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Abstract 21 

There is an increasing incidence of overheating in subway tunnels in recent years especially 22 

in old subways without air-conditioning e.g., London Underground. There is still lack of a 23 

clear understanding how tunnel-air temperature is determined by the complex thermal 24 

processes in subway tunnels. In this study, a mathematical model that describes the thermal 25 

processes in deeply buried subway tunnels was developed. Analytical solution was derived 26 

by separating the solution into time-averaged component and periodic component. The results 27 

show that the time-averaged component of tunnel-air temperature will approach steady state 28 

as the time tends to infinity, which has a positive linear relation with internal heat-source and 29 

average ambient temperature. Active cooling or heat-recovery systems could soon become a 30 

necessity in subway tunnels due to both global warming and increasing internal heat 31 

generation. Compared with outdoor air, the amplitude of the tunnel-air temperature shows a 32 

significant reduction in the day period but not in the year period. The surrounding soil 33 

temperature will keep changing for thousands of years. This study offers a new physical 34 

insight to analyse and mitigate overheating in subway tunnels. 35 

Keywords: Subway tunnels; Heat transfer; Thermal mass; Ventilation; Thermal coupling 36 
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Nomenclature 38 
A tunnel-wall surface area for unit length tunnel, m2/m 

as thermal diffusivity of soil, m2/s  

Bi Biot number 

C  specific heat, J/kg∙℃ 

D ratio of the time scale for ventilation that affects tunnel-air temperature and 

the period time length 

E internal heat source of unit length tunnel, W/m 

𝐸𝑠𝑢𝑟  heat flux through the tunnel-wall surface of unit length tunnel, W/m 

f attenuation ratio of amplitudes of temperature 

Fo Fourier number 

𝐹𝑜R
𝜔 Fourier number with the characteristic length of R and the characteristic 

time of 1/ω 

h convective heat transfer coefficient at the tunnel-wall surface, W/m2∙℃ 

J0, J1 Bessel functions of the first kind with the integer 0 and 1 

Ks thermal conductivity of soil, W/m∙℃ 

n ventilation air change rate, ach/h(ach/s)  

q ventilation air flow rate for unit length tunnel, m3/(s∙m) 

R hydraulic radius of the tunnel, m 

r distance from the central axle of the tunnel, m 

T temperature, ℃ 

t time, s 

TE air temperature increase due to the internal heat source E, ℃ 

Tg initial soil temperature in deep ground without disturbance, ℃ 

u integrable variable with the dimension of length, m 

V inner volume of unit length tunnel, m3/m 

∆X amplitude of X 

∆�̃� transient value of periodic component of X 

�̅�  time-averaged component of X 

Y0, Y1 Bessel functions of the second kind with the integer 0 and 1 

I0, I1 Modified Bessel functions of the first kind with the integer 0 and 1 

K0, K1 Modified Bessel functions of the second kind with the integer 0 and 1 

z dimensionless distance from the central axle of the tunnel 

  

Greek symbols  

𝜙  phase shift, rad 

λ convective heat-transfer number 

ηs time-averaged heat-diffusion ratio through surrounding soil 

∆ηs dimensionless heat-flux amplitude at the tunnel-wall surface 

Ө the variable of θ after the Laplace transform in a complex field 

θ excess-temperature relative to Tg, ℃ 

ρ  density, kg/m3 

ω frequency of outdoor-temperature fluctuation, 1/s 

  

Subscripts  

a air 

s soil 

out outdoor  

in indoor  



sur tunnel-wall surface 

∞ the value when t → ∞, ℃ 

 39 

1. Introduction 40 

The number of subway systems increased globally in the last few decades thanks to their 41 

high passenger-capacity and low operating-cost. As of December 2019, 188 cities in 56 42 

countries around the world use approximately 192 subway systems [1,2]. The total system-43 

length is over 16377 km, and the number of annual passengers exceeds 65620 million [1,2]. 44 

Unfortunately, with climate warming many of these subway systems suffer from overheating 45 

in summer - especially older systems, where air-conditioning systems are not installed [3-6]. 46 

The air temperature in the London Underground often reaches 30℃ in summer [7], with in-47 

train temperatures of up to 41℃ [8,9]. During the 2006 European heatwave, temperatures as 48 

high as 47℃ were recorded [10]. Overheating also occurred in the subways in Tokyo, Osaka, 49 

and New York [11]. Surprisingly, a very high temperature (53℃) was recorded in the Wuhan 50 

underground (China) [11]. Such high tunnel-air temperature has a significant impact on the 51 

environment and the energy consumption (air-conditioning) in trains and subway stations 52 

[9,12,13]. To solve the overheating problem in subway tunnels, it is essential to predict the 53 

tunnel-air temperature and understand the influential factors and their interactions. 54 

There are many tools developed to predict tunnel-air temperature, and they can be 55 

classified into two categories: commercial tools and self-built models. The commercial tools 56 

include SES [14,15], IDA Tunnel [16], CFD [15,17, 18], and STEES [9,14]. SES uses a 1-57 

dimensional quasi-steady heat-transfer model that only outputs the 58 

maximum/minimum/average temperatures for the hottest month in the long term. The 59 

detailed temporal temperature distribution is not considered [14]. IDA Tunnel, which is based 60 

on the same basic equations and concepts as SES [16], has similar limitations. STESS could 61 

output hourly temperatures, which represents some improvement over SES [14]. However, 62 



none of the above commercial tools enable an intuitive identification of the important 63 

parameters that affect tunnel-air temperature, which limits the exploration and assessment of 64 

the methods to solve overheating problem in subway tunnels. Among self-built models, few 65 

studies focused on the mathematical models that describe the thermal processes in subway 66 

tunnels [19,20]. Related mathematical models, however, can be found in studies of tunnels 67 

used for other purposes, such as earth-to-air heat exchangers [21-23], underground 68 

ventilation-tunnels for underground hydro-power stations [24], and railway tunnels through 69 

hills [25]. All these models considered the unsteady heat-transfer process through 70 

surrounding soil and the Robin condition at the tunnel-wall surface. Among these studies, 71 

[21] employed a 1-dimensional model to explore the effect of an earth-to-air heat exchanger 72 

on indoor thermal comfort and energy-saving effects in a typical building. A significant 73 

difference between an earth-to-air heat exchanger and a subway tunnel is that there is no 74 

internal heat source in the earth-to-air heat exchanger, which simplifies the energy-balance 75 

equation to describe the air in the tunnel. Liu [24] also proposed a 1-dimensional model, 76 

without an internal heat source, for the underground ventilation tunnel of a hydro-power 77 

station. This model was solved numerically, using the finite-difference method, to determine 78 

the variation of the tunnel-air temperature as a function of the tunnel length. Zhou [25] 79 

proposed a 2-dimensional model, which took into account the internal heat source, to study 80 

the freeze-distance at the entrance of the railway tunnel through a hill in cold regions. Using 81 

the finite difference method, a numerical solution was obtained, which can describe how the 82 

freeze-distance depends on the outdoor temperature and the wind speed in the tunnel. 83 

Another model, which also considers the internal heat source and focuses on subway tunnels, 84 

was developed by Zhang et al. [19]. The Green function was used to find analytical solution 85 

to the equations. However, a numerical solution, which uses the finite element method, was 86 

proposed later (instead of using the exact formulas for an analytical solution). The results of 87 



this study also focused on the prediction of the inner tunnel-wall temperature (instead of the 88 

factors that influence the tunnel-air temperature or the interactions of the relevant thermal 89 

processes). Additionally, Yuan et al. [26] proposed a 1-dimensional model for an 90 

underground refuge chamber. In this model, both the heat conduction equation and the Robin 91 

condition at the tunnel-wall surface are applicable for subway tunnels. However, the two 92 

assumptions (I: The inner air-temperature is independent of time and already known. II: The 93 

distance from the tunnel centre to the remote constant-temperature boundary is a finite 94 

constant and already known) are not suitable for subway tunnels. In other words, the 95 

governing equations for subway tunnels are more complex and the corresponding solution-96 

seeking method is very different from Yuan’s model [26]. However, none of the models 97 

above provided sufficient scientific insight for tunnel-air temperature prediction and 98 

overheating mitigation effectiveness in the tunnel environment 99 

Although few previous studies focused on the main factors that influence the tunnel-air 100 

temperature and the interdependence among the relevant thermal processes in subway tunnels 101 

[9], much research has been done to reveal the indoor-air temperature influential factors and 102 

the thermal processes in buildings [27-32]. Li [27-30] and Ma [31, 32] et.al researched the 103 

effect of internal heat sources, ventilation, thermal mass, and heat transfer on the indoor-air 104 

temperature in simplified buildings. The thermal processes in buildings are similar in subway 105 

tunnels in some ways, however, the physical model, governing equations, and boundary 106 

conditions differ significantly because the surrounding soil is (assumed) infinite for deep-107 

buried tunnels, whereas the envelope and thermal mass of a building is of finite size. Hence, 108 

the results, which were generated from buildings, cannot be used for subway tunnels directly. 109 

Zhang and Li [9] studied the relationship between the maximum tunnel-air temperature and 110 

some influencing factors. However, there is no evidence that all main factors were 111 



considered. After all, ventilation was not considered at all. Additionally, statistical methods 112 

were used in this study, which substantially weakens a study of thermal processes. 113 

By learning from the thermal mass and ventilation study in buildings, this paper aims to 114 

apply the analytical model developed for buildings [27-30] into the tunnel environment to 115 

provide further insight on the tunnel-air prediction and overheating mitigation. Figure 1 116 

shows the flowchart for the present study. An ideal physical/mathematical model for subway 117 

tunnels is firstly developed in this study. The governing equations are solved by separating 118 

the solutions to the time-averaged component from the periodic component. The influential 119 

factors of the tunnel-air temperature, tunnel-wall surface temperature, surrounding-soil 120 

temperature, and the heat flux through the tunnel-wall surface will be discussed. The model is 121 

also applied into London Underground to understand how overheating in London 122 

underground conditions is affected by increasing internal heat source and global warming. 123 

Finally, the solutions to cool down tunnel-air are discussed, which provides guidance for 124 

improved subway-tunnel design and operation to avoid overheating.  125 

 126 

Fig.1 Flowchart of the research approach 127 

 128 

 129 



2. Methodology 130 

2.1 Physical model and assumptions 131 

The structure of the subway tunnel is shown in Fig. 1. It consists of a tunnel tube, 132 

surrounding soil, and air shafts. Trains travel through the tunnel tube and generate waste heat, 133 

which represents the internal heat source in the analytical model. The waste heat is eliminated 134 

via ventilation through the air shafts as well as the heat transfer through the tunnel-wall 135 

surface and the surrounding soil. Based on this subway-tunnel model the following 136 

assumptions are made: 137 

(1) The subway tunnel is buried deep in soil. The cross section of the subway tunnel is 138 

circular [21,24,33], and the radius is uniform everywhere.  139 

(2) The air-temperature distribution in the tunnel is uniform, which means that the airflow is 140 

fully homogenous and the surface temperature of the tunnel wall is uniform. According to 141 

[13], the temperature distribution within a subway tunnel is not sensitive to the length of 142 

tunnel, thus this assumption is reasonable.  143 

(3) Soil temperature only changes in the radial direction. This means that heat flow occurs 144 

only in the radial direction - not in the axial [13] or angular direction [21,22,24].  145 

(4) The ventilation flow rate (q), internal heat source (E), and convective heat-transfer 146 

coefficient at the tunnel-wall surface (h) are assumed to be constant. For a long period, such 147 

as a day or a year, using average values of these parameters is precise enough to obtain 148 

accurate results [34].  149 
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Fig. 2. An ideal subway-tunnel model with constant internal heat source and ventilation flow 151 

rate. Heat transfer through the surrounding soil only occurs in the direction of r. 152 

 153 

2.2 Governing equations and boundary conditions 154 

One-dimensional unsteady heat-transfer model is adopted considering the heat-conduction 155 

through surrounding soil. The cylindrical coordinate system is used to fit the structure of the 156 

ideal subway tunnel. The radial heat conduction can be expressed as [35]: 157 

𝜕𝑇𝑠

𝜕𝑡
=

𝑎𝑠

𝑟
(𝑟

𝜕2𝑇𝑠

𝜕𝑟2 +
𝜕𝑇𝑠

𝜕𝑟
)                (1) 158 

with the boundary conditions for Robin BC at the tunnel-wall surface and the Dirichlet BC at 159 

the distant boundary [35]: 160 

−𝐾𝑠
𝜕𝑇𝑠

𝜕𝑟
|𝑠𝑢𝑟 = ℎ(𝑇𝑖𝑛 − 𝑇𝑠𝑢𝑟)               r = R                      (2) 161 

Ts (∞, t) = Tg                                                               r = ∞                     (3) 162 

and the initial conditions  [36]: 163 

Ts (r, t) = Tg             r ≥ R, t = 0                                          (4) 164 

Tin (t) = Tg                         t = 0                                                   (5) 165 

Here, Ts is the temperature of the surrounding soil, ℃; t is the time, s; 𝑎s =
𝐾𝑠

𝜌𝑠𝐶𝑠
 is the thermal 166 

diffusivity of the soil, m2/s; ρs is the soil density, kg/m3; Cs is the specific heat of the soil, 167 

kJ/kg·℃; Ks is the soil’s thermal conductivity, W/m·℃; r is the distance from the central axle 168 

of the tunnel, m; Tsur is the tunnel-wall surface temperature, ℃; h is the convective heat-169 



transfer coefficient at the tunnel-wall surface, W/m2∙℃; Tin is the tunnel-air temperature, ℃; 170 

Tg is the initial soil-temperature in deep ground without disturbance, ℃. 171 

The heat balance for the air in the tunnel is [34]: 172 

𝜌𝑎𝐶𝑎𝑛𝜋𝑅2(𝑇𝑜𝑢𝑡 − 𝑇𝑖𝑛) + 𝐸 − 2𝜋𝑅ℎ(𝑇𝑖𝑛 − 𝑇𝑠𝑢𝑟) = 𝜌𝑎𝐶𝑎𝜋𝑅2 𝑑𝑇𝑖𝑛

𝑑𝑡
                     (6) 173 

Here, ρa is the air density, kg/m3; Ca is the specific heat of air, kJ/kg·℃; n is the ventilation 174 

change rate for air, ach/s; R is the tunnel radius, m; E is the internal heat source in the tunnel, 175 

W/m. 176 

According to [27], the outdoor temperature Tout can be expressed as:  177 

𝑇𝑜𝑢𝑡 = �̅�𝑜𝑢𝑡 + ∆�̃�𝑜𝑢𝑡 = �̅�𝑜𝑢𝑡 + ∆𝑇𝑜𝑢𝑡cos(𝜔𝑡)                             (7) 178 

Here, �̅�𝑜𝑢𝑡and ∆𝑇𝑜𝑢𝑡  are independent of time and ∆𝑇𝑜𝑢𝑡 ≥ 0. ω is the frequency of the 179 

outdoor temperature fluctuation with the value 2π/(24x3600) s-1, for the daily period, or 180 

2π/(365x24x3600) s-1, for the yearly period.  181 

3 Analytical solutions 182 

It is expected that the solutions can be expressed as 𝑇𝑖𝑛 = �̅�𝑖𝑛 + ∆�̃�𝑖𝑛 = �̅�𝑖𝑛 +183 

∆𝑇𝑖𝑛cos(𝜔𝑡 − 𝜙𝑖𝑛) , 𝑇𝑠𝑢𝑟 = �̅�𝑠𝑢𝑟 + ∆�̃�𝑠𝑢𝑟 = �̅�𝑠𝑢𝑟 + ∆𝑇𝑠𝑢𝑟cos(𝜔𝑡 − 𝜙𝑠𝑢𝑟) , and 𝑇𝑠 = �̅�𝑠 +184 

∆�̃�𝑠 = �̅�𝑠 + ∆𝑇𝑠cos(𝜔𝑡 − 𝜙𝑠); i.e. they comprise time-averaged (non-periodic) components 185 

and the periodic components.  186 

3.1 Solution for the time-averaged components 187 

3.1.1 The time-averaged tunnel-air excess-temperature 188 

The time-averaged tunnel-air excess-temperature (�̅�𝑖𝑛) may be obtained by using a Laplace 189 

transform, considering the boundary and initial conditions, and applying the inverse Laplace 190 

transform (see Appendix A): 191 

�̅�𝑖𝑛 = �̅�𝑖𝑛(𝑡) − 𝑇𝑔 =
2

𝜋
(�̅�0 + 𝑇𝐸 − 𝑇𝑔) ∫

𝑒−(𝑢𝑅)2𝐹𝑜−1

𝑢
𝑔(𝑢𝑅)𝑑𝑢

∞

0
                              (8) 192 



where 𝑇𝐸 =
𝐸

𝜌𝑎𝑞𝐶𝑎
,  193 

𝑔(𝑢𝑅) =
𝑔2(𝑢𝑅)[

𝑢𝑅

𝐵𝑖
𝐽1(𝑢𝑅)+𝐽0(𝑢𝑅)]−𝑔1(𝑢)[

𝑢𝑅

𝐵𝑖
𝑌1(𝑢𝑅)+𝑌0(𝑢𝑅)]

𝑔1(𝑢)2+𝑔2(𝑢)2 , 194 

𝑔1(𝑢𝑅) =
𝑢𝑅

𝐵𝑖
∙ [1 + λ − (

𝑅2

𝑎𝑠
)

−1

∙
𝑉

𝑞
∙ (𝑢𝑅)2] ∙ 𝐽1(𝑢𝑅) + [1 − (

𝑅2

𝑎𝑠
)

−1

∙
𝑉

𝑞
∙ (𝑢𝑅)2] ∙ 𝐽0(𝑢𝑅), 195 

𝑔2(𝑢𝑅) =
𝑢𝑅

𝐵𝑖
∙ [1 + λ − (

𝑅2

𝑎𝑠
)

−1

∙
𝑉

𝑞
∙ (𝑢𝑅)2] ∙ 𝑌1(𝑢𝑅) + [1 − (

𝑅2

𝑎𝑠
)

−1

∙
𝑉

𝑞
∙ (𝑢𝑅)2] ∙ 𝑌0(𝑢𝑅), 196 

where u is an integrable variable with the dimension of length, m; q= 𝑛𝑉 is the ventilation 197 

flow rate for a unit tunnel-length, m3/(s∙m); V= 𝜋𝑅2 is the inner volume of unit tunnel-length, 198 

m3/m; Fo = 
𝑎𝑠𝑡

𝑅2 , 𝐵𝑖 =
ℎ𝑅

𝐾𝑠
, λ =

ℎ𝐴

𝜌𝑎𝑞𝐶𝑎
; A=2πR is the tunnel-wall surface area for one unit 199 

tunnel-length, m2/m; J0 and J1 are the Bessel functions of the first kind with the integers 0 and 200 

1; Y0 and Y1 are the Bessel functions of the second kind with the integers 0 and 1. Fo (Fourier 201 

number) is the dimensionless time, which represent the ratio of the thermal diffusion rate to 202 

the thermal storage rate. Bi (Biot number) is used to measure the ratio of the thermal 203 

resistance of the heat conduction through the soil to the thermal resistance of the convective 204 

heat-transfer at the tunnel-wall surface. Yam et al. [27] introduced λ (convective heat-transfer 205 

number) to measure the relative strength of the convective heat-transfer at the thermal mass 206 

surface. The expressions 
𝑅2

𝑎𝑠
 and 

𝑉

𝑞
, with a time dimension, were introduced by Holford et al. 207 

[37]. The expression 
𝑅2

𝑎𝑠
 is used to measure the time scale needed for thermal diffusion to alter 208 

mass temperature, while 
𝑉

𝑞
 represents the time scale for ventilation to change the interior air-209 

temperature. Thus, (
𝑅2

𝑎𝑠
)

−1

∙
𝑉

𝑞
 describes the ratio between the two time-scales.  210 

Clearly, the influencing factors for the time-averaged tunnel-air excess-temperature �̅�𝑖𝑛 are 211 

n, E, Ks, ρs, Cs, h, R, ρa, Ca, and t. Among these, ρa and Ca can be assumed as constants. In 212 

addition, the calculation indicates that changing the tunnel radius R matters very little for 213 



1.4m<R<4m. This implies that �̅�𝑖𝑛  is mainly affected by ventilation (n), the internal heat 214 

source (E), conductive heat-transfer through surrounding soil (Ks,), heat storage by 215 

surrounding soil (ρs, Cs), and convective heat-transfer at the tunnel-wall surface (h).  216 

3.1.2 The time-averaged excess-temperature of the surrounding soil 217 

Appendix A shows the following solutions: 218 

�̅�𝑠(𝑡, 𝑟) = �̅�𝑠 − 𝑇𝑔 =
2

𝜋
(�̅�0 + 𝑇𝐸 − 𝑇𝑔) ∫

𝑒−(𝑢𝑅)2𝐹𝑜−1

𝑢
𝑗(𝑢𝑅, 𝑢𝑟)𝑑𝑢

∞

0
                       (9) 219 

�̅�𝑠𝑢𝑟 = �̅�𝑠(𝑡, 𝑅) =
2

𝜋
(�̅�0 + 𝑇𝐸 − 𝑇𝑔) ∫

𝑒−(𝑢𝑅)2𝐹𝑜−1

𝑢
𝑗(𝑢𝑅, 𝑢𝑅)𝑑𝑢

∞

0
                           (10) 220 

Here, 𝑗(𝑢𝑅, 𝑢𝑟) =
𝑔2(𝑢𝑅)𝐽0(𝑢𝑟)−𝑔1(𝑢𝑅)𝑌0(𝑢𝑟)

𝑔1
2(𝑢𝑅)+𝑔2

2(𝑢𝑅)
, 221 

�̅�𝑠 is the time-averaged surrounding-soil excess-temperature, ℃; �̅�𝑠𝑢𝑟  is the time-averaged 222 

wall-surface excess-temperature, ℃. Fig. 2 shows the dimensionless surrounding soil excess-223 

temperature 
�̅�𝑠

�̅�𝑠𝑢𝑟
 as a function of ln(r/R) and Fo. Clearly, the soil temperature stabilizes much 224 

slower than the tunnel-air temperature which stabilizes within few years [9]. There are two 225 

reasons for this: First, because soil is a poor heat-conductor, the heat diffusion occurs very 226 

slowly through the soil. Second, the surrounding soil layer is very thick. Hence, it will take a 227 

long time to obtain a reliable soil-temperature profile. Fig. 2 also indicates that the soil-228 

temperature increase will last for a substantial amount of time. Even 7000 years later (Fo≈229 

10000), the soil-temperature distribution is still very different from the one theoretically 230 

reached after infinite time. For the London underground, for example, Fo≈200. This 231 

suggests that the soil temperature for the London underground will continue to increase for 232 

thousand years. However, the increase will slow down. Moreover, Equation (9) provides a 233 

temperature-prediction tool for the soil surrounding subway tunnels. This tool can be used as 234 

a reference for the design of ground-source heat-pump systems near subway tunnels [38, 39]. 235 

In addition, this temperature-prediction tool can also help to analyse the stability of concrete 236 



underground-tunnels under uneven temperature distribution [40] and the impact of heat 237 

sources from subway tunnels on urban ground temperature elevation on a city-scale [41].  238 
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Fig. 2. The dimensionless excess-temperature of the surrounding soil as a function of ln(z) 240 

(z=r/R) and Fo (time-averaged component). The used parameters are: E=300W/m, n=15 241 

ach/h, h=44 W/m2∙℃, Ks=0.35 W/m∙℃, ρs =1500 kg/m3, Cs =1842 J/kg∙℃, R=1.7m, �̅�0 =242 

𝑇𝑔 =10.3℃. The values of h, Ks, ρs, Cs, R, and �̅�0 are based on the conditions in a London 243 

underground [35]. Unless stated otherwise, these are also valid for all following figures. 244 

3.1.3 Solutions of the time-averaged components for t → ∞ 245 

When t → ∞, the solutions of the time-averaged components can be expressed as (see 246 

Appendix B): 247 

�̅�𝑠𝑢𝑟
∞ =

8𝐵𝑖

8𝐵𝑖+3λ+3
(�̅�0 + 𝑇𝐸 − 𝑇𝑔)                    (11) 248 

�̅�𝑖𝑛
∞ =

(8𝐵𝑖+3)

8𝐵𝑖+3λ+3
(�̅�0 + 𝑇𝐸 − 𝑇𝑔)                      (12) 249 

Here, z=r/R∈ [1, ∞). Using Equations (11) and (12), we can write 250 

�̅�𝑖𝑛
∞ − �̅�𝑠𝑢𝑟

∞ =
3

8𝐵𝑖+3(1+λ)
(�̅�0 + 𝑇𝐸 − 𝑇𝑔)        (13) 251 



Fig. 3 illustrates the time-averaged excess-temperature of tunnel-air for t → ∞ ( �̅�𝑖𝑛
∞) as a 252 

function of h, Ks, n, and E. Fig. 3(a) suggests that, when h is very low (h<1W/m2℃), �̅�𝑖𝑛
∞ 253 

decreases sharply with increasing h. However, when h>5W/m2∙℃, �̅�𝑖𝑛
∞ hardly changes. This 254 

is because the thermal resistance, which is caused by convective heat-transfer at the wall-255 

surface, is the essential component when h is extremely low. Conversely, when h is high 256 

enough, the essential component of the thermal resistance is caused by conductive heat-257 

transfer (instead of convective heat-transfer). As reported in previous studies, the h at tunnel-258 

wall surface is much higher than 5W/m2∙℃ [35]. Therefore, it does make no sense to try 259 

reducing the tunnel-air temperature by enhancing convective heat-transfer. Fig. 3(b) shows 260 

how �̅�𝑖𝑛
∞ changes with Ks. Consistent with the trend reported by Ampofo et.al. [42], �̅�𝑖𝑛

∞ drops 261 

first sharply and then more moderately as Ks increases. As shown in Fig. 3(b), �̅�𝑖𝑛
∞ can be 262 

reduced by about 4.5 ℃ when Ks increases from 0 to 50 W/m∙℃. However, �̅�𝑖𝑛
∞  would 263 

decrease slightly if the increase in Ks was to continue. Additionally, the increase in Ks can be 264 

obtained by adding heat pipes to the surrounding soil - see Ref. [8,43,44]. Fig. 3(c) shows the 265 

effect of the air change rate n. An extremely low n can result in a very high �̅�𝑖𝑛
∞. The value of 266 

�̅�𝑖𝑛
∞  decreases as n increases. The biggest change, however, occurs for the area with n<5 267 

ach/h. The detailed view indicates that the cooling effect increases very little when n>15 268 

ach/h. Fig. 3(d) shows a linear relationship between �̅�𝑖𝑛
∞ and the internal heat source E, which 269 

means that it is a suitable method to reduce tunnel-air temperature by cutting down E. The 270 

methods to reduce E include the reduction of both train-weight and speed [45,46], modifying 271 

the regenerative braking-system [9], active tunnel-cooling [8,46], and waste-heat recovery 272 

from tunnels [47,48]. 273 

Fig. 3 also shows that �̅�𝑖𝑛
∞ − �̅�𝑠𝑢𝑟

∞  is very small unless h is extremely low. The value for h in 274 

the subway tunnel was reported as 44 W/ m2∙℃ [35]. This implies that there is a small 275 



average-temperature difference between the tunnel-air and the tunnel-wall surface. Thus, the 276 

operation temperature can be assumed to be the same as the tunnel-air temperature. 277 

Moreover, it would be unwise to obtain a lower tunnel-wall surface temperature by reducing 278 

h because this would impede the heat diffusion into the soil and cause an even higher tunnel-279 

air temperature.  280 

Equations (11) and (12) provides a simple way to predict the air temperature and wall-281 

surface temperature in subway tunnels. Compared with traditional methods, such as 282 

numerical methods or softwares mentioned in Section I Introduction, this developed 283 

mathematical model is time-saveing and shows the mathematical relation between tunnel-284 

temperatures and each influencing factor clearly. 285 
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(c) �̅�𝑖𝑛

∞ and �̅�𝑖𝑛
∞ − �̅�𝑠𝑢𝑟

∞  as a function of n       (d)  �̅�𝑖𝑛
∞ and �̅�𝑖𝑛

∞ − �̅�𝑠𝑢𝑟
∞  as a function of E 289 



Fig. 3. Tunnel-air excess-temperature (�̅�𝑖𝑛
∞) and the temperature difference between tunnel-air 290 

and tunnel-wall surface (�̅�𝑖𝑛
∞ − �̅�𝑠𝑢𝑟

∞ ) for t → ∞ as a function of h, Ks, n, and E (time-averaged 291 

component). 292 

3.1.4 Time-averaged heat flux through the tunnel-wall surface 293 

To further understand the thermal processes in subway tunnels, the time-averaged heat flux 294 

through the tunnel-wall surface is calculated as follows. 295 

Using Equations (6), (11), and (12), E can be expressed as 296 

𝐸 = 𝜌𝑎𝑞𝐶𝑎(�̅�𝑖𝑛
∞ − �̅�𝑜) +

1
8𝑅

3𝐾𝑠
+

1

ℎ

𝐴(�̅�𝑖𝑛
∞ − 𝑇𝑔)                   (14) 297 

Clearly, 𝜌𝑎𝑞𝐶𝑎(�̅�𝑖𝑛
∞ − 𝑇𝑜)  represents the time-averaged heat-flux, which is eliminated by 298 

ventilation. Let  299 

�̅�𝑠𝑢𝑟 =
1

8𝑅

3𝐾𝑠
+

1

ℎ

𝐴(�̅�𝑖𝑛
∞ − 𝑇𝑔)                                               (15) 300 

with the unit W/m. �̅�𝑠𝑢𝑟  represents the time-averaged heat-flux through the tunnel-wall 301 

surface per unit tunnel-length. In other words, ηs=�̅�𝑠𝑢𝑟 /E defines the time-averaged heat-302 

diffusion ratio through the surrounding soil. As shown in Fig. 4(a), ηs is very small for the 303 

standard case (ηs<2%), which means that, in general, ventilation is the most effective method 304 

to remove waste-heat from a subway tunnel. Thus, the heat recovery method (recommended 305 

by [49, 4]) from exhaust air through subway shafts could extract the majority of the waste 306 

heat generated in subway tunnels. Additionally, a higher h is not helpful to obtain a higher ηs 307 

if h>10 W/m2∙℃. This is because most of the thermal resistance occurs via heat conduction 308 

through the soil and not convective heat-transfer at the wall-surface like in the case h>10 309 

W/m2∙℃. Fig. 4(b) reveals that ηs increases rapidly with increasing Ks, when Ks<30 W/m∙℃. 310 

Furthermore, ηs increases to more than 50% when Ks increases to 30 W/m∙℃. This confirms 311 

the finding that most thermal resistance occurs via heat conduction through the soil. 312 

However, if Ks is very high, the conductive thermal resistance may be as small as the 313 



convective thermal resistance or even much smaller. In that case, a further increase in Ks can 314 

rarely increase ηs. If this is the case, the increase in h can increase ηs instead of Ks. This 315 

indicates that the influencing level of the influential factors of ηs could change as conditions 316 

change. Fig. 4(c) suggests that a higher n decreases ηs because more heat is eliminated via 317 

ventilation. Fig. 4(d) shows that a wider tunnel does not improve heat diffusion into the 318 

surrounding soil. In other words, a bigger R only increases the intensity of convective heat 319 

transfer but not the thermal conduction through the soil. As discussed above, increased 320 

convective heat-transfer does not increase the heat diffusion if most of the thermal resistance 321 

occurs through thermal conduction.  322 
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(a) ηs as a function of h                                           (b) ηs as a function of Ks 324 

0 5 10 15 20 25 300

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

n(ach/h)

η
s

1.5 2 2.5 3 3.5 40.0178

0.01781

0.01782

0.01783

R(m)

η
s

 325 
(c) ηs as a function of n                                   (d) ηs as a function of R 326 



Fig. 4. Heat-diffusion ratio through surrounding soil (ηs) as a function of h, Ks, n, and R 327 

(time-averaged, t → ∞). 328 

3.2 Solution for the periodic components 329 

3.2.1 Normalized-amplitude and phase shift of the tunnel-air temperature 330 

The solution of the problem described by Equations (1) to (6) can be obtained by the 331 

separation of variables (see Appendix C): 332 

∆�̃�𝑖𝑛 = 𝑓𝑖𝑛/𝑜𝑢𝑡∆𝑇𝑜𝑢𝑡𝑐𝑜𝑠(𝜔𝑡 − 𝜙𝑖𝑛−𝑜𝑢𝑡)                           (16) 333 

𝑓𝑖𝑛/𝑜𝑢𝑡 =
∆𝑇𝑖𝑛

∆𝑇𝑜𝑢𝑡
= [(1 + 𝜆A1)2 + (𝐷 + 𝜆A2)2]−0.5           (17) 334 

𝜙𝑖𝑛−𝑜𝑢𝑡 = 𝑡𝑎𝑛−1(
𝐷+𝜆A2

1+𝜆A1
)                                                   (18) 335 

where 𝐴1 =

𝑁1
2(

1

√𝐹𝑜R
𝜔

)+𝐵𝑖√𝐹𝑜R
𝜔𝑁0(

1

√𝐹𝑜R
𝜔

)𝑁1(
1

√𝐹𝑜R
𝜔

)cos [𝜙1(
1

√𝐹𝑜R
𝜔

)+
3

4
𝜋−𝜙0(

1

√𝐹𝑜R
𝜔

)]

𝑁1
2(

1

√𝐹𝑜R
𝜔

)+𝐵𝑖2𝐹𝑜R
𝜔𝑁0

2(
1

√𝐹𝑜R
𝜔

)+2𝐵𝑖√𝐹𝑜R
𝜔𝑁0(

1

√𝐹𝑜R
𝜔

)𝑁1(
1

√𝐹𝑜R
𝜔

)cos [𝜙1(
1

√𝐹𝑜R
𝜔

)+
3

4
𝜋−𝜙0(

1

√𝐹𝑜R
𝜔

)]

,  336 

𝐴2 =

𝐵𝑖√𝐹𝑜R
𝜔𝑁0(

1

√𝐹𝑜R
𝜔

)𝑁1(
1

√𝐹𝑜R
𝜔

)sin [𝜙1(
1

√𝐹𝑜R
𝜔

)+
3

4
𝜋−𝜙0(

1

√𝐹𝑜R
𝜔

)]

𝑁1
2(

1

√𝐹𝑜R
𝜔

)+𝐵𝑖2𝐹𝑜R
𝜔𝑁0

2(
1

√𝐹𝑜R
𝜔

)+2𝐵𝑖√𝐹𝑜R
𝜔𝑁1(

1

√𝐹𝑜R
𝜔

)𝑁0(
1

√𝐹𝑜R
𝜔

)cos [𝜙1(
1

√𝐹𝑜R
𝜔

)+
3

4
𝜋−𝜙0(

1

√𝐹𝑜R
𝜔

)]

,  337 

fin/out is the attenuation ratio of the amplitude for the tunnel-air temperature compared to the 338 

outdoor temperature; 𝜙𝑖𝑛−𝑜𝑢𝑡 is the phase shift of the tunnel-air temperature compared to the 339 

outdoor temperature, rad; 𝐹𝑜R
𝜔 =

𝑎𝑠

𝑅2𝜔
, 𝐷 =

𝑉

𝑞
𝜔. 𝐹𝑜R

𝜔 is the dimensionless time period. D is 340 

the ratio of the time scale for ventilation affecting the interior temperature to the time period 341 

[37].  342 

The analytical solutions in Equations (16) to (18) are shown in Fig. 5 (daily period) and 343 

Fig. 6 (yearly period). Fig. 5 depicts 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as functions of h, Ks, n, ρs∙Cs, and R 344 

for the daily period. It suggests that, for the daily period, 𝑓𝑖𝑛/𝑜𝑢𝑡 varies significantly with h, 345 

Ks, n, ρs∙Cs, and R. This may be because the contribution of the five processes (internal heat 346 



generation, ventilation, convective heat-transfer, heat conductivity and heat storage by 347 

effective thermal mass) are approximately of the same order of magnitude. In other words, a 348 

change in any process-contribution changes 𝑓𝑖𝑛/𝑜𝑢𝑡. However, if the contribution of a process 349 

exceeds a certain magnitude, the corresponding effect would become weaker. This is 350 

illustrated by trend lines that become increasingly shallow - see Fig. 5(a) to (d). A similar 351 

trend could be found if R were large enough. 352 

An interesting phenomenon is shown in Fig. 5(a): Here, 𝑓𝑖𝑛/𝑜𝑢𝑡  is a non-monotonous 353 

function of h. This would be hard to explain with a physical principle. However, 354 

mathematically, this makes sense. On the other hand, 𝑓𝑖𝑛/𝑜𝑢𝑡  changes monotonically with 355 

increasing Ks, n, ρs∙Cs, and R. Fig. 5(c) shows that 𝑓𝑖𝑛/𝑜𝑢𝑡 increases as n increases. This is 356 

because the fluctuation of the tunnel-air temperature is caused by the fluctuation of the 357 

outdoor-air temperature. Hence, a larger n means a bigger driving force, and 𝑓𝑖𝑛/𝑜𝑢𝑡 is higher. 358 

However, the increase in 𝑓𝑖𝑛/𝑜𝑢𝑡 occurs more slowly for n>15 ach/h. This is because 𝑓𝑖𝑛/𝑜𝑢𝑡 359 

increases more slowly for a further increase in n, as the amplitude of the tunnel-air 360 

temperature approaches the amplitude of the outdoor-air temperature. Conversely, 𝑓𝑖𝑛/𝑜𝑢𝑡 361 

decreases as Ks, ρs∙Cs, and R increase. The increase in Ks, ρs∙Cs, and R can be interpreted as an 362 

increase in effective thermal mass. In other words, 𝑓𝑖𝑛/𝑜𝑢𝑡  decreases monotonically with 363 

increasing effective thermal mass. This is consistent with the outcomes of a previous study 364 

[27]. Additionally, Fig. 5(b) suggests that 𝑓𝑖𝑛/𝑜𝑢𝑡 drops from 0.94 to 0.48 when Ks increases 365 

from 0 to 10W/m∙℃. However, the reduction slows down as Ks increases further. This is 366 

because, when Ks is high enough, the effective thermal mass is not the limiting factor for the 367 

thermal storage capacity any more. Instead, the thermal storage capacity may be limited by h, 368 

the temperature amplitude of the outdoor-air, or the period-length. In addition, Fig. 5(d) and 369 

(e) indicate that 𝑓𝑖𝑛/𝑜𝑢𝑡  has a nearly linear relationship with ρs∙Cs and R. It can also be 370 



concluded that lining the tunnel with a phase-change material (ρs∙Cs is larger), or digging a 371 

wider tunnel (R is larger), helps reduce 𝑓𝑖𝑛/𝑜𝑢𝑡. The above methods that help to reduce 𝑓𝑖𝑛/𝑜𝑢𝑡 372 

would also help to decrease the peak temperature of the tunnel air, and thus help to mitigate 373 

overheating. 374 

In addition, a higher h or wider R can increase the phase shift 𝜙𝑖𝑛−𝑜𝑢𝑡, while a larger n, 375 

decreases it. Knowing this can help engineers minimize any overlap of the tunnel-air 376 

temperature-peak with peak traffic hours in their tunnel structure designs. Interestingly, as 377 

shown in Fig. 5(b) and (d), 𝜙𝑖𝑛−𝑜𝑢𝑡  is a non-monotonous function of Ks, and ρs∙Cs. This 378 

means that 𝜙𝑖𝑛−𝑜𝑢𝑡 varies non-monotonously with the effective thermal mass. This finding is 379 

consistent with previously reported results [27].  380 
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(a) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of h           (b) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of Ks 382 
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(e) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of R 386 

Fig. 5. Normalized-amplitude (𝑓𝑖𝑛/𝑜𝑢𝑡) and phase shift (𝜙𝑖𝑛−𝑜𝑢𝑡) of the tunnel-air temperature 387 

as a function of h, Ks, n, ρs∙Cs, and R (daily period). 388 

For the yearly period, Fig. 6 reveals that the amplitude of the tunnel-air temperature is 389 

rarely below the outdoor-air temperature (i.e. 𝑓𝑖𝑛/𝑜𝑢𝑡→1) in most cases - see Fig 6(a), (c), (d), 390 

(e). Two exceptions are the conditions that n is extremely low or Ks is enhanced. The cause of 391 

the fluctuation of the tunnel-air temperature are out-door air-temperature changes. Thus, a 392 

very low n means that the driving force for the fluctuation is very small, i.e., 𝑓𝑖𝑛/𝑜𝑢𝑡 is small. 393 

For Ks, according to Fig. 6(b), 𝑓𝑖𝑛/𝑜𝑢𝑡  decreases as Ks increases. This means that 𝑓𝑖𝑛/𝑜𝑢𝑡 394 

decreases as the effective thermal mass increases. However, this effect is hardly noticeable in 395 

Fig. 6(d) and (e) because the range of ρs∙Cs and R is too small to reveal any changes in 396 

𝑓𝑖𝑛/𝑜𝑢𝑡. 397 

On the other hand, according to Fig. 6, the dependency of 𝜙𝑖𝑛−𝑜𝑢𝑡  on the relevant 398 

parameters for the yearly period is similar to the daily period. An obvious difference is that 399 

𝜙𝑖𝑛−𝑜𝑢𝑡  shows a non-monotonic relation with ρs∙Cs for the daily period but a monotonic 400 

relation for the yearly period, which is not straightforward to explain in terms of physics. In 401 

addition, the phase shift for the yearly period is generally below 0.2 (about 12 days) unless 402 



n<5. However, this time-lag is not long enough to make the peak of tunnel-air temperature 403 

different from the peak of the outdoor temperature. 404 

Additionally, by comparing Fig. 5 and Fig. 6, it is found that 𝑓𝑖𝑛/𝑜𝑢𝑡 is generally smaller 405 

for the daily period than the yearly period. However, 𝜙𝑖𝑛−𝑜𝑢𝑡 is larger. This could be because 406 

the damping effect of the thermal mass is smaller if the period is longer. The damping effect 407 

of the thermal mass would be stronger if the ratio of heat storage (by thermal mass) to the 408 

total internal heat generation during the period was larger. Clearly, the internal heat 409 

generation for the period increases linearly with increasing period-length. On the other hand, 410 

heat storage (by the thermal mass) increases slowly with increasing period-length. 411 

Consequently, there is a stronger damping effect for the daily period, i.e., smaller 𝑓𝑖𝑛/𝑜𝑢𝑡 and 412 

larger 𝜙𝑖𝑛−𝑜𝑢𝑡. The same can also be concluded from the formulas published by Yam et. al. 413 

[27].  414 
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(a) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of h           (b) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of Ks 416 
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(c) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of n     (d) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of ρs∙Cs 418 
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(e) 𝑓𝑖𝑛/𝑜𝑢𝑡 and 𝜙𝑖𝑛−𝑜𝑢𝑡 as a function of R 420 

Fig. 6. Normalized-amplitude (𝑓𝑖𝑛/𝑜𝑢𝑡) and phase shift (𝜙𝑖𝑛−𝑜𝑢𝑡) of the tunnel-air temperature 421 

as a function of h, Ks, n, ρs∙Cs, and R (yearly period). 422 

3.2.2 Normalized-amplitude and phase shift of the surrounding-soil temperature 423 

The relationship between the periodic components of the tunnel-air temperature and the 424 

soil temperature can be obtained by eliminating the dimensions for the results of Reference 425 

[35]: 426 

∆�̃�𝑠 = 𝑓𝑠 𝑖𝑛⁄ 𝑓𝑖𝑛 𝑜𝑢𝑡⁄ ∆𝑇𝑜𝑢𝑡𝑐𝑜𝑠(𝜔𝑡 − 𝜙𝑖𝑛−𝑜𝑢𝑡 − 𝜙𝑠−𝑖𝑛)                       (19) 427 

𝑓𝑠/𝑖𝑛 =
∆𝑇𝑠

∆𝑇𝑖𝑛
=

𝑁0(
𝑧

√𝐹𝑜R
𝜔

)

√𝛼2+𝛽2
                                                                       (20) 428 

𝜙𝑠−𝑖𝑛 = 𝜙0 (
𝑧

√𝐹𝑜R
𝜔

) − 𝑡𝑎𝑛−1 (
𝛽

𝛼
)                                                      (21) 429 



Here, 𝑧 =
𝑟

𝑅
,  430 

𝛼 = 𝑁0(
1

√𝐹𝑜R
𝜔

) cos[𝜙0(
1

√𝐹𝑜R
𝜔

) +
1

𝐵𝑖√2𝐹𝑜R
𝜔

𝑁1(
1

√𝐹𝑜R
𝜔

) {cos[𝜙1(
1

√𝐹𝑜R
𝜔

) +
1

2
𝜋] − sin[𝜙1(

1

√𝐹𝑜R
𝜔

) +431 

1

2
𝜋]}, 432 

𝛽 = 𝑁0(
1

√𝐹𝑜R
𝜔

)sin[𝜙0(
1

√𝐹𝑜R
𝜔

)] +
1

𝐵𝑖√2𝐹𝑜R
𝜔

𝑁1(
1

√𝐹𝑜R
𝜔

) {cos[𝜙1(
1

√𝐹𝑜R
𝜔

) +
1

2
𝜋] + sin[𝜙1(

1

√𝐹𝑜R
𝜔

) +433 

1

2
𝜋]},  434 

fs/in is the attenuation ratio of the amplitude of the soil temperature to the tunnel-air 435 

temperature; 𝜙𝑠−𝑖𝑛 is the phase shift of the soil temperature compared to the tunnel-air 436 

temperature, rad. Similarly, fs/sur is defined as the attenuation ratio of the amplitude of the soil 437 

temperature to the tunnel-wall surface temperature; and 𝜙𝑠−𝑠𝑢𝑟 is the phase shift of the soil 438 

temperature with respect to the tunnel-wall surface temperature, rad. Based on Equations (19) 439 

to (21), Fig. 7 illustrates how fs/sur and 𝜙𝑠−𝑠𝑢𝑟change as r and as changes for the yearly period. 440 

This suggests that fs/sur decreases quasi-linearly with increasing ln(r/R) first, and then much 441 

slower after fs/sur≈0.1. In other words, the amplitude of the soil-temperature changes sharply 442 

near the tunnel-wall surface and less in the remote area. As shown in Fig. 7(b), however, 443 

𝜙𝑠−𝑠𝑢𝑟 increases linearly with increasing r/R. In addition, 𝑓𝑠/𝑠𝑢𝑟 increases with increasing as, 444 

while, for 𝜙𝑠−𝑠𝑢𝑟, the opposite happens. This is because the soil temperature tends to follow 445 

the temperature of the tunnel-wall surface closer when as is higher. Formulas (19) to (21) and 446 

Fig. 7 show a good way to predict the soil-temperature fluctuation surrounding subway 447 

tunnels. This is very important to be able to estimate thermal stress in underground 448 

constructions. Similarly, it is easy to obtain the results for the daily period, which is omitted 449 

here.  450 
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(a) fs/sur as a function of z and as              (b) 𝜙𝑠−𝑠𝑢𝑟 as a function of z and as 453 

Fig. 7. Normalized-amplitude (fs/sur) and phase shift (𝜙𝑠−𝑠𝑢𝑟) of the soil temperature as a 454 

function of z and as (periodic component, yearly period). 455 

3.2.3 Amplitude of the heat flux at the surface of the tunnel-wall  456 

Using Equations (16) to (18), the periodic component of the heat flux through the tunnel-457 

wall surface ∆�̃�𝑠𝑢𝑟  is: 458 

∆�̃�𝑠𝑢𝑟 = ∆𝐸𝑠𝑢𝑟𝑐𝑜𝑠(𝜔𝑡 − 𝜙𝑖𝑛−𝑜𝑢𝑡 − 𝜙𝐸−𝑖𝑛)                                                    (22) 459 

∆𝐸𝑠𝑢𝑟 = 2𝜋𝑅ℎ𝑓𝑖𝑛/𝑜𝑢𝑡∆𝑇𝑜𝑢𝑡√1 + 𝑓𝑠 𝑖⁄ 𝑛
2 − 2𝑓𝑠 𝑖𝑛⁄ 𝑐𝑜𝑠(𝜙𝑠−𝑖𝑛)      (𝑧 = 1)        (23)  460 

𝜙𝐸−𝑖𝑛 = 𝑡𝑎𝑛−1 𝑓𝑠 𝑖𝑛⁄ 𝑠𝑖𝑛(𝜙𝑠−𝑖𝑛)

1−𝑓𝑠 𝑖⁄ 𝑛𝑐𝑜𝑠(𝜙𝑠−𝑖𝑛)
                                                   (𝑧 = 1)        (24) 461 

Here, ∆𝐸𝑠𝑢𝑟  is the amplitude of the heat flux through the tunnel-wall surface per unit tunnel-462 

length, W/m; 𝜙𝐸−𝑖𝑛  is the phase shift of the heat flux with respect to the tunnel-air 463 

temperature, rad. Setting ∆ ηs= ∆𝐸𝑠𝑢𝑟 /E represents the dimensionless heat-flux amplitude 464 

through the tunnel-wall surface, normalized by the internal heat source E.  465 

Fig. 8 shows how ∆ηs and 𝜙𝐸−𝑖𝑛 change as a function of h, Ks, n, ρs∙Cs, and R for the 466 

yearly period. As shown, ∆ηs shows similar trends for a changing h and n- see Fig. 8 (a) and 467 

(c). For h and ∆ηs not much changes when h>10 W/ m2∙℃. This is because the heat-storage 468 



capacity of the surrounding soil is limited mostly by the conduction process rather than the 469 

convective heat transfer process here. As a result, an even higher h could contribute little to 470 

increase thermal storage. A changing n causes a similar trend as h. This is because the thermal 471 

energy, which is transported by ventilation air, can not fully transfer to the soil if n is very 472 

high (soil is a poor heat-conductor). Conversely, ∆ηs changes with Ks, ρs∙Cs, and R not so 473 

abruptly. Clearly, ∆ηs increases with increasing Ks, ρs∙Cs, and R. In other words, ∆ηs increases 474 

with increasing effective thermal mass. Similarly, the results for the daily period can be 475 

obtained easily, which are omitted here. 476 
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Fig. 8. Normalized-amplitude of the heat-flux through the tunnel-wall surface (∆ηs) as a 484 

function of h, Ks, n, ρs∙Cs, and R (yearly period). 485 

4 Validation and application of the model in London Underground 486 

4.1 Validation of the model in London Underground 487 

To validate the above model, a comparison between the measured value and the calculated 488 

results was conducted. The month-averaged tunnel-air temperature in the Sub-surface-lines of 489 

London Underground was considered. The measured values in 2017 [7] and the predicted 490 

trend generated from the model are shown in Fig. 9. The predicted results generally agree 491 

well with the measurement. Small discrepancy occurs from July to October. This is likely due 492 

to the employment of sinusoidal form in the mathematical model, while the actual ambient 493 

temperature in a specific year may not follow the exact sinusoidal trend. 494 
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Fig. 9. A comparison between measured values and calculated trend of tunnel-air 496 

temperature in the Sub-surface Line of London Underground. 497 

4.2 Application of the model in London Underground 498 

The above model could be used (but not limited) to analyse how overheating in subway 499 

tunnels (e.g., London Underground) is affected by global warming (�̅�out) and increasing 500 

internal heat-source (E) caused by increasing passengers. Fig. 10 shows how the maximum 501 

tunnel-air temperature 𝑇𝑖𝑛
𝑚𝑎𝑥  and overheating degree-hours ( 𝑇𝑖𝑛 >28℃) increase with 502 

increasing internal heat source E and annual-averaged ambient temperature �̅�out.  In the 503 

calculation of 𝑇𝑖𝑛
𝑚𝑎𝑥  and overheating degree-hours, all properties were based on the 504 

conditions in a London underground (i.e. n=15 ach/h, h=44 W/m2∙℃, Ks=0.35 W/m∙℃, ρs 505 

=1500 kg/m3, Cs =1842 J/kg∙℃, R=1.7m) [35]. Based on the weather condition of London 506 

[50], daily average temperature of tunnel air was calculated by assuming the amplitude of 5507 

℃ for the ambient temperature in yearly-period. Then hourly average temperature of tunnel 508 

air was calculated by assuming the amplitude of 5℃ for the ambient temperature in daily-509 

period. As shown in Fig. 10-a, 𝑇𝑖𝑛
𝑚𝑎𝑥 has a positive linear relationship with �̅�out and E. 𝑇𝑖𝑛

𝑚𝑎𝑥 510 



could be higher than 40℃ if �̅�out is increased to 20℃ and E to 500W/m. Overheating degree-511 

hours shows a curved surface in the �̅�out-E plane (Fig. 10-b). When �̅�𝑜𝑢𝑡 is small, the impact 512 

of E on overheating is limited. When �̅�out  and E become higher, their joint impact on 513 

overheating degree-hours is much stronger. The combined influence of �̅�𝑜𝑢𝑡  and E could 514 

explain the aggravated overheating risk in London Underground recently.  515 

Note that ideal models of Tout (cosine wave) and E (constant) are used in this study. That 516 

means the climate extreme (e.g., heatwave) and diurnal change of E (e.g., high E during peak 517 

traffic hours) are not considered in this model. However, this is still a general applicable 518 

explanation on how 𝑇𝑖𝑛
𝑚𝑎𝑥 and overheating degree-hours could change with global warming 519 

and increasing internal heat-source. Additionally, the change in �̅�out also could be considered 520 

as a change in geographical location instead of global warming and could be applied in 521 

different cities in different climates.  522 
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(a) 𝑇𝑖𝑛

𝑚𝑎𝑥 as a function of E and �̅�out (b) Overheating Degree-hours as a function of E and �̅�out 524 

Fig. 10. The maximum tunnel-air temperature (𝑇𝑖𝑛
𝑚𝑎𝑥) and Overheating Degree-hours 525 

(𝑇𝑖𝑛 >28℃) as a function of internal heat-source (E) and annual-averaged ambient 526 

temperature (�̅�out). 527 

5 Discussion 528 

5.1 Methods to control tunnel-air temperature 529 



Only the methods to reduce tunnel-air temperature in summer are discussed here in detail. 530 

The methods to increase the tunnel-air temperature in winter can be obtained in a similarly 531 

way. 532 

Considering the solutions for both the time-averaged and the periodic components, there 533 

are seven parameters that affect the tunnel-air temperature - see Table 1. However, ρs and Cs 534 

can be treated as one parameter because they always appear together as the product of ρs∙Cs. 535 

Among these parameters, E affects the time-averaged component only, while ρs∙Cs affects the 536 

periodic component only. The methods to reduce the tunnel-air temperature in summer are 537 

estimated using a five-star ranking. This is done by taking both the time-averaged and 538 

periodic components into account, and by considering both daily period and yearly period 539 

without a logical derivation process.  540 

As shown in Table 1, mechanical ventilation via a suitable air change rate n is the priority 541 

option because it is highly effective and inexpensive. However, the effectiveness is limited 542 

when n is very high. The second-best solution to reduce tunnel-air temperature is to reduce E. 543 

A regenerative braking-system and deliberately slanted tunnels are helpful to reduce E. The 544 

third-best solution is to raise Ks by adding thermal-tube. However, many thermal tubes may 545 

be needed, and the workload of the thermal-tube installation is heavy. Additionally, this plan 546 

is difficult to be applied to reconstruction projects. In the range of practice interest, the 547 

increases in R, ρs∙Cs, and h have slight effect on tunnel-air temperature. Thus, the plans of 548 

changing R, ρs∙Cs, and h to reduce tunnel-air temperature are not recommended. If the tunnel-549 

air temperature could not be cooled down properly by the above methods, an active cooling 550 

or heat-recovery system may be needed. This approach could become a necessity soon, due to 551 

both increasing internal heat-source in subway tunnels and global warming. The disadvantage 552 

of this plan is that additional equipment are required. Also, the security in subway tunnels 553 

could be threatened by leaking water or refrigerant from the active cooling system. 554 



The results shown in Table 1 are based on the assumption that only one parameter changes 555 

similar to the standard scenario. If more than one parameter changes, the corresponding 556 

impact should be analyzed using the solutions presented above.  557 



Table 1 Summary of known methods used to control tunnel-air temperature. 
Parameter Time-averaged 

Component 

Periodic Component Action Method Difficulty/Disadvantage Five-star  

ranking Year Day 

n Correlation: 

negative 

Trend: sharp 

to flat 

Correlation: 

positive 

Trend: sharp 

to flat 

Correlation: 

positive 

Trend: sharp 

to flat 

The increase in n helps reduce 

the time-averaged temperature 

but hinders the reduction of the 

temperature amplitude.  

Mechanical 

ventilation 

1. While it is advantageous to enhance 

ventilation, a too high n decreases 

efficiency.  

★★★★ 

E Correlation: 

positive 

Trend: linear 

—— —— If E decreases, both the time-

averaged and the peak 

temperature can be lowered. 

The reduction of the time-

averaged temperature helps 

reduce the energy consumption 

of air-conditioning in trains 

and stations.  

1.Using a 

regenerative braking-

system 

2. Deliberately 

slanted tunnel  

3. Applying an active 

cooling system or 

heat recovery system 

1. The method relies on technological 

advancement to increase the efficiency of 

the machinery and regenerative braking 

system. 

2. A large quantity of equipment and 

tubes are needed to actively cool or 

recover heat from the tunnel.  

3. Large amount of earthwork needed to 

produce a suitable slant. 

★★★ 

Ks Correlation: 

negative 

Trend: sharp 

to flat 

Correlation: 

negative 

Trend: quasi-

linear 

Correlation: 

negative 

Trend: sharp 

to flat 

The increase in Ks can reduce 

both the average value and the 

amplitude of the tunnel-air 

temperature. Thus, it is helpful 

to reduce both average and 

peak temperature. 

Adding thermal tubes 1. Many thermal tubes may be needed. 

The workload of the thermal-tube 

installation is heavy. It is difficult to be 

applied to reconstruction projects. 

2. It requires further study to determine 

how deep the thermal tubes should 

extent.  

★★ 

R —— —— Correlation: 

positive 

Trend: linear 

The increase in R can slightly 

reduce the temperature 

amplitude for the daily period.  

Widening of the 

tunnel 

1. A large volume of extra earthwork and 

underground space is needed. 

2. Only the peak temperature is reduced 

slightly but not the average temperature.  

★ 

ρs∙Cs —— —— Correlation: 

negative 

Trend: sharp 

to flat 

The increase in ρs∙Cs can 

reduce the temperature 

amplitude for the daily period. 

Adding phase change 

material 

1. A large volume of extra earthwork and 

phase change material is needed. 

2. Only the peak temperature is reduced 

slightly but not the average temperature.  

★ 

h —— —— Correlation: 

negative/pos

itive 

Trend: non- 

monotonous 

A suitable h can produce the 

minimum amplitude for the 

tunnel-air temperature for the 

daily period.  

Choosing the right 

material, surface 

roughness, or adding 

wings. 

1. The temperature amplitude is only 

slightly reduced.  

2. The target range for h is too narrow, 

which makes it hard to maintain within a 

suitable range.  

✰ 



5.2 Methods to achieve a suitable time-leg 

We are more interested in the time-leg for the daily period than the yearly period because 

there is a certain risk that the tunnel-air temperature peak coincides with peak traffic hours, 

which are 4:00 pm to 6:00pm in London (5:00pm to 8:00pm in Beijing). The peak of the 

ambient temperature occurs at about 2:00pm. As shown in Fig. 5, for the standard scenario, 

the time leg is 1.7 h - a phase shift of 0.44. In addition, the largest time leg for the considered 

scenarios is 2.6h - and the phase shift is 0.67, see Fig. 5(c). This indicates that it is impossible 

to delay the tunnel-air temperature peak long enough to occur only after peak traffic. Thus, a 

smaller time-leg should be more helpful to keep the tunnel-air temperature-peak away from 

the traffic-peak. Unfortunately, a higher h and R generally causes a larger time-leg, while the 

increase in ρs∙Cs affects the phase shift very little. However, increasing Ks to exceed 10 W/m∙

℃ can visibly reduce the time leg. This shows another benefit of adding thermal tubes near 

subway tunnels. 

5.3 Limitations and applications 

While this study introduced a more detailed model for subway tunnels and found analytical 

solutions with rigorous derivation, it should be noted that there are, of course, certain 

limitations. The ideal physical model uses a series of assumptions: a constant ventilation flow 

rate, a constant internal heat source, thoroughly mixed tunnel-air, and a negligible effect of 

underground water among others. Despite these limitations, the study offers a clear 

understanding how different thermal processes function together in subway tunnels and a 

logical method to identify and assess influential factors of tunnel temperatures. These 

findings provide an essential basis for the exploration of methods to reduce overheating in 

subway tunnels. The described methods to reduce the air temperature in the tunnel in summer 

can be used to improve both subway-tunnel design and operation. In a similar way, using the 



described solutions, it is also possible to seek solutions to increase a tunnel’s air temperature 

in winter. 

6 Conclusion 

An analytical model to predict the in-tunnel air temperature was developed that can 

describe the thermal processes in deeply buried subway tunnels. The following conclusions 

can be drawn: 

i) The time-averaged component of tunnel-air temperature will approach steady state as the 

time tends to infinity, which has a positive linear relation with internal heat-source and 

average ambient temperature. Compared with outdoor air, the amplitude of the tunnel-air 

temperature shows a significant reduction in the day period but not in the year period. 

ii) The time-averaged surrounding soil temperature will keep changing for thousands of 

years. In the long-term, more than 98% of the waste heat generated in the subway tunnels 

could be removed via ventilation. 

iii) Based on the analytical solutions, a five-star ranking of the mitigation methods to reduce 

the tunnel-air temperature was applied. Mechanical ventilation with a suitable air-change rate 

was the best-ranked method. The second best method was to reduce internal heat generation. 

Active cooling or heat-recovery systems could soon become a necessity in subway tunnels 

due to both global warming and increasing inner heat-source.  
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Appendix A  

Substituting �̅�𝑠 = �̅�𝑠 − 𝑇𝑔 , �̅�𝑖𝑛 = �̅�𝑖𝑛 − 𝑇𝑔 , �̅�𝑠𝑢𝑟 = �̅�𝑠𝑢𝑟 − 𝑇𝑔 , and 𝜃𝑏 = �̅�𝑜𝑢𝑡 +
𝐸

𝜌𝑎𝑞𝐶𝑎
− 𝑇𝑔 

to (1) to (7), and applying the Laplace transform to (1), (2), and (6), we can write: 



𝑑2Ө𝑠

𝑑𝑟2 +
1

𝑟

𝑑Ө𝑠

𝑑𝑟
−

𝑝

𝑎𝑠
Ө𝑠 = 0                            (A1) 

−𝑅
𝑑Ө𝑠

𝑑𝑟
|𝑠𝑢𝑟 = 𝐵𝑖(Ө𝑖𝑛 − Ө𝑠𝑢𝑟)                  (A2) 

𝜃𝑏

𝑝
− Ө𝑖𝑛 − λ(Ө𝑖𝑛 − Ө𝑠𝑢𝑟) =

𝑉

𝑞
𝑝Ө𝑖𝑛         (A3) 

Let 𝜁 = √𝑝 𝑎𝑠⁄ ，then the solution for (A1) is: 

Ө𝑠 = 𝐶1𝐼0(𝜁𝑟) + 𝐶2𝐾0(𝜁𝑟)                       (A4) 

Here, I0 and K0 are the modified Bessel functions of the first and second kind, with the 

integer 0. Considering (3), 𝐶1 = 0. Thus, 

Ө𝑠 = 𝐶2𝐾0(𝜁𝑟)                                          (A5) 

Since  
dK0(ζr)

dr
= −ζK1(ζr), using Equations (2) and (A3) we can formulate: 

𝜁𝑅𝐶2𝐾1(𝜁𝑅) = 𝐵𝑖(Ө𝑖𝑛 − 𝐶2𝐾0(𝜁𝑅))                   (A6) 

 
𝜃𝑏

𝑝
− Ө𝑖𝑛 − λ(Ө𝑖𝑛 − 𝐶2𝐾0(𝜁𝑅)) =

𝑉

𝑞
𝑝Ө𝑖𝑛            (A7) 

Here, K1 is the modified Bessel function of the second kind with the integer 1. From 

Equations (A5) to (A7) θin and θs can be expressed as: 

Ө𝑖𝑛 =
𝜃𝑏

𝑝
∙

𝜁𝑅𝐾1(𝜁𝑅)+𝐵𝑖𝐾0(𝜁𝑅)

𝐵𝑖(1+
𝑉

𝑞
𝑝)𝐾0(𝜁𝑅)+𝜁𝑅(1+λ+

𝑉

𝑞
𝑝)𝐾1(𝜁𝑅)

             (A8) 

Ө𝑠 =
𝜃𝑏

𝑝
∙

𝐵𝑖𝐾0(𝜁𝑟)

𝐵𝑖(1+
𝑉

𝑞
𝑝)𝐾0(𝜁𝑅)+𝜁𝑅(1+λ+

𝑉

𝑞
𝑝)𝐾1(𝜁𝑅)

               (A9) 

After applying the inverse Laplace transform to Equation (A8), �̅�𝑖𝑛 can be expressed as: 

�̅�𝑖𝑛 =
𝜃𝑏

2𝜋𝑖
∫

𝑒𝑝𝑡

𝑝
∙

𝜁𝑅𝐾1(𝜁𝑅)+𝐵𝑖𝐾0(𝜁𝑅)

𝐵𝑖(1+
𝑉

𝑞
𝑝)𝐾0(𝜁𝑅)+𝜁𝑅(1+λ+

𝑉

𝑞
𝑝)𝐾1(𝜁𝑅)

 𝑑𝑝 =
𝜃𝑏

2𝜋𝑖
∫

𝑒𝑝𝑡

𝑝
𝑓(𝜁) 𝑑𝑝

𝛿+𝑖∞

𝛿−𝑖∞

𝛿+𝑖∞

𝛿−𝑖∞
   (A10) 

Applying the contour integral method, �̅�𝑖𝑛 can be expressed as: 

�̅�𝑖𝑛 =
2𝜃𝑏

𝜋
∫

𝑒−(𝑢𝑅)2𝐹𝑜−1

𝑢
𝑔(𝑢𝑅)𝑑𝑢

∞

0
   (A11), 

where 𝑔(𝑢𝑅) =
𝑔2(𝑢𝑅)[

𝑢𝑅

𝐵𝑖
𝐽1(𝑢𝑅)+𝐽0(𝑢𝑅)]−𝑔1(𝑢𝑅)[

𝑢𝑅

𝐵𝑖
𝑌1(𝑢𝑅)+𝑌0(𝑢𝑅)]

𝑔1
2(𝑢𝑅)+𝑔2

2(𝑢𝑅)
, 



𝑔1(𝑢𝑅) =
𝑢𝑅

𝐵𝑖
[1 + λ − (

𝑅2

𝑎𝑠
)

−1
𝑉

𝑞
(𝑢𝑅)2] 𝐽1(𝑢𝑅) + [1 − (

𝑅2

𝑎𝑠
)

−1
𝑉

𝑞
(𝑢𝑅)2] 𝐽0(𝑢𝑅),  

𝑔2(𝑢𝑅) =
𝑢𝑅

𝐵𝑖
[1 + λ − (

𝑅2

𝑎𝑠
)

−1
𝑉

𝑞
(𝑢𝑅)2] 𝑌1(𝑢𝑅) + [1 − (

𝑅2

𝑎𝑠
)

−1
𝑉

𝑞
(𝑢𝑅)2] 𝑌0(𝑢𝑅).  

Through similar methods and processes, �̅�𝑠 can be expressed as: 

�̅�𝑠 =
2𝜃𝑏

𝜋
∫

𝑒−(𝑢𝑅)2𝐹𝑜−1

𝑢
𝑗(𝑢𝑅, 𝑢𝑟)𝑑𝑢

∞

0
   (A12), 

where 𝑗(𝑢𝑅, 𝑢𝑟) =
𝑔2(𝑢𝑅)𝐽0(𝑢𝑟)−𝑔1(𝑢𝑅)𝑌0(𝑢𝑟)

𝑔1
2(𝑢𝑅)+𝑔2

2(𝑢𝑅)
. 

Clearly,  

�̅�𝑠𝑢𝑟 =
2𝜃𝑏

𝜋
∫

𝑒−(𝑢𝑅)2𝐹𝑜−1

𝑢
𝑗(𝑢𝑅, 𝑢𝑅)𝑑𝑢

∞

0
   (A13) 

Appendix B 

Note that, after a sufficient long time, the term 
𝑑�̅�𝑖𝑛

𝑑𝑡
 in Equation (6) can be ignored for the 

calculation of the soil temperature [27]. Hence, after applying the Laplace transform to 

Equation (1) and considering the boundary condition Equation (2), Ө𝑠𝑢𝑟  can be expressed as: 

Ө𝑠𝑢𝑟 =
1

𝑝
∙

𝐵𝑖𝐾0(𝜁𝑟)

𝐵𝑖𝐾0(𝜁𝑅)+𝜁𝑅(1+𝜆)𝐾1(𝜁𝑅)
(�̅�0 + 𝑇𝐸 − 𝑇𝑔)                       (B1), 

where 𝜁 = √
𝑝

𝑎𝑠
. Substituting the Bessel function approximating expression 𝐾0(𝑥) =

√
𝜋

2𝑥
𝑒−𝑥 and 𝐾1(𝑥) = √

𝜋

2𝑥
𝑒−𝑥 (1 +

3

8𝑥
) into (B1), Ө𝑠𝑢𝑟  can be expressed as: 

Ө𝑠𝑢𝑟 =
𝜃𝑏

𝑝
∙

1

𝜁+Ω
               (B2) 

Applying the inverse Laplace transform, the expression of �̅�𝑠𝑢𝑟  is: 

�̅�𝑠𝑢𝑟 =
𝜃𝑏

1+
3

8𝐵𝑖
(1+λ)

[1 − 𝑒Ω2𝑎𝑠𝑡𝑒𝑟𝑓𝑐(Ω√𝑎𝑠𝑡)]      (B3), 

where 

Ω =
3

8𝑅
+

𝐵𝑖

𝑅(1+λ)
, 

Considering 𝑡 → +∞, according to the L'Hospital's rule, we can formulate: 



�̅�𝑠𝑢𝑟
∞ =

8𝐵𝑖𝜃𝑏

8𝐵𝑖+3λ+3
                (B4) 

Since lim
𝑡→+∞

𝑑�̅�𝑖𝑛

𝑑𝑡
 = 0, substituting Equation (B4) into Equation (A3), �̅�𝑖𝑛

∞ can be expressed as:  

�̅�𝑖𝑛
∞ =

(8𝐵𝑖+3)𝜃𝑏

8𝐵𝑖+3λ+3
                  (B5) 

Appendix C 

Let ∆�̃�𝑜𝑢𝑡 = ∆𝑇𝑜𝑢𝑡𝑒𝑖𝜔𝑡 , ∆�̃�𝑖𝑛 = ∆𝑇𝑖𝑛𝑒𝑖𝜔𝑡 , ∆�̃�𝑠 = ∆𝑇𝑠𝑒𝑖𝜔𝑡 , ∆�̃�𝑠𝑢𝑟 = ∆𝑇𝑠𝑢𝑟𝑒𝑖𝜔𝑡 [35], and 

substituting them into Equations (22), (23), and (27), we get: 

∆�̃�𝑜𝑢𝑡 − ∆�̃�𝑖𝑛 − λ(∆�̃�𝑖𝑛 − ∆�̃�𝑠𝑢𝑟) = 𝑖𝐷∆�̃�𝑖𝑛     (C1) 

𝑑2∆�̃�𝑠

𝑑𝑟2 +
𝑑∆�̃�𝑠

𝑟𝑑𝑟
−

𝑖𝜔

𝑎𝑠
∆�̃�𝑠 = 0       (C2) 

−𝑅
𝑑∆�̃�𝑠

𝑑𝑟
|𝑠𝑢𝑟 = 𝐵𝑖(∆�̃�𝑖𝑛 − ∆�̃�𝑠𝑢𝑟)       (C3) 

The solution to Equation (C2) is  

∆�̃�𝑠 = 𝐶3𝐼0 (√
𝑖𝜔

𝑎𝑠
𝑟) + 𝐶4𝐾0 (√

𝑖𝜔

𝑎𝑠
𝑟)   (C4) 

Considering Equation (24), 𝐶3 = 0. Thus, 

∆�̃�𝑠 = 𝐶4𝐾0 (√
𝑖𝜔

𝑎𝑠
𝑟)     (C5) 

From Equations (C3) and (C5), ∆�̃�𝑠𝑢𝑟 can be expressed as: 

∆�̃�𝑠𝑢𝑟 =
𝐵𝑖∆�̃�𝑖𝑛𝐾0(√

𝑖𝜔

𝑎𝑠
𝑅)

√
𝑖𝜔

𝑎𝑠
𝑅𝐾1(√

𝑖𝜔

𝑎𝑠
𝑅)+𝐵𝑖𝐾0(√

𝑖𝜔

𝑎𝑠
𝑅)

     (C6) 

Since the Kelvin function 

 𝐾0(𝑢√𝑖) = 𝑘𝑒𝑟0(𝑢) + 𝑖𝑘𝑒𝑖0(𝑢)=𝑁0(𝑢)𝑒𝑖𝜙0(𝑢),  

𝑒−
𝜋𝑖

2 𝐾1(𝑢√𝑖) = 𝑘𝑒𝑟1(𝑢) + 𝑖𝑘𝑒𝑖1(𝑢)=𝑁1(𝑢)𝑒𝑖𝜙1(𝑢),  

Substituting Equations (C6) to (C1), from the real part, ∆�̃�𝑖𝑛 can be expressed as: 

∆�̃�𝑖𝑛 = [(1 + 𝜆A1)2 + (𝐷 + 𝜆A2)2]−0.5∆𝑇𝑜𝑢𝑡𝑐𝑜𝑠(𝜔𝑡 − 𝜙𝑖𝑛−𝑜𝑢𝑡)    (C7) 
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