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Abstract

We have studied a single vertical, two-dimensional liquid bridge spanning the gap between two

flat, horizontal solid substrates of given wettabilities. For this simple geometry, the Young-Laplace

equation can be solved (quasi-)analytically to yield the equilibrium bridge shape under gravity. We

establish the range of gap widths (as described by a Bond number Bo) for which the liquid bridge

can exist, for given contact angles at the top and bottom substrates (θtc and θbc, respectively). In

particular, we find that the absolute maximum span of a liquid bridge is four capillary lengths, for

θbc = 180◦ and θtc = 0◦; whereas for θbc = 0◦ and θtc = 180◦ no bridge can form, for any substrate

separation. We also obtain the minimum value of the cross-sectional area of such a liquid bridge,

as well as the conditions for the existence and positions of any necks or bulges and inflection points

on its surface. This generalises our earlier work in which the gap was assumed to be spanned by a

liquid film of zero thickness connecting two menisci at the bottom and top substrates.

∗Electronic address: piteixeira@fc.ul.pt
†Electronic address: m.a.teixeira@reading.ac.uk
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I. INTRODUCTION

In a recent paper [1] we investigated the equilibrium shapes, under gravity, of the two-

dimensional (2D) Plateau borders along which a single vertical soap film contacts two flat,

horizontal solid substrates of given wettabilities. For this simple geometry, the Young-

Laplace equation can be solved (quasi-)analytically, and we showed that these Plateau bor-

ders, where most of a foam’s liquid resides, can only exist if the values of the Bond number

Bo and of the liquid contact angle θc lie within certain domains in (θc,Bo) space: under these

conditions the substrate is foam-philic. For values outside these domains, the substrate can-

not support a soap film and it is foam-phobic. However we assumed – as is common and

reasonable in dry foams – that the soap film has zero thickness, implying that the top and

bottom Plateau borders are effectively de-coupled. If the film is not infinitesimally thin,

what we have instead is a liquid bridge or capillary bridge. Liquid bridges are relevant in

many contexts, such as sand art [2]; atomic-force microscopy in high-humidity environments

[3]; soldering [4]; the testing of weakly-adhesive solid surfaces [5]; in lungs, where they may

close small airways and impair gas exchange [6]; the wet adhesion of insects and tree frogs

[7]; the feeding of shore birds [8]; the spontaneous filling of porous materials [9]; or as tools

for contact angle measurements [10]. Liquid bridges may cause attraction or repulsion be-

tween the bodies they connect, which may be surfaces (flat or curved), particles, or other

liquids [11].

Studies of liquid bridges in zero gravity go back more than 150 years to Delaunay [12],

who solved the Young-Laplace equation for the surface-area minimising shapes of an axisym-

metric bridge in zero gravity; these shapes were later classified by Plateau [13] and their

stability investigated by Lord Rayleigh [14]. Most research to date has concentrated on this

particular experimentally-relevant geometry, in either zero or non-zero gravity [15–36].

It should be noted that the presence of gravity complicates matters substantially, as it

precludes an analytical solution for the bridge shape. Here we shall follow a different route

and generalise our work on 2D Plateau borders [1] to consider a slab of liquid between two

flat, unbounded horizontal substrates at which the contact angles are fixed. In the termi-

nology introduced by Fortes [23] these are θ-bridges, and perhaps the nearest experimental

realisation of the slab geometry is a slit pore (see, e.g., [37] and references therein). This

is of both fundamental and practical relevance, as it is now possible to fabricate substrates
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with specified wetting properties [38]. The key advantage of our approach is that it allows us

expeditiously to discern the effect of gravity on bridge shapes and properties, which has been

neglected in most previous work. At this stage, we do not explicitly examine the stability

of our 2D bridges with respect to other shapes (e.g., axisymmetric) but, as we shall argue

below, this does not substantially restrict the applicability of our results.

This paper is organised as follows: in section II we write down the Young-Laplace equation

for the bounding surfaces of a 2D liquid bridge. This is then solved (quasi-)analytically, for

arbitrary gravity and liquid contact angles at the bottom and top substrates. We next

derive the ranges of parameters for which such liquid bridges may exist. Results for the

bridge shapes and minimum cross-sectional areas are presented in section III. Finally we

summarise and conclude in section IV.

II. THEORY

The Young-Laplace law for the 2D (i.e., slab-symmetric) surfaces bounding a liquid bridge

between two flat horizontal substrates (see figure 1) can be written [39]:[
1 +

(
dx

dz

)2
]−3/2

d2x

dz2
= −∆p

γ
(1)

where z is height measured from the bottom substrate, x is the distance measured horizon-

tally from the plane of symmetry (the midplane of the 2D bridge), ∆p(z) is the pressure

difference across the bridge surface at each height, and γ is the surface tension of the liquid.

Our aim is to solve equation (1) for one of the surfaces bounding the bridge. Naturally,

the other surface is mirror-symmetric with respect to x = 0. We define ∆p = p2− p1, where

p2 is the pressure inside the bridge (i.e., within the liquid) and p1 is the atmospheric pressure

outside the bridge (assumed to be constant). If the bridge is in hydrostatic equilibrium, we

have

∆p = p2 − p1 = p20 − p1 − ρgz (2)

where p20 is the pressure inside the bridge at the bottom substrate (z = 0), g is the gravi-

tational acceleration, and ρ is the density of the liquid inside the bridge.

Additionally, we introduce the convenient change of variables

dx

dz
= − cot θ ⇒ d2x

dz2
=

1

sin2 θ

dθ

dz
(3)
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where θ is the inclination of the bridge surface (see figure 1), defined as the angle between

the tangent to the bridge surface at point (x, z) and the horizontal axis (0 ≤ θ ≤ π). Using

equations (2) and (3), equation (1) becomes

sin θ
dθ

dz
=
p1 − p20

γ
+
ρgz

γ
(4)

This equation can be straightforwardly solved for θ, yielding

cos θ(z) = cos θbc −
p1 − p20

γ
z − ρg

2γ
z2 (5)

where the integration has been carried out from the base of the bridge, z = 0, where θ = θbc,

to a generic height z. By definition, θbc is the contact angle of the liquid with the underlying

(bottom) solid substrate, and varies in the interval 0 < θbc < π. If equation (4) is instead

integrated from z = 0 to the top substrate, z = H, where θ = π − θtc [40], this provides a

definition for the pressure term on the right-hand side of equation (5), which allows us to

eliminate this term:
p1 − p20

γ
=

1

H

(
cos θbc + cos θtc

)
− ρgH

2γ
(6)

Equation (5) can now be expressed entirely in terms of z, H, θbc and θtc:

cos θ(z) = cos θbc −
1

H

(
cos θbc + cos θtc

)
z +

ρgz

2γ
(H − z) (7)

This equation can be written more simply if z is made dimensionless by scaling it by H, the

separation between top and bottom substrates, such that z′ = z/H, and a Bond number is

defined as Bo = ρgH2/γ. In terms of these quantities, equation (7) can be rewritten as

cos θ(z′) = − cos θtcz
′ + (1− z′)

(
cos θbc +

Bo

2
z′
)

(8)

To obtain x as a function of z, we now go back to the definition of dx/dz. Further defining

x′ = x/H, it follows that

dx′

dz′
=
dx

dz
= − cot θ = − cos θ√

1− cos2 θ
(9)

Using equation (8), equation (9) can be rewritten as

dx′

dz′
= −

− cos θtcz
′ + (1− z′)

(
cos θbc + Bo

2
z′
){

1−
[
− cos θtcz

′ + (1− z′)
(
cos θbc + Bo

2
z′
)]2}1/2

(10)
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which can be integrated between z′ = 0 and a generic z′, yielding

x′(z′) = x′(0)−

∫
z′

0

− cos θtcz
′′ + (1− z′′)

(
cos θbc + Bo

2
z′′
){

1−
[
− cos θtcz

′′ + (1− z′′)
(
cos θbc + Bo

2
z′′
)]2}1/2

dz′′ (11)

This equation gives the shape of the right-hand surface (x′(z′) ≥ 0) bounding the bridge

between the bottom (z′ = 0) and top (z′ = 1) substrates. In zero gravity (Bo = 0) the

integral in equation (11) can be performed analytically, with the result

x′(z′) = x′(0) +
sin θbc −

{
1−

[
cos θbc −

(
cos θbc + cos θtc

)
z′
]2}1/2

cos θbc + cos θtc
(12)

which, as expected, is an arc of circle, meeting the bottom and top substrates at angles θbc

and θtc, respectively.

Another relevant quantity is the cross-sectional area of the liquid bridge. This is defined

as

A = 2

∫ H

0

x dz = 2 [zx]H0 − 2

∫ H

0

z
dx

dz
dz = 2Hx(H)− 2

∫ H

0

z
dx

dz
dz (13)

where the second equality follows from integrating by parts. The factor of 2 in equation

(13) accounts for the fact that the bridge surfaces are symmetric about x = 0. Defining a

dimensionless area as A′ = A/H2, this is given, from equation (13), by

A′ = 2x′(1)− 2

∫ 1

0

z′
dx′

dz′
dz′ (14)

Using equation (10), equation (14) can be written explicitly as

A′ = 2x′(1) + 2

∫
1

0

− cos θtcz
′2 + (1− z′)

(
cos θbc + Bo

2
z′
)
z′{

1−
[
− cos θtcz

′ + (1− z′)2
(
cos θbc + Bo

2
z′
)]2}1/2

dz′ (15)

It is also easy to locate the position(s) z = h where the bridge surfaces are vertical

(perpendicular to the substrates), which we shall call ‘necks’ if the bridge surface is concave

there (i.e., d2x/dz2 > 0) and ‘bulges’ if it is convex (i.e., d2x/dz2 < 0). This follows from

setting cos θ(z = h) = 0 in equation (8), whence, in reduced units where h′ = h/H:

Boh′
2 −

[
Bo− 2

(
cos θbc + cos θtc

)]
h′ − 2 cos θbc = 0 (16)

which can be straightforwardly solved to yield

h′ =
Bo− 2

(
cos θbc + cos θtc

)
±
√

Bo2 − 4 (cos θtc − cos θbc) Bo + 4 (cos θtc + cos θbc)
2

2Bo
(17)

5
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This can have either no real roots, or one or two real roots, in the physically-meaningful

range 0 ≤ h′ ≤ 1. In zero gravity (Bo = 0), equation (16) simplifies to

h′ =
cos θbc

cos θbc + cos θtc
(18)

If, in addition, the contact angles are the same at either substrate (θbc = θtc), we obtain

h = H/2, as would be expected on physical grounds.

Finally, it is relevant to know if inflection points, i.e., points of local zero curvature where

d2x/dz2 = 0, exist on the surfaces bounding the liquid bridge. Their location h̃ is obtained

from equation (3), by imposing that dθ/dz = 0, or equivalently that d(cos θ)/dz = 0, which

yields the following dimensionless height h̃′ = h̃/H:

h̃′ =
1

2
− cos θbc + cos θtc

Bo
(19)

This solution will only be physically meaningful if 0 < h̃′ < 1. Clearly, in the absence

of gravity (Bo = 0) there are no inflection points. The conditions for the existence of

necks/bulges given by equation (17), and of inflection points given by equation (19), will be

discussed in section III.

We end this section by noting that x′(0), which equals half the bridge width at the bottom

substrate, is not known a priori. This is a consequence of the fact that we are treating the

two bridge surfaces independently: x′(0) is thus determined by the (arbitrary) total amount

of liquid in the bridge. If that amount is large enough, then the bridge will be stable,

because the areas of its surfaces will necessarily be minimal for a given liquid volume. For

definiteness and clarity of presentation, in what follows x′(0) is fixed so that x′(z′) ≥ 0 for

all 0 ≤ z′ ≤ 1, as follows:

• If the bridge has a single neck at some z′ = h′ (0 ≤ h′ ≤ 1), we find x′(0) from equation

(11) by requiring that x′(h′) = 0.

• If the bridge has a bulge and a neck, at z′ = h′1 and z′ = h′2 (0 ≤ h′1 < h′2 ≤ 1), we

find x′(0) from equation (11) by requiring that x′i = 0, where x′i = min [x′(h′1), x
′(h′2)]

(which corresponds to the neck).

• If the bridge has no necks/bulges, we first set x′(0) = 0 and solve equation (11). Then

if x′(1) ≥ 0, we keep x′(0) = 0; otherwise if x′(1) < 0, we find x′(0) by translating the

bridge along the x-axis so that x′(1) = 0.

6
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The above procedure ensures that our bridges have the minimum cross-sectional area, as

their two bounding surfaces touch. This will be the minimum amount of liquid needed to

make a bridge between two substrates a distance H apart, for given θbc and θtc. In and of

themselves, such bridges are most likely to be unstable, so one alternative interpretation of

the minimum cross-sectional area is as an excess quantity: the minimum amount of liquid

that is needed for a bridge to form between two substrates in addition to that contained in

the ‘bulk’ of the bridge – a central slab of liquid of arbitrary thickness, with straight sides

perpendicular to said substrates. We end this section by noting that all other calculated

quantities – the range of Bond numbers for which a bridge can exist and whether it has

bulges/necks and/or inflection points on its surface – do not depend on bridge width, i.e.,

our the amount of liquid it contains, and so should remain generally valid.

III. RESULTS AND DISCUSSION

Equations (11) and (15) do not yield physically meaningful results for all values of Bo,

θbc and θtc. We next discuss the non-trivial conditions defining their domains of validity.

Our starting point is equation (8). Physically meaningful solutions will only exist if

−1 ≤ cos θ ≤ 1, whence we must have

−1 ≤ − cos θtcz
′ + (1− z′)

(
cos θbc +

Bo

2
z′
)
≤ 1 (20)

The lower and upper bounds of equation (20) both correspond to sin θ = 0, which causes

singularities in the integrals that give x′(z′) in equation (11) and A′ in equation (15).

First of all, it should be noted that, in order to obtain meaningful liquid bridge solu-

tions, these must be valid for every z′ between 0 and 1. It can be shown by differentiating

equation (8) that cos θ(z′) varies monotonically with z′, and thus its extrema occur either at

z′ = 0 or z′ = 1, if Bo < 2| cos θbc+cos θtc|. In this case, equation (20) is automatically satisfied

because it is satisfied for z′ = 0 and z′ = 1 by construction of the solution. Hence what needs

to be ascertained for every z′ is whether equation (20) holds when Bo ≥ 2| cos θbc + cos θtc|.

It is worth remarking that this is also the condition for the existence of inflection points on

the bridge surface, since it follows from equation (19) by requiring that 0 ≤ h̃′ ≤ 1.

Consider first the left-hand inequality in equation (20), which can be alternatively ex-

7
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pressed as

Bo z′2 −
[
Bo− 2

(
cos θbc + cos θtc

)]
z′ − 2

(
1 + cos θbc

)
≤ 0 (21)

This will be satisfied if

z′ ≥
Bo− 2

(
cos θbc + cos θtc

)
−
√

[Bo− 2 (cos θbc + cos θtc)]
2 + 8Bo (1 + cos θbc)

2Bo

and z′ ≤
Bo− 2

(
cos θbc + cos θtc

)
+
√

[Bo− 2 (cos θbc + cos θtc)]
2 + 8Bo (1 + cos θbc)

2Bo
(22)

provided that the discriminant of equation (21) (i.e., the expression under the square roots in

equations (22)) is non-negative, which is always true. It can be shown by explicit calculation

that the expression on the right-hand side of the first inequality in equation (22) is never

> 0, and (less obviously) that the expression on the right-hand side of the second inequality

in equation (22) is never < 1, which necessarily implies that equation (22) is satisfied for all

0 < z′ < 1, and therefore that equation (21) is itself satisfied for all Bo, θbc and θtc.

We now turn to the right-hand inequality in equation (20), which can be alternatively

expressed as

Bo z′2 −
[
Bo− 2

(
cos θbc + cos θtc

)]
z′ + 2

(
1− cos θbc

)
≥ 0 (23)

This will be satisfied if

z′ ≤
Bo− 2

(
cos θbc + cos θtc

)
−
√

[Bo− 2 (cos θbc + cos θtc)]
2 − 8Bo (1− cos θbc)

2Bo

or z′ ≥
Bo− 2

(
cos θbc + cos θtc

)
+
√

[Bo− 2 (cos θbc + cos θtc)]
2 − 8Bo (1− cos θbc)

2Bo
(24)

provided that the discriminant of equation (23) (i.e., the expression under the square roots

in equations (24)) is non-negative (otherwise equation (23) will be satisfied by default). For

Bo ≥ 2| cos θbc + cos θtc|, as assumed above, it can be shown that equation (24) will only be

satisfied for some 0 < z′ < 1. Therefore, the condition that must be met for equation (23)

to be satisfied for all z′ is that its discriminant must be negative, which from equations (24)

can be expressed as

Bo2 + 4
(
cos θbc − cos θtc − 2

)
Bo + 4

(
cos θbc + cos θtc

)2
< 0 (25)

This will hold as long as

Bo > 2
(
2− cos θbc + cos θtc

)
− 4
√

(1− cos θbc) (1 + cos θtc)

and Bo < 2
(
2− cos θbc + cos θtc

)
+ 4
√

(1− cos θbc) (1 + cos θtc) (26)

8
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where the discriminant of equation (25) (i.e., 64 times the expression under the square roots

in equations (26)) is clearly always non-negative. Now it can be shown by explicit calculation

that when Bo ≥ 2| cos θbc + cos θtc| the first inequality in equation (26) is always satisfied,

hence the larger root provides an upper bound for Bo, for given (θbc, θ
t
c) (see figure 2):

Bo < 2
(
2− cos θbc + cos θtc

)
+ 4
√

(1− cos θbc) (1 + cos θtc) (27)

Recalling the definition of Bo, this means that, for a given fluid in contact with a given

pair of substrates, there is a maximum substrate separation beyond which a liquid bridge

cannot span the gap between the two substrates: the bridge collapses under its own weight.

In particular, the absolute maximum span of a liquid bridge is four capillary lengths: this

is attained when the upper bound for the Bond number is greatest, Bo = 16, for θbc = 180◦

and θtc = 0◦ (see figure 2). By contrast, for θbc = 0◦ and θtc = 180◦, no bridge can form, for

any substrate separation, because the upper bound for the Bond number is then Bo = 0.

Remarkably, unlike for axisymmetric bridges [41, 42], the maximum surface separation does

not depend on bridge volume.

We now systematically derive and discuss the conditions for the existence of points where

the bridge surfaces are vertical, i.e., of necks and bulges as defined in section II.

From equation (17), for two necks/bulges to exist, the discriminant under the square

root must be non-negative, and both solutions for h′ must lie in the interval 0 < h′ < 1.

Actually, for topological reasons, this situation must always correspond to one neck and one

bulge (it makes no sense to simultaneously have two necks or two bulges). Additionally,

since the pressure must decrease upwards, the bridge curvature must become more concave

higher up, which means that the neck must always lie above the bulge. If 0 < h′ < 1 but

the discriminant vanishes, or alternatively if the discriminant is positive but only one of the

solutions given by equation (17) satisfies 0 < h′ < 1, there will be only one neck or bulge.

In all other cases, including (but not limited to) those in which the discriminant is negative,

no necks or bulges can exist. A more extended analysis (see the Appendix for details) leads

to the following conditions:

• There is one neck and one bulge if cos θbc < 0 (i.e., 90◦ < θbc < 180◦), cos θtc > 0 (i.e.,

0◦ < θtc < 90◦) and Bo > 2
(
cos θtc − cos θbc

)
+ 4
√
− cos θbc cos θtc.

• There is one neck if cos θbc > 0 (i.e., 0◦ < θbc < 90◦) and cos θtc > 0 (i.e., 0◦ < θtc < 90◦),

since the bridge is concave; there is one bulge if cos θbc < 0 (i.e., 90◦ < θbc < 180◦) and

9
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cos θtc < 0 (i.e., 90◦ < θtc < 180◦), since the bridge is convex; and there is a ‘degenerate’

neck/bulge coinciding with an inflection point (intermediate between the shapes with

no necks/bulges and those with one neck and one bulge) if cos θbc < 0 (i.e., 90◦ < θbc <

180◦) and cos θtc > 0 (i.e., 0◦ < θtc < 90◦) and Bo = 2(cos θtc−cos θbc)+4
√
− cos θbc cos θc.

• There are no necks or bulges if cos θbc > 0 (i.e., 0◦ < θbc < 90◦) and cos θtc < 0 (i.e.,

90◦ < θtc < 180◦); or if cos θbc < 0 (i.e., 90◦ < θbc < 180◦) and cos θtc > 0 (i.e.,

0◦ < θtc < 90◦) and Bo < 2(cos θtc − cos θbc) + 4
√
− cos θbc cos θtc.

These results are summarised in figure 3. For reference, figure 4 plots the minimum Bo for

which an inflection point can exist, which is just Bo = 2| cos θbc + cos θtc|. Note that both the

values of Bo in the bottom-right quadrant of figure 3 and those in figure 4 are lower than

those in figure 2, which means that bridges with two necks/bulges and with an inflection

point are both realisable, although the limiting Bo in figures 2 and 4 coincide for θbc = 0◦

and θtc = 0◦, θbc = 0◦ and θtc = 180◦, and θbc = 180◦ and θtc = 180◦. Additionally, the limiting

Bo in figure 4 are lower than those in figure 3, which means that it is easier for bridges to

have inflection points than one neck and one bulge. Examples of liquid bridges presented

below will be interpreted in the light of these results.

In figure 5 we plot the shapes of liquid bridges between identical substrates, i.e., θbc = θtc.

Recall that these are all minimum cross-sectional area bridges, as explained at the end of

section II, and are all mirror-symmetric with respect to x = 0, so we only show one half

of each. As Bo is increased from zero to its maximum value, the bridges become more and

more top-bottom asymmmetric, or ‘haunched’, as gravity tends to pull down their liquid

content. The two top panels are for contact angles in the bottom-left quadrant of figure

3, the two bottom panels are for contact angles in the top-right quadrant of figure 3, and

the middle panel is for contact angles at the centre of figure 3. It follows that these bridges

all have only one neck or one bulge: for Bo = 0 (no gravity) the neck/bulge is located at

h = H/2 as we saw earlier; then as Bo increases, the neck position moves towards the top

substrate if θbc = θtc < 90◦, and the bulge position moves towards the bottom substrate if

θbc = θtc > 90◦. From top to bottom in figure 5, inflection points are expected to exist for

Bo > 4, 2
√

2, 0, 2
√

2, 4, respectively (see figure 4). This is confirmed by the fact that none

of the bridges in the top and bottom panels of figure 5 has any inflection points, that the

middle-panel bridges all have one inflection point, and that the bridges in the second and

10
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fourth panels only have inflection points above a certain Bo (consistent with the thresholds

quoted above). For all non-zero contact angles, the inflection point on the bridges migrates

upwards from the bottom substrate as either Bo or θbc = θtc are increased from zero, which

is consistent with equation (19). The behaviour of necks/bulges, calculated using equation

(17), is shown in figure 6: note the symmetry between contact angles < 90◦ and > 90◦.

Figure 7 displays the minimum cross-sectional areas for bridges between identical substrates.

These areas appear to diverge as Bo approaches its upper bound, except when θbc = θtc = 0◦,

as can be seen in figure 7(a). In this case, equation (15) for the bridge cross-sectional area

simplifies, for the corresponding maximum Bond number Bo = 4, to

A′ = 2x′(1) + 2

∫
1

0

z′
(
1− 2z′2

)[
1−

(
1− 2z′2

)2]1/2 dz′ (28)

where the integral can be performed analytically and is seen to vanish. This means that

A′ = 2x′(1), or if both A and and x(H) are measured in units of capillarity length λc =

[γ/(ρg)]1/2 instead of H (as done in the figures),

A

λ2c
= 4

x(H)

λc
(29)

where we have used the fact that Bo = 4. This relationship can be confirmed by comparing

the top panel of figure 5 with figure 7(a).

In figures 8 and 9 we plot the shapes of liquid bridges between hybrid substrates, i.e.,

θbc 6= θtc. Again, these are of minimum cross-sectional area. Now the bridges are always top-

bottom asymmetric, even for Bo = 0, and may exhibit zero, one or two necks/bulges. For

the bridges shown in the top and bottom panels of figure 8, θbc and θtc lie in the bottom-left

and top-right quadrants of figure 3, respectively, so there is only one neck/bulge. In the

second panel, θbc and θtc lie on the boundary between the top-left and bottom-left quadrants

of figure 3, corresponding to a transition between one neck and zero necks. This can be seen

from the fact that the bridge surfaces are vertical at the top substrate. The third panel of

figure 8 is for θbc and θtc in the top-left quadrant of figure 3, and therefore the bridges exhibit

no necks or bulges. The fourth panel is for θbc and θtc on the boundary between the top-left

and the top-right quadrants of figure 3, corresponding to a transition between no bulges and

one bulge (located at the bottom substrate).

In the top panel of figure 9, there is only one neck because θbc and θtc lie in the bottom-

left quadrant of figure 3. In the second panel, θbc and θtc lie on the boundary between the
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bottom-left and bottom-right quadrants of figure 3, hence there is one neck (at the bottom

substrate) at small Bo, or one bulge (which replaces the neck at the bottom substrate)

and one neck (higher up on the bridge) at larger Bo. Note that the second neck/bulge

is predicted to occur for Bo > 2, and therefore the Bo-dependent thresholds given in the

bottom-right quadrant of figure 3 still apply if θbc = 90◦, not just for θbc > 90◦. Qualitatively

similar beaviour can be seen in the fourth panel of figure 9, where again the bridge is at

the transition between the bottom-left and bottom-right quadrants of figure 3. Finally, in

the third and in the bottom panels of figure 9, θbc and θtc lie in the bottom-right quadrant of

figure 3, which implies that bridges have two, one or zero necks/bulges, depending on Bo.

In the third panel, the threshold separating the no necks/bulges and the one neck and one

bulge regimes is Bo = 8, whereas in the bottom panel it is Bo ≈ 6.78. At these exact values

of Bo, the bridges exhibit a single degenerate neck/bulge coinciding with an inflection point,

as predicted previously.

Figure 10 shows the vertical positions of the necks/bulges for hybrid substrates as func-

tions of Bo for various contact angles. In figure 10(a), for θbc = 0◦ and θtc < 90◦, it is clear that

there is only one neck, whose position on the bridge rises as either Bo or θtc is increased. In

figure 10(b), for θtc = 0◦, the situation is more complicated, with only one neck for θbc < 90◦,

whose height increases with Bo but decreases as θbc is increased. For θbc > 90◦, one neck and

one bulge emerge for Bo > 2 (as predicted in figure 3), with the neck (above) rising and the

bulge (below) dropping as Bo is increased and θbc is decreased.

For all (θbc, θ
t
c) except θbc = θtc = 0◦, as Bo is increased the bridges’ minimum cross-

sectional area appears to diverge as Bo approaches its maximum (see figures 11 and 12).

Interestingly, there is a domain of (θbc, θ
t
c) in which the minimum cross-sectional area is a

non-monotonic function of Bo. As shown in figure 13, this domain coincides approximately,

but not exactly, with the bottom-right quadrant of figure 3. In both the bottom-right and

top-right quadrants, x′(0) = 0 at Bo = 0; as Ro is increased, x′(1) (the horizontal extent of

the bridge at the top substrate) decreases, as more and more of the bridge’s liquid content

is pulled downwards by the increasing force of gravity; this is illustrated very clearly in

figure 9. These two effects combine to cause the minimum cross-sectional area to peak

at some Bo and then decrease. However, if Bo goes up further, either x′(1) (in the top-

right quadrant) or the x-position of the bridge neck (in the bottom-right quadrant) hit

zero. From this point onwards, increasing Bo causes x′(0) to increase from zero: the bridge
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extends horizontally, close to the bottom substrate, and its minimum cross-sectional area

rises steeply. A similar effect is seen in a thin sliver of the bottom-left quadrant adjacent

to the bottom-right quadrant, although in this case neither x′(0) nor x′(1) become zero.

Moreover, in the bottom-left quadrant the minimum cross-sectional area exhibits a true

(albeit shallow) minimum as a function of Bo, whereas in the top-right and bottom-right

quadrants it is actually a downward-pointing cusp where the derivative is discontinuous.

The non-monotonic nature of the minimum cross-sectional area opens up some interesting,

though admittedly difficult to realise in practice, possibilities: (i) in some ranges of Bo, less

liquid may be required to bridge a wider than a thinner gap between two given substrates;

(ii) bi- or even tri-stable states, where the same amount of liquid suffices to bridge gaps of

different widths.

IV. CONCLUSIONS

We have integrated the Young-Laplace equation (quasi-)analytically to find the shape of

the 2D liquid bridge spanning the gap between two flat, horizontal solid substrates of given

wettabilities. We have also calculated the minimum cross-sectional area of such a liquid

bridge. This generalises to a physically more realistic situation our earlier work in which

it was assumed that the menisci at the two substrates were connected by a liquid film of

zero thickness. As shown in [1], the solution method we use yields results that are virtually

indistinguishable from those obtained using the Surface Evolver, which gives us confidence

that they are correct, in spite of the absence of experimental data to corroborate them.

Furthermore, we have established the range of gap widths for which the liquid bridge can

exist, for given contact angles at the top and bottom substrates. In particular, we found that

the absolute maximum span of a liquid bridge is four capillary lengths, for a perfectly wetting

top substrate and a perfectly drying bottom substrate. If the substrates are swapped, i.e.,

perfectly wetting at bottom and perfectly drying at top, then no bridge can form. We have

also derived the conditions for the existence, and positions of, any necks/bulges or inflection

points on its surface. All these results are analytically exact and only assume that the bridge

is in hydrostatic equilibrium.

However, we have not assessed the stability of the 2D bridges: this would be a whole

research project in itself, which at the moment we are unsure how to perform. One possible
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way would be to compare the area of the surfaces bounding a 2D bridge with minimal cross-

sectional area/fluid volume (which, we recall, is a liquid ‘wall‘, or sheet, extending along the

y-direction) with the total area of the surfaces bounding, e.g., a row of axisymmetric liquid

bridges (‘pillars’) with the same total volume. In this sense, our calculation of the bridges

of minimal cross-sectional area might be seen as a preliminary step in the assessment of film

stability.

Moreover, dimensionality is known to affect the shapes of bridges in slit-pore geometry

[43, 44]. We are at the moment unable to clarify this issue, which would require a more

detailed investigation.

The most significant limitation of our approach is perhaps that, besides assuming a 2D

geometry, we have neglected the disjoining pressure, i.e., the direct interaction between the

two bridge surfaces. This has been the subject of a number of experimental studies [45, 46]

and is known to be relevant in the limit of thin bridges [47]. However, the Young-Laplace

equation including disjoining pressure terms can only be solved numerically, which we defer

to a later publication.

For all he above reasons, ideally we would like to be able to compare our predictions with

experiments. We are not aware of any measurements on θ-bridges in slit-pore geometry,

although in principle this should be feasible, e.g., using a setup similar to that of [37], but

where the liquid contact lines are not pinned at the substrate edges, For sufficiently long

(along the y-direction) bridges, end effects should be negligible, thus rendering the bridge

effectively 2D.

In future work we plan to calculate the energy E of a liquid bridge, which would yield

the bridge-mediated force f between substrates as f = −(dE/dH)A. This will be repulsive

for some choices of Bond number and contact angles, and attractive for others.

Finally, a few words on possible practical applications. As menstioned above, all our

results have been obained for bridges in hydrostatic equilibrium:, and are therefore valid for

all fluids, Newtonian or not, and of arbitrary viscosity. It is interesting to speculate that,

through a judicious choice of substrate wettabilities and separations, one might be able to

fabricate objects of complex cross-sectional shapes without the need for moulds or dies.
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Appendix. Conditions for the existence of necks/bulges

In order for one or two necks/bulges to exist on the liquid bridge according to equation

(17), two conditions must be met: first, the discriminant under the square root must be

non-negative (so that the solutions for h′ are real; second, at least one of the solutions must

lie within the interval 0 < h′ < 1. There will be one neck and one bulge when both solutions

of equation (17) satisfy this, and only one neck/bulge if either the two solutions are identical

(in which case this will be a ‘degenerate’ neck/bulge coinciding with an inflection point), or

else if only one of the solutions satisfies this condition.

The discriminant mentioned above will be non-negative, i.e.,

Bo2 + 4Bo
(
cos θbc − cos θtc

)
+ 4

(
cos θbc + cos θtc

)2 ≥ 0 (30)

either when the discriminant of equation (30) (which is found to be −64 cos θbc cos θtc) is itself

negative (in which case equation (30) is always satisfied) or otherwise if

Bo ≤ 2
(
cos θtc − cos θbc

)
− 4
√
− cos θbc cos θtc

or Bo ≥ 2
(
cos θtc − cos θbc

)
+ 4
√
− cos θbc cos θtc (31)

Now, it can be shown that a necessary condition for both solutions of equation (17) to

satisfy 0 < h′ < 1 is

Bo > 2| cos θbc + cos θtc| and cos θbc < 0 and cos θtc > 0 (32)

Subject to these conditions (which imply that the discriminant of equation (30) is positive),

the first inequality in equation (31) is automatically excluded, because 2| cos θbc + cos θtc| >

2
(
cos θtc − cos θbc

)
− 4
√
− cos θbc cos θtc. Hence, the condition for one neck and one bulge to

exist is the second inequality in equation (31) together with the last two inequalities in

equation (32), namely:

Bo > 2
(
cos θtc − cos θbc

)
+ 4
√
− cos θbc cos θtc and cos θbc < 0 and cos θtc > 0 (33)
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There will be one neck/bulge if one of two conditions is satisfied. The first one (for

the degenerate neck/bulge) is that the two solutions given by equation (17) coincide, which

corresponds to replacing the inequality in equation (30) with an equals sign. The solutions of

that equation are then given by equation (31), with the inequalities also replaced by equals

signs. Since the first solution is again excluded by equation (32), which remains valid, this

yields

Bo = 2
(
cos θtc − cos θbc

)
+ 4
√
− cos θbc cos θtc and cos θbc < 0 and cos θtc > 0 (34)

Alternatively, the smaller solution of equation (17) satisfies 0 < h′ < 1 and the larger

solution h′ > 1, or the larger solution satisfies 0 < h′ < 1 and the smaller solution h′ < 0.

It can be shown that the first case leads to the following condition:

cos θbc < 0 and cos θtc < 0 (35)

which corresponds to one bulge, since the contact angles satisfy θbc > 90◦ and θtc > 90◦, and

the second case leads to

cos θbc > 0 and cos θtc > 0 (36)

which corresponds to one neck, since the contact angles satisfy θbc < 90◦ and θtc < 90◦. Note

that both of these conditions automatically satisfy equation (30), because its discriminant,

−64 cos θbc cos θtc, is negative.

Finally, there are no necks/bulges when none of the above conditions are satisfied, i.e.,

when either

Bo < 2
(
cos θtc − cos θbc

)
+ 4
√
− cos θbc cos θtc and cos θbc < 0 and cos θtc > 0 (37)

or

cos θbc > 0 and cos θtc < 0 (38)

This concludes our derivation of the conditions presented in section III and illustrated in

figure 3.
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θ
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top substrate

bottom substrate
x

h

FIG. 1: Sketch of a slab-symmetric liquid bridge spanning the gap between two flat horizontal

substrates: z is the height above the bottom substrate, x is the distance from the midplane of the

bridge (the z-axis) to the bridge border surface, H is the substrate separation, h is the position of

the bridge neck (i.e., where its surface is vertical), θ is the bridge surface inclination, and θtc and

θbc are the liquid contact angles at the top (z = H) and bottom (z = 0) substrates, respectively.

The gravitational acceleration is g.
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FIG. 2: Level curves for the maximum Bond number for which a liquid bridge can exist, for given

contact angles at the bottom and top substrates.
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FIG. 3: Regime diagram showing the number of necks/bulges on a liquid bridge for given contact

angles at the bottom and top substrates. Note that for 0◦ < θbc < 90◦ and 90◦ < θtc < 180◦ there are

no necks or bulges. For 0◦ < θbc < 90◦ and 0◦ < θtc < 90◦ there is one neck, and for 90◦ < θbc < 180◦

and 90◦ < θtc < 180◦ there is one bulge. The curves in the quadrant where 90◦ < θbc < 180◦ and

0◦ < θtc < 90◦ are the loci of bifurcation points: below the value of Bo labelling each curve there

are no necks or bulges, at that value there is a single ‘degenerate’ neck/bulge (which coincides with

an inflection point), and above that value there is one neck and one bulge.
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FIG. 4: Level curves for the minimum Bond number for which a liquid bridge has an inflection

point, for given contact angles at the bottom and top substrates.
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FIG. 5: Shapes of liquid bridges between identical substrates. Lengths are in units of λc, the

capillary length of the liquid. From top to bottom: θbc = θtc = 0◦, 45◦, 90◦, 135◦ and 180◦.
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FIG. 6: Scaled position of bridge neck/bulge h′ = h/H vs Bo for identical substrates (θbc = θtc).

For θbc = θtc = 90◦ the whole bridge surface is vertical if Bo = 0; if Bo 6= 0 the necks/bulges are at

the bottom and top substrates (h′1 = 0, h′2 = 1, so this case is not shown).
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FIG. 7: Dimensionless minimum cross-sectional area A/λ2c of liquid bridge between identical sub-

strates (θbc = θtc) vs (a) substrate separation in units of λc (which equals Bo1/2); (b) substrate

separation scaled by its maximum value. The areas of all bridges with θbc = θtc 6= 0 diverge at the

maximum substrate separation.
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FIG. 8: Shapes of liquid bridges between hybrid substrates (θbc < θtc). Lengths are in units of λc,

the capillary length of the liquid. From top to bottom: θbc = 0◦, θtc = 45◦; θbc = 45◦, θtc = 90◦;

θbc = 45◦, θtc = 180◦; θbc = 90◦, θtc = 180◦; and θbc = 135◦, θtc = 180◦.
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FIG. 9: Shapes of liquid bridges between hybrid substrates (θbc > θtc). Lengths are in units of λc,

the capillary length of the liquid. From top to bottom: θbc = 45◦, θtc = 0◦; θbc = 90◦, θtc = 0◦;

θbc = 180◦, θtc = 0◦; θbc = 90◦, θtc = 45◦; and θbc = 180◦, θtc = 45◦.
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FIG. 10: Scaled position of bridge necks/bulges h′ = h/H vs Bo between hybrid substrates, for (a)

θbc = 0◦ and varying θtc; (b) varying θbc and θtc = 0◦.
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FIG. 11: Dimensionless minimum cross-sectional area A/λ2c of liquid bridge between hybrid sub-

strates, for varying θbc and θtc = 180◦, vs (a) substrate separation in units of λc (which equals

Bo1/2); (b) substrate separation scaled by its maximum value.
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FIG. 12: Dimensionless minimum cross-sectional area A/λ2c of liquid bridge between hybrid sub-

strates, for varying θbc and θtc = 0◦, vs (a) substrate separation in units of λc (which equals Bo1/2);

(b) substrate separation scaled by its maximum value.
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FIG. 13: Regime diagram showing pairs of contact angles (θbc, θ
t
c) (black dots) for which the mini-

mum bridge cross-sectional area is a non-monotonic function of Bo.
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