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ABSTRACT 

Understanding the mechanical response of thermo-recoverable elastomers to applied 

deformation at different strain rates and temperatures is crucial for more effective exploitation 

of these reusable materials in industrial applications. The research presented in this paper aims 

to understand the thermal and mechanical responses of a healable, elastomeric supramolecular 

polyurethane, examining morphology, rheology and mechanical responses from low to high 

strain rates. In particular, measurement of the high strain rate response of low modulus, or low 

strength, materials is challenging, and the current paper addresses this by incorporating a 

modelling framework based on low-rate characterization. To support this research, significant 

characterization experiments have been performed, which also show, for the first time, the 

excellent reusability of the polymer.  The structure of specimens with different thermal 

histories was characterized using nuclear magnetic resonance spectroscopy, gel permeation 

chromatography and small angle X-ray scattering.  Differential scanning calorimetry and 

Rheometry were used to investigate thermomechanical performance during heating and 

cooling cycles, whilst large strain compression characterization was performed on a 

commercial screw-driven test frame, a hydraulic loading system and a split-Hopkinson 

pressure bar.  To describe the mechanical response of the polymer, a viscoelastic softening 



 

model was developed and characterized.  The model incorporates data from rheometry and 

dynamic mechanical analysis using the principle of time-temperature superposition in a Prony 

series, combined with a non-linear large strain response, and recovery.  The model was able to 

describe low strain rate behaviour under monotonic and cyclic loading, as well as predicting 

the response to monotonic loading at medium-to-high strain rates from 40 to 1220 s-1. The 

paper therefore demonstrates the effectiveness of using the viscoelastic theory and its analytical 

model to calibrate and further predict the mechanical behaviour of polymers at different strain 

rates: this is particularly useful for low modulus materials for which high strain rate 

characterization is challenging.  
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Highlights:  

 Characterization and modelling of a supramolecular polyurethane with healing capability. 

 Structural and mechanical properties measured using wide range of techniques 

 Data show consistent response over multiple thermal cycles: reusability and recyclability. 

 Model predicts high-rate response from static data, avoiding high strain rate 

characterization. 

  



 

1 Introduction 

The development of healable polymers that are capable of repairing damage either on the 

surface or within the bulk material is an extremely attractive proposition in many industrial 

applications, with potential to significantly reduce whole life costs and environmental impact 

[1]. Whilst a number of methodologies to achieve healable materials are known [2], 

supramolecular materials offer an attractive solution owing to their inherent ability to undergo 

multiple break/heal cycles without significant loss of performance [3][4]. Recent research has 

led to the development of specifically designed healable supramolecular polyurethanes (SPU) 

[5–10] which exhibit thermally-controlled mechanics and recoverable mechanical properties 

resulting from the use of dynamic and reversible non-covalent interactions such as hydrogen 

bonds and π-π stacking interactions in the polymer network [1,7,8,11–15]. In previous research, 

the synthesis of a polyurethane with excellent healing ability at around body temperature has 

been reported [8], where, following damage, the material’s mechanical properties could be 

recovered efficiently by re-assembly of the supramolecular network. Specifically, the polymer 

possesses complementary hydrogen bonding motifs which are able to self-assemble, in addition 

to secondary self-assembly though π-π stacking of the aryl units within the diisocyanate 

[16][17]. Furthermore, micro phase separation is observed between the apolar polymer 

backbone and the polar recognition motifs. It has been demonstrated that purification of the 

SPU is not necessary as the low molecular weight bis-urea by product is able to reinforce the 

polymer network and impart desirable mechanical properties [18–20]. The nature of these non-

covalent interactions permits the material, in common with other supramolecular polyurethanes 

[21–23], to be addressable as a result of its inherent thermo-responsive character of the 

supramolecular interactions, thereby delivering dramatic viscosity changes over well-defined 

and tuneable temperature ranges, as well as leading to the capability to recover a significant 

degree of their mechanical strength after damage. As a result of the non-covalent interactions 

within the network being relatively weak, the recognition motifs within the polymer can 



 

assemble or dissociate relatively easily as a consequence of the low thermal activation energy, 

making it, in common with other supramolecular polyurethanes and polyureas, easy to process 

at relatively low temperatures [24–26].  

 In previous research, the material properties of the supramolecular polyurethane have 

been characterized using dynamic mechanical analysis (DMA) and tensile tests, which revealed 

a mechanical response that is very sensitive to temperature [8]. However, further understanding 

of the large-strain mechanical properties is needed for application of the material. In order to 

use these materials in engineering applications such as polymer-bonded composites [27], it is 

necessary to characterize and model their mechanical response in different loading regimes, 

including high strain rate, large strain deformation. However, it can be very challenging to 

perform high strain rate characterization of soft materials such as this, owing to issues of weak 

signal transmission, stress non-equilibrium, and inertial effects being significant compared to 

material strength [28–31]. Recent studies have shown that it is possible to achieve reliable 

insights into the high strain rate response of many properties, even at large strains, by a 

combination of careful experimentation and implementation of time-temperature superposition 

(TTS) as part of the data interpretation [32–34]. 

 This paper provides an thorough exploration of the mechanical properties of a relatively 

low molecular weight, supramolecular polyurethane (SPU) which demonstrates healable 

characteristics [8]. The rheological and morphological properties were characterized along 

with the large strain compressive response, and a viscoelastic softening model was developed 

to describe the mechanical behaviour in monotonic and cyclic compression at low strain rates, 

monotonic compression from medium to high rates, as well as strain recovery at room 

temperature. We first characterized the consistency of molecularity and polymer morphology 

by executing 1H nuclear magnetic resonance (NMR) spectroscopy and gel permeation 

chromatography (GPC) experiments. Repeatable processability of the SPU was confirmed by 



 

both differential scanning calorimetry (DSC) measurements and rheometry. Further 

rheological analysis under controlled thermal cycles explored the dependence on the rate of 

change of temperature, which was described using an Arrhenius based model. There was good 

consistency between data from DSC, small angle X-ray scattering (SAXS) and large strain 

compression experiments. In order to model the compressive response, fundamental 

viscoelastic characterization was first obtained from a dataset assembled from rheological 

analysis and DMA experiments in which isothermal frequency sweeps were performed over a 

wide range of temperatures. The time-temperature superposition (TTS) principle was applied 

to produce a master curve, fitting into a Prony series to produce a generalized viscoelastic 

model describing small strain behaviour. To capture the large strain response over a wide range 

of strain rates, an additional characteristic dashpot and spring were combined with the 

generalized Maxwell model to allow strain softening and recovery to be modelled, respectively. 

This viscoelastic softening model was implemented in Simscape (MATLAB® & Simulink®), 

and calibrated using compression experiments at varying strain rates from 10−3 to 40 s−1; it was 

then used to predict the results of high strain rate experiments up to 1220 s−1. The geometric 

(strain) recovery during low-rate cyclic compression tests at room temperature was also 

incorporated into the model implementation. 

  



 

2 Material and background characterisation 

2.1 Synthesis of SPU and characterization methods 
Thermoplastic polyurethanes are a class of phase-separated block co-polymer, formed by soft 

and hard segments, with varying ratios by mass. The desired material was synthesized as 

described previously [8][18]. Firstly, a hydrophobic polyol, namely Krasol™ HLBH-P2000, 

was reacted with methylene diphenyl diisocyanate (4,4’-MDI) at 80 C for three hours to afford 

a prepolymer featuring isocyanate terminals. A hydrogen bonding motif, 4-(2-

aminoethyl)morpholine, was then added to the prepolymer to install the end-groups via urea 

bond formation and afford the desired polyurethane as shown in Figure 1. The polyurethane 

was designed to permit hydrogen bonding interactions for network self-assembly, consequently 

achieving a healing capability at readily accessed temperatures around 37 C [8]. 1H NMR 

spectroscopy was first used to confirm the synthesis. 13C NMR spectroscopy also corroborated 

the establishment of urea (156.2 ppm) and urethane (153.8 ppm) linkages in the supramolecular 

polymer. As an additional conformation of the formation of urethane/urea linkages in the 

polyurethane, infra-red spectroscopy revealed the complete consumption of isocyanates 

functionalities as observed by the disappearance of the vibration at 2270 cm-1. Furthermore, 

new absorbances at 1642 cm-1 and 1706 cm-1
 were attributed to the carbonyl stretches in the 

newly formed urea and urethane bonds, respectively. GPC analysis was conducted to confirm 

the extent of chain extension in the polyurethane, with an average of 2 hydrogenated 

poly(butadiene) residues per supramolecular polymer (Mn = 9100 g mol-1).  

  



 

 

  

Figure 1: Chemical structure of the supramolecular polyurethane, featuring urea morpholine 

end groups, used in this study and a schematic illustration of formation and dissociation of the 

polymer network when an appropriate stimulus, such as heat, is applied 

In order to perform the experimental program reported herein, samples of polymer were 

repeatedly re-melted and re-cast.  This gave the requirement and opportunity to assess their 

stability.  ‘Raw’ samples were produced first, by solution casting from THF into PTFE moulds. 

The samples were dried at room temperature overnight before drying at 80 °C under vacuum. 

To produce heat-treated specimens, this material was heated to 80 °C at 2 °C min−1 in an oven, 

and then cooled in air, in water, or under temperature-controlled cooling rates of 2 °C min−1 

and 10 °C min−1. Temperature profiles were measured using thermocouples embedded into one 

of the samples within the mould. Typical cooling curves for the air and water-cooled specimens 

are shown in Supplementary Information (SI), Figure SI 1. Samples that had each undergone 

four thermal treatments (‘repetitive’ specimens) were compared to ‘raw’ specimens and 

specimens that had undergone a single thermal treatment (‘single’ specimens). Spectroscopic 

and thermal analysis were carried out in order to identify whether any degradation had taken 

place via modification of the polymer backbone [35], or cross-linking [36][37] of the urethane 

or urea linkages. This allowed for the determination of whether disruption to the 

supramolecular network and polymer backbone had occurred over time. Finally, DSC, 

rheometry and SAXS experiments were performed in order to confirm that the order and 

assembly of the SPU network had not altered.  



 

2.2 Molecular characterization 
1H NMR spectroscopy was conducted to examine the stability of the SPU under different 

processing conditions (Figure 2). Samples that had undergone thermal treatment were 

compared to the raw material and revealed no significant difference in chemical shifts or 

integration of key resonances. The successful synthesis of the SPU was first confirmed by 

which revealed a resonance at 4.16 ppm, characteristic of methylene residues adjacent to newly 

formed urethanes in the polymer backbone. Furthermore, the decoration of the pre-polymer 

with the hydrogen bonding motif was confirmed by the triplet at 3.33 ppm. This triplet was 

assigned to the methylene residue adjacent to the newly formed urea motif within the hydrogen 

bonding end-groups. The resonance at 4.16 ppm and 3.33 ppm corresponding to the methylene 

residue adjacent to urethanes and urea moieties, respectively, were unchanged after thermal 

processing, indicating that the polymer backbone remained intact. Importantly, the integration 

ratio between end-group resonances and the polymer backbone remained constant after thermal 

processing when compared to the raw material, demonstrating no alteration to the composition 

of the polymer network. Furthermore, no additional, new signals were observed in the 1H NMR 

spectra for any samples after treatment, again demonstrating that the polymers were stable to 

the thermal processing conditions.   

 

 



 

 
Figure 2: 1H NMR spectroscopic data for SPU specimens following different thermal 
processing regimes, using air-cooling, water-cooling, or controlled cooling rates. 

 

 

To further monitor the stability of the SPU under the thermal processing conditions 

described above, GPC experiments were undertaken to explore any changes in molecular 

weight (Figure 3). In good agreement with the data collected by 1H NMR spectroscopy, GPC 

analysis demonstrated no significant difference in the molecular weight of the materials after 

processing (Mn between 8650 g mol-1 and 8800 g mol-1) compared to the raw material (8750 g 

mol-1) as revealed by the multi-modal signals at retention times between 13 and 16.5 minutes. 

Furthermore, the polydispersity of all samples before and after processing was relatively 

narrow (Ð = 1.45), further revealing that no trans-urethanation had occurred [35].  



 

13 14 15 16

0

1

2

3

 'Single' sample-natually cooled in air        Raw material

 'Single' sample-natually cooled in water

 'Single' sample-cooled at 2 C min-1

 'Single' sample-cooled at 10 C min-1

 'Repetitive' sample-natually cooled in air

 'Repetitive' sample-natually cooled in water

 'Repetitive' sample-cooled at 2 C min-1

 'Repetitive' sample-cooled at 10 C min-1
In

te
n
s
it
y
 (

a
rb

. 
u
n
it
)

Retention time (mins)
 

Figure 3: GPC results for three types of SPU specimens: ‘raw’, ‘single’ and ‘repetitive’, 

demonstrating that the molecular weights do not change with repeated processing. 

 

2.3 Thermal Characterisation 

DSC was used to examine the thermal properties of the material, focusing on the effect 

of different cooling rates, Figure 4.  A single ‘raw’ specimen was taken and first cooled 

to -80 °C at 1 °C min−1; after a 5-minute hold at -80 °C, a constant heating rate of 5 °C min−1 

was applied until the temperature reached 90 °C, at which temperature the specimen was again 

held for 5 minutes. The specimen was subjected four cycles of cooling treatments from 90 to -

20 °C, at different rates, each followed by heating at 5 °C min−1. Full experimental data from 

three specimens can be viewed in the SI, Figures SI 2-4; Figure SI 5 shows the consistency 

between heat flow data in the different cooling loops. 
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Figure 4: DSC experiments with different cooling rates performed on an initially cast specimen 

(a) measured heat flow for the different heating and cooling loops (b) detail of heating loops. 
 

The DSC experiments revealed a glass transition at approximately -45 °C, which is the 

Tg of the soft domain within the micro-phase separated polymer. A second endothermic 

transition at around 20 °C was also observed, which may be associated with dissociation of the 

thermo-reversible supramolecular structure: this is repeated in all of the cycles. In the first 

heating, an additional broad endothermic dip was observed starting at 40 °C. This was not 

observed in subsequent cycles, and may be associated with phase separation within the cast 

material which has insufficient time to reform equilibrium in subsequent loops given the 

cooling and heating rates imposed [24]; evidence of an additional structure in the ‘raw’ 

specimens is shown in the SAXS data below.  

2.4 Structural Characterisation 

Small-angle X-ray scattering (SAXS), was performed to examine the nanoscale 

structure resulting from different cooling rates. SAXS was executed on both ‘raw’ and ‘single’ 

specimens, results are shown in Figure 5. All SPUs exhibited a typical micro-phase separated 

morphology as confirmed by the Bragg peak centered at 0.016 Å-1, which arises from 

immiscibility of the polar hard (self-assembling) and apolar soft (polymer backbone) domains 

[8]. Additionally, the raw material exhibited a slight shallower SAXS profile compared to the 



 

processed polymers at high q values (0.011-0.014 Å-1) as a result of a potentially modified 

micro-phase separation. This may further corroborate the existence of kinetically trapped phase 

separation, as observed by DSC measurements. Furthermore, the SAXS profiles also possess 

a reflection centered at 0.061 Å-1. This second order SAXS peak (q√3) corresponded to 

hexagonal packing of cylinders within the micro-domains as a result of association of the 

urethane-urea motifs which allowed to form without disruption. Again, no significant 

differences were observed in SAXS profiles of the materials post treatment demonstrating that 

the polymer was stable over the different cooling regimes reported.  
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Figure 5: SAXS data obtained at 25 °C for ‘raw’ material, and ‘single’ SPU specimens 

prepared using different thermal processing regimes.  All samples experienced a heating rate 

of 2 °C min-1 to a temperature of 80 °C before being cooled in air, in water or at controlled 

rates between 1 and 10 °C min-1. 

 

 

2.5 Effect of cooling on mechanical response 

In addition, compression experiments were performed on water and air cooled 

specimens; temperature profiles can be viewed in Figure SI 1. The compression data, Figure 

6, reveal that the material can be re-processed multiple times without degradation of initial 

stiffnesses, although small differences in behaviour were observed at large strains. This is 

consistent with the data presented above, in which the results were not affected by processing 

thermal cycles. 
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Figure 6: Stress-strain relationships in (a) air- and (b) water-cooled specimens under 

compression: ‘single’ specimens have undergone a single thermal treatment, while ‘repetitive’ 

specimen received four thermal treatments. The compression were performed at ambient 

temperature between 19-21 °C, differences between the curves might be due to temperature 

variations.  

2.6 Rheological characterization 

Rheological analysis was conducted to probe the mechanical properties of the materials, and 

their dependence on temperature and heating rate; data from this analysis were also used to 

populate later models of this behaviour. Test specimens were made by first melting the pristine 

solution cast (raw) material, and then casting a disk specimen of 20 mm diameter and 1.5 mm 

thickness using a PTFE mould (similar to the one in Figure SI 21); the density was measured 

as 950 kg m−3 and Poisson’s ratio is 0.49. Rheometry experiments were performed under a 

constant oscillatory deformation at 1 Hz, with a 0.1 % shear strain amplitude.  Before starting 

each experiment, the specimen was heated to 80 °C in order to ensure good contact between 

the specimen and plate.  Two series of experiments were initially performed to investigate the 

effect of heating rate and cooling rate on the mechanical performance of the supramolecular 

polyurethane: in the first series, the specimens were heated from 20 to 90 °C at five different 

heating rates, before cooling at a constant 2 °C min−1; in the second, the heating rate was fixed 

at 2 °C min−1 but different cooling rates were employed.  In both cases, output data, including 

moduli and contact force were recorded. 

Analysis of rheology data, Figure 7, showed that the higher heating rates gave rise to a 

higher modulus on heating, but that there was no effect on the properties measured during the 



 

subsequent cooling regimes; similarly, higher cooling rates gave a lower modulus on cooling, 

but have no effect on the properties during subsequent heating.  This is consistent with the DSC 

data, and SAXS analysis. Further rheological experiments were performed to confirm 

repeatability of the data from different cycles, and to confirm that the results obtained were not 

affected by previous cycles (Figure SI 6). Overall, the data demonstrate the reversibility of 

material properties, and support the reusability of the material. They also indicate that there is 

a time dependence in the evolution of the polymer structure, and hence the mechanical 

response, but that the time taken for the reversal of the temperature ramp at room temperature 

is sufficient for the subsequent ramp to be unaffected. 
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Figure 7: Rheological analysis at different (a) heating rates or (b) cooling rates of 1, 2, 5, 10, 



 

20 °C min−1. Mean data for the cooling and heating portions of the loops (at 2 °C min−1) are 

also shown. The full sets of results from cooling and heating, respectively, are shown in (c) and 

(d).  These data also show that processing at different rates does not affect the subsequent 

properties. Oscillation frequency 1 Hz and amplitude 0.1%. 

2.7 Models for rheological characterization 

Two simplified models were used to characterize the effects of heating or cooling on observed 

material properties. The first model, the ‘shift method’, was based on the observation that data 

from different heating and cooling rates had a similar shape through the experiment, but were 

simply offset from one another. This led to the concept that any modulus-temperature profile 

at a certain heating or cooling rate might be predicted using data obtained from a reference rate. 

The analytical formulation of this model is introduced in the SI, with implementation shown 

in Figures SI 7-8. The second model used a differential equation based on an Arrhenius 

formation including both time and temperature variables, to calculate the unit moduli on each 

unit temperature rate. These methods were chosen as they are both commonly used to describe 

time-temperature equivalence in polymers.  The appropriate parameters were found by fitting 

to the experimental data.  Here, the Arrhenius model is described briefly, more detail about 

both models may be found in the SI.  

The second model explicitly captures the evolution of modulus with time and 

temperature using an Arrhenius equation to model the temperature effect on the rate at which 

the polymer structure evolves. This relationship is often applied to the physical interpretation 

of kinetic transformations induced by thermal process [38][39]. The model describes the rate 

of change of modulus with respect to temperature according to  

0[ ( )]
U

kT
ref

dG
r G G T e

dt



   Eq. (1) 

where G is the current modulus output by the rheometer; Gref(T) is a temperature-dependent 

reference ‘long term’ modulus to which the current modulus evolves; r0 and U are parameters 

to be calibrated using the empirical data; T is the absolute temperature; and k is the Boltzmann 

constant, equal to 1.3806 × 10-23 J K-1. In practice, Gref was assumed to be the modulus-



 

temperature profile produced by averaging the cooling and heating curves at 2 °C min−1. Figure 

8, shows modulus curves on heating and cooling, as produced by the model, using parameters 

of r0 = 2 s-1 and U/k = 1312 K.  It is noted that here the measured time-temperature profiles 

(Figure SI 10) were used, allowing the model to account for the changes in heating and cooling 

rate through the experiment, thus representing an advantage of this approach.  

 Further validation of the model, via comparison to other experiments to verify its 

capacity and applicability is provided in the Supplementary Information, Figures SI 12-16. 
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Figure 8: Application of the Arrhenius equation based model to (a) heating and (b) cooling 

rates of 1, 2, 5, 10, 20 °C min−1. The reference curve was the average of cooling and heating 

at 2 °C min−1, representing the temperature rate 𝑇̇ → 0. The experimental temperature profiles 
and model parameters of r0=2 s-1 and U/k=1312 K were used. Oscillation frequency 1 Hz and 

amplitude 0.1%. 

 

 

 
 
 

  



 

3 Dynamic Mechanical Analysis and production of Master Curves 

In order to understand and model the data obtained from monotonic compression testing reported 

in later sections, thermo-mechanical analysis of the specimens was performed using Rheometry, 

as described above, and DMA.  Each of these systems is able to characterize a different regime of 

material behaviour: rheometry for elevated temperatures where the material has low modulus, and 

DMA for low temperatures, for which the stiffness is higher. The empirical behaviour of 

thermoplastic elastomers between the rubbery and glassy states has the well-known time-

temperature equivalence [40]. Making use of this, master curves of the behaviour as a function of 

frequency at different temperatures were produced from the experimental data in a manner 

consistent with the later modelling strategy. The rheometer sample was first prepared by melting 

at 80 °C, and air cooling in a PTFE mould to produce specimens of diameter 20 mm and thickness 

1.5 mm. Once inserted in the rheometer, the specimen was again heated to 80 °C and cooled back 

to room temperature (at 2 °C min−1 for heating and cooling) to ensure full contact with the 

measurement plates and removal of potential residual stress. Isothermal frequency sweeps (1-

100 Hz with 100 measurement points) were then performed at 10 °C temperature intervals from -

20 to 80 °C at 0.1 % shear strain.  

For the DMA experiments, rectangular samples (5 × 20 mm, thickness 1.2 mm) made in 

the same manner were tested in a DMA machine (Q800, TA Instruments) in the tensile mode. 

Isothermal frequency sweeps were again performed, but at 5 °C temperature intervals from -60 to 

30 °C, at 0.05 % strain and with 20 frequencies between 1 and 100 Hz. In these DMA experiments, 

however, the specimen was observed to start exhibiting significant permanent elongation, ether 

yielding or creep, when the temperature was above 15 °C.  Conversely, the rheometer is not able 

to produce accurate data at low temperatures, below -10 °C this is shown in Figure 9 and Figure 

SI 17. Therefore, the experimental data from DMA and rheological analysis were combined 

together to produce a single master curve, taking advantage of the ability to produce overlapping 

data, in Figure 10; the shift factors and a Master Curve for E’’, are given in Figure SI 18. The 



 

shift factors can themselves be fitted by the well-known Williams-Landel-Ferry (WLF) equation 

[41], 
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where Tref is a reference temperature, and C1 and C2 are constants fitted to the data.  Further, 

the master curve can be fitted by a Prony series 
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where E(0) is the instantaneous elastic modulus in the time domain, and the values of Ei and 

𝜏𝑖 = 𝜂𝑖 𝐸𝑖⁄  are fit to the experimental data. These parameters can also be used to express the 

storage and loss moduli as functions of frequency using 
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where ω is the applied frequency. Here, E’ and E’’ are defined as the real and imaginary parts 

of the complex moduli during cyclic loading. In this case, the Alfrey Approximation [42] was 

used to parameterize the Prony series, which was then applied in the model described in the 

next section; the parameters obtained are given in Tables SI 1 to 3 at different temperatures, 

the Prony series at different temperatures are also shown in Figure SI 19. 
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Figure 9: (a) DMA data showing isothermal frequency sweeps at different temperatures. The 

DMA performs well from -60 to 30 °C but inaccuracies are apparent above 10 °C. (b) 

Rheometer data are accurate at higher temperatures but not below -10 °C. Here, DMA data 

at -10, 0 and 10 °C are overlaid to show the consistency between these two techniques. 
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Figure 10: (a) and (b) A continuous master curve of E′ vs. log f generated by applying TTS to 

E′ vs. log f curves at different temperatures from the rheometer and DMA. In particular, (a) 

shows the consistency between the two sets of data. A Prony series was fitted to the storage 

modulus profile in (b) using the full range of frequencies.  
  



 

4 Viscoelastic Softening Model 

Phenomenological models of polymers are commonly used to describe viscoelastic, 

viscoplastic, and softening behaviour [43–46]. These models often use combinations of 

Hookean springs and Newtonian dashpots to describe the empirical behaviour [46–50]. A 

simple model, Figure 11, is proposed here and calibrated using thermo-mechanical data as well 

as compression tests. Here, the generalized Maxwell model is used to express the fundamental 

viscoelasticity, calibrated by using the Prony series fit to the rheometer and DMA data as 

described above; there is an additional dashpot (η*) added to allow softening at larger strains, 

observed in the compressive data; finally, an external spring (E*) captures strain recovery 

observed upon removal of load. In order to aid the fitting to the experimental data, two forms 

of the dashpot were used: η*
linear, in which the viscosity was independent of stress level, and 

η*
nonlinear, in which there was stress dependence. The entire model was constructed in Simscape 

(Simulink, Matlab), shown schematically in Figure SI 20. In order to calibrate the model, quasi-

static compression experiments were performed; the model was later tested against data 

obtained at higher strain rates.  The quasi-static experiments were executed in a commercial 

screw-driven testing machine (Instron 5982). Test samples of diameter 6.3 mm and height 7.3 

mm were cast in a PTFE mould (see Figure SI 21) at 80 °C, using the same approach introduced 

in the rheometry section, and air-cooled to room temperature. Experiments were conducted at 

strain rates of 0.001, 0.005, 0.01, 0.05, 0.1 and 0.5 s−1; force was recorded using a load cell and 

strain calculated from local measurements of the axial displacement using an extensometer 

attached to the loading platens: the experiments were performed at constant true strain rate. 

After the test, the zero-stress strain recovery was recorded against time.  
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Figure 11: Schematic of the viscoelastic softening model. The model combines springs and 

dashpots described by the Prony series, an additional dashpot η* and a recovery spring E*.  

 

The characterization of the dashpot (η*) and spring (E*) is provided in Figure 12.  The 

strain rate-controlled model was implemented to compute stress-strain responses at different 

strain rates. The values of η*
linear were defined at each strain rate by optimizing the model to 

the experimental data. From the outputs, it was observed the model stress-strain response 

started to flatten around strain 0.6, showing that the dashpot is fully activated. By inputting the 

initial linear value of η*
linear to match the empirical strain-stress curves (shown later in Section 

5), the value of stress was determined when ε = 0.6. These values of η*
linear and stress enabled 

construction of a linear relationship of log η* against log σ. This implied a relationship of the 

form  

𝑑𝜎

𝑑𝜀̇
= 10𝛽 ⋅ 𝜎𝛼 

Eq. (6) 

where α and β are fitting parameters for the linear relationship. Applying the boundary 

condition: σ(t=0) = 0, allows a relationship to be derived between stress and strain rate by in 

order to characterize the dashpot: 

𝜎 = (𝜒𝜀̇)𝛿 Eq. (7) 

where χ and δ are determined by solving the differential equation (ODE) in Eq. 7.  

In the Simulink model, η*
linear can be simply represented by a standard linear dashpot; 

while for η*
nonlinear, the behaviour was described using a ‘Lookup Table’. This was implemented 



 

by fitting well-selected dispersed values along the plot given by the ODE solution. In practice, 

larger numbers of sampling points were taken at low strain rates, with more dispersed points 

up to 40 s-1. It is noted that the strain rates experienced in this dashpot are small even when the 

overall strain rate is high.  Now, both η*
linear and η*

nonlinear can be inserted into the Simscape 

model allowing simulation of experiments over the full range of strain rates, as demonstrated 

in later sections. 
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Figure 12: (a) A series of linear dashpots was first fitted to the experimental data, the 

logarithms of the fitted viscosities were found to be linear in log(applied stress), described by 

the function given and extrapolated to high strain rates.  (b) The character of the non-linear 

dashpot was determined by finding the solution to the ODE formed for η∗ against σ; this was 
then sampled at the points shown to produce a lookup table for the model. 
 
 

The value of the spring, E*, was then determined. Having derived the stress-strain 

relationship for loading, the stress history was re-inputted back to the Simscape model using 

stress-control (Figure 11). To simulate the recovery after compression, a zero-stress period was 

added after the loading history to form a full representation of the specimen history, including 

loading, unloading and recovery. This was done to avoid complications when switching 

between strain rate and stress control.  An appropriate value of E* (= 0.85 kPa) was fit by 

comparing the model output to empirical strain recovery data, shown in Figure 13b. All 

recovery experiments and simulations were performed at 25 °C and recovery data can be 

reviewed in Figure SI 22 and Table SI 4. 
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Figure 13: (a) A series of specimens were compressed to different strains, εf, (in experiments 

lasting a few minutes) and allowed to recover a period of a few hours before being reloaded, 

whilst the strain, ε0, was monitored; some of the samples were then reloaded. (b) a value of E* 

= 0.85 kPa allowed the model to capture the recovery history of a number of samples, including 

those loaded cyclically (1-3) or monotonically (4) to different strains. All experiments were 

executed at a temperature of 25 °C. 

 

An example of a full set of model outputs for a monotonic loading is shown in Figure 

14. The figure shows the stress-strain behaviour in the Maxwell components, identified spring 

E* and the entire model, as well as the strain behaviour of the Maxwell model, identified 

dashpot η*
nonlinear and the whole model, on both short and long timescales. 
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Figure 14: Model outputs for a sample compressed at 0.01 s-1, 25 °C. The figure shows stress-

strain relationships and strain time histories in different components of the model.  
 



 

5 Application of Viscoelastic Softening Model 

5.1 Model application at low-to-medium strain rates 
Experiments were performed at a constant temperature of 25 °C but various strain rates: true 

strain rates of 0.001, 0.005, 0.01, 0.05, 0.1 and 0.5 s−1 using a commercial screw-driven testing 

machine (Instron), and true strain rates of 1.36, 11.5 and 40 s−1 using an in-house hydraulic 

system1. The samples had diameter 6.3 mm and thickness 7.3 mm. At least three samples were 

tested at each rate, the representative data was selected to show in this section. Full data can be 

viewed in Figure SI 23 and 24.  The development of the model for loading and (for the lower 

strain rates) unloading is shown in  Figure 15, Figure 16 and Figure 17.  The isolated 

generalized Maxwell model is shown in Figure 15, this model over-predicts the specimen 

response. Then the viscoelastic softening model was applied, Figure 16 and Figure 17 which 

show a comparison of implementations using η∗linear and η∗nonlinear: firstly the linear 

implementation, in which a constant viscosity value is fit to each experiment and then the 

nonlinear implementation, in which a global, stress-dependent η∗nonlinear is used. Both models 

are shown to well describe the experimental data.  In particular, at strains below 0.08 the 

generalized Maxwell model has good agreement, showing that the Prony series derived from 

DMA and rheometry master curves are sufficient to capture this behaviour. At larger strains, 

the addition of the extra dashpot and spring allowed the model to describe both the softening 

(relative to the Maxwell model) and subsequent unloading. An example of the behaviour of the 

model components can be viewed in Figure SI 26. A discussion of recovery and cyclic loading 

will follow in Section 6. 

 

 

                                                     
1 These strain rate may be related to the material relaxation frequencies in Figure 10 by assuming that 

the relevant frequency and strain rate are approximately equal.  Whilst this is a simplification, it allows 

an understanding of the material regime of relevance in these experiments. 
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Figure 15: Isolated generalized Maxwell model compared to low and medium rate 

compression experiments, at a temperature of 25°C but varying strain rates. 
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Figure 16: Viscoelastic softening model with linear dashpot η∗
linear (strain-rate dependent) and 

nonlinear dashpot η∗nonlinear (stress-dependent value), compared to low strain rate compression 
experiments, at a temperature of 25°C but varying strain rates. 
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Figure 17: Viscoelastic softening model with linear dashpot η∗
linear (strain-rate dependent) and 

nonlinear dashpot η∗nonlinear (stress-dependent value), compared to low strain rate compression 



 

experiments, at a temperature of 25°C but varying strain rates. 

  



 

5.2 Model application at high strain rates 

The split Hopkinson bar (SHPB) technique is a standard methodology to study the high rate 

compression of polymers, as well as other materials [29]. In the experiments in this study, a 

cylindrical specimen was placed between the ends of two titanium alloy bars, Figure 18. A 

third striker bar is accelerated using pressurized gas into the incident bar. The subsequent 

impact creates an ‘incident’ stress wave which travels along the bar to the specimen. At the 

bar-specimen interface, some of the wave are reflected and some transmitted. The incident, 

reflected and transmitted waves were measured by strain gauges attached to the incident and 

transmission bars. These strain waves were used to calculate the deformation rate and force at 

the specimen interfaces, from which the corresponding true stress and true strain in the 

specimen were obtained. Since the stresses supported by this material are very low, a pair of 

bars instrumented with an additional pair of sensitive piezo-electric stress gauges, mounted at 

the specimen bar interfaces, was used for the specimen stress measurements [51]. 

Pizoelectric material

strain gaugestrain gauge

sample
transimission barincident barStriker

  

Figure 18: Experimental configuration for SHPB test [51] 

Compression SHPB experiments up to 1220 s−1 were executed. Full experimental data 

can be reviewed in Figure SI 25. For these experiments, the environmental temperature was 

measured as 17 C, so a new Prony series was generated by shifting the original master curve 

from 25 °C (shown in Figure SI 19 and Table SI 3). The new master curve and new Prony 

series were then applied to the generalized viscoelastic Maxwell model to form the basic 

component of the softening model. The value of the additive dashpot and spring were consistent 

with those used in the previous section: the dashpot η∗linear and η∗nonlinear were identified from 



 

the previous extrapolation in Figure 12. A comparison of the model outputs and experimental 

data are shown in Figure 19.  It is noted that the empirical temperature must be recorded 

accurately due to the temperature sensitivity of the material, see Figure SI 28. 
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Figure 19: The high-strain rate compression experiments, at a temperature of 17 °C. The value 

of η∗linear used was 0.47, 0.44, 0.36 for strain rates of 530, 820 and 1220 s−1, obtained from the 

linear fitting in Figure 12a. The models using η∗nonlinear used the table derived in in Figure 12b. 
The stress-strain curves for the viscoelastic Maxwell model and the full model using the two 

identified dashpots are shown. 

 

For these experiments, it was observed that the viscoelastic Maxwell model already 

provides good agreement with the empirical curves, whilst the addition of the viscoelastic 

softening improves this further (e.g. at 530 and 830 s-1). At these strain rates the resistance of 

the dashpot to deformation is high, so it does not contribute significant additional strain.  

Further figures illustrating the stress and strain rate in the dashpot, and other model elements, 

are given in the Figure SI 27. Therefore, the softening model is a fully predictive methodology, 

which enables predict high rate behaviour from the master curve and low rate response. 

 

The effect of specimen inertia must be taken into account when interpreting data from 

Hopkinson bar experiments. The rapid acceleration of the specimen produces extra stress 

measured in the system. In this case, the specimen is accelerated to the peak strain rate 1220 s−1 

from rest. The specimen stress measured during a Hopkinson bar experiment through of the 

sum of stress components [52]: 



 

T M I F others s s s s     Eq. (8) 

where σT is the stress measurement, σM is the material strength to be measured, σI is an 

enhancement owing to inertia, σF is an enhancement owing to friction and σother is the 

enhancement owing other effects that may be present. 

The inertia-induced stress is calculated by [52–54] 

where ρ is the material density, 𝜀̇ and 𝜀̈  are strain rate and strain acceleration, a = 4.9 mm is 

the radius, and h = 7.3 mm is the height, of this specimen, and v represents the speed of the 

output bar. The magnitude of this inertia stress is only 0.08 MPa at a strain rate of 1220 s−1: the 

inertia effect is not significant in these experiments. 

Another possible effect was the temperature rise owing to the conversion of mechanical 

work to heat. The high strain rate experiment is assumed to take place in adiabatic conditions 

as the duration is very short. Therefore any heat generated during the loading will be retained 

in the specimen, causing an increase in temperature which can be approximated, assuming that 

all the mechanical work done is converted to heat, by [55] 

0
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where ∆W is the work done, ∆Q is the heat generated, σ the true stress, ε the true strain, 

ρ = 950 kg m−3 the material density, Cp = 1850 J kg−1 K−1 the specific heat capacity at constant 

volume and ∆T the rise in temperature. Here, the heat capacity Cp is obtained from the DSC 

experiments. Using the assumption that β→1 for all the work is converted to heat, which is a 

significant over-estimate for these materials in which we have shown the that quasi-static 

loading is recoverable, this equation gives a temperature rise of only 0.4 °C at 0.2 strain in 

strain rate of 1220 s−1, which only causes slight changes in the simulation results, shown in 
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Figure SI 29.  

6 Model application to strain recovery and cyclic loading 

As described above, the spring E* was calibrated to match the recovery of the specimens after 

leading. Once calibrated, this model was used to simulate cyclic experiments in which the 

specimen was loaded, unloaded, allowed to rest for 6 hours and then reloaded; an example is 

given in Figure 20.  More information about the strain recovery in the different elements of the 

model is presented in Figure 21. The most important point to note here is that the same value 

of E* successfully describes the behaviour of specimens loaded to different final strains. 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.00

0.05

0.10

0.15

0.20

0.25

S
tr

e
s
s
 (

M
P

a
)

Strain

 Sample 1, 0.01 s-1

 Whole model simulation, 0.01 s-1

strain

recovery

6hrs

Figure 20: The viscoelastic softening model compared to a multi-cyclic compression 

experiment.  
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Figure 21: The viscoelastic softening model under stress-control (e.g. the zero-stress vs. time 

as input profile) to simulate the recovery process. The figures display (a) strain profiles of the 

full model, dashpot and Maxwell elements. (b) The model simulation of first recovery and 

second recovery compared to the empirical data. The measured strain data are given in Table 

SI 4.  

 



 

7 Conclusions 

This paper presents data on the thermo-mechanical response of a supra-molecular 

polyurethane, and a simple model to capture this response. Structural characterization has been 

performed, which, combined with compression data on recycled specimens, show the 

reusability of the material over multiple cycles. Further, a simple model of the response during 

rheological characterization is presented, along with a model for the large strain behaviour 

which, in particular, is able to predict the high strain rate response   

1H NMR spectroscopy, GPC and DSC analysis have shown that the molecular 

architecture, molecular weight and intermolecular hydrogen bonding of the polymer were not 

affected by the cooling rate, showed little dependence on cooling rate during processing, and 

that there was no observable degradation when subjected to multiple heating and cooling 

cycles.  DSC and SAXS analysis also demonstrate that, apart from an initial structure obtained 

during solution casting, the structure is thermo-reversible; this is also supported by cyclic 

rheological experiments. Considering the mechanical data, there is a small difference in the 

response of the material as a result of different cooling rates, as reflected in both the rheometry 

results and  large strain compression data.  Further work would be required to understand these 

changes. The variation in mechanical behaviour in the rheometer experiments was calibrated 

by two models: the ‘shift method’ and an Arrhenius based differential equation, in which it is 

important to consider the exact experimental temperature profile.   The time-dependence of the 

mechanical properties are noted; however, it is also observed that the differences quickly 

disappear, and the differences observed during cooling do not affect the subsequent heating 

cycles. 

In order to build the large strain mechanical model, characterization of time and 

temperature dependence was performed using both DMA and rheometry experiments. These 

data sets were combined to derive a master curve, which was described using a generalized 

Maxwell model and Prony series.  Comparison of this model to large strain compression data 



 

indicated that it was not able to capture the softening of the material, hence a modified 

viscoelastic model was developed using an additional dashpot to capture large strain response, 

and a spring for strain recovery.  The model was first fit using linear dashpots with different 

values according to the loading rate; these were then replaced with a non-linear dashpot.  The 

data demonstrated that a model calibrated using data from experiments performed at low and 

intermediate strain rates, but was able to predict the response in high strain rate loading up to 

1220 s-1. The model was also able to capture strain recovery after compression, and cyclic 

loading.  As well as being applicable to the practical use of this material, the model shows the 

value of using predictive approaches to measure the high strain rate response, which can be 

difficult to measure directly. Further research is ongoing to implement this into a model for 

composites based on this material. 
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