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ABSTRACT

Global climate models inadequately represent aspects of tropical convection; many studies

that underpin the parametrisation of convection incorporate the interactive effects of large-

scale circulations using the Weak Temperature Gradient or Weak Pressure Gradient approxi-

mations. This thesis examines the thermodynamic consequences of these approximated cir-

culations, in particular for the generation of mechanical work that they imply. It develops

approximate analytical formulae for conversions from potential to kinetic energy by circula-

tions generated by the Weak Temperature Gradient approximation and explores the energetic

processes involved. Furthermore, a recently proposed isentropic analytical framework for the

mechanical energy budget is extended and applied to results from two coupled cloud resolv-

ing models. This confirms that the use of the Weak Temperature Gradient approximation does

not introduce any thermodynamic anomalies, and the results produced by the cloud resolving

models provide confirmation of the analytical results derived earlier. Scaling arguments for

the components of the mechanical energy budget are presented. The same technique is also

applied to re-analysis data to show how the mechanical energy generated by circulations such

as the Walker and Hadley circulations can be calculated from this data.
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Chapter 1: INTRODUCTION AND BACKGROUND

CHAPTER 1

INTRODUCTION AND BACKGROUND

1.1 BACKGROUND AND MOTIVATION

Tropical convection plays a central role in “driving” atmospheric circulation. It acts by concen-

trating the effects of solar heating in relatively confined regions and distributes that heating

through a deep layer of the atmosphere. This localized deep heating then results in large-scale

circulations that spread the heating across large parts of the globe to balance radiative cooling.

Despite its importance, aspects of tropical convection are poorly captured in General Circula-

tion Models (GCMs). The various GCMs used in the Coupled Model Intercomparison Project

Phase 5 (CMIP5)1 show considerable variation in the response of the tropical precipitation

signal to changes in temperature in an aquaplanet configuration, as shown in Figure 1.1, re-

produced from Stevens and Bony (2013). Furthermore, well-established phenomena such as

the Madden-Julian Oscillation (MJO)2 remain inadequately represented, in spite of consider-

able research effort expended (Hung et al., 2013; Zhang et al., 2013).

In the tropics, the (apparent) Coriolis force (reflecting the perceived deflection of motion due

to the Earth’s rotation) is a less significant factor than in higher latitudes, where the signifi-

cant role of baroclinic eddies is generally well captured in models (Stevens and Bony, 2013).

Tropical systems on the other hand, to the extent to which they are not chaotic, or temporary

1A benchmarking exercise including 20 leading modelling groups and underlying the analyses shown in the
IPCC’s 5th Assessment report (AR5).

2A highly variable oscillation that is the main source of intraseasonal variation in the tropics, particularly the
Indian Ocean and Western Pacific, with a time period in the range 30-60 days.
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Chapter 1: INTRODUCTION AND BACKGROUND

Figure 1.1: Responses in cloud radiation and precipitation to a 4 K increase in uniform
temperature in various CMIP5 models for a simplified aquaplanet set-up (from Stevens
and Bony (2013)).

features exhibiting high vorticity (such as tropical cyclones) which are subject to the collabo-

rative intensification mechanism suggested by Ooyama (1982), are generally dominated by the

balance between convective heating, radiative cooling and the advection of temperature and

particularly moisture by the large-scale circulation (Raymond et al., 2015).

Even with current advances in computing power, GCMs largely continue to model convec-

tion as a parameterised process. More sophisticated studies over a restricted domain are pos-

sible using Cloud Resolving Models (CRMs), but given the two-way interaction with large-

scale dynamics, this in turn will often require some parametrisation of large-scale circulations

(sometimes referred to as supra-domain paramterisation, following Romps (2012b)). In or-

der to achieve this, a number of different approaches have been proposed, notably (a relaxed

form of) the Weak Temperature Gradient (WTG) approximation (see Daleu et al., 2012), but

more recently the Damped Gravity Wave (DGW) or Weak Pressure Gradient (WPG) approxi-

mation (Romps, 2012b) and a spectrally decomposed variant of the WTG (Herman and Ray-

mond, 2014). These parametrisations typically study a local domain (“test column”) in con-

junction with a reference profile with pre-determined characteristics, and diagnose a vertical

2



Chapter 1: INTRODUCTION AND BACKGROUND

large-scale circulation in the test column based on temperature differences between the two.

A number of researchers have tested aspects of these large-scale parametrisations, notably

Romps (2012b,a) and also the Global Energy and Water Cycle Exchanges (GEWEX) interna-

tional intercomparison project (see Daleu et al., 2015b, 2016), but no thorough analysis has

been carried out of the fundamental energetics of these different approaches.

This thesis addresses that gap, looking at the energy cycle implied by parametrisations of a

large-scale overturning circulation such as the WTG and WPG approximations, with a particu-

lar focus on the generation of kinetic energy that they imply. A number of different methodolo-

gies have been used in parallel, including an analytical treatment and the use of a simplified

radiative/convective model as well as CRMs. Two related research questions are central to this

project:

1. What are the local thermodynamic consequences of different coupling strategies?

2. What rate of conversion of Available Potential Energy (APE) into kinetic energy can be

produced by overturning circulations in a coupled model?

1.2 TROPICAL CONVECTION AND THE ATMOSPHERIC ENERGY CYCLE

The incidence of solar radiation on the Earth’s surface gives rise to an uneven distribution of

incoming radiative energy with an annual mean maximum in the tropics, largely due to geo-

metric considerations, but enhanced by the albedo effect at the polar caps. One consequence

is that heat is exported from the tropics to the cooler regions (see e.g. Figures 6.14 and 6.15 in

Peixoto and Oort (1992)) by both the oceans and the atmosphere (Carissimo et al., 1985; Tren-

berth and Caron, 2001).

In the atmosphere, important components of this transport include the Hadley cell, a zonal

mean overturning circulation with large-scale ascent over the Inter-Tropical Convergence Zone

(ITCZ) and descent in the subtropics, and a secondary circulation in the mid-latitudes (some-

times referred to as the Ferrel cell), where eddy fluxes transport heat and momentum pole-

ward, associated with the ascent of cooler air at around 60° (Schneider, 2006). In addition, the

tropical circulation exhibits zonal asymmetries, notably ascent over the Maritime Continent

3



Chapter 1: INTRODUCTION AND BACKGROUND

in the West Pacific where surface temperatures are particularly high and descent over the East

Pacific (the Walker cell). Anomalies in the Walker circulation, are closely linked to different

phases of the El Niño Southern Oscillation (ENSO) (Philander, 1990).

The energetic pathways associated with energy transport in the atmosphere are frequently de-

scribed in terms introduced by Lorenz (1955). Differential heating at the surface gives rise to

a potential energy anomaly by creating horizontal temperature gradients in the atmosphere

above. The excess of potential energy over a notional minimum energy state is termed Avail-

able Potential Energy (APE). This can be subdivided into mean and eddy APE, the latter being

based on departures from the zonal average. Mean APE can be converted into eddy APE e.g.

by baroclinic eddies in the mid-latitudes. Potential energy is converted into kinetic energy by

convective processes as lighter air rises and cooler air descends. It is possible for kinetic en-

ergy to be converted back into potential energy, e.g. when cooler air is forced above warmer

air. Ultimately, however, the fate of kinetic energy is to be dissipated in the boundary layer of

the atmosphere.

A number of studies have estimated numerical values for the energy reservoirs and various

conversion terms in the energy cycle outlined above, exhibiting a degree of variability across

the studies. In particular, the conversion from mean APE to mean kinetic energy consists of a

positive contribution corresponding to the direct overturning Hadley circulation in the tropics

offset by a negative contribution arising from the indirect Ferrel mid-latitude circulation and

different estimates can result in positive or negative totals, as seen in Figure 1.2. Huang and

McElroy (2014) calculate the separate contributions of these two circulations to be 0.39 W m-2

and -0.54 W m-2 respectively, in total -0.15 W m-2, using MERRA data. This can be compared

with the total conversion using the same re-analysis product, albeit for a slightly different pe-

riod, of -0.06 W m-2 or -0.13 W m-2 (depending on the calculation method used) shown in

Figure 1.2.

All these studies are based on reanalysis data and neglect the role of sub-grid processes. APE

is converted also into kinetic energy by smaller-scale processes than those resolved by the re-

4
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Figure 1.2: Examples of estimated Lorenz energy cycles from Kim and Kim (2013). P
represents APE, K kinetic energy, G generation, C conversion and D dissipation; the
subscripts M represent zonal means, SE stationary eddies and TE temporal eddies. The
numerical values are based on NCEP R2 (above) and MERRA (below) re-analyses, av-
eraged over the period 1979-2008. The figures in parentheses are calculated using an
alternative approach. The units for the reservoirs (P and K) are 105 J m-2 and W m-2 for
the other terms.

analysis data used. Steinheimer et al. (2008) have investigated the effect of including values in

respect of the sub-grid elements for a one year run of the ECMWF climate model and produce

values for conversion from APE to kinetic energy for the global circulation (mean and eddy

combined) approximately twice as large as previously estimated once the sub-grid contribu-

tion is included.

There are reasons to believe that greater emphasis on the representation of the conversion

process in numerical prediction models could improve their accuracy. For example, Holloway

et al. (2013) investigated how well a number of models represent a particular MJO event, and

found a correlation between increased generation of kinetic energy and accuracy.

5
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1.3 ENTROPY AND POTENTIAL TEMPERATURE

The concept of entropy in physics was introduced by Clausius (1867) in its classical thermo-

dynamic form, and later interpreted from a statistical perspective (see Boltzmann, 1896). At

a fundamental level, the classical form represents the notion that not all the energy in a sys-

tem is available for conversion into mechanical work - the statistical perspective links this to

a notion of microscopic disorder in the system. Although generally accepted as fundamental,

entropy remains a somewhat controversial concept 3.

Entropy is central to understanding non-equilibrium thermodynamic systems such as the

Earth’s atmosphere. Kleidon (2016) suggests that it can provide an organising principle for

many of the complex systems that the Earth supports, and links this to the Gaia hypothesis

(Lovelock and Margulis, 1974). More quantitative approaches seek to identify constraints that

an entropic perspective can introduce to models representing climate features, for example

Emanuel (1986) applies it to estimate a limit on the windspeed generated by a hurricane. An-

other example is the Maximum Entropy Production (MEP) conjecture (Paltridge, 1975), which

purports to predict the mean state of the climate, given very weak constraints (see appendix).

An important result that underpins much of this work is the second law of thermodynamics,

which in the Clausius version states that heat cannot of itself pass from a cooler body to a hot-

ter body. It can be shown (e.g. Ambaum, 2010) that this is equivalent to the statement by Carnot

(1824) that the work done by a theoretical heat engine L̇ is limited by the energy input (Fin) and

the temperatures at which the energy throughput enters and leaves the system(Tin,Tout), thus:

3This is perhaps most notably expressed in John von Neumann’s suggestion to Claude Shannon that he name
an attenuation concept in information theory entropy because “ ... nobody knows what entropy really is, so in a
debate you will always have the advantage.” (see Tribus and McIrvine, 1971). Paltridge (2005), one of the earliest
advocates of the Maximum Entropy Production (MEP) conjecture (revisited in an appendix) is blunter: “For various
rather obscure reasons, ‘entropy’ is a word that seems to attract the crackpots of the pseudo-scientific societies
of the world”. This prejudice is not new - Shaw (1930) mentions that “meteorologists generally express aversion
from any suggestion to introduce the idea of entropy into meteorological reasoning on the ground that it is an
incomprehensible entity which suggests no physical reality and therefore confuses the argument”.
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L̇ ∑
µ
1° Tout

Tin

∂
Fin . (1.1)

Entropy is closely connected to the notion of irreversible transformations, where a physical

system cannot subsequently return to its original state without the expenditure of additional

energy. Examples of irreversibility in the atmosphere of particular relevance to this thesis in-

clude the frictional dissipation of kinetic energy, the mixing of two gases (or the evaporation of

liquid into sub-saturated air), the precipitation of cloud water, and the absorption of radiation

(Raymond, 2013; Peixoto et al., 1991).

The change of entropy (dS) in a system to which heat dQ is added by a reversible process can

be defined by dS = dQ
T , where T is the temperature at which the heat is added. Entropy can be

linked to a concept that is much more accepted by meteorologists namely potential tempera-

ture, the temperature that would result if dry air were adiabatically transformed to a standard

pressure, first introduced by von Helmholtz (1891). Specific entropy for dry air (s) can be ex-

pressed as s = cp logµ/T0, where cp is the heat capacity at constant pressure of dry air and µ

is the potential temperature (subject to an arbitrary integration constant, here represented by

T0, the triple point of water). For systems including water in various phases this expression can

be expanded to account for the heat stored as a result of phase transitions, but this introduces

some further complications in that there is an arbitrary choice to be made for the integration

constants for liquid water and water vapour (see Appendix A in Pauluis et al., 2008). The im-

pact of this choice is of little importance where changes in entropy around closed circuits are

studied as in this thesis. Yano and Ambaum (2017) argue more broadly that integration con-

stants generally play no physically measurable role in many atmospheric contexts.

Equivalent potential temperature µe is a variable that is frequently used in place of moist en-

tropy. A common definition is given in Emanuel (1994):

(cp + rT cl ) logµe = s +Rd log p0 , (1.2)

7
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where Rd is the specific gas constant for dry air and p0 is a reference pressure. This definition

has the drawback of not necessarily being monotonically related with entropy, and alternative

definitions have been proposed (e.g. Marquet, 2011). In this thesis, in order to preserve the

monotonic relationship with entropy, the rT cl term in Equation 1.2 is neglected, and a differ-

ent integration constant used as in Ambaum (2010):

cp logµe/T0 = s . (1.3)

It should be noted that s in the above equation is the specific entropy per unit mass of dry

air, even though moisture is now included. A Lagrangian analysis of an overturning circula-

tion with varying water content, such as that presented in Chapter 3, is most meaningfully

performed from a unit mass of dry air perspective, which will then be weighted by a stream-

function representing the mass flux of dry air to obtain numerical results. Marquet and Dauhut

(2018) question whether the label “isentropic” can properly be applied to such an approach.

There is a close inter-relationship between the mechanical work generated by a system and the

irreversible generation of entropy. Consider a system which converts the difference between

energy input (Fi n) and output (Fout ) into mechanical work (L̇). Using the weighted average

temperature at which energy enters and leaves the system then, following the argument in

Ambaum (2010, section 10.3) the irreversible entropy production (Ṡi ) can be expressed as:

Ṡi =
Fout

Tout
°Fin

Tin
. (1.4)

It is then possible to decompose the work done as follows:

L̇ =Fin °Fout (1.5)

=
µ
1° Tout

Tin

∂
Fin °Tout

µ
Fout

Tout
°Fin

Tin

∂
(1.6)

= ¥Fin °ToutṠi , (1.7)

where ¥ = (1° Tout/Tin) is the Carnot efficiency of the system. This is referred to as the Guoy-

Stodola equation. The significance of this equation is that it shows that the difference between

8



Chapter 1: INTRODUCTION AND BACKGROUND

the theoretical (Carnot) maximum work output and that actually realised is proportional to

the irreversible entropy production.

Pauluis and Mrowiec (2013) analyse convective systems by considering averaged motions in

a coordinate system defined by entropy and height. The mechanical energy budget for air

parcels following closed paths in such a framework was subsequently expressed by Pauluis

(2016) in a form that can be written as:

I
T ds

| {z }
WT ds

=
I

Bdz
| {z }

Wb

+
I

rT g dz
| {z }

Wp

+
X

w=v,l ,i

I
(°Gw )drw

| {z }
¢G

, , (1.8)

where B is the buoyancy of the parcel, z the height, g the acceleration due to gravity, rT the

total water mixing ratio and rw the mixing ratio for each of the three phases of water (w = v, l , i )

and Gw , the Gibbs function or chemical potential. This is defined for the three phases of water

as follows:

Gv = cl

µ
T °T0 °T log

T
T0

∂
+Rv T log(H) , (1.9)

Gl = cl

µ
T °T0 °T log

T
T0

∂
, (1.10)

Gi = cl

µ
T °T0 °T log

T
T0

∂
°L f 0

µ
1° T

T0

∂
, (1.11)

where cl is the heat capacity of liquid water, T0 is its triple point temperature, Rv is the specific

gas constant for water vapour, H is relative humidity and L f 0 is the specific freezing enthalpy

of water. WT ds , the left hand side of Equation 1.8, can be interpreted as the Carnot maximum

work done by the parcel as it completes its circuit in s°T coordinates. Wb , the first term on the

right hand side can be shown to be the increase in kinetic energy arising as a result of warmer

air convecting upwards and displacing cooler air, in other words the generation of mechanical

energy by the system, and is referred to as the buoyancy term. Wp (“the elevator term”) is the

increase in the potential energy of total water lifted by the system, and ¢G is the lost part of

that work that is needed to evaporate liquid water at below saturation into the system in order

to maintain the mean humidity profile against the hydrological cycle and is referred to as the

“Gibbs penalty” by Pauluis who discusses it in detail in Pauluis and Held (2002a,b) and Pauluis
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(2011). Note that for saturated parcels at equilibrium the Gibbs function for each phase is the

same, so that any water transfer between phases cancels out in the integrals and does not con-

tribute to the Gibbs penalty term. This mechanical energy budget is discussed in more detail

in Chapter 3 where it is central to much of the analysis.

1.4 CONVECTION SCHEMES IN CLIMATE MODELS

The development of climate models is a complex process involving many inter-related compo-

nents (Flato et al., 2013). A key element is sub-grid parametrisation, the use of approximations

to express physical processes which are not represented explicitly within climate models. The

extent of parametrisation required will thus depend on the size of the grid used within the

model, and a small scale model such as the Large Eddy Model (LEM) used in this study (a CRM

developed by the Met Office which underpins some of the work in Chapter 3 and is described in

Section 3.2) does not require parametrisation of convection in contrast to larger scale models

such as GCMs. Despite the availability of such models, even relatively high resolution models

for climate and global NWP may still need to parametrise cumulus convection, given that the

length-scale of this process is often of the order of 100m. Such compromises are not without

cost - studies have shown that models that include a combination of high-resolution and ex-

plicit representation of convection can generate a great deal of "noise", often requiring a large

ensemble approach (Bechtold, 2014).

Bechtold (2014) identifies three steps in convective parametrisation, which in turn determine:

1. the occurrence and localisation of convection (“triggering"),

2. the vertical distribution of heating, moistening and momentum changes (via a cloud

model),

3. the amount of precipitation, which corresponds to energy conversion (“closure").

He provides a categorisation of convection schemes into those based on moisture budgets

(such as the Kuo scheme), adjustment schemes (such as Betts Miller) and mass flux schemes

(which now dominate). These last schemes usually represent the processes linked with up-
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ward convection (generally) as a single entraining and detraining plume within each grid cell

(see detailed description in Plant, 2010; Yano, 2016). Key assumptions made will include the

amount of mixing between the ascending plume and the environment (“entrainment” and

“detrainment”), and also the amount of mass-flux convection at some base level, connected

to the precipitation and energy conversion, which is referred to as “closure”. This last ele-

ment is commonly assumed to be related to the large-scale circulation to maintain the quasi-

equilibrium of some quantity (Yano and Plant, 2016), an approach first suggested by Arakawa

and Schubert (1974), who hypothesised a statistical equilibrium between the production of

potential energy by the large-scale processes and its destruction through convection. Thus an

analysis of the energetic processes involved in convection and their relation to the large-scale

can be central to the development of parametrisation schemes.

An alternative approach is that known as “superparametrisation”, first suggested in Grabowski

and Smolarkiewicz (1999), which consists of using (2 dimensional) cloud system resolving

models at each grid cell to represent the convective processes. This appears to provide much

better representation of phenomena such as the MJO (Benedict and Randall, 2009), but re-

mains computationally expensive (Randall et al., 2003), a prohibitive factor for many applica-

tions.

1.5 THE USE OF SUPRA-DOMAIN PARAMETRISATION IN STUDIES OF

CONVECTION

A number of studies which aim to deepen understanding of tropical convection have been car-

ried out using the WTG, or similar, coupling mechanisms, to provide a linkage between studies

of a limited area, generally using a CRM, and large-scale dynamics. The most common version

of the WTG approach relates vertical velocity in a limited domain model (which may be stud-

ied analytically, or using a Single Column Model (SCM) or CRM) to the vertical profile of the

mean temperature difference between the domain of the model and an external reference pro-

file. The approach is to solve for the vertical velocity which will balance any heating anomalies

by advection.
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Sobel and Bretherton (2000) introduced this general approach (albeit in a “strict” version, i.e.

with no notion of a finite time over which temperature differences are eliminated). They

demonstrate that a disconnected set of single-column models in which the large-scale dy-

namics are replaced by a balance between the vertical advection and the diabatic heating can

provide a realistic representation of many aspects of tropical convection. Sobel et al. (2001)

subsequently combined the WTG approximation with a linear moist model to derive analyti-

cal expressions which suggest the existence of tropical modes of variability linked to moisture

advection.

Raymond and Zeng (2005) introduced a variant of the WTG approximation where in addition

to a relaxation timescale for temperature anomalies, the large-scale vertical velocity is mod-

ulated by a sinusoidal-term height dependency. They used this to study the effect of varying

imposed cross-domain wind speeds or surface temperatures on precipitation, showing a rela-

tionship between that quantity and the difference between entropy sources at the surface and

radiative entropy sinks in the atmosphere. Raymond (2007) subsequently used this approach

to show how a simple cumulus parametrisation could be tuned and identified the sensitivity

in the relationship between precipitation and surface wind. Sessions et al. (2010) also used a

cloud resolving model linked to a reference atmosphere using this sinusoidal variant of WTG

coupling. Their experiments demonstrated possible convergence of the column to one of two

equilibria, with either a dry atmosphere with no precipitation, or a moist precipitating state,

and generated insights into the factors driving this state selection.

The CRM studies referred to above have used a two-dimensional configuration to limit com-

putational cost. Wang and Sobel (2011) carried out a comparison between 2-dimensional and

3-dimensional models, which gave broadly similar results, albeit the 2-dimensional runs ex-

hibit greater sensitivity to SST contrasts, which they suggest may be due to a lesser entrainment

effect in those configurations.

Daleu et al. (2012) used the WTG (without the sinusoidal term) to couple two two-dimensional

CRMs and compared this with the reference atmosphere approach used in the studies above.
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Subsequently Daleu et al. (2015a) investigated the timescales over which transition from sup-

pressed to active convection occurs. Using such a configuration also permits the development

of energy budgets and has inspired the model framework used in Chapter 3 of this thesis.

A number of researchers have sought to validate the use of the WTG approximation in the

models discussed above. Sentić et al. (2015) compared WTG simulations of convection based

on observations obtained during the DYNAMO campaign and concluded that they reproduce

observed precipitation and other diagnostics reasonably well.

Alternative approaches have been used to model the supra-domain parametrisation. The most

prominent of these is the WPG approximation, which instead of solving for the vertical ad-

vection (and hence velocity) consistent with a temperature difference profile, uses linearised

equations of motion and assumes a gravity wave mechanism in order to diagnose the vertical

velocity generated by a (virtual) temperature anomaly. This was introduced by Kuang (2008a),

who showed that linear convectively coupled gravity waves similar to those identified in Haer-

tel and Kiladis (2004) can develop spontaneously in such a framework. Kuang (2008b) further

investigated how instability mechanisms can arise in such a context.

Wang et al. (2013) used both the WTG and WPG approaches to simulate variations in convec-

tive activity observed during the TOGA-COARE field campaign. They found that both have

some success in simulating rainfall, although the WTG vertical velocity is too top-heavy rela-

tive to observations and the converse is true for the WPG based models.

Romps (2012b) compared the WTG and WPG approaches using simplified analytical meth-

ods and concluded that they cannot simultaneously replicate timescales for both transient

and steady-state behaviour. In addition, he also suggested that WTG coupling may exces-

sively favour deep convection (consistent with Wang et al., 2013), conclusions which were con-

firmed by numerical simulations in Romps (2012a). Edman and Romps (2014) subsequently

proposed a modified version of the WPG approximation which eliminates potential buoyancy

resonances in the system.
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A systematic international comparison of a number of SCMs and CRMs approaches with iden-

tical Sea Surface Temperatures (SSTs) coupled using both the WTG and WPG is described in

Daleu et al. (2015b). The study showed, inter alia, that SCMs exhibit a broader range of be-

haviours than CRMs, and the existence of multiple equilibria under WTG coupling, particu-

larly at higher SSTs. Subsequently Daleu et al. (2016) confirmed the variability of SCMs where

the two columns have different SSTs and further suggested that WPG simulations produce ver-

tical velocities which are smoother and less top-heavy than those coupled by the WTG.

The top-heaviness of the WTG approach and the need for interpolation in the boundary layer

inspired Herman and Raymond (2014) to suggest using a Fourier decomposition of the poten-

tial temperature anomaly profile to provide an expression for large-scale vertical velocity as a

sum of the various Fourier modes. Additional approaches include that of Mapes (2004) who

included a time lag in the description of the gravity wave. Bergman and Sardeshmukh (2004)

instead based the vertical advection on the time history of the diabatic heating, decomposed

into Fourier modes.

In this thesis, we concentrate on the energetic consequences of using WTG and (to a lesser

extent) WPG coupling methodologies, in particular for the generation of mechanical work. The

diagnostic methodologies developed are then applied to re-analysis data in Chapter 4, which

permits some novel testing of how well these coupling methodologies represent large-scale

circulations.

1.6 THESIS AIMS

This thesis has two broad aims:

• To explore the factors that limit the generation of mechanical energy by overturning cir-

culations in cases where the rotational effects of the earth can be neglected, such as in

the tropics or for small-scale convective systems.
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• To provide insights into the thermodynamic implications of supra-domain parametri-

sations such as the WTG, in particular whether they introduce any anomalous energetic

behaviour that would undermine their usefulness.

In order to meet these aims, a number of approaches of increasing sophistication are adopted.

The generation of mechanical work is first studied for a simple case consisting of two coupled

columns in the absence of moisture, using both analytical techniques and a simplified com-

puter model. The insights that this suggests are then tested in a more realistic context, using

two coupled CRMs. Finally, the diagnostic approach is applied to re-analysis data.

1.7 THESIS PLAN

Chapter 2 investigates the energetic implications of the WTG approximation using both analyt-

ical techniques and a simplified computer model. The focus is on an idealised system consist-

ing of two dry columns, coupled by the WTG approximation, although extensions to a simple

moist case and to the WPG approximation are also studied. Local and global expressions are

derived (some approximate, and some dependent on the geometry assumed for the system)

for the energy reservoirs and generation of mechanical work by the system. The relationship

between the WTG parameter and frictional drag which permits the emergence of quasi-stable

systems is also investigated. The chapter concludes with an analysis of the energetics of a dry

overturning circulation, including results from the simplified model, identifying the processes

which determine the mechanical work done, and relating this to the Guoy-Stodola Equation.

Chapter 3 extends the diagnostic technique for partitioning the components of a mechanical

energy budget introduced in Pauluis (2016) to a system consisting of two regions coupled by an

overturning circulation. This analysis is then applied to the results produced by two coupled

CRM models, representing a warm and cool region, coupled by a large-scale parametrisation,

principally the WTG approximation. Scaling arguments are developed for the results obtained.

Chapter 4 then explores how these techniques can be applied to re-analysis data. The focus

here is on the tropical Pacific during the Year of Tropical Convection (YoTC), and notional

Walker and Hadley circulations are identified and the work that they generate estimated.

Conclusions are drawn and implications discussed in Chapter 5.
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The simplified model described in Chapter 2 was also used to investigate the MEP conjecture.

This work is included in an appendix.
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CHAPTER 2

A SINGLE COLUMN MODEL PERSPECTIVE ON THE

ENERGETICS OF TWO COUPLED COLUMNS

2.1 INTRODUCTION

Our broad objective in this thesis is to deepen understanding of the manner in which tem-

perature anomalies give rise to overturning circulations in the tropics, and the generation of

mechanical work that this implies. This will depend on energy and entropy constraints as well

as on the form in which the coupling that gives rise to the circulation is implemented. In order

to identify the fundamental drivers of these processes, we start with a very simplified model:

in this chapter we explore the energetic implications of a coupling parametrisation such as

the Weak Temperature Gradient approximation in an idealised context, using both simplified

single column models and analytical techniques, focussing on dry convective processes.

Romps (2012b) has investigated analytical solutions for both the Weak Temperature Gradient

and Weak Pressure Gradient approximations. The work in this chapter builds on that, devel-

oping his equations to include energetic quantities.

As mentioned in section 1.5, we are applying the large-scale parametrisation to generate a

large-scale vertical velocity. This is determined by the difference in temperature profile be-

tween two regions, and in a coupled system such as that presented here conservation of mass

implies that the upward mass flux in one region will be matched by the downward mass flux

17



Chapter 2: A SINGLE COLUMN MODEL PERSPECTIVE ON THE ENERGETICS OF TWO COUPLED COLUMNS

in the other. In this chapter each of the two regions are represented by a single column model,

and the SST in each column is varied to generate a temperature contrast between the columns.

We first present the main features of the single column model that we have developed and

explore some simple applications. We then introduce the Weak Temperature Gradient ap-

proximation as a parametrisation of the large scale circulation and show how this generates an

overturning circulation between the two columns. We next develop a conceptual model of the

energetic pathways within a two column WTG-coupled system and derive analytical expres-

sions for key quantities such as the work generated. These are tested against the model, for

the time being running it in a dry mode, i.e. excluding the impact of latent heating. This sim-

ple framework allows us to deduce the size of stable convective systems as a function of the

characteristic timescales of the processes generating and destroying kinetic energy. We also

explore the differences between the Weak Pressure Gradient and Weak Temperature Gradient

approximations, and the effect of including moisture.

2.2 DESCRIPTION OF SIMPLIFIED SINGLE COLUMN MODEL

In order to explore the energetic implications of using coupling mechanisms such as the Weak

Temperature Gradient (WTG), a simple two-column model was developed in FORTRAN based

on a single-column radiative-convective model previously developed by Prof. Ambaum. The

model assumes a fixed number (nl ) of layers of equal depth in pressure coordinates, from pSURF

(surface pressure, generally taken here as 1000 hPa) at the surface to 0 hPa at the top of the at-

mosphere. For most of the analyses, two columns of relative width (1°≤) and ≤ are considered

- the model itself just considers two vertical columns and does not require any particular hor-

izontal two-dimensional structure although the assumed geometry has implications for the

diagnosed horizontal winds. By convention “Column 2”, which is usually the smaller column

(≤ ∑ 0.5), is the ascending warmer column and “Column 1” the descending cooler column.

The physical meaning of ≤ varies according to the context in this thesis. For a small-scale two-

column system it can be regarded as the size of a convecting plume relative to its environment,

and can be compared to the convective area fraction - a feature than can be observed in field
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R2

R1

Figure 2.1: A representation of the two-column framework with
cylindrical horizontal geometry. Note that ≤= R2

2/R2
1.

work (see for example Dorrestijn et al., 2015) where it generally has a value of the order of a

few percent. However, in the subsequent chapters (where instead of two columns we examine

two coupled CRMs or regions of the tropical Pacific) ≤ represents the relative size of an area

dominated by convective ascent (even if it includes both ascending plumes and downward

subsidence), as opposed to an area in which convection is suppressed. This will typically have

much higher values, depending on the feature studied. As one of the aims in this chapter is to

establish a theoretical foundation for the results obtained from the experiments or observa-

tional data in subsequent chapters, many of the numerical results in this chapter will be based

on a value of ≤= 0.5. In addition, we attribute a physical significance to ≤ in section 2.7 where

it represents the relative size of the active area of a stable convecting system.

In order to facilitate calculation of Available Potential Energy (APE), for reasons discussed in

section 2.3, nl is generally taken as 100, larger than would perhaps be otherwise used. A graph-

ical representation of this set-up, showing a two-dimensional cylindrical geometry, is shown

in Figure 2.1.

The model is initialised with temperature profiles for the two columns, consistent with the

assumed surface temperatures and radiative-convective equilibrium. The radiative fluxes as-

sociated with Short Wave (SW) and Long Wave (LW) radiation are absorbed and emitted in the
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two columns, in line with the radiative model described below. The coupling mechanism be-

tween the two columns, initially the WTG, advects heat (and moisture where relevant) across

the system.

Hydrostatic balance is assumed, as is conservation of mass. The model is run through to equi-

librium using a time-step dependent on key parameters, such as the WTG timescale, consis-

tent with the CFL stability of the system. Any heat imbalance due to radiative forcing is bal-

anced by vertical and horizontal heat transport, representing the coupling approach. To avoid

introducing excessive complexity, no heat transport by turbulence in the boundary layer has

been included.

A simple “gray” radiative transfer model is used, distinguishing SW and LW radiation. Incom-

ing constant solar radiation of S0 = 1364 W m-2, (i.e. no diurnal cycle) is assumed as is a top

of atmosphere (TOA) albedo of Æ = 0.3, surface albedo being taken as 0. The atmosphere is

assumed to have a SW optical depth øSW = 0.4 and a LW optical depth of øLW, which is generally

taken as 3, although some alternative values are used at times. The absorptivity and emissivity

± for each layer i of the atmosphere is assumed to vary in line with a simple linear pressure

broadening model, implying as per Equation 9.44 in Ambaum (2010):

±LW,i =
2pi¢p øLW

p2
SURF

, ±SW,i =
2pi¢p øSW

p2
SURF

, (2.1)

with pi the layer central pressure, ¢p the depth of each layer and pSURF the pressure at the

surface. Radiative transfer equations give heat fluxes between each layer, evaluated at the top
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of layer i thus:

L#,LW,nl = 0 , (2.2)

L#,LW,i = (1°±LW,i )L#,LW,i+1 +±LW,iæT 4
i , (2.3)

L",LW,0 =æT 4
s , (2.4)

L",LW,i = (1°±LW,i )L",LW,i°1 +±LW,iæT 4
i , (2.5)

L#,SW,nl+1 = (1°Æ)S0/4 , (2.6)

L#,SW,i = (1°±SW,i )L#,SW,i+1 , (2.7)

L",SW,i = 0 . (2.8)

L represents the (upward/downward, LW/SW) radiation flux for layer i ,æ is the Stefan-Boltzman

constant and Ti is the temperature of layer i . The model uses the selected coupling parametri-

sation to determine vertical velocity in each column. The two coupling methodologies ex-

amined in the model are the WTG and the WPG which are described in sections 2.5 and 2.12

respectively. Horizontal mass fluxes are determined by the vertical velocity through conser-

vation of mass. The quantity advected in the model is (specific, dry) entropy (s = cp logµ/T0),

which is conserved by adiabatic processes.

Although the model was mainly used in a dry configuration, in order to introduce convective

heating a simplified approach to modelling moisture has been included in section 2.11. A fixed

profile of 100% relative humidity above the boundary layer is assumed for the ascending col-

umn - inspired by the discussion in Betts and Miller (1993) of observational evidence which

suggests that convecting areas in the tropics maintain a vertical thermal structure that is simi-

lar to a moist adiabat. An additional convective heating term Lv w@rv/@z is then included, where

Lv is the specific evaporation enthalpy of water and w is the vertical wind speed. Any moisture

that condenses can be regarded as then precipitating out. This heating term is regarded as an

energy input and the model does not track the conservation of moisture or the energy inputs

necessary to maintain the humidity profile. The variable used to determine the WTG velocity

remains µ, rather than µv . The saturated vapour pressure which determines condensation is
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obtained from Bolton’s version of Teten’s formula (Bolton, 1980):

es(hPa) = 6.112exp
µ

17.67T (°C)
T (°C)+234.5

∂
. (2.9)

In order to avoid possible instabilities, a flux limiter was introduced to ensure that the temper-

ature in Column 1 never exceeds that in Column 2, and the temperatures in the two columns

at the top of the atmosphere were set equal to each other. Apart from verifying that the results

are stable (e.g. for different time-steps or for longer runs), the model can also be validated by

comparing the balance of radiative energy absorbed and emitted on the one hand with the

mechanical work generated. Discrepancies of the order of 5% of the value of this quantity are

found; the source of these appears to lie in the fact that the advected entropy is a very small

proportion of the entropy in each layer, and truncation errors arise, despite the use of extended

precision. Since the radiative energy emitted is a quartic function of temperature, such errors

are amplified. The problem appears to be exacerbated in the WTG case by the discontinuity

at the boundary layer, which enables computational modes to become evident in the form of

trapped waves below the boundary layer and certain results will show this discrepancy. Given

that the energy converted is a relatively small proportion of the energy input, this discrepancy

was judged to be acceptable.

2.3 AVAILABLE POTENTIAL ENERGY FOR A TWO-COLUMN SYSTEM

APE, which has been introduced in section 1.2, is closely tied to other energetic quantities in

the simplified system that is studied in this chapter and is central to much of this work. APE

can be defined as that part of the potential energy of the system that is available for conversion

to kinetic energy by an adiabatic re-distribution of mass that would result in a minimum po-

tential energy configuration. This suggests that in an atmospheric model consisting of a single

column with nl discrete layers it should be possible to calculate APE by sorting the layers into

a state where potential temperature µ increases with height and calculating the difference in

total potential energy liberated by this sorting. This approach can be generalised to a model

with nc multiple columns by combining these into a single sorted column consisting of nl £nc

layers. Model results indicate that the value of this “sorted APE” may decrease markedly with
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increased resolution (i.e. number of horizontal layers) until a stable limit is reached, particu-

larly if the component of APE above the boundary layer is considered separately. This suggests

that for low resolution a sorting approach may overstate the value of APE, as explained below.

As pointed out in Lorenz (1955) the total potential (and internal) energy of a column of air is

given by cp /g
R

T d p, where g is the acceleration due to gravity at the Earth’s surface. Consider

two columns, each of relative area 1° ≤ and ≤ = 0.5 with potential temperature µ2 = µ1 +¢µ.

Suppose also that the model consists of nl layers of depth ¢p and that @µ/@p¢p >¢µ, i.e. the

(potential) temperature difference between the columns is small relative to the stability. The

potential energy P of the system can be expressed as:

P =
cp

g p∑
0

nlX

i=1
¢p

°
(1°≤)µ1,i (p∑

i )+≤µ2,i (p∑
i )

¢
, (2.10)

where ∑= Rd/cp and µ = T (p0/p)∑, p0 being a reference pressure used to convert between tem-

perature and potential temperature. If one adiabatically re-orders this atmosphere into a sorted

single column with 2nl layers of depth ¢p/2 that would suggest that the change in potential

energy liberated by this transformation, i.e. the APE (Ā) is given by:

Ā =
cp

g p∑
0

nlX

i=1
¢p

µ
(1°≤)µ1,i

µ
p∑

i °
µ

pi +
¢p
2

∂∑∂
+≤µ2,i

µ
p∑

i °
µ

pi °
¢p
2

∂∑∂∂
(2.11)

º Rd

2g p∑
0

nlX

i=1
(¢p)2p∑°1

i

°
≤µ2,i ° (1°≤)µ1,i

¢
. (2.12)

It will be seen that this expression has a quadratic dependence on ¢p, and thus for two col-

umn models where the temperature difference difference between the two columns is slight

and APE is calculated by sorting, it is important to choose a model with a sufficient number

of layers. This difference between “sorted” APE as described above, and “true” APE, which is

independent of this discretisation effect is illustrated for an idealised study discussed below in

Figure 2.2.

Lorenz derives a number of approximate expressions for APE, one of which (equation 8 in

Lorenz (1955)) is particularly suited to multi-column models with isobaric levels:
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Figure 2.2: Comparison of “sorted” APE and that calculated using Equation 2.13
(“Lorenz”) with “true” APE (the sorted value as the depth of each layer tends to zero)
for an idealised study consisting of two columns of equal size, with a temperature differ-
ence of 1K between the columns.

Ā =
∑cp

2g p∑
0

ZpSURF

0
µ̄2p̄°(1°∑)

µ
° @µ̄
@p

∂°1 µ
µ0

µ̄

∂2

dp , (2.13)

where pSURF is the pressure at the Earth’s surface and µ0 is the potential temperature anomaly

at a given height. Model results indicate that the use of this expression generally overstates

the value of APE when compared with “true APE”; the reason for this is that the formula can

be regarded as transposing a potential temperature anomaly by a distance µ0/ @µ̄@p in pressure

coordinates. For much of the atmosphere this is a reasonable approximation, but at the very

top and bottom of the atmosphere it is clearly unrealistic.

This can be highlighted by using a simple linear model with surface temperature T0 and a po-

tential temperature profile varying linearly with pressure with gradientÆ, so µ1 = T1+Æ(pSURF °
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p) and µ2 = µ1 +¢ and also taking p0 = pSURF. Consequently µref = µ̄ = µ1 +¢/2, and the state

corresponding to the minimum potential energy has a potential temperature profile given by:

µmin = T1 +2Æ(pSURF °p) for p ∏ pSURF °p¢ (2.14)

= µref for pSURF °p¢ ∏ p ∏ p¢ (2.15)

= T1 +¢/2+Æ(pSURF +p¢°2p) for p ∑ p¢ , (2.16)

where p¢ = ¢/2Æ. An exact expression for the available potential energy can be obtained as

follows:

Āexact =
cp

g p∑
SURF

ZpSURF

0
(µref °µmin)p∑d p (2.17)

=
cp

g p∑
SURF

∑Zp¢

0
Æ(p °p¢)p∑d p +

ZpSURF

(pSURF°p¢)
(
¢

2
°ÆpSURF +Æp)p∑d p

∏
(2.18)

=
cp

g p∑
SURF

(∑+1)(∑+2)

h
(∑+2)(¢/2°ÆpSURF)(p∑+1

ref ° (pSURF °p¢)∑+1)

+Æ(∑+1)(p∑+2
SURF

° (pSURF °p¢)∑+2)°Æp∑+2
¢

i
. (2.19)

This exact expression can be approximated by a Taylor expansion in which we keep terms up

to order p∑+2
¢ :

Āexact º
cp

g p∑
SURF

(∑+1)(∑+2)

h
(∑+2)(¢/2°ÆpSURF)((∑+1)p¢p∑

SURF
° 1/2(∑+1)∑p2

¢p(∑°1)
SURF

))

+Æ(∑+1)((∑+2)p∑+1
SURF

p¢° 1/2(∑+2)(∑+1)p∑
SURF

p2
¢)°Æp∑+2

¢

i
(2.20)

º
cp

g p∑
SURF

h
(¢/2°ÆpSURF)p¢p∑

SURF
+ 1/2Æ∑p2

¢p∑
SURF

+Æ(p∑+1
SURF

p¢° 1/2(∑+1)p∑
SURF

p2
¢)° Æ

(∑+1)(∑+2)
p∑+2
¢

i
(2.21)

º
cp¢

2

8gÆ

h
1° 2

(∑+1)(∑+2)

°
p¢/pSURF

¢∑i . (2.22)

We can also obtain an exact expression for the Lorenz APE for this example:
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ĀLorenz =
∑cp

2g p∑
SURF

ZpSURF

0

p∑°1¢2

4Æ
dp (2.23)

=
cp¢

2

8gÆ
. (2.24)

It will be seen that this expression omits the second term in Equation 2.22. This suggests that

the Lorenz approximation will in general overstate the true value of APE by a factor of the order

of (p¢/pSURF)∑ where p¢ is related to the temperature difference between the two columns and

the stability of the average atmosphere.

To illustrate this and the sorting effect discussed above the various estimates of APE described

above were calculated for a different number of layers in a simplified model, where the two

equally sized columns have a temperature profile that on average is that of the US Standard

Atmosphere (1976), but with a 1 K difference between the two columns (Figure 2.2) through-

out the atmosphere. Although this linear model is somewhat unrealistic, similar effects have

been at times observed in the results produced by the simplified coupled SCM used in this

chapter.(US Standard Atmosphere, 1976)

2.4 ENTROPY GENERATION AND SYSTEM BOUNDARIES

The calculation of the generation of entropy is dependent on the definition of the system un-

der consideration. To illustrate this consider the radiative equilibrium state which emerges

from the model described above run in a single column configuration from two distinct per-

spectives, namely:

1. that of the system as a whole, as viewed from outside (where the focus is on the layer

by which external radiation, both incoming SW and LW radiated by the surface, is first

absorbed by the system, and on the layer by which any radiation emitted by the sys-

tem both out to the space and down to the surface has been emitted) - these fluxes are

represented by Fin and Fout;
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2. where the focus is on the absorption and emission of radiation (incoming SW and LW

radiated by the surface) by each layer irrespective of the most recent source and next

destination of that radiation - these fluxes are represented by Fin and Fout.

Clearly, at equilibrium each layer is in energetic balance, in other words the radiation absorbed

Fin(p) = Fout(p), the radiation emitted. However, when we consider the net absorption of ex-

ternal radiation Fin(p) and the contribution to the net emission of radiation by the entire sys-

tem Fout(p) this is not the case, as the re-emission and subsequent absorption of radiation

means that net emission occurs at a higher level than net absorption. Values for these fluxes

produced by the model for the base case are shown in Figure 2.3.

(a) Viewed from within each layer (b) Viewed from outside the system

Figure 2.3: Absorbed and emitted radiative flux by height for simplified mode at RCE
with SST 295 K, ≤= 0.5 and ±LW = 3.

The weighted temperature for both absorption and emission from the layer by layer perspec-

tive is 261.5 K, for the system perspective the absorption temperature is 267.5 K and the emis-

sion is 261.8 K - the entropy produced by this re-radiation is 39.2 mJ K°1 m°2, whereas the

layer-by-layer perspective does not involve any entropy production. This is because in this

case it is the transport of energy between the different layers that gives rise to the entropy pro-

duction, and this is not captured in the layer by layer perspective - the definition of entropy

based on local entropy budgets is problematic. This underlines the need for clarity and con-
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sistency when entropic processes are considered in a system.

In Chapters 3 and 4 we make use of Pauluis’ diagnostic methodology (as expressed in Equa-

tion 1.8). This only considers processes that are linked to the heating or cooling of parcels of

moist air or its vertical motion - for example the energy input or output is merely the entropy

change of a parcel as it completes a closed trajectory in entropy - temperature space. From

the perspective of the parcel, this net energy input is reversible and it does not directly include

the effect of radiation absorbed and emitted by the atmosphere in any of the terms; this is not

just a consequence of the fixed cooling rate used as a radiative model but due simply to the

system boundaries implicit in the choice of methodology- under this methodology the system

boundaries include temperature and phase changes in the parcels as they complete their aver-

aged trajectories, but exclude other aspects of the absorption and radiation of heat. It should

be remembered that a different methodological approach could include other processes that

produce entropy and thus imply different efficiencies.

2.5 THE WEAK TEMPERATURE GRADIENT APPROXIMATION

A form of the WTG was initially suggested in Sobel and Bretherton (2000) as a prescription for

vertical velocity in pressure coordinates !. Starting from the primitive thermal energy equa-

tion in pressure coordinates:

@T
@t

+uh .rhT + T!
µ

@µ

@p
= Qsource

cp
, (2.25)

where u = (u, v, w) is the wind velocity vector, uh = (u, v,0) is its horizontal component, and

Qsource is a heating term. Assuming a steady state, and neglecting horizontal advection (which

can be justified in the tropics since temperature gradients are observed to be small), this pro-

vides a diagnostic equation for !:

!= Qsourceµ

T cp@µ/@p
. (2.26)
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Sobel and Bretherton further suggested that vertical mixing in the Planetary Boundary Layer

(PBL) can be represented by interpolating ! from its value at the top of the boundary layer to

0 at the surface. This ! has been referred to as the “WTG vertical velocity”.

Inspired by this approach, Raymond and Zeng (2005) considered splitting the wind velocity

into a component that is explicitly represented in CRMs and a further component representing

the large-scale motion not captured by such models. The large scale circulation serves to relax

the horizontally averaged potential temperature µ̄ to a reference profile µref over a timescale

øWTG (=∏°1
T in their notation), taken to be 2 hours. In order to allow for the fact that the adjust-

ment process by gravity waves is expected to be most rapid in the middle troposphere, a factor

of sin(ºz/HTrop) is introduced, where HTrop is the height of the troposphere. This approach gives

the following expression for ! above the boundary layer:

!= (µ̄°µref)
øWTG

@µ/@p
sin(ºz/HTrop) . (2.27)

The boundary layer interpolation is retained, and in order to avoid weak vertical stability in

the upper atmosphere giving rise to high vertical velocities, @µ/@z is limited to values above 1 K

km°1. It is common to simplify this expression by neglecting the sine dependence on height,

giving the versions of the WTG velocity above the boundary layer that are mostly used in this

work:

!= (µ̄°µref)
øWTG

@µ/@p
in pressure coordinates, or (2.28)

w = (µ̄°µref)
øWTG

@µ/@z
in height coordinates. (2.29)

These simplified expressions will be used to produce analytical expressions for various ener-

getic quantities in the subsequent sections of this chapter. The coupled column model uses

Equation 2.28, using a weighted mean of µ1,µ2 for µref = (1°≤)µ1+≤µ2, to calculate! above the

boundary layer (taken as the model pressure level nearest to 850 hPa). The stability term in the

denominator is calculated as @µref/@p for consistency between the two columns. ! within the

boundary layer is obtained by interpolation in pressure coordinates between !BL the value at

the top of the boundary layer and 0 at the surface. The vertical velocity in height coordinates
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w is derived from! using!=°Ωg w . The vertical velocities are used to calculate vertical mass

flux within the two columns, and the horizontal mass flux (between the columns) is deter-

mined by conservation of mass.

As the model was being tested it was discovered that if the vertical advection in Column i is

calculated by !i
@µref
@p rather than using the potential temperature profiles within each column

!i
@µi
@p this resulted in the heating due to advection in Column 1 being perfectly matched by

the cooling in Column 2, and no explicit conversion from APE to kinetic energy, although a

WTG velocity was generated. The final version of the model corrected this, by using the actual

potential temperature (to be precise, entropy) profile in each column for the vertical advection.

Before embarking further, it is helpful to examine some of the final state results produced by

this model. For the control case, the columns are assumed to be of equal size (≤= 0.5) and the

WTG timescale relaxation parameter øWTG is taken as 3 hours, a typical parameter value used in

other studies (Daleu et al., 2015b). The SSTs in the two columns are, unless otherwise stated,

taken as 298 K and 300 K respectively, i.e. a difference ¢Ts = 2 K. Profiles of the potential tem-

peratures in the two columns and the velocities generated are shown in Figure 2.4.

(a) µ (b) LS velocity

Figure 2.4: Comparison of equilibrium states for ø = 3 hours (solid), ø = 24 hours
(dashed) and uncoupled runs (pale colours). ≤ = 0.5 and the SSTs in the two columns
are 298K and 300K. The cool column is shown in blue/cyan and the warm column in
red/pink.
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The effect of the coupling is to advect air between the two columns, reducing the potential

temperature difference between them, particularly above the boundary layer. In the boundary

layer the vertical wind is interpolated to zero at the surface, and consequently the effect of the

coupling on the potential temperatures weakens. The vertical wind reduces with height above

the PBL (note that there is no latent heating at this stage) as the temperature contrast between

the two columns decreases and the stability increases.

2.6 ENERGY CONVERSIONS AND RESERVOIRS UNDER WEAK TEMPER-

ATURE GRADIENT COUPLING

Following Romps (2012b) one can express the primitive equations for a 2 dimensional system

in linearised Boussinesq form in height coordinates as follows:

@u
@t

=° 1
Ω̄

@p 0

@x
° u
øRay

, (2.30)

@w
@t

=° 1
Ω̄

@p 0

@z
+B , (2.31)

@B
@t

=°N 2w +Q , (2.32)

@u
@x

+ @w
@z

= 0 , (2.33)

where B = gµ0

µ̄
is the buoyancy, p 0 is a pressure perturbation, øRay represents friction through

Rayleigh damping and N is the Brunt-Väïsälä frequency
≥
N 2 = g

µ̄
@µ̄
@z

¥
. We consider a system in

which the vertical velocity is set by the WTG approximation (above the boundary layer) thus:

w = µ0

øWTG
@µ̄/@z

= B
øWTGN 2 . (2.34)

The Available Potential Energy (APE) is that part of the potential energy of the system that is

available for conversion to kinetic energy by an adiabatic re-distribution of mass that would

result in a minimum potential energy configuration (see Section 2.3 for a fuller discussion).

The Lorenz APE Ā of the system can be described locally by “availability”A = B 2

2N 2 . This can be
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verified by considering the column integral of A:

Z1

0
ΩAdz = 1

2

Z1

0

ΩB 2

N 2 dz = 1
2

ZpSURF

0

µ02

µ̄(@µ̄/@z)
dp = 1

2g

ZpSURF

0

µ02

Ωµ̄(°@µ̄/@p)
dp (2.35)

= R
2g p∑

0

ZpSURF

0

p∑°1µ02

(°@µ̄/@p)
dp = Ā (see Eq 2.13). (2.36)

The time derivative of this availability (for N constant with respect to time) is given by:

@A
@t

= 2B
2N 2

@B
@t

= BQ
N 2 °B w = BQ

N 2 ° 2A
øWTG

. (2.37)

This can be interpreted as indicating that availability is increased by a heating term BQ
N 2 (note

that net heating is input at higher temperatures for this to be positive, as thermodynamic the-

ory requires if work is to be generated) being balanced by a conversion term from APE to ki-

netic energy of:

C A!K = 2Ā
øWTG

. (2.38)

This result, Equation 2.38, which needs to be modified for layers in the boundary layer by in-

creasing the effective timescale, provides a simple relationship between the APE and the work

generated by a WTG-coupled system.

Vertical kinetic energy (per unit mass) can be expressed as Kv = 1/2w2. The time derivative of

this is given by:

@Kv

@t
= w

@w
@t

=° 1
Ω̄

w
@p 0

@z
+B w =° 1

Ω̄

@(w p 0)
@z

+ 1
Ω̄

p 0 @w
@z

+B w . (2.39)

The same conversion term C A!K = B w appears in Equation 2.37 and there are also two terms

involving vertical velocity and the perturbed pressure field. Likewise for horizontal kinetic

energy (using a two-dimensional approach for simplicity):
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@Kh

@t
= u

@u
@t

=° 1
Ω̄

u
@p 0

@x
° u2

øRay
=° 1

Ω̄

@(up 0)
@x

+ 1
Ω̄

p 0 @u
@x

°2
Kh

øRay
. (2.40)

Since @u
@x = °@w

@z we can identify a conversion term between vertical and horizontal kinetic

energy CK Ev!K Eh = ° p 0

Ω̄
@w
@z = p 0

Ω̄
@u
@x , as well as the destruction of kinetic energy due to fric-

tion in the last term. There is also an energy sink of 1/Ω̄r.(up 0) , the horizontal and vertical

components of which appear in the horizontal and vertical equations respectively. This term

represents work of flow against internal pressure anomalies. Over the entire system we can

write:

Z
r.(up 0)dV =

Z
p 0u.dS , (2.41)

where V is the volume of the system and S is the surface vector. For a closed system this will

be zero, so does not represent any energy input into the system. This system can be described

schematically as shown in Figure 2.5:

Ā Kv KhBQ
N 2

2Ā
øWTG

1
Ω̄ @z (w p 0)

° p
Ω̄ @z w = p 0

Ω̄ rv .uv

1
Ω̄rv .(uv p 0)

2Kh/øRay

Figure 2.5: Schematic representation of energy pathways in WTG-coupled SCM (above
PBL).

We now consider relationships between the energy reservoirs Ā,Kv ,Kh rather than the conver-

µ1 µ2 µ1µ2

p = ps

p = 0

(1°≤)L ≤L

w1 w2

Figure 2.6: Model structure
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sion terms. Particularly in as far as the horizontal components of kinetic energy are concerned,

this will require some assumptions about the geometry of the system. First consider a two-

dimensional model repeating over a length-scale L with descending and ascending columns,

of width (1°≤)L and ≤L respectively and with a potential temperature structure given by µ1 and

µ2 respectively, with µ2 > µ1 (see Figure 2.6). Defining µref = (1° ≤)µ1 + ≤µ2 as before, the WTG

approximation (Equation 2.29) implies that:

w1
@µref

@z
= (µ1 °µref)

øWTG

(2.42)

and likewise for column 2. At this stage one can ignore the interpolation in the boundary layer.

As before, we use the Lorenz (1955) expression for available potential energy (APE) per unit

surface area which for this two-column case can be written as:

Ā =
∑cp

2g p∑
0

ZpSURF

0
p̄(∑°1)

µ°@µref

@p

∂°1 £
(1°≤)(µ1 °µref)

2 +≤(µ2 °µref)
2§dp (2.43)

=
∑cp

2g p∑
0

ZpSURF

0
p̄(∑°1)

µ
°@µref

@p

∂°1 £
≤(1°≤)(µ2 °µ1)2§dp . (2.44)

Expressing @µref
@p as °µrefN 2

Ω̄g , we can obtain an expression for Ā:

Ā =
g≤(1°≤)∑cp

2p∑
0

Zpsurf

0
Ω̄p̄(∑°1) (µ2 °µ1)2

N 2µref
dp (2.45)

=
g≤(1°≤)∑cp

2R

Zpsurf

0

(µ2 °µ1)2

N 2µ2
ref

dp (2.46)

= g≤(1°≤)
2

Zps

0

(µ2 °µ1)2

N 2µ2
ref

dp . (2.47)

Next, we can calculate a column-integrated vertical kinetic energy per unit surface area Kv as

follows:
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Kv = 1

2ø2
WTG

Z1

0
Ω̄

£
(1°≤)(µ1 °µref)

2 +≤(µ2 °µref)
2§

µ
dµref

dz

∂°2

dz (2.48)

= ≤(1°≤)

2gø2
WTG

ZpSURF

0
(µ1 °µ2)2

µ
dµref

dz

∂°2

dp (2.49)

= ≤(1°≤)g

2ø2
WTG

ZpSURF

0

(µ1 °µ2)2

N 4µ2
ref

dp (2.50)

º Ā

ø2
WTGN 2

, (2.51)

having assumed a constant value of N for the two columns. The calculation of the horizontal

component of kinetic energy requires the use of the continuity equation in the Boussinesq

form: @w
@z =°@u

@x . One can express @wi
@z for i = 1,2 as follows:

@wi

@z
= 1
øWTG

@[(µi °µref)(@µref
@z )°1]

@z
(2.52)

= g
N 2øWTG

@[ (µi°µref)
µref

]

@z
(2.53)

= g
N 2øWTG

"
1
µref

@(µi °µref)
@z

° (µi °µref)

µ2
ref

@µref

@z

#

. (2.54)

Again one can use the assumption that N is constant for the two columns. The first term on the

RHS depends on @(µi°µref)
@z . If one regards column 2 as a perturbation to column 1 arising from

additional surface heating, @(µi°µref)
@z will to first order be the ratio of optical depth to geometric

depth times µ0 = (µi °µref). In the simplified model described in section 2.2, this ratio varies

with height due to pressure broadening, but for these purposes can be approximated using a

scale height:

HLW =° µ0

@µ0/@z
. (2.55)

The second term on the RHS poses less difficulty:
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Figure 2.7: Scale heights derived from a simplified model
with pressure broadening for an atmospheric optical depth
of 3.

@wi

@z
= g

N 2øWTG

(µi °µref)
HLWµref

° 1
øWTG

(µi °µref)
µref

(2.56)

= wi

µ °1
HLW

° N 2

g

∂
. (2.57)

Defining a scale height for the WTG model, HWTG:

1
HWTG

= 1
HLW

+ N 2

g
. (2.58)

Figure 2.7 shows values of HWTG = w
@w/@z

and HLW = ° µ0

@µ0/@z
produced by the simplified model

described in section 2.2 for an optical depth of 3. Above the PBL but in the lower troposphere,

where the contribution to kinetic energy will be greatest in a dry configuration (see vertical

velocities in Figure 2.4), a value for HWTG of 2 km seems reasonable.

Using u(x) =
Rx

0
@u
@x 0 d x 0, and assuming x = 0 in the centre of each column, in the ascending

column we have u2 =° w2x
HWTG

reaching values of u§
2 =® w2≤L

2HWTG
at the edges of the column, where

x is the distance from the centre of the column. Likewise in the descending column we have

u1 = w1x 0

HWTG
, with extrema of u§

1 = ±w1(1°≤)L
2HWTG

which equals u2 at the edges of the columns since

(1°≤)w1 =°≤w2.
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These values of u can be used to calculate a value for the Horizontal Kinetic Energy per unit

surface area Kh as follows:

Kh = 1

2LH 2
WTG

Z1

0
Ω̄

∑Z≤L/2

°≤L/2
w2

2 x2dx +
Z(1°≤)L/2

°(1°≤)L/2
w2

1 x 02dx 0
∏

dz (2.59)

= 1

24LH 2
WTG

Z1

0
Ω̄

£
≤3L3w2

2 + (1°≤)3L3w2
1
§

dz (2.60)

= ≤2L2

24H 2
WTG

Z1

0
Ω̄w2

2dz . (2.61)

Noting that:

Kv = 1
2

Z1

0
Ω̄

£
(1°≤)w2

1 +≤w2
2
§

dz (2.62)

= ≤

2(1°≤)

Z1

0
Ω̄w2

2dz . (2.63)

one can conclude that

Kh = ≤(1°≤)L2

12H 2
WTG

Kv (2.64)

= ≤(1°≤)L2

12ø2
WTGN 2H 2

WTG

Ā . (2.65)

It is possible to extend the above analysis to a three-dimensional model in which the ascending

column (µ2 > µ1) is contained within a cylinder of radius R1, itself within a larger cylinder of ra-

dius R2 the remainder of which contains the descending column. It will be seen that ≤= R2
1/R2

2

and the previously derived expressions for APE and vertical kinetic energy per unit surface

area remain valid. The horizontal velocity can be calculated using the continuity equation in

cylindrical coordinates:

1
r
@(r u)
@r

=°@w
@z

. (2.66)

For r < R1 one can write:
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@(r u)
@r

=° r w2

HWTG

, (2.67)

and since by symmetry u = 0 at the centre of the system this implies:

u =° r w2

2HWTG

. (2.68)

This gives a maximum value of u§ = ° R1w2
2HWTG

for r = R1. For R1 ∑ r ∑ R2 (remembering that

w2 ∏ 0 and w1 ∑ 0):

u = R1u§

r
° r w1

2HWTG

+
R2

1 w1

2HWTGr
(2.69)

= °r w1

2HWTG

°
R2

1(w2 °w1)

2HWTGr
(2.70)

= °r w1

2HWTG

+
R2

1 w1

2HWTGr ≤
. (2.71)

One can note that when r = R2 = R1≤
°1/2 that u = 0. For r ∏ R2 we have u, w = 0.

The horizontal kinetic energy contained in one vertical level of the ascending column is thus:

R1

R2

µ2

µ1

Ø w2
≠ w1

Figure 2.8: Cross-section of model structure for 3 dimensions (looking down).
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±Kh = 1
2

ZR1

0
Ω̄

£
2ºu2r

§
dr (2.72)

=
ºΩ̄w2

2

4H 2
WTG

ZR1

0
r 3dr =

ºΩ̄w2
2R4

1

16H 2
WTG

. (2.73)

Likewise for the descending cylinder:

±Kh = 1
2

ZR2

R1

Ω̄
£
2ºu2r

§
dr (2.74)

=
ºΩ̄w2

1

4H 2
WTG

ZR2

R1

√

r °
R2

2

r

!2

r dr (2.75)

=
ºΩ̄w2

1

4H 2
WTG

ZR2

R1

√

r 3 °2R2
2r +

R4
2

r

!

dr (2.76)

=
ºΩ̄w2

1

4H 2
WTG

√
R4

2

4
°

R4
1

4
°R4

2 +R2
2R2

1 +R4
2 log

R2

R1

!

(2.77)

=
ºΩ̄w2

1R4
2

16H 2
WTG

°
4≤°3°≤2 °2log≤

¢
. (2.78)

The total kinetic energy per unit area for the entire layer is thus:

±Kh =
Ω̄w2

2R2
2

16H 2
WTG

∑
≤2 + ≤2

(1°≤)2

°
4≤°3°≤2 °2log≤

¢∏
(2.79)

=
Ω̄w2

2R2
2≤

2

16H 2
WTG

(2≤°2°2log≤)
(1°≤)2 . (2.80)

Integrating over the column:

Kh =
≤R2

2

4H 2
WTG

µ
°1° log≤

(1°≤)

∂
Kv (2.81)

=
≤R2

2

4ø2
WTGN 2H 2

WTG

µ
°1° log≤

(1°≤)

∂
Ā . (2.82)

Given that the mechanism which serves to eliminate the buoyancy deviation between the two

columns is a gravity wave one can reasonably assume a relationship between the group veloc-
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ity of the gravity wave, the distance between the two columns and the WTG relaxation time. In

the linear (two dimensional) case one can consider that the relaxation time corresponds to the

time that it takes for the gravity wave to transfer energy across the length of the domain:

cg x = L
øWTG

= N m2

(k2 +m2)
3/2

, (2.83)

where k and m represent horizontal and vertical wave numbers respectively (see Holton and

Hakim, 2013, Equation 5.67). This implies that (using Equation 2.65):

Kh = ≤(1°≤)m4

12(k2 +m2)3H 2
WTG

Ā . (2.84)

It is reasonable to assume that m ¿ k and so taking m = º
HTrop

:

øWTG =
Lº

N HTrop
(2.85)

Kh =
≤(1°≤)H 2

Trop

12º2H 2
WTG

Ā . (2.86)

Figure 2.7 suggested a value for HWTG of 2 km, and taking HTrop as 15 km (appropriate for the

tropics) one can estimate:

Kh =
≤(1°≤)H 2

Trop

12º2H 2
WTG

Ā º 0.47≤(1°≤)Ā . (2.87)

The dependency of Kh/Ā on ≤ is plotted in Figure 2.9. The maximum value of ≤(1° ≤) is 0.25

and for a typical value of ≤ of 0.02 the value would also be 0.02. Thus this implies a maximum

value for horizontal kinetic energy of 12% of Ā and a more typical value one tenth of that.

In the 3 dimensional cylindrical case, one can associate the relaxation time to the time taken

for the wave to transfer energy across the radius of the system:

cg x = R2

øWTG

. (2.88)
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Figure 2.9: The dependency of the ratio of horizontal ki-
netic energy to APE with the convective fraction ≤ for the
linear (two-dimensional) and cylindrical (three-dimensional)
geometries.

As before, this produces:

Kh =
H 2

Trop≤

4º2H 2
WTG

µ
°1° log≤

(1°≤)

∂
Ā = 1.42≤

µ
°1° log≤

(1°≤)

∂
Ā . (2.89)

This has a maximum of 30% of Ā (for ≤º 0.32) and a more typical value of 8%Ā.

The vertical kinetic energy depends on the aspect ratio of the system irrespective of the geom-

etry considered:

Kv = Ā

ø2
WTGN 2

=
H 2

Trop

º2L2 Ā , (2.90)

and will be very much less than the horizontal terms except for systems where L is of the order

of 10 km or less.

Extending this model to include friction with Rayleigh damping, with a timescale øRay, then

one can assume that the friction term balances the creation of horizontal kinetic energy through

the WTG. Thus:

2Ā
øWTG

= 2Kh

øRay
. (2.91)

=) øRay =
Kh

Ā
øWTG . (2.92)
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This gives, for example in the 3D case:

øRay,3D =
H 2

Trop≤

4º2H 2
WTG

µ
°1° log≤

(1°≤)

∂
Ā = 1.44≤

µ
°1° log≤

(1°≤)

∂
øWTG . (2.93)

Given that øWTG is typically in a range 3-12 hours, the above analyses suggest timescales for

øRay of the order of 1 hour, very much less than the day or so typically observed (see Romps

(2013)). In the dry case analysed above, where the majority of the motion occurs within the

boundary layer, the effective øWTG is of course greater than those values, but as the relationship

in Equation 2.93 will also apply in general another explanation is also necessary. This point is

investigated further in section 2.7.

Note also that a similar approach with a geometrical framework based on a continuous field

in Romps (2012b, Equation 13) gives:

øRay =
º2L2

N 2H 2
TropøWTG

. (2.94)

Substituting from Equation 2.85, one can obtain øRay = øWTG, which is again inconsistent with

typical values used for these timescales. The next section shows how introducing azimuthal as

well as radial winds can produce a more consistent set of values.

2.7 STABLE CONVECTING SYSTEMS WITH AZIMUTHAL WINDS

The previous section showed how the energy cycle in a WTG model could be expressed in

terms of conversions from APE to vertical kinetic energy and hence to horizontal kinetic en-

ergy in an overturning circulation with a geometry based on a cylinder of ascending air con-

tained within a larger cylinder of descending air. We saw that for this set-up to achieve a sta-

ble equilibrium the effect of friction would have to be significantly greater than that typically

modelled in idealised studies. In order to identify a stable equilibrium one can introduce a

tangential (azimuthal) component of wind velocity as shown in Figure 2.10

The Boussinesq continuity equation can be written in cylindrical coordinates as
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R1

R2

µ2

µ1

Ø w2
≠ w1

u
v

Figure 2.10: Cross-section of model structure for 3 dimensions (looking down).

r.u = 1
r
@(r u)
@r

+ 1
r
@v
@¡

+ @w
@z

= 0 , (2.95)

where ¡ is the azimuthal angle. Assuming an axisymmetric solution @v
@¡ = 0 gives the same

relationship between u and w as in the case without axial motion. The momentum equations

for the two horizontal dimensions can be expressed in cylindrical form as:

@u
@t

+ v
r
@u
@¡

+u
@u
@r

° v
≥ v

r
+ f

¥
+w

@u
@z

=U , (2.96)

@v
@t

+ v
r
@v
@¡

+u
@v
@r

+u
≥ v

r
+ f

¥
+w

@v
@z

=V , (2.97)

where U and V are forcing terms and f = 2≠sin(latitude) is the Coriolis parameter, ≠ being

the rate of rotation of the Earth. Assuming an axisymmetric solution one can derive equations

for the rate of change of the two horizontal components of kinetic energy:

@1
2 u2

@t
+u2 @u

@r
°uv

≥ v
r
+ f

¥
+wu

@u
@z

= uU , (2.98)

@1
2 v2

@t
+uv

@v
@r

+uv
≥ v

r
+ f

¥
+w v

@v
@z

= vV . (2.99)

This indicates that the conversion from radial to tangential kinetic energy is given by uv
≥

v
r +

f
¥
, and one can express the energy cycle diagrammatically as in Figure 2.11, where KTang and
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KRad are the tangential and radial horizontal components of kinetic energy respectively. This

diagram can be compared with Figure 2.5, but now includes conversion between the radial

and tangential components of the flow.

Ā Kv KRad KTang

BQ
N 2

2Ā
øWTG

1
Ω̄
@(w p 0)
@z

° p 0

Ω̄
@w
@z = p 0

Ω̄ rh .vh uv
≥

v
r + f

¥

1
Ω̄
@(up 0)
@r

2KRad
øRay

1
Ω̄ @y (v p 0)

2KTang

øRay

Figure 2.11: Energy cycle for two cylinder model with tangential wind component

For this system to achieve an equilibrium we need two separate conditions to hold globally

across the system:

2Ā
øWTG

= 2KRad

øRay
+

2KTang

øRay
. (2.100)

2KTang

øRay
= uv

≥ v
r
+ f

¥
. (2.101)

Of course, the conversion of external heating to APE (BQ/N 2) will also need to balance the

dissipation of kinetic energy, but our focus here is on the relationship between the creation

and destruction of kinetic energy. We can simplify the problem further, by approximating az-

imuthal wind by v = ¥u, where ¥ is constant throughout the system. This is suggested by the

observed structure of the primary circulation inside a tropical cyclone where there is evidence

of constant mean in-flow angles (Frank, 1977). The first relationship above (Equation 2.100)

can be used to derive:

¥2 =
øRay Ā

øWTGKRad
°1 or (2.102)

¥2 =
4º2øRayH 2

WTG

øWTG H 2
Trop≤

°
°1° log≤

(1°≤)

¢ °1 , (2.103)
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using the relationship previously developed (in the absence of boundary layer effects). These

expressions suggest that there is a maximum value of øWTG for a given value of ≤ for which

¥ = 0; for greater values of øWTG no overturning circulation can be sustained, which implies a

maximum size L for convective systems - at this limit there is no azimuthal circulation so the

second condition is trivially met. The second relationship less straightforward. Locally it can

be rewritten as:

¥2u2

øRay
= ¥2u3

r
+¥ f u2 , (2.104)

but this remains relatively intractable analytically.

More usefully, we can obtain numeric values of ¥ for the entire system which represent an

equilibrium for fixed values of øWTG,øRay,≤ and f . Using Equation 2.88 we can in fact replace

øWTG by R2. The model also allows for the boundary layer effects which have hitherto been ne-

glected in the analysis. The two graphs in Figure 2.12 show values of ¥ and R2 for which the two

conditions (Equations 2.103 and 2.104) hold for values of f corresponding to 15±N and 30±N

and ≤= 0.05 and 0.3. The value of øRay used in these calculations is 1 day.

The results with ≤= 0.30 (a value of ≤ which maximises vertical kinetic energy) indicate that a

stable rotating convecting system can exist in the tropics with radius º 1350 km in the lower

tropics and 700 km in the higher tropics. The maximum size for a non-rotating convecting

system is of the order of 4000 km, which would correspond to a øWTG of the order of around 25

hours. If ≤= 0.05 these length scales become 2000 km, 1000 km and 7000 km respectively.

It is intriguing that a relatively simple model produces results for the sizes of stable convect-

ing systems in the tropics which are similar to those observed in practice (Wing and Emanuel,

2014), despite many of the moist and radiative processes that contribute to the development

of such systems not being represented here. This suggests that a possible analysis based on

the timescales at which these processes operate and the speed at which their effects are prop-
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≤= 0.05 ≤= 0.30

Figure 2.12: Values of ¥ (the ratio of axial to radial motion) implied by the two conditions
on energy balance. A equilibrium state exists where the total energy balance constraint
(blue, Equation 2.103 ) crosses the conversion constraint curve (Equation 2.104) for the
appropriate latitude (green for 30±N and red for 15±N). A second equilibrium state exists
where the energy balance curve crosses the x axis - this value of R2 is indicated by a
black line. The timescale parameter for frictional dissipation is taken to be 1 day and ≤,
the convective area fraction, is 0.05 in the left hand panel and 0.3 in the right.

agated might give rise to a better understanding of the length-scales in tropical convection.

2.8 HOW WTG COUPLING MODIFIES TEMPERATURE PROFILES

We can develop expressions for the potential temperature profile in two WTG-coupled columns

based on a linear approximation, and use this to calculate certain energetic diagnostics. These

depend on the equilibrium potential temperature profiles in the two-column system with no

WTG coupling and on a heuristically obtained radiative relaxation timescale TRad, which varies

with height and the depth of the boundary layer over which the WTG approximation is inter-

polated (discussed below), but does not depend on any other aspects of the system. Versions

of these expressions are also valid within the boundary layer. These elements can be combined

to obtain an understanding of the dependence of the key energetic variables of the system on

the coupling strength of the WTG approximation.

Consider the model previously discussed, consisting of two columns representing two regions

with distinct fixed SSTs in an equilibrium state with potential temperature profiles µ1 and µ2

and of respective size(1°≤) and ≤ coupled through the WTG approximation with timescale øWTG
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- with interpolation of ! in the boundary layer. Let µ0 = µ2 °µ1. Also let £1, £2, £0 represent

these quantities in the case ø=1, i.e. the equivalent values for two uncoupled columns.

Above the boundary layer, at equilibrium, one can express a relationship between the radiative

forcing in terms of a relaxation time TRad and the advection implied by the WTG. For column

2 this has the form:

(£2 °µ2)
TRad

= (µ2 °µref)
øWTG

(2.105)

= (1°≤)
(µ2 °µ1)
øWTG

. (2.106)

Combining this with a similar expression for Column 1:

(µ1 °£1)
≤TRad

= (µ2 °µ1)
øWTG

= (£2 °µ2)
(1°≤)TRad

. (2.107)

There is no reason to suspect that TRad has a dependence on the other parameters of the sys-

tem, so we will assume that it is only a function of height. This hypothesis will be validated

below. We also assume that to first order the WTG-coupling serves to eliminate horizontal

anomalies and does not result in vertical heat transport across the entire system, hence that

(1°≤)£1 +≤£2 = (1°≤)µ1 +≤µ2. (A comparison of the results obtained with these assumptions

and results from the model will confirm that these assumptions are reasonable at this stage, al-

though this point will be revisited in sections 2.9 and 2.10.) Equation 2.107 can be manipulated

to produce:

µ0 = øWTG

(øWTG +TRad)
£0 . (2.108)

We can express the effect of the interpolation in the boundary layer in terms of an effective

relaxation timescale ø§ =Ø(øWTG, p)øWTG whereØ(øWTG, p) is a coefficient representing the effect

of the boundary layer interpolation. Then - assuming the interpolation in the boundary layer

is linear in pressure coordinates- we can write:
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Ø(øWTG, p) = (pSURF °pBL)µ0

(pSURF °p)µ0BL

. (2.109)

where pBL is the pressure at the top of the boundary layer and µ0BL the potential temperature

difference at that height. The algebra is simpler if we define TRad in the boundary layer so that

T §
Rad = Ø(1, p)TRad is the radiative relaxation timescale. Ø(1, p) will depend on the profile of

two uncoupled columns and is not dependent on the WTG-coupling parameters:

Ø(1, p) = (pSURF °pBL)£0

(pSURF °p)£0
BL

. (2.110)

The equilibrium values of µ0 can as before be obtained from:

(µ1 °£1)
≤T §

Rad

= (µ2 °µ1)
ø§

= (£2 °µ2)
(1°≤)T §

Rad

. (2.111)

This gives:

µ0 = ø§£0

(ø§+T §
Rad)

= øWTG£
0

øWTG +TRad
µ0BL£

0

£0
BLµ

0

= øWTG£
0

øWTG +TRad
£0øWTG

(øWTG+TRad|BL)µ0
. (2.112)

Rearranging:

µ0 =
∑
øWTG +TRad|BL °TRad

øWTG +TRad|BL

∏
£0 . (2.113)

At the top of the boundary layer, these two expressions (Equations 2.108 and 2.113) for µ0 co-

incide. If suitable values of TRad are available and£1 and£2 are known, then µ1 and µ2 can be

easily calculated. Thus once the radiative equilibrium of a two column system with no WTG

coupling is known, it is possible to determine the state of the system for any value of the WTG

parameter øWTG , and using the expressions derived above calculate many of the energetic pa-

rameters directly.
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Figure 2.13: Values of TRad estimated directly from a radia-
tive model and those implied by the temperature profiles pro-
duced by iterative models with a boundary layer of 150 hPa
(“Normal”) and 8 hPa (“Shallow”).

TRad could perhaps be estimated by perturbing a radiative model for the system at equilibrium

with no WTG linkage and calculating the relaxation timescale reflecting the system’s return to

equilibrium. Unfortunately, values obtained in this way produce an unsatisfactory result in

that the values of µ0 that result do not match those obtained from the coupled single column

model. It is possible to solve for TRad from that model (using a fixed value of øWTG), and these

values indicate that there is a strong dependency on the depth of the boundary layer in the

WTG approximation, and that for very shallow boundary layers the values so derived match

those from the pure radiative model (see Figure 2.13) referred to above. This dependency on

the depth of the boundary layer can be explained by the fact that the values of TRad will be in-

fluenced by the entire profile, that in the boundary layer any deviation from equilibrium will be

damped and that consequently there will be greater forcing towards equilibrium above the BL

than would otherwise be expected, leading to a shorter relaxation time. The results shown in

later sections are therefore calculated with values of TRad obtained from the model described

in section 2.2.

The values of µ0 derived above permit the calculation of various energetic quantities. For ex-

ample APE can be expressed as:
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Ā = g≤(1°≤)
2

ZpSURF

0

µ02

N 2µ2
ref

dp , (2.114)

= g≤(1°≤)
2

ZpBL

0

£02ø2
WTG

N 2µ2
ref(øWTG +TRad)2

dp + g≤(1°≤)
2

ZpSURF

pBL

£02(øWTG +TRad|BL °TRad)2

N 2µ2
ref(øWTG +TRad|BL)2

dp .

(2.115)

The graphs in Figure 2.14 compare values of APE and of the conversion of APE to kinetic energy

obtained directly from the simplified model of section 2.2 and estimated using this linearised

approach for varying values of øWTG. The linear approach generally provides a satisfactory es-

timate for these quantities, except for unrealistically short values of øWTG, which can be at-

tributed to convergence issues in the coupled single column model (where the CFL criterion

requires very short model timesteps to ensure numerical stability, and even with quadruple

precision truncation will affect advected quantities), and around the maximum conversion

rate, which occurs for values of øWTG very much higher than generally used. The level of accu-

racy of the linearised model for a wide range of coupling parameter values suggests that the

dependency of TRad on øWTG is minimal. The graphs also indicate that both APE and the con-

version term tend towards a non-zero value as øWTG ! 0. This is a result of the boundary layer

interpolation. The APE graph also demonstrates the relationship between sorted and Lorenz

APE discussed in section 2.3.

2.9 TOWARDS AN ANALYTICAL EXPRESSION FOR WORK GENERATED

Equations 2.108 and 2.113 provide an expression for the convergence of the (potential) tem-

perature of any two columns by the WTG approximation in terms of heuristically obtained

height-dependent values TRad and the WTG parameter øWTG (hereafter referred to as ø).

Consider now the potential temperature difference between two uncoupled columns; exam-

ination of model results supports the natural hypothesis that this can be expressed as a height-

dependent multiple of the temperature difference at the surface¢Ts : £2(p)°£1(p) = Rfac(p)¢Ts ,

where ¢Ts is the SST difference between the columns. A plot of values of ¶(p)Rfac obtained
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APE

Conversion of APE to kinetic energy

Figure 2.14: Comparison of values obtained directly from the coupled single column
model of section 2.2 of with those calculated using the linearised model approach for
varying values of øWTG. Note also the relationship between “Sorted’ and “Lorenz” APE.
Model parameters are ≤= 0.1 and SST difference of 2 K.

from the model is shown in Figure 2.15. The Exner function ¶(p) =
≥

p
p0

¥∑
is included in the

plot purely for presentational reasons. This approximation seems to work for a wide range of

¢Ts .

Above the boundary layer one can use Equation 2.38 for conversion of APE to kinetic energy:
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L̇ = 2Ā/ø .

L̇ >BL =
Rd

g p∑
0ø

ZpBL

0

p∑°1µ02

°@µref
@p

dp , (2.116)

= Rd≤(1°≤)ø
g p∑

0

ZpBL

0

p∑°1R2
fac

°@µref
@p (ø+TRad)2

dp(¢Ts)2 , which can be written in the form :

(2.117)

=L1(ø)(¢Ts)2 . (2.118)

Within the boundary layer we rely on a different expression for L̇. The local conversion term

can be written in (x, y, z) space as °Ωw g (see Ambaum, 2010, p. 205). This gives:

L̇ =
ZzBL

0
°Ωw g d z , (2.119)

=
ZpBL

pSURF

wd p . (2.120)

Using wi = °!i
Ωi g = °!i RTi

pg , and !i (p) =!i (pBL) (p°pSURF)
(pBL°pSURF) :

L̇ <BL =
ZpSURF

pBL

((1°≤)w1 +≤w2)dp , (2.121)

= Rd≤(1°≤)
gø

ZpSURF

pBL

(T2 °T1)(µ2(pBL)°µ1(pBL)(p °pSURF)

°p @µref
@p BL(pBL °pSURF)

dp , (2.122)

= Rd≤(1°≤)
g p∑

0

ZpSURF

pBL

Rfac(pBL)Rfac(p)p∑°1(ø+TRad|BL °TRad))(p °pSURF)

°@µref
@p BL(ø+TRad|BL)2(pBL °pSURF)

dp(¢Ts)2

(2.123)

= L2(ø)(¢Ts)2 (as for L1 above). (2.124)

Thus:

L̇ = (L1(ø)+L2(ø))(¢Ts)2 . (2.125)

In order to calculate values of L1,L2, we can use the values of @µref
@p derived from the convective

equilibrium state which will not depend on the coupling strength. These expressions are com-

plex, and are best calculated numerically. A comparison of L̇ as expressed above based on the

uncoupled profile for µref and values obtained from the numerical model is shown in Figure
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Figure 2.15: Values of ¶(p)R
fac

(p) esti-
mated from the numerical model for ±LW =
3.

Figure 2.16: Estimates of the mechanical
work done from numerical model (black),
using Equation 2.125 with the @µ/@p pro-
file for the radiative-convective equilib-
rium state (red) and with the actual @µ/@p

profile (blue). Model parameters include
≤= 0.5 and constant heat input consistent
with an SST of 295 K for ¢Ts = 0.

2.16. The model keeps the heat input into the system constant, by reducing T1,T2 as ¢Ts is in-

creased - this assumption has a minimal effect on L̇ . Results indicate that the approximation is

accurate to within 80 % for¢Ts < 1 K. A calculation based on the @µref
@p of the actual temperature

profile, rather than that of the radiative equilibrium is also shown. The difference between the

model and the values calculated from the analytical expressions arises from the fact that the

µref profile changes as the temperature difference between the two columns increases (Figure

2.17), as do the values of Trad (Figure 2.18).

The effect of increasing ¢Ts from 0 is for the resulting advection to modify the µref profile

quadratically (Figure 2.17) as both the vertical wind and temperature difference between the

columns increase linearly. This results in cooling in the lowest layers of this atmosphere and

warming near the top of the boundary layer.
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Figure 2.17: Change in µref for various values of ¢Ts . Model
parameters as in Figure 2.16. The black line indicates the
top of the boundary layer.

Figure 2.18: Proportional increase in Trad for increasing ¢Ts .
Model parameters as in Figure 2.16.
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2.10 A GUOY-STODOLA PERSPECTIVE ON WORK GENERATED

The Guoy-Stodola equation (Equation 1.7) relates the work done by a system to the work input

Fin and the irreversible entropy production Ṡi , given by

Ṡi =
Fout

Tout
°Fin

Tin
, (2.126)

thus:

L̇ = ¥Fin °ToutṠi , (2.127)

where ¥ = (1° Tout/Tin) is the Carnot efficiency of the system. We are now in a position to in-

vestigate how the Carnot efficiency and irreversible entropy production change as we increase

from zero the surface temperature difference between two WTG-coupled columns ¢Ts and

generate mechanical work. Section 2.9 suggests that the temperature profile in each column

i , Ti (p), can be expressed as T0(p), the temperature profile for a single column above SST Ts

at radiative equilibrium, plus a quadratic expression in ¢Ts :

T1(p) = T0(p)°Æ(p)¢Ts °Ø(p)¢T 2
s , (2.128)

T2(p) = T0(p)+Æ(p)¢Ts °Ø(p)¢T 2
s . (2.129)

The coefficients in the quadratic expression Æ(p) and Ø(p) can be fitted to model results for

low values of ¢Ts . Fout,i(p), the radiation emitted by layer p of column i and leaving the sys-

tem, can then be estimated by use of the Stefan-Boltzman law and emissivity factors. Fin,i(p),

the radiation (both SW and LW) absorbed by each layer, is similarly largely dependent on the

surface temperatures in the two columns.

This framework enables us to start with the system at radiative-convective equilibrium and

then incrementally perturb the system until the result of the SCM run is obtained, recalculating

the Guoy-Stodola equation after each step. We do so in the following order:

1. The starting point is the radiative equilibrium in two equally-sized columns with no SST
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difference between them.

2. The temperature profile in each column is changed to T0(p)±Æ(p)¢Ts and values of the

terms of the Guoy-Stodola equation are recalculated on the basis of this temperature

profile and the heat fluxes that it implies.

3. The second order temperature term is included, and the terms are recalculated.

4. The final step is to replace the estimated temperature profiles by those obtained from

the coupled single column model. As in the previous section, the model keeps the heat

input constant, thus slightly reducing T1,T2 as ¢Ts increases.

The cumulative effects of introducing each of these steps on the values of the components of

the Guoy-Stodola equation are shown in Table 2.1. Model parameters include SST for ¢Ts = 0

of 295 K and ≤ =0.5. The model was run with quadruple precision as some of the changes are

small relative to the base values.

Radiative + Linear + Quadratic + Discrepancy = Modelled

Equilibrium Term Term

Tin (K) 267.474848 0.49E-03 -0.55E-03 0.27E-08 267.474789

Tout (K) 261.833152 0.16E-03 -0.13E-02 0.15E-09 261.832001

¥ 0.021092 0.12E-05 0.29E-05 0.93E-11 0.021097

¥Fin (Wm°2) 10.266813 0.58E-03 0.14E-02 0.14E-07 10.268804

Ṡi (Wm°2K°1) 0.039211 0.22E-05 -0.48E-05 -0.17E-08 0.039209

ToutṠi (Wm°2) 10.266813 0.58E-03 -0.13E-02 -0.45E-06 10.266085

L̇ (Wm°2) 0.000000 -0.25E-31 0.27E-02 0.47E-06 0.002719

Table 2.1: Contribution of linear and quadratic temperature terms to components of
Guoy-Stodola equation. See text for fuller explanation.

It will be seen that the final step in this decomposition has a minimal impact on all the terms,

indicating that the quadratic expression for the temperature profiles produces a good fit. The

linear impacts of increasing ¢Ts cancel in the expression for work done, as expected, and it is

only the second order term that contributes to the generation of mechanical work, consistent

with the quadratic dependency of L̇ on ¢Ts that we have found.
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This second order temperature term cools the bottom 75hPa (approximately) of the atmo-

sphere (Figure 2.17), and warms a layer of equivalent size immediately above. As the radiation

emitted by a layer has a quartic dependency on its temperature this cooling will reduce Fout

without having an impact on Fin, and so create an energy imbalance which corresponds to the

mechanical work generated. It will also reduce Tout (which is weighted by Fout) to a greater

extent than Tin, and thus increase the Carnot efficiency ¥, but also have a compensating effect

on Ṡi . However, in addition Ṡi will also decrease by L̇/T out.

This analysis indicates that the linear changes in Tin and Tout impact the Carnot efficiency

and the lost work terms of the Guoy-Stodola equation in a manner that cancels out in total.

It is only once the second order radiation term is introduced that the impact on Fout results

in a decrease in the irreversible entropy production and a corresponding increase in the work

done.

To some extent the Guoy-Stodola equation is a tautologous restatement of the energy con-

servation equation; it quite simply reminds us that the work output is equal to the difference

between the heat flux input and the heat flux output. What is perhaps more interesting is the

insight that changes in the Carnot efficiency in themselves are not sufficient to change the

mechanical work output - what matters are changes in the Carnot efficiency that are not bal-

anced by changes in irreversible entropy production. In this particular case, the production of

entropy arises from absorption and re-radiation of long and short wave fluxes and hence these

two elements will be intimately linked.

2.11 AN APPROXIMATE EXTENSION TO THE MOIST CASE

Hitherto the analyses performed have all been limited to dry convection, ignoring the addi-

tional heating effect arising from the condensation of upward-advected moisture on the sys-

tem. In order to gain some insight into the impact of this effect, a simple representation of

the main features of this impact was added to the simplified coupled SCM. This approach is
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inspired by the Betts-Miller parametrisation (Betts and Miller, 1993) and assumes that the rel-

ative humidity in the warm column above the boundary layer is constrained to 100%, with a

constant mixing ratio within the boundary layer. Any upward advection of moisture in that col-

umn will therefore generate condensation which will give rise to heating. The radiative model

previously used is retained; we are merely introducing moisture here to estimate the latent

heating effect. The WTG is used to obtain a vertical wind velocity based on the temperature

difference between the two columns as before - note that it is the temperature difference be-

tween the columns rather than the virtual temperature difference that gives rise to the velocity.

This point is considered further in the next chapter.

The profile of the warm (moist) column produced is shown in the tephigram in Figure 2.19.

The potential temperature profiles generated and the resulting vertical velocities are shown

in Figure 2.20. It will be seen there is significant heating in the warm column centred at ap-

proximately 700hPa leading to large upward velocities and an increased potential temperature

difference between the columns. Minor numerical convergence problems just below the top

of the boundary layer are also apparent.

The generation of mechanical work by a temperature difference between the two columns was

analysed (Figure 2.21) and is compared with the work generated by an otherwise comparable

dry model. One can note that as ¢Ts ! 0 self-sustaining moist convection continues to oc-

cur, resulting in work done (the ¢Ts = 0 run is initialised with two identical columns, but the

model nonetheless converges to a self-sustaining solution). As the model could also permit a

solution with no vertical motion, even if it does not converge to that solution, this points to

the existence of multiple equilibria. These have been observed in more sophisticated models

(see e.g. Sobel et al., 2007; Sessions et al., 2010; Daleu et al., 2015b; Sentić and Sessions, 2017).

The latent heat input into the system likewise remains non-zero as the difference between the

columns is reduced.

The work done in the moist case is greater than that done in the comparable dry case - this

result is at first sight inconsistent with the demonstration in Pauluis (2011) that a moist ener-

58



Chapter 2: A SINGLE COLUMN MODEL PERSPECTIVE ON THE ENERGETICS OF TWO COUPLED COLUMNS

����

����

����

����

����

����

����

����

����

��� ��� � �� �� ��

���
�

���
�

���
�

���
�

���
�

���
�

��������
�

���
�

��
�

��
�

���
����
�

���
�

���
�

���
�

���
�

���
�

���
��

���
��

Figure 2.19: Tephigram for warm column. The red line represents the temper-
ature profile, and the blue line the wet-bulb temperature. The cyan line is a
moist adiabat plotted through the LCL. Model parameters include ≤=0.1 SST
of 295 K and ø = 3 hours.

(a) µ (b) LS velocity

Figure 2.20: Comparison of equilibrium states for moist (blue, red) and dry (cyan, pink)
WTG coupling. Model parameters include ≤ =0.1, SST of 295 K and 297 K and ø=3
hours

getic cycle will be less efficient than a comparable dry cycle. The two results however are not

directly comparable. Firstly, Pauluis fixes the temperatures at which energy enters and leaves
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Figure 2.21: Mechanical work done by moist model (blue)
and comparable values for dry model(green) for varying SST
differences. The latent heat generated by the system is shown
in black (right hand scale). Model parameters include ≤=0.5
and SST in the cool column of 295K.

the system and studies the effect of increasing humidity - in this case it is the SSTs that are fixed

and the temperature profiles of the system result from advective and convective processes. In

addition, the energy input here includes latent heat in the moist case and not in the dry case.

One can gain some insight into this process of self-sustaining convection following the ap-

proach of Equation 2.107. Consider two columns with no SST difference, but where upward

convection occurs in one of the columns. One can then write for the warm column:

(1°≤)µ0

Trad
= Lv

cp

@rv

@z
w (2.130)

= Lv

cpø

@rv

@z
µ0

@µref/@z
, (2.131)

where Lv represents the specific enthalpy of vaporization for water and rv is the mixing ratio

for water vapour (determined by the reference temperature profile). Depending on the rela-

tionship between µref, Trad and øWTG this equation may permit non-zero solutions for µ0 and

hence w at some heights. Thus the heating produced by condensation can be compensated

exactly by the upward advection of lower entropy air by the WTG velocity.
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2.12 COUPLING COLUMNS WITH THE WEAK PRESSURE GRADIENT

APPROXIMATION

Although the focus of this thesis is on a large-scale circulation parametrised by the WTG ap-

proximation, it is instructive to compare the results obtained with those which arise from an

alternative parametrisation, in this case the Weak Pressure Gradient (WPG), otherwise referred

to as the Damped Gravity Wave (DGW) approach. Whereas the WTG equation is obtained by

assuming that vertical advection eliminates horizontal temperature anomalies, the WPG equa-

tions are derived from perturbed equations of motion in order to diagnose the vertical veloc-

ity that a particular buoyancy perturbation generates. By expressing the approach in Kuang

(2008a) in pressure coordinates we can write the anelastic equations of motion and continuity

for perturbations to an equilibrium state as:

(
@

@t
+≤WPG)Ω̄u0 =°@p 0

@x
, (2.132)

@p 0

@p
=°

T 0
v

Tv,ref
, (2.133)

@u0

@x
+ @!0

@p
= 0 , (2.134)

where ≤WPG is the inverse of the Rayleigh damping timescale øRAY. By eliminating u0 and p 0

between these equations and then using the gas law we can obtain:

(
@

@t
+≤WPGΩ̄)

@2!0

@p2 =° 1
Tv,ref

@2T 0
v

@x2 , (2.135)

=° Rd

pref

@2T 0
v

@x2 . (2.136)

If we look for gravity wave solutions for T 0
v with horizontal wavenumber k, with no time de-

pendency, we obtain the following partial differential equation for !0:

≤WPG

@2!0

@p2 = k2Rd

p̄ref
T 0

v . (2.137)

This elliptical equation can be solved numerically using a triangular solver. The boundary con-

ditions used are that !0 = 0 at the surface and at an assumed tropopause at 100 hPa. Values

typically taken for the parameters are ≤WPG = 1 day°1 for the damping coefficient, and k = 10°6
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m°1 for the wavenumber (Daleu et al., 2015b).

The simplified SCM has been run with WPG coupling for a dry case. The temperature differ-

ence between the two converged columns and the large scale velocity diagnosed are shown in

Figure 2.22, with analagous values for a WTG-coupled system with øWTG = 3hrs. It will be seen

that the values produced in both graphs are similar in the lower boundary layer, but that the

temperature difference between the columns reduces more gradually for the WPG results than

for those obtained from the WTG approximation, in particular persisting beyond the bound-

ary layer. (It should be noted, of course, that there is no explicit notion of a boundary layer

in the WPG approximation.) The velocities produced by this WPG implementation are very

much smoother than the WTG velocities, reaching a smaller maximum value around the top

of the boundary layer and then reducing much more gradually. These results are not consis-

tent with the observation that WTG velocities are more top-heavy than WPG velocities noted

in section 1.5 — this will at least in part be due to the fact that the WTG approximation more

directly reflects local heating anomalies and that this is a dry model with very little heating in

the upper troposphere.

(a) µ0 (b) LS velocity

Figure 2.22: Comparison of equilibrium states between WPG (solid) and WTG (dashed)
coupling. Model parameters include ≤ = 0.5, SSTs of 298 K and 300 K.

As the velocities produced by the two models are broadly similar at the heights where the tem-

perature difference between the columns is significant, and those temperature differences are

also broadly similar, one might expect the work done generated by the two models to be com-
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parable. This is in fact the case, as shown in Figure 2.23, which also shows that as with the WTG

approximation the work done for WPG coupling has a quadratic dependency on the surface

temperature difference between the two columns.

Figure 2.23: Work done by WPG coupled system - sensitivity
to SST difference between columns. Comparable results for
the WTG are shown by a dashed line. The parameters used
are as above.

The sensitivity of the results, particularly the generation of mechanical work, to the WPG pa-

rameter was investigated. Although there are two parameters, they only appear in Equation

2.137 as k2/≤, so it is sufficient to consider multiples of this parameter - in fact to facilitate

comparison with the WTG results, sensitivities are described by a “Coupling” timescale coef-

ficient which divides ≤, (i.e. multiplies øRAY), so that a coupling coefficient of 0 corresponds to

very strong coupling and infinity corresponds to no coupling between the columns. Results

for the resulting APE and generation of mechanical work in Figure 2.24.

The APE decreases for stronger coupling, as would be expected, although there is no plateau

as seen in the WTG results (see Figure 2.14), and the values for a coupling parameter of 1 are

higher than those for øWTG = 3 hours, consistent with the fact that temperature differences per-

sist at higher altitudes. The generation of mechanical energy reaches a maximum close to the

point where the coupling parameter is 1.

By analogy with the result obtained for the WTG approximation (Equation 2.38), we can con-

sider an implied relaxation time (L̇/2Ā). A plot of this against the coupling timescale coef-
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(a) APE (b) Generation of mechanical work

Figure 2.24: APE and Work done for WPG coupled system - sensitivity to coupling
strength (where 0 represents very strong coupling). Other parameters as above.

ficient (FIgure 2.25) on a log log scale is very close to a line of slope 0.5, implying that Ā/L̇ ª
p
≤/k. This can be interpreted as implying that the timescale is proportional to the length scale

of the system for a given damping coefficient (c.f. the argument in section 2.7).

Figure 2.25: Effective timescale for conversion of APE to ki-
netic energy for WPG-coupled columns (blue). A line of
slope 0.5 is shown in cyan.

2.13 CONCLUSION

In this chapter we investigated the generation of mechanical work by an overturning circula-

tion using a simple SCM. The model was first presented, and then some difficulties which arise

when a model such as this is used to calculate APE are discussed. The model was also used to

explore the MEP conjecture as described in the Appendix, confirming results previously pub-
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lished that show that this can be used can predict lapse rates in the lower atmosphere.

The WTG approximation was introduced as a coupling mechanism between two columns and

the impact that this has on temperature profiles and the associated vertical winds is shown.

Approximate analytical expressions for the energy pathways are developed, including the key

result that the conversion from APE Ā to kinetic energy by a WTG-driven circulation with

timescale parameter ø is given by 2Ā/ø. Expressions for the vertical and horizontal kinetic en-

ergy were developed for a number of different geometrical configurations, and it is shown that

in order for commonly used values of the ø parameter and the Rayleigh damping parameter to

be consistent, the introduction of radial winds in a three-dimensional structure is necessary.

It is also shown that this approach can be extended to identify latitude-dependent constraints

on the size of self-aggregating convective systems.

A simple expression for how Weak Temperature Gradient coupling reduces the temperature

difference between two columns is developed, and this is used to confirm model values for

the coupling timescale dependency for the generation of mechanical work by the system. This

same expression underpins an analytical result for the work generated as a quadratic func-

tion of the SST difference between the two columns. The mechanical work generated by this

coupling is balanced by reduced radiation emitted by the system, due to cooling in the lower

atmosphere. This analysis is used to explore how changes in the Carnot efficiency arising from

such cooling and the generation of irreversible entropy interact to produce mechanical work.

A simple extension to a moist case is explored, which identifies the potential for multiple equi-

libria that have been seen elsewhere. Finally, the WTG coupling mechanism is replaced with

the WPG for the dry case and we see that the velocity profiles and temperature differences are

smoother, but that the generation of mechanical work exhibits largely similar features to that

under the WTG.
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CHAPTER 3

A MECHANICAL ENERGY BUDGET FOR COUPLED CLOUD

RESOLVING MODELS

3.1 INTRODUCTION

The previous chapter explored the energetic pathways resulting from two columns coupled by

a large-scale circulation in a highly idealised context. We focused particularly on the genera-

tion of mechanical work, deriving expressions linking this generation to the Available Potential

Energy in the system. We now return to this same general question in a more realistic context,

using two coupled cloud resolving models that were developed previously for studies of transi-

tions from suppressed to active convection (Daleu et al., 2015a) in order to assess the relevance

of the results of the previous chapter are in a more complex context. We use these models

to represent separate regions, over surfaces with different SSTs, but linked by a parametrised

large-scale circulation. In order to identify the work generated, we make use of an isentropic

diagnostic framework introduced in Pauluis (2016) that permits the expression of a mechani-

cal energy budget for a convective system. It relates the Carnot maximum work done for the

system to the sum of the kinetic energy generated, the work done in lifting water and a com-

ponent representing lost work associated with the irreversible production of entropy through

evaporation. As we are working with two separate regions and are particularly interested in

the overturning circulation between them we will need to modify and extend this diagnostic

approach.
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We first present the cloud resolving model that we are using and discuss the results that it pro-

duces for a single region at radiative convective equilibrium. We show how the Pauluis diag-

nostic methodology can be improved in the case of an anelastic model such as that used here,

and that its extension to two coupled regions requires us to introduce a further refinement. We

next present results for the mechanical energy budget for varying strengths of WTG coupling,

for varying SST differences between the regions and for varying sizes of the two regions; scal-

ing arguments explaining many of these results are then developed. The energy balance of the

system and the kinetic energy associated with it are analysed. We also apply this diagnostic

approach to Weak Pressure Gradient coupling and examine a number of other sensitivities. Fi-

nally, we replace the parametrised coupling by a model which explicitly includes both regions

side by side in one domain.

Much of the work discussed in this chapter has been published in Kamieniecki et al. (2018),

together with some material from the previous chapter.

3.2 OVERVIEW OF LARGE EDDY MODEL USED

Cloud Resolving Models (CRMs) provide a powerful tool to study the details of convection.

A grid-length is chosen that can filter the main variables into (explicitly modelled) large and

(parametrised) subgrid scale components, essentially cloud microphysics, radiation and sub-

grid scale turbulence. This project follows on from projects which have used the Met Office’s

Large Eddy Model (hereafter called the LEM) in CRM mode to analyse the effect of coupling

two regions by a large-scale circulation and so has built on the configuration previously devel-

oped (Daleu et al., 2012; Daleu, 2013; Daleu et al., 2015a)

This section provides an overview of the features of the LEM (version 2.4) used to provide the

runs which underly the results in this chapter. The underlying structure of the LEM is de-

scribed in Gray et al. (2004) and the particular configuration used is set out in more detail in

Daleu (2013).
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The LEM is used in a two dimensional configuration, of width 128 km (with 500 m grid spacing)

along the x axis and 60 vertical levels on a stretched grid (providing finer resolution near the

surface) and extending up to 20 km, with periodic lateral boundary conditions. A Lorenz grid

is applied in the vertical and an Arakawa C-grid in the horizontal. Both the top and bottom

of the model are rigid lids, with Newtonian damping at the highest levels to eliminate gravity

wave perturbations. Horizontal wind along the x axis is relaxed to zero with a time-scale of 2

hours to avoid propagation of convective cells (see Tompkins, 2000; Mapes and Wu, 2001) and

the development of artificial wind-shear, and is a constant 5 m s°1 along the y axis to enhance

surface fluxes and reduce the impact of fluctuations in wind speed. The lower boundary is an

ocean with a base SST of 302.7 K. The model is run until a stable equilibrium emerges (see

section 3.3).

The LEM works with a non-hydrosatic Boussinesq set of equations, expressed as perturbations

about a reference state that is defined for dry air in hydrostatic equilibrium:

Dui

Dt
=° @

@xi

µ
p 0

Ωref

∂
+±i 3B + 1

Ωref

@øi j

@x j
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B = gµ0v/µref (3.6)

µ0v = µ0+
X

w=v,l ,i
µrefcw rw (3.7)

cv = 0.608 (3.8)

cl ,ci =°1 (3.9)

Here ±i j is the Kronecker delta function, øi j is the turbulent stress tensor, ≤i j k is the three-

dimensional Levi-Civita pseudo-tensor, ≠ j represents the Earth’s rotation, h are various sub-

grid scalar fluxes, and the subscripts mphys, rad represent terms due to the microphysics and
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radiation. Other symbols have their usual meteorological meanings. The model allows for

water vapour and five species of hydrometeor, of which cloud liquid water and cloud ice are of

particular interest in the analyses that follow. øi j is parametrised using a modified first-order

Smagorinksy-Lilly approach, where viscosity depends on a local Richardson number and the

mixing length ∏ depends on surface roughness z0 and the basic mixing length ∏0:

1
∏2 = 1

∏2
0

+ 1
[k(z + z0)]2 , (3.10)

where k is the von Karman constant and z is the height. For consistency with previous stud-

ies, a basic mixing length ∏0 of 250 m was used for the majority of the runs, but the impact

of this choice is investigated in section 3.16 below. Bulk aerodynamic formulae are used to

provide the heat fluxes from the surface. Cloud microphysics are represented by a three-phase

parametrisation. In order to avoid introducing complexities due to interactive radiation, fixed

cooling of 1.5 K day°1 from the surface to 220 hPa, then reducing linearly to 0 at 120 hPa

and above was adopted (in this respect the CRM set-up is less realistic than the interactive

radiation in the previous chapter). The centred-difference scheme suggested in Piacsek and

Williams (1970) is used to advect momentum, and scalars are advected using a total variance

diminishing scheme proposed by Leonard et al. (1993), known as ULTIMATE. The timestep is

constrained to reflect the CFL criterion and to ensure stability of the mixing.

3.3 CONVERGENCE OF RUNS

The LEM was run for 120 days, with the first 20 days discarded to avoid spin-up features dis-

torting the results. Results for the subsequent 100 days were stored every 30 minutes, giving

4,800 data points in total. A number of indicators were analysed to confirm that the runs had

converged and there was no drift - such indicators for a single region run with no coupling (re-

ferred to as the uncoupled control run) over an SST of 302.7 K are shown in Figure 3.1. Similar

indicators were studied for a number of the other runs, although not exhaustively.

The indicators show a good degree of convergence for the model. There is clearly evidence of

random fluctuations in the three time-series plots, but there is no overall trend. The plot of the
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(a) µe for successive dekads in last 100 days of 120 day

run

(b) Latent Heat (24 hour rolling average)

(c) Precipitation (24 hour rolling average) (d) Resolved Kinetic Energy (24 hour rolling average)

Figure 3.1: Convergence tests for uncoupled control run. Note that although precipita-
tion (panel c) exhibits greater variability than latent heat input (panel b), the long term
averages broadly correspond, indicating that a moisture equilibrium has been reached.

average values of µ for successive 10 day periods (Figure 3.1(a)) indicates good convergence

below 14 km, but a consistent upward drift in the values of µe above that as a result of the fixed

cooling radiation model which decreases between 220 hPa (approximately 12 km) and 120 hPa

(approximately 15.5 km) and is zero above that. As the features analysed in this section all

occur below 14 km (see e.g. Figure 3.6), the convergence overall was considered suitable.
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3.4 ISENTROPIC ANALYSIS OF STATE VARIABLES FOR A SINGLE COL-

UMN

Although this chapter focuses on the results produced by two coupled regions, it is instructive

to first compare the results produced by the Cloud Resolving Model run in an uncoupled con-

figuration run to Radiative-Convective Equilibrium with those from a run of the System for At-

mospheric Modelling published in Pauluis and Mrowiec (2013) (abbreviated as PM13). PM13

introduces the notion of isentropic slices as the intersection of a surface of constant height

with an isentrope, and derives a probability distribution function for the equivalent potential

temperature of air parcels at a given height level. Likewise, conditional averages of various

observed variables in (µe , z) space can be obtained, for example if h f i(z,µe0), the isentropic

distribution of f , is given by:

h f i(z,µe0) = 1
PLx

ZP

0

ZLx

0
f (x, z, t )±(µe0 °µe (x, z, t ))dxdt , (3.11)

where P is the time period over which averaging is performed and LX the horizontal range of

the model. Then the conditional average of temperature T̃ (z,µe ) can be derived as:

T̃ (z,µe ) = hΩT i(z,µe )
hΩi(z,µe )

. (3.12)

A vertical mass flux distribution in (µe , z) is similarly calculated, which in turn can be used to

define a convective streamfunction™:

™(z,µe ) =
Zµe

0
hΩwi(z,µ0e )dµ0e . (3.13)

Figure 3.2 shows results obtained from the uncoupled control run, run to equilibrium (see

Sections 3.3 and 3.7). For the purposes of this plot the mass flux and stream function have

been smoothed using spline interpolation with a zoom factor of 2. Results from PM13 are

shown in Figures 3.3-3.5.
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(a) log10 of mass density function in (µe , z) space nor-

malised at each height level

(b) Conditional average of temperature

(c) Conditional average of vertical velocity (d) Conditional average of water vapour mixing ratio

(e) Conditional average of relative humidity (cyan line

represents RH = 0)

(f) Conditional average of liquid mixing ratio
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(g) Conditional average of lce mixing ratio (h) Conditional average of buoyancy (dashed line repre-

sents 0)

(i) Vertical mass flux§ (j) Streamfunction§

Figure 3.2: Isentropic analyses for single column with SST 302.7 K (§ indicates smoothing
has been applied). Solid black line indicates mean µe at each height.

74



Chapter 3: A MECHANICAL ENERGY BUDGET FOR COUPLED CLOUD RESOLVING MODELS

Figure 3.3: Figure 2 from PM13 - (A) and (B) can be compared with Figures 3.2(a) and
3.2(c) respectively; (C) is a directionality index defined in PM13.(©2013 AMS)
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Figure 3.4: Figure 3 from PM13 - can be compared with Figures 3.2(b), 3.2(d), 3.2(f) and
3.2(g) combined and 3.2(h) above. (©2013 AMS)

Figure 3.5: Figure 1 from PM13 - can be compared with Figures 3.2(i) and 3.2(j)
above.(©2013 AMS)

Whilst there are strong similarities between the two sets of results, analysis reveals a number

of noteworthy differences:

1. These results show fewer extreme values of µe than those in PM13. The LEM is run in
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a two-dimensional configuration with 256 horizontal gridpoints, as compared with a

3-dimensional configuration for SAM, with 432 gridpoints in each horizontal dimen-

sion. This greater number of gridpoints could explain why the spread of results in SAM

is greater, although the temporal frequency of sampling in PM13 has not been specified.

2. The values of µe shown here are in general higher than those in PM13. This is in part

because the Sea Surface Temperature (SST) here is 302.7 K, as compared with 301 K in

PM13 , compounded by the resulting higher humidity here as seen in Figure 3.2 d). An-

other factor will be the definition of µe used here, as discussed in Section 1.3, whereas

PM13 uses the Emanuel definition including the (cp + rT cl ) factor.

3. PM13 exhibits a small number of much more powerful bursts of convection, as evi-

denced by both the vertical velocity and ice mixing ratio at high entropy, which exceeds

that shown here. This again may be a consequence of the more extensive horizontal grid

giving rise to more observations, some of which will be more extreme.

On the other hand, the vertical mass flux and streamfunction plots, which are central to the

methodology developed in this chapter, appear very similar for the two sets of output.

3.5 MECHANICAL ENERGY BUDGET

The methodology used in this chapter is based on the Mean Air Flow as Lagrangian Dynamics

Approximation (MAFALDA) approach introduced by Pauluis (2016). In that paper, convective

streamfunctions ™ in (µe , z) space are derived from the vertical mass flux as in Equation 3.13,

averaged over a suitable period. The system is represented by trajectories along equally spaced

contours in that space (it will later be seen that a surface integral approach is also possible).

Pauluis relates changes in entropy along a trajectory to changes in other system variables, al-

lowing for changes of composition through the Gibbs free energy of the various states of water,

thus:

T ds = dh °Æd dp °
X

w=v,l ,i
Gw drw (3.14)

77



Chapter 3: A MECHANICAL ENERGY BUDGET FOR COUPLED CLOUD RESOLVING MODELS

where Æd is the specific volume per unit mass of dry air. For an entire cycle, the change in

enthalpy
H

dh vanishes and one is left with:

I
T ds =°

I
Æd dp °

X

w=v,l ,i

I
Gw drw (3.15)

The integrand in the first term on the right hand side can then be expanded thus:

Æd = Rd T + rv Rv T
p

(3.16)

º Rd Tref

p

√

1+
T 0+ rv ( Rv

Rd
)Tref ° rT Tref

Tref
+ rT

!

(3.17)

= Rd Tref

p

µ
1+ B

g
+ rT

∂
, (3.18)

using the definition of B in Equation 3.6 and ignoring expressions that are second order in the

mixing ratio or buoyancy. The pressure p can be expressed as the sum of three components

p = pref + p 0 + e, where e is vapour pressure. If the second two terms in this expression for

p are neglected (the impact of including e will be revisited later), the first term on the right

hand side of Equation 3.18 will integrate to zero over a closed trajectory. This step uses the

hydrostatic approximation in the form d pref =°gΩrefd z, where Ωref is the pressure of dry air in

the reference state and the ideal gas law:

°
I

Rd Tref

p
dp º

I
gΩref

Ωref
dz = 0 . (3.19)

Likewise, one can then approximate the contour integrals of the second and third terms on the

right hand side of Equation 3.18:

°
I

Rd TrefB
g p

dp º°
I

Rd TrefB
g pref

dpref =
I

Bdz (3.20)

°
I

Rd TrefrT

p
dp º

I
g rT dz . (3.21)
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Pauluis summarises these relationships as follows:

Wmax =Wb +Wp +¢G , where (3.22)

Wmax =
I

T ds (3.23)

Wb =
I

Bdz (3.24)

Wp =
I

g rT dz (3.25)

¢G=
X

w=v,l ,i

I
°Gw drw (3.26)

The interpretation of these relationships is that the maximum work that the system can gen-

erate (Wmax) is equal to the sum of what Pauluis refers to as the “Gibbs penalty ” (¢G, which

represents the energetic implications of evaporating water at lower relative humidity than that

at which it condenses over a cycle - see Pauluis (2011) for a fuller discussion), the buoyancy

work done (Wb) and the work done in lifting water vapour (Wp ). Wb corresponds to the work

done analysed in Chapter 2 of this thesis, and Wp will in turn be converted into the kinetic en-

ergy of precipitation, some of which will be dissipated as the hydrometeors descend through

the atmosphere (Pauluis and Dias, 2012; Igel and Igel, 2018) and some at the surface.

Although Pauluis is clear that it is Win = Wmax °¢G that is the heat input into the system, the

form of the equation above encourages readers to believe that Wmax represents some limit on

the work done. To avoid such confusion an alternative notation WT ds is used instead of Wmax

and the equation is written as:

Win =WT d s °¢G (3.27)

=Wb +Wp (3.28)

When applied to results from the LEM this equation generates numerical results which do not

balance (indeed similar features are observed in Pauluis (2016)). The original derivation of

Equation 3.22 involves the use of the hydrostatic approximation dp = °Ωrefg dz in evaluating

°Æd dp, where Ωref is the density of dry air in the reference profile and Æd is the specific vol-

ume of dry air. In an anelastic model such as the LEM, this need not hold in general, but it
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does hold for the reference profile, where it relates the partial pressure of dry air pref to height:

dpref =°Ωrefg dz. The contour integral of the first term on the right hand side of Equation 3.18

is zero for an anelastic model if the full hydrostatic approximation is used as in Pauluis (2016).

Applying instead the hydrostatic approximation for dry air, it can be simplified with the as-

sumption that the reference profile is close to the equilibrium state and that variations in the

pressure of dry air at a given height are insignificant when compared with variations in water

vapour pressure, (ie p º pref+e) and ignoring higher orders of e
pref

to obtain an additional term:

°
I

Rd Tref

p
dp =°

I
Rd Tref

pref +e
d(pref +e) (3.29)

º°
I

Rd Tref

pref
dpref +

I
eRd Tref

pref
2 dpref °

I
Rd Tref

pref
de . (3.30)

Making use of the gas law:

°
I

Rd Tref

p
dp º°

I
1
Ωref

dpref +
I

eRd Tref

p2
ref

dpref °
I

Rd Tref

pref
de . (3.31)

Using the hydrostatic approximation, and remembering that to first order e = rv
Rv
Rd

pref:

°
I

Rd Tref

p
dp º

I
g dz +

I
rv Rv Tref

pref
dpref °

I
rv Rv Tref

pref
dpref °

I
Rv Tref

drv

d pref
dpref . (3.32)

The first of the terms on the right hand side is zero, and the second and third cancel, leaving

the final term, which can be expressed as an integral in rv :

°
I

Rd Tref

p
dp º°

I
Rv Trefdrv . (3.33)

This expression can be integrated by parts and then expressed in terms of an integral in z:

°
I

Rd Tref

p
dp º+

I
Rv rv dTref =°

I
Rv rv°dz , (3.34)

where ° is the lapse rate of the reference profile. Equation 3.33 is the form of the equation

that is used to calculate this term numerically in the contour integrals, whereas Equation 3.34

provides a more useful form in developing scaling arguments below.
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The new term in the form shown in Equation 3.33 bears a similarity to a term in the water

vapour component of the Gibbs penalty
H

(°Gv )drv , depending as it does on the same state

variables since:

Gv = cl

µ
T °T0 °T ln

T
T0

∂
+Rv T lnH (3.35)

where cl is the specific heat capacity of liquid water at constant pressure, T0 the temperature

at its triple point and H the relative humidity. One can therefore introduce a modified specific

Gibbs free energy for the vapour state:

G
§

v = cl

µ
T °T0 °T ln

T
T0

∂
+Rv T (1+ lnH) (3.36)

and (neglecting a term in Tref °T ) instead of Equation 3.22 one can write:

I
T ds º

I
Bdz +

I
rT g dz +

X

w=v,l ,i

I
(°G§

w )drw (3.37)

where G
§
w =Gw for w = l , i . It could be argued that from a physical perspective this term is a

correction to the mechanical work generated and should therefore instead be combined with

Wb . In this thesis we decided to keep the definition of Wb as in Pauluis (2016) and modify the

Gibbs penalty term as above.

As one might expect the total atmosphere to be close to hydrostatic equilibrium in reality, this

would suggest that variations in p 0 would largely balance variations in e, and that consequently

an analagous term in p 0 could be calculated, which will largely compensate the new term in

e derived above. If this were to be included, Equation 3.37 would continue to have a slight

discrepancy as before. It is possible that the CRM does not achieve this overall hydrostatic

equilibrium, or that some other feature is responsible for this continuing discrepancy; this has

not been investigated further. In any case, the discrepancy is relatively minor and the narra-

tive presented by the results shown in the remaining sections of this chapter is unaffected by it.

The impact of these adjustments are shown in Table 3.1 for a control case that consists of one
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single column, uncoupled, and run to radiative-convective equilibrium. The SST is 302.7 K

and the results are sampled every 30 minutes over the last 100 days of a 120 day run, referred

to as the uncoupled control case. The values of various fields for this control case have already

been presented in section 3.4. The stream function, the fitted contours and thermodynamic

diagrams representing the most significant components of Equation 3.37 are shown in Figure

3.6.

Figure 3.6 c) shows the averaged paths in S°T coordinates which is used to calculate the value

of the Carnot maximum term. Following Pauluis (2016) this can be interpreted as follows.

Parcels of air at high temperatures at the surface increase in entropy as moisture evaporates

into them. They then rise and due to mixing in the boundary layer lose entropy through en-

trainment. Further ascent is approximately adiabatic, until a maximum height is reached. This

is then followed by slow descent, where radiative cooling decreases entropy, until mixing oc-

curs and the parcels gain entropy again and the cycle recommences.

Figure 3.6 d) shows the averaged paths in B ° z coordinates used to calculate the buoyancy

term. Lighter air rises, and the moister parcels become more buoyant as they rise and latent

heating occurs. There are some irregularities at the top of their path for the outermost con-

tours, which arise from sparse field sampling and the negative contribution of ice content to

entropy, but these do not have a major impact on the numerical values. The parcels descend at

close to zero buoyancy, Near the surface, however, there are a number of cycles where lighter

air subsides and heavier air rises which can be interpreted as mechanically forced overturning

in the boundary layer.

Figure 3.6 e) shows the averaged paths in rT °z coordinates used to calculate the elevator term

Wp . Moister air rises, dying out as it does so due to a mixture of entrainment at the lower levels

and then precipitation. As air parcels descend they moisten due to evaporation of precipita-

tion and mixing. The same irregularities as discussed above for the outermost cycles as they

begin their descent is evident. Further evaporation occurs at the surface.

82



Chapter 3: A MECHANICAL ENERGY BUDGET FOR COUPLED CLOUD RESOLVING MODELS

Figure 3.6 f) shows the averaged paths in rv °Gv coordinates used to calculate the Gibbs

penalty term for water vapour (the remaining terms are less significant). Gv is to first order

a multiple of the log of the relative humidity. Thus as air at the surface moistens the values

of Gv become zero and as air rises this continues to be the case. As the air starts to freeze the

relative humidity decreases, and then increases again as it descends due to evaporation of pre-

cipitation and mixing.
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Figure 3.6: Contours used to calculate values in Table 3.1 and thermodynamic diagrams
representing main components thereof.
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(W m°2) WT d s Wb Wp ¢G ¢ ¢G§ ¢§

Control case 11.17 2.18 3.14 6.32 -0.47 5.81 0.04

Pauluis (2016) 8.3 1.5 2.5 4.6 -0.3 - -

Table 3.1: Numerical values for components of Equation 3.37 for control case

Numerical results are shown in Table 3.1 for 60 contours - comparable values from Pauluis

(2016) are also shown. It will be seen that the effect of the correction term is to reduce the

absolute magnitude of the imbalance from -0.47 W m°2 to -0.04 W m°2 in this case. Overall,

whilst the values calculated are larger than those obtained in Pauluis (2016), doubtless due

in part to the higher surface temperature and different model configuration (as discussed in

Section 3.4), the ratios of the various components are broadly consistent between the two sets

of results. These relative values will be discussed further in Section 3.12.

3.6 CONTOUR AND SURFACE INTEGRALS

Pauluis (2016) calculates the components of the mechanical energy budget using 20 equally

spaced contours covering the range in which the vertical stream function ™ is negative. The

choice of the number of contours was investigated for the control case. Figure 3.7 shows the

value of each of the main components of Equation 3.37 for increasing numbers of contours.

Using 60 contours produces values within a few percent of the value for 100 contours (except

for Wb where the variation is slightly greater) - this variation can be compared with the stan-

dard error that is estimated in the next section. The values shown in this thesis are therefore

calculated using 60 contours unless otherwise stated.

The use of a method based on surface integrals rather than contours was also investigated.

The weighted value for WT ds for all trajectories bounded above by the contour™=™0 can be
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WT d s ¢G

Wb Wp

Figure 3.7: Calculated values of main components of work done as a function of the
number of contours

expressed as:

WT ds =
Z

™<™0

I
T ds d™ (3.38)

=°
Z

™<™0

œµ
@T
@T

∂
ds dT d™ (3.39)

=
œ

(™0 °™(s,T ))H(™0 °™(s,T ))ds dT (3.40)

=
œ

(™0 °™(s,T ))H(™0 °™(s,T ))
ØØØØ
@(s,T )
@(µe , z)

ØØØØdµe dz , (3.41)

having made use of Green’s theorem, where H represents the Heaviside function and the Jaco-

bian determinant is given by :

ØØØØ
@(s,T )
@(µe , z)

ØØØØ=
@s
@µe

@T
@z

° @T
@µe

@s
@z

. (3.42)
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Hence:

WT ds =°
œ

™<0
™(µe , z)

µµ
@s
@µe

∂

z

µ
@T
@z

∂

µe

°
µ
@s
@z

∂

µe

µ
@T
@µe

∂

z

∂
dµe dz (3.43)

=°
œ

™<0
™(µe , z)

cp

µe

µ
@T
@z

∂

µe

dµe dz (3.44)

since s = cp log µe
T0

. °
≥
@T
@z

¥

µe
is the lapse rate° and can be treated as a smooth function of height.

This gives:

WT ds =
œ

™<0
™(µe , z)

cp

µe
°dµe dz (3.45)

Expressions for the other components of Equation 3.37 are more complex, but these quantities

can be calculated using values of the Jacobian obtained numerically. The main results in this

work were obtained from contour integrals, but the values for main components of Equation

3.37 were also calculated using surface integrals as a check which has proved broadly satis-

factory (see Table 3.2), and both methods were also used to estimate the standard error in the

estimates of that equation (see Section 3.7). The fact that these quantities can be calculated

using surface integrals also underpins the application of this diagnostic framework to two cou-

pled columns as discussed in Section 3.8.

(W m°2) WT d s ¢G Wb Wp

-Contour integrals 11.17 6.32 2.18 3.14

-Surface integrals 11.13 6.32 2.27 3.34

Table 3.2: Numerical values for components of Equation 3.37 for control case

3.7 STATISTICAL EQUILIBRIUM AND STATISTICAL SIGNIFICANCE

In this chapter we analyse the various components of the mechanical energy budget (accord-

ing to Equation 3.37) for sets of results produced by the LEM model with different parameters

and configurations. Since the results are all averaged over many periods, (generally samples

every 30 minutes over the last 100 days of a 120 day run) one can obtain some measures of the
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variability of the results, in order to confirm that the model has been run for a sufficiently long

period for the results to be stable and to appreciate the significance of any differences between

run results. Analysis confirms that the values of the key fields, such as temperature and spe-

cific humidity, in (µe , z) space are relatively constant for all time periods (as might be expected

from the sorting by values of µe ). On the other hand, the values of the streamfunctions do vary

quite significantly, as can be seen in Figure 3.9, and for many individual time periods the con-

tours may not be closed and the calculation may simply not be possible. Consequently the

calculation of statistical errors in the values of the components of Equation 3.37 by estimating

the variability of values calculated by contours for individual time periods has proved unsatis-

factory - instead such errors can be assessed using contours based on subsamples.

The control case of a single column with SST of 302.7K was again studied for this purpose. In

addition to calculating central values based on the entire run, these quantities were also cal-

culated for a number of random sub-samples (of Ns=100, 500 and 1000 samples) out of the

Ntot = 4799 time periods available. The means and standard deviations of the means of the

sub-sample sets of the values of the components of Equation 3.37 for these sets of sub-samples

were calculated. The standard deviations of the means of the sub-sample sets decrease as Ns

increases and the Ns = 1000 values can be regarded as an upper bound on the values for the

full run for Ntot time periods.

Values of each of Wb , Wp and G are plotted against WT d s for the random sub-samples for

Ns = 100 as well as is the entire set of results (red dot) in Figure 3.8. It will be noted that there

(a) ¢G (b) Wb (c) Wp

Figure 3.8: Scatter plots of components of work done against WT dS for sub-samples. The
red dots indicate the mean values for the total samples.
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(W m°2) WT d s ¢G Wb Wp

Values based on Ntot samples 11.17 6.32 2.18 3.14

Ns=100, 100 sub-samples

Mean of sub-sample 11.23 6.25 2.11 3.18

æ of mean of sub-sample sets 1.98 0.96 0.53 0.68

Ns=500, 20 sub-samples

Mean of sub-sample 11.58 6.41 2.21 3.29

æ of mean of sub-sample sets 0.94 0.45 0.26 0.31

Ns=1000, 10 sub-samples

Mean of sub-sample 11.05 6.16 2.10 3.11

æ of mean of sub-sample sets 0.66 0.39 0.13 0.20

Table 3.3: Variability of components for work done estimated by subsamples (base case,
contour integrals)

is a strong correlation between the magnitude of WT ds and of each of its components.

The surface integral methodology introduced in section 3.6 provides an alternative method of

calculating the standard error of the estimators. Stream functions were calculated for each of

the time-periods in Ntot using values of the fields averaged over Nt samples, and the surface

integrals were calculated over the space bounded by ™ = 0 for the average stream-function

based on all Ntot time-periods - this represents the contribution of each sample to the total

average, but use of this domain may produce quite anomalous results for a particular time

period. The values obtained are shown in Table 3.4.

(W m°2) WT ds ¢G Wb Wp

Mean of sample 11.55 4.57 3.37 3.91

æ of sample 23.54 8.27 8.05 9.60

Implied æ of mean 0.34 0.14 0.12 0.12

Table 3.4: Variability of components for work done estimated by surface integral contri-
bution (base case)
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The results of this calculation are in many ways unsatisfactory, with significant differences be-

tween the mean values shown here and those presented in Table 3.2. This may well be to do

with the manner in which negative and positive contributions to the total are offset at an in-

dividual time-period level. However the standard errors derived by this method are broadly

consistent with the values and trends observed in Table 3.3 and can be used as an estimator of

the standard deviation of the mean of the entire sample .

Both sets of results imply a considerable degree of variability from one time period to the next

- this can be seen by inspecting Figure 3.9 which shows the streamfunctions (or rather the in-

tegrals of vertical mass flux) for five example time-periods, chosen as they represent the 10th,

30th,50th, 70th, and 90th percentiles of the contributions to WT ds using the surface integral ap-

proach, compared with the stream function averaged over the period of the projection. In par-

ticular, whereas for the sample as a whole upward and downward motion will approximately

compensate, this is far from the case for any individual time period.

The degree of variability becomes apparent from the (truncated) histogram plot of the dis-

tribution of the value of the contribution to WT ds of each time sample (again calculated us-

ing surface integrals) which is shown in Figure 3.10. This shows not only that some samples

provide a negative contribution (such as the streamfunction in Figure 3.9(a), where there is

vigorous upward motion at low values of µe ), but that some samples provide very strong con-

tributions. The mean value calculated is very clearly greater than the median value (which is

around 4 W m-2), and thus the long tail means that even with Ntot =4799 the values estimated

are subject to significant variability. Figure 3.11 shows how these contributions to WT ds vary

over the period selected for the sample - this confirms the assessment in section 3.3 that there

is no perceptible drift in this sample.
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Figure 3.9: Streamfunctions for selected percentile contributors to WT d s compared with
the average streamfunction (panel f, also shown in green on percentile plots). Values in
excess of the colour bar scales are shown as blue or red as appropriate.
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Figure 3.10: Distribution of contributions to WT ds - the green line represents the sample
mean value.
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Figure 3.11: Contributions to WT d s over
the sample period.
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Figure 3.12: Contributions to WT d s over
the sample period - rolling 24 hour aver-
age.
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3.8 EXTENSION TO COUPLED SYSTEM

The model was then run for two regions coupled using the WTG approximation. Each region is

modelled in a separate LEM run, and a large-scale vertical velocity, calculated using the WTG

and the difference between the mean potential temperatures at each height level between the

two regions, is superimposed on the motions within each region. It is assumed that horizontal

advection between the regions is determined by the divergence of vertical advection through

the anelastic equation, and that both potential temperature and water vapour are advected.

Fuller details of how the LEM was modified to represent this coupling can be found in Daleu

et al. (2012).

Initially, runs were performed for two equal regions (≤ = 0.5), where the SST below the warm

region was 2 K higher (¢Ts) than for the cool region and the coupling timescale parameter (ø is

used instead of øWTG in this Chapter) was 2 hours. This configuration is referred to as the cou-

pled control case. It is instructive to compare some of the conditional average plots for the two

coupled regions with those for the uncoupled run discussed in section 3.4. Figure 3.13 shows

these for the log10 of the normalised mass density function and the average relative humidity.

It will be seen that the warm region does not differ markedly in overall shape from the control

case, but that the cool region dries out markedly. The warm region is largely constrained by

the moist adiabat, whereas in the cool region the large-scale descent of dry air can influence

the profile markedly.

The large-scale velocities produced by the coupling methodology, and the impact of the cou-

pling on the potential temperatures and rv in each of the regions for WTG coupling with ø = 2

hours and ø = 24 hours is shown in Figure 3.14. It will be seen that as in Figures 2.4 and 2.20,

the effect of the coupling is to reduce the temperature difference between the regions and that

stronger coupling increases the large-scale velocity. Coupling dries out the cool region without

having a marked effect on the warm region - there is relatively little difference between the two

coupled runs in terms of humidity, particularly in the warm region.
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(a) Uncoupled (b) Cool region (c) Warm region

(d) Uncoupled (e) Cool region (f) Warm region

Figure 3.13: Comparison of log10 of the normalised mass distribution function (a, b, c)
and relative humidity (d, e, f) for the uncoupled and coupled regions for ø = 2 hours.
Black solid line indicates mean µe at each height level, and cyan line in bottom panels
indicates zero relative humidity.The two regions are of equal size (≤ = 0.5 and the SST
temperature difference is 2 K.)

The decomposition of work done discussed in section 3.5 is more complex for a two-region

system, where the regions are coupled by a large-scale circulation driven by vertical winds

specified by the WTG approximation. When a temperature difference between the surfaces

underlying the two regions gives rise to a large-scale circulation, there will be mass transfers

between the two regions and the contours of the integral of the vertical mass flux (as in Equa-

tion 3.13) in each region will not be closed, making it impossible to estimate the components

of Equation 3.37 within each region using either contour or surface integrals (the latter requir-

ing a domain bounded by a constant value of the streamfunction) (see Figure 3.15 a) and c)).

One could, of course, merge the two regions prior to performing any analysis (see Figure 3.15

e)), but this introduces significant error as the dynamics are generally influenced by local

rather than merged values of fields (e.g. buoyancy for Wb =
H

Bdz), and such a method will

not permit a partitioning of the components of work done to localised features in each region
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(a) Potential temperature (b) Potential temperature difference

(c) Large-scale velocity (d) Vapour mixing ratio

Figure 3.14: Effect of coupling on a) potential temperature, b) potential temperature
difference between regions, c) large-scale velocity and d) specific humidity in cool (blue)
and warm (red) regions for uncoupled (dotted) and coupled regions for ø = 2 hours
(solid) and ø = 24 hours (dashed). The two regions are of equal size (≤= 0.5.)

and to the large scale circulation.

Instead, one can identify and separate out the vertical large-scale velocities wLS,1(z), wLS,2(z)

(obtained from the values of ™(z,µe ) as µe !1 and the dry air mass distribution in each re-

gion, the cooler region is identified by a subscript 1 and represents a fraction 1° ≤ of the total

area, and the warmer region (subscript 2) a fraction ≤ ), for an example see Figure 3.14 c). The

circulations calculated using Equation 3.13 for residual local velocities w§
i = wi°wLS,i (i = 1,2)

in each region will now be closed, as will that in a notional third “region” which consists of the

total of the large-scale circulation within the two regions, weighted by their relative areas, since
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(1°≤)wLS,1 +≤wLS,2 = 0. These streamfunctions are additive by construction:

™1 +™2 =™§
1 +™§

2 +™LS , (3.46)

where ™1,2 are the streamfunctions, or rather integrated mass fluxes, of the observed circu-

lations in each region, ™§
1,2 represent the streamfunctions for the adjusted local circulations

based on w§
1,2 and ™LS is the streamfunction for the large-scale circulation based on wLS,i in

each of the two regions. The respective surface integrals will also be additive, providing that

a domain is selected that is bounded by the ™ = 0 contour and that ™ … 0 throughout that

domain (which should generally be possible for a sufficiently smooth system). This additiv-

ity is important because it means that the partitioning of work in Equation 3.37 can also be

extended to the components of the coupled two-region system. For example:

WT dS =
œ
™§

1 dSdT +
œ
™§

2 dSdT +
œ
™LSdSdT (3.47)

Since the surface integrals are additive, a calculation of these quantities using contour inte-

grals will also be additive. An example of this partitioning can be seen in Figure 3.15 b), d), and

f).

As has been mentioned, these integrals are calculated for the entire system using weighted

trajectories along contours of the streamfunction in (µe , z) space, and with averaged values for

the other quantities required for the calculation. The values are calculated separately for each

region while for the large-scale circulation a mean value is taken, weighted by the contribution

of each region to that point in the combined thermodynamic space. As a result of this, the

calculation of the large-scale terms is more approximate. Values obtained using this approach

are shown in Table 3.5, together with values for both regions merged prior to any analysis.
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Figure 3.15: Stream function contours for two coupled columns with ø = 2 hours show-
ing effect of treating the Large Scale circulation separately. The two regions are of equal
area (≤= 0.5).
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(W m°2) WT d s Wb Wp ¢G Correction Imbalance

Cool region 2.91 0.24 0.69 2.14 -0.15 -0.01

Warm region 16.39 3.40 4.93 8.67 -0.78 0.17

Large-Scale 1.72 0.30 0.30 1.12 - 0.00

Total 11.37 2.13 3.11 6.53 -0.46 0.07

Merged 11.00 2.47 3.06 5.91 -0.53 0.04

Table 3.5: Components of work done for ø = 2 hours; the correction refers to the anelas-
tic adjustment in Equation 3.33, the imbalance is positive when WT d s is greater than the
sum of the remaining columns. The two regions are of equal area (≤= 0.5).

It will be seen that the values obtained by this methodology are similar in magnitude to those

obtained by merging the regions, but that the differences between the two sets of values exceed

the standard errors discussed in section 3.7. As expected, there are significant differences for

the buoyancy term, and also for the Gibbs function term, which are reflected in the total. There

remains an imbalance in the warm region, even after the anelastic correction term is included,

but overall the balance of the equation is acceptable and permits further analysis.

3.9 IMPACT OF STRENGTH OF COUPLING

Next we investigated the sensitivity of the results obtained following the method described in

section 3.8 to changes in the WTG timescale parameter ø. Results, together with error bars

showing the standard errors obtained following the method in section 3.7 are plotted in Figure

3.16.

It will be seen that values of the components of work done for the total system remain broadly

constant (Figure 3.16a, although the introduction of coupling produces a marginal increase in

Wb and WT ds which then reduces as the coupling increases. This implies that coupling does

not significantly influence the energetic balance of the system in aggregate.
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(a) Total system (b) Large-scale circulation

(c) Cool region (d) Warm region

Figure 3.16: Components of Equation 3.37 for (a) the total system, (b) the large-scale
circulation and (c) (d) the residual circulations in the cooler and warmer regions for
varying coupling strengths. A high value of the coupling timescale parameter ø indicates
weak coupling. The blue line indicates Wb , the red Wp , the green ¢G§ and the black line
WT d s . Error bars represent the standard error in the estimate of the parameter, obtained
by subsampling. Note panel b) has a different y-axis range to the remaining plots.

Values for the local circulations in each of the regions (Figures 3.16c and 3.16d) on the other

hand exhibit a significant difference from the overall mean. This difference is already marked

at very weak coupling and increases as the value of ø reduces, although the values for the cooler

region remain almost constant for ø< 10 hours, possibly reflecting the fact that the region ap-

proaches a humidity minimum. Column integrated water vapour in that region reduces sig-

nificantly between ø = 50 hours and ø = 10 hours and then shows less variation, indeed a slight

increase for ø < 5 hours (Figure 3.18). The vertical mass flux for the two regions for ø = 50

hours (Figure 3.17) confirms that convection in the cooler region is markedly suppressed even

for such weak coupling.
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The large-scale circulation (Figure 3.16b) shows a different pattern; this includes both regions,

which maintain a temperature difference, and hence Wb makes a greater relative contribution,

reducing as the coupling increases and the temperature difference reduces. This reduction is

partly compensated by a slight increase in Wp as a stronger circulation lifts more moisture.

The Gibbs penalty increases with the coupling up to a maximum at around ø = 5–10 hours be-

fore reducing; this can be attributed to increasing coupling first leading to drying of the cooler

region and hence to a decrease in the relative humidity at which energy enters the system (see

the scaling arguments below for how this impacts ¢G non-linearly). As discussed above, as ø

decreases below 5 hours the cooler region marginally moistens which contributes to the de-

crease in ¢G. The mechanical work terms for components of the large-scale circulation for

strong coupling are similar in magnitude to those for the localised circulation in the cooler re-

gion; both are substantially smaller than those for the warmer region.
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Figure 3.17: Vertical mass flux for a) cool region and b) warm region for ø = 50 hours.

An expression for the rate of conversion of potential energy into kinetic energy under the WTG

was obtained in the previous chapter (Equation 2.38). In view of the fact that the WTG is here

expressed in terms of potential temperature anomalies and lapse rates, and the conversion

term derivation of Equation 2.38 makes no allowance for moisture either (providing that Ā is

calculated using µ rather than µv ), the conversion term should be compared with Wb . The ef-

fect of the boundary layer interpolation is to weaken the coupling in the lowest layers, which
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Figure 3.18: Column integrated water
vapour for the warm region (red) and cool
region (blue)

Figure 3.19: As Figure 3.16b. In addi-
tion the conversion rate from potential to
kinetic energy based on Equation 2.38 is
shown in violet.

can be represented by increasing the value of ø for those layers - the impact of this adjust-

ment is minor. As will be seen in Figure 3.19, the comparison between the conversion term in

Equation 2.38 and Wb is satisfactory.
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3.10 IMPACT OF TEMPERATURE DIFFERENCE BETWEEN REGIONS

In a further experiment, the we varied the difference in SST between the two regions in a range

between 0K (both regions at 303.7K) and 2K (as in the previous section) for two equally-sized

regions for a timescale coupling parameter ø= 2 hours. The values of the various components

of work done are shown in Figure 3.20.

(a) Total system (b) Large-scale circulation

(c) Cool region (d) Warm region

Figure 3.20: Components of Equation 3.37 for (a) the total system, (b) the large-scale
circulation and (c) (d) the residual circulations in the cooler and warmer regions for
varying differences in the SSTs under the two regions. The blue line indicates Wb , the
red Wp , the green ¢G§ and the black line WT d s . Note panels a) and b) have a different
y-axis range to the remaining plots.

It is again striking that the total values for the entire system (Figure 3.20 a)) are relatively in-

sensitive to changes in ¢Ts . The two regions (Figure 3.20 c) and d)) each start from the same

values for ¢Ts = 0, which are similar to those for the single column at RCE (discrepancies are

of the order of the standard errors) and then diverge. The components of the large-scale circu-
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lation (Figure 3.20 b)) show a quadratic dependency on ¢Ts , up to a temperature difference of

1 K, consistent with Equation 2.125. For greater temperature contrasts this quadratic relation-

ship breaks down as the cool region approaches a humidity minimum (see moisture transport

in Figure 3.23b)). These results do not exhibit the self-sustaining convection solution found in

Figure 2.21 for the moist SCM run. The ¢TS = 0 run was initialised with slightly different tem-

perature profiles in the the two regions but even this set-up did not generate self-sustaining

convection.

3.11 IMPACT OF RELATIVE SIZE OF REGIONS

In a further numerical experiment, the relative size of the two regions was varied. The model

set-up is as in previous sections, with ø= 2 hours, the SSTs are all 1 K greater than in section 3.9

and the SST difference between the regions remains 2 K. The results for work done are shown

in Figure 3.21.

As in previous experiments, the total values (Figure 3.21) are insensitive to changes in the pa-

rameters. As the relative size of the warm region decreases (≤! 0), the work done in each of

the regions increases. The large-scale circulation components can be compared with the de-

pendency of work done on ≤(1°≤) derived in Equation 2.125. There are a number of additional

process that will contribute to the difference between these results, in particular the drying

out of the cool region (Figure 3.22) between ≤ = 0 and ≤ = 0.3. The relationship between the

large-scale Gibbs penalty and the moisture transport between the two regions is discussed in

section 3.12.
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Figure 3.21: Components of Equation 3.37 for (a) the total system, (b) the large-scale
circulation and (c) (d) the residual circulations in the cooler and warmer regions for
varying relative sizes of the two regions. The blue line indicates Wb , the red Wp , the
green ¢G§ and the black line WT d s . Note panels have different y-axis ranges.

3.12 SCALINGS FOR COMPONENTS OF MECHANICAL ENERGY BUD-

GET

In an anelastic model such as the LEM, the buoyancy (see Gray et al. (2004, Equations 11 - 13))

is calculated as:

B = g

√
µ0

µref
+

µ
Rv

Rd
°1

∂
rv °

X

w 6=v
rw

!

, (3.48)

where Rv and Rd are the specific gas constants for water vapour and dry air and µref is the

reference-state potential temperature. Hence, if one assumes that variations in specific hu-
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Figure 3.22: Integrated column water
vapour for the warm region (red) and cool
region (blue)

midity dominate the buoyancy rather than any temperature differences as is suggested by

model results, and also that ±rT º ±rv , the buoyancy lifting term, Wb , will scale as ( Rv
Rd

°1)Wp ª

0.6£ Wp , with Wp being the moisture lifting term. The approximate scaling between Wb and

Wp can be readily verified from the numerical values shown in Table 3.1 for the uncoupled

single region and also holds in most cases for both the warm and cool regions for the two-

region system (Figures 3.16, 3.20 and 3.21) which also dominate the aggregate system. In cir-

cumstances where the temperature differences are significant (and correlated with moisture

anomalies), such as for the large-scale circulation at high coupling strength (low values of ø),

one could expect Wb
Wp

to have a value greater than 0.6, as is also observed in Figure 3.16 b). .

Pauluis (2011, Equation 25) gives an expression for the efficiency of a mixed Carnot steam cycle

¥mix including the Gibbs penalty.

¥mix =
Tin °Tout

Tin
° 1

1+B
Rv Tout

Lv
ln

Hin

Hout
, (3.49)

where B is the Bowen ratio, H is relative humidity and the subscripts in, out indicate condi-

tional harmonic means over the zones where heat enters and leaves the system. For example,

if one writes Fin for heat input and A as the system’s boundary then following Ambaum (2010,

Equation 10.50):

1
Tin

=
µZ

A

Fin dA
∂°1 Z

A

Fin

T
dA. (3.50)
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Tout is defined likewise using Fout, the heat output of the system, and Hin is defined as in

Pauluis (2011, Equation 16).

The second term in Equation 3.49 relates to the work output associated with the evaporation

of moisture into subsaturated air, which Pauluis subsequently refers to as the Gibbs penalty.

Assuming that condensation occurs close to saturation (i.e. Hout = 1), that vapour anomalies

dominate as before, that the sensible heat component is negligible (B = 0) and that the energy

input Fin is thus Lv E , where, E is the rate of evaporation E = ¢rv
¢t , we can approximate the

Gibbs penalty as:

¢Gº°Rv ToutE lnHin (3.51)

Likewise, WT d s will be mainly driven by the latent heat input and scales with the Carnot effi-

ciency:

WT d s º
Tin °Tout

Tin

°
Lv E +¢G

¢
(3.52)

º Tin °Tout

Tin
Lv E , (3.53)

where Lv is the enthalpy of vaporisation of water. The Gibbs penalty term can be neglected,

given that Rv Tout
Lv

º 0.05. Combining Equations 3.51 and 3.53:

¢Gº° Rv ToutTin

Lv (Tin °Tout)
lnHinWT dS (3.54)

Values of 295 K for Tin and 280 K for Tout can be obtained from the model (or even by inspec-

tion of Figure 3.6c) which shows values for the RCE case, but which will also be typical for the

aggregate system). An average value for Hin is more problematic to define, but using 60% is

consistent with model results given the weighting that the log function will give to lower values

and the observed values of ¢Gº 0.5WT dS .

It is possible to develop Equation 3.54 further by making use of the Clausius-Clapeyron relation

106



Chapter 3: A MECHANICAL ENERGY BUDGET FOR COUPLED CLOUD RESOLVING MODELS

in the form des
es

= Lv dT
Rv T 2 :

¢G

WT dS
º° Rv ToutTin

Lv (Tin °Tout)
lnHin , (3.55)

º lnHin

ln es,out
es,in

, (3.56)

where es,in and es,out are the saturated vapour pressures of water at temperatures Tin and Tout.

Defining rv,in as the vapour mixing ratio corresponding toHin at temperature Tin and dry pres-

sure pd ,in:

¢G

WT dS
=

ln Rv rv,inpd ,in
Rd es,out

+ ln es,out
es,in

ln es,out
es,in

, (3.57)

Now introduce rv s,out via es,out = Rv /Rd pd ,outrv s,out where pd ,out is the partial pressure of dry

air at temperature Tout. Substituting for es,out in the first logarithm in the numerator of Equa-

tion 3.57 leads to:

¢G

WT dS
= 1°

ln pd ,out/pd ,in

lnes,out/es,in
°

lnrv s,out/rv,in

lnes,out/es,in
. (3.58)

Assuming that rv s,out . rv,in (see Figure 3.6d) to confirm that this is reasonable for all but the

shallowest circulations):

¢G

WT dS
. 1°

ln pd ,out
pd ,in

ln es,out
es,in

(3.59)

(3.60)

Making a Taylor expansion in ln(1+x) º x:

¢G

WT dS
. 1°

¢z
H§

pd

¢z
H§

es

(3.61)

. 1°
H§

es

H§
pd

(3.62)

. 1° Rv g T̄
Rd Lv°

, (3.63)

where ¢z is the height difference between the in and out states, and H§
es =

°Rv T̄ 2

Lv°
, H§

pd = Rd T̄
g
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are the scale heights for saturated vapour pressure and the partial pressure of dry air, T̄ is an

average temperature over the cycle between Tin and Tout and ° is the atmospheric lapse rate.

Using T̄ = 290 K and °=°5 km°1 gives ¢G
WT d s

< 0.64. This ratio will decrease as rv,out
rv,in

decreases,

i.e. as the temperature difference between the “in” and “out” states increases.

The correction term discussed in section 3.5, expressed as in Equation 3.34 will scale as ap-

proximately 20% of Wp , depending on the relationship between the lapse rate of the reference

state ° and the dry adiabatic lapse rate g
cp

, where cp is the specific heat capacity of dry air at

constant pressure, or some 5% of WT d s . In view of the approximate nature of these scalings it

is not considered further in this section.

Combining these various elements as in Equation 3.37, one can expect the efficiency with

which such a system generates mechanical work Wb to be typically 20% of the Carnot maxi-

mum WT d s . The values shown for the total system in Figures 3.16, 3.20 and 3.21 are consistent

with these estimates.

The Gibbs penalty component for the large-scale circulation is closely linked to the moisture

transport between the two columns (here expressed as the latent heat transport), as will be

seen in Figure 3.23.

(a) ø sensitivity (b) ¢Ts sensitivity (c) ≤ sensitivity

Figure 3.23: Large-scale Gibbs penalty (red) and moisture transport between the two
columns (blue) for the experiments described in sections 3.9-3.11.
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The relationship between these two quantities can be explained by Equation 3.51:

¢Gº°Rv Tout
¢rv

¢t
lnHin , (3.64)

º °Rv

Lv
Tout lnHin £ latent heat transport . (3.65)

This reflects the fact that the majority of the moisture input for the large-scale circulation arises

through evaporation in the cool region and that this is transported into the warm region for

use. Using Tout = 285 K and Hin = 60% as before provides a good fit.
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3.13 ENERGY BALANCE

As already discussed in section 3.2, the LEM does not explicitly conserve energy. It is nonethe-

less instructive to examine the energetic inputs and outputs into the system, for the two re-

gions. Figure 3.24 shows these for the experiment described in section 3.9. Specifically it shows

the latent heat and sensible heat inputs into the two regions, the precipitation in each region

(converted into energy units) and the radiation emitted. Whilst the first three quantities are di-

rectly diagnosed by the LEM, the radiation emitted can be calculated from the mean sea level

pressure in each region, given the fixed cooling profile using the expression:

Rad = (MSLP°170 hPa)£
cp £1.5 K day°1

g £24£3600
. (3.66)

There is a significant imbalance between the two regions - which increases with increased cou-

pling (Figure 3.24 e). This is largely driven by the increased effect of evaporation in the warm

region (and conversely in the cool region), but a significant contribution comes from the mois-

ture transport between the two regions. Taken as a whole, the system is very close to being in

energetic balance.

This last result is surprisng - one could have hoped that the energy inputs into the entire system

exceeded the radiative output by the amount of mechanical work done, since the dissipation

that acts as a sink for the kinetic energy does not in turn give rise to heating in the LEM. We

also note that the imbalance calculated using evaporation as an input is slightly lower than

based on condensation (i.e. precipitation). These results can be explained by the fact that the

energy imbalance is calculated as the difference of two relatively large numbers and can thus

be greatly influenced by a relatively small error in one of them, and as already mentioned, the

LEM does not explicitly conserve energy. It is also relevant to note that the model is not in equi-

librium above 14 km (as seen in Figure 3.1), which will account for ‘leakage’ of approximately

1.5 W m°2.

110



Chapter 3: A MECHANICAL ENERGY BUDGET FOR COUPLED CLOUD RESOLVING MODELS

(a) Latent heat input (evaporation) (b) Sensible heat input
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(c) Latent heat input (precipitation) (d) Radiation output

(e) Energy imbalance in each region and for total system (f) Energy imbalance for total system

Figure 3.24: Components of energy input and output for cool region (blue), warm region
(red) and total system (green). The energy imbalance plots show both values calculated
using latent heat evaporated into each region (dashed lines) and precipitated out of each
region (solid lines). The SST difference between the two regions is 2K and they are of
equal area (≤= 0.5).
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Figure 3.25: Horizontal (blue), total vertical (green) and
large-scale vertical (black) components of kinetic energy for
varying values of ø (≤= 0.5, ¢Ts = 2 K).

3.14 KINETIC ENERGY AND WORK DONE

The kinetic energy associated with the various components of motion in the system are shown

in Figure 3.25. It will be seen that the large-scale component is some 3 orders of magnitude

smaller than the total vertical kinetic energy, which in turn is one order of magnitude less

than the horizontal component (although it should be remembered that the model is 2 di-

mensional).

The disparity between the large-scale and total vertical kinetic energy can be contrasted with

the relative values of the components of work done associated with the large-scale and total

system (Figure 3.16) which are much closer. This arises from the fact that much of the motion

within the columns is of little thermodynamic consequence - as the upward and downward

convective motions are at very similar values of B and rT . Figure 3.26 shows the contributions

to the vertical mass flux from the upward and downward motions in each of the columns and

for the large-scale. We can see that each of the upward and downward plots are dominated

by values located close to the mean µe at each height but that these largely cancel out to pro-

duce the upward and downward mass flux plots that have been used to obtain the convective

streamfunctions. However, from a kinetic energy perspective these convective motions will

not cancel out - indeed they will dominate the result.
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(a) Downward vertical mass flux for

cool region

(b) Upward vertical mass flux for

cool region

(c) Total vertical mass flux for cool re-

gion

(d) Downward vertical mass flux for

warm region

(e) Upward vertical mass flux for

warm region

(f) Total vertical mass flux for warm

region

(g) Downward vertical mass flux for

large-scale circulation

(h) Upward vertical mass flux for

large-scale circulation

(i) Total vertical mass flux for large-

scale circulation

Figure 3.26: Upward, downward and total components of vertical mass flux for each
of the regions and the large-scale circulation for two coupled regions (ø= 2 hrs, ≤= 0.5,
¢Ts = 2 K).
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3.15 WEAK PRESSURE GRADIENT APPROXIMATION COUPLING

A number of experiments were carried out with this model, but using the WPG approximation

to determine the large-scale circulation. The WPG coupling was implemented as described in

section 2.12, with the same parameters of ≤WPG = 1 day °1 for the damping and k = 10°6 m°1 for

the wavenumber, with vertical velocities recalculated every 10 minutes. Runs were performed

for the standard configuration of the two models, with ≤ = 0.5 and ≤ = 0 (similar to coupling

to a reference column). The mean potential temperature difference between the two regions

and the large-scale vertical velocity in the warm region are shown for the ≤= 0.5 case in Figure

3.27, together with comparable values from a similar run where the regions are coupled with

the WTG approximation with timescale parameter ø=2 hours, averaged as before over the last

100 days of a 120 day run.

(a) Mean µ difference (b) Vertical velocity

Figure 3.27: Comparison of a) mean potential temperature difference between regions
and b) large-scale vertical velocity in warm region compared for WPG coupling (blue)
and WTG (red) ( ≤= 0.5, ¢Ts = 2 K).

It will be observed that the WPG-coupled system produces a smoother velocity profile, as

might be expected given the fact that this velocity is the solution of a second-order partial

differential equation. The top-heaviness of the WTG approximation when compared with the

WPG approximation that was mentioned in section 1.5 is not observed here. The mean po-

tential temperature difference is less satisfactory, with the cool region actually warmer than

the warm region for much of the troposphere (this characteristic also occurs, albeit to a lesser
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degree, if virtual potential temperature is analysed). In fact, closer analysis shows that the

large-scale velocity in a WPG-coupled system for ≤ = 0.5 oscillates between two unstable so-

lutions - one with wave-number 1 and one with wave-number 2, which involves changes of

sign of w . Figure 3.28 illustrates this for a sequence of 100 coupling time-steps early on in a

simulation (the large-scale velocity is recalculated every 10 minutes, whereas the model time-

step is determined by the CFL criteria but is generally of the order of 100 s). This feature arises

when @w
@z becomes too negative at higher altitudes, and results in excess warming of the cool

region, which is advected down and results in a cool region which is warmer than the ‘warm’

region. This can also be verified by comparing the large-scale velocity resulting from a coupled

run with ≤ = 0.5 with a similar run, but where the cool region is fixed to be the time-mean of

the cool region in the coupled region run (Figure 3.29). Velocity profiles for the limiting case

of ≤ = 0 for both a coupled region and fixed cool configuration are also shown, where the dif-

ference between the two is not significant. It may well be that this feature is related to the

oscillatory behaviour described in Edman and Romps (2014) and that the modification to the

WPG approximation that they propose to reflect how perturbations in a column affect its im-

mediate environment would eliminate it.

Figure 3.28: Profiles of large-scale vertical
velocity for a series of 100 time periods for
run with WPG coupling. Blue lines repre-
sent solutions where wW PG in the warm
region remains positive at all levels. The
earliest time periods are shown by faint
lines which become bolder over the 100
periods.

Figure 3.29: Profiles of large-scale verti-
cal velocity in the warm column for two
regions coupled using the WPG - with
≤ = 0.5 (red) and ≤ = 0.0 (green). Pro-
files where the cool region is fixed as the
mean cool region in a coupled run are
also shown for ≤ = 0.5 (cyan) and ≤ = 0.0
(blue).
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Values for the components of work done were calculated for these two sets of runs, and are

shown in Figure 3.30. This shows that whilst the totals are largely unchanged, WPG coupling

has the effect of reducing the work done in the cool region and increasing the work done by the

large-scale circulation for the moisture-related components when compared with WTG cou-

pling. This suggests a greater degree of drying out of the cool region which is confirmed by a

comparison of column integrated water vapour content in Figure 3.31. This was not investi-

gated further.

(a) Total (b) Large-scale

(c) Cool region (d) Warm region

Figure 3.30: Components of Equation 3.37 for two regions coupled using the WPG
(shown as crosses) for (a) the total system, (b) the large-scale circulation and (c) (d) the
residual circulations in the cooler and warmer regions for varying relative sizes of the
two regions. Blue indicates Wb , red Wp , green ¢G§ and black WT d s . Comparable values
for a WTG coupled system with ø= 2hrs are shown as faint lines.
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Figure 3.31: Integrated column water vapour content in
warm region (red) and cool region (blue) for WPG coupled
regions. Comparable values for a WTG coupled system with
ø= 2hrs are shown as faint lines.

3.16 MISCELLANEOUS SENSITIVITIES

A common choice for the Smagorinsky basic mixing length for three-dimensional turbulence

in the inertial sub-range is 0.23 of the grid separation. This would correspond to 115 m here,

as opposed to the 250 m preferred by Daleu et al. (2012) and as used in the runs hitherto dis-

cussed. Components of work done for a run for a single uncoupled column for each of these

mixing lengths are shown in Table 3.6, and those for a coupled run with ø = 2 hours, ≤ = 0.5

are shown in Tables 3.7 and 3.8. Although the change in mixing length does have an effect

on the thermodynamic budget, it is not so large as to cast doubt on any of the conclusions of

this study, particularly as the choice of mixing length for an LEM run in two-dimensional CRM

mode is to some extent debatable.

(W m°2) WT d s Wb Wp ¢G Correction ¢§

Mixing length 250 m 11.17 2.18 3.14 6.32 -0.51 0.04

Mixing length 115 m 11.44 2.20 3.27 6.45 -0.52 0.04

Table 3.6: Components of work done for a single region in RCE for different values of
the Smagorinsky mixing length.
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(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 2.91 0.18 0.66 2.22 -0.15 -0.01

Warm region 17.30 3.70 5.20 9.04 -0.79 0.15

Large Scale 1.85 0.33 0.24 1.29 - -0.01

Total 11.95 2.27 3.17 6.92 -0.47 0.06

Table 3.7: Components of work done for two coupled regions in the control configura-
tion for a Smagorinsky mixing length of 115 m.

(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 2.91 0.24 0.69 2.13 -0.14 -0.01

Warm region 16.39 3.40 4.93 8.67 -0.78 0.17

Large Scale 1.72 0.39 0.39 1.12 - 0.00

Total 11.37 2.13 3.11 6.53 -0.46 0.07

Table 3.8: Components of work done for two coupled regions in the control configura-
tion for a Smagorinsky mixing length of 250 m.

A number of studies use a variant of the WTG where µ is replaced in the expression for wLS by

µv thus:

wLS
@µv

@z
=
µ0v
ø

. (3.67)

A sensitivity experiment was run with this form of coupling, which can be referred to as the

Weak virtual Temperature Gradient (WvTG) approximation. It was found that using ø=2 hours

introduced stability issues, so a run with ø= 6hrs was used instead - the components of work

done for this case are shown in Table 3.9. For comparison, values for the standard WTG for

values of ø= 2 hours and ø= 5 hours are shown in Tables 3.10 and 3.11.
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(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 2.29 0.14 0.49 1.78 -0.11 -0.01

Warm region 16.04 3.32 4.80 8.55 -0.75 0.12

Large Scale 2.60 0.44 0.39 1.74 - 0.03

Total 11.77 2.17 3.03 6.91 -0.43 0.08

Table 3.9: Components of work done for two coupled regions run with Weak virtual
Temperature Gradient coupling, ø = 6 hours.

(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 2.91 0.24 0.69 2.14 -0.15 -.01

Warm region 16.39 3.40 4.93 8.67 -0.78 0.17

Large-Scale 1.72 0.30 0.30 1.12 - 0

Total 11.37 2.13 3.11 6.53 -0.46 0.07

Table 3.10: Components of work done for two coupled regions run with WTG coupling
with ø = 2 hours.

(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 3.32 0.27 0.79 2.45 -0.17 -0.01

Warm region 15.79 3.26 4.80 8.34 -0.76 0.15

Large Scale 4.10 0.91 0.62 2.58 - -0.01

Total 11.61 2.22 3.10 6.68 -0.46 0.06

Table 3.11: Components of work done for two coupled regions run with WTG coupling
with ø = 5 hours.

Comparison of the results summarised in these tables suggests that the Weak virtual Tempera-

ture Gradient approximation has a stronger effect on the components of work done in each of

the two regions relative to the uncoupled state than the Weak Temperature Gradient approx-

imation for the same values of ø. This can be explained by the fact that the vertical velocity

will be determined to first order by the sum of the temperature difference between the two re-

gions and the difference in water vapour mixing ratio (multiplied by temperature). As vertical

velocities increase, they eliminate the temperature contrast between the regions, but stronger

circulation also increases the drying-out of the cool region. Figure 3.32 shows a plot of the re-
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lationship between µ0 and µ0v for the control case at various heights. It will be seen that within

the boundary layer µ0v is significantly greater than µ0, by up to a multiple of 3 - justifying the

use of ø = 5 hours for the WvTG-coupled run. Above the boundary layer µ0v decreases signifi-

cantly as moisture contrasts reduce, even though µ0 increases with height, due to warming of

the warm region due to condensation. Above a certain level the moisture contrast is no longer

significant and the two quantities are equal.

Figure 3.32: Virtual potential temperature and temperature
difference between the two regions for the control case -
warmer colours indicate increasing heights, selected heights
are labelled.

For completeness, the regions were also coupled using a Weak Pressure Gradient approach

with T substituted for Tv in Equation 2.137, which is of questionable physical significance. The

components of work done as shown in Table 3.12, which can be compared with the standard

WPG approximation results in Table 3.13. As the results from the WTG and WvTG experiments

would suggest, basing the WPG approximation on temperature whilst leaving other parame-

ters unchanged has a weaker effect on the components of work done in each of the two regions

relative to the uncoupled state.
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(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 2.30 0.13 0.47 1.84 -0.11 -0.02

Warm region 15.65 3.28 4.74 8.22 -0.73 0.14

Large Scale 2.58 0.46 0.41 1.64 - 0.07

Total 11.55 2.16 3.01 6.67 -0.42 0.13

Table 3.12: Components of work done for two coupled regions run with the WPG ap-
proximation based on temperature differences.

(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 1.43 0.04 0.47 0.22 -0.06 0.00

Warm region 16.01 3.41 4.87 8.32 -0.75 0.15

Large Scale 3.27 0.21 0.58 2.37 - 0.11

Total 11.99 1.94 3.13 7.15 -0.40 0.18

Table 3.13: Components of work done for two coupled regions run with the WPG ap-
proximation based on virtual temperature differences.

3.17 UNPARAMETRISED COUPLING

Although the main aim of this thesis is the study of parametrised large-scale circulations, a

numerical experiment was also performed in which such a circulation is allowed to develop

within a CRM without parametrisation. Instead of the standard configuration of two 2-D mod-

els with 256 horizontal grid points, with an SST difference between the two, the CRM was run

with 512 horizontal grid points, but with an increase in SST from 302.7 K to 304.7 K at the

half-way point. This can be regarded as representing a meso-scale system, rather than the

large-scale circulations that are discussed elsewhere in this thesis.

The log10 of the mass density distribution in (µe , z) space and the convective vertical mass flux

for the two regions are shown in Figure 3.33. It will be noted that the cool region is now very dry

indeed, and that net vertical motion appears to be quite weak in the warm region (relative to

the single region model), and limited to slow subsidence in the cool region. This is confirmed

by the values of the components of the mechanical energy budget (Table 3.14).
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(a) Log10 mass density distribution - cool region (b) Log10 mass density distribution - warm region

(c) Vertical mass flux - cool region (d) Vertical mass flux - warm region

Figure 3.33: Results for cool and warm regions for unparametrised coupling.

Further insight can be obtained from some of the diagnostics plotted in Figure 3.34. It will be

seen that the effect of the relatively strong circulation generated is indeed to dry out the cool

region, which as a result of the subsiding air becomes warmer than the warm region. However,

the virtual temperature in the warm region remains higher than in the cool region, consistent

with the upward motion shown. The large SST change over a relatively small distance would

represent much stronger coupling than discussed elsewhere in this thesis and further quanti-

tative comparisons are not meaningful.
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(W m°2) WT d s Wb Wp ¢G Correction ¢§

Cool region 0.21 0.01 0.03 0.17 - -

Warm region 7.47 1.21 2.23 4.01 -0.37 0.39

Meso-scale 2.32 0.16 0.43 1.79 -0.11 0.05

Total 6.16 0.77 1.56 3.88 -0.29 0.25

Table 3.14: Components of work done for explicit representation of a meso-scale circu-
lation.

3.18 CONCLUSION

In this chapter we have extended and applied the Pauluis thermodynamic diagnostic frameork

to the case of two regions, coupled by a parametrised large-scale circulation. In order for the

methodology to be applicable, it has been necessary to separate the two region system into

three closed circulations - one representing large-scale motions and the other two residual

circulations in each of the regions (section 3.8). In addition a minor improvement to Pauluis’

equations reflecting the anelastic nature of the LEM was introduced (section 3.5) and standard

errors estimated.

This methodology was used to investigate the work done by the total system and each of its

components for regions coupled with the WTG approximation. We found that the thermody-

namic features of the total system were insensitive to changes in coupling strength (section

3.9), to the temperature difference between the two regions (section 3.10) and also to the rela-

tive sizes of the two regions (section 3.11). This suggests that a WTG coupling does not intro-

duce any thermodynamic distortions into the total system (at least in the absence of interac-

tive radiation) although the impact on any of the individual components can be significant.

Some further scalings were developed for the components of work done for a convecting sys-

tem (section 3.12) - in particular it was shown that in cases where the buoyancy effects are

dominated by water vapour content contrasts one can expect the generation of mechanical

work by the system to be some 20% of the Carnot maximum, and a relationship between the

large-scale Gibbs penalty to the moisture transport between the two regions was identified.
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(a) Temperature difference between regions (b) Water vapour content

(c) Virtual temperature difference between regions (d) Large-scale velocity

Figure 3.34: Selected diagnostics for cool (blue) and warm (red) regions for un-
parametrised coupling

In section 3.14 we showed that the large-scale circulation generates a disproportionate amount

of work relative to its kinetic energy when compared with the system as a whole and that much

of the convective motion within each of the regions has relatively weak thermodynamic con-

sequences.

In section 3.15 we applied the approach to two regions coupled by a damped gravity wave cir-

culation, and showed how oscillatory behaviour can arise which makes the DGW approach less

suitable for coupled-region studies. Results of a number of other sensitivity runs are shown in

section 3.16, including one which suggests that the use of a variant of the WTG based on vir-

tual temperature can produce much stronger coupling than a WTG with the same parameters.
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Finally, an attempt was made to explicitly represent a coupling between two regions without

the use of parametrisations; this produces a very strong meso-scale circulation which leaves a

very dry cool region, and suppresses convection in both regions.
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CHAPTER 4

APPLICATION TO RE-ANALYSIS FOR TROPICAL PACIFIC

DURING YEAR OF TROPICAL CONVECTION

4.1 INTRODUCTION

In the two previous chapters we have used two models, one that is relatively simple and ana-

lytically tractable and the other more sophisticated, in order to better understand the drivers

of the generation of mechanical work by idealised tropical circulations. However, the ultimate

value of that work will lie in its relevance to real-world phenomena. With that aim in mind,

we now apply the diagnostic framework that we developed in those chapters to re-analysed

data, in particular to estimate the mechanical work generated by overturning circulations in

the tropical Pacific during the Year of Tropical Convection (YoTC) field campaign.

This topic has attracted recent attention from other researchers. Huang and McElroy (2014)

have estimated the conversion from APE to kinetic energy for the Hadley circulation, and Veiga

et al. (2013) have performed a similar analysis for the Walker cell during various phases of the

El Nino Southern Oscillation, but neither of these studies have analysed the components of

the Pauluis mechanical energy budget.

Waliser et al. (2012) provides an overview of the climatic conditions during the 24 month pe-

riod referred to as the YoTC. Figure 1 from that paper (two panels reproduced below as Figure

4.1) shows SST anomalies in the tropical Pacific Ocean during the period of the project, and
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Figure 4.1: SST anomalies ( °C) during the YoTC period for the west Pacific Ocean (5°S-
5°N,160°E-150°W) and east Pacific Ocean (5°S-5°N,150°W-90°W), reproduced from Fig-
ure 1 in Waliser et al. (2012).

indicates modest La Niña conditions for the first 12 months of the period and modest El Niǹo

conditions for the remaining 12 months. The analyses that follow split the period into a La

Niña year and an El Niño year accordingly. Waliser et al. (2012) also identified 6 MJO events

during the period, three in each year, although those in the El Niño year are somewhat stronger

– they remark that this MJO activity overall is relatively weak when compared with the previous

12 years.

We first apply the methodology of Chapter 3 to the circulation within the tropical Pacific zone,

using a number of separation criteria for defining zones which are treated as ’cool’ and ’warm’

regions. We evaluate the mechanical energy budget for convective circulations within these

regions and for a large-scale (Walker) circulation between these two regions. There is inflow

into and outflow from this tropical Pacific region, and we next evaluate the mechanical energy

budget for this external circulation using a number of estimates of the profile of the external
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region.

4.2 REANALYSIS DATA SELECTED

The dataset used in this chapter is ERA1-Interim, a long-term dataset obtained from observa-

tions by data-assimilation techniques that is produced by the European Centre for Medium-

range Weather Forecasting (ECMWF) (Berrisford et al., 2009). The main region of interest is

the tropical Pacific, here defined as the region bounded by 10° S, 10° N, 100° E and 100° W. This

is the definition of the “Tropical Pacific“ used by ECMWF, but it will not capture the entirety of

the ascending branch of the Walker circulation, particularly in La Niña years. Data was down-

loaded for this domain at the maximum resolution available, namely at 0.25° horizontally, and

at 6 hourly intervals. The period of the study was that covered by the YoTC, i.e. 1st May 2008 -

30th April 2010.

Pressure levels were used as the vertical coordinate and the full number of levels available were

downloaded (37, decreasing from 1000 hPa to 100 hPa in 25 hPa steps, except for the range 750

hPa – 250 hPa where the steps become 50 hPa, with a further 10 levels above 100 hPa). The

fields downloaded included temperature, water vapour mixing ratio, liquid water mixing ra-

tio, ice mixing ratio and vertical velocity (in ! coordinates). To illustrate the features of the

zone being studied, plots of selected fields in (µe , z) coordinates for the entire region over the

two-year period are shown in Figure 4.2. When compared with Figure 3.2, it will be seen that

there is a greater spread of temperatures at a given height, with some cooler air present than

in the LEM results. The water vapour mixing ratios are comparable, but those for the other

phases of water are very much lower (due at least in part to the sparser grid - note the different

scales compared with Figure 3.2 for the liquid and ice mixing ratios). Consequently values of

µe are somewhat lower than in Figure 3.2 and also exhibit a greater spread. These fields were

sufficient to estimate streamfunctions and conditional averages in (µe , z) coordinates for the

variables required to calculate the components of the mechanical energy budget. In addition,

SSTs were downloaded at the same resolution and were used to allocate gridpoints to two re-

gions to define a notional large-scale circulation (see section 4.3).

1ERA stands for ECMWF Reanalysis
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(a) log10 of normalised mass density distribution (b) Vertical mass flux (mean mass flux at each height re-

moved)

(c) Temperature (d) Vapour mixing ratio

(e) Liquid mixing ratio (f) Ice mixing ratio

Figure 4.2: Selected fields plotted in isentropic/height coordinates for the tropical Pacific
during the 24 month “Year of Tropical Convection”.

In addition to the data described above, pressure level data for the entire globe was also ex-

tracted in order to develop profiles for areas outside the tropical Pacific. In order to limit the
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volumes of data transferred, horizontal resolution was reduced to 1° and 12 hourly time inter-

vals. Vertical levels above 100hPa were not downloaded.

4.3 CIRCULATIONS INTERNAL TO ZONE ANALYSED

This section applies the methods developed in chapter 3 to the circulation within the “Tropi-

cal Pacific” zone described above. This region is linked to neighbouring regions by in-flow and

out-flow at various heights, and in order to develop closed streamfunctions the net average

vertical velocity over the entire region is subtracted before the vertical mass fluxes are calcu-

lated. This “external” large-scale circulation, which is identified below, is analysed separately

in section 4.4.

A number of approaches to identifying the warm and cold regions were applied, namely:

a) based on the average SST over each 12 month period for each gridpoint, with 27°C serv-

ing as the cut-off between the two regions;

b) based on the SST at each time period (referred to as dynamic SST), with a cut-off of 27°C;

and

c) dynamic SST with a cut-off of 28°C.

For approach a) the average SST was calculated at each grid-point for each of the two years,

and this is shown in Figure 4.3 a) and b). For approach b), the proportion of time-periods for

which the temperature at each grid-point exceeds the 27°C for each of the years is shown in

Figures 4.3 c) and d), and likewise for approach c) the proportion of time-periods for which

the temperature at each grid-point exceeds the 28°C for each of the years is shown in Figures

4.3 e) and f) . The relative area (≤) taken up by the warm region, the average SST in each region

and the SST difference are shown in Table 4.1. Soundings of temperature differences between

the regions and specific humidity for method a) are shown in Figure 4.4.

The vertical velocity profiles in each of the two regions for the two years and three different

approaches are shown by dashed lines in Figure 4.5. It will be observed that the overall net
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vertical velocity in each case is non-zero, implying an exchange of air with external regions at

various heights. In order to perform an analysis of the components of the mechanical energy

budget this net velocity must be subtracted, and the resulting velocities are shown by solid

lines. The work done by the circulation associated with this net velocity, which does not de-

pend on the method used to separate warm and cool regions within the tropical Pacific, is

discussed in section 4.4.
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(a) La Niña, average SSTs, 27°C is marked with the blue contour

(b) El Niño, average SSTs, 27°C is marked with the blue contour

(c) La Niña, proportion of SSTs that exceed 27°C

(d) El Niño, proportion of SSTs that exceed 27°C

(e) La Niña, proportion of SSTs that exceed 28°C

(f) El Niño, proportion of SSTs that exceed 28°C

Figure 4.3: Maps showing average SSTs for a) La Niña and b) El Niño and c) d) e) f)
proportion of time that SST exceeds stated temperature in stated year.
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Approach Year ≤ Ts,1(K) Ts,2(K) ¢Ts(K)

xine Average SST 27°C La Niña 0.422 299.17 301.18 2.10

Average SST 27°C El Niño 0.744 299.16 301.79 2.63

Dynamic SST 27°C La Niña 0.627 298.87 301.30 2.44

Dynamic SST 27°C El Niño 0.817 298.88 301.88 3.00

Dynamic SST 28°C La Niña 0.327 299.67 301.88 2.21

Dynamic SST 28°C El Niño 0.610 299.85 302.27 2.42

Table 4.1: Relative sizes of warm region (≤), SSTs in warm and cold region and SST
difference for different approaches used in this section

(a) La Niña, Temperature difference between regions (b) La Niña, Specific humidity in cool (blue) and warm

(red) regions

(c) El Niño, Temperature difference between regions (d) El Niño, Specific humidity in cool (blue) and warm

(red) regions

Figure 4.4: Temperature differences between the regions and specific humidity in each
region for method a) Average SSTs compared to 27°C.
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(a) La Niña, average SSTs (K), 27°C (b) El Niño, average SSTs (K), 27°C

(c) La Niña, dynamic SSTs 27°C (d) El Niño, dynamic SSTs 27°C

(e) La Niña, dynamic SSTs 28°C (f) El Niño, dynamic SSTs 28°C

Figure 4.5: Dashed red and blue lines represent average vertical velocity in warm
and cool regions respectively for stated years, split into regions according to stated ap-
proaches. The average velocity for the entire region (green line) is subtracted to produce
velocities in each region consistent with a closed circulation (solid lines).
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(W m°2) WT dS Wb Wp ¢G Discrepancy

a) La Niña, average SSTs 27°C

Cool Region 1.64 0.31 0.37 0.93 0.03

Warm Region 3.02 0.96 0.44 1.53 0.09

LS 0.39 0.21 0.05 0.14 -0.01

Total 2.65 0.79 0.45 1.32 0.05

b) El Niño, average SSTs 27°C

Cool Region 1.12 0.25 0.28 0.58 0.01

Warm Region 4.77 1.54 0.71 2.39 0.13

LS 0.96 0.39 0.15 0.43 -0.01

Total 4.80 1.60 0.75 2.36 0.09

c) La Niña, dynamic SSTs 27°C

Cool Region 1.02 0.19 0.25 0.56 -0.02

Warm Region 2.84 0.81 0.45 1.49 0.09

LS 0.49 0.23 0.07 0.19 0.00

Total 2.65 0.81 0.45 1.33 0.06

d) El Niño, dynamic SSTs 27°C

Cool Region 1.73 0.45 0.39 0.89 -0.00

Warm Region 4.72 1.49 0.71 2.39 0.13

LS 0.53 0.21 0.09 0.24 -0.01

Total 4.70 1.51 0.74 2.36 0.10

e) La Niña, dynamic SSTs 28°C

Cool Region 1.68 0.32 0.37 0.97 0.02

Warm Region 3.02 0.99 0.42 1.51 0.10

LS 0.47 0.23 0.06 0.18 0.00

Total 2.59 0.77 0.45 1.33 0.05

f) El Niño, dynamic SSTs 28°C

Cool Region 1.90 0.37 0.45 1.07 -0.01

Warm Region 4.91 1.66 0.69 2.42 0.14

LS 1.05 0.43 0.16 0.48 -0.02

Total 4.79 1.59 0.76 2.37 0.07

Table 4.2: Components of mechanical energy budget for stated years, split into regions
according to stated approaches.
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The components of the mechanical energy budget for the large-scale circulation defined by

the interaction between the two regions and the residual circulations in each region can be

calculated following the approach developed in Chapter 3, and numerical values are shown in

Table 4.2. In view of the less smooth nature of the data, relative to the previous chapter, only

20 contours were used for the integrals. We note that the work done in each of the two regions

is lower than for results produced by the LEM shown in Chapter 3 whereas the large-scale cir-

culation values are more comparable. This could perhaps be explained by the difference in

resolution between the reanalysis data and the LEM results, which will mean that much of the

convective activity has now become sub-grid and is no longer captured in our analysis (see the

discussion of Steinheimer et al. (2008) in section 1.2). To test this, the calculations were re-run

with a degraded data set (with 2.5° spacing), but broadly the same numerical values were ob-

tained, suggesting that there is little kinetic energy at length scales between the grid spacing

and 2.5°. Another relevant factor is that the CRM was run in a two dimensional configuration,

and has been suggested by Zeng et al. (2007) and Petch et al. (2008) that such studies may pro-

duce excessive convection when compared with fully 3D simulations.

The total values for each of the years do not depend to a great extent on the approach selected.

The values calculated for the El Niño year are in general almost twice as large as those for the La

Niña year. This is not consistent with the observational evidence, which suggests a stronger

Walker circulation in La Niña periods (see e.g. Oort and Yienger, 1996)– this is probably re-

lated to the domain being analysed not including the Maritime Continent where much of the

La Niña ascent will occur. The relatively minor discrepancies due to the approach selected

between the total values for each of the years are mostly attributable to the Wb component.

The scaling relationships developed in section 3.12 do a less effective job than for the LEM - in

particular Wb is now generally larger than Wp , except for the cool region, implying that signifi-

cant temperature differences within the warm region and between the two regions persist and

make a significant contribution to the buoyancy term.

A comparison between the dynamic approaches with the two different cut-offs confirms that

as ≤ decreases the values associated with the two convective circulations within each region
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increase, as seen in section 3.11; this effect appears to be more important than the increase

in the temperature difference between the two regions. As for the large-scale circulation, the

same comparison shows an increase in all the components of the mechanical energy budget

for the El Niño year as ≤ increases, but little change for the La Niña year - broadly consistent

with the pattern seen in Figure 3.21b) where there is little difference between the values shown

for ≤= 0.3 and ≤= 0.6, but values for ≤= 0.8 are approximately half those for ≤= 0.6 .

Veiga et al. (2013) have published estimates for the Lorenz cycle for a slightly different domain

in the tropical Pacific (bounded by 10° S, 5° N, 120° E and 80° W) in “the summer season” for

El Niño and La Niña periods between 1979 and 2011. They make no distinction between con-

vective and large-scale circulations, instead calculating the mean and eddy terms as in the

classical Lorenz cycle. Their values indicate a total conversion from APE to kinetic energy of

0.29 W m°2 in a la Niña year and 0.79 W m°2 for El Niño, which are approximately half those

seen in Table 4.2 for Wb . The reasons for these differences are not apparent, but it may be that

their averaging approach eliminates many of the convective processes included in the two re-

gions for example.

We can conclude that the techniques described in Chapter 3 can be applied to re-analysis data

to calculate a mechanical energy budget for a large-scale circulation. The approaches to deter-

mining the cool and warm regions which drive such a circulation inevitably affect the values

obtained for the various components, and further work is needed to determine an approach

which reflects the physical realities of the ENSO system in its various phases.

It is also possible to use this re-analysis data, in particular the notional large-scale circulation

analysed above, to examine how accurately the various parametrisations of the large-scale cir-

culation tested in Chapter 3 represent the phenomena observed here. This analysis has its

limits, not least since both the circulations and the underlying fields represent averages over

a 12 month period, but some tentative conclusions can be drawn. The average temperature

difference between the averages for the two regions at each height was used to subjectively

identify the values of ø that provide a most realistic large-scale vertical velocity under the WTG
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and WvTG approximations. A similar method was used to estimate the coefficient needed for

the WPG approximations. Figure 4.6 shows the resulting estimates of w for the two years, us-

ing the average SST >27°C definition for the warm column. In both cases the WTG velocity was

calculated using ø= 3 hours and that for the WvTG with ø= 5 hours. The WPG constant k2/≤WPG

was multiplied by a coefficient of 0.09 in the case of the La Niña year, and 0.3 for the El Niño

year in order to obtain this fit, in other words the circulation is weaker than suggested by the

standard WPG parameters.

(a) La Niña (b) El Niño

Figure 4.6: Estimated parametrised velocities for notional Walker circulation: warm re-
gion defined by SST >27°C

It will be seen that neither of the variants of the weak temperature gradient approximations

provide a satisfactory approximation to the vertical wind profile. This is largely because the

temperature difference (and indeed virtual temperature difference) between the two regions

is reversed in both cases at around the 10 km level, a phenomenon that these parametrisa-

tions do not permit. The WPG approximation on the other hand is more accommodating in

this regard and provides a reasonable fit, albeit with parameter values implying a circulation

weaker than one resulting from those values usually used in idealised modelling studies. The

effect of multiplying the standard WPG constant k2/≤WPG by a coefficient of 0.09 and 0.3 re-

spectively can be regarded as implying that the effective horizontal wave-number k becomes

approximately 1/(3£106) m°1 in the El Niño case and 1/(2£106) m°1 for La Niña if the damp-

ing parameter ≤WPG is kept constant. These length scales are somewhat greater than generally
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used for the WPG, but are of a similar order of magnitude to the longitudinal extent of the

domain (7000 km).

4.4 INTERACTION WITH EXTERNAL ENVIRONMENT

The approach in the preceding section required the elimination of the residual net circulation

across the entire region - this circulation does not depend on the definition adopted for the

warm and cool regions, but will be different for each of the two years. The vertical velocity

profiles can be seen plotted in green in Figure 4.5 above. This section complements the anal-

ysis of the mechanical work generated by the circulations in the tropical Pacific by seeking to

assess the contribution of this external circulation.

In order to do so, it is important to identify the size of the region which closes the circulation

emerging from the tropical Pacific zone, and the values of the various fields needed for the

contour integrals. The circulations in question will be a mixture of a Hadley and Walker circu-

lations, but cannot be reliably identified objectively. Instead a number of different profiles are

assumed. The first approach consists of using the global dataset downloaded to establish pro-

files for a surrounding hollow rectangle and to approximately match the vertical velocity in the

tropical Pacific zone with a scaled-up version of this external rectangle. The second consists

of deriving fixed temperature and humidity profiles for a number of latitude bands around the

central zone and making an assumption as to relative size. These approaches are presented in

turn below.

As a first approach, an extended zone comprising a rectangular border of 20° surrounding the

tropical Pacific region discussed above was selected (see Figure 4.7) which covers an area 3.2

times the size of the tropical Pacific zone. This can be interpreted as viewing this external circu-

lation as mostly a Hadley circulation, with descent in the subtropics, and with some additional

descent in the tropics. Conditional averages in (µe , z) coordinates for this zone (excluding the

tropical Pacific region) were calculated as in previous sections.
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Figure 4.7: Purple box contains tropical Pacific zone discussed in preceding section.
Pink box is used to establish extended external zone.

The vertical velocity profile in this external extended zone was compared with that in the trop-

ical Pacific zone. A scale factor was subjectively determined that represents the relative size of

a notional external zone so that vertical mass fluxes in the two zones approximately balance.

In the case of the La Niña year, a scale factor of 3 was selected (Figure 4.8). This permits the

calculation of a mechanical energy budget (Table 4.3). This circulation is weaker in thermo-

dynamic terms than the large-scale circulations inside the “Tropical Pacific” domain and is

predominantly driven by the temperature difference between the two regions. The sensitiv-

ity of these values to the scale factor was investigated, and it can be seen that with the partial

exception of the contribution from the buoyancy term the contributions to the energy bud-

get when multiplied by the scale factor plus one are close to constant (see Figure 4.9). This

implies that although estimates of work done per unit area are dependent on this subjective

scale factor, the work done by the external circulation as a whole is much less sensitive to this

factor.
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Figure 4.8: Blue line represents net verti-
cal velocity in tropical Pacific zone. Cyan
line is implied velocity based on scale fac-
tor of 3 and profile in outer zone in Figure
4.7 bounded by pink and purple lines.

Figure 4.9: Sensitivity of work done across
assumed area (scaled) to scale factor.
Black line is WT dS , blue line is Wb , red
line is Wp and green lines is ¢G.
hello

The same method was applied to the El Niño year. Figure 4.10 shows the match between the

vertical velocities, with a scale factor of 9. The numerical values of the components of work

done are shown in Table 4.3. The work done per unit area by this circulation is twice as strong

as in the La Niña year, and as before once the scale factor dependency is eliminated the values

are almost constant (Figure 4.11).

Figure 4.10: Blue line represents net verti-
cal velocity in tropical Pacific zone. Cyan
line is implied velocity based on scale fac-
tor of 9 and profile in outer zone in Figure
4.7 bounded by pink and purple lines.

Figure 4.11: Sensitivity of work done
across assumed area (scaled) to scale fac-
tor. Black line is WT dS , blue line is Wb ,
red line is Wp and green lines is ¢G.
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(W m°2) WT dS Wb Wp ¢G Discrepancy

La Niña 0.13 0.10 0.02 0.01 0.00

El Niño 0.26 0.2 0.02 0.03 0.01

Table 4.3: Components of mechanical energy budget for external circulation linked to
extended profile.

As in the previous section, the extent to which the various parametrisations can represent this

notional large-scale circulation was tested. Parameter values selected for the La Niña year

were ø= 100 hours for the WTG and for the WvTG, and coefficient of 0.005 multiplied the WPG

parameter k2/≤WPG. These values are very much weaker than those for the internal circulation.

Corresponding values for the El Niño year were 50 hours, 60 hours, and 0.015, a somewhat

stronger circulation. None of the parametrisations provide a satisfactory fit for the La Niña

year, but the WPG seems preferable in the case of the El Niño year. The coefficient used for the

El Niño year is consistent with an effective value of k, the wavenumber of the damped gravity

waves, of approximately 1/(8£106) m°1 which implies a length scale significantly greater than

figures for the notional Walker circulation considered in the previous section.

(a) La Niña (b) El Niño

Figure 4.12: Fitted parametrised velocities for notional Hadley circulation.

In order to obtain an understanding of the sensitivity of these values to the fields in the ex-

ternal zone, a variety of fixed profiles representing the external region were also used. The

profiles were derived separately for each of the two years, and are averages of regions 10, 20
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and 30 degrees wide to both the North and South (combined) of the tropical Pacific zone and

are shown in Figure 4.13. The components of the mechanical energy budget based on these

profiles and assuming that the external region is twice the size of the inner zone are shown in

Tables 4.4 and 4.5 for the two years.

(a) Temperature (b) Vapour mixing ratio

(c) Liquid mixing ratio (d) Ice mixing ratio

Figure 4.13: Fixed profiles for external zone - 10° (green), 20° (blue) and 30° (red) N and
S of tropical Pacific zone for El Niño (solid) and La Niña (dashed) years.

(W m°2) WT dS Wb Wp ¢G Discrepancy

10°-20° 0.13 0.03 0.03 0.08 -0.01

10°-30° 0.20 0.07 0.04 0.10 -0.01

10°-40° 0.31 0.14 0.06 0.11 0.00

Table 4.4: Components of mechanical energy budget for external circulation linked to
fixed profile for La Niña year.
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(W m°2) WT dS Wb Wp ¢G Discrepancy

10°-20° 0.53 0.21 0.08 0.28 -0.04

10°-30° 0.91 0.49 0.11 0.33 -0.02

10°-40° 1.44 0.93 0.13 0.35 0.03

Table 4.5: Components of mechanical energy budget for external circulation linked to
fixed profile for El Niño year

In comparing these sets of results with those in Table 4.3 one must bear in mind that the sur-

face areas covered by those circulations are 4/3 greater for the La Niña year and 10/3 greater for

the El Niño year. In addition, the use of a fixed profile for the sub-tropics here reduces the vari-

ability of values in the cool region and hence the values of the components of the mechanical

energy budget equation. What is clear however, is that increasing the latitude covered by the

external region increases the work done elements. The buoyancy term is much more sensitive

than other terms, a reflection of the greater contrast in SSTs in the region covered.

There are some striking differences between the values shown in Table 4.3 on the one hand,

and Tables 4.4 and 4.5 on the other. The buoyancy term is less significant in the results based

on a fixed profile - as a result of the averaging that gives rise to the profile, the impact of the

coolest regions in the subtropics is muted. On the other hand the values of WT dS are of a

similar order of magnitude between the two sets of results - it transpires that the circulation

(max |™|) is very much stronger for the fixed profile cases. This is because there is less over-

lap between the regions in (µe , z) space in which upward and downward motion occurs than

for the profiles used to construct Table 4.3 where much of the upward and downward motion

cancels. The use of a fixed profile does not capture much of the complexity inherent in ther-

modynamic processes and should be treated with caution.

Huang and McElroy (2014) have quantified the work done by the Hadley Circulation using

streamfunction integrals of pdV . Their method is based on monthly zonal averages of re-

analysis data and they estimate that the conversion rate between potential and kinetic en-
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ergy due to the Hadley Circulation is 0.39 W m°2 over the period 1979-2010, which would

correspond to 0.75 W m°2 over the region used to calculate the values in Tables 4.4 and 4.5.

This value is of a similar order of magnitude to the values obtained above, perhaps somewhat

higher, depending on the weighting given to El Niño and La Niña years.

4.5 CONCLUSION

This chapter has shown that it is possible to apply the methodology developed in previous

chapters to re-analysis data to estimate the mechanical work done by a large-scale circulation.

The estimates that such a method produces for local convective circulations appear low, and

this is probably explained by the fact that sub-grid motions are neglected. The estimates pro-

duced for a notional Walker circulation depend very much on the definition of ascending and

descending branches - this chapter has tested various different approaches based on SSTs and

these produce results which are in total consistent but depend on the definition used in plau-

sible and understandable ways. It may be that a more satisfactory approach would be based

on using a dynamical definition of the two branches, for example based on velocity potential

at 200 hPa. Likewise, the estimates for a notional Hadley circulation are dependent on the

definitions used. Despite any uncertainties, the values obtained for the mechanical work gen-

erated by such a circulation are however not inconsistent with those produced in other studies.

In addition, the degree to which some of the parametrisations of large-scale circulations that

were tested using a CRM in Chapter 3 provide a reasonable match between observed and

parametrised vertical velocity profiles was tested. The WPG approach appears superior to ei-

ther the WTG or WvTG, albeit with parameters modified from those generally used in most

idealised studies to produce a much weaker circulation.
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CHAPTER 5

DISCUSSION

5.1 SUMMARY AND CONTRIBUTION

In this thesis we have explored the generation of mechanical work by an overturning circula-

tion, largely one modelled by the WTG approximation. The two main aims were:

• To investigate the factors that limit the generation of mechanical energy by overturning

circulations in cases where the rotational effects of the earth can be neglected, such as

in the tropics or for small-scale convective systems.

• To provide insights into the thermodynamic implications of supra-domain parametrisa-

tions such as the WTG, in particular whether they introduce any anomalies that might

undermine their usefulness.

These aims have been largely achieved.

In Chapter 2 we approached this topic using a simplified Single Column Model (SCM) and de-

veloped analytical expressions for some of the main quantities considered. For the Weak Tem-

perature Gradient (WTG) approximation we showed how the mechanical work done in a dry

case depends on the coupling time-scale parameter, the temperature difference between the

columns and their relative size. We also demonstrated how the work production relates to the

Carnot efficiency factor and to the generation of irreversible entropy. We extended the model

to include moisture and showed why this may give rise to multiple equilibria. We also briefly

considered the Weak Pressure Gradient (WPG) approximation and showed that, although it
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results in smoother vertical velocity profiles, from a thermodynamic perspective it is quite

similar to the Weak Temperature Gradient approximation.

In Chapter 3 we took a more realistic and complex approach, using results from two coupled

Cloud Resolving Models (CRMs). We extended and used a recently published technique to di-

agnose components of the mechanical energy budget to analyse the sensitivity of those com-

ponents to the same parameters as considered in the previous chapter. We showed that the

use of the Weak Temperature Gradient (WTG) approximation to couple the two regions did

not introduce any thermodynamic anomalies, and that the sensitivities were largely consis-

tent with the theoretical analyses that we previously developed, although the drying out of

the cool region also has a significant influence. We developed scaling arguments that explain

the relative values of the components of the mechanical energy budget. We also investigated

differences between the Weak Temperature Gradient and Weak Pressure Gradient approxima-

tions, and saw that the latter can exhibit oscillatory behaviour when used for two coupled

regions of comparable size.

In Chapter 4 we applied the diagnostic approach referred to above to re-analysis data. We show

that this approach can produce internally consistent values for the mechanical energy budget

for a large-scale circulation such as the Walker or Hadley circulation.

We regard the main contribution of this thesis to be the development of new, and extension,

of existing methodologies. In particular we have produced:

• Approximate analytical expressions for the energy terms associated with the WTG ap-

proximation, especially the identification of the conversion from potential to kinetic en-

ergy as 2Ā/ø.

• Approximate analytical expressions for the work generated by a dry overturning WTG-

coupled circulation, as a quadratic function of the SST difference between the columns,

expressed in terms of other atmospheric properties.

148



Chapter 5: DISCUSSION

• An additional term in the Pauluis mechanical energy budget which improves the results

for an anelastic model.

• A new approach which separates convection in two coupled regions into three circula-

tions, i.e a local convective circulation in each of the regions and a large-scale circulation

covering both regions. This permits calculation of separate mechanical energy budgets

for each of the circulations.

• Scaling arguments which explain the relative values of the components of the Pauluis

mechanical energy budget.

The methodologies developed have all been applied to either model results or re-analysis data.

In particular, Cloud Resolving Model (CRM) results were used to show:

• That the introduction of WTG coupling does not significantly modify the total mechani-

cal energy budget relative to uncoupled columns, implying that it is thermodynamically

consistent.

• That the WPG approximation run in two coupled regions can generate marked oscilla-

tions between a number of different modes for vertical velocities and temperature dif-

ferences between the two regions. This problem does not arise when the WPG is used in

conjunction with a reference column approach.

The mechanical energy budget was also calculated for circulations in the tropical Pacific for

two years in different ENSO phases. All the work done components in the El Niño phase were

approximately twice those in the La Niña phase.

Other useful results include:

• Attempts to fit parametrised large-scale circulations to the re-analysis data generally

suggest that the WPG approximation provides a more realistic representation of verti-

cal velocity profiles than the WTG approximation. This is partly because the re-analysis

data exhibits a negative temperature difference between the regions at certain heights,

which under the WTG would result in a reversal of vertical velocities, but is smoothed out
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by the WPG. The WPG parameters however imply rather larger length-scales than those

generally used in idealised studies, but ones not inconsistent with the physical extent of

the domain, at least for the notional Walker circulation.

• An illustration that the calculation of APE through sorting in a two-column model can

produce an overestimation due to discrete model layers.

• A demonstration that although the MEP conjecture can explain a realistic atmospheric

lapse rate in the lower atmosphere, this may not work as well at higher altitudes.

• A detailed examination of the energy implications of increasing the temperature differ-

ence between two dry columns coupled by the WTG. The work generated is balanced

by a cooling of the columns, increasing the Carnot efficiency, although this is partially

offset by greater irreversible entropy production.

5.2 IMPLICATIONS

The marked effect on the convective processes in two separate regions of introducing large-

scale overturning is striking. Although the large-scale vertical velocity is much smaller in mag-

nitude than the residual vertical velocities generated by the convective processes in the re-

gions, the components of the mechanical energy budget are comparable. The introduction of

even very weak coupling suppresses convection in the dryer/cooler region and enhances it in

the moister/warmer region. The imposition of the WTG approximation may be interpreted as

a representation of the requirement for low temperature gradients in the tropics due to weak

rotational effects. In this sense, the contrast in local convective intensity can be seen as the

consequence of a large-scale dynamical constraint and not as a local result of contrast in SSTs.

5.3 FUTURE WORK

The drivers of the size of self-aggregating convective systems remains an issue of active re-

search (e.g. Wing and Cronin, 2016; Holloway, 2017; Stein et al., 2017). The analysis in section

2.7 shows how the effective timescales of the various physical processes modelled in conjunc-
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tion with an overturning circulation in a simplified case combine to set plausible limits on

their size. One could explore whether this approach could be extended into a more realistic

analysis, taking into account the timescales of processes such as the interactive aspects of ra-

diation that are neglected in the simplified model.

The existence of multiple equilibria in weak temperature gradient models continues to attract

attention (e.g. Sentić and Sessions, 2017). The conditions that permit this to occur in a simple

case were identified in section 2.11. This analysis could be extended to analyse the circum-

stances in which this situation can arise in more complex situations as represented in Cloud

Resolving Models.

The CRM used in Chapter 3 has not been developed to be energy conserving and the results

are therefore to some extent approximate. Models have been developed which conserve en-

ergy explicity (e.g Romps, 2008) and it would be interesting to repeat some of the work in that

chapter with a more sophisticated model to verify that the conclusions hold, particularly since

one could then ensure consistency in thermodynamic assumptions between the model and

the diagnostic framework. Furthermore, the CRM has been used in a two-dimensional config-

uration. As section 2.7 shows, the explicit introduction of a third dimension can influence the

energetic pathways profoundly and this too could be explored in a CRM context. The limited

evidence that the WPG provides a better fit for observed large-scale circulations than the WTG

would suggest that more extensive analysis of WPG coupled columns along the lines of Chap-

ter 3 would also be of value. A further modelling aspect of the model which could be modified

is the radiation scheme; including interactive radiation would identify the impact of physical

processes not represented in our current work.

The striking differences in magnitude between the components of the mechanical energy bud-

get derived in Chapters 3 and 4 suggest that sparser grids, be they used in re-analysis or GCMs,

may significantly underestimate the mechanical work generated by atmospheric processes.

Further work on identifying how sub-grid generation of kinetic energy can be represented in

global models appears a promising avenue. Given the importance of this for MJO modelling
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(Holloway et al., 2013), such work could lead to an improvement in the accuracy of climate

models.

Chapter 4 provided a proof of concept that these techniques can be used to diagnose com-

ponents of the mechanical energy budget from re-analysis data. This could be extended in a

number of different directions - it could be combined with the month-by-month identification

of the Hadley circulation used in Huang and McElroy (2014) to obtain more reliable values for

the work done by that circulation. Additionally, an approach based on velocity potential could

be used to identify the ascending and descending branches of the Walker circulation and to

provide more robust estimates of the work done by that circulation in a variety of ENSO condi-

tions. The large-scale circulations implied by these definitions of cool and warm regions could

also be compared with the parametrised velocities obtained using the WTG and WPG approx-

imations with fitted parameter values.

The need to adequately represent tropical convection in global climate models remains a ma-

jor challenge for atmospheric science. It is hoped that some of the avenues suggested above

will in time lead to further progress in this area.
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CONJECTURE

The Maximum Entropy Production (MEP) conjecture, as first advanced in Paltridge (1975) and

discussed in Ozawa et al. (2003), postulates that many physical processes in the atmosphere,

in particular vertical heat transport, operate over a long period in such a manner as to max-

imise the production of entropy.

This hypothesis has stimulated a number of analyses of radiative-convective equilibria such

as Ozawa and Ohmura (1997) and Herbert et al. (2013). Despite this interest, the approach has

not yet found a significant application in climate models.

The conjecture was explored using the simplified SCM in a single column configuration, i.e.

without any coupling. This variant of the model does not include short-wave absorption, other

than due to O3 in the stratosphere. It is possible to set a maximum environmental lapse rate, in

which case the model will converge to an equilibrium state with upward enthalpy fluxes from

the surface (i.e. convection). Alternatively, it is possible to solve for the enthalpy fluxes which

will achieve a certain equilibrium.

Initial investigations focused on variants of a model where incoming radiation is the key de-

termining variable, and which are referred to as the “energy-consistent model”. This was first

explored using a simplified theoretical model. The atmosphere is represented by a single slab

that is transparent to short-wave radiation but has long-wave emissivity (and absorptivity) of

≤= 1° e°øLW . Following the approach presented in Ambaum (2010, Chap. 9.7) it is possible to
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express the relationships between the temperature of the Earth’s surface TS , that of the atmo-

sphere TA , and the enthalpy flux from the Earth to the atmosphere H thus:

(1°Æ)S0/4 = ≤æT 4
A + (1°≤)æT 4

S , (A.1)

2≤æT 4
A = ≤æT 4

S +H . (A.2)

In this case the entropy production Ṡ is simply H(1/TA °1/TS). It is possible to find an expres-

sion for the maximum of this value in terms of TA ,TS analytically and thus obtain expressions

for the entropy production and enthalpy flux in the Maximum Entropy Production (MEP) state

by differentiating these equations:

dTA

dTS
=°

(1°≤)T 3
S

≤T 3
A

from Equation A.1, (A.3)

dTS

dH
=° °1

4æ(2°≤)T 3
S

from Equation A.2 and using A.3. (A.4)

The maximum entropy production enthalpy flux HMEP will be found when dṠ/dH = 0 thus:

HMEP =

≥
1

TA
° 1

TS

¥
4æ(2°≤)

1°≤
≤T 5

A
+ 1

T 5
S

. (A.5)

Values for TA ,TS for this maximum are not easily found analytically. Figure A.1 shows en-

tropy production and surface and atmosphere temperatures as a function of enthalpy flux. Ṡ

is clearly zero when there is no enthalpy flux, and also when the two bodies are at the same

temperature – which corresponds to the maximum value of H = ≤(1°Æ)S0/4. For intermediate

values of H , Ṡ will be positive and hence will reach at least one maximum at an intermediate

point.

The SCM was modified in order to identify the MEP enthalpy fluxes which maximised the en-

tropy produced by a “convective” process. Initially this was done by varying the fixed maxi-

mum lapse rate, although in later analyses this constraint was modified. The values of entropy

produced as a function of surface enthalpy fluxes is shown in Figure A.2.
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Figure A.1: Entropy production (LH axis,
red) and temperature of Earth’s surface
(RH axis, blue) and atmosphere (RH axis,
green) from energy consistent single slab
model.

Figure A.2: Entropy production (LH axis,
red) and temperature of Earth’s surface
(RH axis, blue) and atmosphere (RH axis,
green) from energy consistent single lapse
rate model. Note different scale to Figure
A.1.

Some of the differences between Figure A.1 and Figure A.2 arise from the fact that in the multi-

layer model as the enthalpy decreases the transport reaches only the lowest layers of the at-

mosphere in this model. Consequently the implied temperature in the atmosphere and that

at the surface converge as enthalpy declines, unlike in the single slab model. Also the entropy

production is less symmetrical around the maximum. The MEP state corresponds to a lapse

rate in the region of 4.5 K km°1.

The model was further modified to identify the enthalpy fluxes which maximise the MEP with

no requirement for a single lapse rate, using a variant of the downhill simplex method due to

Nelder and Mead (Press et al., 2007, pp. 502–507). In order to reconcile the results of this work

with those obtained in published work (see below) it was necessary to reconsider the approach

taken to SW heating. The original model had some heating in the stratosphere representing

O3 absorption, but none in the troposphere. Further assumptions were made, namely that

the reflection of in-coming SW radiation occurs entirely at the top of the atmosphere, and that

absorption in the atmosphere occurs with SW optical depth distributed in proportion to LW
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optical depth, although alternatives were investigated. The resultant lapse rates and enthalpy

profiles for different LW optical depths are shown in Figures A.3 and A.4. The lapse curve for

pure radiative equilibriums is also shown, as is the enthalpy flux for an isothermal atmosphere.

Figure A.3: Temperature profiles for radia-
tive equilibrium (dashed) and MEP (solid)
states for different values of ø, the LW op-
tical depth of the atmosphere (2,navy, 3,
magenta, 4 olive) for energy consistent
model. The US standard atmosphere is
shown for comparison in green.

Figure A.4: Enthalpy flux profiles for
isothermal (dashed) and MEP (solid) states
for different values of ø, the LW opti-
cal depth of the atmosphere (2,navy, 3,
magenta, 4 olive) for energy consistent
model.

These results were compared with those obtained by Herbert et al. (2013) as shown in Figures

A.5 and A.6. Results for the same variables are also shown in Ozawa and Ohmura (1997) (see

Figures A.7 and A.8) with similar parameters. Unfortunately neither of these papers show re-

sults above 400 hPa. There are considerable discrepancies in the enthalpy fluxes which decline

more rapidly with height in the two previously published studies. The MEP lapse rates appear

broadly comparable in the lower atmosphere although the results obtained here tend towards

higher temperatures in the middle troposphere when compared with the previous studies. The

enthalpy fluxes will be dependent on the distribution of SW heating of the atmosphere, and to

assumptions as to pressure-broadening.

The models were further adjusted to allow for a fixed Sea Surface Temperature (SST), with
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Figure A.5: Temperature profiles for MEP
and radiative states from Herbert et al.
(2013). (©2013 AMS)

Figure A.6: Enthalpy fluxes for MEP
and isothermal states from Herbert et al.
(2013). (©2013 AMS)

Figure A.7: Temperature profiles for
MEP states from Ozawa and Ohmura
(1997).(©1997 AMS)

Figure A.8: Enthalpy fluxes for MEP states
from Ozawa and Ohmura (1997).(©1997
AMS)

no energy constraints on the incoming SW radiation (thus all these models were run on the

basis of no SW absorption by the atmosphere). Such models are frequently used since this de-

coupling captures the fact that the ocean’s high heat capacity results in slow SST response to

changes in atmospheric temperatures. In view of the fact that incoming SW radiation is effec-

tively determined in these models by the SST and the entropy constraint, SW absorption in the

atmosphere was set to zero.

Theoretical expressions for enthalpy flux and entropy produced were derived as before. In this

case it was possible to obtain analytic expressions relating the temperature of the atmosphere

TA to the surface temperature TS in the MEP state as follows. We start with the expression for
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energy balance in the atmosphere:

H +≤æT 4
S = 2≤æT 4

A (for atmosphere). (A.6)

=) 1 = 8≤æT 3
A

dTA

dH
, (A.7)

as Ts is constant. To find the MEP state we find the value of H for which Ṡ is at a maximum.

Ṡ = H
µ

1
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° 1
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∂
, (A.8)
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=) 8
µ
1° 1

x

∂
= (2°x4) , putting x = TS

TA
, providing ≤ 6= 0 . (A.11)

This quintic can be solved, and the only physically meaningful value of x is 1.0839. In other

words, this slab model predicts that in an MEP state there is a constant ratio between surface

and atmosphere temperatures irregardless of SST or optical depth.

Results were obtained for the MEP state with convection constrained by a single lapse rate,

but these have not been included here. As before, the model was then used to determine lapse

rates and enthalpy fluxes corresponding to the maximum entropy production state. Temper-

ature and enthalpy flux profiles are shown for different SSTs and different values of øLW in

Figures A.9 - A.12.

It will be noted that the temperature profiles for different SSTs are in constant proportion,

and that there is not much difference between the profiles for the different optical depths, as

predicted by the theoretical analysis above. All of the temperature profiles show a significant

difference between the surface temperature and the temperature at the bottom of the atmo-

sphere, in contrast to the energy-consistent models above. This is because greater enthalpy

fluxes do not decrease the surface temperature in the fixed SST model. A similar discontinuity

in MEP models has been remarked upon by Pascale et al. (2012). The enthalpy fluxes in the

fixed SST models are generally greater than those in the energy consistent models, and conse-
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quently there is greater heating of the atmosphere.

Figure A.9: Temperature profile for MEP
state for fixed SST model for a range of
SSTs - note that ratio of profiles does not
depend on height. LW optical depth is 3.

Figure A.10: Temperature profile for MEP
state for fixed SST model for a range of LW
optical depths - note little sensitivity. SST
is 290 K.

Figure A.11: Enthalpy fluxes correspond-
ing to profiles in Figure A.9

Figure A.12: Enthalpy fluxes correspond-
ing to profiles in Figure A.10

The energy-consistent model has illustrated how with quite simple assumptions the MEP can

be used to derive reasonable values for the enthalpy fluxes in the atmosphere and the temper-
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ature lapse rate, at least in the lower atmosphere, consistent with other published work. Given

the complexity of the turbulent processes that occur in the lower atmosphere, this result sug-

gests that the MEP can provide a convincing broad narrative for the long term mean properties

of the atmosphere, even if it is of limited usefulness for more detailed modelling studies.
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