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Abstract

An operator A on an [P-space is called band-dominated if it can be approximated, in the
operator norm, by operators with a banded matrix representation. The coset of A in the Calkin
algebra determines, for example, the Fredholmness of A, the Fredholm index, the essential
spectrum, the essential norm and the so-called essential pseudospectrum of A. This coset can
be identified with the collection of all so-called limit operators of A. It is known that this
identification preserves invertibility (hence spectra). We now show that it also preserves norms
and in particular resolvent norms (hence pseudospectra). In fact we work with a generalization
of the ideal of compact operators, so-called P-compact operators, allowing for a more flexible
framework that naturally extends to (P-spaces with p € {1, 00} and/or vector-valued [P-spaces.
AMS subject classification: 47A53; 47B07, 46E40, 47B36, 47180, 65J10.

Keywords: Fredholm theory; Essential spectrum; Pseudospectra; Limit operator; Band-
dominated operator.

1 Introduction

This first section comes as a rough guide to this paper. Proper definitions and theorems are given
in later sections.

We study bounded linear operators on a Banach space X. Most of the time, X is an I? sequence
space with 1 < p < oo, index set ZY and values in another Banach space X, so that an operator
on X = [P(ZN, X) can be identified, in a natural way, with an infinite matrix (a;;) with indices
i,j € Z" and all a;; being operators X — X.

For such an operator A on X, write A € Ko(X,P) if its matrix (a;;) has finite support (i.e.
only finitely many nonzero entries), and write A € Ay(X) if its matrix is a band matrix (i.e. it
has only finitely many nonzero diagonals). Clearly, A(X) is an algebra containing Ko(X,P) as a
(two-sided) ideal. Denote the closure, in the X — X operator norm, of A(X) by A(X) and the
closure of Ko(X,P) by K(X,P). Then A(X) is a Banach algebra containing (X, P) as a closed
ideall.
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Operators in A(X) are called band-dominated operators. The ideal (X, P) is a generalization
of the set of compact operators: If dim X < oo then K(X,P) coincides with the set K(X) of all
compact operators on X (except in the somewhat pathological cases p = 1 and p = 00); otherwise
it does not — as already Ko(X,P) contains non-compact operators. Recall that K(X) is a closed
ideal in the algebra £(X) of all bounded linear operators X — X.

For A € A(X), the coset

A+ K(X,P) in the quotient algebra A(X)/K(X, P) (1.1)

is of interest. If K£(X,P) = K(X) then the quotient norm of (1.1) is the usual essential norm of
A, the spectrum of (1.1) is the essential spectrum of A, and the invertibility of (1.1) corresponds
to A being a Fredholm operator (i.e. having a finite-dimensional kernel and a finite-codimensional
range). In the general case one gets generalized versions of these quantities and properties.

In either case, the coset (1.1) is an interesting but complicated object. Our strategy for its study
is a localization technique that replaces this one complicated object by a family of many simpler
objects. The key observation is that, by the definition of the ideal (X, P), the coset (1.1) depends
only (and exactly) on the asymptotic behaviour of the matrix behind A. This asymptotic behaviour
is extracted as follows: For every k € ZV, let V}, : X — X denote the k-shift operator that maps
(2:)sezn 10 (Yi)iezy With yipr = 24, and then look at the translates V_,AV) of A. The simpler
objects that characterize the coset (1.1) are the partial limits of the family (V_;AVj)rezn of all
translates of A with respect to the so-called P-topology, to be described below, that corresponds to
entry-wise norm convergence of the matrix. More precisely, if h = (hy, ha,...) is a sequence in Z~
with |hy| — oo and V_j, AV}, converges in that topology then we denote the limit by Aj and call
it the limit operator of A with respect to the sequence h. Doing this with all such sequences that
produce a limit operator yields the collection

Oop(A) :={A : h = (h1,ha,...), hy € ZN | |hy| — 00, Ap := P-limV_;, AV}, exists}  (1.2)

of all limit operators — the so-called operator spectrum of A. We have used sequences h to address
our partial limits of (V_, AV} )pez~. The same set (1.2) can also be constructed as follows ([31],[40]):
Extend the mapping ¢4 : k € ZN — V_, AV, € A(X) P-continuously to the (Stone-Cech) boundary
OZN of ZN. Then (1.2) exactly collects the values of ¢4 on 9Z". Enumerating the set (1.2) via
OZN (rather than via the set of all sequences h in ZY for which A exists) has the benefit that
the index set 0Z" is independent of A, so that two instances of (1.2) can be added or multiplied
elementwise. Under these operations, the map A — @algzy = (1.2) turns out to be an algebra
homomorphism. Now the crucial point is that (X, P) is exactly the kernel of that homomorphism
A+ (1.2), whence (1.1) = (1.2) is a well-defined algebra isomorphism?. In short: The set (1.2)
nicely reflects the coset (1.1). Actually, besides A € A(X), there is one technical condition to make
this identification between the coset (1.1) and the set (1.2) work: To make sure that (1.2) is large
enough, we have to assume that {V_j, AV}, : k € ZV} has a sequential compactness property, namely
that every sequence h in ZY with |h,| — oo has a subsequence g for which the P-limit A, exists, in
which case we call A a rich operator (in the sense that (1.2) is rich enough to reflect all® of (1.1)).

2To oversimplify matters, think of continuous functions f on a compact set D. Then the subspace (actually the
ideal) Co(D) of continuous functions with zero boundary values is the kernel of the algebra homomorphism f +— f|sp,
whence the coset of f modulo Cy(D) can be identified with f|sp, by the fundamental homomorphism theorem.

31n fact, the map A +— oop(A) = (1.2) sends some operators A € A(X) to @. For some other A € A(X), limit
operators exist in one “direction” but not in another. Some of the latter A are not in (X, P) but have oop(A) = {0},
such as our first example in Remark 3.6. These problems are eliminated by imposing existence of sufficiently many
limit operators, i.e. richness of A.



This identification between the objects (1.1) and (1.2) for a rich operator A € A(X) is at the
core of the limit operator method. Here are some of its consequences:

(i) The main theorem on limit operators [27, 28, 17, 20| says that (1.1) is invertible (so that A
is a generalized Fredholm operator) iff every element of (1.2) is invertible.

(ii) Expressing this in the language of spectra, we get that

sPess(A) = sp(4n), (1.3)
Ay, E0op (A)

where sp,..(A) denotes the spectrum of the coset (1.1), the so-called P-essential spectrum of
A, and sp(Ap,) denotes the usual spectrum of Ay, as an element of £(X).

(iii) In addition to (i), the inverse* of (1.1) corresponds to the elementwise inverse? of (1.2), by
[33, Theorem 16].

(iv) In the current paper we show that the norm of (1.1) equals® the supremum (in fact maximum)
norm of (1.2). We refer to the norm of (1.1) as the essential norm of A.

(v) By a combination of (iii) and (iv), one derives

A=A+ KX, P~ = max |[(An = AD)7 (1.4)

An€oop(A)

for all A € C, which is an equality between corresponding resolvent norms in (1.1) and (1.2).
This in turn proves the following pseudospectral version of (1.3)

Spa,ess(A) = U SPe (Ah), e > 0. (15)
Ap€oop(A)

Here sp, .. (A) is the set of all A € C for which the left-hand side of (1.4) is greater than 1,
and sp.(Ay,) is the usual pseudospectrum of A, that we will discuss in a minute. We will see
that sp. .. (A) is the pseudospectrum, in the same sense, of the coset (1.1); it will henceforth
be referred to as the essential pseudospectrum of A.

Here is an important superset of the spectrum: For an operator A € L£(X) or, more generally,
an element a in a Banach algebra B with unit e, it is sometimes a more sensible question to ask
whether the inverse of a — Ae is large in norm, possibly non-existent, rather than just to ask for the
latter. So one defines the e-pseudospectrum of a by

1
spe(a) := {)\EC:|(a—)\e)_1||>g}, e >0,

where we say ||b~ || := oo if b is non-invertible, so that sp(a) C sp-(a). This defines both sp.(A)
as the pseudospectrum of an operator A in B = £(X) and sp, . (A) as the pseudospectrum of a

4Remarkably, this inverse coset, resp. set of inverses, is again a subset of A(X), by [28, Propositions 2.1.8 and
2.1.9] (we recall this in Theorem 2.5 below).

5Note that in the case X = 12(ZN, X) with a Hilbert space X, £(X) and A(X) are C*-algebras, so that this
equality of norms is a simple consequence of (i) since C*-homomorphisms that preserve invertibility do also preserve
norms. In the general case such elegant arguments are not available anymore.



coset (1.1) in the quotient algebra B = A(X)/K(X,P). For A € £(X) there is the remarkable
coincidence (see e.g. [4, Theorem 7.4])

spe(A4) = U sp(A+T) (1.6)

17| <e

for all € > 0, showing that sp.(A) exactly measures the sensitivity of sp(A) with respect to additive
perturbations of A by operators T € L£(X) of norm less than . For normal operators A on
Hilbert space, sp:(A) is exactly the e-neighbourhood of sp(A). In general it can be much larger.
Pseudospectra are interesting objects by themselves since they carry more information than spectra
(e.g. about transient instead of just asymptotic behaviour of dynamical systems). Also, they have
better convergence and approximation properties than spectra (spe(A) depends continuously on A
— unlike sp(A)). Still, the e-pseudospectra approximate the spectrum as ¢ — 0.

On the other hand, there is the (P-)essential spectrum sp,.(A). This set is robust under
(P-)compact perturbations, enabling its study by means of limit operators via (1.3).

The essential pseudospectrum, spg)ess(A), nicely blends these properties of essential and pseu-
dospectra: We have already mentioned that it inherits an e-version, (1.5), of (1.3). We will also
show that there is an essential version of (1.6), that is

sps,css(A) = U Spcss(A + T) (17)
1Tl <e

for all ¢ > 0, where the perturbations 7' come from A(X). So in this new setting, the different
properties (1.3) and (1.6) both generalize and meet in one place.

Besides these aesthetical aspects, our argument for the study of sp, . (A) is as follows: When
SPess(A4) is of interest, the problem with formula (1.3) is the computation of all limit operators
Ap, and then of their spectra sp(Ap). It appears more feasible, from a numerical perspective, to
compute the pseudospectra sp.(Ap) for small values of ¢, then derive sp, .. (A) by (1.5) and finally
use that the closure of sp, .. (A) tends to spe(A) in Hausdorff metric as ¢ — 0.

Previous work The story of limit operators probably began in the late 1920’s in Favard’s pa-
per [9] for studying ODEs with almost-periodic coefficients. It continued in the work of Muhamadiev
[22, 23, 24, 25] and was later followed by Lange and Rabinovich [16], who were the first to consider
Fredholmness for the generic class of band-dominated operators. In the last 20 years, major work
was done by Rabinovich, Roch, Roe and Silbermann [27, 28, 26] with recent contributions by some
of the authors and Chandler-Wilde [17, 7, 34, 33, 20]. A detailed review of this history is, for exam-
ple, in the introduction of [7]. A comprehensive presentation of these results, further achievements
and applications e.g. to convolution and pseudo-differential operators, as well as the required tools,
can be found in the 2004 book [28] of Rabinovich, Roch and Silbermann. This literature shows
that the list of parallels between the items (1.1) and (1.2) is actually longer than our list (i)—(v).
For example, in [26] it is shown for the case X = [?(Z!,C) that the Fredholm index of A can be
recovered from two fairly arbitrary elements of (1.2).

Apart from the theory of limit operators, there is of course a vast amount of literature on spectral
theory. Particularly related is the work of Trefethen, Embree and others (see [41] and references
therein) on pseudospectra. We probably have to mention [1, 2], where essential pseudospectra have
been defined.



Summary of contents In Section 2 we summarize the main definitions and previously known
results including (i), (ii) and (iii) from above. Section 3 is devoted to the proof of (iv). It is
then straightforward to conclude (v). Section 4 introduces and gives basic results about essential
pseudospectra. Section 5 turns the attention to the so-called lower norm v(B) of an operator B,
which is the infimum of ||Bz| over all  with |z|| = 1. While the norm ||[B~!|| of the inverse (if
existent), as in the right-hand side of (1.4), can be expressed as 1/v(B), it is the subject of Section 5
to characterize (or at least bound) also the essential norm of the resolvent on the left-hand side
of (1.4) by means of lower norms, without explicit reference to limit operators — thereby giving
different approaches to the computation of the essential pseudospectrum (or to upper and lower
bounds on it). In Section 6 we discuss an application of our results in the context of approximation
methods. For reasons of numerical viability, an operator A € A(X) is usually approximated by
finite-dimensional operators A,,, hoping that their inverses A, ! will exist and approximate A1,
provided the latter exists. The key question here is about the stability of the sequence (A, )nen —
and that can be translated into the language of P-Fredholmness of an associated operator. Here our
previous results yield new quantitative insights, in particular (partial) limits of the norms || A4, |
and the condition numbers k(A,,).

2 Definitions and known results

In this section we give the relevant definitions and state corresponding theorems about what has
been known, including points (i), (ii) and (iii) from the introduction.

Banach spaces and projections Throughout this paper Y denotes a complex Banach space.
On Y we look at a sequence P = (P,),en of projections P,, with the properties

(P1) Py = PyPoy1 = Py Py and || Pyl = [|Qn|| = 1 for all n € N, where Q,, := I — Py;
(P2) Cp :=supyey || 2 oper (Pat1 — Pn)|| < oo with the supremum taken over all finite sets U C N.

Then P is a so-called uniform approximate projection in the sense of [28, 36, 34]. If additionally
(P3) sup,en |Pox|| > ||z| for all z € Y

then P is said to be a uniform approximate identity. Note that the dual sequence P* = (P) then
also has the corresponding properties (P1) and (P2) on the dual space Y* but not necessarily (P3).

However, in large parts we consider the more particular situation of a (generalized) sequence
space X = [P(ZV,X) with parameters p € {0} U [l,00], N € N and a complex Banach space
X. These (generalized) sequences are of the form x = (x;);czy with all z; € X. The spaces are
equipped with the usual p-norm. In our notation, [°(Z", X) stands for the closure in I*(Z", X)
of the set of all sequences (z;);czv with finite support. In the context of these sequence spaces
X, P = (P,) shall always be the sequence of the canonical projections® P, := X{-n,...ny~ 1 which
obviously forms a uniform approximate identity on X.

Notice that this variety of spaces X = [P(Z", X) in particular covers the spaces L?(R") by the
natural isometric identification of a function in LP(RY) with the sequence of its restrictions to the
hypercubes i + [0, 1] with i € ZV (saying that LP(RY) =2 P(ZN, LP([0,1]™))).

6Here and in what follows we write xas : Z¥ — {0, 1} for the characteristic function of M C Z¥ | that is x s (k) = 1
if k € M and = 0 otherwise.



Operators and convergence The following definitions and results are taken from e.g. [28,
17, 33|. Starting with a Banach space Y and a uniform approximate projection P = (P, ), one says
that a bounded linear operator K on Y is P-compact if

(I =P)K|+||[K(I—-P,)|]| =0 as n— . (2.1)

The set” of all P-compact operators is denoted by K(Y,P). Unlike the set X(Y) of all compact
operators on Y, K(Y,P) is in general not an ideal in £(Y). So we introduce the following subset
of L(Y):
LY,P)={Aec L(Y): AK, KA e K(Y,P) for all K € K(Y,P)}.

Now L(Y,P) forms a closed subalgebra of £(Y) containing K(Y,P) as a closed two-sided ideal.

Generalizing usual Fredholmness and the essential spectrum, one now studies invertibility mod-
ulo £(Y,P): An operator A € L(Y) is said to be invertible at infinity if there is a so-called
P-regularizer B € L£(Y) such that AB — I and BA — I are P-compact. Similarly, A € L(Y,P) is
called P-Fredholm if the coset A+ K(Y,P) is invertible in the quotient algebra £(Y,P)/K(Y,P).
For A € L(Y,P), the P-essential spectrum sp,.(A) is then the set of all A € C for which A — A\
is not P-Fredholm.

Theorem 2.1. (/36, Theorem 1.16])
An operator A € L(Y,P) is P-Fredholm if and only if it is invertible at infinity. In this case every
P-regularizer of A belongs to L(Y,P). Particularly, L(Y,P) is inverse closed in L(Y).

Finally, if P is a uniform approximate identity, say that a sequence (A4,) C L(Y) converges
P-strongly to an operator A € L(Y) if

|K (A, —A)||+]|(A4, —A)K|| -0 as n— o0 (2.2)

for every K € K(Y,P). We shortly write A,, = A or A = P-lim A,, in that case. Note that (2.1)
and (2.2) immediately imply® P, = I. By [17, Theorem 1.65], A,, 2> A is equivalent to the sequence
(A;) being bounded and

[P (A — A+ |[(Ay — AP =0 as n— oo
for every m € N. Also note [28, Prop. 1.1.17] that for the P-limit A one has
Ae L(Y,P) and |A]l < liminf || A, || (2.3)

if all A, are in L(Y,P).
‘P-compactness determines the notions of P-convergence and P-Fredholmness just like compact-
ness does with strong convergence and the usual Fredholmness [28, Section 1.1].

Remark 2.2. For Y = X =[?(Z", X), one has K(X,P) D K(X) if p € (1, 00), whereas K(X,P) C
K(X) if dim X < oo. So for p € (1,00) and dim X < oo, the P-notions coincide with the classical
ones: K(X,P) = K(X), L(X,P) = L(X), an operator is P-Fredholm if and only if it is Fredholm,
and a sequence (A4,,) converges P-strongly to A if and only if A,, — A and A} — A* strongly.

"This set is the closure (in £(Y)) of the set Ko(Y,P) of all K € L(Y) for which ||(I — P,)K|| + || K(I — P,)|| =0
for all sufficiently large n. Ko(Y,P) corresponds to matrices with finite support if Y = X = lp(ZN, X).
81t becomes clear that (Y, P) and 5 are actually tailor-made by (2.1) and (2.2) for this purpose.



The reason for the definition of the P-notions is to extend the well-known concepts, tools and
connections between them in a way that they still apply to relevant operators and sequences in the
cases p € {1,00} and/or dim X = oo. For example, although P, 4 I if p = co and P} A I* if
p =1, one still has P, = I in all cases. Also, each P, is P-compact, although not compact, in case
dim X = oo.

Anyway, on X, the (classical) Fredholm property nicely fits into the generalized P-setting:

Proposition 2.3. [33, Corollary 12]

Let A € L(X,P) be Fredholm. Then A is P-Fredholm and has a generalized inverse B € L(X,P),
i.e. A= ABA and B = BAB. Moreover, A is Fredholm of index zero if and only if there exists an
invertible operator C € L(X,P) and an operator K € (X, P) of finite rank such that A= C+ K.

Equivalent approximate projections If we fix an approximate projection P and an oper-
ator A € L(Y,P), we can always find an equivalent approximate projection that is tailored for A.
This provides noticeable simplifications in many arguments.

Proposition 2.4. (extension of [36, Theorem 1.15])

Let P be a uniform approximate projection on' Y and A € L(Y,P).

Then there exists a sequence P = (F,) of operators that satisfies (P1) and (P2) with Cp < Cp, and
for every n € N there exists m € N such that F,, P,, = P, F,, = F,, as well as P, F,, = F,, P, = P,,
and ||[4, F,]|| = |AF, — F,A| — 0 as n — oo.

If P is a uniform approximate identity, then lim,, ||F,z|| = ||z|| for every x € Y.

Proof. The existence of (F,,) with F,P,, = P, F, = F, and P, F,, = F,,P, = P, as announced,
and ||[A, F,.]|| = ||AF, — F,, A|| = 0 as n — oo was proved in [36, Theorem 1.15]. Actually, for each
n € N, these F,, are of the form (see [36, Equation (1.4)] and the proof there)

1 o 1 n-l 1 n
F, = - Z kPU:szk = - (Z k(PT:Lk+1 - PT:LIC) + nPT?) = - ZPT?
=t k=1 k=1
with certain integers 1 < r" <ry < ... <r]. Thus,

1 & n
L= IRl = 1PF < IE < S 1Pyl = 2 =1
k=1

Similarly, for every n € N there exists m € N such that
1 — n
L=l = Pl = I(Z = Pra)(I = Fu)l| < I = Full < S =Pyl = - =1L
k=1

For F,, = F,Fh,11 = F,41F, and (P2) see again [36, Theorem 1.15|. Finally, since ||F,z| =
| By Pzl < ||Pmz|| and ||Pyx|| = || PrFmz|| < ||Fmz| for m > n we have

sup ||Frz|| = lim || F,z|| = lim || P,z|| = sup || Pnz||
n n n n

for each © € Y. Hence if additionally (P3) is fulfilled then lim, ||F,z| = |z| for every x € Y. O



Band and band-dominated operators Every sequence a = (a,) € [*°(Z", L(X)) gives rise
to an operator al € £(X), a so-called multiplication operator, via the rule (az); = a;z;, i € ZV.
For every o € ZV, we define the shift operator V,, : X — X, (z;) = (zi—a)-

A band operator is a finite sum of the form > aoV,, where a,l are multiplication operators.
In terms of the generalized matrix-vector multiplication

(aij)igezn (2)jezy = Widiezy  With i = > agw;, i € ZV,  where a;; € L(X),
jELN

band operators A act on X = [P(Z", X) via multiplication by band matrices (a;;), that means
a;; = 0 if |i — j| exceeds the so-called band-width of A. Typical examples are discretizations of
differential operators on RY.

In many physical models, however, interaction a;; between data at locations ¢ and j decreases
in a certain way as |i — j| — oo rather than suddenly stop at a prescribed distance of i and j.
An operator is called band-dominated if it is contained in the £(X)-closure, denoted by A(X), of
the set Ao (X) of all band operators . In contrast to Ag(X) (which is an algebra but not closed in
L(X)), the set A(X) is a Banach algebra, for which the inclusions

K(X,P) Cc AX) C L(X,P) C L(X)
hold. In particular, (X, P) is a two-sided closed ideal in A(X).

Theorem 2.5. [28, Propositions 2.1.7 et seq.|

Let A € A(X) be P-Fredholm. Then every P-regularizer of A is band-dominated as well. In
particular, the quotient algebra A(X)/K(X,P) is inverse closed in L(X,P)/K(X,P), and A(X) is
inverse closed in both L(X,P) and L(X).

So for A € A(X), the following are equivalent:

e A is invertible at infinity (i.e. it has a P-regularizer in £(X)),
e A is P-Fredholm (it has a P-regularizer in £(X,P)),
e the coset (1.1) is invertible (A has a P-regularizer in A(X)).

The first studies of particular subclasses of band-dominated operators and their Fredholm prop-
erties were for the case of constant matrix diagonals, that is when the matrix entries a;; only depend
on the difference i — j, so that A is a convolution operator (a.k.a. Laurent or bi-infinite Toeplitz
matrix, the stationary case) [10, 39, 11, 12, 5]. Subsequently, the focus went to more general classes,
such as convergent, periodic and almost periodic matrix diagonals, until at the current point arbi-
trary matrix diagonals can be studied — as long as they are bounded. This possibility is due to the
notion of limit operators that enables evaluation of the asymptotic behavior of an operator A even
for merely bounded diagonals in the matrix (a;;).

Limit operators Say that a sequence h = (h,,) C Z" tends to infinity if |h,,| — 0o as n — cc.
If h = (h,) C Z" tends to infinity and A € £(X,P) then

Ap = P-lim V_;, AV}, ,

n— oo

if it exists, is called the limit operator of A w.r.t. the sequence h. The set (1.2) of all limit operators
of A is its operator spectrum, oop(A).



Proposition 2.6. [28, Proposition 1.2.2] Let A, B € L(X,P) and h = (hy,) C Z" tend to infinity
such that Ay, and By, exist. Then:

e also (A+ B)p, and (AB)), exist, where (A+ B)p, = Ap + B, and (AB), = ApBp;

e if p <00, also (A*)), exists and equals (Ap)*;
o the inequality || Ap|| < ||All holds.

Theorem 2.7. [33, Theorem 16]
Let A € L(X,P) be P-Fredholm. Then all limit operators of A are invertible and their inverses are
uniformly bounded. Moreover, the operator spectrum of every P-reqularizer B of A equals

Oop(B) = {A; 1 1 Ap € 0op(A)}. (2.4)

We say that A € £(X,P) has a rich operator spectrum (or we simply call A a rich operator)
if every sequence h C Z" tending to infinity has a subsequence g C h such that the limit operator
Ay of A wrt. g exists. The set of all rich operators A € L£(X,P) is denoted by Lg(X,P) and
the set of all rich band-dominated operators by Ag(X). Recall from [28, Corollary 2.1.17] that
Ag(X) = A(X) whenever dim X < co. For rich operators we know

Theorem 2.8. [33, Corollary 17]
o The set Lg(X,P) forms a closed subalgebra of L(X,P) and contains K(X,P) as a closed

two-sided ideal.

e FEvery P-regularizer of a rich P-Fredholm operator is rich. Thus, Lg(X,P)/K(X,P) is inverse
closed in L(X,P)/K(X,P) and Ls(X,P) is inverse closed in both L(X,P) and L(X).

In the case of rich band-dominated operators, the picture is most complete:

Theorem 2.9. (/27], [7, Theorem 6.28] and [20])
For an operator A € Ag(X), the following are equivalent:

e A is P-Fredholm,
e all limit operators of A are invertible and their inverses are uniformly bounded,
e all limit operators of A are invertible.

This is result (i) from the introduction. Equality (1.3) from point (ii) follows by replacing A by
A — I in Theorem 2.9, noting that oo, (A — AI) = oop(A) — AI. Furthermore, (iii) is an immediate
consequence of Theorem 2.7.

The lower norm For an operator A between two Banach spaces, we call
v(4) = imf{]|Aa]|: [l2] = 1}

the lower norm of A. For operators on Hilbert space, v(A) is the smallest singular value of A. We
call A bounded below if v(A) > 0. The following properties are well known. A proof can be found
e.g. in [17, Lemmas 2.32, 2.33 and 2.35].



Lemma 2.10. Let Y1 and Yo be Banach spaces and A : Y1 — Yo be a bounded linear operator
between them. Then the following hold:

o A is bounded below iff A is injective and its range is closed in Yo;

o A is invertible from the left iff A is injective and its range is complementable in Yo, in which
case v(A) > ||AY| 7Y for every left inverse Al;

o A is invertible iff A and A* are bounded below, in which case v(A) = || A=Y ~L.

More generally,® || A=Y ~! = min{v(A),v(A*)}, where v(A) = v(A*) if both are positive.

3 ‘P-essential norm of band-dominated operators

In this section we prove the first new result, point (iv) from the introduction, about the norm of
the coset (1.1). As an immediate consequence of (iii) and (iv) we get the first half of (v). Recall
that we abbreviate I — P,, by Q.

Proposition 3.1. Let P be a uniform approximate projection on'Y and A € L(Y,P). Then
|4+ K(Y.P)| = [A° + (Y P = Tim_[AQu] = lim QA

Proof. Let ¢ > 0 and choose K € K(Y,P) such that [|[A+ K| < ||A+ K(Y,P)|| +e and mo € N
such that ||KQ,| < e for all m > myg. It follows

[AQml = [[A = APy || = [A+ K(Y, P = [A+ K| =& > [[(A+ K)Qml| — & > [|AQm]| — 2¢

for all m > mg and therefore || A+ K(Y,P)|| = limy,— o0 [|AQm|| since € was arbitrary. The equality
|A+ K(Y,P)|| = limp oo ||@mA|l is similar. Finally, ||A*Q%, || = ||Qm Al finishes the proof. O

Now we switch to sequence spaces X = [P(Z", X) and band-dominated operators. Our first
main theorem is

Theorem 3.2. Let A € Ag(X). Then

A X = Al 1
[A+KEP)| =, max |14 (3.1)

Note that if X is a Hilbert space, C*-algebra techniques can be used to deduce Theorem 3.2

directly from Theorem 2.9 (cf. [28, Thm 2.2.7]). In the general case we require the following
auxiliary notion:

Definition 3.3. The support of a sequence x = (z,,) € X is the set suppz := {n € ZV : z,, # 0}.
The diameter of a subset M C Z" is defined as diam M := sup{|n; —m;| :n,m € M;i=1,...,N}.
Moreover, we write | M| for the number of elements of any set M. For D € N we now define

[l Al = sup {M cx € X\ {0}, diamsuppz < D} .

]

9From now on we set co ! := 0, so that |[b~1||~! = 0 if b is not invertible.
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The first step is to show that the operator norm of A € Ag(X) can be localized, up to any
desired accuracy, in terms of [|Al||, (i.e. by looking at sequences z € X with support of a certain
diameter) in the following sense:

Proposition 3.4. Let A € Ay(X) and 6 > 0. Then there is a D € N such that
1 =) AxrIll < lAXFIllp < | AxpI|| for all F CZN.

There is a very similar statement in [20, Prop. 6] for the lower norm v(A) that we will address in
Section 5. Also the proof is very similar. In [20] there are two different proofs given, here we restrict
ourselves to showing one of the two proofs that we know of (the one that uses and generalizes a
technique from [6]):

Proof. Clearly ||-|l, < [|- |- Solet A € Ag(X) and let w € N be its band-width, i.e. xyAxvI =0
for all U,V C ZN with dist(U, V) := inf{|u — v|oc : u € U,v € V} > w.

For arbitrary n € N and k € ZV, put C,, := {-n,....n}N, Cpx ==k +Ch, Dy, := Cpyw \ Cr—o,
Dk :=k+ Dy, ¢, :=|Cp| = |Crk| = 2n+ )Y and d,, := |Dy| = |Dyk| = cnw — cnw ~ 0¥ 71
Abbreviate xc, I =: Pnx and xp, , I =: Ay .

We start with the case p € [1,00). Given such p and our arbitrary 6 > 0, we choose n € N large
enough that d" < ( )P. Then D := 2n + 1 will turn out to satisfy what we claim.

Now fix an arbltrary F C Z" and note that also B := AxrI is a band operator of the same
band-width w. W.l.o.g. we may assume that B # 0. We note the following facts:

(a) For all finite sets S C Z" and all z € X, it holds Y, .y~ [[xk+s l|” = [S] - [|z]”.

(b) For the commutator [P, x, B| := P,, x B— BP, , one has [P, i, B] = [Pk, B]An , so that for
all z € X, [Py ks Blz|| = [[[Po,g, BlAn k|| < ([P, Bl A kx|l < 2[|B||[|An k2]l and hence

@
Y Pk Blzl? < Y 2?IBIP|Anpa]? = 27| B|Pdnx]”.

kezZN kezN

Fixing € X such that (1 — 3)||Bl|||z| < ||Bz|, we conclude as follows, where (M) refers to
Minkowski’s inequality in IP(Z", C):

1/p
1) (a)
(1——) 1Blc/?all < c/?|Ba] (Z |Pn,kBa:||p>

kezZN

1/p (M) 1/p 1/p
< (Z (1BPn k|| + [/[Prk ]:vII)p> < (Z IIBPn,kwII”> + (Z II[Pn,k,B]:va)

kezZN keZN kezN

1/p
<Z |BPn,kx||P> + 2||B||dL/||z|

kezZN

Subtract 2(dn/cn)1/p||B||c,11/p||:v|| = 2||B||d,11/p||x|| from the resulting inequality, to get

5 (da\ v
<1—§—2(C—") >||B|c3/P||a:| < <Z|Bpn,kx||f’> .

kezN

11



1/p
Taking p-th powers, using 2 (‘i—:) < S and 3, o | Pogz||P = callz||P, by (a), we get

5 (Y
(=07 1B Y IPusal” < (1—5—2(7> ) IBlFedall? < 3 IBPusal.

kezN " kezN
The last inequality shows that there must be some k € Z" for which P, yx # 0 and
(1= 0)PIBIPN o l|” < [ BPnzl?, ie. (1 =8B Ponzll <I||BPukzll < IBllpllPnrzl

with D = 2n + 1 as fixed above. This finishes the proof for p € [1,00). Finally, let p € {0, 00},
put D = 2w + 1, take any F C ZN, B := Axpl, ¢ > 0 and z € X with ||z]sc = 1 and
|Bx|sc > || B|| — £/2. Then there is a k € ZY with || x5} Bx|loc > ||Bx||oc — /2, so that

”BH_E < ||Bx||oo_5/2 < ”X{k}Bx”oo = ”X{k}BPw,kx”oo < HBPw,kx”oo
< IBlipllPurzllec < IBliplzllec = lIBllp < [IBll

holds. So in case p € {0,00} even equality | B|| = || B||, follows, where D = 2w + 1. O

A closer look at this proof shows that the size of the support that is required to localize the
norm of B to the desired accuracy only depends on the band-width w of B, so that the result carries
over in a uniform way to all band operators with band-width not more than w. In short:

Vw e N, ¢ e (0,1) 3D € N : VB with band-width(B) < w: ||B||, > ¢||B|. (ONL)

This localizability of the operator norm is no longer a property of a particular operator but rather
of the space X. There is recent work by X. Chen, R. Tessera, X. Wang, G. Yu and H. Sako (see [32]
and references therein) on metric spaces M with a certain measure such that X = [?(M) has the
operator norm localization property (ONL). Sako proves in [32] that in case of a discrete metric
space M with sup,,ca [{n € M : d(m,n) < R}| < oo for all radii R > 0 (which clearly holds in our
case, M = Z"), property (ONL) is equivalent to the so-called Property A that was introduced by
G. Yu and is connected with amenability. We also want to mention the very recent paper [40] by
Spakula and Willett that generalizes the limit operator results from Z" to certain discrete metric
spaces. Based on the work of Roe [31], combined with ideas of [20], they prove a version of Theorem
2.9 under the sole assumption that these metric spaces have Yu’s Property A.

For the current paper we are not interested in extending Proposition 3.4 to band operators of a
certain band-width but rather to the operator spectrum of an operator A € A(X):

Corollary 3.5. Let A € A(X) and § > 0. Then there is a D € N such that
|BxrI|| =6 < ||Bxrlllp <|BxrI|| forall FCZN andall Be{A}Uaop(A).

Proof. Fix 6 > 0 and take a band operator A such that | A — A|| < §/3. Now choose D by applying

the previous proposition to A with ﬁ instead of §. Then, for all F' C Z",

el = el = [|Axer], =l = Aer]], > (1= 2750 ) bver = §

- 25 ~ 20
> | Axrll = 5 = [Axrl] = (A= Axrlll = 5 > [ Axel] -6
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Now let Ay € 0op(A). The estimate |[[Agxr!||, < [[AgxrI|| is clear. Further, for every € > 0 there
is an m such that ||AgxrI| < ||AgxrPml +¢. For || AgxrPy| we have the estimate

[Agxr Pl < Vg, AVg, X Prnl| + [[(Ag = Vg, AV, ) P
= ”AXFO{—m,...,m}N-i-gnI” + H(Ag - V—gnAan)Pm”
= H|AXFW{*m ----- m}NJrgnImD + 0+ [[(Ag = Vg, AVg,, ) P
= V=g, AVy, X Pl p + 0 + [|(Ag — Vog, AV, ) Pa|-

The last summand goes to zero as n — oo, whereas the Ist one converges to [[Agx#Pnm||,- By this
we obtain [[AgxrI| — 0 < [|[AgxrPullp, +€ < [AgxrI||, + € where € > 0 is arbitrary. Thus the
assertion follows. O

Now we are in a position to prove Theorem 3.2.

Proof of Theorem 8.2. For every K € (X, P) and every Ay € oop(A), |[A+ K| > [|[(A+ K)y|| =
|Ag]l holds. Taking the infimum on the left and the supremum on the right proves the estimate
“>7,

Now assume that [|A + K(X,P)|| > supy e, (a) |4g]l =t Na holds. Then there is an & > 0
with [[A+K(X,P)| > Na+e. We conclude that [[AQ,,|| = |[A—AP,,|| > |A+K(X,P)|| > Na+e
for every m € N. From Corollary 3.5 we get an n € N such that [[AQ. |4, > Na +¢/2 for every
m. In particular, we get ki, ko, ... € Z" such that, in the notation P, 1 = Vi P,V_}, of the proof of
Proposition 3.4, Na + /2 < [[(AQm) Pk, || < ||APn k. || for every m. Now pass to a subsequence
g = (gj) of the (unbounded) sequence (k1, k2, ...) for which the limit operator A, exists. Then

Na+¢/2 <|[[AP, 4,1l = Vg, AVg; Pul| = [[Ag Pull < [|Agl] < Na,  j =0

is a contradiction.

It remains to show that N4 exists as a maximum. The argument is very similar to that in the
proof of [20, Theorem 8], where it is explained in more detail (also see Figure 1 and Remark 9 in
[20]). We consider the numbers v, := 27" and

o0

—141

7 ::Z’yn:2 1
n=l

Then (r;) is a strictly decreasing sequence of positive numbers which tends to 0. From the above
corollary we obtain a sequence (D;) C N of even numbers such that for every [ € N

Dit1>2D; and  ||Bxrl|lp, > [|BxrI|| =y for every B € {A} Uoop(A) and every I C /A

Choose a sequence (B,,) C oop(A) such that || B,| — sup{||44|| : Ay € 0op(A)} as n — co. For
each n € N we are going to construct a suitably shifted copy C,, € oop(A) of B,, as follows:

We start with an 20 € X, ||2%]| = 1, diamsupp2? < D, such that ||an0|| > || Bl — vn- We
choose a shift jO € ZN Wthh centrahzes Yy = Vo:z: such that y2 = Pp, /gyn, and define the copy
Ch :=Vjo B,V_jo € 0op(A). Then we have || B, H > ||COPD 22l > | Ball = Y-

Now, for k = 1,...,n, we gradually perform a fine tuning by choosing ¥ € im Pp, 12

= 1, diamsuppz® < D,_j such that |\Cﬁ_1PDn7(k71)/2$§|\ > |\C,’§_1Ppn7(k71)/2|| — Yk,

(B

passing to a centralized y* := V]ﬁxfl via a shift j* € {=Dn—=1)/2, .-+, Dn_(k_l)/2}N and defining
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Ck := Vs CE1V_ji € 0op(A). For this we observe ||CFPp, _, ol > |\C,’§_1PDH7(,C71)/2|| — Yn—k-
In particular, for n > [ > 1, the estimates |[C2'Pp, o]l > ||Bnll — Y j_; % = [ Bnll — r¢ hold.
Finally, we define C,, := C]} and notice that C, = VJ.Zerﬂ.gfzﬂCﬁ*lVf(jZerHngl), where
ljr + ... 4 j2 71 < Dy by construction, thus ||Cp, Pap, || = |CR 7 Pp, jo|| = || Byl — 1.

By this construction we have obtained a sequence (C,) C oop(A) of limit operators C,, which
have adjusted local norms and such that still ||C,,[| — sup{|[Ay]| : Ay € oop(A)} as n — oo holds.
By [17, Prop. 3.104] we can pass to a subsequence (C4,,) of (C),) with P-strong limit C' € oop(A).
Then

ICIl = ICPop, || = lim [|Ch, Pop, || = lim [|Bp, || =71 = Na =1

for every [. Since r; goes to 0 as [ — oo the assertion follows. O
Remark 3.6. In £(X,P) the Equality (3.1) does not hold in general.

e Consider X := LP[0, 1], and the multiplication operators a,l € L£(X) with ay(z) := sin(2wkz).
Then the diagonal operator A := diag(...,0,0,a1l,a21,asl,...) on X has operator spectrum
{0}, but essential norm 1.

e Consider the n x n matrices

and the block diagonal operator A := diag(...,0,0, By, Ba, Bs,...) on [?(Z,C), 1 < p < 0.
Then A has operator spectrum {0}, but essential norm 1 (see [20, Example 14]).

The first example is banded but not rich, whereas the second one is rich but not band-dominated.
Note that in the extremal cases, p € {0,1,00}, the latter cannot happen since rich operators
A € L(X,P) are automatically band-dominated then, by [20, Theorem 15].

Now we combine Equations (3.1) and (2.4):
Corollary 3.7. Let A € Ag(X) be P-Fredholm, and B be a P-regularizer. Then

A X =B X = Bl = AT 2
[(A+ KX, P))" || =B+ KX, P) mgﬁmHhH mgﬁm”hH (3.2)

If A € Ag(X) is not P-Fredholm, then both, the RHS and the LHS of (3.2) are infinite.

Proof. The operator B is band-dominated by Theorem 2.5 and rich by Theorem 2.8. Hence Theorem
3.2 applies and Equation (3.1) together with Equation (2.4) from Theorem 2.7 provide (3.2). The
last sentence follows from Theorem 2.9. O

What comes as a simple corollary here is in fact a cornerstone for large parts of the subsequent
results. Remember Theorem 2.9 for A € Ag(X). It says that

I(A+K(X,P))"!| <oo if and only if sup |4, < oo.
Ap Coop (A)

Now Corollary 3.7 goes far beyond: It shows that both quantities are always equal and that the
supremum is actually attained as a maximum.
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Before we continue to look at Equality (3.2) and its ingredients from different angles, we will
prove the following lemma that will be helpful in several places but is also of interest in its own
right:

Lemma 3.8. Let P be a uniform approzimate identity on' Y and A € L(Y,P). Then

a) The set Yo :={y € Y : |Qny|| = 0 as n — oo} is a closed subspace of Y. The restriction
A := Aly, of A to Y belongs to L(Yo), || Aol = ||Al], and v(A) = v(Ap).

b) The restriction (A*)o := A*|ry=), of A* to the (analogously defined) subspace (Y*)o belongs
to L((Y")o) and [|(A%)o]l = [|A7].

¢) If A is invertible then Ay is invertible with inverse (AO)*1 = (A*l)o € L(Yy) and ||(A71)0|| _
|A=L|.  Further, (A*)o is invertible in L((Y*)o) with inverse ((A*)o)™t = ((4*)"1) =
(A=) and [|((A*)" "ol = 1(A*)~ | = A~

Proof. a) Tt is easily checked that Yy is a closed subspace of Y. Ag(Yy) C Yy is from [28, Lemma
1.1.20] or [36, Proposition 1.18.1] and the formula on the norm is [36, Proposition 1.18.2]. The
inequality v(A) < v(Ap) is trivial and it remains to prove v(A) > v(Ag). We apply the sequence
(F,) given by Proposition 2.4 to obtain

[Az|| = [ Fnll| Azl = [[Fn Az|| = |AFwz]| = [[A, Fa]l[ll2]] = v(Ao) | Fnzll — [[[A, Fa]lll]

for every x € Y and every n € N. Sending n — oo we get ||Az|| > v(Ao)||z| for every x € Y, and
taking the infimum over all ||z| =1 we finally arrive at v(A) > v(Ay).

b) The inclusion (A4*)o((Y")o) C (Y")o follows by the same means. Here in this dual setting
[36, Proposition 1.18.2] may not be applicable anymore since P* is not necessarily subject to (P3).
Therefore we need another proof for the formula on the norms.

Let € > 0 and choose y € Y, |ly|]| = 1 such that ||A]] < ||Ay| + €. Since P is an approximate
identity we find a k such that ||A|| < ||PrAy|| + 2e. Now, by Hahn Banach there is a functional gg
on im Py, ||gol| = 1, with | Py Ayl = |go(PrAy)|. Thus, setting g := go o P; we obtain a functional
g€Y"  |lg]| =1, such that actually g € (Y*)o with norm 1, hence

1(A%)oll < 1A = |4l < g(Ay)| + 2 < [|Ag|| + 2& < [[(A%)ol| + 2e.

Since € > 0 is arbitrary this shows [[(A*)o|| = ||A*].

c¢) Let A be invertible. Then A* is invertible as well where (A*)~1 = (A~1)*. The invertibility
of Ag and (A*)g as well as the formulas for their inverses follow from [36, Corollary 1.9, Corollary
1.19]. Since A~! is still in £(Y,P) by Theorem 2.1 we can apply the already proved formulas on
the norms also to A~ O

Lemma 3.8 enables us to restrict consideration to elements x € Y, when approximating || A||
or v(A) by |Az|| — and similarly for A*, A= or (A*)~! in place of A. In combination with P-
convergence this turns out to be a lot more convenient than having to work with z € Y. The proof
of the following proposition shows what we mean by that:

Proposition 3.9. Let A € L(X,P) and Ay, € oop(A). Then v(Ap) > v(A).
In a sense, this result is a lower counterpart of the norm inequality from Proposition 2.6. To-

gether they show that v(A) < v(A4n) < ||An|| < ||A]l-
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Proof. Let ¢ > 0 and let h = (h,) be a sequence in Z" with V_j, AV} = Aj. By closedness
of £(X,P) under P-strong convergence (the first part of (2.3)), also A, € L(X,P). We apply
Lemma 3.8 a) to Ap,. There is a zg € X with ||zo|| = 1 such that v(Ap) = v((An)o) > ||Anzo| — €.
Now truncate ¢ and renormalize. Since xo € Xg, one has || Pyzo|| "' Pyro — 10 as k — oo. So, for
sufficiently large k € N, 2 := || Pyxg|| ! Pywo also fulfills v(Ay,) > [|Apx|| — ¢, where ||z]| = 1 and
now = = Pyx. Choose n € N large enough that [|(A;, — V_p, AV}, )Px|| < € and conclude that
v(Ap) > |Anz|| — e = [|[AnPrx|| — e > |[Von, AVi, Puz || — 26 = || Az, || — 26 > v(A)||2n ]| — 2.
——

=z,

But since ||z, || = || Prz| = ||z|]| = 1 and € > 0 is arbitrary, we are finished. O

4 The P-essential pseudospectrum

With our formula (3.2) it is possible to study resolvent norms in Ag(X)/K(X,P). To do this
replace A by A— AT in (3.2) and recall that (A— AI), = Ay — AI. Then (3.2) turns into (1.4). This
motivates to study the following kind of pseudospectra:

Definition 4.1. For A € £(X,P) and € > 0, the P-essential e-pseudospectrum is defined as
SPe ess(A) =P (A + K(X,P)) :={ € C: [[(A— A+ KX, P) 7 > 1/¢}.
Recall that, in contrast, the P-essential spectrum of A is

SPess (A) = sp(A + K(X,P)) {A e C: A— X is not P-Fredholm}

= DeC: (A= MN+KX,P)" Y = oo}

Remark 4.2. Recall that in case dim X < oo every P-compact operator is compact, hence every
‘P-Fredholm operator also Fredholm. By Proposition 2.3 every Fredholm operator A € £(X,P) is
P-Fredholm, thus we can conclude that for all A € £(X,P), X = [P(Z", X) with dim X < oo, the

P-essential spectrum and the (classical) essential spectrum coincide:
SPess(A) = sp(A + K(X)) = {A € C: A— Al is not Fredholm}.
We will address this case again in more detail in Section 5.5.

Now here is our immediate consequence of (3.2):

Theorem 4.3. Let A € Ag(X) and £ > 0. Then

Spa,ess (A) = U SPe (Ah) (41)
Ap€aop(A)

Proof. Equation (1.4) clearly implies (4.1) since maxa, o, (a [[(An — M)t > 1/e if and only

if A € Ua,co.,(4)SPe(An). The particular case where maxy, |[(An — A)~'|| = oo corresponds to
A € Uy, sp(A4p), see (1.3). O
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With (4.1) we have arrived at an e-version (1.5) of (1.3), the second part of (v) in the intro-
duction. It is known that it may be easier to compute pseudospectra of limit operators than their
spectra. So, numerically, computing sp, . (A4) via (4.1) aka (1.5) is in general simpler than com-
puting sp..(A) via (1.3). In the end, one is probably interested in sp..(A4). The good news is that
this can be approximated by sp, .(A) as e — 0. It is a standard result that the e-pseudospectra
converge to the spectrum as € — 0. For the reader’s convenience, we state and prove the result
here for our concrete setting of P-essential (pseudo)spectra:

Proposition 4.4. For every A € L(X,P), the sets sp, . (A) converge’® to sp. (A) w.r.t. the
Hausdorff metric as ¢ — 0.

Proof. Clearly, speg(A) C sP. oss(A) C SPe ess(A) C 8Ps ess(A) for all 0 < e < 6. On the other hand,
assume that there is a sequence (\,) of points A, € Spy,, oss(A) Which stay bounded away from
the P-essential spectrum. By a simple Neumann series argument (A,) is bounded, hence it has a
convergent subsequence. Without loss of generality let already ()\,,) converge to A. Since the norms
(A =X T +K(X,P))"Y| > n tend to infinity, we find that A — AT + K(X, P) cannot be invertible
in £(X,P)/K(X,P), that is A € spe(A4), a contradiction. O

From Theorem 4.3 and Proposition 4.4 we get the following corollary:

Corollary 4.5. Let A € Ag(X). Then

SPess(4) = 51% U spe(An) = m U spe(An).
Ap€oop(A) e>0 Ay €o0p(A)

Remark 4.6. a) Note that Corollary 4.5, although derived via our new Equations (3.2) and (4.1),
in fact says nothing more than Theorem 2.9 and Equation (1.3).

b) Several authors define pseudospectra with “> 1/¢” instead of “> 1/&”, which leads to compact
pseudospectra, but sometimes causes additional difficulties. (For example, the analogue of Propo-
sition 4.7 below is no longer true in arbitrary Banach space Y if “> 1/¢” is replaced by “> 1/¢” in
the definition of sp.(A) and if the union below is taken over all || K|| < € instead of all || K|| < ¢, cf.
[38].) Anyway, our preceding results hold for both definitions.

c¢) Similar observations are to be expected for (N, ¢)-pseudospectra as well.

Another well-known and very useful characterization of pseudospectra of operators A is given
as the union of spectra of small perturbations of A.

Proposition 4.7. (Cf. [4, Section 7.1]) Let Y be a Banach space, A € L(Y) and € > 0. Then
spe(A) = U sp(A+ K) = U sp(4 + K).
| K|l<e || K| <e, rank K<1
In the following Proposition we improve this result in case of A € L(X,P).

Proposition 4.8. Let C C L(X,P) be an algebra containing all rank-1-operators with only finitely
many non-zero entries in the respective matriz representation, let A € C and let € > 0. Then

sp(A) = |J sp(A+K)= |J sp4+K)= |J spA+K)= U  spA4+K).
IKll<e IK||<e, IK]||<e, IK||<e,
KecC KeK(X,P) KeK(X,P)NC,
rank K <1

10We consider the closure of SD¢ ess(A) since the Hausdorff metric is defined for compact sets only.
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Proof. Abbreviate the sets in this claim from left to right by Si,...,S5. S1 = S3 holds by the
previous proposition, S D S3 D S; and S D Sy D S5 are obvious. Thus, it remains to prove
S5 D 5.

Solet A € Sy. Since the case A € sp(A) is clear, let B := A— \I be invertible with || B~1|| > 1/e.

By Lemma 3.8, also By := Blx, is invertible and ||(By)~!|| = ||[B~!|| > 1/e, so that there exists
an g € Xo, ||zo]| = 1, with ||Bxg|| = ||Bozo|| < . As in the proof of Proposition 3.9, take k
sufficiently large that also z := || Pyxo| = Pexo fulfills |Bz| < e, where ||z]| = 1 and Pyx = z.

By the Hahn-Banach Theorem there exists a functional ¢ with ||p]| = ¢(z) = 1 and g o P, = .
Now, we define Ku := —¢(u)z and Ku := —p(u)Bz for every v € X. Then K, K have rank 1
and | K|| < |l¢||||Bz|| < e. Moreover, both K = P,KP, and K = BK belong to K(X,P) NC.
Finally, with (B + K)z = Bx — p(x)Bx = 0, we summarize: A € sp(A+ K), |[K|| < ¢, K €
K(X,P)NC, rank K = 1. O

Also for the P-essential pseudospectra for classes of rich band-dominated operators we can
obtain a characterization via perturbations.

Theorem 4.9. Let C be one of the algebras of all rich band operators or all rich band-dominated
operatorstt on X and let A € C. Fore >0

SPE,GSS(A) = U SpeSS ('A —"_ T) = U Spess ('A —"_ T)'
Tl <e, Tl <e,
TeL(X,P) TeC
Proof. For each L € L(X,P), abbreviate the coset L + K(X,P) € L(X,P)/K(X,P) by L°. Now
let A€ Cand A ¢ sp, . (A). With B := A — X, the coset B° is invertible and [|(B°)~!|| < 1/e.
For arbitrary T € L£(X,P) with ||T| < €, one has ||(B°)~'T°|| < 1, so that I° + (B°)~'T° is
invertible. Thus, (B + T)° = B°(I° + (B°)~'T°) is invertible, whence A & sp,.(A + T'). Together
with Theorem 4.3 we conclude the following inclusions:

U Spcss (A + T) C U spcss(A + T) C sps,css (A) = U SPe (Ah)

||7%||<C& Tl\il(\;(ff?))) Ap€oop(A)
€ € )

It remains to show that the right-most set is contained in the left-most. So let A; € oop(A) and
A € sp:(Ap). By Proposition 4.8, A € sp(A), + K) for some K € K(X,P)NC with | K|| < e. Now
choose a subsequence g of h such that all cubes g, + {—n,...,n}"V are pairwise disjoint, and define

T:=> Vo PaKPV,,. (4.2)
neN
T is a well-defined block-diagonal operator? belonging to C with ||T'|| < |[|K|| < € and T, = K.

Since
(A=XN+T)y=A; - N +T,=A, - N+ K,

we find that A € sp(A), + K) = sp((A+T)y), whence A € spye(A +T) by (1.3). O
Remark 4.10. The above proof that the pseudospectrum is a superset of the union of spectra of

perturbations works in every Banach algebra. In C*-algebras also the converse is true, although it
may fail in the general case. For more details see e.g. [13, Page 121].

I Actually, one can consider many more subalgebras C of Ag(X) as long as one can define operators of the form
(4.2) there. Another example is the set of all rich operators in the Wiener algebra, see e.g. [27] or [19, §3.7.3].
12By our assumption on g, the blocks Vg, P, K PpV_g4, do not overlap.
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5 The P-essential lower norm

Let A € L(X,P) be P-Fredholm. By Theorem 2.7 and the last point of Lemma 2.10, we can rewrite
the right-hand side of (3.2) in terms of lower norms of the limit operators:

-1
max A7 = min v(A . 5.1
47 <AhEUOP(A) ( h>) (5.1)

Our aim for this section is to present alternative valuable characterizations of the essential norm
(A + K(X,P))"Y| on the left-hand side of (3.2) in terms of lower norms of (perturbations and
restrictions of) the operator A directly, which do not count on limit operators.

5.1 1st approach: Lower norms of asymptotic compressions

We start again with the abstract setting of a Banach space Y with a uniform approximate projection
P = (P,), and we make the following simple observation:

Lemma 5.1. For A€ L(Y), lim v(Alimq,,) = sup v(Alimq,,), where Alimg,, : 1mQm — Y.
m—r0o0 meN

Proof. The sequence of compressions is bounded by v(Alim @,,) < ||4|. Convergence to the supre-
mum follows from the monotonicity v(AlimQ,..1) = V(Alim@,,) since im Q1 C im Q. O

Definition 5.2. For A € L(Y) set

A) = Jim v(Alng,). p(4) = min{i(4), #(A7).
In Section 5.4 we will see that in the case of appropriate Hilbert spaces Y this p(A) serves as
a characterization for the essential norm [|(A + K(Y,P))~}| for every operator A € L(Y,P) (cf.
Theorem 5.18). However, beyond the comfortable Hilbert space case we are still able to prove this
observation for all rich band-dominated operators on all X.

Theorem 5.3. Let A € Ag(X). Then'3
1A+ KX, P) T = u(A). (5.2)

Before we start with the proof, we want to make the following remark. An equivalent way of
saying that v(A) = 0 is that there exists a so-called Weyl sequence of A, that is a sequence () of
elements x, € Y with ||z,| =1 for all n € N, such that |Az,| — 0 as n — co. So A is invertible
iff neither A nor A* has a Weyl sequence (cf. Lemma 2.10). Moreover, A is not even Fredholm if it
has a weak Weyl sequence, where the latter refers to a Weyl sequence (z,,) that weakly converges
to zero (see e.g. [8, Lemma 4.3.15]). Similarly, we call a Weyl sequence (,,) a P-Weyl sequence'4
if additionally (instead of weak convergence) || Py, 2,| — 0 as n — oo for every fixed m € N. Then
we have the following:

13We again use the notation ||[b~!||~! = 0 for non-invertible elements b.
14In [15] a continuous analogue of this concept is mentioned and denoted as Zhislin sequence.
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Lemma 5.4. Let A € L(Y). Then i(A) =0 iff A has a P-Weyl sequence.

Proof. Tf i(A) = 0, then there exists a sequence (x,,) of elements z,, € Y with ||z,|| = 1 such that
Ty € im @, and Az, — 0 as n — oo. This obviously defines a P-Weyl sequence.

Conversely let (x,,) be a P-Weyl sequence of A. Then for every m € N there exists n € N such
that || Pnay| < L and ||Az,|| < L. This implies

HAmen” - ”Axn _Apman < % + HAH% _ 1+ HAH

| Qmn|| B lzn — Prn|| 1—% m—1"

Hence v(Alimg,,) — 0 as m — oco. O

Thus pu(A) = 0 iff A or A* has a P-Weyl sequence. Consequently, Theorem 5.3 and further
theorems relating p(A) = 0 to non-P-Fredholmness of A characterize the latter in terms of P-Weyl
sequences. So this is a further instance that generalizes from Fredholmness to P-Fredholmness.

The proof of Theorem 5.3 is a simple consequence of the following lemmas:

Lemma 5.5. Let P be a uniform approximate projection on the Banach space Y and A € L(Y,P).
Then [[(A + K(Y,P))7'|~! < min{i(A), a(A*)}. If A is P-Fredholm, then it even holds that
1A+ K, P) 7T = i(A) = ((A*) = u(A).

Proof. There is nothing to prove if A is not P-Fredholm, since the LHS equals zero in this case. If
A is P-Fredholm let € > 0 be arbitrary and choose By € (A + K(Y,P))~ L. Since ByA -1 =: K €
K(Y,P) we get for all sufficiently large m that ||QmBoAQm — Q| = ||@m K Q] is small enough
that Qnm BoAQm = Qm + QmK Q. is invertible in L(im Q,,) with

Qm(QmBOAQm>71QmBO AQm - Qm and ||QmBO - Bl“ <g,
=:B; € E(Y)

and that |QnBoll < ||(A + K(Y,P))"!| + &, taking Proposition 3.1 into account. By this and
Lemma 2.10 we get that v(Alimq,.) > 0, hence the compression Alimq,, : IMQm — M AQ,, is
invertible and the compression Bilim 4@,, : im AQ,, — im @, is its (unique) inverse. We conclude
that for sufficiently large m

v(Alim @) 7" = [Bilim 4@, | < IBill < QmBoll + By = QuBoll < [[(A+K(Y, P)~H| + 2.

On the other hand, AQ,, is P-Fredholm and thus has a P-regularizer C. So |[(AQ,C—I)Qx| <
0 :=¢/(2||By|)) if k is large enough. Moreover, from B; AQ,, = Qn, and @, = I modulo £(Y,P)
we get that B; and hence also B1Qy, is inverse to A modulo K(Y,P). Consequently,

A+ K, P)7H = 1B1Qr + K(Y, P)|| < 1B1Qw]| < [1B1AQmCQx|| + [ Bill(AQmC — ) Qx|
< 1B1lim 4@, [II1AQmC Q|| + | B1[16 < | B1lim 4@, [I([| Q[ + 6) + [[ B |6
< 1Bilim aQu. | + 2/1B1l16 = [ Bilim Q.. | + & = v(Alimq,,) ™" +e.

Since € > 0 is arbitrary, we arrive at fi(4) = [[(A+ K(Y,P))"!||~!, by Lemma 5.1. By the same

observation for A* € L(Y*,P*) we find i(A*) = ||[(A* +K(Y*,P*) 7|~ = [[(A+K(Y,P)) 1,
where Proposition 3.1 justifies the latter equality. O
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Lemma 5.6. Let A € L(X,P). Then p(A) < inf{||A,;'||7' : Ay € 0op(A)}. For any invertible
Ay, € aop(A) we even have both ji(A), i(A*) < || A1~

Proof. Let Ay € oop(A).

1st case: Ay is not invertible. For every € > 0 there is a P-compact operator 7" of the norm
1 and such that ||A,T|| < € or ||[TAy4|| < € (cf. [33, Theorem 11]). Let m € N. It follows from
(Qm)g = I that

IWV_g, AQmVy, Tl <2¢ or | TV_, QmAV,, || <2e for all sufficiently large n.

Setting 1), := V,, TV_,, we have ||AQ,T,| < 2¢ or ||T,QmA|l < 2e. Since ||QnTh || and || 1,Qml|
tend to 1 as n — oo we conclude

| AQm Tyl 1T, Qm Al
—— 0 <3 or ———
QT 1T Q|

This yields v(Alimq,,) < 3¢ or v(A%[im@: ) < 3¢, and since € and m are arbitrary, we conclude
w(A) = 0.

2nd case: A, is invertible. Now we proceed similarly to the proof of Proposition 3.9. By
Lemma 3.8 the compression (Ay)o is invertible, ((Ag)o) ™" = (A, 1)o and [[(A;")oll = A" Let
e > 0. Then there exists an ¢y € Xy, ||zo = 1, with ||Azzo| = [|(Ag)ozoll < v((Ag)o) + € =
[((Ag)o) M7 +e = |A;!||" +&. For sufficiently large k also  := || Pyao ||~ Prao fulfills [|Agz|| <
A, + &, where [|z|| = 1 and Pyxz = 2. For sufficiently large n, [|[(V_g, AQuVy, — Ag) Pl < ¢
holds and we find

< 3¢ for large n.

1AQmVy, x|l = V=g, AQmVy, Przll < | AgPrzll + & = [|Agzll + & < [|AZ 7" + 2¢,

whence v(Alimq,,) < [[A;"]|7! 4 2¢ holds for every m. Since € > 0 is arbitrary, u(A) < a(A) <

I AG I~
In the dual setting we proceed in exactly the same way to get i(A*) < [[(AF) 717! = [|(4y) |~
by considering the compressions (A;)O. O

Thus, we have for all A € £(X,P) that
1A+ KX, P)7HT < pul(A) < inf{ A7 71 Ap € 0op(A)}- (5.3)

For rich band-dominated operators the left-hand side and the right-hand side coincide by Corollary
3.7, hence Theorem 5.3 follows.

5.2 2nd approach: Lower norms of P-compact perturbations
For A € L(Y,P) we define the P-essential lower norm of A by
Vess(A) = sup{r(A+ K) : K € K(Y,P)}

and we want to study the relations between vess(A4) and fi(A).
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Proposition 5.7. Let P be a uniform approzimate projection on' Y and A € L(Y,P). Then
Vess(A) < [i(A) and vess(A*) < (A*). If v(A) > 0, then vess(A) = (A). If v(A*) > 0, then
Vess(A™) = f(A*).

Proof. For e >0 let K € K(Y,P) be s.t. v(A+ K) > vess(A) —e and m s.t. ||[KQp| <e. Then
i(A) = v(Alim @) = V(A + K)lim@,) = [KQmll > v(A+ K) — & > vess(A) — 2¢.

Since € was arbitrary, the estimate vess(A4) < i(A) is proved.

Now, let A be bounded below and assume that there are constants ¢, d such that ves(A) <
¢ < d < i(A). By the definition v(QrA + aPyA) < vess(A) for all &k € N and all scalars . In
particular, for every k € N and « > 0 there exists ||z, || = 1 such that ||(QrA + aPyA)xy o < c.
This further implies ||QrAzk,o| < ¢ and «|PyAxk o] < ¢ by (P1). Now, choose € > 0 such that
c+e+2¢||Al|/v(A) < d(1 —2¢/v(A)), and o > 1 such that ¢/a < e.

Fix n € N, take the sequence (F},) from Proposition 2.4, and choose m € N such that P, F,, =
P, and ||[Fm, A]|| < e. Then choose k € N such that F,,,P, = F,,. From o|PiAxi.| < ¢
we get || F PrAzk.q| < ¢/a and we conclude that ||AF, 2k < c¢/a + ||[Fm, Al < 2e, thus

1Przk ol < ||Fmxkall <2e/v(A) and ||Qnaka|| > 1 — 2¢/v(A). Now

[AQnzrall  [|QeATkall + [PrATrall + Al Przrall _ ¢+ c/a+ 2] Al /v(A)

v(A imQ,, < < <d
Ain @) < 5 oy 1Qutnal T2 /()
and since n € N is arbitrary it follows i(A) = lim, v(A|im g, ) < d < fi(A), a contradiction.
Finally, applying the already proved assertions to A* € £L(Y™, P*) finishes the proof. O

Since vess and fi are invariant under P-compact perturbations it actually holds

Corollary 5.8. Let P be a uniform approzimate projection on'Y and A € L(Y,P). If A+K(Y,P)
contains an operator being bounded below, then vess(B) = fi(B) > 0 for all B € A+ K(Y,P).
If A* + K(Y*,P*) contains an operator being bounded below, then vess(B) = u(B) > 0 for all
Be A* + K(Y*,P*).

Corollary 5.9. Let P be a uniform approzimate projection on' Y and A € L(Y,P). Then we
have either Vess(A) = 0 or vess(A) = (A) > 0. Furthermore we have either vess(A*) = 0 or
Vess(A*) = (A*) > 0.

Remark 5.10. Fredholm operators with positive index on 1%(Z, C) show that 0 = vess(A) < fi( A)
can happen. Similarly, negative index yields 0 = vegs(A*) < 1(A*).

Corollary 5.11. Let A € L(X,P) and A+ K(X,P) contain a Fredholm operator. Then
max{Vess(A), Vess (A7)} = p(A) = [[(A+ ’C(Xﬂ’))_lll_l > 0.
If this Fredholm operator has index 0, then additionally Vess(A) = Vess(A*).

Proof. W.l.o.g. let A be Fredholm. Firstly, we recall that A is automatically P-Fredholm by
Proposition 2.3), and that Lemma 5.5 applies. With the help of shifts and projections one easily
constructs a one-sided invertible band operator .S with banded one-sided inverse and ind S = —ind A
(cf. e.g. [33, Lemma 24]). We consider the case ind A > 0. Then SA is Fredholm of index zero
and with Proposition 2.3 we find C' € £(X, P) invertible and K € K(X,P) such that SA =C + K,
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hence S'C = A— S'K € A+ K(X,P) is right invertible with the right inverse C~'S € £(X,P). In
the case ind A < 0 we proceed similarly, and in the case ind A = 0, we simply choose S = I and get
C € A+ K(X,P) invertible. Thus Corollary 5.8 applies to A and we get either vess(A) = fi(A) or
Vess(A*) = fi(A*) (both if ind A = 0). Since vess(A) < i(A4) and vess(A*) < 1(A*) by Proposition
5.7 and fi(A) = (A*) = [[(A+ K(X,P))" |~ by Lemma 5.5, we conclude

max{Vess(A), vess(A")} = u(A) = [[(A + ’C(Xﬂ’))_lll_l > 0.
The second assertion follows immediately from the considerations above. O

Remark 5.12. Starting with a non-invertible operator B € £(X) that is bounded below, one can
define the diagonal operator A := diag(...,B, B, B,...) on X which is bounded below, but not
Fredholm or P-Fredholm. Hence, vess(A) is positive, but p(A) = 0. Thus some kind of Fredholm
condition is necessary. This is why we have sp, . (A4) = {\ € C: u(A — X) < €} but cannot just
write

$D2 ess(A) = {A € C : max {Vess(A — AI), vess (A — AI)*)} < £}

However, we will find solutions to this problem in the next sections. Also note that this can not
happen if A € A(I?(Z, X)), dim X < oo (see Proposition 5.26 below).

5.3 3rd approach: Symmetrization of the problem

In the two previous approaches we used to look at characteristics of both A and A* in order to get
a complete (symmetric) picture. Now we turn the table in a sense, firstly symmetrize the operator
and secondly determine its essential lower norm.

Given a Banach space Y with a uniform approximate projection P, we write Y @& Y™ for the
Banach space of all pairs (z, f) € Y x Y*, equipped with the norm |[|(z, f)|| := max{||z|, || f]}-
For A € L(Y), B € L(Y"), write A @ B for the operator (z, f) — (Az,Bf) in L(Y ®Y"). The
following properties of A @ B are easy to check:

A @ Bl = max {[[A], B}, v(A® B) = min{v(A),v(B)}.

To get a similar equality for the essential norm, we have to work a bit more. Note that P & P* =
(P, ® P}), is again a uniform approximate projection on Y ¢ Y™.

Proposition 5.13. Let AO B € LY DY",P®P*). Then
Ao B+ K(Y®Y" ,PadP)| =max{|A+K>Y,P)|,|B+KY"P)|}. (5.4)
Proof. By the definition, the left hand side |[A@® B+ K(Y @ Y",P & P*)|| of (5.4) is

inf |[A® B+ K| < inf |[A®@B+L& M|
KeK(YRY*,PBP*) LeK(Y,P)
MeK(Y*,P*)

where the latter equals

inf A+ L)s (B+M)|| = inf max {||[A+ L|,||B+ M|}
LEK(Y,P) LeK(Y,P)
MeK(Y*,P*) MeK(Y*,P*)
—max{ inf ||A+ L], inf ||B+M||}
LeK(Y,P) MeK(Y*,P*)
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which is the right hand side of (5.4), hence proves one direction.
Let Py : Y®Y" = Y ®{0},(z, f) = (2,0) and Py : YY" = {0} @Y™, (z, f) — (0, f) be
the canonical projections. Then [|Py)| = [[P2)l| = 1 and for all K € K(Y @ Y*,P @ P*) we have

HA ) B + K” Z maX{HP(l)(A ) B =+ K)P(l)H s HP(Q)(A (&%) B + K)P(Q)H}
=max {|[A® 0+ Py K Py, [0 ® B+ PoyK Py}
> max {||[A+ K(Y,P)||, |B+K(Y",P)[}.

Taking the infimum over all K, we get the reversed inequality. O

Remark 5.14. Note that the naive guess vess(A® B) = min {Vess(A), Vess(B)} is wrong in general.
For example, let X = [2(Z",C), in which case K(X,P) = K(X), and let A be Fredholm on
X with index 1. Then A @ A* has index 0 and therefore there exists a compact operator K
on X @ X such that (A ® A*) + K is invertible and in particular bounded below. Therefore
Vess(A® A*) > v((A® A*) + K) > 0. However, A+ L has index 1 and therefore a nontrivial kernel
for all L € K(X), so that ves(A) = 0.

Corollary 5.15. Let A€ L(Y,P).
Then (A @ A*) = u(A) and either Vess(A ® A*) = p(A) > 0 or vess(A D A*) = 0.

Proof. We have

m—0o0
Corollary 5.9 applied to A @ A* yields the claim on vess(A @ A*). O
Now, we end up with the third characterization of ||(A + K(Y,P))~ ||~ !

Theorem 5.16. Let A € L(Y,P) be P-Fredholm and A+ K(Y,P) contain a Fredholm operator.
Then
Vess (A @ A™) = (A ® A™) = p(A) = (A + KX, P)) |

Notice that in the case Y = X these equalities can be complemented (c¢f. Corollary 5.11) by
max{vess(A), vess(A")} = p(A).

Proof. W.lo.g. A is already Fredholm. By [36, Corollary 1.9] we have P-compact projections
P, P’ onto ker A and parallel to the range of A, resp. Then (P’')*, P* are P*-compact projections
onto ker A* and parallel to the range of A*, resp., hence R := P & (P’)* is a projection onto
the kernel of A ® A* whereas R’ := P’ @ P* is a projection parallel to its range. Since both
projections are of the same finite rank there exists an isomorphism C' : im R — im R’. Then
A®A*+ R CR=(I-R')(A® A*)(I — R)+ R'CR is invertible, where R’CR € K(Y®Y", P& P*)
since

lim [R(Qm & Q) = lim [[(Qm & Q7,)R'|| = 0.

Corollaries 5.8 and 5.15 yield vess(A @ A*) = i(A @ A*) = u(A). O

24



5.4 The Hilbert space case

On a Hilbert space Y we consider a sequence of nested orthogonal projections P = (P,)nen, i.e.
P,=P'=P2?=P,P,;1 = P, 1P, for all n € N. With this condition P satisfies (P1) and (P2).
If additionally (P3) is satisfied, we call P a Hermitian approximate identity (in short: happi) and
the pairing (Y, P) a happi space. In this more particular case of Y being a Hilbert space and under
this natural assumption on P, we will find that now our above results already apply to all operators
Ae L(Y,P).

Lemma 5.17. An operator A € L(Y,P) is Moore-Penrose invertible (as an element of the C*-
algebra L(Y)) if and only if im A is closed. In that case AT € L(Y,P).

Proof. The first part is [13, Theorem 2.4|. For the second just notice that £(Y, P) is a C*-subalgebra
of L(Y) and apply [13, Corollary 2.18]. O

Theorem 5.18. Let A € L(Y,P) on a happi space (Y, P). Then
u(A) = [(A+K(Y,P) (5.5)
Moreover, if u(A) > 0, then i(A) = a(A*).

Proof. By Lemma 5.5, u(A) > [[(A+ K(Y,P))"'||7!, and the first assertion obviously holds if
u(A) =0.

So, let p(A) > 0. Then v(Alim g,,) > 0 for a sufficiently large m, hence im(AQ.,) is closed (by
Lemma 2.10), and we get from Lemma 5.17 that AQ,, is Moore-Penrose invertible with (AQ,,)"
L(Y,P). Moreover, the compression (AQ.,)™ : im AQ,, — im Q,, is the inverse of AQ,, : im Q,, —
im AQ,, ie. (AQnm)TAQ, = Q. which yields that (AQ,,)" + K(Y,P) is a left inverse for the
coset AQn, + K(Y,P) = A+ K(Y,P). By the same means we get that (A*Q.,)*T + K(Y,P) is
a left inverse for A* + K(Y,P), thus A + K(Y,P) is also right invertible. This proves that A is
P-Fredholm. Applying Lemma 5.5, we get

pu(A) = i(A) = i(A) = [|(A+ K(Y,P)
O

Proposition 5.19. Let A € L(Y,P) be P-Fredholm on a happi space (Y,P). Then there is a
K € K(Y,P) such that A+ K has a one-sided inverse in L(Y,P).

Proof. By Theorem 5.18 we have that ;1(A4) > 0 and therefore im(AQ,,) is closed for m large enough.
In order to simplify notations, we may assume that im(A) is closed. Let A : ker(A)* — im(A) be
defined by Agxr = Az for all # € ker(A)L. Then Ay is invertible by Banach’s isomorphism theorem.
Now choose orthonormal bases {3;},c; and {v;},. ; of ker(4) and im(A)* respectively. Depending
on the cardinalities |I| and |J| there is an injection ¢ : I — J or ¢ : J — I (if |I| = |J|, there is
even a bijection). Let us assume that |I| < |J|. Then ¢ induces an isometry ® : ker(A) — im(A)+

®(B;) = 7,y for all i € I. Let Ry and Ry be orthogonal projections onto ker(4) and im(A4)*
respectively. Then A + Ro®Ry = Ag @ @ is left invertible. More precisely, the Moore-Penrose
inverse of A 4+ Ro® Ry, which is contained in £(Y,P) by Lemma 5.17, is a left inverse in this case.
It remains to show that Ro® Ry is P-compact. Similarly as in the proof of Theorem 5.18 we have
that Ry and Ry are P-compact since A is P-Fredholm. This implies

[Re®R1 Q| < |[R1Qull =0 and  [|@Qm Re® Ry || < [|Qm Rl — 0

as m — oo. O
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Combining Proposition 5.7, Theorem 5.18 and Proposition 5.19, this immediately yields
Corollary 5.20. Let A € L(Y,P) be P-Fredholm on a happi space (Y, P). Then

max{Vess(A), vess (A7)} = p(A) = [[(A+K(Y,P)) 71| (5.6)
More precisely:

o If A+ K(X,P) contains a left invertible operator, then
Vess(A) = p(A) = [|(A+ KX, P)) 717"
Otherwise, Vess(A) = 0.
o If A+ K(X,P) contains a right invertible operator, then
Vess(A") = p(A) = [[(A+ KX, P)~H| 7

Otherwise, Vess(A*) = 0.

Corollary 5.21. Let A € L(Y,P) on a happi space (Y, P). Then
Vess( A A7) = p(A) = |(4 + K(Y, P)) 4| . (5.7

Proof. In case of A being P-Fredholm apply Corollary 5.20 to A & A* and take the observations
AP A*) = p(A* P A) = p(A® A*) = u(A) and vess(A B A*) = vess (A" B A) into account. Then
(5.6) gives (5.7).

Thus it remains to consider vess(A @ A*) > 0 and to show that A is P-Fredholm in the case.
Combining Corollary 5.9 and Theorem 5.18, we get that A @ A* is P-Fredholm (w.r.t. P @ P in
Y @Y). Restricting a P-regularizer for A @ A* to the first component yields a P-regularizer for A
and thus A is P-Fredholm. O

4th approach: Composition of A and A* In our three previous approaches to charac-
terize ||(A + K(Y,P))"!||, we always combined information on A and A*. Similar to the formula
A1~ = min(v(A), v(A*)) from Lemma 2.10, one always needs to look at both of them. What
we did so far is to consider the following ideas:

e Take the numbers /i(A) and i(A*) and look at their minimum p(A).
e Take the numbers vess(A) and vess(A*) and look at their maximum.
e Combine both operators to A @ A* and look at the number ves(A B A*).

These expressions are found, most notably, in Theorems 5.3, 5.18; in Corollary 5.11 and Corollary
5.20; as well as in Theorem 5.16 and Corollary 5.21. A different approach to the same goal, to find
|(A+K(Y,P))~ 1], could be to couple the operators A and A* to a new operator via composition.

Corollary 5.22. Let A € L(Y,P) on a happi space (Y, P). Then

min {/Vees (AA7), /v (A7) } = p(4) = [|(A+ (Y, P)) )| 7"
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Proof. If A is P-Fredholm then, since L(Y,P)/K(Y,P) is a C*-algebra,
I(AA* + (Y, P) 7™ = [[(A+ K, P) 7 HI 72 = [[(A*A+ K(Y,P) |~

and the assertion follows from Corollary 5.20 applied to the self-adjoint operators AA* and A*A.
So it remains to show that min{\/l/ess(AA*), \/UQSS(A*A)} > 0 implies that A is P-Fredholm.

Combining Proposition 5.7 and Theorem 5.18, we get that AA* and A*A are both P-Fredholm.
Consequently, A + (Y, P) has both right and left inverses. Thus A is also P-Fredholm. O

5.5 The case of finite-dimensional entries

Let us now consider the case X = (P(ZV, X), with dim X < oo, which we already addressed in
Remark 2.2 and Proposition 2.3. Then K(X,P) C K(X) holds (since every P-compact operator K
is the norm limit of the sequence of finite rank operators K P, ), hence every P-Fredholm operator
is Fredholm. Actually, the P-Fredholm property coincides with Fredholmness by Proposition 2.3,
and we even have

Proposition 5.23. Let dim X < oo and A € L(X,P). Then

[A+ KX = [A+ KX, Pl = [[A" + KX)[| = [|A" + £X7, P,
A+ KX = (A + KX P)7HTH = (A" + X)) = [I(A” + KX, P)~H

Note that the essential and P-essential norm obviously do not coincide if dim X = oo, just
consider the operators P; and I — P;.

Proof. Since (A Fredholm = A P-Fredholm (by Proposition 2.3) = A* P*-Fredholm = A* Fred-
holm (by K£(X*) D K(X*, P*)) = A Fredholm), all terms in the second line are simultaneously zero
or non-zero. If they are non-zero, then Proposition 2.3 provides a generalized inverse B € L(X, P)
for A, and the second asserted line follows from the first one applied to B.

For the first line we recall Proposition 3.1 which shows that the P-essential norm is invariant
under passing to the adjoint A*. In the cases p € {0} U (1,00), where K(X,P) = K(X) holds,
A+ K(X)| = [|[A+ (X, P)|| is obvious as well, and we next prove this equality for the cases p =1
and p = oo:

p = 1: Let € > 0 and choose K € K(X) such that |A+ K|| < ||A+ K(X)|| +¢ and mo € N such
that ||Q. K| < e for all m > mg, which is possible because Q,, converges strongly to 0 as m — oo
and K is compact. Now we can proceed as in Proposition 3.1:

1@mAll = [[A = PrAl = [A+ KX)| 2 [[A+ K| - & > |Qm(A + K)| — & > |@mA] — 2¢

for all m > mg and therefore ||A + K(X)|| = limy,— o0 [|@m Al = |A + K(X, P)].

p = oo: Let € > 0 and choose K € K(X) such that [|[A+ K|| < ||A+ K(X)|| + ¢ and mg € N such
that | KQm|x,|| < e for all m > my, which is possible because (Qn|x,)* = Qmlezv, x+) converges
strongly to 0 as m — oo and (K|x,)* is compact. Now we can proceed as before, using Lemma
3.8 a):

[AQm| = A= APy = [[A+ KX)|| 2 [[A+ K| - > [|(A+ K)Qml| — €
2 [[(A+ K)@mlx, | — € 2 [[AQm[x, || = 1KQmlx, [ —€ = [[AQm|| — 2¢

for all m > myg and therefore [|A + K(X)|| = limy— 00 [|AQm || = |4 + K(X, P)].

27



Up to now we have [|[A + K(X)|| = |4 + L(X,P)|| = ||A* + K(X*,P*)]| for all p, and hence
the complete first line for all p < oo by taking a circuit using the natural and well known dualities:
A+ KX)| = A+ KX, P)|| = ||A* + (X", P*)| = |A* + K(X")|. It remains to prove that in
the case p = 0o the essential norm of A coincides with the essential norm of A*. Actually, such a
claim this is not true in general Banach spaces, as was shown in [3]. Anyway, for our particular
case X = [*°(Z", X) with dim X < co one can utilize a further observation from [3]: X is the dual
of another Banach space, namely Y = [*(Z", X*), and the adjoint of the canonical embedding
E:Y — Y™ is an operator E* : X** — X onto X of the norm 1. For every K € K(X**) (with J
denoting the canonical embedding J : X — X**)

A + K| > [[(A™ + K)J|| > [|E*(A™ + K)J|| = [A+ E*KJ|| > [|A + K(X)]

Taking the infimum over all K it follows ||A** 4+ IC(X™)|| > ||A + K(X)]|. Since the adjoint of any
compact operator is compact the desired equality follows by

[A+ KX = A"+ KX = [[A™ + KX = [|A + KX
|
In analogy to vess(A) we denote the classical (w.r.t. (X)) essential lower norm by vegs o(A):
Vess,c(A) :=sup{r(A+ K) : K € K(X)}
and we obtain the following improvement and completion of the results in the previous sections:
Theorem 5.24. Let dim X < oo and A € L(X,P). Then
Vess e (A® A7) = e A ® A%) = () = | (A+ KX, P) 7L = |(A+ LX) (58)
Moreover, if A is Fredholm of index zero, then
Vosse(A) = Vesn.e( A7) = veas(A) = veaa(A7) = () = i(A) = fi(4) > 0.
Conversely, if Vess,c(A) > 0 and Vess c(A*) > 0, then A is Fredholm of index zero.

Proof. Let B be a Fredholm operator of index zero on a Banach space Y. Then,

Vess,c(B) = sup{v(B+ K) : K € K(Y), B+ K bounded below}
=sup{v(B+ K) : K € K(Y), B+ K invertible} (ind(B+ K) =0)
=sup{|(B+ K)™'|™': K € K(Y), B+ K invertible} (Lemma 2.10)

= (inf{||(B+ K)'||: K € K(Y), B + K invertible}) !
=B +KY)

Hence, if A is Fredholm of index zero, then vessc(A*) = vess.c(A) = ||(A+ K(X)) 7|7, Together
with the obvious estimates Vess,c(A4) > Vess(A) and Vegs,c(A*) > Vess(A*), Corollary 5.11 and Propo-
sition 5.23 yield Vess ¢ (A) = Vess,c(A*) = Vess(A) = Vess(A%) = p(A) = [|[(A+K(X)) || L. Corollary
5.9 completes this equality: Vess(A) = i(A), Vess(A*) = (A*).

Whenever A is a (general) Fredholm operator then the operator A @ A* is Fredholm of index
zero, and by the above it follows that vessc(A & A*) = ||[(A® A* + KX & X*))7 Y|t If B
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is a regularizer for A then the latter is |B & B* + K(X @& X*)||~!. This equals ||B + K(X)| !
which is proved in the same way as Proposition 5.13, taking Proposition 5.23 into account. Thus
Vess.c(A® A*) = ||(A+ K(X))~ 7L, Since

Vess,o(A @ A7) 2 vess(A ® A7) = p(A) > (A + KX, P) 7M™ = [[(A+ X)) 7HIT

(cf. Theorem 5.16, Lemma 5.5, Proposition 5.23) the claim (5.8) easily follows.

If A is not Fredholm then A is not normally solvable or A has infinite dimensional kernel or A*
has infinite dimensional kernel. In the first and second case this remains true for all Alimq,,, resp.,
hence all v(Alim q,,) equal zero. In the latter case all v(A* [ @ ) must be zero, and we conclude
that pu(A) = 0. Moreover, A @ A* is not normally solvable or has infinite dimensional kernel, hence
0 = Vegs,c (A D A*) > Vegs(A @ A*). Thus (5.8) also holds in this case.

If Vessc(A) > 0, then there exists a K € K(X) such that v(4 + K) > 0. This implies that
A+ K is injective and normally solvable by Lemma 2.10. This implies that A is normally solvable
and has finite-dimensional kernel. Similarly, if vesso(A*) > 0, then A* is normally solvable and
has finite-dimensional kernel. In particular, A is Fredholm if both vegsc(A) > 0 and vegs(A*) >0
hold. Moreover, v(A + K) > 0 implies ind(A) = ind(A + K) < 0 whereas v(A* + L) > 0 implies
—ind(A) = ind(A*) = ind(A* + L) < 0. Thus the index of A has to be zero. This proves the last
part. O

Actually, there is an even more abstract version of Theorem 5.24 within the P-framework:

Theorem 5.25. Let Y be a Banach space with a uniform approzimate identity P = (P,) consisting
of finite rank projections P,,. Then for every A € L(Y,P) which has the P-dichotomy

Vess(A ® A) = p(A) = (A + K(Y,P) |~ (5.9)
Proof. Let A be P-Fredholm. Then A & A* is P & P*-Fredholm, Fredholm of index 0, and

Vess(AD A™) =sup{r(Ad A"+ K): K e K(YDY",PdP*),Ad® A* + K bounded below}
=..=|Ae A +KYoY"  PaeP)) !

as above. It follows that vess(A®A*) = [|[(ABA*+K (YY", PoP*)) L~ = |(A+K(Y,P)) ||
also by Proposition 5.13 and Proposition 3.1, taking Theorem 2.1 for a regularizer B of A into
account. Theorem 5.16 completes (5.9).

If A is not P-Fredholm then A is P-deficient. Thus A ® A* is P & P*-deficient from both sides,
and it easily follows vegs(A @ A*) = p(A) = 0. Thus (5.9) also holds in this case. O

In the particular case N = 1, we also have the following Proposition for band-dominated oper-
ators:

Proposition 5.26. Let dim X < co and A € A(IP(Z,X)). Then
max{Vess(A), Vess (A7)} = u(A) = |(A+ KX, P)~H7H = [I(A + £(X)) 717"

Proof. The equality of u(A), ||(A+K(X,P))~ |7t and ||(A+ K(X))~*||~! holds by Theorem 5.24.
If A is Fredholm, then Corollary 5.11 implies the remaining equality. If A is not Fredholm, then A
is not even semi-Fredholm by [35, Theorem 4.3], i.e. either A is not normally solvable or both A
and A* have an infinite-dimensional kernel. This also remains true for all B € A+ K(X). It follows
Vess(A) < Vess.c(A) = 0 and vegs(A™) < Vess o(A™) = 0 by the definition of vess . and Lemma 2.10,
hence max{vess(A), Vess(A*)} = 0. O
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5th approach: Approximation numbers and singular values In this more comfortable
situation dim X < oo we can study further characterizations of p(A).

Definition 5.27. (cf. [30, 34, 36]) For an operator A € £(X) we define the mth lower Bernstein
numbers and (one-sided) approximation numbers by

B (A) :=sup{v(Aly) : dimX/V < m},
sy (A) :=inf{[|]A— F|| : F € L(X),dimker FF > m},

m

st (A) :=inf{|A - F|| : F € £(X),dim coker F > m}.

m

Moreover we introduce the limits

=
=
i

7?1121100 min{ B, (A), B (A")},
S(A) == Tim min{s;, (4), 5, (4)},

’9m

whose existence is proved by monotonicity as in Lemma 5.1.

Theorem 5.28. Let dim X < oo and A € L(X,P). Then
w(A) = B(A) = S(A). (5.10)

Proof. By definition v(A|im@,.) < Bdimker Q.. +1(A), and p(A) < B(A) easily follows. Furthermore
B(A) < S(A) holds by [36, Proposition 2.9] or [34, Proposition 1.36]. Also, it is easily seen that all
these numbers are zero if A is not Fredholm.

Let A be Fredholm. Assume that there are constants d, e such that i(A) < d < e < S(A).
Then v(Alimq,) < d for all n € N. This means that there exist y,, € im @, such that [|Ay,| <
d||yn||, respectively. Recalling the sequence (F,,) from Proposition 2.4 we further conclude that
AFy,|| < d||Fiynll for sufficiently large I, since ||[A, F1]|| tends to zero and || Fiy,|| tends to ||yy]]
as | — oo. Fix such an [ (which depends on n) such that also F} P, = P, F; = P, holds, and define
2n = || Fyyn|| "L Fiyn, respectively. Then z, € im Q,, is still true since Fiy, = F,QnYn = QnFiyn.

Next, we fix m € N and choose numbers nq,...,n,, as follows: Set n; := 1. Given n; choose [;
such that P, F,, = F,, P, = F,,. Then z,, is in the range of P},@,,. Furthermore choose k; > [;
such that ||Qr, AP, | < 27" (e — d) and n;41 > k; such that ||Py, AQn,., || < 27"%(e — d). For
every i let R; be a projection of norm 1 onto span{z,,} and such that R; = R; P,,Q,,, respectively,
and define S,, := Z:’;l R;. Then S, is a projection of rank m, R; = R;S,, for all: =1,...,m,
and ||S,,|| = 1. Moreover,

=1

Z PkiQki,lARix

i=1

Z Pki Qki,lARix
i=1

> PuQk_ ARz +> Pi ARz +» QnARx

i=1 i=1 i=1

i Py, AQn, Rix i Qr, AP, Rix

i=1 i=1

+y 2 e —d)z| + D 27 e — ).
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For the first term we have

p m m
=D 1P Qr AR|P < dP ) |[Riz|[” = dP|| S|P < dP|a|]P

=1 =1

Z PkiQki,lARiI

i=1

in the cases p € [1,00), and similarly for p € {0,00}. Thus [|ASy,z|| < e||z| for all z, and hence

s (A) =inf{||[A — F|| : dimker F > m} < ||A — A(I — Sp)|| = [|[ASw.|| < e < S(A).

m

Sending m — oo we arrive at a contradiction. Thus a(A) > S(A).
Since A is P-Fredholm by Proposition 2.3, we can apply Lemma 5.5 to obtain

S(A) = B(A) = p(A) = [i(4) = S(A).

Remark 5.29. In the case X being a Hilbert space we even have

w(A) =X(A) ;= lim min{o,,(A4),0m(A")},

m— 00

where ,,(A) denotes the m-th singular value of A (see [36, Corollary 2.12]).

5.6 On the characterization of essential (pseudo)spectra

We have seen that in the following cases there are several characterizations of the essential lower
norm

e Band-dominated operators on all sequence spaces X
e L(X,P)-operators in the case dim X < oo
e L(Y,P)-operators on happi spaces (Y, P),

namely (1(A), Vess(A @& A*) in all these cases and additionally the essential lower norms of AA*
and A* A in the happi case. The case dim X < oo offers the largest collection of characterizations,
including also B(A) and S(A), and the classical (non-P) essential lower norm.

Each of them permits to give an equivalent definition of P-essential spectra and pseudospectra:

Theorem 5.30. a) Let A € Ag(X). Then

SPess(A) = {ANEC: (A= AN+ KX, P) P =0} ={\€C: pu(A—-\) =0},
Peess(A) ={AEC: (A=A + KX, P)) " <e}={AeC:u(Ad- ) <e}
= SPegs(A) U{A € C : max{vess(A — M), Vess (A — AI)™)} < €}

If even X = [P(Z, X)) with dim X < oo, then

SPe ess(A) = {A € C i max{vess(A — M), Vess (A — AI)")} < e}
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b) Let (Y,P) be a happi space and A € L(Y,P). Then

SPess(A) ={A € C: p(A — M) = 0}
={ANEC : vess((A= M) ® (A—AN)*) =0}
={\ € C: min{\/Vess((A — M) (A = AI)*), \/Vess (A — M)*(A — X))} = 0},
sps,css(A) = {)\ eC: :U(A - /\I) < E}
={Ae€C (A=A D (A—-AN)") < e}
={\ € C: min{\/Vess((A — M) (A = AI)*), /Vess (A = MN)*(A = AI))} < &}
= 8Pges(A) U{A € C: max{vess(A — M), Vess (A — AI)*)} < e}.

¢) Let A€ L(X,P) and dim X < oo. Then

8Dess(A) = {A € C 1 [[(A = AT+ K(X)) 1|~ = 0}
={AeC:u(A- ) =0}
={AeC:vess((A=XN) D (A= A)") =0}
—{AeC:B(A-A) =0}
={AeC:S(A-\)=0},

8Dz css(A) = A€ CH[[(A =M+ KX) 77! <&}
={AeC:u(A-X)<e}
={AE€C:ves((A=AN)D(A—-A)") < e}
={AeC:BA-)X)<e¢e}
={AeC:S(A-X)<¢e}
= SPess(A) U{A € C: max{Vess(A — N), Vess (A — NI)")} < e}

d) If the conditions in b) and ¢) are both fulfilled, we additionally have

Pew(A) = A € C: S(A— AT) = 0},
SPe ess(A) = {A € C: (A~ A) < ¢},

6 On finite sections

In this section we apply our results, in particular Corollary 3.7, in the context of asymptotic inversion
of an operator.

Stability Let A € £L(X,P). For the approximate solution of an equation Az = b or, likewise,
for the approximation of the pseudospectrum sp.(A4), one is looking for approximations of the
inverse of A (or of A — A\, respectively) by operators that can be stored and worked with on a
computer.
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Assuming invertibility of A, a natural idea is to take a sequence of operators Ay, As, ... in L(X, P)
with 4, 2 A as n — oo, and to hope that, for all sufficiently large n, also A, is invertible and
A1 DB AL Tt turns out (see e.g. [28, Theorem 6.1.3], [17, Corollary 1.77], [34, Propositions 1.22,
1.29 and Corollary 1.28]) that this hope will be fulfilled if and only if the sequence (A,,) is stable,
meaning that there is an ng such that all A, with n > ng are invertible and sup,,,, |4, < oc.
In short:

(A,) is stable D= limsup || A} < o0 (6.1)
n—oo

After a positive answer to this qualitative question about stability, one will ask about quantities:

(Ql) How large is the limsup in (6.1)7

(Q2) Isit possibly a limit?

(Q3) What is the asymptotics of the condition numbers k(A,) = || A, ||| 4,47
(Q4) What is the asymptotic behaviour of the pseudospectra sp.(A,)?

There are different approaches [27, 29, 18, 34, 37] to deal with these questions. We will discuss
one of them and we will focus on questions (Q1) and (Q3). The discussion of (Q2) and (Q4) is
postponed to a further paper, [14], as it would overstretch both length and scope of the current
paper. Moreover, we will restrict ourselves here to studying sequences (A,,) of so-called finite
sections (see below) of an A € L(X,P) as opposed to [14], where we look at more general elements
of an algebra of such sequences.

The stacked operator The idea is to identify the whole sequence (A,) with one single
operator, denoted by @A, that acts componentwise on a direct sum of infinitely many copies of
X. To make this precise, first extend the sequence (A, )nen to the index set Z, for example by
(Ap)nez = (--+ ,cl,cl, Ay, Ay, ---) with some ¢ # 0, and then, recalling that X = [P(Z", X), put

X' =l X = IP(Z,X) = P(ZN ) X).

Now each bounded sequence (A, )nez C L£(X) acts as a diagonal operator on X' = [P(Z,X). We
denote this operator by ®A4,, : X’ — X’ and refer to it as the stacked operator of the sequence
(Ay). Then (see [17, Section 2.4.1] or [19, Section 6.1.3])

| & Anl| = sup || An|| (6.2)

In order to avoid confusion we denote the approximate identity on X' = (P(ZN*1 X)) by P' = (P)),
where Py, = x(_p,..nyv+1d and Py = x{_p, .. oy~ ]

Finite sections Given A € L(X,P), a natural construction for the approximating sequence
(A,,) is to look at the so-called finite sections

A, = P,AP,, neN, (6.3)

of A. Here A,, is understood as operator im P, — im P, and is hence represented by a finite matrix.
For completeness, put P, := 0 for n € Z \ N, so that the same formula (6.3) gives A,, = 0 then.
From P, 31 it follows that A, > A as n — 0o, where we freely identify A, with its extension
by zero to the whole space X. However, when writing A1, we clearly mean the inverse (or its

extension by zero to X) of A, : im P,, — im P,. For the study of stability of a sequence it is more
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convenient to have all invertibility problems on the same space. To this end we fix a ¢ > 0 and look
at the extensions
Ap.c:= PyAP, + cQy, n €7z, (6.4)

of A, by c times the identity, to X. Clearly, also A, . A as n — oo. Now P, = 0 implies
Ap.c = cl for n € Z\ N. Note that A, is invertible on im P, if and only if A, . is invertible on X,
and that

A=A +¢7'Qn, sothat |JAL L = max(||4, "], ¢, (6.5)

whence both sequences, (A,) and (A, ), are stable!® at the same time. Note that the choice
¢ > [|A]l > [|An| implies ¢™ < [ An[|7" < JAZYl, so that [[AZT]l = || A7, by (6.5).

Theorem 6.1. ([28, Theorem 6.1.6, Lemma 6.1.7] or [17, Proposition 2.22, Theorem 2.28])
Let A € L(X,P), ¢ >0 and (An),(Anc) C L(X,P) be the sequences defined in (6.3) and (6.4).
Then

The stacked operators ©A, and ®A,, . are in L(X',P’).

If A is rich then the stacked operators & A, and GA, . are rich.

If A is band-dominated then the stacked operators & A, and ®A, . are band-dominated.
(A,,) is stable if and only if the stacked operator ®A,, . is P’-Fredholm.

Combining Theorems 6.1 and 2.9, we get:

Corollary 6.2. Let A be a rich band-dominated operator, ¢ > 0 and (A,), (An.c) as defined in
(6.3) and (6.4). Then: (A,) is stable if and only if all limit operators of ®A,, . are invertible.

So we are led to studying the limit operators of @A, .. It is easy to see that each of them is
again a stacked operator, say ®B,,. A detailed analysis of ®A4,, . and its limit operators (see e.g.
[29, 18, 19]) shows that the operators B, to be considered here are:

) the operator A itself,
) ¢ times the identity operator on X,
(¢) all limit operators of A,
) certain truncated limit operators of A, extended to X by ¢ times the identity, and
) shifts of all the operators above.

The invertibility of all limit operators of ®A,, . reduces to the invertibility'6 of all B, under
consideration, which is of course handy since it brings us back to the X — X setting of the original
operator A. In terms of invertibility of all members B,,, there is a lot of redundancy in the list (a)—
(e) since ¢l is invertible, shifts do not change invertibility, and invertibility (even P-Fredholmness)
of A implies that of all its limit operators. So it remains to look at points (a) and (d). Without

15We also call a bi-infinite operator sequence (Ap)nez stable if it is subject to (6.1) (with oo referring to +o0),
i.e. if its semi-infinite part (An)nen is stable. The other part, (An),ez\n, as we defined it, is uncritical anyway.

16 The uniform boundedness of all inverses By, ! follows automatically from their existence, as can be seen by a slight
modification of our Ay, . construction: Assemble A1, Ao, ... into one diagonal operator D := ZkeN Vo Ak Vg, +
(I =Y pen Vi PeV-g, ), acting on X (not X’), where the g are chosen such that the sets gi + {—k,...,k}" are
pairwise disjoint, as in (4.2) above. Then (see e.g. [29]) the set of all operators By in the limit operators @By of
@B An,c coincides with the set of all limit operators of D, so that, by Theorem 2.9, the inverses of all B,, are uniformly
bounded as soon as they all exist.
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going into the details of (d), we will denote this remaining set {(a),(d)} of operators by S(A,c); in
[29, 18, 19] it is called the stability spectrum of A. From Corollary 6.2 and the discussion above
one gets that

(A,) is stable <= (A4,.) isstable <= all elements of S(A,c) are invertible.  (6.6)

Example 6.3. Let X = [2(Z!,C), u € [0,1) and consider the operator A induced by the block
diagonal matrix

A = diag(---,B,B,1,B,B,---), where B = (‘f ;)

and the single 1 entry is at position (0,0) of A. Then A is invertible with

1 —
A71 _ dlag( . 7B*l,Bfl7 1,B71,B71; .. .), where B*l = 5 1 < H 1 >
2 —

and its finite sections correspond to the finite (2n + 1) X (2n + 1) matrices

. diag (B,---,B,1,B,---,B) if n > 2 is even,
no diag (4, B,---,B,1,B,--- ,B,u) ifn > 3is odd.

If 4 = 0 then the A,, with odd n are singular so that the sequence (A,,) is not stable. If u € (0,1)
then all A,, are invertible, with

141 = IB7Y =1 —p? if n > 2 is even,
" max (| B[, ') =max (1 — p)~ ', p~) = (min(1 — g, p))~" if n > 3 is odd.
So for p € (0,1) the sequence (4,,) is stable, where the limsup in (6.1) equals (min(1 — ju, )~ .
This limsup is a limit if and only if (min(1 — g, )™ = (1 — p) 71, ie. if p € [3,1).
Fix ¢ > ||A|| = |B||, e.g. ¢ := 2. Then A, . = diag(---,c¢,¢, Ay, ¢,c,---) and the stability
spectrum S(A, ¢) consists in this example of five operators. They are A,

C:dlag( ,C,C,C,B,B,B,"') D:dlag( ,B,B,B,C,C,C,"'),
E:dla'g( ,C,C,C,,U,,B,B,"'), F:dlag( 7BuBuuacuc7cu'”)'

In case = 0 only A,C and D are invertible. In case u € (0,1), all five operators are invertible,
where [A7H| =[BT = IC7Y = D7 = (1 — p)~" and [|[E7H| = [P~ = (min(1 — g, 1))~

This example suggests that the set S(A,c¢) not only determines the stability of (A,) via the
invertibility of all members of S(A4, ¢), by (6.6), but also the answer to question (Q1) via the norms
of those inverses. It also shows that the answer to question (Q2) is usually negative. Questions
(Q3) and (Q4) are fairly straightforward once (Q1) and (Q2) are settled. As we said, in this paper
we restrict ourselves to (Q1) and (Q3). So let us turn back to the general setting.

On question (Q1): What is limsup |4, }||? We start by noting that the elements of S(4, ¢)
are not just those operators from the list (a)—(e) whose invertibility implies that of all other operators
on that list — but they also have the largest inverses among (a)—(e), provided that ¢ is large enough.
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Proposition 6.4. Let A € Ag(X), ¢ > ||A]| and (A,.c) as in (6.4). Then

max [|[L7Y| = max |S7!l= max ||STY.
LEoop(®An,c) Se{(a)—(e)} SeS(Ac)

Proof. From Theorem 3.2 we know that the LHS indeed exists as a maximum. As in the discussion
following Corollary 6.2, we note that each L € oop(®An,c) is of the form L = &B,, so that
L™' = ®B,;! and the maximum of all ||[L7!| is the supremum of all || B, }||. As in footnote 16,
using Theorem 8 of [20], one can see that also this supremum is attained as a maximum. So the
LHS equals the maximum of ||S~!|| with S from the list (a)—(e). It remains to show that this
maximum is attained in items (a) or (d).

(a) vs. (b): From ||A]| < ¢ we get that || A7 > |47t > ¢ = ||(c]) 7Y

(a) vs. (c): Let A be invertible and Aj, € oop(A). Then Ay, is invertible and (Ap) ™' = (A7),
by Proposition 2.6. By the same proposition, ||[A7Y| > [[(A71)4ll = |(An) 7.

(e): Clearly, taking shifts does not change the norm of the inverse. O

The maximum of ||[S~|| can be attained by (a), S = A, or by (d), a truncated limit operator of A.
See Example 6.3 with u € (0, %) for the latter, and replace A by A = diag(---,B,B,%,B,B,---),
again with p € (0, 3), for the former. Next we rewrite limsup || B, as the P’-essential norm of the
stacked operator ®B,,:

Lemma 6.5. Consider a bounded sequence (Cy,)nez with Cy, : im P, — im P,, forn € N and C,, =0
forn € Z\N. Now let 0 < d < inf,en ||Crl|l and B,, := C,, +dQ,,. Then ®B,, € L(X',P’) and

| ® B, +KX',P")|| = limsup || B,|| = limsup ||C,].

Proof. By the construction of B, we have Q. (®B,)FP,, = 0 = P, (®B,)Q}, for all m € N and
k > m, so that ®B,, € L(X',P’), by [28, Prop. 1.1.8]. Using || B,|| = max(||C,||,d) = ||C]| for all
n € N, we derive the equality

|® B, + KX, Pl = lim [|Q,,(®By,)] = lim (sup ||By||) = limsup||By[| = limsup ||Cy||
m—»00 m—00 n>m n—o0 n— oo

from Proposition 3.1 and (6.2). O

Now we are ready to answer question (Q1):

Theorem 6.6. Let A € Ag(X), ¢ > ||A|l and let (A4,) from (6.3) be stable. Then

limsup |47 = ma S
msup |47 = max (157

Proof. Fix ng € N so that all A4,, and A,, . with n > ng are invertible. Then ®&B,, with B,, = A;}:
for n > ng and B,, = ¢~ !I for n < ng is a P’-regularizer for ®A,, .. From ¢ > || A|| we get

limsup | A7 = limsup || ALl (by (6.5))
= limsup ||B,| = ||® B, +KX',P)| (by Lemma 6.5)
n—oo

-1
I

| [®4n,c + KX, P)] = max, L4 (by Corollary 3.7)

Leoop(DAn,c

= St by P ition 6.4
sélsl?“f,@” | (by Proposition 6.4),

which finishes the proof. O
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On question (Q3): The asymptotics of the condition numbers From A4, = A together
with (2.3) and ||A,|| = || P.AP,| < ||A] we get [|A|| < liminf||A,| < limsup ||A,|| < ||A]], so that
lim || A,, || exists and equals || A||. So the asymptotics of the condition numbers x(4,,) = || A.||[|A,; ||
is essentially governed by the asymptotics of || A, ||

Corollary 6.7. Let A € Ag(X), ¢ > | A|| and let (A,,) from (6.3) be stable. Then

li A,) = ||A] - S
1&83/%( )= 1Al s?é?f,c)” l

If limsup || 4, !]| is a limit then also limsup #(A,,) is a limit, but whether or when this happens
is the subject of our question (Q2), which is addressed in [14].

We want to mention that versions of both results, Theorem 6.6 and Corollary 6.7, are already
contained in the literature: In the Hilbert space case they follow directly from (6.6) by a C*-
algebra argument (as in footnote 5). [21]| gives such results while even exceeding the setting of
band-dominated operators considerably. The general case X = [P(ZY, X) is studied in [37] and in
Section 3.2 of [34]. While the results of [34, 37] even apply to sequences (A,,) in an algebra of finite
section sequences, they put stronger constraints on the operator A (the higher the dimension N,
the stronger are the constraints). Our current approach shows how to avoid these constraints on
A, and our separate paper [14] combines the benefits of the two approaches.
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