a1 AT B1>aqgATq
J

fact that supp u C H;l:l E; we obtain Cap, (szl Ej) > H?=1 Cap, Ej
Property[4  Define, as usual, the restricted measure p|g by p|g(F) := p(E(F), and let pg be the
equilibrium measure of E. Clearly, &;[ug] < oo, and yHE < V4. We have

e-lule) = [, Vee dule < [ V% dls = Exlup. el
since VEE > 1 g.a.e. on E. Hence, by positivity of the energy integral,
() = uli(B) = [, dule < Exlup, i) < Exlpe] = Cap
Property[f, Let ug be the equilibrium measure of E. Clearly
Enlpim, 1) = /Td VEE dp > p(E) > Exlu).

By positivity of energy integral it follows that Cap, F = E;[ug] > ExuE, 1.
[
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3.2. Standard polynomial weights and capacity of the boundary. From now on we are restricting
ourselves to a special class of weights — the so-called standard polynomial weights, where 7;(3;) = 2334 (B;)
for some 0 < s; < 1. This class is connected to the discrete representation of weighted Dirichlet space on the

polydisc, i.e. space of analytic functions f on D9, f(z) = D arag>0 fla,. .. aq)z" ... zy", which satisfy
that
Z |flay, ... aq)P(ag + 1) 750 e n (ag+ 1)1 < +o0.
al,...,aqd

In this case there is a natural way to push down a measure p defined on the whole d-tree to its distinguished
boundary (9T)¢.

To do that we first need to define an analogue of Lebesgue measure on (97)%. We start with a dyadic
tree T'. For any point aw € T' we put

M(8S()) := 27 dr(@)H1

to be the ’length’ of a ’dyadic interval’ on 0T. We see that M can be extended to a Borel measure on 9T
satisfying the property above (also, clearly, it has no mass on singletons). Since M is finite, there exists a
unique Borel measure M,z on (OT)¢ such that

Ma(S(a)(YOT)!) = [T M (2S(ay))
(observe that Mq({w;} X [, Tk) = 0 for any 1 < j < d and w; € 9T}). Suppose now p > 0 is a Borel
measure on Td with finite energy. It is tedious, but elementary, Verifying that the formula

(9) dﬂb(wla"'awd) = Z Z Z H eD D 5’ H dM w]

DC{1,...,d} jED B;>w;

where 7(D, f,w); = p;, if j € D, and 7(D, B, w); = w; otherwise, defines a measure y;, supported on
the (0T)%. Roughly speaking, here we take the mass u(f) and distribute it uniformly over dS(f), the
distinguished boundary part of z we leave as it is, and we do a mixed distribution on the rest of 9T

Theorem 3.1 The potentials of p and up are equivalent,
(10) Vi (@) ~ Vi (a), aeT"
Proof of Theorem

Given o, 8 € T define dr(a A B) =3 sanp (7). Since Vi = f(aT)d d-(¢ AN w)dup, we want to compare
the values of d(a A ), and the average of d, taken over the boundary projections of a and g.

Lemma 3.2 One has

(11) do(a A B) ~ 1

Ma(0S (@) Ma(0S (B /m) /W) (6 A w)dMa(€) dMy(w)

(dx is almost a martingale with respect to the measure M ).

Proof. Due to multiplicativity it is enough to prove that, say,

1
dm (1 A 1) ~ M(0S(a1))M(9S(B1)) /aS(al /88(61 m (G AWM (&) dM ().

If & < oy and wy < By, then dy, (& Awyp) > dr, (a1 A By), hence
1

dry (&1 N dM dM .

M(98(a1)) M (0S(B)) /aS(al /as g 61 Aol (a) A )

To get the reverse inequality we first show that for any 8; € T} and 7, € T we have

1
m /85(51) dry (11 Awr) dM (w1) S diry (11 A B1).

If ;4 > (1 or these two points are not comparable, then, clearly, dn, (71 A 1) = dx, (11 Awr) for wy < fy,
and is trivial. Hence from now on we assume that 7 < f;. First we note that since 7 is a standard

dr, (@1 A B1) <

(12)
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polynomial weight, one has d, (7) & dr(7), if s1dr(v) <1, and dr, (y) = %251@(7), if s1dr(vy) > 1, for any
v €T;. Let n:=dp(B1) and N := dy(1;). For every n < k < N there exists exactly one point 7 € T} such
that 71 <y < 1, and dr(yx) = k (in particular 3, = 81, yv = 71). Define

Sk:aS(’yk)\aS(’yk+1)7 nSk‘SN—l,

and
SN = 88(7'1)

If wy € Sk, then, clearly, dr, (11 Awy) =~ i?slk for k > i7 and dn, (11 A w1) = k otherwise. Moreover,
these sets are disjoint and form a covering of 0S(3;). Also M(Sy) = 27% —27%"1 n <k < N -1 and
M(Sy) =27, We have

M(aé‘(ﬁl)) /aswl) (T o) M () =
odr (B1) Z/ o (71 Awp) dM (w1) = 27 [211:] k- M(Sy)+ Lon XN: 251k M(S)) <
k=n 51
(o [])
[ | ] N o 10
2”2]{}2 k —2” %:{ ])2 k(1 51)§ 1_Sldﬂ_1(7-1/\ﬁ1)7
k=max(n, %

and we arrive at . It follows immediately that

1
M(0S(1))M(0S(B1)) /BS(al) /88([31) o (61 Awi) dM(§1) dM (wr) <

10 1 100
30 TS 8 AOME) = [ a0,

n
=d
We proceed with the proof of Theorem Fix any point o € T". We have

V/Lb /8 HdﬂJ Q; /\OJJ d,ub(wl,..., )
T)d

Consider the first term (the one corresponding to the values of y on 7'%) in the expression for du,. By
Tonelli’s theorem and Lemma [3.2] one has

/ Hd,r] a]/\w])ZdeM(wl)...dM(wd):
(974 5 - ;
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Similarly, if we take one of the mixed terms in @D, say with D = {2,3,...,d}, we obtain
d

/(a) [ dn; (s ney) Z > dMM’BQw”,Bd)dM(wz)mdM(Wd)Z
Td

j=1 j=2 Bj>w; H] zM( (/Bj))

Z Z / dr, (1 Awr)dp(wi, Ba, . . -, Ba) - H( 5.)) /.5(13 )dﬂj(aj/\wj)dM(wj)> ~

j=2 p;eT; 79T =2

d
S5 [ e e Il (0 7B o) = [ dx (o A7) du(7).

J=2 B;€T; o1 Ty X T XX Ty

The rest of the terms are done in the same way.
We arrive at

Vit(e) =

i i Q5 Wi d/-l( w %
D SED S D | AT | EEAC >HEDM88@ IT ot

0T pey,...,d} jED B;>w; jED je{l,...d)\D

Z / Mo TxTLers dr(a A7) dp(T) = /Tddﬂ(awdum:wa),

DcA{1,..

here the Cartesmn product is taken according to the order of indices. B

Corollary 3.1 Given a compact set & C 7 define its boundary projection Sy(E) C (9T)? to be

= Josp

BEE

Then there exists a constant C > 1 depending only on d and w such that
(13) Cap, Sp(F) < Cap, F < C Cap, Sp(E).

Proof. The left inequality is trivial, since any function admissible for F is also admissible for S,(F).
Now let u and v be the equilibrium measures for £ and Sy(E) respectively By definition of

i e T . D -

d
T) pcqL,...,d} j€D B;>w; L1i€D

dp(r(
2 ZZ/ <~>/H aTkH]eDMf')Sﬂj Hde]

Dc{1,....d} jeD B; €T} H_]ED ke{l,...,d}\D

> / () = [ do du(r) = .
[iep TixIlieq,..., T

Dc{1,...,

By Theorem [3.1] and equ1hbrium property

ol =l = [ idn [ vedps [ v,
T T T

On the other hand, for every C' € R we have
0< / VE dpty, — 20/ VY duy + (12/ VY dv < / VE dpy, — 2C || + C? ||,
T T T T

since v is equilibrium for Sy(EF) and V¥ > 1 q.a.e. on Sp(E) D supp . Hence, if we take C' to be large
enough, we obtain

0< [,V dy — Clan] + € (Cl| ~ ) < € (Clo] = ).
T
Therefore
C Cap Sy(E) = Clv| > || = |p| = Cap E,
and we get the second half of . ]
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Note that the condition s; < 1 imposed on the standard polynomial weights is essential. Indeed, in the
proof of Lemma one can see, that if s; > 1 for some j, then the capacity of 97 (and hence of (9T)%)
becomes zero. In this case we basically leave the domain of weighted graph Dirichlet spaces and move to
Hardy spaces, for which the capacity is a much less convenient instrument. Also, since 7 is uniform, the
equilibrium measure of the distinguished boundary (97)% is actually CMy with C' = C(d, 7).

4. HARDY INEQUALITY ON d-TREE AND PROPERTIES OF TRACE MEASURES

Assume p > 0 is a Borel measure on the Td, and f > 0 is a function on 7¢. The multilinear weighted
Hardy inequality is

(14) Lapran<c S @) = 151 any
T a€eTd

for some constant C' > 0. A measure p is called a trace measure for Hardy inequality, if holds for
any f > 0 with constant C' = C,, depending only on 4 (and of course on the weight 7 and dimension d).
There is a vast amount of literature on various types of trace inequalities of the form above (see e.g. [1],
[10], [11] and references therein). Trace inequalities appear in complex analysis in connection to multipliers,
interpolating sequences, imbedding theorems, Hankel operators, etcetera. They also naturally appear in
Sobolev space theory, in the theory of semilinear differential equations, and in many other chapters of PDEs.
Here we mostly aim to concentrate on this particular discrete version and investigate the relationship between
different necessary and sufficient conditions.

Inequality means that the operator I is bounded when acting from L?(T?, dr) to Lz(Td, du). Equiv-
alently, the adjoint operator, which we denote by I}, is bounded;

(15) 1501327, amy < CllgI2 e
for any p-measurable g > 0 on T, Since

Loty = [ 000 I BB dte) = [ le) 3 s (@) (B)m(5) difo) =

B>a BETH

3 /S N CIZONCLES

BeTd

we clearly have

Lige) = [ gdn.
S(a)

Another reason to consider this inequality is to study the connection between Hardy inequality on d-tree
and Carleson embedding for weighted Dirichlet-type spaces on the polydisc, which has been well established
in [6], [7] for d = 1, and, recently, in [4] for d = 2 and = = 1 (unweighted case).

We start with the dual inequality . Let p# > 0 be a Borel measure on d-tree with finite energy, and
assume for simplicity that supp u C (T)? (one can pass to general case by careful application of Theorem
above). A set E C (OT)? is called rectangular, if E is a union of finite collection of 'dyadic rectangles’
on (8T)%, in other words there exists a collection of points {a/}}L, such that

N

E=]oas().

j=1

Now fix such a set E and let g := xp, plugging g into we obtain

</$a XE du>27r(a) =C, Z (/i (55(oz)ﬂE))27r(a).

[ xe i = B 2 CulGxe o, any = O
aeTd

a€eT?
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Using the dyadic rectangle interpretation from the end of Section we can rewrite this inequality as

(16) w(E)zC, Z ] (Q ﬂ E)2 m(Q), for any rectangular E,
Q

where Q = Q, = 0S(a) is the uniquely defined 'dyadic rectangle’ representing a point a € T¢, and
m(Qq) := w(«). Clearly, the expression on the right-hand side of is just m-energy of p restricted on the
set E, we call this inequality global charge-energy condition. Moreover, if we only consider those rectangles
Q that are inside F, we obtain

(17) wE)zC, Z w(@Q)?m(Q), for any rectangular E,
QCE

this one is called local charge-energy condition (the reasoning being that the right hand side can be viewed
as a ’local’ m-energy of u on the set E).

One of the questions we are interested in is whether one of these necessary conditions is also sufficient for
. We start with the global charge-energy condition. By Property [4| from Lemma one has

Cap, E 2 C,u(E), for any rectangular F,

that is, p is a subcapacitary measure. In [4] it was shown (for d = 2 and unweighted case) that subcapacitary
property indeed implies the trace condition . Note that the subcapacitary condition should hold for any
rectangular set F; if u(E) < Cap,. E only for some particular set E, it does not necessarily imply for
that set.

Consider now the weaker local charge-energy condition (I7)). In [2], [3] it was shown that it still is equivalent
to the trace inequality, for d = 2 and 7 = 1. For d = 1 and general 7, a proof can be found in [7]; see also [2]
for Bellman function approach. Here we want to present a slightly different approach, based on the maximal
function inequality.

Theorem 4.1 Assume that Borel measure u > 0, suppu C (0T)9, with finite energy satisfies . Then
the trace inequality follows, if the mazimal function inequality

(18) / g*du z C, (M,g)? dp
(o1)¢ (oT)¢

holds for any g € LQ(Td7 du), where

Jo. 9du —d

(Myug)(B) = sup peT .

B<LaeT N(Qa) ’

Proof. Fix a function g € LQ(Td, dp), some k € Z and consider the set Ey, := {w € (9T)%: (M,g)(w) >
2F}. Clearly there exists a sequence {a; }32, such that Ej, = Uj’;l dS(ay,). Approximating Ej, by rectangular

sets B} = U?:1 oS (ai) we see that local charge-energy condition implies
wED) 2 Cu Y w(@)Pr(Q), kel
QCEy
By distribution function argument and maximal function inequality we have

o 2dp > M,9)?dp ~ 22k (B, > 92k 2 >
g /@T)d" "~/(8T)d< wo)?dum Yy 2 u(Er) 2y 2 Y plQ)P(Q) 2

keZ kEZ QCE

Y (Mg (B)*(Qs)m(Qs),

BeT?
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since Jyez Ex = (0T)%. On the other hand,

d 2 d 2
S (Mg (B (@e)n(@s) = 3 <sup fQ”) REHECHEDS (f‘?“) 12(Qe)m(Qp) >

BET? BeT? BLa M(Qa) Ber? ,LL(QB)
2

5 (o) (@)= ol

[3€T2 QB

We are done. m

For d = 1 this proposition solves the problem, since the maximal function operator is obviously bounded.
In higher dimensions fails for some measures; due to presence of cycles in 7%, several rectangles can
have non-trivial intersection. However the counterexamples to (|18) that we are aware of are of rather
non-subcapacitary nature, that is, all of them also fail to satisfy . Therefore one can ask whether the
local charge-energy inequality can be transformed into some sufficient conditions for the maximal function
inequality. This might not be straightforward, since (17) and scale differently.

Another question is connected to the nature of the rectangular sets on which we test the trace inequality.
In the one-dimensional case it is sufficient that holds for all single rectangles (dyadic intervals). One
would expect that a single box test, for rectangles, is no longer sufficient when d > 2. One might
compare with the description of Carleson measures for the Hardy space on the bidisc [8], but note we have
been discussing the dual inequality of the Hardy inequality . The single box test for is just a
subcapacitary condition, and it fails to be sufficient already for d = 1, since, generally, capacity is not
additive. In particular, the single box test for on an unweighted dyadic tree asks that u(Q) < —2

~ Iogﬁ'

However, if we ask a little bit more from this single box test, we can obtain sufficient conditions for p to
satisfy the trace inequalities and .

Proposition 4.1 Let © be a standard polynomial weight, and o : [0,2]7 — R, be a function, increasing in
each variable, such that

Lp(tl, R ,td)
19 —— ity ...dtg < +o0.
(19) /[0,2]‘1 t}ﬂl ti“”’ ' ‘

Then, if u > 0 is a Borel measure on (OT)? satisfying

(20) 1#(Qa) < e(M(Qa, ), - - -, M(Qay,)),
for any a = (a1, ...,aq) € T, then u is a trace measure for Hardy inequality .

Proof. First we show that implies that V£ (w) < 1 for any w € (9T)%. The weight 7 is uniform,
in particular, it (along with the estimate ) depends only on generation numbers of 3, and not on the
location of 8 within T%. Therefore it is enough to show the boundedness of potential only for one point, say
w=(0,...,0) (i-e. the point that corresponds to the leftmost geodesic taken on each tree Tj, j=1,...,d).
For any multiindex n = (n1,...,nq) C N there exists a unique point 3(n) > w with those exact generation
numbers (i.e. d(B;(n)) =n; and M(Qp,(n)) = 27"7), hence

Vi) = 3 m(@e)m(Qe) < Y p(2m,. . 2 megsimtsana < / plhta) gy,
[0,1]

1451 1+sq
pw nend @by tq

It follows immediately that for any g € LQ(Td, du) one has

2
TN Z e, amy = D (/Qagdu> Q) < > /Qa 9% dp - 1(Qa)T(Qa) <

aeT? aeTd

/m)d > w(Qa)™(Qa)g*(w) du(w) < Cy, P du.

a>w
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